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We present a theoretical analysis of unidirectional interface states which form near p-n junctions in a graphene
monolayer subject to a homogeneous magnetic field. The semiclassical limit of these states corresponds to
trajectories propagating along the p-n interface by a combined skipping-snaking motion. Studying the two-
dimensional Dirac equation with a magnetic field and an electrostatic potential step, we provide and discuss
the exact and essentially analytical solution of the quantum-mechanical eigenproblem for both a straight and a
circularly shaped junction. The spectrum consists of localized Landau-like and unidirectional snaking-skipping
interface states, where we always find at least one chiral interface state. For a straight junction and at energies
near the Dirac point, when increasing the potential step height, the group velocity of this state interpolates in an
oscillatory manner between the classical drift velocity in a crossed electromagnetic field and the semiclassical
value expected for a purely snaking motion. Away from the Dirac point, chiral interface states instead resemble the
conventional skipping (edge-type) motion found also in the corresponding Schrödinger case. We also investigate
the circular geometry, where chiral interface states are predicted to induce sizable equilibrium ring currents.
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I. INTRODUCTION

The physics of two-dimensional (2D) graphene monolayers
has been intensely studied over the past decade [1–7]. A
noteworthy recent development in this field is that the ballistic
transport regime (with mean free paths beyond tens of μm) has
become accessible, for instance, by using ultraclean suspended
samples [6] or by encapsulating graphene layers in boron
nitride crystals [8]. We here consider the electronic properties
of graphene p-n junctions in a perpendicular magnetic field
B. This system has attracted considerable attention and
many interesting experimental transport studies have already
appeared [9–27]. In such setups, the gapless Dirac fermion
spectrum of low-energy quasiparticles in graphene [3,5] allows
for the controlled electron or hole doping of parts of the
sample by backgate voltage changes. We mention in passing
that one may also fabricate high-quality p-n junctions in
graphene by the controlled diffusion of metallic contacts [28].
Early experiments have reported a fractional quantization
of the conductance across the p-n junction [9–14]. An
explanation for this phenomenon is possible by taking into
account chiral interface states propagating along the junction.
For sufficiently disordered samples, their existence allows
for a simple physical picture of the observed conductance
quantization [29,30]. Over the past few years, experiments
have approached the ballistic regime [15–27], thereby realizing
gate-controlled electron waveguides.

Motivated by the above developments, we here theoretically
study chiral interface states for ballistic bipolar junctions
of 2D Dirac fermions in a perpendicular homogeneous B

field. Such states have been analyzed on the semiclassical
level in Refs. [31–33]. The corresponding trajectories involve
skipping orbits combined with snake-type motions along
the interface. This can be rationalized by noting that (i) in
electron vs hole doped regions, cyclotron orbits have different
orientation sense, and that (ii) Klein tunneling allows for a

finite probability P (θ ) of an impinging particle to cross the p-n
junction, where P depends on the incidence angle θ [33]. With
probability 1 − P , the particle is thus reflected back into the
same region, resulting in the skipping motion of a conventional
edge state. With probability P , however, the particle enters the
other side according to Snell’s law of negative refraction [3].
The cyclotron orbit is now traversed in opposite direction, and
one obtains a snaking motion along the junction. Semiclassical
trajectories are in general composed of stochastic sequences
of these elementary skipping/snaking units [31–33]. The only
exception is the case of normal incidence (θ = 0), where a
pure snake motion is possible since Klein tunneling becomes
perfect. Recent experiments have reported evidence for this
limit by injecting quasiparticles into the p-n junction from
edge states perpendicular to the interface [19]. While some
aspects of the quantum mechanical spectrum for a straight
junction have been discussed in Refs. [34,35], an exact and
basically analytical solution of the problem has not been given
to the best of our knowledge. Below we report qualitative
differences to the results of Ref. [34] and also address the
circular geometry. We note in passing that a related interface
state is expected without p-n junction for inhomogeneous
magnetic fields containing a line separating B > 0 and B < 0
regions, where counterpropagating Landau orbits on different
sides conspire to yield a snake state [36–39]. However, this
purely magnetic snake state is different and has not been
observed experimentally so far. For other theoretical studies
more distantly related to the present work, we refer the reader
to Refs. [40–44].

In the present work, we shall discuss chiral interface states
for two different types of p-n junctions, see Fig. 1, namely
for a straight and for a circularly symmetric junction. The
latter case is closely related to recent experiments, where
circular junctions have been created by direct gating [24,27],
by scanning tunneling microscopy (STM) tips [21], or by
local manipulation of defect charges in the substrate [26].
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FIG. 1. Sketch of two types of graphene p-n junctions in a
constant B field, including examples for semiclassical cyclotron
and/or skipping-snaking interface trajectories. Blue (red) stands
for n-doped (p-doped) regions with constant potential V = −V0

(V = +V0). Left panel: straight junction; see Eq. (3). Right panel:
circular junction; see Eq. (4).

Using the established STM resolution capabilities in both
space and energy, experiments could monitor the eigenstates
of this system in full detail; cf. also Ref. [34]. For a circular
p-n junction with B = 0, such STM results have already
been reported [21,26], but to observe the chiral interface
states of interest here, one needs to consider finite B.
By superconducting quantum interference device (SQUID)
microscopy [45,46], local current densities can be detected as
well. This method may provide direct access to the equilibrium
ring currents expected in the circular geometry due to interface
states. We mention in passing that circular geometries have
also been studied for electrostatic potentials in Refs. [47–49].

We emphasize that all predictions below can be tested
with existing experimental setups. Apart from graphene,
our results may also apply to the Dirac fermion surface
states of topological insulators, cf. Refs. [34,35,50,51], or
to the chiral metal discussed in Refs. [52,53]. Let us also
mention that in p-n-p or n-p-n devices, exotic non-Fermi-
liquid states are possible when electron-electron interactions
between counterpropagating chiral interface states are taken
into account [54,55]. However, for the p-n setups below,
interaction effects are expected to be weak and will thus not
be included. In view of the high sample qualities nowadays
achieved in graphene monolayers, we assume a clean system
which is free of disorder.

The structure of this article is as follows. In Sec. II,
we summarize the Dirac fermion description underlying
our analysis, followed by a discussion of the straight p-n
junction geometry in Sec. III. The corresponding Schrödinger
version [56] is briefly reviewed in Appendix A. In Sec. IV,
we turn to the solution of the circular setup, where details of
our perturbative analysis can be found in Appendix B. Finally,
we offer some concluding remarks in Sec. V. Throughout this
paper, we use units with � = 1.

II. MODEL

We use the standard 2D Dirac-Weyl Hamiltonian to de-
scribe low-energy quasiparticles in a graphene monolayer [3],

H = vF σx

(
px + e

c
Ax

)
+ vF σy

(
py + e

c
Ay

)
+ V σ0, (1)

where vF � 106 m/s is the Fermi velocity and px,y = −i∂x,y .
The Pauli matrices σx,y,z (with identity σ0) act in the sublattice
space corresponding to the two-atom basis of the honeycomb
lattice. A constant perpendicular magnetic field B = ∂xAy −
∂yAx with B > 0 is encoded by the vector potential (Ax,Ay).
With minor adjustments, Eq. (1) also describes graphene’s
quasiparticles in strain-induced pseudomagnetic fields; see
Ref. [3]. The scalar potential V (x,y) in Eq. (1) comes from
electrostatic gating, where spatial variations are expected to
be smooth on the scale of the lattice spacing, i.e., V does not
scatter quasiparticles between different (K/K ′) valleys. Since
the magnetic Zeeman term (not specified above) is diagonal in
spin space and can be absorbed by an overall energy shift [3],
we keep both spin and valley indices implicit.

Within the above approximations, we are thus left with a
single Dirac fermion species described by the Hamiltonian in
Eq. (1). Below we specify all lengths (energies) in units of the
magnetic length (energy) scale lB (EB) with

lB =
√

c/eB, EB =
√

2vF /lB . (2)

Moreover, we measure wave numbers k in units of l−1
B . For

a typical field of B = 4 T, this gives lB � 13 nm and EB �
62 meV. The relativistic Landau level energies for V = 0 are
then given by E(0)

n = sgn(n)
√|n| with integer n [3]. We shall

analyze the spinor eigenstates of H in Eq. (1) for an infinite
2D graphene sheet with the two model potentials illustrated in
Fig. 1.

First, we will study a straight p-n junction along the y axis
defined by the antisymmetric potential step

V (x) = V0sgn(x), (3)

with V0 > 0. In practice, such a potential step is created
through the application of suitable gate voltages on both sides
of the junction. The quantitative form of the electrostatically
created potential can be estimated by solving Poisson’s
equation, and one finds that the length scale over which the
electrostatic potential changes from −V0 to +V0 is of the order
of the graphene-gate distance but never falls below lB [29].
We here consider the sharp step in Eq. (3), which captures the
essential physics and is easier to analyze [34,35].

As a second example, we will consider a circular p-n
junction of radius R around the origin,

V (x,y) = V0sgn(r − R), r =
√

x2 + y2. (4)

For numerical studies of related setups, see Refs. [57,58].
As depicted in Fig. 1, we then expect to find ringlike
interface states. Due to their unidirectional character, neither
interference nor commensurability effects are anticipated from
their existence. However, a persistent equilibrium ring current
should appear; see Sec. IV below.

III. STRAIGHT JUNCTION

Let us start with the case of a straight p-n junction along the
y axis, with V (x) in Eq. (3). In order to preserve translational
invariance along the junction axis, we choose the Landau
gauge for the vector potential, (Ax,Ay) = (0,Bx). With the
conserved wave number k = ky , spinor eigenstates take the
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form

�k(x,y) = eiky�k(x), �k(x) =
(

uk(x)
ivk(x)

)
, (5)

and Eq. (1) reduces to a 1D problem. Using the units (2), the
spinor components in Eq. (5) then satisfy

av = (E − V )u, a†u = (E − V )v, (6)

where the ladder operators a = ∂q + q/2 and a† = −∂q + q/2
are defined in terms of a shifted 1D coordinate q = √

2(x + k).
These definitions imply the canonical commutator [a,a†] = 1.

For a region of constant potential, V (x) = V , by eliminat-
ing u from Eq. (6), we obtain

[a†a − (E − V )2]v = 0, (7)

which is equivalent to Weber’s equation [59]. Using the re-
currence relations of parabolic cylinder functions Dp(q) [59],

aDp(q) = pDp−1(q), a†Dp(q) = Dp+1(q), (8)

one directly verifies that Eq. (7) will be solved by v = Dp(q)
with the index p = (E − V )2. Taking into account Eq. (6), the
spinor in Eq. (5) thus follows (not normalized) as

�
(1)
k,V (x) =

(
(E − V )D(E−V )2−1(

√
2(x + k))

iD(E−V )2 (
√

2(x + k))

)
. (9)

Noting that q → −q implies a → −a and a† → −a†, i.e., a†a
remains invariant, we observe that Dp(−q) also solves Eq. (7).
This yields a second spinor solution,

�
(2)
k,V (x) =

(
−(E − V )D(E−V )2−1( − √

2(x + k))

iD(E−V )2 ( − √
2(x + k))

)
. (10)

For the potential (3), using asymptotic properties of the Dp(q)
functions, normalizable eigenstates must then be of the general
form

�k(x) =
{

c<�
(2)
k,−V0

(x), x < 0,

c>�
(1)
k,+V0

(x), x > 0,
(11)

with k-dependent complex coefficients c</>. These coeffi-
cients are next determined by imposing a matching condition
at the interface together with overall state normalization.

Continuity of the spinor at x = 0 implies the energy
quantization condition

�k(E) = det
[
�

(2)
k,−V0

(0),�(1)
k,+V0

(0)
] = 0. (12)

The solutions E = En,k to Eq. (12) yield the spectrum, where
the integer band index n coincides with the Landau level index
when V0 = 0. The spectrum obeys the symmetry relation

E−n,−k = −En,k, (13)

which follows from �k(E) = �−k(−E); cf. Eqs. (9)–(12).
This means that for each eigenstate with energy E, there is
a mirror state with energy −E and opposite wave number.
For given En,k , with the corresponding eigenvector (c<,c>) of
the 2 × 2 matrix in Eq. (12), the eigenstate �n,k(x,y) follows
from Eqs. (5) and (11) with subsequent normalization. The
probability density, ρn,k(x), which is normalized to unity,

and the y component of the particle current density, Jn,k(x),
associated to this eigenstate are given by [3]

ρn,k(x) = �
†
n,kσ0�n,k, Jn,k(x) = vF �

†
n,kσy�n,k. (14)

The matching condition (12) allows for analytical
progress in certain limits, and in the general case can be
solved by numerical root finding (bracketing and bisection)
techniques. For V0 = 0, the solution of Eq. (12) reproduces the
celebrated k-independent relativistic Landau level energies
E

(0)
n,k = sgn(n)

√|n|, where cyclotron orbits are centered
around x̄ = −k.

The exact spectrum for finite V0, obtained numerically, is
shown for three different values of V0 in Fig. 2. Clearly, all
energy bands En,k contain flat parts for sufficiently large |k|.
These parts correspond to Landau-like states centered far from,
and thus unaffected by, the interface, with the Landau energy
shifted by V0 (−V0) for k < 0 (k > 0), and corresponding
cyclotron orbits centered at x̄ > 0 (x̄ < 0). Their dispersion
follows by asymptotic expansion of Eq. (12) for |k| → ∞. By
taking this limit at fixed energy, we obtain

En,|k|→∞ � −sgn(k)V0 + sgn(n)
√

|n|, (15)

up to exponentially small k-dependent corrections.
The energy En,k interpolates continuously between the

two limits in Eq. (15) when sweeping k from k → −∞ to
k → +∞. With increasing V0, energy gaps between adjacent
levels are thus progressively closed. The two largest gaps close
simultaneously when the n = 0 level for k → ∓∞ aligns with
the n = ±1 level for k → ±∞. Using Eq. (15), this argument
shows that for V0 > 1/2, the entire spectrum becomes gapless.

In addition to Landau-like states, Fig. 2 shows that the bands
contain parts with negative slope which correspond to chiral
interface states. The latter states are discussed in detail below.
They propagate with velocity

vn,k

vF

=
√

2
∂En,k

∂k
= −

√
2

(
∂k�k(E)

∂E�k(E)

)
E=En,k

(16)

along the y axis, where the factor
√

2 is due to the units in
Eq. (2). The last expression, which specifies the velocity in
terms of derivatives of �k(E) in Eq. (12), is convenient for
numerical calculations of the velocity.

Before discussing the spectra in Fig. 2 in more detail,
we note that exact analytical results can be obtained for the
zero-energy solutions of Eq. (12) when choosing the specific
potential strengths V0 = √

N (with N = 1,2, . . .). For positive
integer index p = N (including N = 0), the parabolic cylinder
functions appearing in Eqs. (9) and (10) reduce to conventional
Hermite (HN ) polynomials by virtue of the relation [59]

DN (q) = 2−N/2e−q2/4HN (q/
√

2). (17)

For V0 = √
N , the matching equation �k(E = 0) = 0 then has

the 2N − 1 solutions k = {0,±k1, . . . ,±kN−1}, where the ki

are the N − 1 positive zeros of HN (k). Based on this argument,
we conclude that for a potential strength within the bounds

√
N − 1 < V0 �

√
N, (18)

there are 2N − 1 energy bands En,k which cross E = 0 at some
V0-dependent value of k. In particular, for V0 � 1, there is a
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FIG. 2. Spectrum En,k vs k obtained from Eq. (12) for a straight
p-n junction, with units in Eq. (2): (a) V0 = 0.6, (b) V0 = 1.2, and
(c) V0 = 2.4. Red dashed curves are guides to the eye only and
illustrate the central chiral interface state passing through k = E = 0.
Density profiles for the four E = 2 (E = 0) states labeled by green
(orange) arrows are shown in Fig. 3 (in Fig. 4). The blue vertical
arrow shows the avoided crossing studied in Fig. 5.

single band (n = 0) which passes through E = 0 at k = 0. We
will show below that such bands correspond to the low-energy
limit of chiral interface states. This implies that for arbitrary V0,

an odd number 2N − 1 � 1 of these states exists, cf. Eq. (18),
on energy scales |E| � 1.

Let us now discuss the general case, starting from V0 = 0.6
in Fig. 2(a). Focusing on the level closest to zero energy, as
k increases, one interpolates between n = 0 Landau states
shifted by ±V0 on different sides of the junction, see Eq. (15),
passing through chiral interface states with negative group ve-
locity. These states are unidirectional, propagate only along the
negative y axis, and are centered near the p-n junction at x = 0.
At the same time, interface states are also visible at higher
energy scales, where they are formed from n �= 0 bands. For
larger V0, see Fig. 2(b), narrower and narrower anticrossings
separate regions of approximately linear dispersion originating
from different bands. Therefore, as k changes, one can identify
a single chiral interface mode that evolves through a sequence
of avoided crossings, where the band index n changes along the
way. This mode is indicated by the red dashed line in Fig. 2(b).
While the slope of the higher-energy part of the mode disper-
sion is approximately constant, we observe from Fig. 2 that the
corresponding velocity v∞ > 0 (oriented along the negative
y axis) is slightly bigger than the velocity vs = −vn=0,k=0

observed near E = 0. Of course, this interface mode is not a
true eigenstate for all k. However, since the avoided crossings
become very narrow, such a mode effectively represents
eigenstates except for k values near those anticrossings. This
scenario also applies to larger values of V0, where more chiral
interface modes can be identified; see Fig. 2(c).

In Fig. 3, we illustrate the probability density ρn,k(x)
defined in Eq. (14) for the four states with energy En,k = +2
indicated by green arrows in Fig. 2(c). We observe that these
states are located in close vicinity to the p-n interface as
compared to the respective V0 = 0 Landau states. For the
shown k values, the latter states would be centered at x̄ �
+5.27, + 4.48, + 3.82, and +3.21, i.e., further away and
even on the other side of the interface. Interestingly, the result
for k � −5.27 resembles the (strongly displaced) probability
density of a Landau state with n = 0. Indeed, Fig. 2(c) confirms
that this state continuously evolves to the n = 0 shifted Landau
level in Eq. (15) when following its energy dispersion all the

FIG. 3. Spatial profile of the probability density ρn,k(x) at
V0 = 2.4 for four different eigenstates with energy En,k = +2 and
wave numbers k � −5.27, − 4.48, − 3.82, − 3.21. These states are
indicated by green arrows in Fig. 2(c).
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way to k → −∞. A similar observation holds true for the other
k values shown in Fig. 3, which evolve to higher (n = 1,2,3)
Landau levels at k → −∞ through a series of n + 1 avoided
crossings. Note that the central chiral interface mode, which
passes through k = E = 0 and is highlighted as red dashed
curve in Fig. 2, corresponds to n = 2 for the shown wave
number k � −3.82.

Next we recall that for given V0 within the bounds in
Eq. (18), 2N − 1 modes cross the E = 0 line. From the shown
numerical results, we infer that the dispersion relation for all
these modes is linear at sufficiently low energy scales. For
V0 = 1.2, on top of the central chiral interface state which
is always present, we observe that a pair of states reaches
E = 0 at finite wave numbers ±k1. At low energies, those
states are formed from n = ±1 bands, where for V0 > 1,
the n = −1 (n = +1) shifted Landau energy moves above
(below) zero energy for k → −∞ (k → +∞); cf. Eq. (15).
Furthermore, for V0 = 2.4, Eq. (18) predicts 2N − 1 = 11
zero-energy crossings as confirmed by Fig. 2(c). We conclude
that for arbitrary V0, there is always at least one chiral interface
state present. This conclusion is validated by the analytical
observation that at (E,k) = (0,0) the function �k(E) vanishes
but its partial derivatives are finite. As a consequence, the
matching condition (12) predicts a linear dispersion relation
near (k,E) = (0,0) for any value of V0. The above results
correct a finding of Ref. [34], where interface states were
argued to disappear for V0 > 1 [60].

Interestingly, for the E = 0 states illustrated in Fig. 4, in
particular when |k| is small, we observe that the probability
density has finite weight on both sides of the interface, in
contrast to the E = 2 states shown in Fig. 3. This feature is
peculiar to the Dirac fermion nature of graphene quasiparticles,
where low-energy states on the left/right side of the junction
correspond to electrons and holes, respectively. In fact,
we explicitly show in Appendix A that the corresponding
Schrödinger version of this problem does not contain such
a state. Figure 4 demonstrates that the graphene p-n interface
state near k = E = 0 has a spatially symmetric density profile,
as expected for a pure snake motion. The asymmetric density

FIG. 4. Spatial profile of the probability density ρn,k(x) at V0 =
2.4 for the four zero-energy states with wave numbers k � −2.46, −
2.04, − 0.97, and k = 0, corresponding to the orange arrows in
Fig. 2(c).

FIG. 5. Spatial profile of the probability density ρn,k(x) at V0 =
2.4 for n = −1 (red dotted) and n = 0 (black solid curves) states
with wave numbers −4.364 � k � −4.363 near the avoided crossing
indicated by the blue vertical arrow in Fig. 2(c).

profiles found at higher energies, see Fig. 3, instead resemble
the edge-type interface states associated with skipping orbits
in the semiclassical picture. The latter type of chiral interface
states are found also in the Schrödinger case; see Appendix A.

We now address in more detail the metamorphosis between
Landau and interface states when moving through an avoided
crossing. We illustrate this transition in Fig. 5 by following the
probability density through a specific avoided crossing. While
Landau-like states are centered near x̄ = −k, chiral interface
states are located near the junction at x = 0. It is evident
from Fig. 5 that the transmutation between Landau and chiral
interface states happens over a very narrow region of wave
numbers. The fact that the gap is so tiny can by rationalized
by noting that both states are centered far from each other and
therefore only come with a very small hybridization.

Let us then turn to the velocity of the central chiral
interface state passing through k = E = 0. Our numerical
results indicate different velocities at low and high energies,
where the dispersion relations for |E| � 1 and |E| � 1 have
approximately constant velocities v∞ and vs , respectively. A
linear regression fit to the E > 1 data in Fig. 2 gives the
values v∞/vF � 0.95 (0.92, 0.82) for V0 = 0.6 (1.2, 2.4),
consistent with the limiting behavior v∞ → vF expected for
|E| 	 V0 [37]. Our fitted values for v∞ are clearly larger than
the respective velocities vs/vF � 0.76 (0.65, 0.63) extracted
from a linear regression fit near E = 0. The latter numbers
nicely match the analytical prediction

vs

vF

=
√

2π 2V 2
0 V0


(
1 − V 2

0

)
1 + V 2

0

[
ψ

(
1 − V 2

0

/
2
) − ψ

(
1/2 − V 2

0

/
2
)]

×
(

1


2
(
1/2 − V 2

0

/
2
) − 1



( − V 2

0

/
2
)



(
1 − V 2

0

/
2
)
)

,

(19)

with the Gamma function 
(z) and the Digamma function
ψ(z) = d ln 
/dz [59]. Equation (19) follows from Eq. (16)
by expanding Eq. (12) around k = E = 0.

165443-5
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FIG. 6. Velocity vs = −vn=0,k=0 of the central chiral interface
state at low energy scales vs p-n potential strength V0. The solid
black curve shows the analytical result in Eq. (19). The dotted red
line denotes the large-V0 limit, vs/vF = 2/π � 0.63. The dashed blue
line gives the drift velocity vs/vF = 2

√
2/πV0 expected for V0 
 1.

Three features of this result are particularly noteworthy.
First, for V0 
 1, Eq. (19) predicts vs = (2/

√
π )V0lB ; cf. the

dashed blue line in Fig. 6. This prediction is independent of
the Fermi velocity vF , but Fig. 6 shows that vs never exceeds
vF for any value of V0. For not too strong magnetic fields,
the quoted small-V0 limit of Eq. (19) is equivalent to the
classical drift velocity of a charged particle in crossed magnetic
(Bz = B) and electric (Ex , with |Ex | < B) fields. The drift
velocity is then given by vy = cEx/Bz along the negative y

axis. Assuming that the potential drops across the junction
over a length of order lB , the electric field at the interface is
Ex ≈ V0/(elB), and hence vy ≈ V0lB ≈ vs ; see also Ref. [61].
Second, the velocity oscillates as a function of V0/EB ∼
V0

√
B. By variation of backgate voltages and/or the magnetic

field, vs can therefore be changed over a wide parameter
region. The extrema in vs approximately occur for V0 = √

N ,
where new interface states are generated and band mixing
between n = 0 and ±N bands becomes important. Third,
for V0 	 1, Eq. (19) predicts that the velocity approaches
vs = (2/π )vF . Interestingly, the same value is semiclassically
expected for quasiparticles impinging on the junction under
normal incidence, which then propagate with velocity vF

along a semicircular snake trajectory on alternating sides of
the junction [31–33]. The average velocity along the junction
axis will thus be given by vs = (2/π )vF .

Before turning to the circular geometry, we finally address
the particle current density, Jn,k(x), along the y axis; see
Eq. (14). Integrating over the transverse direction, the current
associated to a given eigenstate follows in the form (see also
Ref. [37])

In,k =
∫ ∞

−∞
dx Jn,k(x) = vn,k, (20)

with the velocity vn,k in Eq. (16). The current is here
measured in units of vF /lB . Note that In=0,k=0 is directly
proportional to the velocity vs in Eq. (19); see Fig. 6. For
given chemical potential μ, the total current is then given by∑

n

∫
dk In,kf (En,k − μ), with the Fermi function f (E).

FIG. 7. Current density profile Jn,k(x), see Eq. (14), for n = 0
eigenstates of a straight graphene p-n junction with V0 = 0.6 and
several wave numbers k.

The current density profile is shown in Fig. 7 for n = 0
states with several k values, taking V0 = 0.6; see also Fig. 2(a)
for the corresponding energy dispersion. We first note that the
particle current is always oriented along the negative y axis,
consistent with the negative current densities in Fig. 7. For k =
0, Fig. 7 shows that one has a symmetric current density profile,
J0,0(x) = J0,0(−x), and the maximum absolute value of the
current |I0,k| is reached at this wave number. With increasing
|k|, the overall current |I0,k| gradually decreases and eventually
becomes exponentially small in k, as expected for the Landau-
like states formed at |k| 	 V0. During this process, the current
density profile always retains a peak near the interface (i.e., at
x = 0) but becomes more and more asymmetric. Remarkably,
while the current density peak remains pinned to the interface,
the probability density ρ0,k(x) (data not shown here) is centered
further and further away from the interface as |k| increases.

IV. CIRCULAR JUNCTION

We now address the case of a circularly symmetric potential
with radius R; see Eq. (4). Using polar coordinates with radial
distance r =

√
x2 + y2 and angle ϕ, rotational symmetry is

kept intact by taking the symmetric gauge for the vector
potential, with vanishing radial part and azimuthal component
Aϕ = Br/2. Below it is convenient to use instead of r the
radial coordinate ξ = r2/2, with ξ0 = R2/2 for the position
of the p-n junction. Spinor eigenstates of the Dirac equation
with a circularly symmetric potential and the above vector
potential are then labeled by the conserved half-integer angular
momentum j . With the integer band index n labeling different
solutions for given j , and adopting the units in Eq. (2), their
explicit form is [62,63]

�n,j (ξ,ϕ) = ξ |j+ 1
2 |/2e−ξ/2

√
2π

(
ei(j− 1

2 )ϕφn,j (ξ )

iei(j+ 1
2 )ϕχn,j (ξ )

)
, (21)

where the radial functions φ(ξ ) and χ (ξ ) are normalized
according to∫ ∞

0
dξ ξ |j+ 1

2 |e−ξ (|φn,j |2 + |χn,j |2) = 1. (22)
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In a region of constant potential V , the radial functions are
expressed in terms of the confluent hypergeometric functions
�(α,γ ; ξ ) and �(α,γ ; ξ ) [59]. With V (ξ ) = V0sgn(ξ − ξ0),

the Heaviside step function �(x), complex coefficients c</>,
and keeping the index n implicit, they are given with m =
|j | + 1/2 as follows; see Refs. [62,63]. For j > 0, we obtain

(
φj

χj

)
= c<�(ξ0 − ξ )

(
m√
ξ
�(m − (E + V0)2,m; ξ )

(E + V0)�(m − (E + V0)2,1 + m; ξ )

)
+ c>�(ξ − ξ0)

(
E−V0√

ξ
�(m − (E − V0)2,m; ξ )

�(m − (E − V0)2,1 + m; ξ )

)
. (23)

For negative j , we instead find the eigenstates(
φj

χj

)
= c<�(ξ0 − ξ )

(√
ξ (E + V0)�(1 − (E + V0)2,1 + m; ξ )

−m�(−(E + V0)2,m; ξ )

)
+ c>�(ξ − ξ0)

(√
ξ (E − V0)�(1 − (E − V0)2,1 + m; ξ )

�(−(E − V0)2,m; ξ )

)
.

(24)

Continuity of the spinor at ξ = ξ0 then again gives an energy
quantization condition determining the spectrum, E = En,j .
For j > 0, we obtain this condition in the form

(E − V0)

[
1 − d

dξ
ln �(m − (E + V0)2,m; ξ )

∣∣
ξ=ξ0

]

= (E + V0)

[
1 − d

dξ
ln �(m − (E − V0)2,m; ξ )

∣∣
ξ=ξ0

]
,

(25)

while, for j < 0, it is given by

(E − V0)
d

dξ
ln �(−(E + V0)2,m; ξ )

∣∣
ξ=ξ0

= (E + V0)
d

dξ
ln �(−(E − V0)2,m; ξ )

∣∣
ξ=ξ0

. (26)

We note in passing that for E = 0 and integer values of V 2
0 ,

analytical solutions are possible again, in analogy to Sec. III,
since the � and � functions can then be written in terms of
Laguerre polynomials [59].

The spectrum, E = En,j , can now be obtained by numerical
root finding methods and is shown in Fig. 8 for R = 3.3 and
two values of V0. For V0 = 0, the spectrum follows analytically
as

E
(0)
n,j = sgn(n)

√
|n|, |n| = nr + (j + 1/2)�(j ), (27)

with the radial quantum number nr � 0. The zero-energy
Landau level with n = 0 is spanned by states with nr = 0
and j < 0. Generally, E

(0)
n,j<0 will be j independent, while

E
(0)
n,j>0 ∼ √

j when nr is held fixed.
For finite V0, Fig. 8 shows that the spectrum does not change

qualitatively for j > 0, up to an overall energy shift V0 due to
the positive potential contribution for r > R. Indeed, we find
En,j	1 ≈ V0 + E

(0)
n,j . On the other hand, the energies En,j<0

differ more substantially from Eq. (27). In particular, the n = 0
level now acquires an angular momentum dependence; cf. the
black squares in Fig. 8. We find a maximum (negative) slope
of the j dispersion at j = −11/2 for V0 = 0.6; see Fig. 8. For
the larger value V0 = 1.2, cf. inset of Fig. 8, the corresponding
value is at j = −17/2. As we discuss below, this maximum
slope is directly relevant for the experimentally observable
ring current flowing around the p-n interface.

The circulating current carried by a specific eigenstate
�n,j (r,ϕ) is defined by

In,j =
∫ ∞

0
dr J

(ϕ)
n,j (r), (28)

with the current density

J
(ϕ)
n,j (r) = vF �

†
n,j

(
0 −ie−iϕ

ieiϕ 0

)
�n,j (29)

running along the azimuthal direction. The current density in
the radial direction vanishes identically. Equation (29) depends
only on the radial variable r and is shown in Fig. 9 for n = 0
states with j < 0.

In analogy to Eq. (20), In,j can be written as angular
momentum derivative of the dispersion relation, see also
Ref. [64],

In,j =
√

2

2π
∂jEn,j , (30)

where the derivative is taken at fixed nr . We note that the
current is measured in units of vF /lB , where the factor of

√
2

FIG. 8. Energy spectrum En,j vs angular momentum j for a
circular p-n junction of radius R = 3.3 with V0 = 0.6 (main panel)
and V0 = 1.2 (inset), using the units in Eq. (2). Different colors and
symbols correspond to different values of nr = |n| − (j + 1/2)�(j ):
nr = 0 (black squares), nr = 1 (red upward-pointing triangles), nr =
2 (green downward-pointing triangles), and nr = 3 (blue diamonds).
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FIG. 9. Current density in azimuthal direction, J
(ϕ)
n,j (r), vs radial

distance r/ lB for a circular p-n junction; see Eq. (29). The shown
results are for n = 0 and several j < 0, with V0 = 0.6 and R = 3.3
as in the main panel of Fig. 8.

in Eq. (30) is again due to the units in Eq. (2). The remarkable
relation (30) shows that the equilibrium ring current In,j

carried by an arbitrary eigenstate �n,j is linked to the angular
momentum dependence of the respective eigenenergy. For the
n = 0 state with j = j0 < 0 where the steepest slope ∂jE0,j

is realized, the magnitude of the circulating current will thus
be maximal. This suggests that equilibrium ring currents due
to chiral interface states are most pronounced when the Fermi
level is aligned with E0,j0 .

Noting that I
(0)
0,j<0 = 0, see Eq. (30) and Ref. [55], the

current for small V0 is given by

I0,j<0 = vF V0

lBEB

C0,j (ξ0) + O
(
V 2

0

)
. (31)

Here we have restored energy (EB) and length (lB) units in
order to highlight that the magnetic field strength B enters the
ring current (31) only via the dependence of the dimensionless
coefficients C0,j on the magnetic flux ξ0 = 1

2 (R/lB)2 (in units
of the magnetic flux quantum) through the n-doped disk region
in Fig. 1. These coefficients are negative and can be obtained
analytically from perturbation theory in V0, see Appendix B
and Fig. 10, or numerically by means of Eq. (30). Their
absolute value is peaked at j = j0 ≈ −ξ0 with

∣∣C0,j0

∣∣ ≈ 0.25√
2ξ0

= 0.25lB

R
. (32)

It is instructive to compare the magnitude of the maximum
current (31), reached at j = j0, to the corresponding maxi-
mum value of a conventional mesoscopic persistent current,
I (pc) = vF /(2πR). This quantum-mechanical current flows in
equilibrium through a clean ring of radius R threaded by a
magnetic flux and depends on the magnetic field strength in
an oscillatory manner [65]. The magnetic moment induced by
the persistent current has been measured by means of SQUID
techniques [66]. Using Eqs. (31) and (32), we find∣∣I0,j0

∣∣
I (pc)

≈ π

2

V0

EB

. (33)

FIG. 10. Dimensionless coefficients −Cn=0,j<0 vs j determining
the ring currents in Eq. (31) for a circular p-n junction with R = 3.3
(main panel) and R = 10 (inset). The shown results follow from
first-order perturbation theory in V0; see Eq. (B5) in Appendix B.
Dotted curves are guides to the eye only. In the inset, one clearly
sees that the maximum of |I0,j | in Eq. (31) is reached for half-integer
j = j0 ≈ −R2/2 = −50.

We conclude that ring currents due to chiral interface states,
as well as the thereby generated magnetic moments, will be
sizable at not overly small V0/EB .

More detailed information can be obtained by measuring
the spatially resolved current density distribution of the n = 0
level, for example by using the experimental techniques
employed in Refs. [45,46]. Such profiles are displayed in
Fig. 9 for R = 3.3 and V0 = 0.6. Different values of j can
be addressed in experiments by aligning the Fermi energy
with E0,j ; see Fig. 8. As a function of the radial variable r ,
we observe from Fig. 9 that the current density exhibits a
clear maximum near r = R, which is caused by circulating
chiral interfacial currents. Indeed, for V0 � 1, we find that
the eigenstates �0,j<0 have a similar maximum also in the
probability density ρ0,j (r) near r = R and for half-integer
j = j0 ≈ −R2/2. For larger V0, however, oscillations around
r = R rather than a pronounced maximum are observed both
in the probability density and in the current density.

In Fig. 7, we have shown similar chiral interfacial currents
for a straight junction with the same potential strength V0 =
0.6 as in Fig. 9. This analogy between the straight and the
circular geometry also applies to the spatial asymmetry of
the observed current density profiles. Finally, the total current
I0,j follows by integrating the respective curve in Fig. 9; see
Eq. (28). Clearly, for the chosen value of R in Fig. 9, the current
is biggest for j = j0 = −11/2. By measuring ring currents for
different choices of the Fermi level, one may thus be able to
assign angular momentum numbers j to individual quantum
states.

V. CONCLUSIONS

In this paper, we have given the full solution of the spectral
problem for graphene p-n junctions in an orbital magnetic
field, studying both a straight junction and a circular geometry
and focusing on the unidirectional interface states.
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For a straight junction with a potential step of height
2V0, we have shown that there is always an odd number
of interface modes propagating in the same direction. By
comparing the solution of the Dirac equation to the one
for the corresponding Schrödinger equation, we see that the
graphene case is distinguished by the presence of a special
snake-type mode. In addition, both problems may feature
common edge-state-like modes. For small V0, we find just
one chiral interface mode for the graphene setup. This mode
propagates in the low-energy limit with a group velocity set
by the drift velocity in crossed electric/magnetic fields. For
larger V0, the velocity depends in an oscillatory manner on V0,
but saturates at the semiclassical value (2/π )vF expected for
a pure snake motion.

For the circular junction, we find qualitatively related
results. Chiral interface states can be controlled by the
potential height V0 and the radius R in their dominant angular
momentum. Particularly interesting is the zeroth Landau level,
where a detectable ring current, which also causes a magnetic
moment, will be induced by the chiral interface mode. For
not too small V0, this current is predicted to be comparable
in magnitude to the maximum persistent current flowing in
a quantum ring of the same diameter. Furthermore, we have
shown that the corresponding current density is localized near
the interface of the circular p-n junction.

To conclude, we hope that our predictions can soon be put
to an experimental test. This should be possible in available
devices by using STM techniques and/or SQUID microscopy.
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APPENDIX A: CHIRAL INTERFACE STATES FOR
SCHRÖDINGER FERMIONS

Here we briefly discuss the chiral interface states in a
straight p-n junction as in Sec. III but for Schrödinger fermions
as in a conventional 2D electron gas; see Ref. [56]. With the
Landau gauge and the potential V (x) in Eq. (3), eigenstates
are as in Eq. (5), �k(x,y) = eikyψk(x), but with a scalar 1D
wave function ψk(x). Using the same notation as in Sec. III,
instead of Eq. (6), we now arrive at the 1D equation[

a†a − (
E − V (x) − 1

2

)]
ψk(x) = 0, (A1)

where energies are measured in units of the cyclotron energy
ωc = eB/(mc) instead of EB . For a region of constant potential
V (x) = V , the two independent solutions of Eq. (A1) are given
by

ψ
(1,2)
k,V (x) = Dp( ±

√
2(x + k)), p = E − V − 1/2. (A2)

For a globally uniform potential V , normalizability implies
p = n = 0,1,2 . . . , resulting in the standard (shifted by V )
Landau level energies E

(0)
n,k = n + 1/2 + V . For the potential

in Eq. (3), normalizable eigenstates take the general form, cf.
Eq. (11),

ψk(x) =
{

c<ψ
(2)
k,−V0

(x), x < 0,

c>ψ
(1)
k,+V0

(x), x > 0.
(A3)

FIG. 11. Spectrum En,k vs k for a straight p-n junction of
Schrödinger fermions. Energies (wave numbers) are in units of ωc

(l−1
B ); cf. Eq. (2). The shown results are for V0/ωc = 2.4 and follow

from Eq. (A4). Density profiles are illustrated in Fig. 12 for the states
with En,k = 0,1,2,3 indicated by arrows.

The matching condition now involves the continuity of
ψk(x) and ψ ′

k(x) at x = 0. By using recurrence relations for
parabolic cylinder functions [59], one arrives at

�
(S)
k (E) = det

[
ψ

(2)
k,−V0

(0) −ψ
(1)
k,V0

(0)

ψ
(2)
k,−V0−1(0) ψ

(1)
k,V0−1(0)

]
= 0. (A4)

The solutions of Eq. (A4) determine the spectrum, E = En,k ,
where the band index n again reduces to the Landau level index
when V0 = 0. The corresponding eigenfunction to energy En,k

is given by Eq. (A3) with c</> = NDEn,k∓V0−1/2(±√
2k) and

overall normalization constantN . The resulting spectrum is il-
lustrated in Fig. 11. We observe that for finite V0, Landau levels

FIG. 12. Density profiles for a straight Schrödinger p-n junction
with V0/ωc = 2.4. The shown states are indicated by arrows in
Fig. 11, with x in units of lB . (a) Energy En,k = 0 with k = −1.00205
(black solid) and k = 0.445883 (red dashed). (b) Energy En,k = 1
with k = −1.54421 (black solid), k = −0.322044 (red dashed),
and k = 0.953544 (green dot-dashed). (c) Energy En,k = 2 for
k = −1.99022 (black solid), k = −0.899269 (red dashed), and k =
1.37079 (blue dot-dashed). (d) Energy En,k = 3 with k = −2.35387
(black solid) and k = −0.519357 (red dashed).
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show dispersion, where wide regions of approximately linear
dispersion correspond to chiral interface states. Moreover, we
notice that avoided crossings appear again.

The probability density ρn,k = ψ∗
n,kψn,k is illustrated in

Fig. 12 for several states with approximately linear dispersion
relation, i.e., for chiral interface states. We observe that these
probability densities are always confined to one side of the
junction, with exponentially small weight on the other side.
This is the behavior expected for edge-type states skipping
along the junction as if it were a boundary. However, when
the energy approaches a region of flat dispersion, e.g., near
an avoided crossing, the probability density exhibits finite
weight on both sides of the interface, cf. Fig. 12(d), since here
Landau-type states coexist with chiral interface states.

APPENDIX B: PERTURBATION THEORY
FOR CIRCULAR GEOMETRY

Here we discuss the results of perturbation theory in
V0 for the circular geometry in Sec. IV, where we ob-
tain the coefficients C0,j<0 in Eq. (31) in closed analyt-
ical form. For small V0 
 1, analytical progress for I0,j

in Eq. (28) is achieved by writing Eq. (4) as V (r) =
V0 + V pert(r) and treating V pert(r) = −2V0�(R − r) as small
perturbation.

Using the notation of Sec. IV, cf. Eq. (21), and noting that
the perturbation V pert does not couple states with different
angular momenta, the n = 0 Landau level states with nr = 0
and j < 0 are given to lowest order in V pert by

(
φ

pert
0,j (ξ )

χ
pert
0,j (ξ )

)
=

√
2

N0,j

(
0

1

)
+

∑
n�=0

〈n,j |V pert|0,j 〉
−sgn(n)

√|n|Nn,j

(−sgn(n)
√|n|ξ

m
�(−|n| + 1,m + 1; ξ )

�(−|n|,m; ξ )

)
, (B1)

where m = |j | + 1/2,ξ = r2/2, and

N2
n,j = 4π

|n|![(m − 1)!]2

(m + |n| − 1)!
. (B2)

The matrix elements of V pert in the basis of unperturbed
Landau levels, {|n,j 〉}, are with ξ0 = 1

2 (R/lB)2 given by

〈n,j |V pert|0,j 〉 = −V0
4
√

2 π

N0,jNn,j

ξm
0

m
�(|n| + m,m + 1; −ξ0).

(B3)

The integrated current to first order in V0 then follows as

I0,j<0 = vF

∫ ∞

0
dr �

pert†
0,j

(
0 −ie−iϕ

ieiϕ 0

)
�

pert
0,j

= vF V0

lBEB

C0,j + O
(
V 2

0

)
, (B4)

cf. Eq. (31), where �
pert
0,j (r,ϕ) is determined by Eqs. (21)

and (B1), and in the last line we have restored physical units.
The radial integral for the coefficient C0,j gives

C0,j (ξ0) = −
√

2

π

ξm
0


(m + 1)

∞∑
n=1

�(n + m,m + 1, − ξ0)

n
,

(B5)

where we recall m = |j | + 1/2. This result is illustrated in
Fig. 10 for two values of R and features a peak at j = j0 ≈
−ξ0; see Eq. (32).
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