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Abstract

We consider nonuniformly elliptic variational problems and give optimal con-
ditions guaranteeing the local Lipschitz regularity of solutions in terms of the
regularity of the given data. The analysis catches the main model cases in the
literature. Integrals with fast, exponential-type growth conditions as well as in-
tegrals with unbalanced polynomial growth conditions are covered. Our crite-
ria involve natural limiting function spaces and reproduce, in this very general
context, the classical and optimal ones known in the linear case for the Poisson
equation. Moreover, we provide new and natural growth a priori estimates whose
validity was an open problem. Finally, we find new results also in the classical
uniformly elliptic case. Beyond the specific results, the paper proposes a new ap-
proach to nonuniform ellipticity that, in a sense, allows us to reduce nonuniform
elliptic problems to uniformly elliptic ones via potential theoretic arguments that
are for the first time applied in this setting. © 2019 Wiley Periodicals, Inc.

Contents

(L.__Introduction and Results|

[2. Lorentz Spaces, Orlicz Spaces, and Nonlinear Potentials; Notation]
3. A Nonlinear Iterationl

4 lar Estim. nd Theorems|l.9and[l.11

>. Vectorial Estimates and Theorem|1.13]

[6.  Applications and Theorems|1.2H1.8|and|1.16]

[/. General Equations and Theorem|l.17/]

[8.  Regularity for Irregular Functionals with Polynomial Growth|

D10 O D

1 Introduction and Results

17
21
25
49
70
79
84
88

In this paper we prove regularity theorems and estimates for solutions to nonuni-
formly elliptic problems. Roughly speaking, these involve elliptic equations whose
rate of ellipticity might change depending on the solution itself. The operators we
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2 L. BECK AND G. MINGIONE

are considering mostly stem from variational problems and, as such, they arise
when considering the Euler-Lagrange equation of functionals of the type

(1. w—> F(w; Q) = / [F(Dw) — fw]dx,
Q

where 2 C R” is an open subset and # > 2. In this case the nonuniform ellipticity
of the integrand F'(-) corresponds to the fact that the ratio between the highest
and the lowest eigenvalue of the elliptic tensor 32 F(z) can become unbounded
when |z| — oo; see also below. Nonuniform ellipticity is ubiquitous and
appears in several different contexts, often motivated by geometric and physical
problems [[231/37,/561(63./64]. It is a classical topic in the field of partial differential
equations. In the context of the calculus of variations its study has been carried out
systematically in a series of remarkable papers of Marcellini [44-47].

A classical regularity issue for minimizers u of (I.1) is to find sharp criteria on
f implying Du € L{°. This problem has been widely studied and understood, but
only in the uniformly elliptic case. On the contrary, in the nonuniformly elliptic
case the issue has remained essentially untouched since the usual uniformly elliptic
methods do not seem to apply. The aim of this paper is now twofold:

e To identify minimal conditions on f in order to guarantee that minimizers
to (I.1I) are locally Lipschitz-continuous, thus filling a remarkable gap in
the literature.

e To introduce a new potential theoretic approach allowing us to reduce in
a natural way the treatment of nonuniformly elliptic problems to the one
of uniformly elliptic ones. This technique yields optimal and new local
estimates when f = 0 and also when applied to the standard uniformly
elliptic case.

Let us summarize the present situation. A number of recent results (see [[1,[15-
171124}/35,|36]] and references) are concerned with the issue of determining optimal
conditions on f ensuring that solutions to uniformly elliptic equations of the type
(1.2) —div(a(|Du|)Du) = f
are locally Lipschitz-continuous. Equation (I.2)) is considered in these papers un-
der the uniform ellipticity assumption

a' (i)t

-1 <iy < a~( )

(1.3) a(r)
a: (0,00) — [0, 00) is of class Cléc(O, 00).

<sqg <oo foreveryt >0

A prominent example in this context is given by the nonhomogeneous p-Laplacian
equation, i.e.,

(1.4) —div(|DulP"?Du) = f, p> 1.

This is the Euler-Lagrange equation of the functional (I.I) when taking F(z) =
|z|”/p. Solutions to equations of the type in (I.2)) are local minimizers of the



LIPSCHITZ BOUNDS AND NONUNIFORM ELLIPTICITY 3

functional
t
(1.5) w f [A(|Dw]) — fw]ldx, A(z) ::f a(s)sds fort >0,
Q 0

which is defined on the Orlicz-Sobolev function space W14 (), i.e., the space of
all functions w € WH1(Q) such that A(|]Dw|) € L!(). Cianchi and Maz'ya
[15/16] consider precisely this setting. Assumptions (I.3]) imply that A(-) satisfies
the so-called A,-condition; i.e.,

(1.6) AQ21) < clia,5a) A1)

holds for every ¢ > 0 (see [15} prop. 2.9]). Moreover, fast-growth conditions (such
as A(t) = exp(t)) are immediately ruled out here, in the sense that also
implies that t'«¥2 < A(t) < t%«2 holds for ¢ sufficiently large. Apart from the
specific assumptions considered, all the above-mentioned contributions assert that
a sufficient condition on f to have Du € L}? is that f belongs to the Lorentz

space L(n, 1)(£2). This amounts to requiring that

(1.7 I/ L@@ = /0 [{x € Q:[f(x)] > l}\l/n dA < oo.

Such a condition turns out to be optimal in the linear case a(-) = 1. This is es-
sentially the nonlinear extension of a classical, linear, and sharp result of Stein [59],
asserting the local Lipschitz continuity of solutions to the Poisson equation Au €
L(n, 1). In this respect, notice that the strict inclusions L" ¢ c L(n, 1) C L™ hold
for every ¢ > 0. Indeed, the original result of Stein states that a function whose gra-
dient belongs to L(n, 1) is continuous; the assertion for the Poisson equations then
follows recalling that Lorentz spaces are interpolation spaces and using classical
Calder6n-Zygmund theory. Also notice that solutions to Au € L™ are in general
not locally Lipschitz-continuous. For basic issues of optimality we refer to [13].
A remarkable feature of condition (I.7) is that it is independent of the operator in
question [|1,[20,35]]. In particular, it is independent of the exponent p when looking
at (I.4). These results strongly rely on the uniform ellipticity of the operators; i.e.,
(1.3) is assumed to be in force. No counterpart of any similar local Lipschitz result
is available in the general nonuniformly elliptic case, even when assuming higher
integrability on f.

In this paper we prove that condition is sufficient for Lipschitz continuity
in the nonuniformly elliptic setting too. This actually holds when n > 2; we give a
similar borderline characterization when n = 2. We cover the main relevant exam-
ples of nonuniformly elliptic functionals appearing in the literature. For instance,
we are able to treat functionals as in with fast growth conditions [[12/23,40,46]
such as

(1.8) w > A[GXP(GXP(---GXP(Ilep)---)) — fwldx, p=1,
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for which the A-condition (1.6) fails, as well as functionals with polynomial but
yet unbalanced growth conditions, as those satisfying so-called (p, ¢)-growth con-
ditions, i.e.,

(1.9) lZIP S F@) < |z|I7+1, 1<p<gq.

These have been pioneered by Marcellini [44,145] (see also [J5,(7H10}21,394/40,/53,
63| for some special cases). Typical examples in this case are given by anisotropic
variational integrals as

n
w Hf [(max{|Dw| —d.0)? + > |Diw|? — fw]dx
& i=1

1< p.g1,....qn, d =0,

(1.10)

or by perturbations of functionals with standard p-growth conditions as
(1.11) w|—>f[|Dw|plog(e+|Dw|)—fw]dx, p> 1.
Q

In this paper we treat both the scalar and the vectorial case, i.e., when minimizers
and competitors are scalar-valued and vector-valued maps. We are going to present
the results in the following sections, while here we recall the natural notion of
(local) minimizer adopted in the present setting.

locl (Q:RN) is a local minimizer of the func-
tional .7 in (T.I) with f € L” (Q:RN) if, for every open subset Qe Q, we

loc

have .7 (u; Q) < oo and if Z(u;Q) < Z(w:Q) holds for every competitor
w e u+ W, (2 RY).

DEFINITION 1.1. A function u € W "

In the vectorial case N > 1 in (I.1)), by fw we still denote the scalar product
between [ and w. In Definition we have started with f € L” (Q:RN), so

loc

that by Sobolev embedding it follows that fu € Ll (), and we conclude with

loc

F(Du) € LIIOC(Q). Notice that, as described above, the L"-integrability of f is
not a restrictive assumption, as we are interested in the local Lipschitz continuity
of minimizers.

We also remark that, in this setting, the focal point of regularity is the Lipschitz
continuity. Indeed, once minimizers are known to be locally Lipschitz regular,
the equation becomes uniformly elliptic at infinity and classical methods apply;
see [34]], provided suitable assumptions are satisfied. The results of this paper
are now presented in the following sections. We first start with special but rele-
vant instances, i.e., functionals with (p, g)-growth conditions and functionals with
exponential-type growth, in Sections [I.T] and [I.2] respectively. Starting from Sec-
tion[I.3|we shall then present our results in full generality. For the notation used in
this paper we refer to Section 2] below.
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1.1 Nonuniform Ellipticity at Polynomial Rates

We start considering functionals with (p, ¢)-growth as in (I.9), where the inte-
grand F:R” — R is assumed to be a convex function that is locally C?-regular in
R™ \ {0} and satisfies the growth and ellipticity conditions

v(|z|? + u?)P/2 < F(z) < A(z)? + pD)Y2 + A(|z|* + n2)P/2,
(1.12) S (2] + pD)[2F(2)| < A(z]? + 2?2 + A([z]? + u?)P/2,
(|22 + p)PD2E2 < (P F(2)E, ),

for every choice of z,& € R” such that |z] # 0 and for exponents 1 < p < gq.
Here 0 < v < 1 < A are fixed ellipticity constants and @ € [0, 1] serves to
distinguish the so-called degenerate case (;# = 0) and nondegenerate case (i > 0).
Assumptions (I.12)) allow the ellipticity ratio

highest eigenvalue of 82 F(z)

1.13)  Z(z) = < (z]*> + M2)(q—p)/2 +1

lowest eigenvalue of 92 F(z)

to become unbounded for p < g as |z| — o0, and, therefore, the Euler-Lagrange
equation of .#, that is, —divdF(Du) = f, is nonuniformly elliptic. Under the
assumptions in (I.12) it is known that sufficient [44]45] and necessary [28][45]]
conditions for regularity of minimizers are of the type g/p < 1 + o(n), where
limy 00 0(n) = 0. This controls the rate of nonuniform ellipticity quantified in
(T.13). Different expressions for o(n) have been derived. For instance, in [45] the
bound

q 2
(1.14) - <14+ -

p n

is shown to guarantee the local Lipschitz continuity of minimizers of .# when
p =2, =1,and f € L. In the uniformly elliptic case p = ¢ the assump-
tions in coincide with the classical ones considered by Ladyzhenskaya and
Ural’tseva [37], otherwise they are known as (p, g)-growth conditions and have
been the object of intensive investigation; see, for instance, [2,(9,(104/18,194/26,38,
44,145,481 158]]. As it is natural, conditions as also play a role in our setting,
as shown in the following:

THEOREM 1.2 (Scalar (p, g)-estimates). Let u € WI;C’I(Q) be a local minimizer
of the functional .7 in (L.1)) under assumptions (I.12) with | < p <q andn > 2.
Assume

2 4(p—1
(1.15) g <1+min{— dp-b
p

o p(n—Z)} and f € L(n, 1)(Q).
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Then Du is locally bounded in Q2. Moreover, the local a priori estimate

p
|Dullooqsy < c( f rouas 1117 )

2
(1.16) o
F(Du)dx + ||f||L(n 1)(B)
¥ c||f||W

holds for a constant ¢ = c¢(n, p,q,v, A) whenever B € 2 is a ball. When p >
2—4/(n+2) orwhen f = 0, condition (1.15) can be replaced by condition (1.14).

When applied to special situations, reproduces several known and classi-
cal estimates. In the familiar case of the p-Laplacian equations in (1.4), we then
take p = g and u = 0 so that reduces to the following optimal local esti-
mate (see, for instance, [34,36] and related references):

1

D ADulimqarn 5 ( f 10017 ax) " 11y

In turn, when f = 0, this is the classical L*° — L? estimate for p-harmonic
functions; see [43]]. Again for f = 0 and p < g as in (I.14), estimate (I.16)
reduces to Marcellini’s basic estimate, proved in [45, theorem 3.1] for 4 = 1 and
g > p > 2asin (I.14), that is, to

m+2)p—nq
(1.18) 1Dul| Lo (8/2) < (][B F(Du)dx) 1.

In the vector-valued case u: 2 — RN , N > 1, similar results hold provided a
radial structure is assumed on the integrand. This is precisely the statement of the
next

THEOREM 1.3 (Vectorial (p, g)-estimates). Letu € ngc’l(Q; R™) be a local min-
imizer of the functional .7 in (L.1)) under assumptions (I.12) with 1 < p < q and
n > 2. Assume

q

(1.19) < 1+ min {1 2(p—1)

p(n—2)
and that there exists a CIOC[O 00) N 1OC(O o00)-regular function F:[0,00) —

[0, 00) such that F(z) = F(|z|)for every z € RNX"_ Finally, assume that
F'@) , .
(1.20) L ——————— s nondecreasing.
2+ p?) =21
Then Du is locally bounded in Q2 and an estimate similar to (1.16) holds. More-
over, assuming p > 2 in (1.20) gives that (L.I9) can be relaxed to (I.15].

} and f € L(n,1)(Q;RY),
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Theorems [I.2] and [1.3] deal with the case n > 2 (as in [14}[15,[17,[33]] in the
uniformly elliptic setting). When n = 2 we consider a condition different from
(T.7) and involving the Orlicz space L?(Log L)*(2), & > 0. This space is defined

via
(1.21) f eL?(LogL)%(Q) <= / |f 12 1log* (1 + | fDdx < oo.
Q

This is an example of Orlicz spaces (see Section [2] below for the relevant def-
initions). Its borderline character is explained by the strict inclusions L2T¢ C
L2(L0g L)* c L2, for every ¢, ¢ > 0. Moreover, while solutions to Au € L3¢
are C!-regular, they are in general not locally Lipschitz when Au € L2. A cor-
responding borderline condition is given by Au € L?(Log L)¥(RQ) for o > 1,
ensuring that Du is locally bounded. We reproduce almost the same borderline
result by requiring o > 2.

THEOREM 1.4. Letu € WI;CI(Q) be a local minimizer of the functional in (1.1))

under assumptions (LI2) with | < p < q and n = 2. Assume
(1.22) g <2p and f €L*@LogL)*(Q) forsome o > 2.
Then Du is locally bounded in 2.

Correspondingly, in the vectorial case we have the following:

THEOREM 1.5. Let u € ngc’l (Q:RN) be a local minimizer of the functional in
(L.1) under assumptions (1.12) with 1 < p < q and n = 2. Assume

3
(1.23) g < 717 and  f € L2(Log L*(2:RY) for some a > 2,

and that there exists a CléC[O, o0) N CI%)C(O, o0)-regular function F:[0,00) —

[0, 00) such that F(z) = F(|z|) for every z € R¥N*"_ Finally, assume that (1.20)
is in force. Then Du is locally bounded in 2. When p > 2, assumption (1.23) can

be relaxed to (1.22).

Remark 1.6. The local Lipschitz regularity results of Theorems [1.2] and [I.4] ex-
tend to minimizers of the functional in (I.10) by taking ¢ = max{qi,....¢,} and
considering the bounds in (I.13)—(1.22). In this case it is sufficient to apply Theo-
rem[I.9]below with 7 > 24d. Estimates similar to the one in (I.16) hold.

1.2 Nonuniform Ellipticity at Fast Rates

Here we deal with nonpolynomial growth conditions. The simplest example we
have in mind is given by the functional

(1.24) whHQRY) s w |—>/ exp(|Dw|P)dx, p>1;
Q

see, for instance, [23}40,46]. More generally, with { py } being a sequence of real
numbers such that pg > 1, pr > 0 for every £ € N, we inductively define the
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functions e : [0, 00) — R as
ex41(2) = exp[(ex (1)) P+ +1],
eo(r) = exp(tP0).

For every integer k > 0, we consider the variational integral

(1.25)

(1.26) WEHQRY) 5 w > & (w) = /Q[ek(|Dw|) — fwldx.

The functional in (1.8)) is a special instance of those displayed in (1.26]). Because
of the radial structure of the integrand, the following result holds directly in the
vectorial case with u: @ — RY for N > 1.

THEOREM 1.7 (Exponential estimates). Let k > 0 be an integer number and let
ue wh! (Q2: RN) be a local minimizer of the functional & in (T.26).

loc

o If f € L(n, )(2:RN) and n > 2, then Du is locally bounded in S2.

o Whenn = 2 the same conclusion holds provided f € L?>(Log L)*(Q2; RY)
for some o > 2.

e Finally, when f = 0, the local estimate

(1.27) | Dullroo(B/2) < ce,?l(]i ek(IDMI)dx) +c
holds for a constant ¢ = c(n, N, k, po, ..., pr) and for every ball B € <.

When f = 0, Marcellini [46-48] proved that Du € LI%% for the functionals in
(T.26)); see [23/40] for special cases. Instead, the natural growth estimate
is new. This is linked to the novel approach to Lipschitz estimates we give here,
which is an alternative to Marcellini’s and Lieberman’s and that provides sharper
estimates than those available in the literature. Moreover, such an approach could
be used to give alternative proofs also in the settings of Lieberman [39-41] and
Simon [56]).

To describe the progress, let us specify the estimate to the simplest model
case, namely the functional in (1.24)). We here get the natural growth estimate

(1.28) ||Du||]1:oo(3/2) < clog(]i exp(|Du|p)dx) +c¢ withe =c¢(n, N, p)

for any local minimizer u € W1!(Q) of the functional (T.24). This estimate par-
allels the one for p-harmonic functions in (I.I7) (when f = 0) in that it exhibits
the correct growth in the right-hand side. On the other hand, the best Lipschitz
estimate for local minimizers of (I.24)) available in the literature up to now was
in [46-48|] and read as

1+
[ Dullzoo(B/2) < Ce (][ exp(|Du|p)dx) + ¢, forevery e > 0.
B

This bound exhibits a loss of an exponential scale with respect to (I.28)). The situ-
ation worsens when considering faster growth conditions as in (I.8). The estimates
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in (1.27)—(1.28)) are special occurrences of a general result that will be described in
Theorem below.

Another interesting class of exponential-type functionals is given by the follow-
ing anisotropic version of the one in (1.24), this time obviously considered in the
scalar case only:

(1.29) w &(w) = / (exp(A0|Dw|p) + Zexp(Ai|D,~w|p) — fw)dx,
Q

i=1

where hereitis p > land 0 < Ag < A; <--- < A,. When f = 0, this functional
falls in the realm of those in [47, theorem 2.1]. Marcellini’s assumptions, that
is, [47, (11)—(14)], prescribe that

<14+ -

1.30
(1.30) Ao .

holds, and this implies the local Lipschitz continuity of (scalar) minimizers (com-
pare with (T.13)). The same result actually holds when f € L(n,1)(2) for the

functional (1.29).

THEOREM 1.8. Let u € WI;C’I(Q) be a local minimizer of the functional &, in
(L.29). Assume that f € L(n,1)(2) holds when n > 2 together with condition
(L.30). Then Du is locally bounded in 2. When n = 2 the same conclusion holds
provided f € L2(Log LY*(Q) holds for some a > 2.

1.3 General Growth Conditions

In the scalar case N = 1, Theorems [I.2HI.§] are relevant special occurrences
of more comprehensive results, namely, Theorems [I.9]and [I.T1] below. These are
devised to cover a large number of model problems, and therefore their formula-
tion involves a generous set of different parameters. Ellipticity is described via
two locally bounded and measurable functions g1, g2:(0,00) — [0, 00), aimed
at controlling the lower and the upper eigenvalues of 92 F(z), respectively, when
|z| = T and for a fixed number 7" > 0. They are assumed to be continuous on
[T, 00) and such that g1 (7'), g2(7') > 0; their behavior on (0, 7)) will be essentially
irrelevant in what follows. As a minimal requirement on gi(-), g>(:), we assume
that [T,00) 3 ¢t + go(t)/g1(¢) and t — g1(¢)t are almost nondecreasing and
nondecreasing, respectively. This means that

g205) _ 20
=Cq
g1(s) g1(t)
holds for some constant ¢, > 1. Notice that the second condition in (I.3T)) implies

that g1(¢f) > 0 whenever ¢t > T'; in turn, this and the first condition imply that
g2(t) > 0fort > T as well. The ellipticity/convexity properties of the integrand

(1.31) T <s<t¢

and g1(s5)s < g1(0)t,
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Z > F(z) can be now described via g1(-) and g»(-) as follows:

z F(z) >0 is convex,
(1.32) = F(2) is C2-regular on {|z| > T},
’ 102F(2)] < g2(]2]) for every z € R” with |z]| > T,

gl(|z|)|§|2 < (82F(z)<’§,<’§) for every z,& € R” with |z]| > T.

Finally, the necessary match between ellipticity (1.32) and coercivity properties of
z + F(z) is described via parameters 7 and B¢; namely, we assume that

v(t? + 7?2 < g1(1) fort > T for some 7 > —1,
(1.33) (f}zl g1(s)s ds)ﬂo < F(z) for|z| > T forsome 3 < By < |
with y = Bo(r +2) > 1,
where v > 0 and 0 < p < 1 are fixed constants. We then have the following:

THEOREM 1.9 (General scalar estimates). Lef u € Wléc’l(Q) be a local minimizer
of the functional in (L.1)) under the assumptions (L31)—(1.33) for n > 2. Assume
f € L(n, 1)(2) and that the inequality

g20) _
g1(t) ~
Bo—o

t 2 91 1 t 3512
. /
cp mln{(/T g1(s)s ds) , (m /T g1(s)s ds) } + ¢,

holds for every t > T, for some o with 0 < o < 28, and some fixed positive
constants 1 < 1 and ¢, > 1. Then Du is locally bounded in Q2. Moreover, for
every ball B € 2, the estimate

| Dullzo0(B/2)
/ g1{s)sds
T

1
V4 Bo
< c(][ F(Du)dx + ||f||Z,7(lB) +7T7 + M")
B

(1.34)

(1.35)

Qo

Y
+ c(][ F(Dwydx + | fll{nigy + TV + My)
B

T+2
1

o2 -
+ c||f||L(+n,1)(B) + C”f”]i(,f’ll)(B) + (T + M)”f”L(n,l)(B)

holds for a constant ¢ depending only on n, v, t, ¢4, Cp, 0, Bo, and B1, but other-
wise independent of T. Finally, when f = 0, assumption (1.34) can be replaced
by the weaker assumption

2Bp—0

t n
(1.36) g0 _ (/ 21(s)s ds) Yoy Vi>T
g1(t) T




LIPSCHITZ BOUNDS AND NONUNIFORM ELLIPTICITY 11

In view of (1.32)), the nonuniform ellipticity ratio Z(z) in (I.13) can be esti-
mated as Z(z) < g2(|z])/g1(|z|) for |z| > T, and indeed (1.32)—(1.33)) reduce to
(I.T2) with the choices in (6.1) below; compare with Section [6] below. In this re-
spect, the main assumption (I.34) serves to bound the growth of % (z) with respect
to |z|. It reduces to (I-13) in the case of Theorem[1.2] Moreover, when f = 0 our
assumptions essentially reduce to those considered by Marcellini [47] in the scalar
case; see also Section [6.6] below. The local estimate (T.35) might seem somehow
involved, but it is actually the most general one in this setting. It provides optimal a
priori estimates when applied to relevant model cases, via the tuning of the param-
eters Bo, B1, 0, 7, and u. Indeed, all the estimates in (1.16), (T.17), (1.18), (1.27),
and (I.28)) can be generated as particular cases of (1.35). The parameter Sy de-
scribes the interplay between ellipticity (I.32)4 and coercivity (1.33), via (I.34);
in most of the model cases it is fg = 1. The number 7" bounds the set where
the functional loses its ellipticity properties. If Du belongs to {|z| > T}, then
regularity is implied by ellipticity (I.32)4. Otherwise, there is nothing to prove.
The shape of (1.35), which trivializes when || Dul|zco(p/2) < T, reflects this fact.
For assumptions (I.33)) (with the parameter 7), see the comments in Remark [T.12]
below.

Remark 1.10. The structure assumptions (1.32)—(1.33)) cover the case of uniform

ellipticity (T.3)—(1.5) by taking g1(-) & g2(-) ~ @(-); see (6.18) below. In partic-
ular, in (I.33) they are © = iy, fo = 1, and any choice of T > 0 is possible. For
this we refer to Theorem [I.15] below and its proof in Section[6.5]

As anticipated in Theorem [I.4] the corresponding two-dimensional version of
Theorem involves the Orlicz space L2(Log L)% and it is contained in the fol-
lowing:

THEOREM 1.11 (General two-dimensional scalar estimates). Let u € Wléc’l(Q) be

a local minimizer of the functional in (1.1) under the assumptions (1.31)—(1.33)) for
n = 2. Assume that f € L>(Log L)*(Q) for some a > 2 and that the inequality

2;3070'

t 2
(1.37) 8200) _ cb(f g1(s)s ds) Yoy V=T
g1(t) T

holds for cp, = 1, where o is such that 0 < o < Bo. Then Du is locally bounded
in Q2. Moreover, for every 6 € (0, 0) the estimate

|Dullz.00(B/2)
/ g1(s)s ds
T
)4

2
o—0
(138) < c( ][ F(DWx + 1 f | /(g + T7 + /ﬂ)
B

T+246
el e+ T+ I lzqog ) 0 +e
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holds for every ball B € Q with radius R < 1/2, where ¢ = ¢(v, 1,¢q4,Cp, 0,
Bo. 0, ) is a constant that is independent of T .

Remark 1.12 (A5 and V; conditions). A main point in this paper is the treatment
of functionals that necessarily satisfy the Aj-condition in (L.6), as in (T.8). A
condition that is in some sense dual to the one in is the so-called V;-condition.
This means, by using the notation (I.6)), that

(1.39) AQ2t) = (2 +¢)A(t) forsomee > 0

holds for every 7 > 0. This implies that the function A(-) has superlinear growth,
ie., 17 < A(r), where ¥ = log(2 4 &)/ log2 > 1. Indeed, condition 1D serves
to rule out so-called nearly linear growth and therefore functionals of the type

(1.40) w |—>/ |Dw|log(l + |Dw|)dx.
Q

See, for instance, the results in [27,48]] for related regularity results.

The theorems in this paper, while considering the case where (I.6) fails, fall in
the realm of (I.39). Assumptions (I.33)) automatically rule out functionals as in
(T.40). On the other hand, problems in approaching nearly linear growth condi-
tions as in appear by looking at the bound (1.13), where g/p — 1 when
p — 1. Providing a general theory going beyond the validity of (T.39) is an inter-
esting issue that will be treated in forthcoming work. We refer to [3,4] and related
references for results in this direction.

1.4 The Vectorial Case

In the vectorial case N > 1 it is well-known that minimizers of functionals as
in (I.T) can develop singularities [51,/60]. This already occurs in the uniformly
elliptic setting and when f = 0, and is a genuinely vectorial phenomenon. The
best one can do in the general case is to look for singular sets dimension estimates;
cf. [32]. However, a radial structure F(z) = F(|z|) as in Theorem |1.3| rules out
singularities, as initially noticed by Uhlenbeck [61] (see also Ural’ceva [62]]). In
this case the Euler-Lagrange equation of the functional (I.I) reads as

F'(|z))
lz|

for every z € RY>” such that |z| # 0. This will be essentially the new assumption
we consider in the vectorial case that works beside the usual convexity of F'. The
other ones we consider to prove a vectorial version of Theorem [I.9] are, up to a
suitable reformulation, essentially the same, and actually simpler. The ellipticity
properties of the mapping z + 9% F(z) can still be described via the two control
functions g1 (), g2() as in (I.31)—(1.32), while, differently from the scalar case,

(1.41) —diva(Du) = f witha(z) = a(|z|)z, where d(|z]) :=
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(T.33)) can be replaced by
a(r) : :
> —— is nondecreasing on (0, o) for some y > 1,
(1.42) (2 + u2)’z

w2 + 123 < g1(t) fort > T,
where v > 0 and 0 < u < 1 are fixed constants. The number y here plays the role
of 7 + 2 in (I.33), according to (I.33)),, as we are going to take taking Bo = 1 in

comparison to (I.33). The main result in the vectorial case, and actually containing
all the precise assumptions, is the following:

THEOREM 1.13 (General vectorial estimates). Let u € Wl’l(Q;RN) be a lo-

loc
cal minimizer of the functional in (1.1)), and assume that there exists a function

F:[0, 00) = [0, 00) of class CléC[O, 00) N C2.(0, 00) such that

loc
(1.43) Fz) = F(izl) vzeR™
holds. Moreover, assume that (1.31)—(1.32) and (1.42) hold together with

§20) _
g1(t) ~

' ' a1 TN
cp min (/T gl(s)sds) ’(W/T gl(s)sds)

foreveryt > T, whereo € (0,2], 1/y < B1 < 1, ¢, = 1. The number ¥ is such
that® = 0ify > 2in 1i (and, consequently, t +— F'(t)/t is nondecreasing)
and ¥ = 1 otherwise.

o If f € L(n,1)(RY) and n > 2, then Du € L (2; RN ™). Moreover,
estimate (1.33) holds with Bo = 1 and T = y — 2; the constant ¢ depends
onlyonn, N, v, cq, cp, ¥, 0, P1, and a(l).

o If f = 0, then the same result holds replacing (1.44)) by

2—0

f t a+om

(1.45) g2(0) _ cb(/ 21 (s)s ds) Yoep, Yi>T
g1(t) T

o Ifn =2, assume f € L>(Log L)*(2:RYN) for some o > 2. Then Du €

L2 (2 RN*") holds replacing (T.44) by (T45) and estimate (I.38) holds
forevery 8 € (0,0), where 0 < 1 and v = y — 2. The constant ¢ here also

depends on «.

(1.44)

+ ¢p,

Notice that the convexity of F coming from (1.32); implies that @(-) is non-
negative (see (5.4) below). Assumption ([.42)) is natural and is satisfied by the
p-Laplacian system (T.4) by taking @(¢) = t?~2,y = p > 1 and 0 = 0; it holds
fory =iz + 2 > 1 for the case of (I.2) and (I.5) when (I.3) is assumed. In the
setting of (p, g)-growth conditions from Secti the fact that ¢t > F’ (t)/t is
nondecreasing typically corresponds to the case p > 2. When no information is



14 L. BECK AND G. MINGIONE

available on ¢ > F'(1)/t and f = 0 and/or y < 2, the required bound becomes
q/p < 1+ 1/n, and it coincides with the known bounds when p < 2; see [26].
In comparison with Theorem here we are taking 1/y < B; < 1 rather than
B1 € (0, 1); this is by no means restrictive as in this setting we try to take 81 as
close to 1 as possible since this is going to weaken the main assumption (1.44).
When dealing with functionals with fast growth, in most of the cases it happens
that 7 +> @'(¢) and y > 2. In that case we often have that g1 (1) ~ a(¢) and (1.42),
follows from li with v &~ @(T)/(T? + u2)¥=2/2; see (5.6) below. See also
Section[6|below for several examples in this respect.

Remark 1.14. When f = 0, comparing Theorems[1.9]and and those of Mar-
cellini [45-48]] reveals that the main model examples considered in our and Mar-
cellini’s papers can be covered by both theories. However, there are some differ-
ences and a somewhat detailed comparison is attempted in Section [6.6] below.

1.5 Uniform Ellipticity Revisited

Theorem [I.13] also yields new results in the standard uniformly elliptic case
(T.2), when looking at vectorial problems.

THEOREM 1.15 (Natural growth estimates with Aj-condition). Let u € Wléél (2
RN) be a local minimizer of the functional in (L.5). Assume that the uniformly
ellipticity condition (I3) holds and that f € L(n,1)(Q:RY) forn > 2. Then

Du e L2 (R; RN*") and the estimate

ig+2
(1.46) || Du||Loop/ay < cA—l(]é A(|Du|)dx) + cA—l(IIfII’L“(:jD(B)) + 2

holds for every ball B € R, for constants c, ¢z depending onlyonn, N, iy, s,, and
a(1). When n = 2 a similar result holds assuming that f € L*(Log L)*($2; RY)
for some o > 2. In the case it is

alt
(1.47) iy = liminf 2% 5 0,

t—0 tla

then we can take c; = 0 in and the constant ¢ depends also on iy.

Theorem [I.15] and estimate (1.46) extend the results of Baroni [I]] and Lieber-
man [39] to the nonhomogeneous vector-valued case and also provides a local ana-
logue to the global bounds of Cianchi and Maz'ya [[15,/17]]. Estimate (T.46) is the
best possible estimate in this setting. Testing it in the p-Laplacian case (1.4)), where
a(t)y=tP72,i, =54 = p—2,and i, = 1, we get back the optimal local estimate
in (L.I7). The situation in which A(-) does not satisfy the A,-condition (I.6) is
more delicate, and it is treated in the next section.
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1.6 Natural Estimates When the A ;-Condition Fails

Optimal growth estimates of the form in (I.27), (1.28), and (I.46) are natural
when considering general functionals defined in Orlicz spaces as

(1.48) w|—>f A(|Dw|)dx,
Q

when, typically, A(-) is an N -function (see Section [2] and below for the def-
inition). Such estimates are known to hold in several cases, but only provided the
so-called A,-condition (I.6) is satisfied (this is not the case for functionals as in
(I.24)—(1.26)). Their validity has remained a delicate open question otherwise.
The next theorem fills this gap in the general case and, in fact, it implies estimates

(L.27) and (1.28) when applied to the functionals in (I.26).

THEOREM 1.16 (Natural growth estimates when the A»-condition fails). Let u €
WI;C’I (Q:RY) be a local minimizer of the functional in (T.48)) such that the function
A:]0,00) = [0, 00) is Clic [0, 00) N Clﬁc(O, o0)-regular. Assume that for some T >
0 the integrand F(z) = A(|z|) satisfies (I.31)-(1.32) and (1.42)) (with a(t) =
A'(t)/1), and that (1.43) holds, where & = 0 if y > 2 and 9 = 1 otherwise.
Moreover, assume that

t
(1.49) Ar) < A(/ g1(s)s ds) + A Vt=T
T

holds for some A > 1 and that there exist three constants v, ¢y, dy > 1 such that
(1.50) A7tV < cuANt) + dy  holds for every t > A(T).

Then, for every ball B € €2, the local a priori estimate

(1.51) IDul| oo (B/2) < cA—l(]g A(|Du|)dx) +cA7He)

holds for a constant ¢ depending only on n, N, v, A, v, ¢y, dy, Cq, Cp, ¥, 0, T,
and A’ (1), with the convention that A= (t) = T for every t € [0, A(T)].

Comments are in order. Condition says that the problem is well-posed
in the Orlicz space generated by functions that are asymptotically equivalent to
t > f ! g1(s)s ds; see Section 2| below for the precise definitions. Condition
(T.50) exactly relates to the typical situation where the Aj-condition on A(-) fails.
As a matter of fact, assumption (I.50) is satisfied by integrands with fast growth
conditions but fails when tested on integrands with polynomial growth. From the
assumptions it follows that 1 — A(¢) is increasing, and therefore invertible, on
[T, 00); the inverse A~1(-) is defined only on [A(T"), 0o). For this reason, estimate
(T5T) makes sense only under the specification that A~1(¢) = T on [0, A(T)].
Notice that in Theorem we are not necessarily considering a function A(-)
that is an N -function in the sense of Section 2] below.
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1.7 Existence and Regularity Results

Our methods can be used to prove existence and regularity results for Dirichlet
problems, not necessarily arising from integral functionals, of the type

—diva(Du) = f inQ,
U = up on 092,

r(g—1)

ug € Wh o1 (Q).

(1.52)

Here we additionally assume that €2 is a bounded and Lipschitz regular domain
of R™. The vector field a:R” > R” is assumed to be C!-regular outside the
origin and such that

la(2)] + (1212 + #?)V/?|0a(2)]
(1.53) < Az + p®) D2 1 A(|z]? + p2) P72,

v(lzP? + p?)PD2IE? < (da(2)E, £),

hold, as in (I.12)), for every choice of z, £ € R” with z # 0, exponents 1 < p < g,
ellipticity constants 0 < v <1 < [,and 0 < ¢t < 1. Marcellini’s by-now classical
result [45] states the existence of locally Lipschitz-continuous solutions to (I.53))
assuming that f € L°°(2). This can be upgraded to the following optimal version:

THEOREM 1.17 (Existence of locally Lipschitz solutions). With1 < p <g,n > 2,
and under assumptions (T19) and (T33), there exists a solution u € W,2*°(Q) N

loc

W L-P(Q) to the Dirichlet problem in (1.52). Moreover, the a priori estimate

P
9 9 \ p—a—>pm 1
| Dullzeo(B SC——l—c(—) el FI7T
(1.54) (B/2) =g IB| Lo )(B)

2
2(p—DH—(g—p)(n—2)
+ el L)

holds for every ball B € 2, where ¢ = c¢(n, p,q,v, A), and

(@—1) B
(1.55) = fQ(|DM0|2 + DEFD dx + e[| F1208 0.

Whenn = 2 and f € L?(Log L)*() holds for some a > 2, again Du is locally
bounded in Q and an estimate similar to (1.54) holds upon replacing || f || L, 1)(B)

by || f ||L2(L0g L)*(B):

We notice that in the case when p = g and 2 coincides with a ball B, estimate

(3B gives
1Dl oy 5 f, (Dwol” + D+ 17122500,

which is the usual a priori local estimate for the Dirichlet problems; see [36] and
compare with (L.17).
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1.8 Technical Novelties

The approach of this paper departs from previous ones on nonuniformly elliptic
equations, as it is based on potential theoretic-type arguments, and it is new already
in the homogeneous case f = 0. To briefly explain it, we consider Theorem
The main new idea is that, by taking the so-called second variation equation, the
Euler-Lagrange equation of the functional in can be treated as if it were uni-
formly elliptic. This is achieved by controlling the ellipticity ratio Z(Du) in
by g2(M)/g1(M), where M = | Dul|p~; see Section below. To such an
equation we apply a delicate iteration argument coming from nonlinear potential
theory [31,/52f], and that in turn finds its origins in the insights of De Giorgi [22].
This is in Lemma [3.1] below.

Notice that such potential theoretic-type arguments work well when applied
to uniformly elliptic equations; that’s why we perform the uniformization proce-
dure mentioned above. The drawback is that all the constants involved depend on
g2(M)/g1(M). For this reason, Lemma[3.1]is devised to carefully track the quan-
titative dependence of the final constants on the various parameters involved in the
iteration. This subtle dependence surprisingly plays a crucial role as it allows us to
control the way energy estimates are affected by the quantity go(M)/g1(M). This
leads to the final estimate (I.I6) via an iteration argument; see Lemma £.8] The
delicate interplay between Lemmas [3.1] and [4.8] eventually gives back the bounds
(I.14) and (I.30) known for the case f = 0. As for the right-hand side f, we
notice that Lemma [3.1]leads us to consider a nonlinear potential of f, that is, the
one defined in (2.2). As explained in Section [2] below, this potential plays a role
similar to that of the standard Riesz potential [36]. Accordingly, it easily allows
us to exploit the assumed regularity properties of f and derive the corresponding
implied estimates on Du.

It is worth emphasizing that the above line of proof only works at the level of
a priori estimates, that is, by assuming that Du is locally bounded and differen-
tiable. To eventually overcome this point and commute a priori estimates in real
regularity results, the whole procedure must be embedded in a delicate approxima-
tion scheme; see Section [4.1] below. This is aimed at approximating the original
functional with more regular ones satisfying growth and ellipticity conditions com-
patible with those in (I.32)) and (1.34). A different type of approximation is needed
when dealing with vector-valued minimizers in Theorem In this case the ap-
proximating functionals exhibit a polynomial behavior at infinity, and some less-
known regularity properties of minimizers of functionals with polynomial growth
must be employed. These are listed and partly proved in the final Section

2 Lorentz Spaces, Orlicz Spaces, and Nonlinear Potentials; Notation

Let us start with some notation. In this paper we denote by 2 C R” an open
domain; additional restrictions can be considered. Since our estimates will be local,
we shall always assume, w.l.0.g., that 2 is also bounded. We denote by ¢ a general
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constant larger than 1. Different occurrences from line to line will be still denoted
by c. Special occurrences will be denoted by c1, ¢z, or ¢ or something similar.
Important dependencies on parameters will be as usual emphasized by putting them
in parentheses. We shall denote by N the set of positive integers and set Ny =
N U {0}. As usual, we denote by B,(xg) := {x € R” : |x — xo| < r} the open
ball with center x¢ and radius r > 0; when it is clear from the context, we omit
denoting the center, i.e., B, = B, (xg). When not otherwise stated, different balls
in the same context will share the same center. We shall also denote By = B1(0)
if not differently specified. Finally, with B being a given ball with radius » and 8
being a positive number, we denote by 8B the concentric ball with radius 8r and
by B/0 = (1/8)B. In denoting several function spaces like L?(2) and W 17 (Q),
we shall denote the vector-valued version by L?(2; R¥) and W 12 (Q; R¥) in the
case the maps considered take values in R¥, k € N. We shall often abbreviate
L?(Q:R%) = LP(Q) and WhP(2:R¥) = WLP(Q). With Z C R” being
a measurable subset with bounded positive measure 0 < |#| < oo, and with
g B —RF k>1, being a measurable map, we shall denote the integral average
of g over # by

@%Eﬁﬁ@széﬂéﬂmm.

For the rest of the paper we shall keep the following notation:
@D H@) =+ p)'2 Ho@) = [+ (e + ]2,

fort > 0, u € [0, 1], € € (0, 1]. The role of the constant x will be clear from the
context; it will usually be the number introduced in (1.12)), (T.33), etc.

We next fix some notation that will be especially useful in the vectorial case.
We denote by {e"‘}(]x\]:1 and {e; ’]-’:1 standard bases for R?Y and R”, respectively;
we shall always assume n > 2 and N > 1. The general second-order tensor
of size (N.n) as { = {e* ® e; is identified with an element of RN>" (here
we use the standard convention on the sum of repeated indices). The Frobenius
product of second-order tensors z and £ is defined as (z,§) = z¥&7; it follows
that (£, £) = |£|2, and in the rest of the paper we shall use the classical Frobenius
norm for matrices and tensors. We shall sometimes use the symbol ( -, -} also to
denote the scalar product in R”. The gradient of a map u = u®e® is thus defined
as Du = 0y,u%e* ® e;. and the divergence of a tensor { = {¥e* ® e; as div{ =
dx; ¢¥e*. When dealing with the integrands of the type F: RN*" [0, 00) of
the type considered in Section |1, we interpret the second differential of 9% F(z)
as a fourth-order tensor defined as 9% F(z) = Bzg Bz;xF(z) (e* ®e)) ® (P ® e;)
whenever z € RV>%, g

We now describe a relevant nonlinear theoretic potential quantity that will play a
crucial role in our estimates, with related function spaces. The modified nonlinear
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Riesz potential of amap g € LlOC(R”; R¥) is defined as

R 1/2d
(22) P¥ (x0, R) = / (92 ][ g2 dx) =
0 By (x0) ¢

for xo € R” and R > 0. The potential P‘ig (-, R) plays in the present context the
role of the (truncated) Riesz potential, which is instead defined by

R 181(Bo(x0)) do R 1
0 Q BQ(XO)

provided the argument function g is at least locally L!-regular. This can be easily
seen by using the Holder inequality to estimate

R
I (x0, R) = |Bl|f ]{3( )|g|dxdg§ | B1|P§ (x0. R).
o{Xo

The potential in (2.2) is actually a nonlinear one. This is the right one to use
when dealing with a large class of problems, from degenerate elliptic and parabolic
ones to fully nonlinear equations; see, for instance, [20,33]] and references therein.
The potential P‘f defines an operator whose behavior is well-known in various
function spaces. Here we concentrate on the Lorentz space L(n, 1) defined via
(1.7) when n > 2, and, in the two-dimensional case n = 2, on the Orlicz space
L2(Log L)*, which is defined via condition (T.2T)). Specifically, with Bg(xo) C
R”" we have that P‘f (x0. R) < c(n)||gllL(n,1)(Bx(xo)) holds (see, for instance, [33|
lemma 2.3 and lemma 2.4] for a proof of this fact), so that

23) |Pf(-. R)HLOO(BR) < c|llgllLm1)(Bog) holds for every ball Bg C R™.

For the corresponding estimates in L?(Log L)® we need a few more prelimi-
naries. We recall that A: [0, c0) — [0, 00) is called an N -function provided it is
convex, and it is such that

At
2.4) A(0) =0, hm L) =0, and lim — =

—0 f t—oo f

In this case its convex conjugate defined by A(¢) := sup{st — A(s) : s > 0}, for
every t > 0, is again an N-function. With @ C R”, the Orlicz space L4(Q) is
defined as the vector space of measurable maps w: 2 — R¥ such that the following
Luxemburg norm is finite:

2.5) lwlpag) = inf{/\ >0: / A(M)dx < 1}.
o U2
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This is a Banach space. We refer to [55] for more on such spaces. The main
information we need is the following:

‘/ wvdx
Q

and HHB”LZ(Q) =

< 2wlpamlvl, g,
1

(DB

for every ball B C 2. The first relation appearing in the above display is the
so-called Holder inequality in Orlicz spaces. The second relation in is a
straightforward consequence of the definition in (2.5). Obviously, to determine
the space L4, only the asymptotic behavior of A(-) matters. We are here interested
in the special case A(t) = Apo(t) = tP1log¥(1 + ¢), fora > 2 and p > 1, with
notation L4 = L?(Log L)*. It is now straightforward to show that

(2.6)

2 2
(2.7 81" lwog (@) < 2081 2100 1y )"

Indeed, let us take A > O such that fQ(|g|2//\§) log*(1 + |g|/As)dx < 1. Then,
with K > 1, we have

gl 1 gl 1 / gl 1 gl \?
log%( 1 dx < log“( 1 d
/;[sz e\ T kAL | )T ol kA U TR, )
* rg? g|
— 1+ = Jdx <1
_Kzglg g(—i—ls)x_,

provided we take K2 = 2% This shows (2.7).

Concerning A (1), itis easy to see from the definition of the convex conjugate
that it is for all # > O nonnegative and that the supremum is in fact attained for
some s < exp(r /) (otherwise the term st — A; «($) is negative); hence we obtain
A alt) < texp(tl/“) < exp((1 + a)t'/®) =: & (¢) for every ¢ > 0, and thus
also o7, 1(r) < A (t) holds for all # > 1. Therefore, whenever B, C Q C R? is
a ball with radius Q < 1/ /7, we conclude via the second relation in (2.6)) that

11811710 gy = : < : = ot
P @ T (T )1 (Bel ) () TH(BlT) T log (/)

for a constant ¢ = ¢(«). To proceed, we estimate

2, )8 5 12
| IgPax) = VA Plwos s 18, 7 o )
Q

2 1/2
S c(”g”Lz(LogL)a(BQ)”]lBQ ||L1’4~I,Q(Q)) /

(2.8)

@) cllg ||L2(L0g L)*(Bp)
log®/?(1/0)
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Let us now consider a map g € Lﬁ)c(Rz;Rk), where we assume that g €

L2(Log L)¥(B) for every ball B C R2. For an arbitrary ball Bg(xo) C R? with
R < 1/./m, we then find

R 1/2dg
0. R) = | —(/ |g|2dx) e
! o 7 \JB,(xo) 0

R d
el ey
SI2og L Br(xo) fo 5 1002/2(1 /)

where the integral on the right-hand side blows up when o \ 2. Therefore, we
finally conclude with the following inequality that holds for all @ > 2 whenever
Bgr C R?is a ball with radius R < 1/2:

(2.9) P‘f (x0. R) < c(oz)||g||Lz(L()g L)y*(B,g) fOrevery xo € Brand R <

A

1
27
where ¢(0) — oo when o | 2.

3 A Nonlinear Iteration

Here we shall exploit in detail some nonlinear potential theoretic arguments de-
veloped by Kilpeldinen and Maly [31]], who originally obtained pointwise potential
estimates building on the fundamental iteration scheme of De Giorgi [22]]. The ver-
sion proposed here is instead closer to the one given in [33]]. For related estimates
and approaches, we also refer to [34}35,/52]. The main emphasis here is on the
precise dependence of the various constants involved. This will eventually lead to
recovering the precise bounds appearing in Theorems and (see Section 4.2
below).

LEMMA 3.1. Let Br,(x0) C R", n > 2,k € (0,1/2) and let v € W12(Bg,(x0))
be nonnegative, and f € L?*(R™); assume that there exist positive constants
My, M, ¢y with M1 > | and a number ko > 0 such that for all k > ko and
every ball Br(xo) C BR,(xo) the inequality

M2
/ |D(v—k)+|2dxfcm—21/ (v — k)2 dx
Br/z(X()) r By (xo0)

+ emM3 / | £? dx
B (x0)

holds. Here we have denoted (v —k)+ := max{v —k, 0}. If xq is a Lebesgue point
of v, then

3.1

L+ max{e, 252} 12
v(xo) < ko 4+cM, N2 (][ (v — ko)l dx)
(3.2) Br, (x0)

n—2
+cM;“a"{”’ 2 }MZP{ (x0,2Ro)

holds for a constant ¢, which depends only on n and ¢,, when n > 2 and on k and
Cm whenn = 2.
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PROOF. We start by defining a strictly decreasing sequence of radii {7; };eN,
via setting r; := 27/ R for every nonnegative integer j (so that ro = Ryp), and a
sequence of numbers {W; };enN,, via

1/2
W; = r_,-(][ |f|2dx)
Brj(xo)

for j € Np. Next we recursively define a nondecreasing sequence of numbers
{kj}jeNy, with kg as in the statement, and a sequence of numbers {V} };en, in the
following way: for each j € N we set

1/2
(3.3) w::(f @—kﬂida
Bl’j (XO)

and choose the successor k1 such that

V.
(3.4) ki1 =kj + ?f

for some 6 > 0 to be determined later. By the above definition we have V; 11 <
on/2 V;, and therefore

(3.5) kj2 —kjt1 <22 (kjp1 — k)

for each j € Ny. We now recall the classical Sobolev inequality and for this, with
k € (0, 1/2) as in the statement, we set

n .
n— lfl’l>2,

(3.6) L<y=1{"
* 1+1 ifn=2.

Also using (3.1)), we write

1
(][ (v —kj)ix dx)X
Brj yy (x0)
rj+1(x0) By, 4y (x0)
Schz][ (v—kj)%_dx—i—cMzzrjz][ |f|2dx
Br_,-(xo)

Br, (xo)

for a constant ¢ depending only on y and cj,. On the other hand, we have in view

of (3.3)

x=1 1 x=1 2 ﬁ
(e =) T G = =) T (f 0=k dx

=(f

rj1(x0)

1

2x
k)2 dx) <
rj+11%0
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1

2%

< (][ (v — k) dx) ’
Bl’j+1(x0)

Combining the estimates in the last two displays yields

x—1 1
3.7) (kjs1— k)T (Vis1)¥ < co(x. em)(M1Vj + MaWy).

This is precisely the starting point of the iteration scheme, for which the ultimate
goal is to show that in the limit j — oo the sequence {V;};en, vanishes, while
the sequence {k; } j N, remains bounded. This in turn will imply boundedness of v
with a corresponding estimate (provided that x¢ is a Lebesgue point). Concerning
a suitable choice of § > 0 from (3.4) (which shall be independent of the index j),
we first assume that

1
(3.8) kjyo—kjy1 > E(ij —kj)

holds. By definition of the sequence {k; };cn, we then deduce from (3.4) and (3.7)
the estimate

_1 .1 1 x=1 1
27787 (kj1 — k) < 8% (kjr — k) 7 (kjz — kjp1) 7
x=1 1
(3.9) <(kj+1—kj) * (Vi+1)*
< coMi8(kj1—kj) + coMaW;.

Therefore, if
28X = 2eoMyS, Qe =2 % Teg X M ¥,
then (3.9) reduces with (3.5) to
n =
kjv2 —kjs1 <22(kjp1 —kj) < cit M MW

for some constant ¢ still depending only on y and cz,. This last inequality holds
provided (3.8) is satisfied. Consequently, we may work in any case with the in-
equality

1 =
kjv2 —kjr1 = S (ki1 —kj) + caM{" MaW;
for all j € No. Summing up the above inequalities, we infer first
1

o, ¢] oo
Z(ijrz —kjy1) <ki—ko+2c1 M ' M, Z W;
Jj=0 Jj=0



24 L. BECK AND G. MINGIONE

and then, telescoping, we get
lim k; = kiyo— k
jooo ,Zo( j+2 —kj1) + ki

1

00
<ko+2ki—ko)+ 2C1M1ﬁM2 Z W;

i=0
(3.10) o
2 =,
§k0+gV0+261M1 szZ(:)Wj

X i >
<ko+ CzMIX_1 Vo + (?2]\41)(_l M- Z Wi
Jj=0

with ¢p depending only on y and c¢y,.
Next, we estimate the latter sum (setting r—; := 2Rp) in terms of the potential
of f via

o0 o0 1/2
Swi=Yrn(f irear)
j=0 Bl (x0)

Jj=0

00 i 1/2
-y / d@(][ |f|2dx)

= J Brj(xo)

i1 1/2 4
[ f e
rj BQ()C()) Q

n 2Ry 1/2 d n
<2t / (QZ ][ |f|2dx) 99 _ 35p! (x0.2R0).
0 B, (x0) o

If P{ (x0,2Ryp) is finite (otherwise, there is nothing to prove), then {k; };en, is a
nondecreasing, bounded sequence and consequently converges. In turn, by
this allows us to conclude the convergence V; \ 0 as j — oo. Then, since xg is
a Lebesgue point for v, we have

1/2
v(xp) = lim vdx < limsup ][ v2 dx
J =00 JB;; (x0) Jj—oo By (x0)

< lim V; + lim k;

(3.11)

j—o0 j—o0
A —
= lim k. k0+¢2M "WVo + caM{T My Y W
j—o0

j=0
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In order to estimate the right-hand side in the last display we use the definition of
Vo in (3.3) and (3.11), thereby concluding the proof of the lemma by recalling the
definition of y in (3.6). O

4 Scalar Estimates and Theorems and .11

Here we give the proofs of Theorems [1.9] and therefore, in Section [4] we
shall consider the corresponding assumptions to be in force. The proof goes in
several steps, which are described in Sections f.1H4.4] We notice that some of the
forthcoming lemmas also hold in the two-dimensional case n = 2, and this will
be emphasized in the corresponding statements. In the same way, we shall keep a
level of generality that is larger than the one needed in the proof of Theorem [I.9}
this will be useful when proving Theorem later on. Upon setting f = 0
outside €2, in the following we can assume that f € L(n, 1)(R™); in particular, we
have f € L2(R").

4.1 Approximation Tools Without the A ;-Condition

In this section we build up a family of integrands { F,} aimed at approximating
the original integrand z > F(z) considered in (T.T)) with globally C2-regular and
strictly convex integrands. This means we are aiming at correcting the potential
lack of strict convexity and smoothness of z + F(z) on the set {|z] < T} ex-
pressed in condition (1.32)3. The first idea would be to take a smoothed version
F; of F via convolution with e-mollifiers. However, this strategy might not work
immediately since it would not be completely clear how to get uniform estimates of
the type in (I.32)) on the approximation functionals. Therefore, we take a different
path and modify z + F(z) essentially only on the set {|z| < T'}. The details are
as follows.

We start by choosing a number 7" such that

“4.1) T <T <T+min{l, T},

where 7 is the number fixed in (I.3T)—(T.33). We then consider a family of stan-

dard, nonnegative, smooth, and radially symmetric mollifiers {¢.}, so that

(42) ¢ € Co°(B). lollp =1, ¢e(x) :=e"p(x/e),

while in the following we shall always consider numbers ¢ that satisfy

min{g>(T)T, T — T} _
8 /(1 + cg)

Here the constant ¢, is the one appearing in (I.31). We remark that the right-
hand side in the above display is indeed positive, which comes from the fact that
g1(T), g2(T) > 0, which is one of the initial assumptions on g1(-), g>(:). Fur-
thermore, we take a cutoff function n € Cg°([0, T);[0,1]) such that » = 1 on
[0, (T +T)/2] and |1/|> + |1/"| < 400/(T —T)>.

go < 1.

4.3) 0<e<
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Now, we set up the construction of the C2-regular and strictly convex inte-
grands. To this end, we define the new integrand

Lz)=L(zl) = lzP+1-1,

which has linear growth at infinity and is strictly convex. Moreover, it satisfies

2
ay — I rroes wmd 192 < 2"

(Iz> +1)3/2 ~ VIZP +1

for every choice of z, £ € R”. Finally, for every ¢ as in (4.3)), we define

4.5) Fe(z) = n(|z]) Fe(z) + [1 — n(|2])]F(z) + eL(z)
where
4.6) Fu@) = (F % ¢0)(2) = fB F(z + ey)p(»)dy

is the standard mollification of z — F(z) via ¢.. Hence, each approximated
integrand F is a regularized version of the original integrand F in B (where it is
only known to be convex and thus locally Lipschitz-continuous), and it coincides
with ' + eL(-) outside of Bz, which ensures a quantified strict convexity also
in Br. Since by we also have that z + F(z) is locally C2-regular outside
Br, we therefore have the following:

LEMMA 4.1. Let F:R" — R be the integrand of Theorem[1.9|with n > 2, and let
{Fe}ee(0.z0) be the family of integrands introduced in @.5). The following proper-
ties hold:

F is strictly convex and globally C?-regular,
@) Fo=F+¢el on{lz|>T},
. F.—> F uniformly on compact sets of R",

doF, — OF uniformly in the annulus (T + T)/2 < |z| < T.

Notice that all the properties in (#.7) are a straightforward consequence of the
definitions except for the convexity of F,. This will be proved in Lemma.2]below,
together with a quantitative estimate. For every ¢ € [0, 1] we further define

2/ne
V2 +1
We now want to derive the growth and ellipticity conditions satisfied by the regu-
larized integrands F; in terms of the functions g1(-), g2,(), especially in compar-

ison to those satisfied by the original integrand F, that is, to (1.32). We have the
following:

LEMMA 4.2. Let F:R" — R be the integrand of Theorem [L.9 with n > 2, and
let { F¢}e<g, be the family of integrands introduced in (@.5), where T is defined in
@) and &y is defined in [.3). There exists a positive number

4.9) g=72(g1().82(). F().0F (), T. T.cq.v. 7. Bo) < 7p < |

4.8) 82,6(t) = g2(t) + for every ¢ > 0.
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such that, if 0 < e < g, then the following growth and ellipticity properties hold.:
|02 Fe(2)] < g2,6(12)) on{|z| = T},
410)  {g1(IzDIEP® = (P Fe()8.§)  on{lz| = T} forevery§ € R”,
WISI2 (0% Fe(2),8) on{|z| < T} forevery§ € R",
Moreover, the following coercivity properties hold.:
Fe(z) = F(2)

(4.11) pho ., _
- /2 _ (12 2 m\y/2
z(f+2)ﬂo[(|z| +puHE = (T + p? )E] on{lz| = T},
Finally, we also have
(4.12) Fe(z) <2F(z) + (T + 1)+ sup F(§) forallz € R".

|§|<2T

PROOF. We initially consider positive numbers ¢ such that ¢ < &g, with g¢ as
defined in (4.3)); further restrictions will be made later. We start with the proof
of the inequalities (@.10); . In these cases we work on the set {|z| > T}, where
Fy = F + ¢L. It follows by (I.32)3 and (4.4) that for every ¢ < & it holds that

0% Fe(2)] < |92 F(2)| + &[8*L(2)] < g2,6(|z]) provided |z| > T,
that is, (4.10);. Next, via (I.32))4 and (4.4)), we have
g1(1zDI§1> < (P F(2)E, §)+8(32 e(2)§.6) = (0 Fo(2)E,£) provided [z = T

for every & € R”, that is, (@.10)>. In order to prove estimate (@.10)3, we first
observe the identity

9 Fe(z) = €8’ L(2) + 112D Fo(2) + [1 = n(12D]P* F(2)

+ 21 (IZI)H ® [0Fs(z) — 0F (2)]

@13 1 (2DIF) - FEL S @
+ TR - Foft - e 5 )
|z] lz] 7 |z

where [, denotes the identity 7 x n matrix. Recalling that by our assumptions we
have that g(-) is continuous on [T, o) with g1(T) > 0, we then introduce the
positive quantities

z+e¢ d
o= b [z, &1z + ey (»)dy
(T+T)/2<|z|<T g1(]z])

and

Hi = inf gi1(jz]) > 0.
(T+T)/2<|z|<T
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By the continuity of g1(-), we have %], — 1 as &¢ — 0. Therefore, we can choose
a positive number g1 = £1(g1(+), g22(-), T, T, ¢4) < &g such that

(4.14) O<e<g = JHe>1)2.

From the definitions in (.6) and (1.32)4, it follows that

(@.15) | illz +erhpayle? < (P Re)
1

holds for all z,& € R” with |z] > (T + T)/2. Notice that here we have again
employed the fact that ¢ < gy < (T —T')/8, which ensures |z +&y| > T whenever
|z| > (T 4+ T)/2and |y| < 1 so that we can use (T.32))4 with z replaced by z + ey
for the estimate from below in (4.15)). For the same reason we deduce from (1.33)>

that
|z+ey| Bo _
/ (/ g1<s)sds) s(n)dy < Fu(2)
B,

T
holds for all z € R” with |z| > (T + T)/2. With these prerequisites, we now
come to the proof of @#I0)3 for all z,& € R” such that (T + T)/2 < |z| < T.
By using again (#.4) and (@.13) in the identity @.13), and with T — T < T coming
from (4.1)), we find

(02 Fe(2)6.8) = (0 L(2)§, ) + n(|1z)(0? Fe(2)€. &) + [1 = n(1zDI(9* F(2)§. €)

5
- %[\aﬁg(@ —IF(@)| + |Fe(2) = F@|]E1
el€|?
2 B + n(lz]) /31 g1z + ey (y)dy |E]?
+ [1 —n(zDlg1(zDIE?
5
- (TI_LT)QWFS(Z) —OF )| + | Fel2) — F@)[]E?
S |
Z W miny/%ije, i
5
- %[\aﬁg(@ —0F ()| + | Felz) - F@)[]I61%

With g determined according to (4.14), we can now define another positive
number g, < g by_ choosing it—by means of (4.7) and depending on g (),
g20), F(-),0F(-), T, T, c,—in such a way that

10° _ _
———  sup [[3Fe(2) = IF ()| + |Fe(z) — F(2)|]
(T'=T)* (74T j2<I2|<T

1
EE% < min{%,s,l}%
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holds for all ¢ € (0, g2]. Therefore, we conclude with

(4.16) elsl® (82 Fo( T T
_ S LN 2(2)6.&) for(T+T)/2<|z|<T

(2P + 1372 =
and every £ € R”. In the remaining case, when [z] < (T + T)/2, we have
n(|z|) = 1, and since F is C2-regular and convex, we have

elg?  E3
@1 e S ELEES

< (0 Fe(2)€.8) for|z| <(T +T)/2,

every £ € R” and all ¢ € (0, gp). Now (@.10)3 follows by taking into account both
inequalities (.16) and (4.17). Next, the assertion (4.T1) follows immediately by
(T:33) (recall that B < 1) in combination with F; = F + eL on {|z| > T} stated
in (4.7),. Finally, with the help of the definition of L(-), the last claim (4.12)) is
obvious for |z| < T, while for |z| > T it follows from @.7), and provided
we take ¢ < € = &(v, 7, Bo) < &2. This finally determines the number & appearing
in (.9), and with the specified dependence on the constants in that display (that
also takes into account the dependence on the constants of the previously defined
numbers &g, €1, and €,). The proof of the lemma is complete. ]

Remark 4.3. By the properties verified in Lemmas .1 and and in particular
by (@.7)2 and (@.12), it trivially follows that, for any given w € Wléc’l (2), we have
F(Dw) € L} (Q) if and only if Fo(Dw) € L} ().

loc loc

We conclude this section with yet another technical lemma concerning the prop-
erties of the newly defined function g ¢(-). Specifically, together with the original
function g1 (-), the function g, (-) is found to satisfy suitable versions of the as-

sumptions (I.31)) and (1.34) from Theorem 1.9
LEMMA 4.4. Forevery ¢ € (0,¢) as in (4.3) the following statements are true:
o The functions [T,00) > t > g2.(t)/g1(¢) and t +— g(¢)t are almost
nondecreasing and nondecreasing, respectively, in the sense that
N t
£260) _, 200
g1(s) g1(t)

o If (1.34) is in force Jorn > 2, then also the following inequality holds for
every choice of t and T such thatt > T > T:

418 T<s=<t =—

and  g1(s)s < g1(0)t.

2Bp—0

{ t n
g2.6() < 2°cp min (f g1(s)s ds) .
g1(?) T

481

1t =
(W/Tgl(s)sds)

(4.19)

5
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where
2B —0
hT =cp+ep[e1(MTT-T)] "
48,
+ ey g (MTVB(T — 1|2,

(4.20)

and therefore Cp T > Cpas T — T inthe case 6 < 2P, and CpT ™ 2¢p
when o = 2fy.
o If (L.36) holds, then the following inequality holds for every choice of t
and T suchthatt > T > T
2Bp—0

(@.21) gza()<46b(/tg1(s)5ds) " e, r
g1(1) T :

where ¢, 7 = cp+¢p [g1(T)T (T —T)]@Po=9)/" and therefore Cp 7 > Ch

as T — T in the case 0 < 2, and cp 7 —> 2cp when o = 2p,.
o Foreveryt > T it holds that

g1(t) <1
gz,s(t) -

PROOF. Since ¢ + g1(¢)¢ is nondecreasing on [7, co0) by assumption (I.3T)),
we first observe

(4.22)

T<s = gis)=>

(DT _ g(D)T

s V241
Similarly, since ¢ — g2(f)/g1(¢) is almost nondecreasing by again (I.31)) in com-
bination with the above inequality, we have

gz(T) 1 ()T
423) T<s = > 8200 (5) >
g2(s) = (S 9= === =
Therefore, for T < s < ¢, we can estimate
T
22.6(5) ©0+ 755 @ 00+ ey
gi(s) gl(S) - gl(S)
2ea| ga(t) + 210
g2(s) gz(t) a|82 NS g2,6(1)
<2 < =2¢q———=,
g1(s) gl(l) g1(1) g1(1)

which proves (4.18)). Notice that in fact we have proved that

82,6(5) < 2g2(5) '

g1s) = ga1ls)
As a consequence, we immediately arrive at the claims (.19) and (.21)), which fol-
low straightaway from (I.34) and (1.36)), respectively, by recalling that ¢ — g1 (¢)¢
is nondecreasing. The final claim {.22)) follows directly from the observation that

by (T.32)3,4 with |z| = > T we have g1(¢)/g2(t) < 1. U

(4.24) T<s =
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4.2 A Priori Estimates Using Additional Regularity

Again in the setting and under the assumptions of Theorem [I.9] in this section
we consider the special situation in which we have a regular (weak) solution u €
W,1:%°(B) of the equation

(4.25) —diva(Du) = f inB CR", f e L®R"),

where B is a fixed ball and the vector field a: R” — R” is C !-regular and satisfies
the following assumptions:

10a(2)] < g2.¢(1z]) on {|z| = T},
4260 &1(1zDIEI* < (da(z)€,§) on{|z| = T} forevery & € R”,
da(z) is strictly positive definite on {|z| < T'}.

Here the function g (-) is from our original setup, g2 ¢(-) is as defined in (@4.8§),
and we take ¢ as in (4.3), so that, in particular, this gives us that the results of
Lemma [{.4] are available. Indeed, we shall use (4.18)) repeatedly. The number
T > T is the one initially chosen in (#.1). Before going on, it will be useful to
work, for every To9 > T, with the integral function Gr,: [0, 00) — [0, 00) defined
as

max{?,7To}
4.27) Gr,(t) = / gi(s)sds sothat lim Gr,(f) = oo.
TO t—>00

We then have the following:

LEMMA 4.5 (Caccioppoli-type inequality). Let u € Wléc’oo(B) be a weak solution

to @.23) under the assumptions ¢.20) and n > 2. Moreover, assume that da(z) is
symmetric, i.e.,

(4.28) 0z;aj(2) = 9z;ai(z) forallz € R" andi,j €{1,...,n}.

Let By(xo) € B be another ball and M be such that || Du| oo (B,(xo)) < M and
T < M. Then, for each k > 0, the inequality

/ |D(G7(|Dul) — k)4 | dx
By/2(x0

c g2,a(M):|/ 2
4.2 — | — G=(|Dul) — k)i d
“29) = 5| [, @rioun -0 ax

+cM? | £1? dx

By (x0)N{G7(|Dul)>k}

holds for a constant ¢ depending only on cq, but otherwise independent of M, k,
T, T, and e.
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PROOF. We first observe that under the assumptions considered, that is (#.26),
we find numbers v, L. depending only on M, T, and a(-) such that

(4.30) da(z)] <L and T|E[* < (da(2)§.§)
provided |z| < T + M, where

(da(2)§,§)

L= max |da(z)] and V:= _min — s
2|<T+M el<T+Mgerr  [€]

Notice that L is finite since a(-) is C'-regular and (4.26) is in force. Moreover,
v > 0 by (4.20)2,3 and the positivity of g; on {s € [T, T + M]}. Since we assume
| Dul|zoo(B, (xo)) < M, standard regularity theory applies and it follows that

u € W22(By(xo)),
4.31) u € CH%(B,(xg)) for some o € (0, 1),
a(Du) € WH2(B,(x9); R™).

For this see, for instance, [26}34]. We can therefore differentiate the equation
(@.25). This means that, whenever s € {1, ...,n}, we have that

4.32) /(aa(Du)DDsu,D(p)dx = —f fDspdx
B B

holds for every choice of ¢ € C5°(B;(x0)) and for every ¢ € W01’2(Br (x0)) with
compact support in B, (xg). In the identity (4.32) we now choose ¢ = @5 =
n2(GT(|Du|) —k)+Dsu, k > 0, where n € C§°(Br(xo), [0, 1]) is a localization
function satisfying 1, ,(xo) < 7 < 1p,(xo) and [Dn| < 4/r. By the regularity
properties of u in (£.31)), ¢ is an admissible test function. Notice that by the very
definition in it follows, in particular, that || Du||j0o(B, (x)) < T implies that
¢s = 0. Furthermore, we have

Dgs = n*(Gx(|Dul) — k) DDsu + n* DsuD(G7(| Dul) — k)+

(4.33)
+ 2n(Gx(|Dul) — k)4 DsuDn,

and whenever G7(|Dul|) > k (which is only possible for | Du| > T), then there
holds

D(G7(|Du)) —k)+ = D[G7(|Dul)] = g1(|Dul) Y _ DsuDDju
s=1

and g1(|Du|) > 0.
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Using the identities in the last two displays, from (4.32)) with ¢ = ¢, and summing
overs € {l,...,n}, we get

ZfB(aa(Du)DDsu,DDsu)(GT(|Du|)—k)+772dx
s=1
-1
+ [ Teaupy
- (8a(Du) D(GF(|Dul) — k)+, D(G(| Dul) — k)1 )n” dx

— Z/l;(aa(Du)DDsu,(GfﬂDuD—k)+DDsu)n2 dx
s=1

+ Z/ (da(Du)DDsu, DsuD(G7(|Dul) — k)4 )n?dx
(4.34) s=170

= —2Zl/l;(aa(Du)DDsu,Dn)Dsu(GT(|Du|)—k)+ndx

n
_Z/ fDsgs dx
s=1 B

=2 fB (#1(1Du))] ™ (9a(Du) D(G7(| Dul) — k). D)

(G7(|Du|) = k)+ndx

n
-y / FDyos dx.
s=1 B

By the assumed symmetry on da in (4.28)), we can apply the Cauchy-Schwarz
inequality to estimate the first integral on the right-hand side from above via
- Z/B[gl(IDuI)]fl(aa(Du‘)D(GT(IDMI) —k)+, Dn)(GF(|1Dul) — k)4ndx
1 _
<5 [l oy
(4.35) B
-(9a(Du)D(GF(|Dul) — k) 4. D(GF(|Dul) — k)4 )i dx

18 /B (g1(1Du]~ (3a(Du) D1y, Dn)(G(|1Dul) — k)2 dx.
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Combining #.34) and (#.33), reabsorbing terms, and using (4.26) (recall that
(G7(|Dul) — k)4 > 0 implies in particular | Du| > T'), we then deduce

/B(g1(|Du|)(Gf(lDul) — k)41 D%ul? + | D(GF(1Dul) — k)4 [*)n* dx

g2.,e(|Dul)
wse =< [ [ | Grub k72 Do ds

n
+23° [ 171Dl ax.
s=1 B

Recalling (4.33), for the latter integral the Young inequality yields

n
23" [ 1711Dsgsldx
s=1 B

1
<5 | [ 0DuDGr D) =k D + | DG D) = - ]

2

+ c/ (G(1Dul) — k)2 | Dnf? dx
BN{G7(|Dul)>k}

te / £ 12{lg1 (DU (GF(1Dul) — k)4 + |Dul?}n? dax.
BN{G7(|Dul)>k}

We notice that all the terms in the above display make sense as g1(¢) > 0 for
t > T, and all the terms are evaluated only where |Du| > T > T. Moreover, we
observe from (4.18))

t t
G(t) = fT g1(5)s ds < g1 (1)t fT ds = g1 ()1t — T) < g1 (1)1
forall r > T so that

/ |f|2{[g1(|DM|)]_1(GT(|DM|) —k)+ + |D14|2}772 dx
BN{G+(|Dul)>k}

< 2[ | £12|Du|*n? dx.
BN{G#(|Dul)>k}

Gathering the content of the last four displays and reabsorbing terms once again,
we find

/B(gl(lDul)(GT(lDul) — k)4 |02 + | D(G(| Dul) — k) 4| ) dx

g2.6( Dul) [V,
SCfB[gl(lDuD +l:|(GT(|D“|) k)3 |Dn|* dx

+c/ \f 2 Dulr? dx.
Bﬂ{GT(|Du|)>k}
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where ¢ is an absolute constant. By estimating (when |Du| > T)

|:g2,£(|DM|) n l:| E.13) 2ca|:g2’8(M):| 1 3ca|:g2’8(M):|

g1(|Dul) - g1(M) - g1(M)
and taking into account the properties of the localization function 7, we conclude
with (4.29)), and the proof of the lemma is complete. O

A corresponding version of the Caccioppoli-type inequality, with different con-
stants, holds if the symmetry assumption (.28)) on da(-) is dropped.

LEMMA 4.6. Let u € W.2"°(B) be a solution to @23) under the assumptions

loc

#26), with n > 2. Let Br(xo) € B be another ball and M be such that
| Dullpoo(B,(xo)) < M and T < M. Then, for each k > 0, the inequality

/ |D(G7(|1Dul) — k) 4| dx
B2 (x0

_ ¢ [82.0)7 _ 2
- "2[ g1(M) ] /B,(xo)(GT(|Du|) 05 dx

+cM? f | £? dx
B (x0)N{GF(|Dul)>k}

holds for a constant ¢ depending only on cg, but otherwise independent of M, k, T,
T, and ¢.

4.37)

PROOF. The proof follows that given for Lemma4.5] with some minor modifi-
cations due to the fact that (4.28)) is not in force here. We proceed as for Lemma.5|
and arrive at (4.34). At this point we directly use assumption (4.26); in order to
estimate the right-hand side. The outcome is

/B(gl(IDMI)(GT(IDMI) — k)41 D?u? + | D(GF(1Dul) — k)4 [*)n* dx

g2e(1Dul) o —(\Dul) —
fszWW(GTﬂDuI) )+ [(Gr( Dul) — k)| Dnln dx

n
+ 3 [ 111Dl ax.
s=1 B

Using the Young inequality and reabsorbing terms yields

/B(gl(IDMI)(GT(IDMI) — k) 4|D2u? + | D(GF(1Dul) — k)4 [*)n* dx

) g2.:(|1Du))? _ 2 2
SC/B[—glﬂDuD] (G=(|Dul) — k)% | Dl dx

n
e [ 171Dsplax
s=1 B
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The last integral can be then treated as for Lemma4.5}—see (4.36)) and subsequent
estimates—which leads to

/B(gl(lDul)(Gf(lDul) — k)4 D2ul? + | D(GF(|Dul) — k)4 [*)n* dx

g2.6(1Dul)? i
Sch([ g1(|Du|):| +l)(GT(|D“|) k)% | D dx

+ c/ | £12| Du|?*n? dx.
Bn{GT(|Du|)>k}

From this inequality, the assertion follows as for Lemma[4.5] O

As a consequence of the Caccioppoli-type inequalities (4.29) and (4.37)), we can
now give a first quantitative L °°-estimate for the gradient, still formulated in terms
of the intrinsic function G defined in (4.27).

LEMMA 4.7. Let u € Wl;C’OO(B) be a solution to @.25) under the assumptions
@.26), withn > 2. Letk € (0,1/2) be a number, let BR(xo) € B be another ball,
and M be such that ||D”||L°°(BR0(x0)) <M and T < M. Then the inequality

G (| Du(xo))

82, (M) (%) (1+max{,c,”52 })
W}

1/2
(f  @rou)—k2 a)
B (x0)

|:g2,s(M) :| (%) max{ic, 52}
c| ———=
g1(M)

holds for every k > 0, where the constant ¢ depends only on n and cq when n > 2
and on k and ¢, when n = 2 (but is independent of M, k, T, T, and ¢). Then the
number ¥ is such that 9 = 0 in the case where the symmetry assumptions (4.28))

are in force and 9 = 1 otherwise.

PROOF. Using (4.29) and (4.37), we are able to verify (3.2) with the obvious
choices v = G7(|Dul), My = [g2,:(M)/g1(M)]1FT9/2 > 1 and M, := M,
and for a proper constant ¢,, that depends only on ¢; at this point the claim (4.38))
follows directly by (3.2) from Lemma 3.1} Notice that Lemma [3.1] applies, as by
(@.31)) we have that every point xo € B is actually a Lebesgue point for Du and
therefore also for G7(| Dul). O

§k+c[

(4.38)

MP (x0.2R0)

We can finally conclude with the first basic a priori estimate. For this, recall the
notation introduced in (2.1).
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LEMMA 4.8. Let u € W."°(B) be a solution to @23) under the assumptions

loc

and and with n > 3. Let {Fg} be the family of approximating inte-
grands introduced in Lemma B.2) (and recall that (1.31), (1.33), and (1.34) hold
as in the statement of Theorem [1.9| for some o € (0,2B0] and B1 € (0,1)). Let
Br € B be a ball and denote fp, = lp, f so that fp, € L?(R™). Then the
inequality
G (|| DullLoc(Bg )
2

§c(][ Fg(Du)dx)a—l—c(][ Fs(Du)dx)ﬂO
BR BR

(4.39) f =5 f =
—|—cHPBR S —|—c‘PBR B
LR L>(Bg) LR L>(Bg)

= /B
+cH(T HP R(.,R H

Op=c.n],,
holds for a constant ¢ = c¢(n,v,1,¢q, ¢y 7.0, Bo, B1). The constant ¢, 7 was

defined in (4.20) and cy, was introduced in (1.34).

PROOF. The main ingredient in the proof is the local a priori estimate
that is going to be applied under the symmetry assumption (4.28) with ¢ = 0.
Indeed, later on we shall use Lemmal[4.8| with the choice a(-) = F,, where {F¢} is
the family of approximating integrands introduced in Section4.1] (see Lemmas 4.1
and [4.2); this justifies the assumption made here that da is symmetric. However,
for the first part of the proof we shall keep formally (1 4+ ©#)/2 = 1/2 and general
dimensions n > 2, as this will give us the opportunity to use some computations
made here for later proofs. It is sufficient to consider the case || Du|| oo (g ,») = T,
otherwise, [#.39) is trivial by the very definition of G7(-).

To proceed and use Lemma 4.7 in a proper way, with Br denoting the ball
from the statement of Lemma[4.8] let us observe that we can immediately localize
everything to By, so that we can consider u € W1 (Bg) as a solution to the
equation —diva(Du) = f = fp, in Bg, so that Lemma applies with f
replaced by fp, and B = Bpg. To begin the proof, we now consider concentric
balls Br/» € Bs € By € Bg, apoint xg € B, and Ry = ¢ — s such that
Bg,(xg) C B;. We then apply estimate (#.38) with k = 0 and x € (0,1/2),
thereby obtaining via ||Du||Loo(BR0(xO)) < [[DullpeoB,) = M

G7(|Du(xo)|)
< -|:g2’€(”Du”L°°(Bt)):|(lys)(l-i‘max{x,”;Z})
~ L g1(lDullpeecs,))

1/2
- ( ][ [GT(|Du|)]2dx)
BR()(XO)

.[g2,8(||D“ lzoo(B,)) ] (152 ) max{ie, 252}
&1 (||DM||L°°(Bt))

f
| Dul| oo,y Py (x0.2R0) <
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3 ¢ |:g2’8(||Du||Loo(Bl)):|(lgﬂ)(l-i-max{ic,nzz )
Tt —)"2L g1(IDullL=s,)

1/2
- ( fB [GT<|Du|>]2dx)

L0 ne2
|:g2,8(”Du”Loo(Bt)):|< 3 )ma {K, 5 }
+c

i
DUl P17 (26 = )|

L>(By)

with ¢ depending only on n and ¢, (and also on k when n = 2). By definition of
G7(-) and since y + G(y) is nondecreasing, we further estimate by means of

(L.33)>

/ (G7( Dul]? dx
B;

|Du| 2
Sf _ (/_ g1(y)y dy) dx
B:N{|Du|>T} \JT

) |Du| Bo
< [G2(| Du | ooz, )]0 / ) ( /_ a1y dy) dx
B,N{|Du|>T} \JT

< [G(IDullp oo, 2P0 / F.(Du)dx.

B,

(4.40)

where we have also used (4.7)>. Combining the last two inequalities and recalling
that the point xg € Bjy is arbitrary, we then have

G7(| DullL=(sy))
P c |:g2’8(||Du||LOO(B[)):|(lgﬂ>(1+max{lc,n§2})
Tt —5)"2] g1(IDullLe(s,))

(S

“@41) G Doz )] ( fB stu)dx)

149 max n-2
[gz,s(uDuuLoow,))}( £2) max{i, 252
g1(|1DullLe(5,))

N Dullz~(B,)

/B
P oR(-,2(t =5 H ,
[ 20-9)], 0,

with ¢ depending now in addition on v.
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Recalling that T + 2 > 1 and the notation in (2.1), we have
[H(|DullLoo(s,) — H(T]TF?
< [H(|DullLoo )T = [H(TD)]F2

742 [IDullLoosy) T2
< g1(»)ydy = —— G5 (|| Dull Lo (s,)).
p v

(4.42)

which is a consequence of (I.33);. We now specialize to the case n > 2, which
is the one of interest for Theorem [1.9] and notice that in this case we have that
1 + max{«, (n — 2)/2} = n/2. Recalling that here = 0, we may now combine

the estimates (4.41) and (4.42)) and bound the right-hand side of (4.41) via (4.19)
and || Du|pe,) < H(||Du| g oo(p,)). In this way we find

Gr(IDullLoo(8,)) + [H (I Dutlloo(py)) — H(T)"?

: o 1/2
= —Cs)n/z [Gr(IDulL ()]~ (/BR Fs(Du)dx)

+ sl Dulmn) ([

(4.43) (t —s)m/2
+ c[Gr(I Dull Le(s,))]”

+ c[H (| DullLoo(s,) — H(ﬂ]HP{BR(-,z(z - s))H

+ cH(ﬂHP{BR(. 20— s))H

1/2
Fs(Du)dx)

R

T

Leo(By)
Loo(By)

L>(B;)

with ¢ = ¢(n,v,1,¢q, ¢y 7). We next apply the Young inequality four times to
estimate the first four terms on the right-hand side of (4.43)), with conjugate ex-

ponents (4/(4 — 0).4/0), (2/(2 = Bo).2/Po), (1/B1.1/(1 — B1)), and finally
(t +2,(r +2)/(r + 1)); the outcome is

G (I Dulloo(s,)) + [H(| DullLoo(s,)) — H(T)]"?

1 1 —
= 567 (1DullLee(s) + SUH ([ Dulloes)) — H(D)**

2

¢ e
+ —(t oyl (/BR FS(Du)dx)

(4.44) A
— ¢ (| F.(bwdx)"
+ (t —s)n/Bo\ Jp, €
¥ =0 f 25
+cHPBR SR ! +cHPBR LR
1R L>(Bg) 1B L>°(Bg)

= fB
—i—cHTHP & -,RH ,
el w0,
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where ¢ = ¢(n,v.1.¢q, ¢y 7.0, Bo, B1). We are now able to apply Lemma
below with the obvious choice

445)  ¢(y) = G| DullLoo(s,)) + [H([| DullLoo(s,)) — HT)? > 0

for y € [R/2, R]. This completes the proof of Lemma[4.8|by establishing the claim
(4.39) with the asserted dependencies of the constants. O

The following lemma, which has been used in the above proof, is a standard
variant of a classical iteration result [29, chap. 6, lemma 6.1].

LEMMA 4.9. Let ¢:[R/2, R] — R be a nonnegative, bounded function. Assume
that for all s,t such that R/2 < s <t < R it holds that

al an
_l’_
(t—s) (-5

for some nonnegative constants ay,a»,b and nonnegative exponents y; > ya.
Then the following inequality holds with ¢ = ¢(y1):

#(R/2) < c[% + % + b].

4.3 A Theorem of Bousquet and Brasco Revisited

+b

D) < 59(0) +

In this section we restate a nice result of Bousquet and Brasco [6] concerning
the existence of Lipschitz solutions to variational problems satisfying the so-called
bounded slope condition. The restatement below follows from the original formu-
lation of the main result in [6]] and is adapted to the special case we are considering.
We include some details for the sake of completeness.

THEOREM 4.10 ([[6, Main Theorem]). Consider the Dirichlet minimization prob-
lem
min f [F(Dw) — fw]dx
weug+W, ' (B) /B
where B C R* isa ball, n > 2, ug € CZ(B), and f € L°°(B). Furthermore,
we assume that the integrand F:R" — R satisfies (1.32)1 2 and (1.32)4 for a

function g1:[0,00) — R such that (1.33); holds. Then the problem admits at least
one solution and every solution u satisfies Du € L°°(B;R").

PROOF. Notice that the assumption ug € C?(B) ensures that uq satisfies the
bounded slope condition on B; see [29, chap. 1, theorem 1.1]. It is therefore suffi-
cient to check that the assumptions of [[6, Main Theorem] are satisfied; we therefore
adopt the terminology of [6]. For this purpose, we first observe that ug|yp satis-
fies, for some K > 0, the bounded slope condition of rank K. Second, we need to
verify that the following type of strictly uniform convexity condition

0F(z1) + (1 - 0)F(z2) — F(8z1 + (1 - 0)z2)

(4.46) 2
> 60(1 — OV (|z1| + |z2])]z1 — 22
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holds for all # € [0, 1] whenever the segment [z 1, z2] lies in {|z| > T’} for some
T > 0 and a function Wy : [0, oo) — [0, co) satisfying t W (f) — oo when t — oo.
Indeed, we can take 7 from and W (1) ~ (t2 + u?)"/?, where 1,y are
from (T33). To see (@46), we introduce the vectors 8 = 0z; + (1 — 0)za,
61(t) == tz; + (1—1)0, and B,(r) := 10 + (1 — 1)z and observe that the segment
[61(2). 02(1)] lies in [z1,22] C {|z| > T} forall ¢ € [0, 1]. Thus, we have

OF(z1) + (1 —=0)F(z2) — F(0z1 + (1 - 0)z2)
= 0[F(z1) — F(0)] — (1 — 0)[F(0) — F(z2)]

1
- 9(1—9)/ (OF (t21 + (1 — 0)B)dt, 24 — 22)
0
1
—6(1 — 9)[ (3F(l§+ (1 —=0z2)dt,z1 — 22)
0
1 p1
=9(1—9)/0/0 [((1—6) + (1—0)6]
AOPF(s01(t) + (1 — $)82(0)) (21 — 22). 21 — Z2)ds dt
1 p1
z@(l—@)fo/o (11— 6) + (1 —1)8]
-g1(501(t) + (1 — $)0a(t))ds dt |21 — z2|?
11
zv9(1—9)/0/0 [((1—6) + (1—0)6]

(IsB1(0) + (1 = )8 )2 + p2) " dsdr |21 — 2]

(4.47)

Observe that the estimation in the last line is a consequence of assumptions (1.32))4

and (T:33); and of the fact that T < |s61(z) + (1 — $)60a2(¢)| < |z1] + |z2| for all
s € [0, 1]. Finally, using a standard algebraic inequality (see, for instance, [30])
and that r > —1, we conclude with

OF(z1) + (1 —0)F(z2) — F(0z1 + (1 —0)z,)
- vO(1 —0)

> [(|z1] + |z2)? + 1217?21 — 2],
¢(v)

which is precisely the strict convexity condition (4.46) with the choice Wy () =
v(t? + u?)¥2/c(r). Again, since t > —I, it then follows that tW(r) — oo
when t — oo. We are therefore able to apply [6, Main Theorem], which yields
the boundedness of u in W 1**°(B) in terms of a constant depending only on n, T,
v, 7, [[uollc2(p), II.f1lLee, and B. We finally note that, from the computation in
@A7), it follows, whenever 21,72 € R” are such that [71,z2] N R" \ By # &,
there exists a set ¥ C [0, 1] with positive measure such that

he?® = OF(z)+(—0)F(z2)— F(0z1 + (1 —6)22) > 0.

The proof is complete. U
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4.4 Passage to the Limit and Proof of Theorem 1.9
We are now ready to complete the proof of Theorem With u € W1 ()

loc
being the local minimizer from the statement of Theorem (1.9} as observed immedi-

ately after Deﬁnition we have that F(Du) € LlloC (£2). Then, as a consequence

of @.TI), this implies that u € WI;CV (€2). Now, let B € 2 be a fixed ball. We
take a sequence {&,,} of positive numbers such that ¢,, — 0 as m — oo and
em < min{dist(B, 32), |B|/", &} < 1 for all m € N, where 2 is the number in-
troduced in in Lemma4.2] We consider the usual family of mollifiers {¢,} in
and take the regularized functions

(4.48) T () = (1 % e, )(x) = f U(x 4+ emp)d ()

B

for m € N. The sequence {u,,} is bounded in W17 (B). We then define, for
every m € N, fi,(x) := min{max{ f(x), —m}, m}, so that f,, € L°°(B) and
| /| < min{| f|, m}, and we consider the functional

(4.49) T B) = / [Fn(Dw) — fwwlds.,
B

where F,, := Fg, is the regularized integrand that was introduced in (.5)) and
described in Lemmasand Note that .7, is defined for every w € W L1(B).
With y := Bo(r + 2) > 1 as defined in (1.33)), we look at the variational Dirichlet
problem

(4.50) min / [Fn(Dw) — frmwldx.
wei,+W, ' (B) /B

This problem is of the type considered in Theorem [4.10, which in fact ensures the
existence of a globally Lipschitz-continuous solution u,;. As a consequence, it is
a distributional solution to the Euler-Lagrange equation

@.51)  —divdFmu(Dum) = fm,  tm € (lim + Wy ' (B)) N WHP(B).

In what follows, we prove that the sequence {un,} is uniformly bounded in
Wléc’oo(B) with suitable uniform local estimates. Finally, we pass to the limit
m — oo, recovering in the end a minimizer # of the original functional .# in
(L.I)), which coincides with the original minimizer u for large values of the gra-
dients Du and Du, and for which we additionally have established the desired
W 1.2 _estimate. Let us denote by y* the Sobolev conjugate of y in the sense that

*

y* =ny/(n—y)ify <nand y* = 2n/(n — 1) otherwise. Holder and Sobolev
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inequalities then give

][ | fon i — i)l dx
B

1/n " 1-1/n
- (][|fm|"dx) (][mm—ﬁmw—ldx)
B B
1/n 1/y*
< mdx ][u - y*dx)
. < (]{9|fm| ) ( i 0

1/y
< con ) fnllins) (]{Bwum _ Dityl? dx)

<cll fmllLn(B)
. 1/y
: (][ Fon(Duup)dx +][ Fon(Diiy)dx + T7 + ;ﬂ) ,
B B

with a constant ¢ depending only on n, v, 8¢, and 7, and where in the last line we
have used [@.11)) (with ¢ = &5,). Since Fy,(-) is convex, the Jensen inequality gives

(4.53) / F(Dily)dx < / Fo(Du)dx.
B B+epy By

Notice that the right-hand side is finite by Remark {.3)) so that by the Young in-
equality we find

][ ot — ) dlx
B

<c| fmllLn By

. (]g Fo(Dup)dx

(4.54) B e B _ 1/y
M Fn(Du)dx + T? + My)
|B| B+gm By
1 B +euB
< —][ Fp(Dup)dx + M Fp(Du)dx
2 Jp |B| B-+emB)

Y

+ el fll gy + T +ep,

with a constant ¢ depending only on n, v, 7, g, and y. To proceed, we notice that
the minimality of u,, and inequalities (4.53) and (.54) yield

]g Fyp(Dup)dx

< ]i F(Duy)dx + ]2 Sy — Up)dx <
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B+enB _
< 1B L enBy] Fu(Duydx + f st — )l
|B| B+8mBl
1 _
< —][ Fn(Duy)dx + 6‘][ Fp(Du)dx + CIIfIILH(B) +cT? +cp?,
2JB B+em B

where in the last inequality we have also used that &,, < |B|'/". Reabsorbing
terms we arrive at

(4.55) ][ Fn(Duy)dx < c][ Fn(Du)dx +c||f||L,,(B) T +cu?,
B B+8mBl

for a constant ¢ depending only on 7, v, 7, and y. Next, let us fix another ball Bg
of radius R and with Bg € B. Thanks to (4.51)), which is of the type in ({#.25)-
by Lemmas[4.T]and 4.2] and keeping in mind the Lipschitz regularity of u,
we are in the setting of Section We can therefore apply to u,, the a priori
estimates stated there. By Lemma [4.8]in combination with the estimate in (2.3)
and the previous inequality {.53)), we deduce

GT(”Dum“LOO(BR/’l))

b (][
<c|l%= F (Du)dx+||f|| wemy TV + 1Y
[|BR| Bren By L (B)

1
|B| (][ = Bo
+c| —— Fm (Du)dx+||f|| T+
|:|BR| B+sm B L(B)

1
A + I b + H D T

Qo

(4.56)

The constant ¢ depends only on n, v, t, ¢q, ¢ 7, O, Bo, and B1. Notice that we
have applied (2.3) in order to estimate

f
[Pl )| N fzrlLinnma = €1 I nio-

Loo(Br )

Let us collect what we have established so far. We first notice that, by (4.12),
the sequence {|| Fyu(Du)|lL1(B+e,, B,)} is bounded. Therefore, by (4.53)), the se-
quence {|| Fyn (Dum)| 1)} is also bounded. In turn, this implies that the sequence

{um} is bounded in W17 (B) via @II). Moreover, by (#356) and the fact that
G7(t) — oo ast — oo, we also have boundedness of {u,} in W1’°°(BR/2). As
a consequence, we conclude that, up to a not-relabeled subsequence, there exists
Ueu-+ WOI’V(B) such that

Um — u  weakly in WLV (B),
4.57) Um — i strongly in L"/ =D (B),
Um — i weakly-* in W1(Bg ).
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Since the integrand z +— F(z) is convex, we then infer that

(4.58) / F(Du)dx <liminf | F(Duy)dx.
B m—oo Jp

On one hand, the boundedness of {Du,} in LY (B) and the linear growth of the
integrand L give & fB L(Dupm)dx — 0as m — oo. Therefore, by (.7)2, we
can compute

lim [Fn(Duty,) — F(Duy)]dx

m—0o0 B

= lim [Fn(Dum) — F(Dugy)ldx
m—00 Bm{lDumlif}

+ lim Em/ L(Duy,)dx =0,
m—00 B

where we have employed the fact that by construction the convergence Fy,, — F
is uniform on compact sets; see (4.7)3. Using the last identity together with (4.58))
we conclude with

/F(Dﬁ)dxfliminf/ Fu(Dup)dx.
B m—oco Jp

On the other hand, since we have u,, — u as well as #,, — wu strongly in
LM @=D(B) and f,, — f strongly in L"(B), we also get, relying once again on
the minimality of u,,, (4.53)), and (.7), that

F(u; B) <liminf %, (up; B) < liminf %, (ily,; B)

m—0oQ m—o0

< lim F,,(Du)dx — lim f fmim dx = F(u; B).

m—00 B-‘FE;HBl m—00 B
The minimality of u then implies
(4.59) F(u; B) = Z(u; B),
while we also record the obvious identity
(4.60) lim F(Du)dx =f F(Du)dx.

M= JB+e,B) B

Let us continue by recalling a standard convexity argument (see, for instance,
[6,47]]), reported here for the sake of completeness. Setting wy = (1 — 8)u + Ou
for 6 € [0, 1], we get F(wg; B) < (1 — 0).%(u; B) + 6.% (u; B) by convexity,
which in turn yields .7 (wg; B) = .% (u; B) via (4.59) and thus

/ F(Dwp)dx =/ [(1 — 6)F(Du) + 6F(Du)]dx.
B B

Since z + F(z) is convex, we even get the pointwise equality of the integrands

4.61) F(Dwg) = (1 — 6)F(Du) + 0F (D) ae.in B.
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We now take a point x with equality for all rational 6 € [0, 1]. If one of the two vec-
tors Du(x) and Dii(x) does not belong to Br, then we conclude Du(x) = Dii(x),
since otherwise a nonempty subsegment of [Du(x), Dii(x)] would lie in R \ Br,
where we have strict convexity of F (see, for instance, the computation ),
and this would be in contradiction to the equality in for a suitable rational
8 € (0, 1). Hence, for a.e. x € B we have

(4.62) either Du(x) = Du(x) or max{|Du(x)|,|Du(x)|} <T.

We finally want to let m — oo in (@.36). By the fact that s — g;(s)s in nonde-
creasing on [T, 00) by assumption and by 7 > T, the map s > G7(s) is convex
on the same set. For this reason, for any g > 1, also the function z + [G7(|z])]4
is still convex, so that, by lower semicontinuity of convex integral functionals with
respect to the weak convergence in Sobolev spaces, we get

1/q
( ][ (G=(| D7) dx) < liminf ( ][ [G=(| Dt )19 dx)
Br,> m—0o0 Br,>

Therefore, since Gz (-) is nondecreasing and continuous on (0, 00), we first find

1/q

1/q
(f,, torapanr ar) = Umint (1 Doy

and then, letting ¢ — oo, we conclude with
GT (| Dl Loo(Bg /) = iminf GF (| Ditm || Loo(B2))-

Using this information in (#.56), as well as the convergence in (4.60), we first let
m — 00, and then with T — T we finally obtain

Gr (I Dutll Lo (Bg/2))

7 ( " )}
<c|— F(Du)dx + N a4
[|BR| 713 (Dwdx + £ | /u() z

e BL(f rows 117, <+ )]
|BrI\/B T EE)

1 T+2
eI s + I ma + CHOI Ly a-

where we have also used the definition of CpT in and ¢ = c(n,v,1,¢q,
¢p. 0, Bo. B1). Using this last inequality in combination with (4.62)) and the defini-
tion of G7(-) in (@.27)), we then obtain by taking Br concentric with B and
eventually letting Bg — B. In order to finish the proof of Theorem [I.9] it only
remains to justify the last assertion concerning (I.36). To this end, it is sufficient
to note that the need for the full assumption (1.34) only enters when f # 0. In the
case when f = 0, the last term in the last line of (4.41)) does not appear and we do

2
o
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not need the inequality (coming from (@4.19))

g2,8(t) 1 g =2
210) Scb(mffgl(s)sds + ¢y 7

to estimate it. O

4.5 Regularity in Two Dimensions and Theorem [I.11]

The proof of Theorem [[.T1]is a modification of the one given for Theorem [I.9]
above and proceeds essentially unchanged up to estimate (4.42) in the proof of
Lemma Then differences arise. Taking into account and recalling the
notation in , that we deal with the case % = 0, and that now we have n = 2,
estimate (4.41)) now reads, for a constant ¢ = ¢(v, ¢4, k) and ¥ € (0, 1/2) to be
chosen later, as

Gr(1DullLoo(8,)) + [H (| DullLoo(ny)) — H(T)™?

149

<X (1+4«)

_ g2.e(IDullLemy)) | *
t g1(I1Dull L~ z,))

1

[G#(I1DullLs,)]" ( Fs(Du)dx) ’

(4.63) 14

[g2,e(|DullpooB,)) ]
| g1([[Dullpoo(p,))

= f
[H(|Dul 1 (p,)) — HD)| PR (-, 2(¢
_ 1+19K

+c

- s))HLoo(B,)

[g2,e(|Dullpeo(B,))
L g1(IDullL=(B,)) |

e HD)|[P{2 (.26 = )| ooz

In view of (4.21)) (which replaces (4.19) and was used before in the proof of Theo-
rem[I.9] and that is in force here since in the two-dimensional case we are assuming
(1.37))), recalling that here it is ¢ = 0, we then get

4.64) G(|DullL(p,)) + [H(|Dullso(p,)) — H(T)]* T2

1) (Bo—2)+1-50
= ﬁ[GT(IIDullLW(B[))]( <) (Bo—9)+1-4 (/B

Fg(Du)dx)

R
1

c _bo
+ Dl ([ Rowdr)
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+ c[GF (1 Dull oo (,))] 2 Po=3)
= IBR
H (DUl s,) — HON|PLE R o)
= S
+ c[H(|DullLoo(B,)) — H(DI| P R (-. R) | Looc,)
K(Br_T — fi
+ c[Gr(I1DullLoo 5,12 P~ 2 HT) [PY"% (-, R ooy,

+ cHD|P{ (- B)| poors

with ¢ = ¢(v, 7, ¢4, ¢ 7, k). As prescribed in the statement of Theorem , we
fix 0 € (0,0) and then take « € (0, 1/2) sufficiently small in order to have
Po o—0

14+« o
(4.65) 0—95(1+K)0—2Kﬂo<:>( ! )(,80—5)+1—7§l— "

By possibly choosing « smaller, we may also assume that

K oN(1+6 K oN{T+2\(T+2+86 1
ase 0<5(-3) (") <50 D) () =5

(recall it is T > —1). The choice in the last two displays determines the value of
k = k(0, 1,0, Bo) and therefore the value of the constant ¢ in inequality (4.64).

Taking (4.65)—(4.66) into account, recalling the definition of the function ¢ in-
troduced in (4.43), and using Young inequality repeatedly (compare with (#.44)),
we find

b6 < 30()

e Uy, 70 d)gze ;( Fo(D d)ﬁlo
+(z_s)g“e(fBR ) S /BR (Du)dx

T4+2+6
/B T+1 =N 1+
e[l cor] T welp@precn] T e
1 )LOO(BR) ()| P75 ( )L°°(BR)

where ¢ depends only on v, 7, ¢4, ¢, 7, 0, Bo, and 6, but can be taken otherwise

independently of 7 and &. We are now in position to use Lemmaas in the proof
of Lemma[4.8} this yields

GT(”DMHL"O(BR/z))

o7 f Tite
<c F.(Du)dx —i—cHP PR R T
(4.67) (]gR +(Du) ) 1 )LM(BR)
+ [H(T)HPfBR( R)H ]1+9+
c Yy c,
! L>°(Bg)
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where we have also used that 2/(c — ) > 1/8¢ and where the constant ¢ still
has the same dependencies. This last estimate is the two-dimensional analogue of
(#.39); from this point on, the rest of the proof follows the one for Theorem [1.9]
(from Section [4.3] on) with minor variants, most importantly, with (2.9) used in-
stead of (2.3)) in order to control the Riesz potential term of f. This finally leads to
the assertion (1.38) by again using Young’s inequality. Note that we are also using
that,as o < o < 1,wehave2/(c —0) = 1 + 6.

5 Vectorial Estimates and Theorem

The proof breaks down to three different steps, distributed through Sections[5.1}-
[5.3] We first find a suitable approximation of the original problem, this time via
functionals with polynomial growth. Then, in the second step, we prove uniform
a priori estimates for the gradient. In both steps the structure assumption (1 is
essential. Finally, we combine the local a priori estimates and the appr0x1mat10n
method to recover the local Lipschitz regularity result for the original minimizer.

Notice that, by replacing F by F—-F (0), in the rest of the proof we can as-
sume without loss of generality that F (0) = 0; notice also that F’ ) =0
follows by (1.42);. From now on, we assume that all the assumptions of Theo-
rem [[.13] are in force; moreover, as in the case of the proof of Theorem [1.9] we
shall assume with no loss of generality that f € L(n, 1)(R”; R™) forn > 2 and
f € L2(Log L)*(R"; RN) when n = 2. We refer the reader to the notation about
tensors fixed in Section 2]

5.1 Approximation in the Vectorial Case

Here we implement an approximation scheme that plays, in the vectorial case,
the role of the one developed in Section [4.1]in the scalar case. Indeed, as in Sec-
tion given the original integrand z +— F(z) from Theorem we construct
an approximating family {F.} of integrands with standard growth and ellipticity
conditions that is uniformly converging to F' on compact subsets. The main point
is that the 1ntegrands F¢ must share the structure property in (I.43)), so we shall con-
struct a family {F;} such that F,(z) := F,(|z]) for some Fy: [0, 00) — [0, 00). The
functions F, will be locally C', but only piecewise C2-regular; this will involve
additional technical comphcatlons. For approximation methods in this setting, see
also [46,48]].

To start with the construction of the approximating integrands, let us note that
from the notation introduced in ( we have

Ba(2) = D(@(21)2) = TN lx + @ (2Dl <257

ze RV 7] £ 0,

G.D
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and (recalling the free assumption F 0) =0

t
(5.2) F(z) = F(Jz|]) where F(t):= f a(s)sds.
0
The symbol I i x, here denotes the fourth-order tensor
(5.3) Tnyxn = 8ij5aﬂ *R®e)® (6’3 ® ej)
fori,j € {l,...,n},a,B € {1,..., N}, where 8 denotes the usual Kronecker’s

symbol. Using (5.1)—(5.2)) and applying (1.32)4 and (1.32)); for § Lz and for & | z,
respectively, we find

a(z]) = g1(z)) for every z € RV*" with |z]| > T,
(5.4)  a(zh) +a(zDlzl = g1(z]) forevery z € RV with |z] > T,
a(lz) =0 for every z € RV>" with |z| > 0,

and, analogously, by means of (I.32))3, we get

a(z)) < g2z

- - for every z € RV*" with |z| > T.
a(lz)) +a'(1zDlz| = g2(1z])

(5.5)

Notice that an immediate consequence of assumption (1.42) is

[>T = D2+ p®) T <a),
(5.6) - a(T) () g1(T) T2,
V= = > S = V.
(T2 +p)'s (242’
In the following we use a parameter & such that 0 < ¢ < min{1, 7'}/4. We now
start to construct the approximating family of integrands by introducing

1
(5.7) e =p+e, Tg :=T+E,

and a@,: [0, 00) — [0, 00) as

= a(gz)yz 2 +ud)’ T ifo<r<e
&+ uzg) 2
(5.8) Ae(t) = {a) ife <t < T,
T B
a(—S)Vﬂ(lz‘i‘Mg)yTz lngfl‘
(T2 +u2)z

Notice that, thanks to (I.42))1, this function is nondecreasing when y > 2. Then,
for t > 0, we define

t
(5.9)  Fu(z) = Fu(lz]) where Fa(t) = / Go()s ds + 6L ys(1)
0
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and

y—2

1 ‘ v=2
(5.10) Lye(t) = ;[(rz + 1) ] = /0 (s> +u2) 7 sds,

so that, in view of (I.42)) and (5.2)—(5.9), it follows that
F; € ¢L,[0.00) N W2°[0. 00) N C2,([0,00) \ {e. T2},

loc loc
o/
Fs (t) , a-'
t
F is strictly convex,

t —

o € W[0,00) N ([0, 00) \ {e, T2 }).
(5.11)

t > F(1), t = Fy(t) are nondecreasing,

F, — F uniformly on compact subsets of R >

51

The above definitions then lead to introducing the related control functions gy ¢(-)

and g2 ¢(-) as

e gl(‘z))y_z 2+ )7 ifo<t<e

£ +/‘Ls 2

(5.12) gre(t) = g1y £1(7) ife <t <T,
g1(Te)

—2
—1,;2@2‘1‘/%?)1’T if Te <1,
(TZ + p13) 2

and
% —|—8i|(t2—|—u§)y§2 if0<t<e,
| (62 +pu2) 2
—2
(5.13)  g2.6(0) == 029 g2(t) + (2 + 27 ife <t < T,

T —2
%ﬂ}(m;@yz if7, <.
| (T +I’L8 2

respectively, where the constants g; and g, are defined by
(5.14) min{l,y — 1} =:1g1 <1 < gy =4V Nn + 4y.

We then have the following analogue of Lemma 4.2}

LEMMA 5.1. Let F:R" — R be the integrand of Theorem and {F¢} the
family of integrands introduced in (5.9), with 0 < ¢ < min{l, T}/4. Then there
exists a constant Uy > 1 such that the following growth and ellipticity properties



52 L. BECK AND G. MINGIONE

hold:
102 Fo(2)] < g2.6(12]) on {|z| > T} with |z| # T,
515) g1.e(IZDIEI? < (02 Fo(2)E. €) on {|z| > T} with |z| # T,
. —2
102 Fe(z)] < Te(lz2 + u2) 2 on{|z| & {e. Te}},

ear (2 + u2) T 151 < (PFe(2)E.6) onilz] & {e. Telh,

for every € € RN*" and gy as defined in li Moreover, the following inequali-
ties hold on {|z| > T'}:

|z|

|z]
(5.16) F@z) > / g1()sds. Fo(2) > / g1.6(5)s ds.
T T

F(z) > Z[(|z]? + )72 = (T2 + u2)7/?]
(5.17) 4

Fe(z) = )/2‘1)"‘)’ [(|Z|2 + M2)V/2 _ (T2 + Mz)y/z]’
1+y t
G18)  [H(0) — [H(D) < Vﬁ = | gresds gori=1.
1 T

where v has been introduced in (142) and He in 2.1). Finally, if y > 2 in (L.42),
then t +— F[(t)/t is nondecreasing on [0, c0).

PROOF. By the definition in and recalling the notation in (5.3)), we first
notice that the 82 F,(z) exists provided |z| & {e, T}, with

2 ale )
(1z|? —l—ug)VT ©) - te|P(z) ifz] <e,
(82 +u2) =
2 2 2 2. Y2 .
°Fe(z) = {07 F(z) +e(|z]" + pp) 2 2(2) ife < |z| < T,
-2 a(T, )
(212 +ud) 7 [% + 8} P(z) ifTs <|z],
(T2 + u2) 2
where
28z Nxn
9(z) =1 +(y—-2)——— VzelR .

Then, (5.15)1,> follows directly from (1.32)), the definitions in (5.12)—(5.13) and
(3.4)-(B.5), and (5.14). As for (5.15)3 4, these again follow from the explicit ex-

pression of 9% F,(z) in the above display; in particular, using (T.42));, we see that
(5.15))3 holds for any I, such that

ary o IPFE)

Te > gamax)———2 (2P + a2y 5
(T2 4+ p2)' 7 e<lzl=<Te (|22 +p2) 7

+ 926,
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and the constant g is as defined in (5.14). The two inequalities in (5.16) are a
straightforward consequence of (5.4) and of the definitions in (3.7)-(5.8), (5.9),

and (5.12).
For the proof of (5.17); it is sufficient to estimate

|z|

|z] ye
(5.19) F(z) > f a(s)sds @ v (s2 + Mz)Tzs ds
T T

and recall that V > v by (5.6). Concerning (5.17))2, the proof is as in (5.19) for the
case |z| < T¢. In the case |z| > T, we estimate via the positivity of L, ¢(|z]),

G- 7-E-8), and (.6)

T: 7l 2| _

T 2

Fe@) = / als)sds + a(—E)y—z/ (2 +u2) 7 sds
T (T2 +u2)= /1.

Te 2 T2 4+ 427" [l y=2
zi/ (sz—i-/Lz)stds—l-ﬁ%/ (s +p2) 7 sds
T (T +p3) =z /T

|z

2 24252

> v min{ 1, M
(T +pd) =

so that (5.17), follows via elementary estimations (recall that & < 7/4). Argu-
ing in a similar way, and using the definition in (5.12)) and (I.42),, we get that
21V g1 o(s) > grv(s? —|—/L§)(”_2)/2 fors > T, so follows after integra-
tion. Finally, observe that the last assertion concerning the fact that ¢ — F, 1)/t is
nondecreasing is a straightforward consequence of the fact that y > 2 and the def-

initions in ||1i (recall that y > 2 in 1b implies that ¢ — F' @)/t =a@)

is itself nondecreasing). The proof of the lemma is now complete. O

—2
(s? + /LZ)VTS ds,

T

Furthermore, we need another technical lemma; the peculiar notation concern-
ing the number ¢, below is motivated by later applications (see Section[5.3|below).

LEMMA 5.2. For every ¢ such that 0 < ¢ < min{l, T'}/4, the following statements
hold:

e There exists a constant ¢ = c(d(1), v, y) such that
(5.20) Fe(z) <c[F(z) + TY + uY] forall z € RV,

e For every positive number ¢ there exists € = g(cg) < min{l, T'}/4 such
thatif 0 < g1 < g3 < g, then
| Fe (2) — Fey (2)] < ¢[Lye (1) + Lyey(82)] + €1Lye, (12))
+ e2Ly6,(2]) + ce2,
holds whenever |z| < cq, where L, ¢ has been defined in (5.10) and ¢ =
c@(),y).

(5.21)
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PROOF. We start with the proof of (5.20); in the following we shall repeatedly
use the fact that the functions ¢ + F(¢) and ¢t +> F(¢) are nondecreasing. For

|z| < &, by the definitions in (5.7)—(5.8) we have

ﬁs(s)
e~ 2 2y252
2/ ae)(s +ng)_2 s
0 (2+pP)z

a(l € —
2 L}/*?—i_l f (SZ—FMg)yTZSdS
(1+p?)z 0

< clay +1uf,

Fe(z)

A

IA

6 —

ds + 8/ (s2 +ug)y72s ds
0

(5.22)

so that the assertion follows in this case. Next, for ¢ < |z| < T, by recalling that
a(-) = 0, by the above inequality, (5.2)), and (5.7)-(5.8), we find

|z -
Fe(z) < / a(s)sds + eLyg(|z]) + Fe(e) < F(2) + c@), y)(Iz]” + k).

It remains to treat the case when |z| > T,. Since the previous estimate in particular
implies F¢(T:) < c(@(1), y)[F(z) + |z|” + L], we find similarly to the above

ds +eLye(|z]) + Fs(Ts)

y—2

AT (2 4+ pu2) T s
1u@_/8 (T2 + p2)"2

|z]
< c(y)/ a(s)sds + c[F(z) + |z + pl]
Te
< @), N[F@) + Iz” + u1!].

Notice that we have also used (1.42)); to estimate

A(To)(s® + u2)' T
(T2 + p2)'z

< c(y)a(s)

when 7, < s. Employing once again (5.17);, the proof of (5.20) is then complete.
We next show (5.21)). For this, we consider € > 0 with € < min{l, 7T'}/4 such
that 75 > c4. By the very definition in (5.8) we notice that @,, (1) = d,,(t) for
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g2 <t < c¢q. Therefore, for ¢, > |z] > &2, as for (5.22) we get

|F61 (z) — ng(Z)|
el g(e1)(s2 + u2 VT_ZS &
< 2/ (ex)( Me;}z ds —i—/ a(s)sds
0 (e +u2) =2 €1
) / A(ea) (5% + )7
0 (3% + MZ)VTi2

S
(5.23) ds +e1Llye (|2]) + e2Ly,6,(|2])

€] _ €2 _
<) [ 64 ud) Tsds v ea [ 62+ uh Tads
0 €1
~ 22 2\ 2
+ ca(l)/ (5% + ug,) 2 sds+e1Lye (12]) + 2Ly e, (2.
0

Thus, (5.21) easily follows in this case, also recalling (5.10). If |z| < &1, by simply
estimating (look also at the previous display),

| Fe, (2) — Fe, (2)]
< |Fey (D] + [Fey (2)]

&1 y—2 &2 y—2
565(1)/ (Sz—i-ugl)zsds—i—ca(l)/ (sz—i—ugz)Tst
0 0

+ée1Llye (12]) +e2Ly.e,(|2))-

Finally, when ¢; < |z] < &2 we again estimate | F;, (2) — Fe,(2)| < |Fe, (2)] +
| Fe,(2)] and come up with (5.23)). In conclusion, we have proved that (5.21)) holds
in any case and the proof of the lemma is complete. U

As for the newly defined functions g1 ¢(-) and g2 ¢(-) displayed in (5.12) and
(5.13)), respectively, their basic properties can be summarized in the following ana-
logue of Lemma 4.4}

LEMMA 5.3. For every & such that 0 < ¢ < min{l, T'}/4, the following statements
are true:

o The functions [T, 00) > t > g2 ¢(t)/g1,(t) and t — g1 ¢(t)t are almost
nondecreasing and nondecreasing, respectively, in the sense that

g2,a(s) <Cg2,e(t)
(5.24) B g1,e(5) T g1,e(0)
gl,s(s)s = gl,s(t)t-

forc=c(n,N,v,cq,y),
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o If (1.44) holds, then also the following inequality holds for all t > T:

2—0o
t t T+oHn
82,68 s() <ccp mm{([ 81.6(8)s ds) ,
T

81, s(l) N
4,61
1 t T+ n—2)
(m/; 81.6(8)s ds) } + ccp,

where ¢ = c(n,N,v,y) and ¥ is defined as in the statement of Theo-

rem
o [f (1.45) holds, then also the following inequality holds for allt > T':

2—0

f t a+on

(5.26) gz;() <ccp (/ g1,6(5)s ds) ~+ ccp,
g1,6(?) T

with ¢ = c(n, N,v,y).
o Foreveryt > T it holds that g1 ¢(t)/g2,6(t) < 1.

(5.25)

PROOF. In order to prove that y + g1 ¢(y)y is nondecreasing on [T, 00), we
take 7 < s < t and show that g1 ¢(s)s < g1 e(t)t. f T < s <t < T, by
definition of g1,(-) this simply means g(s)s < gi(¢)¢, which is true by
assumption (L.31)). Next, if T, < s < t, we trivially obtain g1 ¢(s)s < g1,(t)?
since the function y +— (y2 + /Lg)(”_z)/ 2y is nondecreasing (recall that y > 1).
Finally, if T < s < Ty < t, by the previous two cases we have g1 .(s)s <
81,6(Te)Ts < g1.¢(¢)t, and the second inequality in is shown. For the proof
of the first inequality in (5.24]), we similarly first con51der thecase 7' <s <t < T,
and distinguish two different situations. If y > 2, we notice that 4¢ < T < s
implies that (5% + /LE) < 2(s? + p?) and therefore, we can estimate

82,6(s) < 02 82(5) + EZT(SZ + MZ)T

gLe(s) T m g1(s)
(527) 02 82(5) + £2°7 571G(s)
5t g1(s)
g2(s) 22(1) g2,6(1) g2,6(1)
<c < c =c =c
g1(s) g1(1) g1(1) g1,e(t)

where ¢ = ¢(n, N, v, cq, y) (recall 5.14)andv < ¥ by ) Otherwise, if y < 2,
we can estimate directly (s% + /L G=2)/2 < (s2 4+ p?) ¥=2)/2 3pnd proceed as in
the last display. Notice that we have indeed also proved that

(528) Tes<T, —» 20 _ 80 _ ooy
gre(s) = g1(s)

Next, in the case T, < s < ¢, the assertion follows after observing that

g2,6(y) N 82,6(Te)

g1,e(») B g1,6(Te)

(5.29)

forall y > T,.
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In the remaining case 77 < s < T, < t, we again use the last two cases and

(5.29) to get g2,6(5)/g1.6(5) < cg2,6(Te)/g1,e(Te) = cg2.(t)/g1,6(t) and the
proof of (5.24)) is complete. Next, we prove the second claim (5.23)). This follows
straightaway from the assumption (I.44)) and (5.28) when 7' < ¢ < T. A different
reasoning is needed for the case 7, < ¢. Here we may use the result from the first
case and start estimating via (5.29)

g2,6(1) _ 82,6(Te)
g1,6(1) g1,6(Te)

( Te ) d (e
< ccp min / 81,6(s)s s) ,
(5.30) T €
1 Te T
(W/ g1.6(5)s ds) + ccp.
TPt Jr

Then it obviously follows that

82, s( ) ! (124?71;7)"
(5.31) <ccp (f g1.6(8)s ds) + ccp

g1,6(t) T

ast > Tg for ¢ = c¢(n,N,v,y). On the other hand, let us now introduce the
nonnegative quantity

T
. 1/31/ g1,e(s)s ds
T
Qg = —
(Ts)

t
/ g1.6(5)s ds
1/B1
(532  ~ (F) Te)
€ I, 4 1s1te) 0181(T%) / (s +M2) - sds
(T2 +ud)=
tsl/lgl 18

9181 (Te)Tsy 2 He 2qv/2 He 2 /2
I + =Ll — |1+ 7
)/(ng + Mg)T & €
where ¢, := t /7T, and where, thanks to the fact that ¢ — g;(¢)¢ is nondecreasing
on [T, 00), we have

T
(5.33) I, = gl/T g1(s)sds < glgl(Tg)TSZ.

We now distinguish two cases. If z, < 1000, then it easily follows that 2, <
1000'/81 Otherwise, if z, > 1000, then by recalling that 1 /8, < y and e/ Tp < 2
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we instead have
D a7
£ — .
Ie + g1f;/g1 (Ta)Tsz
In any case we conclude that 2, < ¢(y), uniformly with respect to €, and therefore
we can bound

4131

___ 4B P 4By

82, (t) D) (n— 1 T =

- E(t)_ < ccp [sup o@g]w Y2y (tl/ﬂl . g1,e(s)sds T cep.
»€ &

Then (5.23) follows from (5.31)) and the above display. Similarly, the third claim

follows. Finally, we observe that (5.4)—(5.3) imply g1(t) < ga(¢) for all
t > T, which in turn shows the final claim g ¢(f) < g2(¢) forevery t > T, by

the very definitions of g1, and g2 ¢ given in (5.12) and (5.13)), respectively. This
completes the proof of the lemma. 0

5.2 A Priori Estimates

In this section we consider again a functional of the type in (I.I) under ad-
ditional assumptions on the integrand z — F(z) = F (Jz]) and then apply the
corresponding estimates to the case of the approximating functionals defined in the
previous section. Specifically, with B C R” being a fixed ball with n > 2, we start
considering a vector-valued weak solution u € W17 (B; R¥) to the system

(5.34) —diva(Du) = f inB CR", f e L®®R"RY),
with a: RV>? — RN>" being such that
(5.35) a(z) =d(z))z forall z € RN*",

where @: [0, 00) — [0, o0) is of class WI;C’OO[O, 00) N Cl(l)c([O, o0)\ N D); e, itis
locally C-regular outside a finite set .4 2 C (0, 00), and it is such that @' (0) = 0.
This implies that a(-) € Wlécoo (RN >™)_ The prototype we have in mind is of course
given by the function @, () in (5.8). Note that this structure assumption implies that
da(z) is a symmetric nonnegative bilinear form on R”Y>” whenever it makes sense.
For a fixed ¢ € (0, 1) such that 0 < & < min{l, 7}/4 as in Section we then
assume that the following growth and ellipticity conditions are satisfied whenever

da(z) makes sense (this in fact happens whenever |z| &€ A4 2):

19a(2)] < g2.6(Iz]) on{|z| > T,|z| & N D},

gre(|zDIE < (da(2)§.§) on{|z| > T,|z| ¢ NP},
(536) 2 2 y=2

19a(2)] = T(Iz]* + pne) 2 on{|z| & N D},

vo(l22 + 12) "2 57 < (da(2)6.€) on {|z| € N 7).

for every £ € RV>", where the functions g1 ¢. g2.¢: (0,00) — (0, 00) have been
defined in (5.12) and (5.13)), respectively, while us = @ + ¢ > 0, as defined in
(5.7). Here 0 < vo < 1 < I" denote fixed constants that are not going to play any
quantitative role in the forthcoming a priori estimates. Exactly as for (5.4)—(5.3),
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we find from (5.33)—(5.36) and from the definitions in (5.8) and (5.12)~(5.13) that

for any z € RV>" such that |z| > T it holds that

(5.37) a(lz]) = g1.e(Iz]) and a(lz]) < g2.6(lz])
and
~ ~/
(5.38) allzly +alzDlzl z grellzh w4 ddition, (2] & 2.

a(lz) +a'(lzDlzl < g2.6(IzD)
A trivial consequence of (5.37)-(5.38) is
(5.39) @' (1zDllz] < g2.e(Iz]) iflz] > T and |z| & A2,
while, similarly to (5.37), we have that

~ 2 2 y=2 ~ 2 2 y—=2
(5.40) a(lz]) z vo(lzI” + ug) 2 and a(lz]) = T(lz]” + pp) 2

hold this time whenever |z| > 0 (recall that a(-) is continuous). We notice that,
upon defining

_ |z|
(5.41) F(z) = F(z|) = / a(s)sds,
0

which by (5.36) is a strictly convex integrand, by (5.34) we have that u is a local
minimizer of the functional

(5.42) w > / [F(|Dw|) — fw]dx = / [F(Dw)— fw]dx
B B
in the sense of Definition[[.1} By (5.2) we get that

Y
(5.43) %(z2 Ry % < F(t) <T(? + 122 vi >0

Assumptions (5.36)3 4 made on a(-) and (5.43) allow us to verify that assumptions
(8-2) below are satisfied by the integrand in (5.41)) (for a suitable choice of param-
eters v and A adopted there). Therefore the regularity results in (8.3) apply to u
and read

Du € LY (B;RN*m),

ue VVlgc’z(B;RN), a(Du) € WI’Z(B;RNX”).

loc

(5.44)

We start with a technical lemma, exploiting the structure assumption (5.35) (see
also Remark [5.5] below).

LEMMA 5.4. Let a:RN*" — RN>" be the vector field considered in (5.34) and
therefore satisfy conditions (5.33) and (5.36). Then, for every w € ngc’z(B; RVM)N
WI;C’OO(B; RN), the inequality

n
da(Dw
a5 (M DD, Daw s DIDul) = 10w |DIDw]

s=1
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holds at almost every point x € B such that |Dw(x)| > T and |Dw(x)| &€ N 2.
Furthermore, if H € LlOC (B)andn € Wléc’l (B) are two functions, again at almost
every point x € B such that |Dw(x)| > T and |Dw(x)| &€ N D, the inequality

" <8a(Dw)

Dol DDsw, Dyw ® (n*D|Dw| + HnDn)>

(5.46)
1 2 1
= 5816 Dw)| DIDw|[*n? = Sg2.( Dw|) H? D

holds provided d(-) is nondecreasing on [T, o).

PROOF. Recalling (5.1)) and (5.3) we have

9 a,B d ga‘?‘ ~ z‘?‘zﬁ
(5.47) (ﬂ) AL COF Y S QR
|z |z |z |z]

for |z] # 0, |z] & A 2. We calculate (recall the notation in (5.3))

i (InyxnDDsw, Dyw ® D|Dwl)
|Dw|

D;Dsw*D,w*D;|Dw
Z Z |Dw|

5.48
is=la=1
u 2 2
=Y _|DilDpwl||” = |D|Dw||
i=1
and
Z {(Dw® Dw)DDsw, Dsw ® D|Dw|)
= |Dw|?
B 2”: % Diw®D;wh D; DywP Dyw® D;| Dw|
- 2
549 i,js=1a,3=1 |Dw

B Z Z Diw* Dsw* Dg|Dw|D;|Dw|
- |Dw|

is=la=1

_Z |(Dw®, D|Dw|)[?
B |Dw| '
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Merging (547)-(FA9) yields

% [da(Dw)
§ : 2
(550) SZI<WDDSU),DSU)®7] D|Dw|>

« D|Dwl)|*
|Dw[?

2~ 2 2~/ al ‘(Dw
= n?@(|Dw))| D|Dw||” + n*@ (| Dw|Dw| Y
o=

Proof of (5.43)). The assertion in (5.43) follows immediately from (5.50) and the
first inequality in (5.37), whenever a@’(| Dw(x)|) is non-negative. Otherwise, when
a'(|Dwl) is negative, we estimate

Z (Dw* D|Dw|)\

(5.51) < |p|Dwl?

so that, by (5.50), as we are evaluating Dw at those points x where |Dw(x)| > T
and |[Dw(x)| € A 2, we obtain

" [da(Dw)
Y (=~ DDsw.Dsw ® D|Dw|
—\ |[Dw]

[a(|Dw]) + (| Dw)|Dwl]| D Dw|?

G383 2
> g1.s(|Dw|)|D|Dw|

and (5.43)) is completely proved.
Proof of (5.46). Proceeding as for (5.48)), we here find

]IanDDSw Dsw®Dn D Dsw DswaDln
Hn = Hy
Z Do) 393 Do)

i,s=la=1
= Hn{D|Dw|, Dn)
and, as for (5.49), we get

I Z (Dw® Dw)DDsw, Dsw ® Dn)
[Dw|?

N
_ Hy 2”: 3 D;w*D;wh Dj DswP Dyw* Dy

| Dwl?

i,j.s=1 a,,s—l

Diw* Dsw* Dg|Dw|Djin
=H
)30 3 e,

is=1la=1

(Dw*, D|Dw|){Dw*, Dn)
N HWZ |Dw|? '
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Recalling that @’(-) > 0 on [T, 00), it follows that

n
da(D
) 9a(DW) iy . Dyw & HyDn
s=1 |Dw|

= a(|Dw|)Hn(D|Dw|, Dn)
Dw®, D|Dw|Y{Dw%, Dn)

N
+@(|Dw|)|Dw|Hn Y {
a=1

| Dw|?
(5.52)
~ 1 1
> @Dl -5 1DIDwl P 211l
+ @' (|Dw|)|Dw]
N 2 N
. _77_22 [(Dw®. D|Dw|)|” 1 H? Dy Y Dt
2 |Dw|? 2 |Dw|? ’
a=1 a=1
Adding up (5.52) and (5.50)), and using (5.38)1, finally yields (5.46). O

Remark 5.5. Lemmal[5.4] continues to hold a.e. in {|Dw| € 4/ 2} N{|Dw| > T}
provided some conventions are made. Indeed, as |Dw| € Wléc’z (B), by the
standard chain rule applies and gives that a(Dw) € WI;C’Z(B; RN>7) Moreover,
forany s € {1,...,n} it holds that

Dgla(Dw)] = da(Dw)DDsw

5.53
(5.53) =a(|Dw|)DDsw + a’'(|Dw|) Ds| Dw|Dw

while the co-area formula gives that |[D|Dw|| = 0 a.e. on {|{Dw| € 4/ Z} N
{|Dw| > T}. This fact allows us to give meaning to the right-hand side of
a.e.on {|{Dw| € AZ}. Specifically, we interpret as da(Dw)DDsw =
d(|Dw|)DDgw; that is, we set (recall the notation in (5.3))

(5.54) da(Dw) = a(|Dw|)yx, ae.in{|Dw|e NV D}.

With such notation, it is now straightforward to note that both and
also hold a.e. on {|Dw| € A4 2} N {|Dw| > T}. In particular, turns out to
be valid independently of whether a(-) is nondecreasing or not, as the proof works
in this case as if it were @’(|Dw(x)|) = 0.

In the following, with 0 < ¢ < min{l, T'}/4, accordingly to what was done in
@27), we define

max{¢,T}
(5.55) Gre(t) = /T g1,:(s)s ds.
We then have the following lemma:

LEMMA 5.6. Let u € W,V (B:RY) be a weak solution to (533) under the as-

loc

sumptions (5.35) and (5.36) and with n > 2. Let B,(xo) € B be another ball and
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M be such that || Du||poo(B,(xo)) < M and T < M. Then, for each k > 0, the
inequality

/ D(Gre(|Dul) — k)4 | dx
By /2(x0

, M) 1+
(5.56) i[%} f Gro(|Dul) — k)2 d
<ol 0] ), Crepud — R dx

+cM? / | £ dx
B (x0){Gr.(|Dul)>k}

holds for ¢ = c¢(n, N,v,cq,y), with 9 = 0if a(-) in (5.35) is a nondecreasing
Sfunction on [T, 00) and ¥ = 1 otherwise.

PROOF. We recall that u# enjoys the regularity properties in (5.44). We follow
the same strategy as for the proof of Lemma 4.5 and hence we adopt the same
notation used there (in particular, for the localization function 7). Throughout the
proof we use the simplified notation G(-) = Gr.(-), and we keep in mind the
convention fixed in Remark [5.5]to treat those points x where |Du(x)| € .4 2 and
|Du(x)| > T. Specifically, we use (5.54) with Dw = Du. As in the scalar case
we have

n N
Di(G(IDu) = k)4 = grs(1Du) " 3 D Dou® Dyu”
(5.57) oot
= g1e(|Du|)|Du|D;|Du| and g1(|Dul) >0
for every i € {1,...,n} and whenever G(|Du|) > k. The differentiated form of

the system (5.34)), that is,
(5.58) / (da(Du)DDgsu, Dp)dx = —/ fDspdx
B B

(asin @.32)) for s € {1,...,n} can be tested with

¢ = 5 = 1P(G(|Dul) — k)4 Dsu € Wy (B; R")

so that
(5.59) Dgs = n*(G(|Du|) — k)+ DDsu + n* Dsu ® D(G(|Dul) — k)+
' + 2n(G(|Du|) — k)4 Dsu ® D
Summing over s € {1,...,n} accordingly, three terms appear on the left-hand side

of (5.58)). For the first one we use (5.36), for those points where |[Dw| & A 2,
while for a.e. point where |Dw| € A4 2, we use (5.54) with Dw = Du and the
first inequality in (5.37) (the remaining set of points is negligible); summarizing,
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we get the nonnegative contribution
n
Z[ (da(Du)DDgu, DDsu)(G(|Dul) — k)1n? dx
B
s=1

1
= 5 | €1:0DuDGUDU) ) D?u PP dx.

To estimate the remaining two terms, we use Lemma [5.4] taking into account
also the content of Remark[5.5] We first consider the situation when @(-) is nonde-
creasing (and therefore @’(-) > 0). In this case we apply (5.46) with the choice

b= 1y 2E0DUD =04
UDul=T3 g ([Dul)| Du]

€ L°°(By)
in order to estimate

; /B(aa(Du)DDsu,

Dgu ® [n” D(G(| Dul) — k)4 + 2(G(| Du|) — k)11 Dn]) dx

n
-y f g1,€<|Du|)|Du|<aa<Du>DDsu,
= Jntc(pup>k}

2G(|Dul) - k)4
¢1..(1Dul)| Dul D”Dd’“

Dsu ® |:772D|Du| +

1
> 5/ [g1.6(I1Du)]?[Du|?|D|Du|[*n”* dx
BN{G(|Du|)>k}

g2.¢(|Dul) 2 2
) /B o (G ~ kR Dy dx

1

> _

—2 /Bﬂ{G(|Du|)>k}

¢ [82.(M) )
rz[gl,s(M)]/l;r(xo)(GODuD O 4%,

with ¢ = ¢(n, N, v, ¢4, y); recall (5.57). Notice that in the last estimation we have
also used (5.24). This concludes the estimates for the right-hand side terms in
(5.58)) when a(-) is a nondecreasing function on [T, 00). In the general case, when
no additional information on a(-) is available, we instead use (5.43) (again keeping
Remark [5.5]in mind) to have only an estimate for the second term arising from

| D(G(IDul) = k)+ | dx
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(3.59); that is, recalling (5.57)), we here find
n
Z /(3a(Du)DDsu, Dsu ® D(G(|Dul) — k)4 )n?* dx
s=1

n
= Zf g1.¢(|Du|)| Du|{da(Du) DDsu, Dsu ® D|Dul)yn* dx
= JBntG(Dup>K;

>

2
/ (g1.6(|Du)?| Dul?| D| Dul |7 dx
BN{G(|Du|)>k}

_ /B |D(G(1Dul) — k) + |1 dx.

Finally, we treat the third term coming from (5.59). Recalling (5.47) and (5.57),
we use the first identity in (5.52) with the choice H = 2(G(|Dul) — k)4, getting

n
Z(Ba(Du)DDsu, Dsu ® HnDn)

s=1

n N
=a(Dul)Hn > > DiDu*Dsu*Din
sii=1la=1

% Diu®DjuP D; DguP Du®Din

| Dul?

n

+@(|Dul)|Du|Hn )
i,j,s=1la,f=1

_ _a(|Dul) g2.(IDul)
g2.6(1Dul) g1,6(|Dul)
a'(|Dul)| Du| g2,¢(|Dul)
g2,6(IDul)  g1,6(|Dul)

n N
Ds(G(|Du|) — k)4 Diu*Dsu®*D;n
21 Z Z - |Du|21 - —.

(G(IDul) —k)+2n)_ Di(G(|Dul) —k)+Din

i=1

(G(IDul) = k)+

is=1la=1

By the above identity and using (5.37)> and (5.39), and eventually also the Young
inequality, we get

2

Z[ (da(Du)DDgsu, (G(|Dul) —k)+ Dsu @ Dn)ndx
s=1 B

c |:g2,£(M)

<l/ |D(G(|Du)) — k)4 |*n? dx + — —T/(G(|Du|)—k)2 dx
=2 /s T 2| gre(M) ] Jp + &5
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again with ¢ = c¢(n, N,v,c4,y). Connecting all the estimates in the displays
coming after (5.59), in any case we have

/B(gl,s(lDul)(G(lDul) — k)1 1Dl + | D(G(|Dul) — k)1 [*)n? dx

< c gz,e(M) 1+ 2 -
—ﬁ[m] /I;(G(|Du|)—k)+dx—|—c;/3|f||Ds<Ps|dX,

where ¢ = c(n, N,v,cq,v). The last term in the above display can be estimated
exactly as it was done in the scalar Lemma (compare with (4.36) and subse-
quent estimates, and use the last point in Lemmal[5.3)), which then leads to the claim

(5.56). O

We now apply the above results to the setting of Section [5.1] that is, to the case
that () in is such that @(s) = @.(s) + (s> + ug)(V—ZW and therefore that
the functionals in (5.42) have integrands F = F; as in (5.9) while the functions
de are defined in We recall that Lemma gives that ¢ +— Ii’ )/t is
nondecreasing if y > 2 in (1.42)). The inequalities deriving from (5.56) with the
choices & = 0 (y > 2)and ¢ = 1 (y < 2) are formally equal to those displayed
in Lemmas and respectively. Here we are taking B9 = 1 in (I.34) while
21(+), g2,¢(+) in this setting are replaced by the functions g1 ¢(-), g2,¢(-) in (3.12)—
(3.13). The only difference is that the value of ¢ now depends on the behavior
of t — F'(t)/t = @(t) (and therefore on the value of y in ), and it is
no longer fixed as ¥ = 0 as for Theorem Using inequality (5.56) we can
therefore proceed as in Lemma thereby getting the quantitative L °°-estimate
#@.38) for the gradient. In turn, with (4.38) at our disposal, we can repeat the
proof of Lemma[4.8|and arrive at (4.41)), with the only further modification that we
have to use the second inequality in (5.16)) in order to get the last inequality in the
estimate (@.40) (with B9 = 1). After having established (#.41)) (again with B¢ = 1
and using (5.18)) to estimate as in (#.42)) with y = t + 2), we need to distinguish
between the situation with # > 3 and n = 2. In the case n > 3, we now have to
use (5.23) instead of (@.19), according to whether  — F’(¢)/t is nondecreasing or
not, and therefore if y > 2 or not in (T.42)). These precisely yield inequality (4.43)
with t = y — 2 in any case (¢ = 0, 1), from which we then arrive at (4.39) with
Bo = 1, thatis

GT,s(HDu ||L°°(BR/2))

< c(][ F,;(Du)dx)(r + c][ Fe(Du)dx
BR BR

. a
+e|P]PR LR D + PGB R s

(5.60)

+ CHs(T)HP{BR(' . R) HLOO(BR)’
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for a constant ¢ depending only on n, N, v, ¢4, ¢p, ¥, 0, and B1. If f = 0,
then it is easy to see that the bound in (5.25) can be replaced by the one in (5.26)
(which holds upon assuming (1.45))) and (5.60) follows without the potential terms.
Finally, in the case n = 2, estimate (4.41) implies @.63) (still with o = 1,
742 =1y,and § = 0, 1, as above depending on the behavior of ¢ F'())0). By
then taking advantage of (5.26) instead of (4.21]), fixing an arbitrary 6 € (0, 0) and
choosing « € (0, 1/2) such that (4.65)) and (4.66) hold, we then arrive at (4.67),

which now reads as

GT,e(”Du ||L°°(BR/2))

T e i
son  =(f Fowa) vl ri,
R
fs 146
He(T HP R(. R H :
telu P ] e

for a constant ¢ depending only on N, v, ¢g4, ¢p, ¥, 0, B1, and 8. The a priori
estimates in (5.60) and (3.61)) are now needed to conclude with the proof of Theo-
rem [I.13] via the approximation argument from the next section.

5.3 Passage to the Limit and Conclusion

We shall follow the strategy of Section .4} to which we shall often refer, but
with several important modifications. We start by fixing a ball B € €2, and we de-
fine a decreasing sequence {&,,} of positive numbers such that &, — 0 as m — oo
and 0 < &, < min{dist(B, 9Q), |B|/" 1, T}/4 forallm € N; in addition, we de-
fine a sequence of positive numbers {it,; } as (s = (g, (recall the notation of g
in (5.7)) and a sequence of integrands {L,} as Ly, := Ly, as in (5.10). In what
follows, we denote by u the local minimizer from the statement of Theorem [I.13]
for which implies u € Wlécy (Q;RY). Then, we define the sequence of regu-
larized functions {i,,} in WY (B; R") as in (#.48), where the family of mollifiers
{¢e} is as in (4.2)). The functionals .%,, are then defined as

Fm(w; B) = /B[Fm(Dw) — fmwldx,

as in (4.49), where this time the family of integrands {F,} is defined through
Fp := Fg,, via (5.9), while the functions { f,,, } are defined as

foo il fl=m,
5.62 =
62 / m7f| if | f| > m.

In this way we have that | f;;| < min{| f|,m}, and thus f,, € L%®(Q;R"Y) for
every m € N, and, as a consequence of the fact that f € L"(2; RY) by assump-
tion, we also have f,, — f in L"(2; R"Y). We remark that we are in the situation



68 L. BECK AND G. MINGIONE

of Section with F = ﬁm (and in particular of ), ND = {em. Tg,,},
a() = dm(-), and a(-) = 3F, (), where

_ |z|
Pﬁ&)=f%GZD=1A Gn(S)sds.  dm(s) = e, (5) + em(s® + u2)’7

Therefore, conditions (5.36) are satisfied by (5.15)), and the results of Section [5.2]
can be applied to local minimizers of the functional .%,,. In particular, the local

estimates and apply. Notice also that using Lemma [5.2] and (5.17)>,

we get

(5.63) sup || Fm (D) |1 (B+e,,B1) T 1PUmllLy(B) < 00
m

Finally, we define the sequence {u; }, U, € Uy, + WOI’V(B; RN), as that of the
solutions to the Dirichlet problems in (4.50). Also in this case direct methods apply
as all the functionals .%,, are lower-semicontinuous and coercive in the Dirichlet
class i, + Wol’y (B;R™). This last fact can be checked by noticing that in [@#.52)—
one can replace u,, by any other function w € i, + Wol’y (B;RY). Indeed,
by also using (5.17) in (4.54)) (with u,, replaced by w) we get

Fm(w; B
Il L f pwl ax | i
_ B A embBil

e R e L
for a constant c still depending only on n, N, v, and y. This easily gives coercivity
of .#,,, in the Dirichlet class i, + Wol’y (B;R") and therefore yields the existence
of the needed minimizer u,, for (4.50). Next, proceeding as in (.52)-{.54), we
can then arrive at (4.33), which, combined with Lemma/5.2] (use with F, =

Fy,) and (5.17)5, gives

][ (|Dum|? + u2)"?dx + ][ F(Duy)dx
B

scf  FOudx el I ulg, +eT7 + cu.
B+em B

with ¢ = ¢(n, N,v,d(1), y). Using this last inequality in (5.60) (again with F, =
Fm, u = uy,), and proceeding as in the proof of Theorem [I.9] we again arrive at
(@#356)), where on the right-hand side Fy,(Du) is replaced by F(Du) and T by T,
while on the left-hand side we find Gr(-) as defined in (5.53). By a standard
covering argument, we then find for every o < 1 a constant ¢4, also depending on
o but independent of m, such that || Duy||pcp) < co for every index m € N.
Therefore, we can proceed by extracting a converging subsequence such that the
convergences in hold, with limit function ¥ € u + WOI’V (B;RY), which,
by lower semicontinuity, also satisfies || Du|| By < ¢o. Accordingly, using
Lemma and in particular (5.21)), we have that for every o € (0, 1), there exists
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m € N, depending on ¢, and therefore ultimately on o, such that the following
holds:

|z| <¢¢ and m <mg <m
| Fn(2) — Fing(2)] < cemy(co + p + 1Y + o(mg) + o(m),

where o(mg),0(m) — 0 for mg,m — o0, respectively, and the constant ¢ is
independent of m, mg. Using the definitions of %, and f,, in (4.48) and (5.62),
respectively, and recalling (4.57))>, we infer that

(5.65) fim — fu and  fpilm — fu strongly in L'(B).

As every integrand [y, is convex, with mg being fixed, by lower semicontinuity
we have

(5.66) / [Fmo(Du) — fuldx < liminff [Fino(Dum) — fmumldx.
oB m= JsB

On the other hand, with m > mq > i, employing, in order, (5.64), the minimality
of u,,, and (4.53)), we have that

/ [Fmg (Dum) — fmumldx
oB

(5.64)

< [Fm(Dum) — fnhmldx + cemo(co + 1+ 1)7 + 0(mo) + o(m)
oB

< / (Fn(Ditn) — fonitmldx + / Fonttm dx
B B

\oB

+ cemplco + 1+ 1Y + o(mg) + o(m)

B+ég,;, B B B\oB

+ cemg(co + 1+ 1Y + o(mg) + o(m).
Using (5.63)) and (5.63), the above inequality implies

limsupliminf/ [Frng(Dum) — fntim]dx
oB

mo—>00 m—>00

< lim sup lim sup [Fino(Dum) — fmumldx < .7 (u; B) + / fudx.
mo—o0 m—>o0o JoB B\oB

Notice that here we have used (5.20) and Lebesgue’s dominated convergence
theorem. Connecting the last display with (5.66)), recalling that D is bounded on
oB, and taking advantage of (5.11)3, we arrive at .% (ii;0B) < .7 (u; B). Letting
o — 1, we finally conclude that .% (it; B) < .% (u; B). We have therefore obtained
(#.59) again. From this point on, recalling that now (#.56) holds in this case too
(with Fp,(Du) replaced by F(Du)and T by T, v = y — 2, and B¢ = 1), the rest
of the proof, and in particular the a priori estimates for the vectorial case, that is,



70 L. BECK AND G. MINGIONE

(1.33) for n > 3 and (I.38) for n = 2, follows as in Section {.4]in the setting of
Theorem[1.9)and as in Section[4.5]in the setting of Theorem [I.TT] respectively.

Let us finally comment on the case f = 0. Here, exactly as in the scalar case,
the second term in estimate (4.41]) does not appear. Hence, only assumption (1.45])
(which implies the corresponding version (5.26) for g2 ¢/g1,¢) instead of (1.44)
is needed to prove a local quantitative 1.°°-estimate for the gradients Du,, and to
then pass to the limit.

Remark 5.7. A careful analysis of the proof of Theorem [I.13|reveals that the con-
stant ¢ appearing in estimate (1.33) depends on v in a such a way that ¢ — oo
when v — 0; see in particular (5.17) in Lemma 5.1}

6 Applications and Theorems[1.2HI.8 and [1.16|

Here we show how to obtain Theorems [1.2HI.8] and [I.16] from Theorems [1.9}
[L.IT} and[T.T3]

6.1 Proof of Theorems [1.2H1.5

We here prove all results on minimizers of functionals with (p, ¢)-growth by
showing the applicability of Theorems [1.9] and [I.T1] in the scalar setting and of
Theorem [I.13]in the vectorial setting. Since (I.12) is assumed throughout Theo-
rems [[.2HI.5] in what follows, we shall permanently work with the choice

g1(t) = v(t? + p2)P=2/2,

6.1
o g2(t) = A + p)U=D/2 4 A2 4 p2)P=2/2,

for t € (0, o0). In this way, since the functions ¢ — g»(¢)/g1(¢t) and ¢t — g1(¢)¢
are continuous and nondecreasing on (0, o), assumption (I.31) is fulfilled with
constant ¢, = 1 for any 7 > 0, while the assumptions in (I.32) are automatically
satisfied. Moreover, we shall also fix the parameter T = p — 2. We start with the
proof of Theorem [[.2] as a consequence of Theorem [I.9; here it is n > 2. We fix
the parameters ¢, 81, 0 as

= b+ (=2 —p) and azZ—n(g—l)
4p ’ p

We next determine the constants v, ¢4, ¢p in order to meet the requirements of
Theorems all of the following computations will hold for any choice of 7" > 0,
and we shall always consider 7 < 1. We note that (1.33); is true for our choice
T = p—2forany T > 0. Moreover, with

62  po=1. P

t t
p/ g1(s)sds = pv/ ($2+pu2) P25 ds = v( 2+ p?)P 2 —v(T? + p*)P/?
T T

forallz > T > 0, also (I.33)) is verified, due to (1.12);.
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In order to deal with the final assumption (1.34), let us first notice that ¢ > p
implies 0 < 2 = 28, while we also have the implications
9 142 o5 0 md Lo ¥ gy
p n p p(n—=2)
Thus, the choices of o and B in are admissible, according to assumption
(T.15)). Next we observe that, for all > T > 0, the calculation above yields, with
(g —p)/p = (2Bo—0)/n <1 by the choice of the exponent o,

A A
g2(1) B2 4 p2yaprz g =

g1ty v
< D107 4 p2)P - (1% g 2l
6.3
©3) + é(yﬂ + ple—n/2 4 A
1% 1%
A ([ A A
<p'7 / g1(s)s ds + (T2 ) PR g
v‘]/l’ T v v

Similarly, we find for all ¢ > T > 0, with £+W=20=P) — 4B < 5y the choice
of the exponent 1,

t A 4+(1=2)(g=p)
20 03 R(2 4 2y ata e 4 p2)/ - (17 4 2yl
g1(1) v
4 25§(T2 + pHle—p/z 4 A
v v
A ! = A
1 n—2
54 5+(@—p)/2y 2
<(2p) v6|:[1/ﬂ1/Tg1(s)Sds:| +(1+2 )v.
Therefore, the assumption (I.34) is verified with the choice of the constants
A A
(6.4) Ch :1nax{(2p)5—g,(l%—25+w—pv2)——}
v v

In conclusion, we have proved that all assumptions (I.31)—(1.34) are satisfied
in the setting of Theorem [I.2] We can thus apply Theorem [I.9] getting estimate
(1.35)), that with T = p — 2 and the values displayed in (6.2)) becomes

max{ (| DulZoe 0y + 12)"% = (T2 + 2?72, 0}

P
§c(][ F(Du)dx + ||f||£,7(13) + 717 —l—Mp)
B

Zl (71+22);fnq
e f FOwdx+ 17 1adgy + 77 + 07
B

_pr_ _______4p
+ el oo+l ILa Da 2 + (T + Wl fllLm.nm:-
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By (6.4) this holds for ¢ = c¢(n, p,v, A), independently of 7 € (0, 1]. Letting
T — 0, noting F(z) > vu?, and finally using the Young inequality with conjugate
exponents (p, p/(p—1)) to estimate the last term, we get the assertion (1.16)), also
using the obvious inequality || ||z < || fllZ(n,1)-

Finally, we comment on the assertion that condition (I.15)) can be replaced by
the weaker one (I.14) when p > 2 — 4/(n + 2) or when f = 0. In the first case
p > 2—4/(n+2), this is trivial since here we have 2/n < 4(p—1)/(p(n—2)). In
the second case f = 0, one easily checks from the above computations that (I1.36))
is ensured by (T.14) for the choice of the constant ¢, = 497 PT1(A /v)4 /P, and the
conclusion then follows as above, after applying Theorem [I.9]in the version with
f=o.

The proofs of Theorems [I.3] and [I.5] follow from Theorems [[.13]and [I.T1]in a
similar fashion, and we therefore only comment on the suitable choices and neces-
sary modifications. The remaining details are left to the interested reader.

We continue with the proof of Theorem[I.3] which is found as a consequence of
Theorem [I.13] (for n > 2). Here the conditions in (T.42)) are satisfied by assump-
tions (1.20) and (1.12) with y = p. As a main difference, one needs to replace the
definition of the parameters §; and o in by

_ A4+ +9)n—-2)(¢—p)
= o

where once again we have set 8 = 0if p = y > 2 and & = 1 otherwise. With
these choices one can follow exactly the computations from above to show that
assumption is satisfied. Furthermore, we observe that the parameters in (6.3))
are indeed admissible: the assumptions 81 > 1/p = 1/y and ¢ < 2 are trivially
satisfied in view of ¢ > p, while B; < 1 and o > 0 follow precisely from the
assumptions (I.15) and (I.19)), for the cases ¢ = 0 and ¢ = 1, respectively. Thus,
all assumptions of Theorem [I.13] are satisfied and the local boundedness of Du
follows (with an estimate coming from (I.35)) with B9 = 1 and 7 = 0).

Next, we comment on how to derive Theorem [I.4] from Theorem [[.11} here
we have n = 2. We may fix the parameters S and o as in (6.2), which again
ensures that the assumptions in (1.33)) are satisfied. Moreover, the computation in
(6.3) shows that also holds true. Concerning the admissibility of o, we note
that ¢ > 0 is implied by the assumption ¢ < 2p in (I.22), and 0 < By = 1
can be guaranteed by possibly taking g larger such that ¢ > 3p/2 is satisfied.
(Note that this does not change the validity of the other conditions, for the reason
that if the assumptions (I.12) are satisfied for some ¢, then the same assumptions
are satisfied for larger values of ¢.) Thus, all assumptions of Theorem [I.11] are
satisfied and the local boundedness of Du follows (with an estimate coming from
(L.38) with T = 0, which is at this point similar to the one in (I.16)).

Finally, we deduce Theorem [I.5] from Theorem [I.13] (for n = 2). Again, con-
dition (I.42) is satisfied by assumption, while (I.45)) is true when choosing o as in
(6.5) (distinguishing by the value of ¢ once again the settings when p = y > 2 or

6.5 B

and 0:2—(14—1?)@,
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not). The choice of ¢ is once again admissible, since o > 0 is true by the assump-
tions (1.22) and (1.23)) for the cases ¥ = 0 and ¥ = 1, respectively, and o < 1 can
be guaranteed by possibly choosing ¢ larger such that g > (1 + 1/(2(1 + 9)))p.
Thus, all assumptions of Theorem|[I.13|for n = 2 are satisfied and the local bound-
edness of Du follows (with an estimate coming from (I.38) and 7 = 0).

6.2 Proof of Theorem [1.7]

We deduce Theorem on minimizers of functionals with exponential growth
from Theorem by making a suitable choice of the structure functions g (-)
and g2 () and of the parameters o, B1, ¢4, ¢p, V, b, ¥, and y and for T = 1. We
consider n > 2; the two-dimensional case n = 2 can be obtained in a similar way
from Theorem The functions gy (-) and g»(-), defined below, provide lower
and upper bounds on the second-order derivative of the integrands e (), which are
given by

|z| |1z]3

L Z®z INxn Z®72
6.6) W%mn=%wﬁmé+%w%N : 1

for every z € RV such that |z| # 0 (again recall the notation in (5.3)). By a
straightforward computation, (6.6) gives

e (1))

|1z

In order to evaluate and bound the expressions in the last two displays, we first
infer by induction that

2
6.7) W%MW=Mmmﬂ[ }wWw,m¢o

ep(t) = potPo ey (t),

(6.8) k1
e (1) = prt?ep () [ | pilej 17+ fork > 1,

J=0

holds for every ¢ € (0, 00), and we note that €/ (-) is always positive. By differen-
tiating the identities in (6.8), we obtain, for k > 2, that

k—1

e/ (t) = tpo_le;c(t){pk [ pilej )17+

=0

k—2 s
(©9) +ZmﬂmﬂﬂmmmWH}

s=0 Jj=0

-1 po—1
+ tPo ek(f){PlpoJr 7 }
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while, in the remaining cases k = 1, 0, we instead have

po—1
ef(t) =177 e] (I){Plpo[eo(t)]p1 + p1po + }

£ D0
Po - 1}

Do

(6.10)

G40 = 7160 po +

respectively. This in turn implies that both matrices on the right-hand side of (6.6))
are positive definite (recall that we are assuming that pg > 1), and we have that

(6.11) (0%ex(Iz])E. €) = min%e}é(IZI) "|(||Z|)}|S|2

holds for every choice of z, & € RV*" with z # 0. By (6.9)-(6-10), and essentially
using only the second-to-last terms appearing in the curly brackets, for k > 1 we
find

and ej(t) > po—— €0

(6.12) r>1 = e€t)> Plpoekt(t) ()

We now consider the situation where k& > 1 and find upper and lower bounds
for the eigenvalues of the matrix d%e; using (6.11). We next define g1(-) = g1 4(°)

and g2() = g2 1 (") as

. e (1)
g1(t) = Lygzyy min{py, 1},
(6.13) g2(t) = 1>y 10T [V +2 + VNu]tPo~ e, (1)

o e @17+,
for every t > 0 (recall that py > 1), respectively, where we have set py
= 1 + maxg<;j<k{po.--.., Pk} The definition of the lower-bound function g1 (-)
is justified by the first inequality in (6.12)), While the deﬁnition of the upper-bound
function g, (-) follows by taking into account ( (6.10)1. In the case k = 0, by
the second inequality in ( and by ( -2, we set analogously

eo(t)

t):=1
6.14) g1(1) (=1

g2(1) == ﬂ{t21}10p0[2 + V/Nn]tPo~le (1)

Now, let us verify that with the above settings all assumptions of Theorem [I.13]
are satisfied for suitable choices of the parameters, in particular, for any ¢ € (0, 2),
Yy =po, =0, B1€[l/po, 1) =[l/y. 1), ¥ = 1,v = min{py, 1} min{popy -
Pk, 1}, and finally T = 1. We shall treat the case k > 1; the case k = 0 can be
treated in a similar way, also by recalling (6.14). We first observe that the functions
t — go(t)/g1(t) and t — g1 (¢)¢ are continuous and increasing on [1, o0), which
shows that assumption @]) is fulfilled with constant ¢; = 1. Next, note that, by

(6.8) and (6.11))—(6.13)), the growth and ellipticity assumptions (I.32)) are satisfied.
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In order to verify (I.42) with 4 = 0 and y = py, it is sufficient to take into
account that @(t) = e (¢)/¢ and the identity in (6.8). We finally check (T.44). For
this, noting that the first identity in (6.13) implies

6.15) /1 g1(5)s ds = min{py. Llex (1) — ex (1)

for every k > 1 and ¢t > 1. Then, recalling the definitions in (6.13)) and (1.44)
follows with any o € (0,2) and 1 € [1/pg. 1) provided that the constant ¢ is
chosen large enough as a function of k, po, p1, ..., pr,0, B1. With these choices
all the assumptions of Theorem [I.13] are satisfied. We therefore conclude with the
local Lipschitz continuity of minimizers of the functional in (I.26)) whenever we
have f € L(n, 1)(€2;RN) for n > 2 and, in an analogous way, whenever we have
f e L2(Log L)Y*(Q;RY) fora > 2 forn = 2.

Finally, in order to deal with the case f = 0 and prove estimate (I.27)), we apply
Theorem [I.T6] Assumption (T.49) is obviously satisfied thanks to (6.15]). By the
definition in (I.23) it follows that, for every integer k > 0,

e, (1) = € [(log )/ 7i1],

ey (1) == (logr)'/70,

with every e;l(-), which is defined on [e;(0), oc). It is therefore easy to see
that each function e;l(') satisfies (1.50) for every v > 1 and suitable constants
cv,dy > 1 depending on v,k, po, p1,.... pr. We can apply estimate (1.51),
which in turn yields (1.27), and the proof is complete.

6.3 Proof of Theorem [1.8

Theorem concerning the anisotropic functionals &; can be obtained as a
corollary of Theorem [[.9] and again we restrict to the case n > 2 for brevity. The
proof is similar to that of Theorem This time, again with 7" = 1, it is sufficient
to choose

g1(t) = 11y min{(Agp)?, 1}t? 2 exp(Aot?),
g2(1) == Lg>1310[p(1 + An)(n + D]? 2772 exp(Ant?).

The functions ¢ +—> g2(f)/g1(¢) and ¢ — g1(¢)t are continuous and nondecreas-
ing on [1,00), and thus (I.31)) holds with ¢, = 1, and (1.32) is satisfied. By
flt g1(s)sds ~ exp(Agt?) — exp(Ap) for t > 1, and, as for Theorem we
check that (1.34) and (1.36) are satisfied provided (1.30) holds, o = 1, o is suf-
ficiently close to 0, and B close to 1 for a suitable choice of c¢; depending on
n, p, Ao, An, P1, and o. Similarly, (I.33) holds for t = p — 2, p = 0, and
v = min{(49p)?,1}. Theorem applies, thereby yielding the local Lipschitz
continuity of minimizers of &,.
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6.4 Proof of Theorem

The proof builds on an application of Theorem [[.13] and the arguments devel-
oped for its proof, where we take F (Jz]) = A(|z]); needless to say, we can as-
sume that A(0) = 0. Notice that by (5.2) and (5.4) it follows that > A(¢) is a
nondecreasing function, which is increasing and therefore invertible on [7, 00).
By the extension specified in the statement, ie., A7'(t) = T for every ¢t €
[0, A(T)], the function ¢ > A~L(¢) is also nondecreasing (and actually increas-
ing on [A(T), 00)).

We start by recalling a few immediate consequences of (I.50). First, by a sim-
ple iteration argument we see that the validity of (I.50), for some couple (v, ¢y)
such that v, ¢, > 1 actually implies that, for every v > 1, there exists constants
¢y, dy > 1 such that

(6.16) ATYEY) < cgA7N () +dy Yt = A(T).
(Indeed, fix U and take ¢t > A(T). Let us first consider the case r > 1;if v < v,
then, obviously A1 (1Y) < A71(tV) < ¢, A71(t) + dy. Otherwise, if U > v, let
m = m(U,v) > 1 be the smallest integer such that v™ > v; then, iterating (I.50)
we find

m—1

AT < AT < TATN O + dy Y ek =g ATHE) + d,

k=0
that is, the claim (6.16). Next, if ¢ < 1 there is nothing to prove as A~!(tV) <
A7) < cgA™1(t) + dg). Moreover, we have the estimates

A Y a+b) <A 'Q2a)+ A712b) Va,b >0,

©.17) A7 Yab) < c2[AWa) + A7H(B)]  VYa.b =0
such that max{a, b} > A(T).

(Indeed, (6.17); just follows from the fact that ¢ +> A~!(¢) is nondecreasing. For
(6.17) note that we can assume a,b > 1, since otherwise we can simply use the
fact that t — A~1(¢) is nondecreasing. Also, recalling that max{a.b} > A(T), we
can confine ourselves to treat the case a > A(T) > b > I;thus A=V (a) > T =
A7L(b), so that the others will follow similarly. In that case, using (6.16) we have
A7V (ab) < A7Y(a?) < cpA"(a) + d>»). To proceed, we observe that the current
assumptions allow Theorem to be applied with f = 0 and F = A. We can
assume that || Dul|zoo(p/2) > T'; otherwise (I.51) follows immediately, provided
¢ is suitably chosen. Then, combining (I.33)) (used with o = 1) and (1.49) we
get, after a few simple manipulations

2/o
A(|| Dull oo (B/2)) < c(l + A(T)+ TV + ][ A(|Du|)dx) + A,
B

where the constant ¢ depends only on n, N, v, A, ¢q, ¢p, y, 0, and A’(1); we
may of course assume that ¢ > A(T). Applying A~! to both sides of the previous
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inequality, and using (6.16) and repeatedly, we arrive at (I.51)) with the
asserted dependence of the constant c.

6.5 Proof of Theorem [1.15

The natural growth estimates under a Aj-condition stated in Theorem are
deduced as a consequence of Theorem applied with F(z) = A(|z]). To this
end, we will work with lower- and upper-bound functions

(6.18) g1(t) = (ia + Da(t) and  g2(t) = (sa + Da(r)

and now verify the assumptions of Theorem [I.13|by relying on the uniform ellip-
ticity assumption (I.3)). First, notice that plies that a(1)tlet! < G()t <
a(yts«*1 for ¢t > 0, and therefore A € CI(I)C[O, o0) N CI%C(O, o0). Needless to say,
we have that g1(¢) > 0 for ¢t > 0. Obviously, 1 — g2(¢)/g1(¢) is constant, so in
particular it is nondecreasing, while ¢ +— g1(¢)t is increasing on (0, o) because
of (I.3), which yields (I.3T) for every 7' > 0. Next, (I.3) is used once again to
see, in view of (5.I)), that (I.32)) holds for every 7" > 0, and that condition (1.42))
is satisfied with u = 0,y =iz +2 > 1,and v = (iy + 1)a@(T)/T%. We finally
verify (I.44) for ¢ = (sq + 1)/(iq + 1) and 0 = 2, 1 = 1/(ig + 2) (these
parameters provide the best estimates; the value of ¢ is irrelevant here and we can
formally take # = 1). Thus, Theorem [I.13]applies and yields the estimate (T33)
with 8o = 1 and t = i, for any choice of T € (0, 1] and a constant depending on
the quantity @(7)/ T*«; eventually applying Young’s inequality, we get
ig+2

(6.19)  A(|DullLoo(B/2)) < ¢ ]é A(IDubdx + |l fll oy + T

The constant here depends on 1, N, iy, Sq, and a(T)/ T'a.

In order to conclude with the desired estimate (1.46), we choose 7 = 1 and
employ a few elementary arguments. We need to prove that for every c¢; > 1, it
holds that

(6.20) A Y e1s) <1 A7) Vs > 0.

For this, notice that the lower bound in (I.3)) implies that the function s > d(s)s is
nondecreasing; therefore, changing variables, we have that

t c1t d 1 cit
/ a(s)s ds = / a‘(i)i D2 a)sds.
0 0 ci1/jc1 C1 c1 Jo

By the definition in (I.5) we have therefore proved that ¢; A(f) < A(cit), for
every ¢ > 0, which in turn implies (6.20). Finally, applying A~1(-) to both sides
of (6.19) and combining (6.20) with (6.17); (which is still valid in this case as
A(+) is nondecreasing), we easily get the first claim (I.46) of the theorem. We
then consider the second claim, asserting that if is in force, then the estimate
(T.46) holds with ¢c; = 0. To this end, let us choose a sequence {7%} in (0, 1]
such that Tx — 0 and @(Ty)/T,* — i>. We then apply (6.19) with I' = T}
for every k € N, getting a corresponding estimate. By assumption (I.47), the



78 L. BECK AND G. MINGIONE

constants involved now depend also on i but are independent of k. Therefore,
letting k& — oo, we arrive at (6.19) without the final 7" term, and the rest of the
proof is as in the case where is not in force. This completes the proof of
Theorem [L131

6.6 Comparisons with Marcellini’s Theory

Following Remark|[I.14] we briefly compare our assumptions with those in Mar-
cellini’s seminal papers [46,47] when f = 0. The overall outcome is that our
assumptions are not weaker than those in [46] for the vectorial case and for func-
tionals with superquadratic growth, while they are essentially equivalent to those
in [47] for the scalar one. Let us remark that the assumptions in [48|] remarkably
capture simultaneously fast-growth conditions as well as linear-type growth condi-
tions. These are not considered here, mainly due to the presence of the right-hand
side f, but they will be the object of future investigation.

Let us now compare the results with the vectorial case, thereby considering The-
orem For simplicity we shall consider the case that ¢ +— F’ (t)/t is nonde-
creasing (implied by y > 2 and in turn implying that F/(r)/¢t < F”(t)). In this
case Theorem [I.13]involves the following bound:

g2(1) ! )”a
(6.21) 10 < (/0 g1(s)sds + 1

for large values of f and some o < 2 (we are formally taking 77 = O as here
only the behavior for large values of the gradient variable matters). By looking
at (3.1)—(5.4), and recalling the definitions in (I.41)), with our notation we have
g1(t) ~ F'(t)/t and g»(t) ~ F'(t)/t + F"(¢t), so that amounts to requiring
that

2—0o

F' ()t S[FOI™ +1=:%0).

F'(t)

(6.22)

On the other hand, the main assumption in [46] (see [46, lemma 2.3]) prescribes
that

F"(t)el+«
(6.23) lim )

—_ Vi >0,
t—00 [F/(t)]1+lc

and in particular that this limit exists. In turn, the latter assumption implies that
Froe _ [ﬁ'(z)

Fray “L ¢

holds for large values of ¢; see [46],/48]]. The right-hand side of (6.22) cannot be

controlled by the one in (6.24)). This can be easily seen by observing that positive
solutions to the differential inequality ¢[F (£)]# < F'(t) for1 < B ~ (2—0)/(n«k)

(6.24)

K
] = %) Vi >0,
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exhibit a finite-time blowup. We can conclude that in the case of vectorial func-
tionals such that ¢ + F’ (z)/t is nondecreasing, our assumptions are not cov-
ered by those in [46]. Moreover, notice that comparing and in the
case of the exponential-type functionals in (I.25)—(1.26) leads us to the expres-
sions for F'(t) and F”(t) computed in and (6.9), respectively. We then get
[ex (1)]?/™M=¢ < %5(1)/ %1 (¢) for every & > 0 and for ¢ suitably large, depending
ono,n, N, po, ..., pr, and e. Therefore, the right-hand side in is asymp-
totically much larger than the right-hand side in whenever o € (0, 2) for all
Kk < (2—0)/n. So, in the case of fast-growth conditions, assumption (6.21]) seems
to be weaker than from [46]], although a direct comparison is difficult.

We then switch to the case of abstract (p, g)-growth conditions, that is, when
the only available information is in (I.I2). As noted in Section[I] the assumptions
considered here recover in the scalar case the bounds in [45]]. On the other hand,
notice that conditions of the type (6.24) and in [46,48] do not apply to this case
unless additional structure assumptions are satisfied (consider, for instance, the
oscillating integrand in [48, (2.10)], where in fact no bound is required on ¢/ p).
Indeed, (6.24)) would prescribe in the general (p, g)-growth case that ¢/p = 1,
thereby yielding no result. We can conclude that the assumptions considered here
provide a unified approach to both exponential and (p, ¢)-growth conditions in the
vectorial case.

We finally turn to the scalar case, where our main reference is [47[]. A direct
comparison in this case is not straightforward, as Marcellini’s assumptions involve
a wide set of parameters. Anyway, an optimal choice of such parameters, as de-
tailed in [47, remark 2.1], determines as assumptions g} (1)t < g1(¢) for every
t > 0,and g>(|z])|z* < min{g1(|z)|z|?, F(z)}' T@=9)/" + 1 for every z € R”
and some o € (0,2]. Notice that in [47], we have that g1(-) and g»(-) are de-
fined on [0, c0). The above assumption on g1 (-) gives g1 (¢)t? < f(f g1(s)sds, and
therefore the assumptions in [46] amount to requiring

(z]) |z] 5

g2112 < min{[ g1(s)sds, F(z2) + 1 for some o € (0,2].

g1(lz]) 0
These are essentially equivalent to the assumptions (1.34) of Theorem [I.9] when
Bo = 1 and taking (I.33))> into account. Notice that here the comparison is com-
plete and is not only restricted to the case of functionals with superquadratic growth
as done above in the vectorial case. Notice also that we are assuming here the ad-
ditional superlinear growth in (I.33));. This is avoidable at several stages and is
linked to the presence of the right-hand side f in Theorem (1.9

7 General Equations and Theorem

For the proof of Theorem we shall confine ourselves to the case n > 2.
The proof in the case n = 2 can be obtained easily as the proof in the higher-
dimensional case and looking at the proof of Theorem [[.T1] As usual, we assume
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that f € L(n, )(R";RY) by letting f = 0 outside Q. We start the proof by
modifying an approximation scheme that appears in various forms in the literature.
For instance, we refer to [26,45]]. For any ¢ € (0, 1], we denote u, = u + € as
in (2.1), and recalling (4.2), we define the mollified vector field a@.: R” — R” and
the truncated functions f; as follows:

Ge(2) = (a % e)(2) = f a(z + e ()dy.

B
Jfe(x) := min{max{ f(x),—1/¢e}, 1/¢&}.

Thanks to (1.53)), and using calculations similar to those in [26, sec. 3], we get that
ae: R" — R” satisfies the following conditions:

@ ()] + He(|2])10ae(2)] < c[He(12D17" + c[He (12177,
[He (12177281 < c(9ae(2)E.6).

for a constant ¢ = c¢(n, p,q,v, A) that is independent of ¢ € (0, 1]; recall the
notation of H, in (2.1)). Finally, we define the g-growth vector field a,: R” — R”
as ag(2) = ae(z) + e[Hs(|2|)]97 2z for every z € R”. The newly defined family
{a¢} of vector fields is such that

(7.1)

(7.3) ag(-) — a(-) uniformly on compact subsets of R” as ¢ — 0.

Moreover, by (7.2)) it follows that for every ¢ € (0, 1] there exists a constant ¢, > 1
such that the following growth and ellipticity conditions are satisfied:

lae(2)| + He(1z])|9ae(2)] = c[He(1ZD]1TF + c[He(12]P
[He(12D]P72(E? + e[He (12D 72 [E? < c(dae(2)E. §),
lae(2)] + He(|z])|9ae(2)| < ce[He(12)]97",

[He(1ZD17 7287 < celdae(2)E, €),

whenever z, § € R”, for another constant ¢ = ¢(n, p,q,v, A) > 1, which is this
time independent of e. The lower bound in (7.4), implies that for every choice of
Z1,z2 € R” the following monotonicity inequality holds:

(7.4)

(2112 + |22 + p2)P72/2|7; — 7,

(7.5) Felzi]? 4 |22 + p2) 4227y — 7,2
S C(aS(ZI) _aE(Zz)v <1 _z2>7

for a constant ¢ = c¢(n, p,q,v,A) that is independent of ¢ € (0,1]. In turn,
using this last inequality and recalling again the notation in (2.1, the next esti-
mate can now be obtained via minor variants of the arguments developed for [45]
lemma 4.4]:

(7.6) [Heo(z1 )1 + elHe(z1 D19 < (12 + 1) 55D 4 clap(zi). 21 — 22).
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This holds uniformly in ¢ € (0, 1] and for every choice of z1,z2 € R”, where
c=c,p,.q,v,\). We now define u, € ug + Wol’q (£2) as the (unique) solution
to the regularized Dirichlet problem

a7 {—divaE(Dug) =f; inQ,

U =uy on d<2.
Existence follows by standard monotonicity methods in the Dirichlet class ug +

Wol’q (£2). Notice also that p(g — 1)/(p — 1) > g as p < g, so that, in particular,
itis up € W149(Q). We then have the following:

LEMMA 7.1. Let u, € WH4(Q) be the solution to the Dirichlet problem in (T.7);
then the inequality

(1.8) fQ {[He(Due)l? + e[ He(Duo)l¥}dx < c7”

holds for a constant ¢ depending only on n, p, q, v, and A, uniformly with respect
to ¢ € (0, 1]. We recall that 2 has been defined in (1.55).

PROOF. Using and the fact that u, solves (7.7), we get

/ ([Ho(Duo))? + e[ Ho(Due)l¥}dx
(7.9) §

p(g—1)

< c/ (|Duo|2 + 1)2(”*” dx + 5/ | fe(ue —ug)|dx
Q Q

forc,¢ = c¢,c(n, p,q,v, A), and it remains to estimate the last integral in the right-
hand side of the above inequality. For this we distinguish two cases. If p < n, we
set p* :=np/(n — p), so that (p*)’ < n. Then, using the first Sobolev inequality
and then the Holder inequality, and recalling the definition of f; in (7.I]), we have
[ 1 = w0l < e = ol o gyl el
< ¢|[Dug — DuollLrll f | Loy (@)
r—1
<c|Q 7 [|[Due — DuollLr@)ll f |Ln(2)-

Otherwise, if p > n, we similarly find

[ 1t = o)l < e =l oy | fillnc

1
< QU7 |1 Due — Dol 1, o 1/ o)

r=1
<c|Q] 7 [|[Dug — Duollr@)ll f L)
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Taking into account the content of the last two displays and using the Young in-
equality, we get

z /Q | fo s — wo)|dx

: N 2
= EL[HS(D%)]F dx + C|Q|||f||££((§)l) + c/;2(|DuO|2 + Mz)p/ dx

for a new constant ¢ = ¢(n, p, ¢, v, A), where ¢ is the constant appearing in (7.9).
Combining this last estimate with the one in (7.9) yields (7.8) and the proof is
complete. U

We are ready for the crucial uniform a priori estimate, which is a counterpart of
the one contained in Lemma 4.8]

LEMMA 7.2. Let uy € WY4(Q) be the solution to the Dirichlet problem in (T.7);
there exists a constant ¢ = c¢(n, p,q,v, A), but otherwise independent of ¢ €
(0, 1], such that the inequality

D
174 )p—w—mn 9P

D )
”H8(|Du8|)”1~°°(31¢/2) = c(|BR| C|13R|

(7.10)
7o D )
SN @ T LB
holds for any ball Br € 2, where the quantity 2 has been defined in (I.55).

PROOF. By (7.4)3 4 the vector field a,: R" — R” has standard and nondegen-
erate g-growth and ellipticity, so by standard regularity theory it follows that u,
satisfies the regularity properties displayed in (.31). Thanks to (7.4);,2, we then
intend to adapt to the setting of Section 4.2 with the choices

a() = ag(), g1(t) = gr.e(t) = [He(1)]? % /c,
82,6(1) = C[Hs(t)]p_z + C[Hs(l)]q_z,

for a suitable constant ¢ = c¢(n, p,q.v, A) and, finally, with T = 7 = 0. In
particular, notice that the conditions in (4.206)) are satisfied with the choice in (7.11),
provided ¢ is chosen suitably large. Notice also that we shall use several a priori
estimates derived in Section [4.2| for the choice 7 = T = 0 although these have
been derived for the case 0 < T < 7. Indeed, all the estimates are uniform with
respect to 7', and therefore we may choose a small 7" and eventually let 7 — 0. We
are therefore able to proceed as for the Caccioppoli inequalities in Lemmas @#.5|and
and eventually we arrive at the quantitative L°°-estimate (4.38). We use this
estimate as done in Lemma4.8|but with ¢ = 1 since the vector field a.: R” — R”
is not assumed to be symmetric.

Let’s see the details. Notice that with the choice (and T = 0), and re-
calling (2.1), we also have that Go(t) = [Hc(¢)]?/(cp). Estimate (#.38) with
¢+ = 1 applied in the present context (again we now consider concentric balls

(7.11)
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BRr/» @ Bs €@ By € BR, xo € By, and Ry = ¢ — s such that Bg,(x¢) C B; and
k = 0 as done for Lemma[4.8)), using computations similar to those in (6.3), and
finally taking also into account, now gives

[He(| Dug(xo)))]”

*I’
2
\Ho(1Dual ooz, + 1177 | He \DuI22 5,27

C
S - )"/2[|

(@—p)( ) fBR
+ e[l He(|Duel) oo,y + 1] % [1He(|Due))|zoo(8)Py * (x0,2R0),

with ¢ = ¢(n, p,q, v, A) being independent of ¢. Notice that, in proceeding as
in Lemma we have used the obvious pointwise inequality |(fe¢)Br| < | /Bx|
which is an immediate consequence of the definition in (7.1I). Recalling that xo €
B; is arbitrary, the previous estimate implies

| He(| Due D 2 oo,

(a 1)2)1+p p/2 /2
| He(|Duelll oo,y + IHe(Duch|252 5, |2

G—pP)(1—=2)+2

+ C[||Hg(|DU8|)||L°°(Bt)]

c
- (t )n/2

P20 —9)|
P (20— 9)

The bound on ¢/ p assumed in (I.19) (recall we are considering the case n > 2)

implies [(g — p)n + p]/2 < p and [(g — p)(n —2) +2]/2 < p. We may therefore
apply the Young inequality to get

| He(|Due
7 QP =G
C(t—s)" H[(t—s)"}

2p
2(p—1)—(g—p)(n—2)
Lo°(B;) ’

L (B;)

+ cl|He(| Due )l zoo (B,

L>®(B;)

T

1
p
< S IHDUN e, +

—i—cHP

+c|p"x 20—y

Lo (By)

which again holds for a constant ¢ = ¢(n, p, ¢, v, A) that is independent of &. We
are now again able to apply the iteration Lemma[4.9]as was done at the end of the
proof ofLemma this time with ¢p(y) = || He(Du,) ”I’im(BV) fory e [R/2, R].
This and (2:3) finally yields (7.10) with the dependence of the constant ¢ described
in the statement. U

We complete the proof of Theorem [I.I7] with a convergence argument. We
take a decreasing sequence {&,,} in (0, 1] such that &, — 0 and denote { Du,} :=
{Dus,,}. By using (7.8) with u, = u,, we infer that the sequence {u,, } is bounded
in W12 () and therefore, up to a not-relabeled subsequence, we may assume that
there exists u € ugy + Wol’p(Q) such that u,; — u in WHP(Q). We are now
going to prove that u is a distributional solution to —diva(Du) = f and satisfies
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the conditions stated in Theorem thereby concluding the proof. Applying
Lemma and a standard covering argument, we infer for every bounded Q € €2,
there exists a constant M = M (dist(€2, d2)) > 1 such that

(7.12) IIDumlle(Q) <M VmeN,

By using we can essentially reduce to the standard case p = ¢ in (/.2)
(with the involved constant ¢ additionally depending on M4~7), as in this case the
problem becomes uniformly elliptic.

In this case several estimates are already available. When p > 2 one can use the
results in [[57]] and [25] theorem 5.2] (formally with p = ¢g), or directly combine
the estimates in [50, sec. 4] with those of [25, theorem 5.2]. The outcome, after
a standard diagonalization and localization argument, is that the sequence {Du,y, }
is bounded in ngc’p(fZ;R”) forany 0 < 1/(p — 1). In the case p < 2 we can
use more directly the information in to deduce that {Duy,} is bounded in
Wléc’z (Q; R™). This is more classical; see, for instance, step 3 in Sectionbelow. In

any case, as QeQis arbitrary, again up to a subsequence we deduce that Du,, —
Du in L} (Q), which, together with (7.12), implies that Du,, — Du strongly in
L{OC(Q) for every t < oco. This allows us to let m — oo in the distributional form
of (7.7)1, thereby getting that u solves the Dirichlet problem (recall that
am(-) = a(-) as m — oo, uniformly on compact subset of R” and f,, — f in
L"™). Finally, estimate follows letting m — oo in (¢ = &) and using

lower semicontinuity. The proof of Theorem |1.17|is therefore complete.

8 Regularity for Irregular Functionals with Polynomial Growth

In this final section we justify (5.44)); therefore we use the notation adopted in
Section [5] and proceed via another approximation argument. We could have in-
corporated it into the one used in Section but this would have led to several
additional complications while several of the arguments needed are already avail-
able elsewhere. Indeed, the result follows as a combination of various hidden facts
scattered in the literature, and we could not find any explicit reference to what we
needed. Since we also believe that the facts reported here could be useful some-
where else in the future, we briefly report the proofs here.

We consider a functional of the type in (T.T)), where now itis f € L®(Q;RY)
and the integrand F(z) satisfies the structure condition in (T.43) for some F €
C1[0,00) N WZ’OO[O, —+00) such that

loc

loc

8.1) i) e Whe°o, +00), F(t) = /t&'(s)sds,
0
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and furthermore satisfies the bounds

v(t? + 1) = AP < F0) = AP+ @),
®.2) 2 F@)| = Az + )7,

v(izl? + u?) T IE = (PF(2)E.6),

for every choice of > 0 and z,& € RY*" (such that 3> F(z) exists), where
0 <v <1< Aand p > 0 (this is crucial here) are fixed, positive constants.
(Notice that, in fact, @1 can be derived from @)2, 3 via the argument used for
, modulo adjusting the constant v. It also follows that F/(0) = 0). Due to
(8:2)1, the functional in (I.I) is then naturally defined in WI;CV (Q:RN) and, in

what follows, we consider a local minimizer u € Wlécy (Q:RN) of .Z in the sense
of Definition [I.T] Our aim is to prove, in several steps and via an approximation
argument, that

(8.3) Du e LE(%URYVM), uwe w2A(RY), a(Du) e Wi Qi RY ™),

loc

where a(z) := d(|z])z = 0F(z) for every z € RV>"_ This provides a justifica-
tion to (5.44). To this end, because of standard covering arguments, it is actually
sufficient to prove that

Du € L®(B/2;RN*"), u e w22(B/8;RN),

8.4
8.4) a(Du) € Wh2(B/8; RN M),

holds for any fixed ball B € Q2 such that |B| < 1.

Step 1. Introduction of approximate problems. We are able to use the argu-
ments [26, lemmas 3.1 and 3.2] to get a sequence of approximating and Clgc [0, 00)-

regular functions Fk such that
(O up)? —capy < Fe(0) < ex (@ + )72,
(8.5) 2 Fe(2)] < el +u3) =
y=2
(2P + 1) 715 = (7 P (2)€. ©),

forevery z,£ € RN*" ¢ >0, where cx = ¢ (n,N,v,A,y) > 1lisindependent of
k, i =+ 1/k, and Fi(z) = F(]z|). The uniform convergence Fy — F of
these integrands takes place on compact subsets of RV <" Here we need to remark
that the arguments in [26, lemmas 3.1 and 3.2] work in a more general situation,
where no upper bound on 92 F as in (8.2)) is in force. Accordingly, these lemmas
yield (8.5) without the upper bound on 92 Fy, displayed in 3. Essentially, what
we can do here is use [26, lemmas 3.1 and 3.2] with the choice p = g (with the
notation used in [26]; these correspond to y in the present setting) and (8.2)2,3
being in force. This makes several of the constructions in [26, lemmas 3.1 and
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3.2] superfluous; essentially, the initial mollification procedure in those lemmas
suffices. We then consider, for every k € N, the variational problem

(8.6) min / [Fr(Dw) — fw]dx
weu+Ww, " (B) /B

and denote by u; € u + Wol’y (B;R¥) its unique solution.

Step 2. Du € L*®(B/2;RY>*"). By the growth conditions of F in (8.3)), the
minimality of u, and using an argument that is very similar to the one in Sec-
tion 4.4] (in particular, see estimate (4.55)), we get

V4

(8.7) ][l;(|Duk|2 +u2)"?dx < ¢ ]i(|Du|2 +u2)"? dx + cllf 17 np

with ¢ = c¢(n,N.v,A,y). By the arguments of [26, sec. 5] or those of Sec-
tion 4.4] it follows that (up to the choice of a subsequence) uy — u weakly
in WL¥(B;RN). By known regularity theory for standard growth functionals
(see [|24133,36]]), we get the following local estimate for u:

1
v 1
| Dug oo (z)2) < c( ]{9 (Dugl? + u2)y’/? dx) el BIY ) f ooy T

still with ¢ = ¢(n, N,v, A, y). Letting k — oo and taking advantage of (8.7), we
get

1
Y 1
I1DulleoB/2) < c(]g (|Duf? + p?)r/? dx) + c[|BIY™M| £ ooyl 7T

Step 3. Du € WE2(B/8; RN>*") A crucial point here is that all the numbers
{ir}, p are uniformly bounded away from 0 as we are assuming that & > 0 holds
from the beginning. We use standard difference quotient arguments. We refer to
[29, chap. 8] for the basic properties of difference quotient operators Ag @(x) =
[p(x + hes)—@(x)]/ h (here |h| > 0 and {es} is the standard basis of R”) and their
use. In the Euler-Lagrange equation of the functional in (8.6)),

f (0F(Dug). Dg)dx = / fodx.
B B

which holds for every ¢ € C§°(B; RY), we take A _po instead of ¢, for 0 <
|7| < min{dist(spt(¢), dB), r/8}, where r denotes the radius of B. Integration by
parts for finite differences yields

8.8) /B (A 4 [9FE (D)), Do)dx = — /B FAg—np dx.

We then take a standard cutoff function n € C§°(B/4,[0,1]) with n = 1 in B/8
and |Dn| < 1/r and define ¢ = ¢5 = nzAS,huk so that ¢ € W01’2(3/4; RM).
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Using this test function in (8.8]) and employing the bounds in (8.3)), and also the
by-now classical methods explained in [29, theorem 8.1], we first find

ry=2
/ (1Dugl® + p) 2 [Agp Dug|*n* dx
B/4
v=2
Sc/B/4(|Duk|2+Mi) 2 |Agp Dug|| Ay pug || Dnln dx

+cf F 1A _poldx.
B/4

By the uniform estimates from Step 2, M := supy || Duy||zoc(p/2) is finite, so that
we have

/B 118 apldx < 1 L~ L IDglds
89) B /
< el f @ [Mr"—1 ; /B | AunDugl? dx}.

Then, after using standard norm estimates for difference quotients and Young’s
inequality and proceeding in a standard way by reabsorbing terms, we arrive at

y=2
/B Pl 12 T 8 Do d
y=2
8.10) <c [B DuP D 8 s PR

el f I [M ; /B Al dx].

In the case y > 2, the above estimate and a further use of the Young inequality
implies

w2 / (A Dug 27 dix
8.11) B/4

2 _
< (M2 4+ 12)"? 4 e[l f 2oy (1 + 1277) + M2).
Otherwise, (8.10) implies

ry=2
(M2 +pi3) "2 f | A Dug P dx
(8.12) B/4

- 2y
<M {1 [+ 07 + 1D ]+ 0%

In both cases the involved constant ¢ only depends on n, N, v, A, and y and is
otherwise independent of & € N. Since /& (small) and s € {1,...,n} are arbitrary,
the fact that = 1 in B/8 shows Duy € W'2(B/8:RN>*"). Furthermore, in
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view of Ag p Duy — DsDuy strongly in L%(B/8;RN>*"), we may let h — 0 in

(B-T1)—(8:12), and this yields
(8.13) /B/ |D2uk|2 dx <c(n,N. v, Ay, pu, M, || f Lo ()
8

foreach k € N, and the constant is independent of k € N. As a consequence of this
uniform boundedness of the sequence {D2%uy } in L2(B/8; RY>*") in combination
with the weak convergence 1y — u in W17 (B;RV) established in Step 2, we
then find (again up to a subsequence) the weak convergence D?u; — D?u in
L%(B/8;RN>™) and D?y satisfies, by lower semicontinuity, the corresponding
estimate. We have therefore proved that Du € W12(B/8;RN*"). A similar
argument actually gives uy € ngc’z(B /2: RM).

In this respect, when y < 2, we can further improve @ In fact, we have that
| [l As,—nel < 8|AS,_h§0|2 + | £]?/¢ holds for & € (0, 1). We use this estimate to
replace the last term in (8.10); then, letting # — 0, summing on s, and choosing
& = &(M) small enough to reabsorb terms, we arrive at but with the right-
hand side independent of u, and where || f'||zo is now replaced by || f||;2. As a
consequence, a similar estimate holds for Du after letting k¥ — oc. In turn, if we a
priori know that { Duy } is locally uniformly bounded, we can infer that # € ngc,z
under the only assumption that f € L? and including the case y = 0. This can
be used for equations with standard y-growth and ellipticity, as done in the final
convergence argument at the end of Section

Step 4. a(Du) € WY2(B/8;RN*"). Note that the previous step also im-
plies |[Du| € W12(B/8), and so, in view of (8.1) and dF(Du) = a(Du) =
a(|Du|)Du, the chain rule for Sobolev functions gives

a(Du) € WH2(B/8; RV*m)

(see also Remark[5.5)). Thus, all the assertions in (§.4) are established and the proof
is complete.
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