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Topology of the skyrmion bundle

Christian Gross
Fachbereich Mathematik, TH Darmstadt, Germany

(Received 20 December 1994; accepted for publication 22 March 1995)

We compute homotopy and cohomology groups for the Skyrmion bundle, which
play an important role in the description of the monopole-induced proton decay
within the Skyrme model. By use of spectral sequences, the differential forms on
the bundle that allow for the calculation of baryon numbers and for the anomalous
action are developed out of the ones on the fiber, and are adapted to the given
Maxwell connection. © 1995 American Institute of Physics.

l. INTRODUCTION

During the last years many physicists seem to have rediscovered the Skyrme model' in
theoretical nuclear physics as an effective field theory related to quantum chromodynamics (QCD)
by its underlying symmetry. Yet most of the articles deal with the ungauged, purely hadronic case
treating interactions between baryons and mesons and do not cover interactions between these
particles and electromagnetic fields, although especially for the latter case, the Skyrme model
reveals some interesting features. Grand unification theory in its present form implies that mag-
netic monopoles M are able to catalyze baryon-number-violating processes like

M+pT—M+e* +pions,

and it has been shown? that these processes can conveniently be described within the Skyrme
model, even if the hope to proceed to a reaction cross section was in vain.>

The correct settings for the purpose of treating interactions with electromagnetic fields are that
of a skyrmion bundle (and a lepton bundle) associated with a principal U, bundle and a Maxwell
connection on it, and there still seems to be a need for clarifying the foundations of the skyrmion
bundle. The possibility of describing baryonic processes by means of the mesonic fields alone, is
essentially based on the topological properties of the unitary groups SU,,. While their stable
homotopy groups and their de-Rham cohomology including the generators wj,,;; of
H?"*1(SU,,) are well known in the literature,*’ little is noted on the topology of the skyrmion
bundle, although this is quite indispensable. In order to treat baryon-number-violating processes,
one needs an analog of the (normalized) differential form w3, which counts the number of baryons
described by a certain mesonic field configuration. One also needs an analog of ws, which serves
as a base for the anomalous action.

Several approaches®=® have been made to generalize w; and ws to the bundle case. Yet all
these approaches were local ones and thus could only prove closedness and gauge invariance of
the recovered forms, but they could not answer the question of whether these forms are exact or
generate non-trivial cohomology groups. Instead, we will choose a different approach and examine
homotopy and cohomology of the skyrmion bundie in general. For the purpose of recovering
(global) differential forms on the bundle from those on the fiber SU,,, we will use the quite
intricate technique of spectral sequences. In a second step we will then gauge these differential
forms by adapting them to the given Maxwell connection.

For notational convenience and as a foundation, the next section gives a survey on the un-
gauged Skyrme mode] with respect to its topological properties. We introduce the invariant cur-
rents and state the index theorem that is responsible for all topological quantizations within the
Skyrme model. In addition, we present the Hodge star operator and the co-derivation of differen-
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tial forms, which are important not only for the definition of a conserved baryonic current, but also
for treating electromagnetism by means of differential geometry.

Section III summarizes this approach and introduces fiber bundles and differential geometry
on them. For our purpose, we concentrate on the case of a one-dimensional Lie algebra g=R.

In section IV we apply the results to the monopole bundle as a principal U; bundle and the
skyrmion bundle associated to it. Especially, the prototype for the interaction between magnetic
monopoles and skyrmions, the bundle for the single monopole, is treated and completely classified
by its magnetic charge. We give the transformation rules for the locally defined forms and their
projections induced by the Maxwell connection.

After a survey over the homotopy groups, in section V we develop the technique of spectral
sequences, in order to recover differential forms on the bundle from forms on the fiber. Besides,
the spectral sequences will aid us in giving a meaning to the notion of ““adaptation to the connec-
tion.”

Section VI finally summarizes our results especially with regard to the description of the
monopole-induced proton decay, and indicates generalizations to non-abelian Yang—Mills theo-
ries.

1I. THE UNGAUGED SKYRME MODEL

The Skyrme model' in theoretical nuclear physics is a chiral invariant effective field theory
modelled to describe the low energy limit of QCD. Let Ny denote the number of flavors in QCD
(we will use Einstein summation convention, where greek indices label space—time coordinates
running from O to 3, whereas latin indices start from 1, e.g. for space coordinates). Then defined
by

U=exp(im®r,) with A,=(7,) e CVF*¥F Tr(\,)=0,

the meson fields 7 generate differentiable functions U:M—SUy, from space-time M to the
group of unitary NzX N z-matrices of determinant 1. The vacuum is represented by the unit matrix
le SUN Requiring 7%(r)—0 and thus U(r)—1 for r— one can compactify euclidian space
R3, resp., space-time R?, so that the meson fields constitute functions

U:]R(,)XS3—>SUNF, resp., U:S4—-+SUNF.

From this it is obvious that the topology of the unitary groups plays a crucial role in all
questions concerning the topological properties of the Skyrme model. We will therefore collect
some results on the homotopy groups and the differential forms on SU,, i resp., U,,,. About the
(stable) homotopy groups m, it is known from Bott’s periodicity theorem* that for all m>neN

Tan(SUm) = 772n(Um) = 0, (1)

T2+ 1(SUp) = 7554 1(Up) =2 )

Reference 9 exhibits explicit representatives for the elements of ,,.1(SU,), m>n<3.

As for the differential forms, we will give an introduction into what physicists call the “cur-
rent algebra approach;” we shall need certain basic results which, for the benefit of the reader, we
will also survey in the following subsection.

A. Differential forms on the unitary groups
Let U, be embedded into GKC™) by i:U,—GC™. With L:=U"' dU=U" dU and
R:=(dU)U '=(dU) UTE./él(U C’"X"’) we denote the left, resp., right invariant currents: L
and R are the pullbacks i @Gl omy» Tesp., i ®Gl(cm) , where for any Lie group G with Lie algebra
g=L(G), G) and @Geﬂl(G @) mean the left, resp., right canonical g-valued I-forms on G.
Thus L and R are C™*™_valued 1-forms that are invariant under multiplication with constant
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4408 Christian Gross: Topology of the skyrmion bundle

elements of U,, from the left, resp., from the right and obey L(X)(1)=R(X)(1) =X for all vector
fields X e 2*(U,,) with X(1) =X e u,,=IL(U,)=T(U,,). For any constant Q € C"**™, we define
A{ and pf e A4(U,,,C) by

A :=Tr(QL*):=Tr (QL/\---AL)
_,-—J’

k
p2:=Tr(QR*):=Tr (QRN\---/R)

‘\,‘—/,
k

where /\ is the wedge product of differential forms. These are left, resp., right invariant complex-
valued k-forms on U,,; for Q=1 we have

W= )\,1‘= p}c=Tr(Lk) =Tr(R*) € .4,(U,,C),

which is invariant under all “chiral” (SU,); X (SU, )z transformations. For any differentiable
U:M—U,, we get the pullbacks (here L;=U" 4,U)

UNE=Tr(QL; ---L;) dx"'/\---Ndx'te #4(M,C),
U*pf=Tr(QR; - -R;) dx"/\---Ndx'te #4(M,0),
U*w=Tr(L, - - Ly,) dx'I/\- - -Ndx‘te #A(M,C)
(pullbacks commute with d and /\). Because of the symmetry of the trace and the antisymmetry
of the wedge product, w;=0 for even k=2/, and so is U *w;=0. L and R obey the
Maurer—Cartan identities, that read dL = —L/\L, dR=+R/\R or, equivalently,
d(U*L)=—(U*L)/\(U*L)=~L; L; dx'\dx"2=—}[L;,L; ] dx''/\dx",
d(U*R)=+(U*R)N\(U*R)=+R; R, dx"'/\dx">=+ }[R, ,R; ] dx''/\dx".
Ilustrating that the exterior differentiation d is a differential operator (d?=0), this yields
dL21+1=_L21+2 dR21+1=R21+2 dL21+2=dR21+2=0 (3)
d(UL21)=UL21+1, d(LZIUT)=_L21+1U1‘, d(UL21+1)=d(L21+1U1')=0, (4)

for I e Ny, and we thus have the following lemma:
Lemma IL1: If &, € ./4,(U,,,C) is any r-form on U,,, then

(—1)* 1, A\L, e A, 1 4+1(U,,C), k odd,

d(a,/\xg)=da,/\x,?+{0 ' even

(= 1) a,\pli1€ Ari41(Un,C), & odd,

d(a,\p2)=da,\p2+
(a', pk) a,/\pg [0’ k even.
Equivalently, if U:M—U,, is differentiable and B, e 4,(M,C),

(=1 BAURNE, € Ay iy 1(M,C), K 0dd,

d(BNUMNE)=dB,ANU*\E+
0, keven,
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(=) BNAU*pE, 1€ A 1(M,C) Kk odd,

d(BN\U*pf)=dB NU*pl+ 0. keven.

Corollary 11.2: The forms w; are closed: dw;=0, resp., d( U*wk)=0.

Moreover, one can show® that there is no differential form a,,e . %,,(U,,C) with
Woyp+1=day,, ie. the wy,, are not exact, and that they generate the de-Rham cohomology of
the closed forms, modulo the exact forms on SU,, resp., U,, which is homeomorphic to
S'%SU,,:

Theorem I1.3: The de-Rham cohomology of the unitary groups

H*(U,,,C)=H*(S',Q)® H*(SU,,,C),

resp., H*(SU,,,C) is generated by w,,w3,....,w5,_1, resp., i*wy,.i®wyy,_1, with inclusion
i:SU,—U,.

B. Baryons in the Skyrme model

Baryons appear as topological soliton solutions—as *‘skyrmions”—of the meson fields. The
number B of baryons described by a given mesonic field configuration U can be computed by an
integration over the space manifold:

1 1 N
B(U)= fss— 572 U= JRS— S TH(LiLLy) dx'/Ndx/ Ndx, )

Compactification of space-time is crucial for the existence of nontrivial soliton solutions. Nor-
mally there is no guarantee that the integral in (5) is an integer, but for spheres we have the
following index theorem.'® Let €/1'2"**i denote the totally antisymmetrical Levi—Civita symbol,
then we have

Theorem IL4: For every map U:8**~'—U,, the integral

i \" (n—1)!
n(U)= Su—x(ﬁ) WU*“’Zn—l

= L "_(n—l)! vy i T(L, L; -+ - L Y dx'N\dx*/\- - Ndx?!
lg2n-1\27) (2n—1)! ML by iyg_y) &% x

is an integer, The assignment [U—»>n(U):my,_(U,)—Z is an isomorphism for m=n.
We are thus able to identify (i/27)" [(n—1)Y/(2n—1)!] w,,_; with the generators of

m—1

m—1
H*(Um,Z)EH*( 11 s”“,z), resp., H*(SU,,,,Z)EH*( 11 s”“,z). (6)
=0 =1

At any time ¢ the meson fields form differentiable functions U(t,-):S3——>SUNF and thus
represent elements of the homotopy groups 7r3(UNF)%Z for Nzz=2. Although these fields need

not be constant in time, continuity forces them to change only within their equivalence class of
homotopic functions. Thus the integer characterizing the homotopy class is a topological invariant,
the “topological charge,” that can be interpreted as the number of baryons and be computed by
(5), as Theorem I1.4 tells us.

The vacuum map represents the zero element, and so B(U=1)=0. For proton and neutron we
have B =1, for their antiparticles B= — 1. Annihilation of proton and antiproton corresponds to the
“addition” of their maps within the homotopy group and generates a mesonic field of topological
charge B=0.

J. Math. Phys., Vol. 36, No. 8, August 1995



4410 Christian Gross: Topology of the skyrmion bundle

C. The action integral

The meson fields obey the field equations derived as Euler—Lagrange equations from a la-
grangian .#(U,dU) by variation of the action integral I'(U) = [s+.%  dV. The latter splits into two
parts (we set £=1): the nonanomalous action I'y,(U)

=js4( f"Tr(L L* )+“—1—2'TI'([L LV][LM’LV]) dv, (7)

where £, is the pion decay constant and a~2 a coupling constant, and the Wess—Zumino term''
(N¢ is the number of colors in QCD)

— iNC %
sz(U)~—7240ﬂ_ D5(U) ws,

that describes the anomalous processes of QCD. Now H 3 (SU,,C)=0, so the Wess—Zumino term
only contributes to the total action for Np=3. In that case one uses m4(SUy )=0 and extends U
to a differentiable map U’:D*—SU; from a five-dimensional disk D> whose boundary 4D3 is
space-time S*. The topological quantization of the coupling constant A = iN /2407 is again a
consequence of Theorem I1.4, and of the requirement that for any extension U’ the result has to be
unique. This forces [note ms(SUy ) =Z for Np=3]

}\fs(ff)*ws = 2mz, zel,
S

where S° is the S-sphere which one obtains by glueing any two 5-cells D“) and D(z) at
space—time S4—¢9D(,) o7D(2) together, and where we have defined U= UiyUU(,: S$°—SU; as
the corresponding extension to this 5-sphere.®

The so-called hedgehog ansatz'? leads to a numerical solution of the field equations for all
B e 7. The action is invariant under all chiral transformations U—>g,;Ugy ! with g, ,gre SUNF.
This symmetry is spontaneously broken: the vacuum state is only invariant under diagonal
SUNF transformations /= VUV ™!, One can add further chiral invariant terms of fourth order to
the nonanomalous lagrangian

1 1
nopv my v
WTr({L#,L,,}{L L+ ig—fTr(ﬁﬂL,, g*L"), (8)

with coupling constants f2 and g2 and anticommutator braces {,}, or—in order to take the finite
pion mass M, into account—a mass term, breaking the axial symmetry (ff, M f,jZ)Tr(U —-D,
resp.,

T 7 T
2(mu d)T (M (U+U"-2-1)) 9

for Np=2, resp., 3, where M =diag(m, ,m,,m;) is the quark mass matrix, and m,, my, m,
denote the masses of up, down, and strange quarks, resp.

D. Conservation of the baryonic current

dw;=0 allows for the conservation of the baryonic current within the Skyrme model. On
every n-dimensional pseudo-Riemannian oriented manifold M [i.e. equipped with a volume form
dVe . #,(M)] the Hodge star operator *:.#Z(M)—_#(M), 2,(M)—_#,_,(M) is uniquely de-
fined by5 13,14

J. Math. Phys., Vol. 36, No. 8, August 1995
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By—>*B, a,\*B,=(e,,B,)dV forall a,e 4,(M),
where (-,-} is the scalar product of p-forms induced by the metric § on M. * serves to establish
the co-derivation &:. A(M)—.4(M),4,(M)— 4%, (M) and the Laplace-Beltrami operator
A: AM)y— AM), A,(M)— 4,(M) defined by
Sw,:=—(—1)"?"Dsgn(g)*d*w,,
Aw,:=déw,+ ddw,=(6+d)’w,.

Like d, & is a differential operator: §>=0. The local expressions might be more familiar. On a

chart U,CM with coordinates x',..,x" and local evaluations wplU =:(1/p!) wy.. i dxi
Ao\ dxie, §ly =g, dx' dx! wit.h.maps Wi ,g,,ec (Uy) and g:=det(g,;) we " have
<a'p,ﬂp>lua= (l/p') ail"'ipﬂjl"'jp gu]l. tplp_ (1/[7') a ) le
Igl”2 ,. L ima )
dVlU = 1...,-ndx IN- - Ndxin=|g|"dx'/\- - - Ndx",
= 1 i i i
dwplUu_ ;T aiowil"'ip dxoN\dx 1\« - Ndx P,

o™ - . ,
*wP|Ua= (n_p)! ij” 11’5,'1...,'" dxlp*’l/\---/\dx'",

@™ (= 1),lg|‘ (18112 ) gy g AN Ndxem
_ (_l)p aip( )d il/\ /\d ip—l
—‘(p—l)! w;..,) dz 7 ,

Awyly,=~— 1—)}7 &jajwil,,_ipdzil/\- - N\dz'»,
where the last two equalities hold for cartesian coordinates z' only.

Now the baryonic current on space—time M is defined by
B:=+((—1/47w") U*ws)e 4, (M). Locally this means B=B, dx*= (1/247%) €,"’|g|'"”
XTr(L,,L L,) dx*, where on space-time with signature (+———) we have
1B=¢, 1852 —lgl lep3=—|g|”'. This yields B(U)= Iu, .BO dV where M ; denotes the

space manifold and B is co-closed by Corollary IL2.:
. —1 * ~1 *

Locally this is exactly the conservation law for the baryonic current d,(|g|'*B#)=0 or, in carte-
sian coordinates, d,,B*=0, where B#= (1247%) e**PTr(L,L oL o) Usmg Stokes’s theorem one
again verifies the conservauon of the number of baryons

9oB® dV= f

2(|2|"B") dx'Ndx?Ndx®= f B dai=0,
Mz

(9M(f)

2 so= [

Mz

whenever dM ;=0 or the baryonic current vanishes there.

J. Math. Phys., Vol. 36, No. 8, August 1995



4412 Christian Gross: Topology of the skyrmion bundle

In contrast to Noether currents this conservation law is independent of the validity of the field
equations but a mere consequence of the topology of the underlying manifolds (e.g. compactifi-
cation of M ).

lil. MONOPOLES AND FIBER BUNDLES
A. Maxwell’s equations in differential geometric form

It is well known that Maxwell’s equations (in their matter-free form) can conveniently be
presented by use of differential forms.>'*!S If we define

electric I-form E,  E|y=E ,dx*, EM:=(O,1::),
magnetic 1-form B,  B|y=B,dx*, B#:=(0,1§),

source 1-form J, J|U=J#dx“, J#:=(—cp,f),

gauge potential 1-form A, A|U=A#dx“, A#:=(—<D,z;),
Faraday 2-form F, F|y=73 F,dx*/\dx",
where F= (c/2) [(E/\dt—dt/\E)+ *(B/A\dt—dt/\B)], Maxwell’s equations

+ - 19 . = - 1
VXE+——B=0, VXB——
c at c
€-E=O, 6-5=47rp,

simply read dF=0, 6F=— (47/c) J. The continuity equation V. j+ (d/dt) p=0 reads 6/=0
and is a_consequence of 8%=0. Introducing gauge potentials by B= VXA E=-Vd- (1/c)
X(3a/ at)A is equwalent to F=dA, from which dF=0 then follows by d*=0. Finally the Lorentz
gauging V.A+ (1/c)(8/3t)® =0 reads SA=0, yielding AA= — (47/c) J. Wherever J=0, the
Faraday 2-form is harmonic: AF =0, which is equivalent to the wave equation, and under Lorentz
gauging A is harmonic, too.

Lorentz transformations L:M — M are isometries of M, i.e. L*¥§=g and thus not only d but
also & and A commute with L. This proves Lorentz invariance of all these equations connecting
F, A and J, where F'=L*F, A'=L*A and J'=L*J are the quantities in the new system.

Yet, this is not sufficient for the description of magnetic monopoles. Given any closed F
€ %,(M) the existence of a gauge form A satisfying dA=F depends on the topology of space-
time: it is guaranteed only for H>(M,R) = 0. If we exclude single points out of the space manifold
then there exist (global) electromagnetic fields—namely those of magnetic (anti-)monopoles lo-
cated in these points—for which no global gauge potentials exist.

We are interested in the case of a single (anti-) monopole of magnetic charge m- gp (at first let
meR), which rests in the origin of our space manifold. Then M= R(,)XR(,)XS(O s and

H*(M,R)=H?(S?,R)=R. The resulting 2-form related to E=0and B=m (gp/r)e, is

7} 6
5 cos do/N\d ¢.

Fy=mgpsin 6 d8/\dp=2mgpsin 3

Gauge forms exist only locally on the northern, resp., southern hemisphere:

(+) .2 9 (=) 2 0
Ay '=2mgp sin Edgb and Ay’'=—2mgp cos Edd” (10)

J. Math. Phys., Vol. 36, No. 8, August 1995
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where Afj) becomes singular at the south pole (#=) and vice versa.

Yet it is possible to define a global 1-form that contains the gauge potentials, but this is no
form on the space-time manifold. In order to do this and to describe interactions between mono-
poles and baryons it is profitable to use fiber bundles.

B. Fiber bundles

Fiber bundles B(M,F,G) are generalizations of the direct product of two spaces (we only
consider C*-manifolds): B is the bundle manifold, M the base, F the fiber and G the group of the
bundle.!*!>'® Only one global projection m:B—M exists. We have a bundle atlas
{(Uy,¥a)}aea consisting of bundle charts (U,,#¥,), where 4={Uy} ¢4 is an open cover of M
and ¢, W(Uy)— U XF:b—>(w(b),m (b)) are local trivializations with local projections
maim W (Uy)—F on the fiber. Via these diffeomorphisms ¢, we will frequently identify
w~ W(U,) and U,XF. If a global (C”)-projection on the fiber exists then B=M X F and the
bundle is trivial.

G is an effective topological transformation group on F, acting on F from the left:
g<d(h<f)=(g-h)<f Vg,heG, VfeF. For all xeU, let Tax' = Tala=1¢xpy. Then for all
a,BeA and all xeU,NUpg the diffeomorphism , xowﬁx :F—F defines an element g,g(x)
e G, and we thus have C*-maps g,5:U,NUg—G. (g, 84p and g,p(x) are not to be mixed up
with the metric tensor, there will be no summation over & and 8.]

For abelian G the left action on F defines a left action on the whole bundle:

g<b=Lg(b)=¢;1(7T(b)9g<7ra(b)) (11)

for all geG and beB, where w(b)eU,, is then well defined and fiber preserving:
w(g<lb)=mw(b).

Note 111.1: The maps g . are crucial for the global structure of the bundle. If the base M with
an open cover 4={U,},c4 and the fiber F are given then the g,z define the whole bundle up to
<=,quivalences.'5'16

Examples for bundles are the Moebius strip and the tangent bundle of a manifold 7(M)
consisting of all tangent vectors at all points in M, where M is the n-dimensional base manifold,
R" is the fiber and GI(R™) is the group of the bundle. Analogously we have the cotangent bundle
T*(M), that consists of all cotangent vectors at ail points in M.

Sections are C*-maps o:M —B:x—o0(x) € 7~ 1(x). Normally only local sections exist: fix-
ing ye F we have g,,:U,— 7" WU x> (ﬁ;l(x,y), but for tangent, resp., cotangent bundles
global sections always exist, these are exactly the vector fields, resp. the 1-forms on M.

By a principal fiber bundle P(M,G) we mean a bundle where G=F acting on itself by left
multiplication. In addition we have a free fiber preserving right action on P defined by

P8 =R, (p): =4, (m(p),ma(p) &) (12)

for all g G and p € P, where w(p) e U,, which is independent of the choice of a because left
and right multiplication on G commute.

Given any bundle B(M,F,G) one can construct an associated principal bundle P by taking
M=U_,4U,, G and the maps g, but choosing G as fiber (Note III.1). On the product manifold
PXF let G act on the right: Rg(p )= g,g7'<f); PXgF denotes the quotient space of
PXF by this action. Then B=PXsF. 7 Two bundles are called associated if their associated
principal bundles coincide.

Principal bundles are trivial iff global sections exist. In order to decide whether a given bundle
is trivial or not one can construct the associated principal bundle and look for sections there.

The physics of the skyrmion bundle, and of any other theory that involves fiber bundles and
differential geometry on them, e.g. Yang—Mills theories, can only be understood within the frame-
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4414 Christian Gross: Topology of the skyrmion bundle

work of connections on principal and associated bundles. Since these topics are not available in
the physical literature in full detail, and for notational convenience, the following two subsections
present their basics and applications in view of our purposes. The reader familiar with differential
geometry on fiber bundles may skip these subsections.

C. Differential geometry on principal bundles

Every bundle chart for a fiber bundle B also induces a local trivialization of the tangent bundle
of the given bundle: every tangent space splits into the direct product of the horizontal and the
vertical subspace: T,(B)=H, @ V,. Only the latter, consisting of all vectors tangential to the
fiber, is given naturally and thus globally: if 4 (the push-out of 7) denotes the map between the
tangent spaces induced by r (also called the differential d ), then

We thus have the vertical bundle V(B) as subbundle of T(B); v@!(B) denotes the set of all its
sections, i.e. the vertical vector fields.

On principal bundles let 7, :G— P:g+> 7,(g): =pl>g denote the C*-map given by (12). Then
A7y =((Th)w)e :g—T,(P):A—>dT1,(A)=A*(p) (e is the neutral element in G) is a linear iso-
morphism between g=L(G) and V,, and if A* e vF'(P) denotes the induced vector field on
P we have (Rp) 4 A*=(Ad(g")(A))*."

A connection I' on P(M,G) associates a horizontal subspace H »<T,(P) with every pe P
such that

(1) Tp(P)=VpeBHp with projections Up :TP(P)—>VP, hy :T,(P)—H,;
(2) horizontal and vertical projections of vector fields exist with:

u:@%P)—»v@*(P)=v(@1(;’))g_@”‘(P),
X—>uX,(vX)(p):=v,X(p),
h: 2 (P)—hZ'(P):=h(D'(P))C P! (P),
X—hX,(hX)(p):=h,X(p);
(3) VpePVgeGi(R) w(H,)=H,p,.

The horizontal subspaces H p form the horizontal bundle H(P) with T(P)=V(P) & H(P);
v(P(M,G)) denotes the set of all connections on P(M,G).
Every connection I' on a principal bundle P defines a connection 1-form ' e %,(P,g) by

o' (X)(p)= " (vX)(p)=(dT,) ' (v,X(p)) VX e P (P).
For our purposes we concentrate on g==R, so every definition for .4(P) implies .4(P,g). Then
o' (hZ(P)=0, 0 (A*)=A and RYw'=w' for all geG. Vice versa, then every
we.4.(P(M,G))

i={we.4(P.g) | w(A*)=A VAeg.R¥v=w VgeG}

defines a connection I' € y(P(M,G)) by w(h%?(P))=0, and then w=w’.
For any @, € .#,(P), we define horizontal and vertical projections w,h € .4,(P)h, resp.,
w,U e A(P)v by

oh(XV . X = (hXD, .. hX®)), (13)
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oo (X,. XN =wvX?,..,vX®) (14)

for all vector fields XV in D!(P). Forms ¢ that are invariant under R g 1e. R *(p ¢, are called
pseudotensorial, their set is denoted by AP(P(M,G)), whereas ./gT(P(M G)) means the set of
all tensorial forms, i.e. of all horizontal pseudotensorial forms. a X AM)— AT(P(M,G)) is an
isomorphism of C”(M)-modules and the definitions of A (P)h, AP(P(M,G)) and
./zT(P(M G)) are independent of the choice of a special connection. For all reN the forms
(w*dx")/\ (¥ dx MES dx'1 FARREVAN dx are a local basis for AT(7~(U,)), resp., for
Al ’TI'—I(U 2))h if the coefﬁc1ent functions depend notonlyonxelU, butonpew “Ywu.
Lemma I11.2: If T € y(P(M,G))# then:

(1) o' e £ (P(M,G))C A (P(M,G)), o h=0;
) V¢E¢6P(P(M G)),r>0: cph e AN(PM,G));
(3) Voe AN (P(M,G)): dpe AL, (P(M,G)).

The covariant exterior derivation d': #(P)—_4(P)h is defined by dr<p, =(de,)h;
O =d"w e A3(P(M, ,G)) is called curvature 2-form for I'. Using d” ° R} =R} o d"—i.e.,
d¥(BL(P(M, G)))C./Z,H(P(M G))—as well as d' o 7*=7* o d, one shows

Lemma I11.3: If g=R and w EJ&,(P(M G)) then

Voe AN (P(M,G)): dle=de, (d")"9=0, m=2;
Vae 4'(P(M,G)): (d")"a=0,m=3;
structure equation: Ql=dlw!= =do";
Bianchi identity: dTQT=dQF=0.
Via the local sections o, ., o’ and QT [restricted to 7~ }(U,)] define forms on the base
AT=AY dx":=a'a*,e(wr)e./@1(Ua,g), (15)
Fe=1 Fg dx'Ndxl:= o (OF) e 4y (U,,9), (16)
for which the following theorem holds (we write the group operation in G additively):

Theorem 111.4: Let g=R, wreﬁy(P(M,G)) and {(U,, )} aca a bundle atlas for P, then
forall a,BeA with U,g:=U,N Upg#(J and for all xe U,g:

=dA%, dF®=0,
A%y, =APly, +d8par  ATX)=AP(x)+d:8pa(x), an
Fly, =FPly,, Fi(x)=Fix). (18)

Vice versa, if for a bundle atlas {(U,,¥)}aca on P(MG) with g=R a family
{A"‘e.z@l(U wrB}laca IS glven such that (17) holds, then there exists one unique
o' € 4. (P(M,G)) such that ae(w |,,—1(U y) for all aeA.

If M is pseudo-Riemannian, we can use its metric for horizontal forms on the bundle. For all
a,,B,e A (P)h where locally ey =(1/rh)ey .. ;(p) abc'1 VARRRVAN dx" and where
Brlu,= (UrH)B; ... (p) dxg N\ Ndx, we deﬁne, independently of the special trivializa-
tion,
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1 o _
<ar7ﬂr>P:=;ail-~ir ﬁll'“l' VPE’IT I(Ua)-

Then, Ry ({(a,,B8,)p)=(R¥a,,R¥B,)p as well as (m*a,,7*B,)p=(a,,B,) for al a,,
B,€.4,(M). For oriented M we can thus define the Hodge star operator *, for horizontal forms
B,e.#4,(P)h by requiring

ar/\*hﬂr=<ar ’ﬁr>P(7T*dV) Va,EJg,(P)h,

and get a Hodge star operator *1:_Z(P)— _#(P)h via g . = *,(B,h). This finally leads to the
definition of the co-derivation &' and the Laplace~Beltrami operator AT for a connection I' on a
principal bundle (n=dim M):

8o, =— (="l qlw T ATp =(dT6"+ 6"a")e,.

With regard to our purposes we get the following lemma:
Lemma II1.5: For any connection T' on P(M,G) and Vge G, 8" and AT commute with
R: ; if =R their operation on Af(P) does not depend on T’ and we have

(e, =0, m=2, VYo,e 4 (P(M,G));
om*=n%8, Alog*=rg%A;
fo'=0, Alw'=6"Qr.

D. Connections on associated bundles

Every connection I' on a principal bundle P(M,G) induces splittings T(B)=H(B)
® V(B) on any associated bundle B(M,F,G)=P X F. Let g: P X F— B be the natural projection.
then H(B):=qgx(H(P)X{0}). Locally let i{x,g)=(x,g.f) denote the inclusion and
q(x,g.f)=(x,g<1f). Then for b=(x,f) we have

Hy=dq s, )(dif)(z,e)H (x,e)= 89 (x,0.5- 1<) (dig-19p) (x,0)H (rq) V8 EG. (19)

If 7,:G—F:g—>g<f denotes the left action of G on F and d;—Afd,e H, ,y with Af R then
D;=3;— AfdT(35)=:9;+A}(3/dy’) is in H s, (Where y/,j=1,..,dimF is a local base for F).
D; is called the horizontal lift of d; and from Af3,=A%(3,) =U(y,)d; we have

h6i=D,-=¢9i'—de(Aa(¢9i)), hayjzo’
(20)
V0, =dTAA%(3,))=A%dT{3,), v3,i=0,i,

hM*=M*—d71(A%(M®)), hF*=0,
@D
vME=dT{A%(M?)), vF®=F",

for M*eT (M) and F*e T/(F). The corresponding local projections of forms defined analo-
gously to (13) and (14) are
dx'v=0, (dy)v= dyj—,ifdxi, resp.,
N @)
M0 =00 @0 =000+ (17 0, n) AL,
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for I-forms w*=u%+¢® with uf ~:T(M)—V and @ »:T{F)—V. We verify that
v,h:Z'(B)—Z (B) by checking the transformation rules for vector fields Y € & 1(B) where
Y[ o1y )(2.S%) =Mg‘,f¢,)+Fg‘,f,,) e T (M)®T(F): for all xe U,g

a _ B a _ B B
M gy =M 8y ad Fiay=dLy )(F( i8)+dTss dgap(M, 5)- (23)

This corresponds to the following transformation rule for V-valued 1-forms w e %(B,V) with
O - x(Ua)(x,f"‘) = ,u:;’fa) + @a’fa) € Hom(T,(M),V)®Hom(T se(F),V):

a _r% B8
(P(x,f“)~Lgﬂa(x)<P(x,fB) forallxe U,g,
(24)
a * *
B g™ Pt 8 BaT1o 1= M 0y~ (77500 18)°(8 5605

For abelian G with L, from (11) we have (L) xHp=H < and (L¥ @)v =LY (pv), etc. As for the
interplay between the transformation rules for differential forms and their vertical projections in

the case g=R, equations (17), (21), and (23) yield the following theorem:
Theorem IIL6: Let I' be a connection on P(M,G) where G is abelion with g=FER=R,

B(M,F,G) an associated bundle and V any vector space. For any x € /4,(F,V) with L;‘ xX=x for
all g e G define ve 4, (F,V) by ‘

v FO L FPD)i=n x (d 7 E),FV . F 1)

for all feF and F¥e @'\(F). For any U,e 8l denote X“:='n':'x, v":=1'r:V. Then on all
U+

1
x*=xP+ 7 dg.p\v,

a, = a+lAa/\ = B.;.lAB/\ = B
X V=X E V=X E v=x"v,

Vo= p% = pP= By,

Thus xv and v define global vertical V-valued forms on B, that are invariant under L: .

Finally, if B is a vector bundle over M, every connection I" defines covariant derivatives of
sections o:M—B. Every vector field X=X'9;e 2'(M) naturally defines a function
Ty X:M—T(B):x—>X'9,0(x) e T,(;(B), and by projection onto the vertical bundle we get a
map v(oxX):M—V(B). Now if B is a vector bundle we can identify the fiber and its tangential
space and thus v(o4X) defines a section Vyo:M — B, the covariant derivative of o in the
direction of X. If locally o*(x)= (x,f*(x)) then V§o®=(id,Vgf*) with

V% =X(f*)+dr(A%(X)),
e.g.:
VI (x):=a,f%(x) +d1sa(A%(3))). (25)
Thus under the left action of G on F and so under any change of the bundle chart the covariant

derivatives Vgf® transform in the same manner as the local sections f* themselves.
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TABLE I. The Maxwell connection on P(M,G.,).

M P(M,G.)
gauge forms F=dA,F®=dA* Ql=dTwl
homogeneous Maxwell equations dF=0 draf=o0

inhomogeneous Maxwell equations 47 4
8 q 5F=—7J 5rﬂr=—TJr

continuity equation 8J=0 &rr=0
0=J=J" yields: AF=0 ATQT=0
Lorentz gauging 6A=0,6A7=0 =0

Lorentz gauging yields: 4
gauging y AA____TJ Arwr=__?_11'

IV. MONOPOLE AND SKYRMION BUNDLE

Now the mathematical background is set for the description of the interaction between mono-
poles and baryons. For the electromagnetic fields we construct a principal bundle P(M,G.,,,) over
space-time M. Gauge fields and electromagnetic fields on M are combined with a Maxwell
connection I' on P(M,G,,) and its forms ' and QF, from which the former are obtained by (15)
and (16). In order to guarantee that all F* are restrictions of a global real-valued 2-form F (in
opposite to the general case of Yang—Mills theories) the only possible choice of a connected Lie
group G,y that admits nontrivial bundles is G.,=2gp-S'=U,;. We thus have Q' =7*F and
together with JT:=7*J, &' and AT, the electromagnetic equations can be expressed as differen-
tial equations on the bundle, cf. Table I. Note that with our definition of 6r, ol is automatically
“Lorentz gauged.”

Locally {dx*,u=0,...,3;0%=dg +A;‘dx"‘} and {8#—Azc9g ,/L=0,...,3;z9g} are the dual bases
of A\(7m~'(U,L) and &' (w1 (U,)) adapted to T".

Whereas the Maxwell connection on P is associated with J, the structure of P itself is fixed
by the number and distribution of magnetic (anti-)monopoles in the “holes” of M. In our case of
a single monopole we have a bundle

P(RyXR(yX S, Ger) =P(S%,Gem) XR(y X R}y ,

where P(5%,G.p) = P(5%,5!) is the only topological interesting part. For these sphere bundles the
following classification theorem holds:'®

Theorem IV.I: If G is arcwise connected, then the set of equivalence classes of bundles over
5" with group G is in 1-1 correspondence with 1,_(G).

So there is a countable number of different principal bundles P,,(S*,S') with m € Z, showing
the topological quantization of the magnetic charge mgp, and we can put 2egp=1.

While Py(S%,S')=S?XS! describes the trivial case without monopoles, P,(S%,S") =S is the
bundle for the single charged monopole. Here :S*—S? is the Hopf fibering: the Lie group
$?=SU, contains S! as a closed subgroup, so the base $?=5%/S! represents the quotient manifold
of equivalence classes under S'. For m>1, P,(5,8)=S¥H,, where
H,={(z/m)- 2w}zezm’£ Z,=Z/mZ are the only closed subgroups of S'. Finally all bundles
P_,(5%,5") with m=1 are obtained out of their pendants P, by reflecting the base S* at its
equator.

For all P,(S?,S!) local trivializations exist over the northern and the southern hemisphere
U, , resp., U_. The transition function g_ . =—g, _ is

g-+:UNU_-8"(6,d)>me,

J. Math. Phys., Vol. 36, No. 8, August 1995



Christian Gross: Topology of the skyrmion bundle 4419

and thus for all p,,e P,, with m(p,,) e U, NU_ and p,=(m(p,), o5 = (m(p,),0.?) we ob-
tain ="'+ m@(mod 2). In accordance with (10), equations (17) and (18) thus yield

A=A romgp dp, FH=F0),

Next for the skyrmions: instead of considering functions U:M —SU, we can equivalently
think of the meson fields as sections in M X SU,,. This allows for the description of the interaction
with electromagnetic fields:> meson fields are considered as global sections in an associated
bundle B(M,SU,, ,G.,,). The left action of G, on SU, is given by the inner automorphisms

gAU=1y(g)=Ly(U)=e 82U *"sC,

which do not affect the vacuum state being diagonal symmetry operations. Q is the hermitian
nX n-matrix containing the quark charges in units of e (again n=Np=2, resp., 3)

Wi
o
o

0
o= 0 ._% , resp., @=

W

0
0 0 -1

From a physical point of view it is obvious that any coupling between baryons and electromag-
netic fields has to involve these charges. From a mathematical point of view we observe that Q’s
eigenvalues \; &R obey the conditions N;—\ ;e Z and ged{\;—\;} =1, which guarantee that the
action is well defined and effective. The transition functions are

U%(x)=e 852 [B(x) ¢*ie8ap(¥)C, (26)
resp.,
U(—)(x)=e‘im¢Q U(+)(x) e Tim#Q 27
for the skyrmion bundle B, (M,SU,,Gy) associated with P,,. So not only vacuum U=l is a
global section but every U(x)=eX*)? with a differentiable map y:M—S'.
Let us see how the local representations of forms transform under a change of bundle charts.
From (26) we get
*=gapLP—ie dg.p (U'[Q,UD”],

R¥=g p<URP—ie dg,g ([Q,UTUMA],
k
(L")“=ga,;<1[(L“>”+ie dgaﬂ/\z1 (- 1)f(Lf“/\(U*[Q,U])L"‘f)B],
~

k
(R")“=gap<1[(k")"+ie dgaﬁ/\E1 (— 1)f(Rf"IA([Q,U]UUR"‘J')"],
7~

using dg g /\ dg,z=0. One easily proves the following lemma:
Lemma IV.2: p7} +)\? and p%*)\% for e Ny are global forms on B, we have:

(P52 =g~ AP~ (pP+AD*=(pf+1D)%,
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(p§+A9)e=(pf+\)P—2ie dg s \TH QX (R~ L) +Q dU'AQ dU]*%,

1
(PS4 1+ A2 )= (pS s+ NG, )P 2ie dga/g/\zl TH(QULY~1QL2-2i+1ytye/B
7~

i
—ie dg,p/\ Y, TH(QRY¥QRY 4 —QL¥QLY )k,
j=o
®3) = whp e — (214 1)ie dg.g/\(p§—\E),
k
WA Nof =0 NN+ 2 (= 1) Ljie dgap/\ /PN -/\w;;“‘»‘1
=1 -
al /
/\(pg-l_)‘IQj-l)/\wljf]/\' . ~/\w;’;ﬂ,
forany U,g=U, NUg#J, ifl;=2n;+1 odd for j=1,....k. alB indicates that one may use both
trivializations because of the factor dg ..
Now we are looking for the connection that I" induces on B: T;,(SU,)=U - su,
={HeC™"|T(U'H)=0A\H'=-U'HU"}

and for the differential d7;:2gp,R—T(SU,) we get d7y(A)=—ieA [Q,U]. Evaluating (19)
we thus have Dj=0,+ieA; [Q,U*]eHye as a local base for H; ye) [while
Vi, vmy=Tye(SU,)], and for X=X*3,+M*, M* e Tya(SU,) we obtain from (20), resp., (21)

hX=X*Dy, vX=X—-hX=M*—ieX"A] [Q,U"].
For the differential forms on SU,, (22) yields
(dU*h=ie A*[Q,U"]
and
(dU*v=dU*—ie A*[Q,U"]; (28)

finally for the covariant derivative of sections, treating B(M,SU,,G.,) as a subbundle of
B(M,C*™",G,,), we get from (25)

ViU® = 9,U%—ieA; [Q,U]. (29
Equations (17) and (28) yield (dU"‘)u=g,,B<1(dUﬁ)v, and so wy;4 U, p,QU and )\,Qv are global
forms on B because of w3, v = w§,+ 1v etc., cf. Theorem IIL.6. This proves the following lemma:
Lemma IV.3: wq;41V, p,Qu and )\,Qu for 1 e Ny are global forms on B and we have:
03 V=05~ 21+ 1)ie A°N\(pS—7\2),
21

(P2 %0 =(p)*—ie AN, (—1)Y To(QUL/~'QL¥~IU")®,
j=1

21
(A§)fv=(\g)*—ie A"/\Zl (1) Te(QULI~'QL¥~iUt)e,
P
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21+1
(094 1)%v=(pF41)*—ie AN\ Y, To(QRIT'QRY*1-I—Qri-lytQuL¥+i-i)e,
i=1

20+1
()\201+1)“v=(7\291+1)“—ie AN 2:1 Tr(QULj_lQL21+1—jUT—QLj_IQLZH‘1—]'):1’
7=

(PG—Av=p5—7G. (pZ+rDv=p2+2E,
(P +A9) %0 = (pf +A§)"~2ie A“NTH QX(R*~L?)+Q dU'AQ dU]e,

I
(P41t G )0 =(pFs MG 1) o —2ie ASN Y, TH(QULY ™' QLY -4+1ytye
j=1

i
—ie AN\ THQRYQR™ ¥~ QLY QL ),
j=0

For calculations we need the action integral and the topological charge. Both consist of forms
on B, whose pullbacks by the mesonic sections U:M — B are integrated over space—time, resp.,
the space manifold only. For the nonanomalous action our task is pretty simple now. Defining
I:ff :=(U'V «U)% by (29), we get for the lagrangian from (7) and (8)

2
2 1 L
FnalA)= —fTTr(L# L#)+ 5T L, LE, D)

1 . e e~ 1 ~ -
+ 3‘272"—[‘1‘({[,# ,LV}{L#,LV})+ EEEZTr(V#LV VALY),

where we omitted the index a because covariant derivation yields %5, =.%%, € C*(B). A mass
term may also be included ([M,,Q]=0). Combined with w*dV e A44B)h we get Tya(UA)

= f UX(Fya(A) 7*dV)= f Fna(U,A) dV. (30)
M M

Next, for the anomalous action and the topological charge, a difficulty arises because we have
to integrate over differential forms on the fiber. Whereas every form on M (here dV) can be lifted
onto B by use of the pullback 7r*, there is no such mean for the forms w;, resp.,
ws e A(SU,,C). Only locally using 7Ta* we can inject H*(SU,,C) into H*(7~'(U,L),C) (cf.
Lemma IV.2). Projection onto .4(B,C)v indeed produces global forms (Lemma IV.3), but in
general they are not closed. Witten®? introduced generalized forms by “trial-and-error” and “little
experimentation” and afterwards checked gauge invariance and closedness, but this has to be done
for every form separately and says nothing about exactness nor uniqueness of these forms. Instead,
we will examine the topology of the skyrmion bundle in general, mainly its homotopy and
cohomology. For the latter we will use the resuits on spectral sequences from Bott and Tu.'® Aside
from the fact that the topology of the skyrmion bundle is interesting out of itself, the examination
of the cohomology H*(B) also shows how the closed forms on the fiber transform into closed
forms on the bundle. Specialization to w3 and ws and adaptation to I will then yield the desired
results.
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TABLE II. Homotopy groups of the skyrmion bundle m(B,,(M,SU, ,G.y)).

nk=01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 0 0 Z 7222 22 122 22 22 32 152 22 24 62+47 842+2¢ 24
3 0 0 Z 72722 Z+2 1246 2 12+2 3? 152+2 442 60+2% 62+4 842423 36+ 22
4 0 0 Z 722 Z+2 12 Z+2 24+2 6 1524842 4+2 60+2% 6442 1680+84+23 72423
5 0 0 Z7 2 2+2 12 Z2Z+2 2 Z+3 15%+8 2 360+2% 6+4% 1680+84+22 3+23
6 0 0 Z 27 2 Z+2 12 Z+2 2 743 15 Z+2 720422 12+2% 5040+84+2% 3+23

V. TOPOLOGY OF THE SKYRMION BUNDLE

A. Homotopy groups

Let us first concentrate on the homotopy groups of the skyrmion bundle. B(M,SU,,,G.,) is
arcwise connected since M and SU,, are arcwise connected. So my(B(M,SU,,G.)) =0.

Every continuous map f:M;— M, induces group homomorphisms fy : 7,(M)— 7,(M,) for
all n e N. For any bundle B(M,F) we have a “short exact sequence”

x

0—F—B—M-—0(,

where i,:=(m,,)”! is a diffeomorphism for any x € M. This produces an infinite exact
sequence of homotopy groups!®

i* T4
coo =y (F) >, (B)— m,(M)—
i Ty
=y 1(F)— -~ ay(M)—0. 31

(If the manifolds fail to be groups, the last functions are just maps between sets.) Now if a global
section o exists then my is surjective because 7y © o4 =(idy)x=id. So exactness of (31)
yields that the long sequence splits into short ones, which proves the following direct sum theo-
rem:

Theorem V.1: If a bundle B(M,F) admits a section, then we have the direct sum relation

m(B)=m (M)X m(F),m(B)=7,(M)®m,(F),n=2.

For direct products this implies 7,(M | XM,)=m,(M|) & m,(M,), neN; [cf. (1) and (2),
where m(SYY=Z,7,(S")=0,n#1]. Now m,(SU,)=0, so 7(B)=1,(M). Because M is simply
connected—as long as the monopoles are isolated—Theorem V.1 thus yields
m(B(M,SU,,G,.,))=0, so B is simply connected, too. This implies that B is orientable because
every simply connected manifold is orientable.!® We have proved:

Theorem V.2: The homotopy groups of the skyrmion bundle B(M,SU,, ,G.,,) are independent

of the monopole charges. They are isomorphic to the homotopy groups of the direct product
MXSU,:

'n-k(B(M’SUn ’Gem))Ewk(M)eaﬂk(SUn)’ kENO'

As far as the homotopy groups of M and SU,, are known, this gives the homotopy groups of
the skyrmion bundle. As an example we have listed the homotopy groups for B,,(M,SU,,,G,,,) in
Table II for n=N;=2,3,...,6 using 7, (M)=7,(S?) and 7,(SU,) from Ref. 19. Here Z+2 labels
Zo Z,, etc.
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B. Cohomology and spectral sequences

In contrast to the homotopy groups, the cohomology of a bundle is more difficult to deter-
mine. Even for a direct product the cohomology groups H*(M ;X M) are not just direct sums of
H*(M ) and H*(M ) but are built up from these components according to the Kiinneth formula,
which is slightly more complicated, especially in the case of the integer-valued cohomology
H*(M,Z):

Theorem V.3 (Kunneth formula): If M, and M, are manifolds and if H*(M,,Z) or
H*(M,,Z) is finitely generated then

HY(M XM, Z)= & [HYM,,Z)®H"(M,,Z)]
q+r=p

® @ TolH(M,,Z),HM,,Z)]. (32)
s+t=p+1

Let (g,r)=gcd{q,r} denote the greatest common divisor of g and r, then we may evaluate
(32) using

2,87,=%,,, I81=1, 781,=7,87=1,,
TOI‘[Zq er]EZ(q,r) B
Tor{Z,Z]="Tor[ Z, ,Z]=Tor[ Z,Z,]=0.

H*(M,Z) is the most general cohomology: one has®®
Theorem V.4 (Universal Coefficient Theorem): Let M be a manifold and A be an abelian
group. If A or H*(M,Z) is finitely generated, then

HP(M,A)=HP(M,Z)®A ® Tor H?*1(M,Z),A].

If A is torsion free (e.g. A=Q,R,C), this yields H?(M,A)=H"(M,Z)® A, which deletes all
finite subgroups of H?(M,Z) and replaces the ones isomorphic to Z" by A". Thus for the real- or
complex-valued de-Rham cohomology we have

Corollary V.5: Let M| and M, be manifolds and A=R,C. If H*(M,A) or H*(M,,A) is
finitely generated then

HP(M XMy, A)= & [HYM,A)®H (M,,A)].
g+r=p

So H¥*(M XM, ,A)=H*(M,,A)®H*(M,,A), cf. Theorem IL3 and (6). We further state
Lemma V.6 (Poincaré Lemma, cohomology of S™): For all n=0 the cohomology of R* is given
by

HO(R"Z)=Z; HP(R",Z)=0, forall p>0.
For all n>0 the cohomology of the n-spheres is given by
HY(S"Z)=Z; H™(S".Z)=17; H’(S".2)=0, forall p#0,n.

Theorem V.7 (Poincaré duality): If M is a compact and orientable manifold of dimension n
(without boundary), then

HP(M ,R)y=H""?(M,R).
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Us
«2 ﬁ southern
5 hemisphere:

Uy U,

FIG. 1. A good cover on S2.

In our special case of an isolated monopole, where B, (M ,SU,,Gem)=B,,(5%,SU, ,Gn)
XR(,)XR(J',), we have H*(B,(M))=H*(B,,(S?)) since for any space X and any contractible
space C, the spaces X and XX C are homotopy equivalent and therefore have the same cohomol-
ogy. (Note that the result for B,, also follows from Theorem V.3 and the Poincaré lemma.) Now
B,,($%,SU, ,Gen) is compact because S? and SU, are, which yields Poincaré duality for the
de-Rham cohomology.

In order to construct H*(B(M,F,G)) out of H*(M) and H*(F) one uses the spectral se-
quence {E,,},,EN0 of the Cech—de-Rham complex C**(7~',.#), where U={U,}oca is 2
countable good cover of M.'® For a good cover of an n-dimensional manifold all finite open
intersections U, .. = Ug,N:--OU ap P € Ny are diffeomorphic to R". Every paracompact
manifold has a good cover i, and if M is compact, 4L may be chosen to be finite. For our special
case, Figure 1 shows a good cover of S? consisting of four open sets, where U, covers the northern
hemisphere and U;U U,U Uj; covers the southern hemisphere,

For any countable ordered cover 3L of a manifold M the Cech—de-Rham complex is defined
to be the double complex

C**(U,.4):= & CPU.2Z),
J 2]

where

/4 i
CP(3h,2,): a0<1_.1.<a,, AgUgy . a)-
In every double complex K*'*:= @ p,quoKp'q we have two commuting differential operators:
horizontal and vertical homomorphisms S5:KP9—KPTM | resp., d:KP9—KPIT! with §d=d8
and 8°=d*=0. For the Cech—de-Rham complex, d is the exterior differentiation of forms and
é is the difference operator defined by (“A” denotes omission)

p+1

(Sw)ao...ap+1:=jz,0 (— l)jwao,,,&,,,,a

J p+l|Uao~--aP+l,

for all

w= ]I Doy -a, € Ha,/z(uao...,,p).

a0<-~~<ap
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0
4
[
3 0 & ——~
? ?
2 ¢1—“*2 &-—*-?
(-1 : .
1 ¢2 —+ 0 s —1+ 3
? |
0 ¢3 —— 0 & 1+ 0
0 1 2 3 4 5 6 14

FIG. 2. D-closed and D-exact elements in a double complex.

Given any double complex K**, one can form a single (graded) complex K=
@ , eN, K" by summing along the antidiagonal lines, i.e. K*:= @ KP4, and introducing
the differential operator D:K"—K"*! by:

ptq=n

D:=D'+D", D':=68, D":=(—1)’d on K4,
The alternation of the sign guarantees D?= 6*+ 6d—d 8+ d*=0. D serves for the D-cohomology
H}(K): Figure 2 shows a D-closed element ®=¢,+ ¢,+¢; € K and a D-exact element
Y=y, +y,+y;=DE e K, where E=¢+£,+6+¢&, € K:

DP=0 & d¢p;=0, 8¢, +dp,=0,

S¢y—dp3=0, 8¢3=0,
Y=DE & d§¢ =0, 8&+dé=,

S —dés=1, 8&+dEs= 1, 66,=0.

Theorem V.8 (Mayer—Vietoris Principle): Let X be an open cover of a manifold M, then the
restriction map r: AM)—11,4(U ) CC(5,.#) induces an isomorphism:

r*:H*(M)—»H}';(C(ﬂ,Jé)), H"(M)— H}{(C(U, 4)). 5
The inverse map that collates together the components of an element in the Cech—de-Rham

complex into a global form on M is less intuitive. For any partition of unity {p,},c4 subordinate
to 44 define K:CP(8L,.4,)— C? ™1 (4U,.2,): 0—>Kw by

(K®)ay-a, i= 2 Pa Daag-a_ys (33)

acA
where we allow indices in any order, even with repetitions, subject to the convention that the

forms are totally antisymmetric under permutation of the indices. We have K6+ K =id and the
following theorem holds:'®
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K(D/:K)3ﬂ4 e (_D//K)aﬂ4
(—D”K)saa
4
| -——K(D"I()zﬂv— (DIIK')2ﬂ4
—K(D"K)?az4- (D'"K)%a3
Dll[
1 KD"KpBy ~1—(—D"K)ps
KD'Kas 4 (~D"K)as I
0 —KBy ~— Pa
—Kag -<-—1t— a3
0 1 2 3 4 p
-K
FIG. 3. Hlustration of the Collating formula.
Theorem V.9 (Collating Formula): In the Cech—de-Rham complex, let
a=3_s0;e C(M,.%)" with «a;,eCNA4,_;) and Da=B=3/1B; with B

e Ci(M, A1~ and define K by (33). Then

f(a):=i§0 (—D"K)"a,-—;o K(—D"K)'Bis:

e C %8L,.4,) is a global form on M (resp., the restriction of such a form to the sets U, in the
cover ). The function f:C(8, 4)— . A(M) is left inverse to r, so f ° r=id 4 while

rof:C(, A)—C(8,.2), C(M, A"~ CO U, 2,)

associates with every D-closed element in C(3L,.#)" an element in the same cohomology class of
p(C(M,.A4)). Thus the induced maps f* and r* on the cohomology level are inverse isomor-
phisms.

Figure 3 illustrates how the components a3 and 3, of o and 8 are mapped onto elements in
C%(4A,.45). For a global form on M, all components «; and B; must be mapped like this.

A filtered complex K is a sequence K=Kq2D K, - -+, where the K; are subcomplexes of K
with DK,;CK;. For every filtered complex K, we have an associated graded complex GK:
= ®,-0K,/K,+ . For a double complex the sequence K,:= & i=p ® =0 K, pelNgis a
filtration by the columns of X with associated graded complex

GK= & Kp/Kp+l= D u[( [S5) vaq)_*.Kp_‘_l]‘
p=0 p=0 q=0

(34)

Obviously the induced differential operator on GK is just (—1)7d.

By a speciral sequence we mean a sequence of complexes {E,},. Ny with differential operators
D,, where every E, is the cohomology of its predecessor: E,+1=H;§r(E »). If E; becomes sta-
tionary, i.e. E,=E,, for all r=R, we denote E; by E, and say that the spectral sequence
converges to some filtered complex H if E,=GH. We get the spectral sequence of a double
complex by setting Ey=GK from (34) and defining D, to be the differential operator induced by
DonkE,, soE,. =HE(E,). We say that an element 8 € K** lives to E,, r>0 if it represents
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& ——

Er—-Z_—“"

r1——X

FIG. 4. Hlustration of the differential operator D, : D.[&1,=[8¢ _1,=[x].-

a cohomology class [B],€E,, resp. equivalently, if B is D-closed in Egy,E;,...E,_:
D[ B]1;=0, i=0,...,r— 1. Then B is d-closed and we have a “zigzag” E=§;+ &, +...+ &, of
elements & € K** with £;:= 8 and (cf. Figure 4)

D'§i=5§i=_D"§i+l7 i=0,‘..,r—2. (35)

Now D,[B],=[84,-1),=[x],, so D, is given by & at the end of the zig-zag.
Thus like K** every E, is a double complex, too: E,= @ , >oE}'? and D, shifts the
bidegrees by (r,—r-+1): D,:EP9—EP*747"+1  Obviously

E\=H,(K) and E;=HsH,K)). (36)
One can prove'® that this spectral sequence converges to the D-cohomology of K:
GHL(K)= @ EZUK), 37
ptq=n

and thus for the Cech—de-Rham complex the Mayer—Vietoris principle proves convergence to the
de-Rham cohomology of M.

For a bundle B(M,F), if 8 is a good cover of M, 7141 is a cover of B and for all
Uy -a, We have W“I(U,,O...,,p)ER"XF, $0 H‘I(n-‘l(UaO...ap),Z)_'—‘—_H"(F,Z) by Lemma V.6.
Corresponding to (36) and (37) we have:'8%

Theorem V.10 (Leray’s Theorem): If B(M,F) is a fiber bundle and :1={U .}, 4 is a good
cover of M then there is a spectral sequence converging to H*(B,Z) with E, term

eri= ] HI(1 ™ (Ugy...a ), D)= H< HY(F,Z).

ao<...<ap ao<... ap
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If H¥(F,Z) is finitely generated and in addition M simply connected or B=MXF, then
ES?=HP(M,HY(F,2))

=H"(M,Z)®HY(F,Z)®Tol[ H"*'(M,Z),HY(F,Z)].

Leray’s theorem gives a proof for the Kiinneth formula, because all forms in E, are closed
global forms on M XF for which d=6=0 and thus D,=0. So E, becomes stationary, which
proves Theorem V.3. (Torl HO(M,Z),HY(F,Z)]=0, since H(M,Z) is free.)

Finally we give the notion of transgressive elements: for a connected fiber F an element
we HYF )E(l)"’ is called transgressive iff it lives to E, . These represent forms on the bundle
because of the following theorem:!®

Theorem V. 11: Let B(M,F) be a bundle with connected fiber F. Then we H(F) is trans-
gressive iff it is the restriction of a Y e #,(B) with dyy= w* 1 for some Te Ag1(M).

We find ¢ and 7 using the Collating formula: first we take a zigzag 5 = £,+...+ £, according
to (35) and Figure 4 (where g=r—1). Now dx=do§,=dd§,= = 56¢,.,=0, thus the compo-
nents of y are locally constant on 7~ (U g+ .c,p)’E U gy .apXF , and because F is connected we
have y=m*g with Be C?*'(41,.%,). Now Theorem V.9 yields

q
¥:=f(B)= 2, (~D"K)'&,~K(~D"K)'w*Be £,(B)

and
dy=(—D"K)*"" 'n*B=n*re £, ,(B),
where
r=(—D"K)""'Be A, (M).

Now closed forms on F transform into closed forms on B as follows:
[X]g+1=003E =g+ &1 +...+£,:6£,=0=¢=f(E'):dy=0. Thus we get

Corollary V.12: For any w e H(F), there exists ye HY(B) such that w is the restriction of
¥ iff w not only is transgressive but even lives to E ;.

C. Spectral sequences of the skyrmion bundie

Before applying these results to the skyrmion bundle in generality let us first look on our
special case where H*(B,,(M,SU, ,Gen))=H*(B,,($%,SU,,G.y)). Since H*(S?) is torsion free,
Leray’s theorem yields:

Hi(SU, ,Z), for p=0,2,

Pd — gp( ]2 q =
EY*=H(S.2)®H(SU,.Z) 0, otherwise.

Figure 5 shows E, for n=2,3,4. For n=2,3 obviously D}'? :E"2""—>E’{+Z"’_1 is the zero map,
and so is D; for all i=2. Thus E, becomes stationary and we have

H*(B,(M,SU,,Ge),Z)=H"MXSU,,Z)= & HP(S%,Z)®HYSU,,Z), n=23.
ptq=k

In the diagram for n=4 the morphism D$®:Z—Z is given by D% (m)=k-m for an integer
keZ. In particular, it is either O or injective. If k#0, then Eg'8={0}=E2;8, while
E§’7E Z|k|EE§;7. So for our deciding whether D, =0, we must inspect the induced differential
operators more closely, and we will do this in the general case.
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q n=2 q n=3 q n=4
13 Z Z
12 0 0
11 0 0
: : 10 Z zZ
9; 0 0 9 o 0
8| z z : 8| z Z
7 0\0\0 7Z\Z
6 0 0 0 6 0 0
: : 5| Z Z 0 5| Z Z
4] 0 0 4 0\0\0 4] 0 0
3| Z Z : 3| Z. Z 0 3|z Z
2 0\0\0 2 0\0\0 21 0 0
o : 0 : 0 1o : 0 0 10 : © :
0lz 0 Z 0 0 6]z 0 z 0 O ofz 0 Z 0 O
0 1 2 3 4 p 0 1 2 3 4 p 0o 1 2 3 4 P

FIG. 5. E, term of the spectral sequence for the skyrmion bundle.

Let us compute the zigzag for w4, in a skyrmion bundle, where the bundle atlas is given
over a good cover LI. Using the local trivializations we inject @, into COUm 1, 4y41), SO
&, in Figure 4 is given by (£)) o= 0341 - For U,g#J by Lemma IV.2 and (3),

(5fo)aﬁ=(w2'81+1_wgl+1)|uap=(21+1)i€ dg.s/\(pS—\5),
=d[(21+1)ie dgga/N(p§i-1+ 25— ) *P1=(d¢1) e,
where
(§)ap:=ie dg o\ (X21-1)"?
:=(21+1)ie dggN(p§_ + A G- D%,
Using Lemma IV.2 again and dg,,=dg,g+dgg, on Uag,# O we have
(820 apy=L(£D) gy (ED)ay+ (€D apllu,,, = i€ dgys N (xa-1)# = (X21-1)"]

=(21+1)(ie)® dg,5/\dgap
i—1
A E Tr(QRZjQR2I—2j—2_QLZjQL2l—2j—2)
j=0

-1 alBly
+2 2, T(QULA™1QLY -2~ 1yT)
=1

=(~d&)apy

J. Math. Phys., Vol. 36, No. 8, August 1995



4430 Christian Gross: Topology of the skyrmion bundle

-
--
-
emasemn
-

utud Upgas

1 Ur?-i-l

-
-

o

>

projection A projection B

x R

FIG. 6. A good cover for a chain of monopoles.

with
(f2)aﬂy= (ie)z dg?ﬂ/\dgﬂa/\(xgl~3)a/'3/7.
For x3,_3&.%,,_5(SU,) we may take using (3) and (4)
-2

2 2 s T s T
X51-3=(21+1) 2(,022,_3+>\§2,_3)+_}‘,1 TH(QRY™'QR™%4~24 gL~ 1g2-2-2)
=

-1
+ 2 TH(QULY™'QLA =22yt + QULY~2Q 2%~ 1yt)].
j=1

If we define vy;_4 € Ay 4(SU,) by (X5,-3)=(x3,-3)P +ie dg s/ \vEIE, we get
(5fz)apya=[(fz)ﬁya—(§z)aya+(§2)aﬂs—('fz)a,sy]luaﬁya
=(21+1)(ie)* dgs,/\dg.,g/\dg g, \VEIPY'®

in the next step. Let us terminate at this point. Dy[wy;41],=[8&],, so whenever 86,=0,
w2, lives to E, . In any event this is the case if for our cover dg v/ \dg po=0 for all combi-
nations of @, B and 7. For example, the cover in Figure 1 obeys this condition, but also the cover
in Figure 6, if we examine a whole chain of monopole locations. At any time any distribution of
countable magnetic monopoles at isolated locations can be continuously deformed into such a
chain,

Moreover, if all dg yg/\dg pa=0 then D,=0 everywhere, because for
(go)a=w,“l/\~ . -/\w}’; with /;,>1 odd, we get by Lemma IV.2

k
(El)aﬂ=j§l ljie dgﬂa/\w;’;/ﬂ/\- . -/\w;;/_ﬂl/\(pl‘j_z+)\8_2)"’5/\w1‘;/ﬁ/\~ . -/\wf;/’g,

and thus ;& =0. We have found:
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Theorem V.13: The cohomology of the skyrmion bundle B, (M,SU,,G,,) is independent of
the monopole charge mgp,. It is isomorphic to the cohomology of M XSU,: for all ke Ny,

H*B,(M,SU,,G.»),Z)= @& HP(M,Z)®HSU,.Z).
p+q=k

The same holds for all skyrmion bundles of manifolds, where a good cover 4={U otach Of M
exists such that dg ,g/\dgg,=0 for all @,B,y€A.

Table III lists H?(B,,(M,SU,,Gen),Z) for n=Ng=2,...,6 and p=38 using (6), Lemma V.6
and the Kinneth formula. Finally, since x;=p2+Af and x2=10(p¢ + )\192)
+5Tr(Q dU QUT—QUQ dUT) are global forms, we have proved that D,(w3)=D3(ws)=0 for
every skyrmion bundle, so w3 and ws live to E,, and we have

H3(B(M,SU, ,Ge).Z)=2 and H3(B(M,SU,,Gy),2)=L.

Theorem V.9 exhibits representatives for the cohomology groups. For the single monopole,
using the trivializations ¥’ over Uy, resp., ¥ over U,,a=12,3 and p,:=py, resp.,
p- :=2i=1pa as a partition of unity, we get for g=I;+---+1;

(w;")(+)=m§;‘)/\---/\w§:)
k
+dlp—{jzl e dg_+/\w§1+)/\' . 'A(pg—2+ )\le_z)(H/\. . ./\wg:)H,
(w;")(')=w§;)/\---/\w§;)

k
—d(p.,_[E liie dg_+/\w§1")/\- . -/\(ple_2+)\8_2)(_)/\‘ . ~/\w§k_)”
i=1
as global g-forms generating H9(B,(M,SU, ,G.y)). We can even take—cf. (10)—

p+dg_,:=L(1+cosb) dg_,=—AY’, p_dg_.:=3(1—cosh) dg_.=+A{;

so all
k
(o)== ofHA.. -Aw§f>+d{ ieAgf>/\[21 LofHIN-- -/\(p,Qj_2+>\g_2)(t)/\- - -/\:»55’”
~

are global forms, which are gauge invariant: L;‘(w;")=w;" for all g € Gy [cf. (11)] and—
together with ¥ w(S)Aw] [where w,(S?) is the volume form on S%]—generate the cohomol-
ogy of B, (M,SU, ,Gen).

D. Cohomology and connection on B(M,SU,,,G .y)

Because the connection I' on B defines an additional structure, we could not expect to get
forms that are adapted to I'. The form ()™ only contains the gauge potential of the monopole
which is closely related to the structure of P. In general we cannot substitute A;f) by A
because (A{f’—A)) A [2f=lljw§l:) Ao A(PP_,+ A )® AL /\wgf)] is not
global; it is global only for w;. Nevertheless we have tljle folloiving lemma:

Lemma V.14: Let 4={U _},ca be a cover of M, {A%e A4, (Uy,9)}aca a family such that
(17) holds and {p,}aca @ partition of unity subordinate to 8, then {A°—Z, 4p, d8yataca
defines a global g-valued I-form on M.
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TABLE III. Cohomology of the skyrmion bundle H?(B,,(M,SU, ,G).Z).

n p=0 1 2 3 4 5 6 7 8 9 10 11 12 13
2 Z 0 Z V/ 0 Y/ 0 0 0 0 0 0 0 0
3 Z 0 Z Z 0 7? 0 Z A 0 Z 0 0 0
4 Z 0 Z Z 0 VA 0 VA Z Z 72 0 72 0
5 VA 0 Z 7 0 72 0 72 Z 72 72 A VA 0
6 Z 0 7 z 0 72 0 77 Z 7? 72 72 73 Z
n p=14 15 16 17 18 19 20 21 22 23 24 25 26 27
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 y/ A 0 Z 0 0 0 0 0 0 0 0 0 0
5 VA Z 72 YA Z VA 0 VA 0 Z Z 0 Z 0
6 YA Z z* 72 VAs VA 72 YA Z z* A VA 7? 72
n p=28 29 30 31 32 33 34 35 36 37 38
2 0 0 0 0 0 0 0 0 0 0 ]
3 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0 0 0 0
6 7? YA 72 0 72 0 Z Z 0 Z 0

Proof: A‘;—E.,p., dgya=Aﬁ—27py(dgaﬂ+dgw)=AB~27py dg,g Vx € ‘UaB #+ 3. 0
Suppose :°=§8+ e +§? is a zigzag for w, € H(SU,), where every &; is of the type

(§?)a0aj=(le)j dgajaj_l/\. . ./\dgalao/\(xé_zj)aol.../aj

with xj 5, € Ay-5,(SU,) and (x}—5))%= (x—2))P—ie dg.p/\dxit ;1 1) %5, let xi_,, be
global such that 6¢,=0, D, [w,],+;=0 and DE°=O; we put Xf,—zj:o for j>r. Since
L;‘wq=wq for all g€ Gy, we can choose all x’q_zj.gauge invariant, otherwise use the Haar

measure fccmL:Xfl—zj dg to achieve this. Now /=& + ... +§f_j with (ﬁ)aj...ajﬂ

= (ie)kdgaj A ./\dgaj+laj/\(x.£tk2(j+k))aj/~ . ‘/aj+k

k% tk-1
is a zigzag for Xf;—z ;» as induction on k shows. Define inductively
= = T it sj+1
Xg-2r'=Xg-2r>  Xg=2j:=(Xg-2)+ie d[agﬂ Pay,, dgﬁma/\sz—z(i*”}’
J

SO
/\’;{;—2j=(Xé—2j)aj+k§’_1 (ie)*J

Xd 2 pa

it €A A

dgﬂj+1aj/\' : .Ad[ EA pakdg"k“k—l/\(xlf;—Zk)aj] “ee

ay €

By the Collating formula all j/é_z ; are global forms (restricted to U aj). Finally VU, € U let
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W=+ 3, dlie ANd[ie A%\ Ndlie A\ (xh)% -
Tl e ——
j
=)+ 3, tie o) A\ dlie AN (Xh-2)")

=j§0 (ie FOYN[(X-2))*—ie A*Nd(X 541) ]

Proposition V.15: {(co‘:;)"‘}l,,,E 4 defines a gauge invariant global w’,: e HY(B(M,SU,,,G )
whose restriction to the fiber is wq=i:‘w2 forallxeM.

Proof: We show that “’2 is global within the cohomology class of )”(2= f(E®) from Corollary
V.12. By Lemma V.14 all gi:=(A “i—l—Eajpajdgajaj_l)/\ X}-o; are global. Thus all

X5 =Xg-2jTdB ™!

=(X{I—2j)aj+ie d(Aaj/\/i’{;tIZ(jH))
=[xy 2) = ie ASNX g4y ] +ie AN (38)

are global and differ from erl_ ,; only by exact forms, so d )“({'1_2 =d 5({1—21'- Finally the second
term on the right-hand-side of (38) is global by (18) and thus the first term is global, too. Any
change of ,Qf;lz( j+1) by an exact form dB,8 € ~#(B) does not change this first term at all and
changes the second only by d(dA%/\B), so again Xj_,; is changed only by an exact form.
Induction yields the desired result. O

Suppose, d( x{lflz( A1) = V{,—z ; from Theorem IIL6, such that the zigzag exists independently
of the g,g5. Then [(X{;—zj)a—ie AT N d(X{,tlz(jn))a]:(X{,—z,')av and

(w:)“=j§0 (ie FAYN(xh_2))%. (39)

Adaptation to ' cannot mean that we look for a vertical form within the cohomology class
[f(E°)], because such a form will not exist in general. Yet we have shown that—whenever the
zigzag =0 is of the given type—we find a representation w‘; of [f(E®)], whose horizontal parts
are mere products of the Faraday 2-form and w‘; e HYB(M,SU,,,Gy,)) independently of M and
the g,53.

N(l)ste that in our proof we did not use any special properties of SU, . Indeed, the result holds
for any bundle B(M,F,G,). Observe in addition that for the generated cohomology groups
(wg) S(w‘z) holds, ie. HIY(F,Z)D{wn)=Z yields HYB,Z)2 (w';) =7  because
i*:H*(B,Z)—~H*(F,Z) is a homomorphism. [If zw‘;=da with ae. %, ,(B), then
zw,=if(zot)=iFfda=d(ifa).]

Our explicit zigzags for wy;, yield the following corollary to Proposition V.15:

Theorem V.16: Gauge invariant generalizations of w; and ws adapted to I and generating
cohomology groups isomorphic to Z, are

()%= wsv+ie FAxjv=[w§—3ie AN\ (p2—1\9)]+3ie FA(pL+2\D),

(wg)"= wsv-+ie F/\X;v+(ie)2F/\F/\x%v
=[wZ—5ie A°N\(pg—AD)]+5ie F/N\[(p§+1§)*
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—2ie ASATH{ QX R*~ L%+ Q dU'AQ dUT%}
+5(ie)? FAFAL2(p@ +12")*+T(Q dU QU —QUQ dU)?].

These forms coincide with the ones found by Witten® and Kaymakcalan, Rayeev and
Schechter.” w} serves for the locally conserved baryonic current

BA(U)—*( ! U*w3)eJ§1(M) with 6BA(U)=0,

.

whereas the integral over w’s‘ is the Wess—~Zumino term for the skyrmion bundle

= iN¢ kA
Twz(U.A)= 357 | (U o5,

completing I'(U,A)=Ty (U, A)+T'yz(U,A) with I'ys(U,A) from (30). Nevertheless these
forms are not unique in the sense that they are the only possible generalizations of type (39). As
already pointed out in Ref. 7, an additional term

r (ie)! FINATH(QUTQU), reR,

may be added to wélﬂ , and this is still of the given type, because dTr(QUTQU) is global, gauge
invariant and vertical. From the mathematical point of view, one could even add any F' N\ da
with o= L ae ./ZO(SU ). In order to exclude these, one needs further physical requirements like
parity 1nvar1ance 7 equality of the numbers of F’s and Q’s, etc.

VI. SUMMARY AND FURTHER COMMENTS

We have proven that all homotopy groups of skyrmion bundles B are independent of the
magnetic charges of the monopoles and their locations. The same holds for the physically relevant
cohomology groups H>(B,Z)=Z and H>(B,Z)=Z. We have further shown that the generaliza-
tions of w; and w5 in Refs. 6 and 7 are generators for these groups and thus are not only closed
but also non-exact. Equation (39) gives a very compact notation of these forms and a mathemati-
cally rigorous description of this *trial-and-error adaptation to the Maxwell connection.”

These forms now allow for the treatment of the monopole-induced proton decay within the
skyrmion bundle. In fact, although we have proven that w’; is a correct closed differential form for
the locally conserved baryonic current, and although H*(B,Z)=Z, the number of baryons
BA(U) is not topologically conserved any more, whenever magnetic monopoles are present. This
is due to the fact, that in contrast to the ungauged Skyrme model, the Index theorem IL.4 does not
apply any more. There is no possibility to compactify space to an S, so the topological charge can
vanish through the monopole singularities, as described in those scenarios of Callan and Witten,
resp., Chemtob.® [For the latter, his result that the proton decays independently from the initial
impact parameter such that no finite reaction cross section exists, is somewhat unsatisfactory from
the physicists viewpoint. We cannot decide whether his result is connected with his additional term
in the baryonic current—the last one in his equation (7). The origin of this term remains unclear,
in particular since it is zero anyhow.]

Generalizations of (39) to non-abelian Yang—Mills theories are possible. For example, take
G= UL X UR F=U, with L P W) =g, U g,;l and for M 4-dimensional space -time (eventually

with points excluded). Let A®=(A7 ,Ag) and F®= (FL,FR)GM(U‘,,u o u, Ry define the con-
nection I' on P(M,G). Then dUv=dU+A,U~UAg, so

Lo=L+U'A;U~Agr, Ru=R+A; —UARU’
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and a painstaking calculation shows that the voluminous expressions for I'y,(U,A; ,Ag) in equa-
tion (4.18) in Ref. 7, resp., equation (24) in Ref. 6 are equal to the integral over

wsv+ x30(F)+ x20(F,F), (40)

where, with the projections m/F:g=ul @ uf—ul/® i ) e %;_,(U, ,Hom(®'g,C)):

x3=—5 Te(R}«l+L37R), (41)

ie.
x3(F)=—5 Te(R*F+L*Fp) (42)

and
x2=10 TR w7t + Lafa®) +5 T(dUnRUT ol —d(UT) U nR). (43)

Analogously to the skyrmion case, one may add a term
rldTe( 7 U U Y(F,F)=r dTe(F L UF U"), reC,
or exclude it by parity invariance.
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