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Abstract

We consider a strongly heterogeneous medium saturated by an incompressible
viscous fluid as it appears in geomechanical modeling. This poroelasticity prob-
lem suffers from rapidly oscillating material parameters, which calls for a thorough
numerical treatment. In this paper, we propose a method based on the local orthog-
onal decomposition technique and motivated by a similar approach used for linear
thermoelasticity. Therein, local corrector problems are constructed in line with the
static equations, whereas we propose to consider the full system. This allows to
benefit from the given saddle point structure and results in two decoupled corrector
problems for the displacement and the pressure. We prove the optimal first-order
convergence of this method and verify the result by numerical experiments.

1 Introduction

Modeling the deformation of porous media saturated by an incompressible viscous fluid
is of great importance for many physical applications such as reservoir engineering in the
field of geomechanics [26] or the modeling of the human anatomy for medical applications
[22, 6]. To obtain a reasonable model, it is important to couple the flow of the fluid
with the behavior of the surrounding solid. Biot proposed a model that couples a Darcy
flow with linear elastic behavior of the porous medium [1]. The corresponding analysis
was given in [25]. For this so-called poroelastic behavior, pressure and displacement are
averaged across (infinitesimal) cubic elements such that pressure and displacement can be




treated as variables on the entire domain of interest. Furthermore, the model is assumed
to be quasi-static, i.e., an internal equilibrium is preserved at any time. In the poroelastic
setting, this means that volumetric changes occur slowly enough for the pressure to remain
basically constant throughout an infinitesimal element.

If the given material is homogeneous, the poroelastic behavior can be simulated using
standard numerical methods such as the finite element method, see for instance [13].
However, if the medium is strongly heterogeneous, the material parameters may oscillate
on a fine scale. In such a scenario, the classical finite element method only yields accept-
able results if the fine scale is resolved by the spatial discretization, which is unfeasible
in practical applications. To overcome this issue, homogenization techniques may be ap-
plied, such as the general multiscale finite element method (GMsFEM) [11], used in [4, 5],
or the localized orthogonal decomposition technique (LOD) [21] as used in [19] for the
similar problem of linear thermoelasticity. The general idea of these methods is to con-
struct low-dimensional finite element spaces which incorporate spatial fine scale features
using adapted basis functions. This involves additional computations in the offline stage
with the benefit of having much smaller linear systems to solve in every time step due to
the much lower amount of degrees of freedom.

In the present paper, a multiscale finite element method is proposed based on the LOD
method and adopting the ideas presented in [19]. In contrast to the method of [19], we
are able to exploit the saddle point structure of the problem in order to obtain fully
symmetric and decoupled corrector problems without the need for additional corrections.
Furthermore, this implies that the correctors are independent of the Biot-Willis fluid-solid
coupling coefficient, although it may vary rapidly as well.

The work is structured as follows. In Section 2 we present the model problem and intro-
duce the necessary notation. Section 3 is devoted to the discretization of the problem.
This includes the classical finite element method on a fine mesh as well as the formu-
lation introduced in [19] translated to poroelasticity. We then introduce the decoupled
corrector problems and the resulting new multiscale scheme for which we prove conver-
gence. Finally, numerical results, which illustrate the theoretical findings, are presented
in Section 4.

Throughout the paper C' denotes a generic constant, independent of spatial discretization
parameters and the time step size. Further, a < b will be used equivalently to a < Cb.

2 Linear Poroelasticity

2.1 Model problem

We consider the linear poroelasticity problem in a bounded and polyhedral Lipschitz do-
main D C R? (d = 2, 3) as discussed in [25]. For the sake of simplicity, we restrict ourselves
to homogeneous Dirichlet boundary conditions. The extension to Neumann boundary con-
ditions is straightforward. This means that we seek the pressure p: [0,7] x D — R and



the displacement field u: [0, 7] x D — R within a given time 7" > 0 such that
—V - (o(u)) +V(ap) = 0 in (0,7] x D,
1



test functions from V and @), respectively, and use Green’s formula together with the
boundary conditions (1c) and (1d). This leads to the following problem: find u(-,t) € V
and p(-,t) € @ such that

a(u,v) —d(v,p) = 0, (2a)

d(Opu, q) + c(9p, q) +0(p,q) = (f,q), (2b)
forallv eV, qg € @ and

p(-,0) = p". (2¢)

The bilinear forms a: V xV — R, b,c: Q@ x Q — R, and d: V x () — R are defined

through
K

a(u,v) == /Da(u) ce(v) da, b(p, q) ;:/D_



hi = diam(K) for K € Tj,. We define the maximal diameter by h := maxe7, hx. Based
on the mesh, we define the piecewise affine finite element spaces

Vi, :={v € V : v|k is a polynomial of degree < 1 for all K € T},

Qn :={q € Q : q|k is a polynomial of degree < 1 for all K € T}.
For the discretization in time, we consider a uniform time step 7 such that ¢, = nr for
ne{0,1,---,N} and T = Nr.

Using the notation introduced above, we discretize system (2) with a backward Euler
scheme in time and by finite elements in space, i.e., for n € {1,---, N} we aim to find
up € Vi, and py € @)y, such that

a(“;; 'U) - d(U,pZ) = O> (5&)

d(D-uy, q) + c(Drpp,q) +b(pa) = (f".q) (5b)

for all v € V}, and ¢ € Q);,. Within the equations, D, denotes the discrete time derivative,
ie., Doup = (u}} —up~')/7, and f* := f(t,). As initial value we choose p) € Q) to

be a suitable approximation of p°. Similarly as before, u is uniquely determined by the
variational problem

a(uy,v) = d(v, pp)
for all v € V},.

Lemma 3.1. Given initial data u) € V}, and p € Qp, system (5) is well-posed, i.e., there
exists a unique solution, which is bounded in terms of the initial values and the source
term f.

Proof. Observe that for the bilinear form a it holds that

2 a(uf,uf — ™) = aluf, up) + au; — ! — ™) = ol )

> Jluplla = lup~"Ila- (6)

A similar result can be shown for the bilinear form c. Choosing v = ul! — u}~" € Vj, as
test function in (ba) and g = 7p} € @), in (5b) and adding both equations, we obtain

a(up,upy —up™) + ey — it ph) + T 0Pk, pi) = T (f",Ph). (7)
Inequality (6), an application of Young’s inequality, and (4) then imply

.
iz + IphlIE + Tllphlls < —



For the presented fine scale discretization in (5), one can show the following stability result,
which will be important for the convergence proof of the LOD method in Section 3.3.

Theorem 3.2 ([19, Th. 3.3]). Assume f € L>(0,T; L*(D))N H*(0,T; H Y(D)). Then,
the fully discrete solution (u},py) of (5) satisfies for allm =1,..., N the stability bound

" , 1/2 " .
(=210 2) ™ + (732 0Dehl?) " + kil £ Wl + 1 220z
j=1 j=1

Further, in the case p = 0 we have

n . 1/2 )
|-zl + 1Dl + (7 DO UD-BIZ) S I Naeiotmszzon + 1 lc2amsn (0

and for f =0 it holds that

1Dl + 1 Depill + /2 Dl < 822 1lph 1.

The following theorem states the expected convergence order of h + 7. However, the
involved constant for the spatial discretization scales with e~!, which makes this approach
unfeasible in oscillatory media with period e.

Theorem 3.3 (cf. [13, Th. 3.1]). Assume that the coefficients satisfy u, A, k, « € WH(D).
Further, let the exact solution (u,p) of (1) be sufficiently smooth and (u}},p}) the fully
discrete solution obtained by (5) form =1,...,N. Then, the error is bounded by

. 1/2
Juta) = iy + p(t.) ph||+(2||p ~plE) " <cacr

where the constant C. scales with max{||p||w1.ecpy, [|A|lwiey, [|£llwiee(py, |llwiee o)}

3.2 A multiscale method for poroelasticity

Within this subsection, we derive the framework of a generalized finite element method
for poroelasticity. First, we introduce Vy and Qg analogously to V, and @), with a
larger mesh size H > h. Second, we assume that the family {7y} 5o is quasi-uniform
and that 7, is a refinement of 7y such that Vg C V), and Qy C Q). The goal is to
construct a new function space with the same dimension as Vg x Qy but with better
approximation properties. For this, we follow the methodology of LOD [21, 23] and, in
particular, translate the results from thermoelasticity presented in [19] to the present
setting.

3.2.1 Multiscale spaces and projections

Consider a quasi-interpolation Ig: Vi, — Vg with I4 = I, which satisfies the stability
estimate that for v € V}, we have

Hi o — Invll ey + IV Il rzie) S IVl 2
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for all K € Ty of size Hx and the element patch

wg = int U K.
KeTy, KNK#0

Similarly, we have a corresponding quasi-interpolation operator on (), which we also
denote by Iy. Since the mesh is assumed to be shape regular, the stability estimate
above is also global, i.e.,

H™ o = Igv| + [VIgo|| < Vol (8)

where the involved constant depends only on the shape regularity of the mesh. One typical
example of such a quasi-interpolation that satisfies the above assumptions is Iy = Eyolly.
Here, I1;; denotes the piecewise L2-projection onto P;(Ty) (or Pi(Ty)¢ respectively), the
space of functions that are affine on each triangle K € Ty. Moreover, Ey is an averaging
operator mapping P;(7g) into Qg (or Py(Tx)? into Vi) by

(Eu(v))(z) = L




approach. Therefore, we restrict the computations of the multiscale correctors to the
stationary system. This then leads to the definition of Ry, = (RL_ R2): V, x Qp —

ms’

Vins X Qms, which we use to construct the space of trial functions. For given u € Vj, and
p € Qp we define RL (u,p) € Vius and B2 (p) € Qs by

G(erns(uvp)7 U) - d(’U: ernsp) = a(“? U) - d(’U,p), (9&)
b(R2p,q) = b(p.q) (9b)

for all v € Vs and ¢ € Qus. Note that the projections RL and R2, are coupled and that
we have the relation R2 =1 — Cg. Since R} depends on the bilinear form d, we need a
second projection Rg: Q) — Vi defined by

a’(éfs b, 'U) = —d('U, R?nsp) (10)
for all v € Vi;. We emphasize that this is a fine scale correction.

The resulting multiscale discretization (combined with a backward Euler scheme in time)
then has the following form. For all n = 1,..., N find 4} = v}, + uf, with u] . € Vi,
ug, € Vis and pl, € Qs such that

a(a:;sv U) - d(U,ﬁZlS) = Ov (11&)
d(DT'a?ny Q) + C(D‘rﬁ?nsa Q) + b(ﬁynlas? q) = (fn> q)a (11b)
a(ug, w) + d(w, pr,) = 0 (11c)

for all test functions v € Vi, ¢ € Qus, and w € Vi. The initial value is given by
po. = R2.pY. Moreover, we define @2, = vl  + u, with u) € Vi given by (11c) and
ud € Vs defined through the variational problem

a(tipg, v) = i, v) = d(v, Pry)

ms’ ms)

with test functions v € V. System (11) is well-posed and the errors ||u} — ']l and
|lpp—pisll1 are bounded by an e-independent constant times H, see [19, Th. 5.2]. Together
with Theorem 3.3 this implies that the multiscale solution (al.,pl,) approximates the
exact solution (u,p) with order H in space and order 7 in time. Moreover, one may
manipulate system (11) in such a way that, in practice, one does not need to compute a
fine scale correction in each step.

3.3 An alternative multiscale method

We have seen that the method proposed in the previous subsection needs an additional
correction on the fine mesh. As explained in [19], the additional fine scale correction
only needs to be computed in the offline stage by using a set of basis functions. This
keeps the coarse structure of the system in each time step at the expense of slightly more
complicated systems. We now propose a simpler method, which exploits the symmetry of
the system equations, namely the saddle point structure. This symmetry becomes more
evident if we discretize system (2) in time first, i.e., if we consider

a(u",v) - d(v>pn) = 07 (12&)
d(D-u",q) + c¢(D-p",q) + b(p",q) = (f".q) (12b)
for all test functions v € V and ¢ € Q. We show that system (12) is again well-posed.

8



Lemma 3.4. Given u" ' €V and p"~ ' € Q, system (12) is well-posed for all 7 > 0 and
n=1,...,N.

Proof. We introduce the bilinear form

a([u,pl, [v,q]) := a(u,v) — d(v, p) + d(u, q) + c(p, q) + T b(p, q).

Note that a is coercive, since a([u, pl, [u, p]) = ]2+ [|pl}2 + 7 [}p|}?. Furthermore, system
(12) is equivalent to

a([u",p"], [v.q]) = 7(f", q) + d(u" ", q) + c(p" ", q).

Thus, the existence of a unique solution follows from the Lax-Milgram theorem.



Proof. The proof is based on the fact that the bilinear forms a and b are elliptic and the
Aubin-Nitsche duality argument. We only show the first estimate here. For v € V}, we
consider the variational problem

a(z,w) = (v — RL v, w)
with test functions w € Vj,. It was shown in [21] that the ellipticity of a implies
Iz = ozl S H [lv — Ryvll.
With this, we conclude
lv — Rovll® = a(z,v — Ryv) S NIz = Rpezlllv — Ryl S H o = Ryvllllo = Ryl

The final step follows from the stability of the projection. |



Theorem 3.7. Assume f € L*°(0,T; L*(D)) N HY0,T; HY(D)) and consistent initial
data u)) € Vi, pY) € Qy, as well as ul,, € Vs and p0,, := R2,.p% € Qus. Then, the error of
the multiscale solution compared to the fine scale solution satisfies

gy = wplls + lph = Dol S H data” +6,12 H [|ph |1,
where data” is defined by
data” := Iph Il + 1 fll 2 0tus220)) + 1|2 002200y + ||f||L2(0,tn;H*1(D))-
Proof. As in the proof of the convergence of the multiscale method in [19], we split the

errors in the displacement and pressure into two parts each, namely

no.__ ,n 1 n n .__ 1 n n
Po = Up — Rms“h’ Ny = Rmsuh — Upss

Py = Dh — BasDh, My = RogPh = Pl
Thus, p! contains the error of the projections and 7 the difference of the projection and
the multiscale solution.
Step 1 (estimates of p7): In a first step we bound the projection error due to R._. For
this, we apply Lemma 3.6 and use (5a),

n n n \a(u",vh)|
1% = |(1 = R )by < H|JAu}|| = H sup ~—224

v EVY



Similarly, we have, using the definiton of R2_, for all ¢ € Qs that

ms?

d(D:n},q) + (D, q) + b(n), q) = d(D,RLguiy, q) + c(D Regpy, q) + b(ph, q) — (f".q)
= —d(D-py;,q) — c(Drpy, q)- (15)

Combining equation (14) at times n and (n — 1), we obtain
a(D.ml v) —d(v, DTng) = d(v, DTpZ) (16)

for any v € V5. Note that these equations are also valid for n = 1 beause of the assumed
construction of u) and u®.. In order to obtain bounds for 7, we consider the two cases
where either p) = 0 or f = 0. An application of the triangle inequality then gives the
stated result.

Step 3 (estimates of n? if p) = 0): Note that pf) = 0 also implies u) = 0. We now insert the
test function v = D,y in (16) and add this to equation (15) with ¢ = D.n}. Together,
this yields
a(Dyiy, Deny) + c(Deng Dengy) + b(n,, Do)
= d(Drny, Drpy) — d(Drpy, Do) — ¢(Drpyy, Demy)
and thus,
1D 12 + | Dy 12+ b(npy, Do)
< Col[ D 11l Doyl + Cal | Dr oy 11| Demy || + Cra [ Dy || | Dy |

1
<=



which follows from Lemma 3.5 and results in
7Y Dl <7y HP|Dep|lf S (H data”)?.
j=1 j=1
This does not only provide the bound |[|n;[|; < H data™ but also, using (14),

Il S Mol + gl < H data™.

Step 4 (estimates of 7l if f = 0): We emphasize that also in this case we have 772 =0 by
assumption. Together with (14) this yields for 70 the estimate

1013 < alny, ny) = d(ng, n) + d(ns, p) < ol ll Aol

and thus |79y S |00l < H [|pjlli- Note that it is sufficient to bound [|?]|1 in terms of
H data”, since we have [|n;[|1 < [lppll + [[n5 ] by (14). As in step 3 we consider the sum
of equation (16) with v = D.n; and equation (15) with ¢ = D.n;. Multiplying the result
by 27, we get

27| D |17 + 27| Do 12 + s = Ny~ Ml < 27| Depy |1 + 27| D2 -
Another multiplication by 2 and the estimate t2 — 2 | < 37t,_; then lead to

2rta | Dy |13 + 2760 | Do 12 + 51l 115 — ¢l =13
S 274, Depp|I* + 2785 Doy 1 + 37t [l 1

Taking the sum, we obtain
3 EUD N+ 2 l3 S TS NPl + S (Ll - )
j=1 j=1 j=1

n n n—1
ST BUD AN+ 7S EIDAIE 7Y il (18)
j=1 j=1

J=1

To bound the first sum, we apply first Lemma 3.5 and then Theorem 3.2,

Y EID P S 7Y CH D ST H P = IR}
j=1 j=1

=1

For the second sum we use the estimate || D.pl ||, < H||D.pl|l from (17), which is also
valid for non-zero initial values. With Theorem 3.2 this then leads to

7Y CIDAIE S Y GHADmlIE S thH 03
j=1 j=1

Step 5 (estimate of the last sum in (18)): In order to bound the third sum on the right-
hand side of (18), we consider once more the sum of equations (14) and (15). For test

13



functions v = D.ny and ¢ = 7, we get after multiplication with 27¢, and application of
Youngs inequality

b (02 = = 12) + o (U212 = 1 12) + 27t 12
AT D03 + A bl + T2 Dl + 721 D2+ 7l

for any A > 0. We add 7|5~ "|2 4 7|72~ "(|? on both sides and take the sum over n such
that we obtain

tall 17 + tallp 1”4 D rtsllm |} S Ar Y EIDm]
7j=1 7j=1



in Vs and Qs are computed by solving local problems. Given the basis function \, € Vg
to an inner node z, the corresponding multiscale basis function R ), is computed as in
Section 3.2.1 but with the computational domain restricted to a subdomain of ¢ additional
coarse element layers surrounding the support of A,. The so-called localization parameter
¢ defines a new discretization parameter. More details on the practical computation can
be found in [16].

Note that the convergence result in Theorem 3.7 remains valid if the localization parameter
¢ is chosen sufficiently large, i.e., £ ~ log H.

4 Numerical Examples

In order to assess the method numerically, we consider numerical examples in two and
three space dimensions. We measure the error in the discrete time-dependent norm

N

2 |2 1|2
I, = > (1o + 94| ?)

i=1
with N = T'/7 the number of time steps and v = {v*}¥,, ¢ = {¢'}Y,. The corresponding
relative error between the multiscale solution and the fine scale solution is then defined
by
| (tms; Pms) — (un, pa)llp.v

||(um57pms) - (uhuph)Hrol =



10° = —
[|=A—exp 1
[|-©-exp 2

Figure 1: Errors of the multiscale method in two (left) and three space dimensions (right).

For the first example we set f = 1 and p°(z) = (1 — xy) 2, (1 — 23) 5. We prescribe
homogeneous Dirichlet boundary conditions for p on 9D, homogeneous Dirichlet boundary
conditions for u on {x € dD: x9 = 0 or 9 = 1} and homogeneous Neumann boundary
conditions on {x € dD: z; = 0or x; = 1}. The results for different values of H are
shown in Figure 1 (left, A ). The plot indicates a convergence rate even slightly better
than 1 with respect to the coarse mesh size H and becomes steeper for smaller values

F|--- order 1

H-exp 3

Ll
107!
mesh size H

10°

of H, since the e-scale is almost resolved.

In the second example we consider p°(z)

error in || - [|yel

100 F I I
I | -@- 3D example
[ |--- order 1

101}

1072

—

10L06 10L04 10L02

mesh size H

10—08




5 Conclusions

Within this paper, we have considered a poroelastic model problem with rapidly oscil-
lating material parameters. The proposed multiscale finite element method is based on
the LOD method and exploits the saddle point structure of the system. In contrast to
the classical approach based on the static equations, which leads to coupled corrector
problems, this method enables decoupled corrections for displacement and pressure such
that no additional fine scale corrections are necessary. Although the correctors are inde-
pendent of the coefficient o, we are able to prove first-order convergence of the method,
which is also illustrated by numerical experiments.

Future research aims to study further enrichment via local eigenvalue computations to
control the reliability of the approach in the case when the coefficients model high contrast
inclusions and channels, as well as fractured regions [7, 8, 24, 2].
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