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Abstract 

The rate for the exchange of symmetry species due to nuclear dipolar interaction between the protons of two rotational 
tunnelling systems is calculated taking the example of methyl groups. Its temperature dependence is related to thei broadenings 
of the tunnelling lines and is caused by the same phonons that determine the temperature dependence of the rotational 
tunnelling. Equivalent rotors show rapid exchange at lowest temperatures which decreases with increasing temperature while 
a non-monotonic temperature dependence is predicted for inequivalent rotors. 

I.  Introduction 

The extremely slow thermal equilibrations, char- 
acteristic for rotational tunnelling systems, have at- 
tracted interest already since the discovery of the long 
time stability of ortho-hydrogen. The corresponding 
transitions are often accompanied by simultaneous 
changes in the total nuclear spins [1-3] ('spin con- 
version') - however the more decisive quantity is the 
symmetry  state of the rotor which changes during 
the transition as can be seen for deuterated rotors [4]. 
In the present contribution we concentrate on systems 
with small tunnelling splittings, like CH4 [5], or CIt3 
[6, 7], embodied in molecular crystals. In all theo- 
retical approaches to describe the symmetry species 
conversion the dipolar interaction between the pro- 
tons or the quadrupolar interaction of the deuterons 
with local electric field gradients [8, 9] mixes the 
states of different symmetries. Energy conservation 
for the relaxation is provided by coupling of the rotor 
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to phonons. Two reasons, the smallness of the mag- 
netic energies and the lack of low frequency phonons, 
explain the observed conversion times exceeding the 
inverse of phonon or tunnelling frequenc!es often by 
more than 12 orders of magnitudes. Any mechanism 
speeding up the relaxation times will be very effec- 
tive. In the presence of dilute but strong paramagnetic 
centres in the crystal [5, 7] the diffusion o f  symme- 
try species through the bulk of the sample via the 
dipolar interaction of the protons of n~ighbouring 
rotors can provide such a mechanism as we will 
show. 

A quantitative theory of the "elementary" symme- 
try exchange process and its temperature dependence 
will be given for the frequent cases where rate equa- 
tions are applicable and the number of rotors is large 
so that the overall dynamics is diffusive. Here we 
consider the example of methyl groups which are 
characterized by three possible symmetry states A, E a 
and E b. The most interesting type of transition is the 
exchange (A1 E2) ~ (El A2) of symmetry states 
between two adjacent rotors "1" and "2". This process 
is similar to the flip-flop transition between dipolarly 
coupled spins. 
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2. The transition rate 

To describe the symmetry exchange rate between 
two methyl groups 1 and 2 two basic contributions to 
the Hamiltonian 

H = HRV + V (1) 

will be considered. The first part 

HRp = H(R 1) + HR (2) + Hp + HI(1) + HI(2) (2) 

includes the large non-magnetic and therefore sym- 
metry conserving parts usually taken to describe 
the temperature dependence of rotational tunnelling 
[10-141. HR (~)= - B a ~  + V~)cos(3cp~) denotes the 
rotational Hamiltonians of the isolated rotors ( ~ -  
1,2) that are coupled via H(~) to the lattice vibrations 
represented by Hp. Explicit expressions for these 
operators can be found e.g. in Ref. [11]. 

The most important contribution to the magnetic 
interaction between the protons of one rotor with the 
protons of the other rotor is the part of the dipolar 
interaction being E-symmetric in either of the rotors 
[15], which we denote by V. They determine the tran- 
sitions (AaE2) ~ (E1A2) that do not change the to- 
tal amounts of symmetry species. Other terms either 
leave both rotor symmetries unchanged and renormal- 
ize slightly the energies of HRp or contribute only to 
the conversion process. Implicitly we will also assume 
the presence of an energy reservoir consisting of all 
the nuclear spins of the sample to which the methyl 
rotors are dipolarly coupled. In the simplest approxi- 
mation this reservoir can be characterized by the spin- 
spin relaxation rate T2 -1 . 

The explicit expression for Vin terms of the relative 
positions of the rotors and the two rotational angles can 
only be given as a series expansion [5, 16] in powers 
of (r/Rl°)2)),._._ where r is the methyl radius and Rl~?2 ) , _  is 
the equilibrium distance of the two CH3 groups, see 
Refs. [5, 8, 15]. 

Suitable choice of the projector (for the techni- 
cal details we refer to the forthcoming publication 
[15]) generates equations of motion for Cr,r2(t) := 
Tr{p(O)Prlr2(t)} within the Mori projector formal- 
ism [17, 18]. Here p(0) is the initial non-equilibrium 
density operator of the whole system, including the 
environment, and Pr,r: projects on the subspace of 
rotor-plus-environment wave functions where the first 

and the second rotor are in the symmetry states F~ 
and ['2, respectively. The time evolution of Pr~ r: (t) 
is determined through Eq. (1) in the Heisenberg pic- 
ture. One of the F 1 and F2 should equal A while the 
other should be either E ~ or  E b. For small V the equa- 
tions become generalized Master equations, linear in 
Cr,r: • The Markov approximation can be applied if 
the times of interest are large compared to the de- 
cay time of the relaxation kernels, the latter being de- 
termined by the dissipative influence of the phonons. 
Correct up to second order in V we obtain 

(r',r;)¢(r~r~) 

-R(r~r;)~(r,r~) Gr,r~)(t)) (3) 

with the transition rates 
oo 

lim f dze-~(P,r,r,~R(r,r2)~(r ' , r ; ) :=c~0d \ " I 2 "  

0 

) 
(4) 

given as a zero-frequency limit; time dependent oper- 
ators refer to the Heisenberg picture. 

The rate equations (3) are four coupled differential 
equations for the composite symmetry species concen- 
trations CA1E~.b and CE~,bA2. Transforming to sums and 
differences of E-states, CAIE2 := (CA~E~ + CAlEb)/2 
and CAI8E 2 :=(CAIE~--CAIE~ ) and similarly for 
rotor (2) being A-symmetric, decouples the sets 
(CA, E2, CE.A2) and (CAISE2,CSEIA2) , the latter being 
irrelevant for us in the following. Finally, transform- 
ing the former set to Ctotal := (CA,E2 + CEtA2) and 
Cex :~--- CAIE2 -- o~.CE1A2 with ~ ~- ~AIE2/~EIA2, 
~ r , r :  = Tr{Pr,r:e -BttRP} yields ~tCtotal(t)= 0 due 
to the required conservation of the total concentration 
of different symmetries and ~tCex(t)=-RcxCex(t) 
for the "exchange" concentration with 

Rex :=  (1 + °~"){R(E~A2)~--(AIE~)-'}-R(EbA2),__(A1E~) } . 

(5) 

The rates obey the detailed balance condition 
R(AIE2)~__(EIA2)/R(EIA2).,__(AIE2) = o~. Similar to the 
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theory of conversion [5, 9] we assume that the mod- 
ulation of the distance between the rotors in V by 
phonons is less effective than the coupling described 
by HI (consequences of the former at lowest temper- 
atures will be discussed in Ref. [15]). This makes the 
thermal lifetime broadening of the magnetic states, 
described by Eq. (4), very similar to the broadenings 
of the tunnelling lines as they are directly observed 
in inelastic neutron scattering (INS) [11]. The results 
given in the next section are obtained by again apply- 
ing projector techniques and considering the pertur- 
bation HI in second order. Furthermore, librational 
excitations due to V are neglected which is valid if the 
single particle potentials are not too low VJ ~) > 8B. 

3. Discussion 

The exchange rates Rex for equal or different methyl 
groups v~ l )=  V~ 2) or V~1}¢ V~ 2) differ consid- 
erably in their temperature dependence. In the first 
case the transitions do not require an energy change 
while in the second case an energy reservoir must 
account for the difference A (1'2) : =  A (1) - A (2) 1 in 
tunnelling the energies. The nuclear spin system 
and the phonons cause level broadenings w (1'2) = 
w~ + wl(T) + w2(T), V = Ws + w(T), where w~(T) 
is the broadening of the inelastic tunnelling line of 
one rotor and Ws ~ 10 -ix eV is typical for the dipolar 
reservoir. The (constant) dipolar energy of the rotors, 

~2 
3 JV ~ 10--10 S--I Eo = ~ 7 , - -  6 × eV ~ 106 , provides (the 

inverse of) the time scale on which the spin correla- 
tion function decays in the case of equal rotors. 

Let us consider first the case V~ 1) = V~ 2). At very 
low temperatures w --= 0 and the exchange rate satu- 
rates at 

/p r 2Ws2 + E2 / Vws -,c~i- IA°I4 Re~-~147 ~ R(',2) wZ+Ei  ~ /  

10 

\ ( I , 2 ) ,  ] 

The last estimate holds for Ws -~ ED and 7p denotes 
the proton gyromagnetic ratio. A0(~) is the matrix 

I In the present work we ignore the possible influence of  an 
orientational coupling between the methyl groups [19]. 

element of the operator e ie' between lowest rotor states 
of different symmetries which depends only weakly 
on V~ ~) > 8B. 

At higher temperatures, where w(T) is much larger 
than both, Ws and ED, the exchange rate can be ap- 
proximated by 

/ 2 \ 2 /  "N 10 
}'p r / w ( 7 ' )  Rex ~ 147 ( ~ )  ( ~ )  ]Ao] 4 

\ / \ ( 1 , 2 ) /  
(7) 

The Arrhenius-like increase ofw(T)  with an activation 
energy given as the first librational excitation, leads 
to the corresponding decrease of Rex. The cross-over 
to the low temperature saturation (6) depends deli- 
cately on the ratio of the breathing and sl~aking types 
of the rotor-phonon coupling and is diNcult to esti- 
mate. In view of the presence of other possible sources 
for line broadenings (strong dissipation at T = 0112] 
or orientational coupling between large !numbers of 
rotors[20]), Eq.(6) provides an upper bound for the 
exchange rate at T = 0. Eq.(7) is of thel same form 
as the expression estimated by Nijman and Berlinsky 
[5] for the exchange rate between methane molecules 
(from our point of view, the R -8 depend~nce of their 
rate is due to a typographical error, it rather should 
read R -1° also in the context of methane). 

In Fig. 1 the exchange rate Rex for equal methyl 
groups is shown versus temperature, assuming Debye 
phonons [6, 9]. The full curve shows the rate calcu- 
lated from Eqs.(4) and (5). The approximative expres- 
sions (6) and (7) are shown dashed. The competition 
between the diffusion mechanism and the on-site con- 
version can be seen from the ratio %×/rcon between the 
exchange and the conversion times, Fig. 1, the latter 
has been discussed in detail in Refs. [6, 7, 9]. At low 
temperatures the symmetry exchange is, in the exam- 
ple shown, by about 15 orders of magnitudes more 
efficient than the conversion. The fastes i converting 
rotors in the sample will determine the macroscopic 
thermal relaxation. With increasing temperature the 
development of ~ex and Tc,,n is just the opposite. 
Above a cross-over temperature, where re, = %on, the 
on-site conversion is faster than the excihange. This 
temperature depends sensitively on the d~tails of the 
rotor-phonon coupling and on the distance between 
the rotors (¢x (R (°) ~10) (1,2)" • 
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.n(0) - .I0 Fig. 1. Upper curve: ta(1,2)/r) log(s/rex) ,  lower curve: 

n(o) = 5r versus temperature in units of  log(rex/Zcon) for -'~(1,2) 
the tunnelling energy A corresponding to V~n)= V~2)= 20B. 
Debye phonons have been assumed with COo = 18B, g~ - g~ and 

c/s, / ~ )  . g : Y~ / g  v3 tuk = 0.1. At temperatures T > 95/', the conver- 
sion becomes more rapid than the exchange. 

I f  V~ 1) < t73(2), SO that the difference between the 
(through HI renormalized) tunnelling energies A~'"~. 
is larger than ED, the exchange rate 

.ex 147 )0 
/ . 3 )  R(1 ,2 )  

,~(0) L xlO Rex/S versus temperature according to Eq. (8) Fig. 2. t~O,2)/r)  
for 1/3(1) = 15B and I"3(2) = 15.5, 16, 16.5, 17B, from top to bottom. 
The remaining parameters are the same as in Fig. 1. 

account for the difference between the tunnelling en- 
ergies of the rotors. The exchange rate first increases 
Arrhenius-like with an "activation" energy being 
roughly given as the mean of the librational energies 
of  the two rotors. The maximum is determined by 
W(1,2) = /~1,,2). and a further increase of the tempera- 
ture reduces Rex, again Arrhenius-like, similar to the 
case of equal rotors. The decrease of the maximum 
value for Rex and its shifting towards higher tempera- 
tures with increasing difference between the rotors is 
clearly seen. 

× IAo( 1 )12 tA0(2)12e -#(E;'O )+E°E(2)) 

W(1,2) 
x(z;l 2 + + (8) 

differs considerably from Eqs. (6) and (7). E0V(~) 
are the eigenenergies of  the c~'s rotor and Zrtr2 = 
ZF,ZI'2, ZF = ~ m  e-#Er . A central ingredient is the 
combined broadening w (1,2) which for most applica- 
tions can be taken as the sum of the line broadenings 
of the two rotors [15]. 

In Fig. 2 Eq. (8) is plotted versus temperature 
for V~ l) = 15B and V~ 2) = 15.5, 16, 16.5, 17B. The 
low temperature limit is determined by the ratio 
ws/(2x(~2)) 2. This suppression (compared to Eq.(6)) 
is due to the lack of low energy phonons that have to 

4. Conclusions 

Results for the symmetry species exchange rate 
Re× for (A1,E2) ~ (El,A2) transitions between two 
adjacent methyl rotors are presented. This is the 
"elementary process" for the macroscopic thermali- 
zation by diffusion of symmetries through a sample 
that contains dilute paramagnetic centres which 
provide rapid conversion of rotors in their near vicin- 
ity. Its temperature dependence is traced back to the 
broadening behaviour of the tunnelling line as it is 
observed in 1NS. This relationship has been derived by 
using a projection operator technique. Taking Fermi's 
golden rule would not have allowed to control this 
derivation. 
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The dipolar broadening Ws due to the energy reser- 
voir of nuclear spins (characterized by the relaxation 
time T2) determines Rex at zero temperature. This 
fixes the upper bound for Rox in the cases of equal 
methyl groups V~ l~ := V~ 2~. At elevated temperatures 
Re× decreases Arrhenius-like with an "activation" en- 
ergy given as the mean of the two librations. Simul- 
taneously the conversion rate increases and overtakes 
the exchange rate above a certain temperature. Ro- 
tors with different ~ l l  ~ V~2), so that A(1,2) > WS, 
should show Rex of the order of Ws/(A(l'2)) 2 at zero 
temperature and a non-monotonic temperature depen- 
dence. 

In a tbrthcoming publication [15] we include 
Raman type phonon processes, and the cases of low 
orientational potentials V) ~, V~2)<8B. In the lat- 
ter cases modulations of the distance between 
the rotors by phonons can yield a contribution cx 
(2n( [A (L2/I ) + 1 ) to Rex at low temperatures, n(x) = 
(e/~X - 1 ) I being the Bose function. 

The dipolar magnetic interaction assumed here 
as the origin for the symmetry exchange transitions 
would be reduced in chemically equivalent deuterated 
samples by ~ 10 -3 due to the smaller dipole moment 
of deuterons. The conversion of not very weakly hin- 
dered deuterated rotors is, on the other hand, predicted 
to be not considerably different from the protonated 
isotopes [9]. The experimental observation of the 
symmetry species "diffusion front" by means of the 
neutron transmission method [21 ] through protonated 
and deuterated samples, enriched with oxygen on 
one side, would be extremely interesting [22]. A de- 
termination of Re× should also be feasible by means 
of specially designed nuclear magnetic resonance 
experiments [23]. 
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