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NUMERICAL HOMOGENIZATION OF H(CURL)-PROBLEMS*

DIETMAR GALLISTL', PATRICK HENNING!, AND BARBARA VERFURTHS

Abstract. If an elliptic differential operator associated with an H(curl)-problem involves rough
(rapidly varying) coefficients, then solutions to the corresponding H(curl)-problem admit typically
very low regularity, which leads to arbitrarily bad convergence rates for conventional numerical
schemes. The goal of this paper is to show that the missing regularity can be compensated through
a corrector operator. More precisely, we consider the lowest-order Nédélec finite element space and
show the existence of a linear corrector operator with four central properties: it is computable,
H(curl)-stable, and quasi-local and allows for a correction of coarse finite element functions so that
first-order estimates (in terms of the coarse mesh size) in the H(curl) norm are obtained provided
the right-hand side belongs to H(div). With these four properties, a practical application is to con-
struct generalized finite element spaces which can be straightforwardly used in a Galerkin method.
In particular, this characterizes a homogenized solution and a first-order corrector, including corre-
sponding quantitative error estimates without the requirement of scale separation. The constructed
generalized finite element method falls into the class of localized orthogonal decomposition methods,
which have not been studied for H(curl)-problems so far.
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1. Introduction. Electromagnetic wave propagation plays an essential role in
many physical applications, for instance, in the large field of wave optics. In recent
years, multiscale and heterogeneous materials have been studied with great interest,
e.g., in the context of photonic crystals [32]. These materials can exhibit unusual and
astonishing (optical) properties, such as band gaps, perfect transmission, or negative
refraction [36, 17, 35]. These problems are modeled by Maxwell’s equations, which
involve the curl-operator and the associated Sobolev space H(curl). Additionally, the
coefficients in the problems are rapidly oscillating on a fine scale for the context of
photonic crystals and metamaterials. The numerical simulation and approximation of
the solution are then a challenging task for the following three reasons: 1. As with all
multiscale problems, a direct treatment with standard methods is infeasible in many
cases because it needs grids which resolve all discontinuities or oscillations of the ma-
terial parameters. 2. Solutions to H(curl)-problems with discontinuous coefficients in
Lipschitz domains can have arbitrarily low regularity; see [5, 14, 13]. Hence, standard
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methods (see, e.g., [38] for an overview) suffer from bad convergence rates and fine
meshes are needed to have a tolerably small error. 3. Due to the large kernel of the
curl-operator, we cannot expect that the L2-norm is of a lower order compared to the
full H(curl)-norm (the energy norm). Thus, it is necessary to consider dual norms or
the Helmholtz decomposition to obtain improved a priori error estimates.

In order to deal with the rapidly oscillating material parameters, we consider
multiscale methods and thereby aim at a feasible numerical simulation. In general,
these methods try to decompose the exact solution into a macroscopic contribution
(without oscillations), which can be discretized on a coarse mesh, and a fine-scale
contribution. Analytical homogenization for locally periodic H(curl)-problems shows
that there exists such a decomposition, where the macroscopic part is a good approxi-
mation in H~! and an additional fine-scale corrector leads to a good approximation in
L? and H(curl); cf. [48, 27, 49]. Based on these analytical results, multiscale methods
are developed, e.g., the heterogeneous multiscale method in [27, 12] and asymptotic
expansion methods in [9]. The question is now how far such considerations can be
extended beyond the (locally) periodic case.

The main contribution of this paper is the numerical homogenization of H(curl)-
elliptic problems—beyond the periodic case and without assuming scale separation.
The main findings can be summarized as follows. We show that the exact solution
can indeed be decomposed into a coarse and a fine part, using a suitable interpolation
operator. The coarse part gives an optimal approximation in a negative Sobolev
norm, the best we can hope for in this situation, namely, the H(div)’ norm. In order
to obtain optimal L? and H(curl) approximations, we have to add a so-called fine-
scale corrector or corrector Green’s operator. This corrector shows exponential decay
and can therefore be truncated to local patches of macroscopic elements, so that it
can be computed efficiently.

This technique of numerical homogenization is known as localized orthogonal
decomposition (LOD) and arose from the framework of the variational multiscale
method, where we refer to [6, 30, 31, 37, 43] for historically important steps in this di-
rection. A game theoretic interpretation of the methodology, using so-called gamblets,
was recently given in [40] (see also [41]). Let us describe the contribution of this paper
in the usual language of an LOD: The LOD framework decomposes the solution space
into a coarse finite-dimensional space (spanned by standard finite element functions)
and a fine-scale space, expressed as the kernel of a suitable interpolation/projection
operator. A generalized finite element basis is constructed by adding corrections from
the fine-scale space to the standard basis functions. These corrections are computed
as solutions of a PDE on a fine grid, i.e., what we called the corrector Green’s operator
above. For all problem classes considered so far (see below), the corrections show an
exponential decay, which justifies truncating their computation to patches of coarse
elements. The LOD has been extensively studied in the context of Lagrange finite
elements [37, 26, 28], where we particularly refer to the contributions written on wave
phenomena [1, 7, 8, 24, 39, 44, 45]. Aside from Lagrange finite elements, an LOD
application in Raviart-Thomas spaces was given in [25].

In this spirit, this contribution can be seen as an extension of periodic homog-
enization results to more general rapidly varying coefficients or as an application of
the LOD framework to a new problem class, namely, H(curl)-elliptic problems. We
try to cover both views throughout this paper.

A crucial ingredient for numerical homogenization procedures in the spirit of
LODs is the choice of a suitable interpolation operator. As we will see later, in our
case we require it to be computable, H(curl)-stable, and (quasi-)local and that it
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commutes with the curl-operator. Constructing an operator that enjoys such proper-
ties is a very delicate task and a lot of operators have been suggested—with different
backgrounds and applications in mind. The nodal interpolation operator (see, e.g.,
[38, Theorem 5.41]) and the interpolation operators introduced in [15] are not well-
defined on H(curl) and hence lack the required stability. Various (quasi-)interpolation
operators are constructed as a composition of smoothing and some (nodal) interpo-
lation, such as [10, 11, 16, 19, 46, 47]. For all of them, the kernel of the operator is
practically hard or even impossible to compute and they fulfill only the projection
or the locality property. Finally, we mention the interpolation operator of [20] which
is local and a projection, but which, however, does not commute with the exterior
derivative. A suitable candidate (and to the authors’ best knowledge, the only one)
that enjoys all required properties was proposed by Falk and Winther in [21].

This paper thereby also shows the applicability of the Falk—Winther operator. In
this context, we mention two results, which may be of their own interest: a local-
ized regular decomposition of the interpolation error (in the spirit of [47]) and the
practicable implementation of the Falk-Winther operator as a matrix. The last point
admits the efficient implementation of our numerical scheme and we refer to [18] for
general considerations.

The paper is organized as follows. Section 2 introduces the general curl-curl-
problem under consideration and briefly mentions its relation to Maxwell’s equations.
In section 3, we give a short motivation of our approach from two perspectives: pe-
riodic homogenization and the (ideal) LOD. Section 4 introduces the necessary no-
tation for meshes, finite element spaces, and interpolation operators. We introduce
the corrector Green’s operator in section 5 and show its approximation properties.
We localize the corrector operator in section 6 and present the main a priori error
estimates. The proofs of the decay of the correctors are given in section 7. Details
on the definition of the interpolation operator and its implementation are given in
section 8.

The notation a < bis used for a  Cb with a constant C' independent of the mesh
size H and the oversampling parameter m. It will be used in (technical) proofs for
simplicity and readability.

2. Model problem. Let @ R? be an open, bounded, contractible domain with
polyhedral Lipschitz boundary. We consider the following so-called curl-curl-problem:
Find u: Q! C?2 such that

curl(gpcurlu) + ku=f in Q,

(2.1)
u n=0 ond

with the outer unit normal n of 2. Exact assumptions on the parameters p and s and
the right-hand-side f are given in Assumption 1 below, but we implicitly assume that
the above problem is a multiscale problem, i.e., the coefficients p and x are rapidly
varying on a very fine scale.

Such curl-curl-problems arise in various formulations and reductions of Maxwell’s
equations and we give a few examples. In all cases, our coefficient 1 equals ji~! with
the magnetic permeability fi, a material parameter. The right-hand-side f is related
to (source) current densities. One possible example is Maxwell’s equations in a linear
conductive medium, subject to Ohm’s law, together with the so-called time-harmonic
ansatz (x,t) = v(z)exp( iwt) for all fields. In this case, one obtains the above
curl-curl-problem with u = E, the electric field, and x = iwo  w?e related to the
electric permittivity ¢ and the conductivity o of the material. Another example is
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implicit time-step discretizations of eddy current simulations, where the above curl-
curl-problem has to be solved in each time step. In that case u is the vector potential
associated with the magnetic field and ko /7, where 7 is the time-step size. Coef-
ficients with multiscale properties can, for instance, arise in the context of photonic
crystals.

Before we define the variational problem associated with our general curl-curl-
problem (2.1), we need to introduce some function spaces. In the following, bold face
letters will indicate vector-valued quantities and all functions are complex-valued,
unless explicitly mentioned. For any bounded subdomain G €2, we define the space

H(curl,G) :=fv 2 L*(G,C*)jcurlv 2 L*(G,C*)g

with the inner product (v, W)y (cuic) = (curl v, curl w) 2g) + (v, W) 2(g) with the
complex L2-inner product. We will omit the domain G if it is equal to the full domain
Q. The restriction of H(curl, Q) to functions with a zero tangential trace is defined as

Hy(curl, Q) :=fv 2 H(curl, Q)j v njgn = 0g.
Similarly, we define the space
H(div,G) :=fv 2 L*(G,C?)jdivv 2 L*(G,C)g

with corresponding inner product (, )y (aiv;c)- For more details we refer to [38].
We make the following assumptions on the data of our problem.

ASSUMPTION 1. Let f 2 H(div,Q) and p 2 L>®(,R3>*3) and k 2 L>(Q,C3*3)
be self-adjoint. For any open subset G ), we define the sesquilinear form Bg :
H(cur, G) H(cwl,G)! C as

(2.2) Bg (v, %) := (peurlv, curl ) 26y + (KV, 9¥)L2(G)
and set B := Bg. The form Bg is obviously continuous, i.e., there is Cg > 0 such
that

Be(v,v¥)j  CskvKy (curl:c ) KYKH (curiie)  for all v, 2 H(curl, G).

We furthermore assume that p and & are such that B : Ho(curl) Hg(curl) ! C s
Hy (curl)-elliptic, i.e., there is o > 0 such that

B(v,v)] akvk? ( for all v 2 Hy(curl).

curl)

The assumption that B is self-adjoint is made for better readability because in this
case the discretization is a Galerkin method instead of a Petrov—Galerkin method. It
is not an essential restriction. We now give a precise definition of our model problem
for this article. Let Assumption 1 be fulfilled. We look for u 2 Hy(curl, Q) such that

(2.3) B(u,v¢) = (f,9)L2(q) for all ¢ 2 Ho(curl, ).

Existence and uniqueness of a solution to (2.3) follow from the Lax—Milgram-Babuska
theorem [4]. Assumption 1 is fulfilled in the following two important examples men-
tioned at the beginning: (i) a strictly positive real function in the identity term, i.e.,
Kk 2 L>®(,R), as it occurs in the time-step discretization of eddy-current problems;
and (ii) a complex k with strictly negative real part and strictly positive imaginary
part, as it occurs for time-harmonic Maxwell’s equations in a conductive medium.
Further possibilities of p and x yielding an H(curl)-elliptic problem are described in
[23].
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Remark 2. The assumption of contractibility of {2 is required only to ensure the
existence of local regular decompositions later used in the proof of Lemma 4. We
note that this assumption can be relaxed by assuming that €2 is simply connected in
certain local subdomains formed by unions of tetrahedra (i.e., in patches of the form
N(€p ), using the notation from Lemma 4).

3. Motivation of the approach. As explained in the introduction, our con-
tribution can be viewed from two perspectives: (numerical) homogenization and the
LOD framework, which of course are connected.

3.1. Motivation via homogenization. For the sake of the argument, let us
consider model problem (2.1) for the case that the coefficients u and k are replaced
by parametrized multiscale coefficients ;1 and k , respectively. Here, 0 <§ 1lisa
small parameter that characterizes the roughness of the coefficient or respectively the
speed of the variations, i.e., the smaller the ¢, the faster the oscillations of 4 and & .
If we discretize this model problem in the lowest-order Nédélec finite element space

o

N (Tw ), we have the classical error estimate of the form

inf  ku  vpkywy CH Ku Kyiq) +Keurlu Ky1(q)
vh EN(Th )

with the mesh size H. However, if the coefficients  and x are discontinuous the
necessary regularity for this estimate is not available; see [13, 14, 5]. On the other
hand, if 4 and k are sufficiently regular but § small, then we face the blow-up with
ku Ky 1) + kcurlu ki) ' 1 for 6 ! 0, which makes the estimate useless in
practice, unless the mesh size H becomes very small to compensate for the blow-up.
This does not change if we replace the H(curl)-norm by the L?(Q)-norm since both
norms are equivalent in the kernel of the curl-operator, i.e., in the subspace of gradient
functions.

To understand if there exist any meaningful approximations of u in N (T ) (even
on coarse meshes), we make a short excursus to classical homogenization theory.
For that we assume that the coefficients p (z) = p(x/d) and k (z) = k(x/J) are
periodically oscillating with period §. In this case it is known (cf. [12, 27, 49]) that the
sequence of exact solutions u converges weakly in Hy(curl) to a homogenized function
ug. Since ug 2 Hy(curl) is d-independent and slow, it can be well approximated in

o

N (T ). Furthermore, there exists a corrector K (ug) such that
u (id+K )ug
is a good approximation in H(curl), i.e., the error converges strongly to zero with
ku  (ug +K (uo))Kkp (curty ! 0 for 5! 0.

Here the nature of the corrector is revealed by two estimates. In fact, K (ug) admits
a decomposition into a gradient part and a part with small amplitude (cf. [27, 48, 49])
such that

K(uw)=2z +r 6

with
(3.1) 5 kz kL 2(Q) T kz ky (curl) Ckuoky (curl)
(3.2) and 57 1ko k|_2(Q) +kr 6 k|_2(Q) Ckugky (curl)s
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where C = C(a,Cg) only depends on the constants appearing in Assumption 1.
First, we immediately see that the estimates imply that K (ug) is H(curl)-stable in
the sense that it holds that

kK (uO)kH (curl) Okuo kH (curl)-

Second, and more interestingly, we see that alone from the above properties, we
can conclude that ug must be a good approximation of the exact solution in the
space H=1(Q,C?) := H(Q,C3). In fact, using (3.1) and (3.2) we have for any
v 2 Hj (2, C?) with kvky 1) =1 that

/K (uo) v = /Z v /9 (r V) k z k|_2(Q)—|—k9 kLQ(Q) Cokugky (curl)-
Q Q Q

Consequently we have strong convergence in H () with

—0

ku ll()kH -1(Q) k u (Ll() + K (ll()))kH -1(Q) + kK (uo)kH -1(Q) ! 0.

We conclude two things. First, even though the coarse space N (T ) does not contain
good H(curl)- or L?-approximations, it still contains meaningful approximations in
H~1(Q). Second, the fact that the coarse part ug is a good H~!-approximation of
u is an intrinsic conclusion from the properties of the correction K (ug). A refined
analysis reveals that the numerical homogenization method presented here allows for
estimates in the stronger H(div)" norm.

In this paper we are concerned with the question of whether the above consider-
ations can be transferred to a discrete setting beyond the assumption of periodicity.
More precisely, defining a coarse level of resolution through the space N (Ty ), we ask
if it is possible to find a coarse function uy and an (efficiently computable) H(curl)-
stable operator K such that

(3.3) ku  unky-10) CH and ku  (id+K)uy Ky (cury  CH,

with C' being independent of the oscillations in terms of . A natural ansatz for the
coarse part is uy = 7y (u ) for a suitable projection my : H(curl) ! N (Ty ). From
the considerations above, it is desirable that the (interpolation) error u w4 (u )
fulfills a discrete analogue to the estimates (3.1) and (3.2). Hence, we look for a
projector my with the following property: there are z 2 H}(Q2) and 6 2 H}(Q) such
that

Vv mHv=z+r0

and
HilkaL2(Q) + kr zk, 2(Q) Ck curl vk 2(Q);
(3.4) H_1k9k|_ 2(Q) + kr Ok_ 2(Q) Ckvky (curl)-

Note that the above properties are not fulfilled for, e.g., the L?-projection.

We conclude this paragraph by summarizing that we want to have a projection
7y fulfilling (3.4). We can then define a coarse scale numerically through the space
N (Ty ) = im(my ). Moreover, the corrector K should be constructed such that it maps
into the kernel of the projection operator, i.e., im(K)  ker(my) in order to inherit
the estimates (3.3).

3.2. Motivation via the localized orthogonal decomposition. The ques-
tion of decomposing the solution space into a coarse and a fine part is also the key mo-

o

tivation for the LOD. The idea is to write Ho(curl) = N (Ty) W with W = ker my ,
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where 7y : Ho(curl) | N (Ty ) is a suitable projection. One can define a correction
operator K : Ho(curl) ! "W via

(3.5) B(Kv,w)= B (v,w) forall w2 W.
The (ideal) LOD is now a Galerkin method over the space (id +K)N (Ty), ie., we
look for uy 2 N (Ty ) such that

(3.6) B((id +K)uy , (id +K)vy ) = (£, (id+K)vy)  forall vy 2 N (Ty).

Problem (3.5), however, is global and therefore very costly to solve. In order to obtain
a localized method the computation has to be truncated to patches N™ (T') of diameter
approximately mH; see section 4 for a precise definition. The overall scheme can then
be described as follows: Consider a basis f®xj1 &k Ngof N (Ty). ForallT 2 Ty
with T supp(®y), we solve for K.y, (®x) 2 W(N™(T)) with

Bam (1) (Ktim (®), W) = B 1(®,w)  for all w2 W(N™(T)).

Defining the corrector operator Ky, via

X
Km (q)k) = KT;m ((I)k)a
TeTh
T Csupp( «)

one looks for the solution upm 2 N (Ty ) of (3.6) with K replaced by K ; see section 6
for details.

In the LOD framework the following questions now have to be answered: (i)
What approximation properties do uy and (id +K)uy have? (ii) Can we truncate
the computation in (3.5) to patches of elements without losing the approximation
properties?

With a view to these two questions, let us briefly describe the main challenges for
H(curl)-problems in contrast to elliptic diffusion problems. Concerning (i), denoting
e=u (id+K)uy, where u solves (2.3), one observes my ¢ = 0 and quickly comes to
the estimate

Kek} (eury ST(F,€)i =j(f, e mne)].

At this point, the approximation properties of my play a crucial role. For elliptic
diffusion problems, there are several possible choices for Iy which fulfill

kv Iy UkL 2(Q) S Hkr UkLz(Q) forall v 2 Hl(Q)
Such an estimate (with the gradient replaced by the curl), however, cannot hold in

H(curl) because of the large kernel of the curl-operator. Instead, one has to hope for
estimates like (3.4) in order to deduce

J(f7 € TH 6)] = J(f7 z+r 9)] ] (fa Z)J + ](le f7 9)] 5 kakH (div) kekH (curl)»
where we also see the role of the assumption f 2 H(div). This difference between the

gradient subspace and its complement also has to be considered when studying the
exponential decay of K to answer (ii).
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4. Mesh and interpolation operator. In this section we introduce the basic
notation for establishing our coarse scale discretization and we will present a projec-
tion operator that fulfills the sufficient conditions derived in the previous section.

Let Ty be a regular partition of § into tetrahedra such that [T 4 = Q and any
two distinct T, 7" 2 Ty either are disjoint or share a common vertex, edge, or face.
We assume the partition Ty to be shape-regular and quasi-uniform. The global mesh
size is defined as H := maxf diam(T")jT 2 Ty g. Ty is a coarse mesh in the sense that
it does not resolve the fine-scale oscillations of the parameters.

Given any (possibly even not connected) subdomain G Q define its neighbor-
hood via

N(G) :=int([f T2TujT\ G6&;9)

and for any m 2 the patches
NY(G):=N(G) and N™(G):=NN""YQ)).

The shape regularity implies that there is a uniform bound Co1.m on the number of
elements in the mth order patch

max cardf K 2 THjK N (T)g Coim

TeTh

and the quasi-uniformity implies that Co.m depends polynomially on m. We abbre-
viate Co) := Co:1.

The space of Ty -piecewise affine and continuous functions is denoted by S*(Ty ).
We denote the lowest-order Nédélec finite element (cf. [38, section 5.5]) by

N (Th) :=fv 2 Hy(curl)j for allT 2 Ty : vjr (x) =ar x+ by with ar,bt 2 C3g
and the space of Raviart—-Thomas fields by

RT (Th) :=fv 2 Hy(div)j for all T2Ty : vj (x)=atx + bt with ar 2 C,br 2 C3g.
As motivated in section 3 we require an H(curl)-stable interpolation operator «f§ :
Hy(curl) ! N (Ty) that allows for a decomposition with the estimates such as (3.4).
However, from the view point of numerical homogenization where corrector problems
should be localized to small subdomains, we also need that 7§ is local and (as we
will see later) that it fits into a commuting diagram with other stable interpolation
operators for lowest order H*(€2), H(div), and L?(Q) elements. As discussed in the
introduction, the only known candidate is the Falk—Winther interpolation operator
7TE [21]. We postpone a precise definition of 7TE to section 8 and just summarize its
most important properties in the following proposition.

o

PROPOSITION 3. There exists a projection w5 : Ho(curl) ! N (Ty) with the
following local stability properties: For all v 2 Ho(curl) and all T 2 Ty it holds that
(4.1) k7TE (v)ke 2(T) C kvk_ 2(N(T)) T Hkcurl VkLz(N(T)) ,

(42) k curl 7T'|I_E| (V)kL 2(T) C kecurl Vk|_ 2(N(T))-

Furthermore, there exists a projection wf, : Ho(div) ! RT (Ty) to the Raviart-
Thomas space such that the following commutation property holds

curl 7§ (v) = nfj (curlv).
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A corresponding proof that is also valid (verbatim) in the case of homogeneous
boundary values is found in [21].

As explained in the motivation in section 3, we also require that «§ allows for a
regular decomposition in the sense of (3.4). In general, regular decompositions are an
important tool for the study of H(curl)-elliptic problems and involve that a vector field
v 2 Hy(curl) is split—in a nonunique way—into a gradient and a (regular) remainder
in H'; see [29, 42]. In contrast to the Helmholtz decomposition, this splitting is not
orthogonal with respect to the L2-inner product. If the function v 2 Hy(curl) is
additionally known to be in the kernel of a suitable quasi interpolation, a modified
decomposition can be derived that is localized and H-weighted. In particular, the
weighting with H allows for estimates similar to the one stated in (3.4). The first
proof of such a modified decomposition was given by Schoberl [47]. In the following
we shall use his results and the locality of the Falk—-Winther operator to recover a
similar decomposition for the projection WE. More precisely, we have the following
lemma, which is crucial for our analysis.

LEMMA 4. Let 7§ denote the projection from Proposition 3. For any v 2 Hy

(curl, ), there are z 2 H{(Q) and 0 2 H}(Q) such that

v m5(V)=z+r6

with the local bounds for every T 2 Ty

(4 3) HilkaL2(T) + kr ZkLQ(T) Czk curl vk, 2(N3(T))>
’ H_lkekLz(T) + kr ekLz(T) C kaLQ(N3(T)) +churlvk|_z(Na(T)) R

where t z stands for the Jacobi matriz of z. Here C; and C are generic constants
that only depend on the reqularity of the coarse mesh.
Observe that (4.3) implies the earlier formulated condition (3.4).

o

Proof. Let v 2 Hy(curl,Q). Denote by IS : Ho(curl,2) ! N (Ty) the quasi-
interpolation operator introduced by Schéberl in [47]. It is shown in [47, Theorem 6]

that there exists a decomposition

>
(4.4) v IS (v)= vp,

P vertex
of Th

where, for any vertex P, vp 2 Hy(curl, p ) and Qp is the support of the local hat
function associated with P. Moreover, [47, Theorem 6] provides the stability estimates
(4.5) kVp k|_ 2(Qp ) 5 kaLz(N(QP )) and kecurl vp k|_2(QP ) S k curl Vk|_ 2(N(Qp))

for any vertex P. With these results we deduce, since WE is a projection onto the
finite element space, that

v siW=v 6wk vy = (d mf)(ve):

P vertex
of Th

Due to the locality of 7f, we have (id f§)(vp) 2 Hg(curl, N(Qp)). The local
stability of 75, (4.1) and (4.2), and the stability (4.5) imply

k(ld 7TE| )(Vp )kLz(N(Qp )) 5 kaLz(N(Qp )) + Hkcurl VkL2(N(Qp ))»
kcurl(id WE )(Vp )kL2(N(QP )) ,S K curl VkL2(N(QP DE
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We can now apply the regular splitting to (id «f§)ve (cf. [42]), i.e., there are zp 2
H{(N(Qp)), 6p 2 HE(N(2p)) such that (id n§)ve = zp +r 6p and with the
estimates

Hﬁlkzp kL 2(N(Qp ) T kr zp k. 2(N(Qp ) < kcurl((id ﬂ'E )(Vp ))kL2(N(Qp DL

H‘lkﬁp ke 2(N(Qp ) T kr 6p k. 2(N(Qp ) < k(id 7TE )(Vp ke 2(N(Qp ))-

P P
Setz= pzp andf = , 0p, which is a regular decomposition of v. 7§ (v). The
local estimate follows from the foregoing estimates for vp and the decomposition (4.4)
which yields

>
HﬁlkaL2(T) + kr Z|(|_2(-|—) H 'kzp kL2(QP) + kr zp kLQ(QP)
Pgél_"l_tex
< kcurl(id 75 )(vp ke 2(N(p ) S Keurl vK 2s (1)

P vertex
o

The local estimate for 6 follows analogously. ]

5. The corrector Green’s operator. In this section we introduce an ideal
corrector Green’s operator (also known as the fine-scale Green’s operator in the context
of the variational multiscale method; see [31]) that allows us to derive a decomposition
of the exact solution into a coarse part (which is a good approximation in H~1(£2, C?))
and two different corrector contributions. For simplicity, we let from now on L :
Hy(curl) ! Hg(curl)’ denote the differential operator associated with the sesquilinear
form B(, ), i.e., L(v)(w) = B(v,w).

Using the Falk-Winther interpolation operator FE for the Nédélec elements, we
split the space Ho(curl) into the finite, low-dimensional coarse space N (Ty ) = im(xf )
and a corrector space given as the kernel of 7§ , i.e., we set W := ker(7§)  Hg(curl).
This yields the direct sum splitting Ho(curl) = N (Ty) W. Note that W is closed
since it is the kernel of a continuous (i.e., H(curl)-stable) operator. With this the
ideal corrector Green’s operator is defined as follows.

DEFINITION 5 (corrector Green’s operator). For F 2 Hg(curl)’, we define the
corrector Green’s operator
(5.1) G:Hp(curl)'! W by B(G(F),w) = F(w) for allw 2 W.
1t is well defined by the Laz—Milgram—Babuska theorem, which is applicable since B( , )
is Ho(curl)-elliptic and since W is a closed subspace of Hy(curl).

Using the corrector Green’s operator we obtain the following decomposition of
the exact solution.

LEMMA 6 (ideal decomposition). The ezact solution u 2 Hy(curl) to (2.3) and

uy = 75 (u) admit the decomposition

u=uy (G L)(uy)+ G(f).
Proof. Since Hy(curl) = N (Th) W, we can write u uniquely as
= (w)+ (7)) = wy + (5 ) (),

where (id 7F )(u) 2 W by the projection property of nf. Using the differential
equation for test functions w 2 W yields that
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B((id m5)(u),w)= B (uy,w)+ (f, W)L 2y = B (G L)(un),w)+B(G(f), w).
Since this holds for all w 2 W and since G(f) (G L)(un) 2 W, we conclude that
(id m)(u) =G{f) (G L)(un),

which finishes the proof. 0

The corrector Green’s operator has the following approximation and stability
properties, which reveal that its contribution is always negligible in the H(div)’-norm
and negligible in the H(curl)-norm if applied to a function in H(div).

LEMMA 7 (ideal corrector estimates). Any F 2 Hy(curl)’ satisfies
(5.2) HKG(F)Ky (curt) + KG(F)Ky (aivy  CHa "KFKy  (cury -
IfF =f 2 H(div) we even have
(5.3) HKG(£)Kyj (curt) + KG(F)Ky (aivy  CH?a ™ "KfKy (iv)-
Here, the constant C' does only depend on the maximum number of neighbors of a

coarse element and the generic constants appearing in Lemma 4.

Remark 8. We phrase all results in the H(div)’ norm because we do not require
more. Note, however, that all results are still valid if we replace the H(div)’-norm by
the H~1(Q, C?)-norm, which is the norm we used in the motivation in section 3.

Proof. The stability estimate KG(F)Ky (curl) o~ 'KFky o(curl)’ is obvious. Next,
with G(F) 2 W and Lemma 4 we have

KG(F)ky (aivyy =  sup /z v /H(I’ V)
Q Q

v €H (div)
IV Il caivy =1

(5.4) (kzk? 2 () + KOKZ 2())' ™ CHKG(F)Kyj (cury  CHa ™ "KFKy o (cury»

which proves (5.2). Note that this estimate exploited § 2 H{ (€2), which is why we do
not require the function v to have a vanishing normal trace. Let us now consider the
case that F = f 2 H(div). The ellipticity, the relation (5.1), and (5.4) imply that

AKG(E)KE curt) KG (E)Kit (aivy KEKH (aiv)  CHKG(E)Kit (crry KEK (i) -

We conclude KG(f)ky (cury  CH o tkfky (div)- Finally, we can use this estimate again
in (5.4) to obtain

kG(f)kH (div)’ CHkG(f)kH (curl) CHQOé_lkka (div)-
This finishes the proof. 0

An immediate conclusion of Lemmas 6 and 7 is the following.

CONCLUSION 9. Let u denote the exact solution to (2.1) for £ 2 H(div). Then

with the coarse part uy = 75 () and corrector operator K := G L it holds that

H™ku (id +K)up Ky aivy +Ka - (id +K)up Ky eurny +Ka ap K (aiey:

Here, C' only depends on «, on the mesh regularity, and on the constants appearing
in Lemma 4.
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Proof. The estimates for u  (id+K)uny = G(f) directly follow from (5.3). For
the estimate of u uy = Kuy + Gf, observe that (5.2) and Proposition 3 imply

kKuy kH (div)’ S; HkLuy kH o(curl)’ S Hkuy kH (curl) = HkTrII-El ukH (curl) ,S HkUKH (curl)-

Thus, the proof follows from the stability of the problem and the triangle
inequality. ]

It only remains to derive an equation that characterizes (id +K)uy as the unique
solution of a variational problem. This is done in the following theorem.

THEOREM 10. We consider the setting of Conclusion 9. Then uy = 75 (u) 2
N (Tw ) is characterized as the unique solution to

(5.5)  B((id+K)uy, (id +K)vh ) = (£, (d +Kvi )2y for all v 2 N (Ta).

The sesquilinear form B((id+K) , (id +K) ) is H(curl)-elliptic on N (Ty ).

We mention that in the non-self-adjoint case, the correction operator for the test
functions would be the adjoint K*.

Proof. Since Lemma 6 guarantees u =uy (G L)(un )+ G(f), the weak formu-
lation (2.3) yields

Bluy (G L)(un)+G(f),vi) = (f,vi)i2@  forall vy 2 N (Ty).
We observe that by definition of G we have
B(G(f),vi) = (£,(G L)vn JL2(9)
and
B(uy (G L)(uy),(G L)vu)=0.

Combining the three equations shows that (id +K)uy is a solution to (5.5). The
uniqueness follows from the following norm equivalence:

I(uH kH (curl) = kﬂ-ll-El ((ld +K)uH )kH (curl) Ck(ld +K)UH I(H (curl) CkuH kH (curl)-

This is also the reason why the H(curl)-ellipticity of B(, ) implies the H(curl)-
ellipticity of B((id+K) ,(id+K) ) on N (Ty). O

Dropping the correction on the right-hand side of (5.5) still allows for a numerical
homogenization result. However, not all estimates from Conclusion 9 can be recovered
in this case, as the quadratic order convergence for ku  (id +K)@&y Ky (qiv) is typically
lost (at least in the asymptotic regime). In general, the following result is available.

CONCLUSION 11. For £ 2 H(div), let @y 2 N (Ty ) denote the unique solution to
(5.6)  B((id+K)ay, (id+K)vy) = (£, v )L2(q) forall vy 2 N(Ty).
Then we have the error estimate

ku (ld +K)ﬁH ky (curl) +ku ayky (div)’ C Hkfky (div)-
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_ Proof. We estimate the error uy @y, where uy solves (5.5). For any vy 2
N (Ty ), we have that

B((id+K)(uH ay ),(id-i—K)VH) = (f,Kvy )Lz(ﬂ)-
Hence, we conclude with the coercivity and continuity of B and Lemma 7 that

kllH ay ka (curl) g k(ld -I-K)(UH ay )k|2_| (curl) S kka (div)kK (LlH ay )kH (div)’
S HKEKy aiv)KL (uy ap Ky curty S HKEKy @iv)Kun 81 Ky curl -

The estimate for ku @y Ky (giv)s follows with the triangle inequality and the properties
of the corrector K. O

The result from Conclusion 11 reflects the fact that in periodic homogenization,
correctors typically do not appear on the right-hand side. However, as mentioned
before, problem (5.6) has the disadvantage that its suffers from a slight loss in accuracy
which is expected to cause reduced convergence rates for ku  (id +K)ay Ky (qiv) -

Numerical homogenization. Let us summarize the most important findings
and relate them to (numerical) homogenization. We defined a homogenization scale
through the coarse finite element space N (Tw ). We proved that there exists a numer-
ically homogenized function uy 2 N (Th ) which approximates the exact solution well
in H(div)" with

ku UuH kH (div)’ CkakH (div)-

From the periodic homogenization theory (cf. section 3) we know that this is the
best we can expect and that uy is typically not a good L2-approximation due to
the large kernel of the curl-operator. Furthermore, we showed the existence of an
H(curl)-stable corrector operator K : N (Ty) ! W that corrects the homogenized
solution in such a way that the approximation is also accurate in H(curl) with

ku (id+K)uyky (curl) C Hkfky (div)-

Since K = G L , we know that we can characterize K(vy) 2 W as the unique
solution to the (ideal) corrector problem

(5.7) B(K(vy),w)= B (vy,w) for all w 2 W.

The above result shows that (id +K)uy approximates the analytical solution with
linear rate without any assumptions on the regularity of the problem or the structure
of the coefficients that define B( , ). Also it does not assume that the mesh resolves the
possible fine-scale features of the coefficient. On the other hand, the ideal corrector
problem (5.7) is global, which significantly limits its practical usability in terms of
real computations.

However, as we will see next, the corrector Green’s function associated with prob-
lem (5.1) shows an exponential decay measured in units of H. This property will allow
us to split the global corrector problem (5.7) into several smaller problems on subdo-
mains, similar to how we encounter it in classical homogenization theory. We show the
exponential decay of the corrector Green’s function indirectly through the properties
of its corresponding Green’s operator G. The localization is established in section 6,
whereas we prove the decay in section 7.
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6. Quasi-local numerical homogenization. In this section we describe how
the ideal corrector K can be approximated by a sum of local correctors, without
destroying the overall approximation order. This is of central importance for an
efficient computability. Furthermore, it also reveals that the new corrector is a quasi-
local operator, which is in line with homogenization theory.

We follow the standard procedure for the localization in the LOD, as displayed,
for instance, in [1, 26, 37, 44], just to name a few. We start with quantifying the decay
properties of the corrector Green’s operator in subsection 6.1. In subsection 6.2 we
apply the result to our numerical homogenization setting and state the error estimates
for the “localized” corrector operator. We close with a few remarks on a fully discrete
realization of the localized corrector operator in subsection 6.3.

6.1. Exponential decay and localized corrector. The property that K can
be approximated by local correctors is directly linked to the decay properties of the
Green’s function associated with problem (5.1). These decay properties can be quan-
tified explicitly by measuring distances between points in units of the coarse mesh size
H. We have the following result, which states—loosely speaking—in which distance
from the support of a source term F becomes the H(curl)-norm of G(F) negligibly
small. For that, recall the definition of the element patches from the beginning of
section 4, where N™ (T') denotes the patch that consists of a coarse element T 2 Ty
and m layers of coarse elements around it. A proof of the following proposition is
given in section 7.

PROPOSITION 12. Let T 2 Ty denote a coarse element and m 2 N a number
of layers. Furthermore, let Fr 2 Hg(curl) denote a local source functional in the
sense that Fr(v) = 0 for all v 2 Hy(curl) with supp(v) QnT. Then there exists
0<fB< 1, independent of H, T, m, and ¥t , such that

(6.1) KG(F1 )Kn (curtzanm (1) S B™KFT K (curt) -

In order to use this result to approximate K(vy) = (G L)vy (which has a
nonlocal argument), we introduce, for any T 2 Ty, localized differential operators
Lt :H(cur, 7)! H(curl,Q) with

hLt (u), vi := Bt (u,v),

where Bt (1, ) denotes the restriction of B( , ) to the element T. By linearity of G we

have that ><
G L= G Lt
TeTn
and consequently we can write
>
K(VH ) = G(FT) with Fr .= L 1 (v )
TETh

Obviously, G(Fr) fits into the setting of Proposition 12. This suggests truncating
the individual computations of G(Ft) to a small patch N™(7) and then collecting
the results to construct a global approximation for the corrector. Typically, m is
referred to as an oversampling parameter. The strategy is detailed in the following
definition.

DEFINITION 13 (localized corrector approximation). For an element T 2 Ty
we define the element patch Qr := N™(T) of order m 2 N. Let F 2 Hy(curl)’ be
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the sum of local functionals with ¥ = = 1 _. Fr, where Fr 2 Ho(curl)’ is as in
Proposition 12. Furthermore, let W (1) W denote the space of functions from W
that vanish outside Qr, i.e.,

W(Qr) =fw 2 Wjw = 0 outside Q1 9.
We call Gr.m (F1) 2 W(Qr) the localized corrector if it solves

(6.2) B(Grm (Fr),w) =F1(w) for allw 2 W(Qr).
With this, the global corrector approximation is given by
>
Gn(F):= _ Grm (Fr).
TETh

Observe that problem (6.2) is only formulated on the patch Qt and that it admits
a unique solution by the Lax—Milgram—Babuska theorem.

Based on decay properties stated in Proposition 12, we can derive the following
error estimate for the difference between the exact corrector G(F) and its approxima-
tion Gy (F) obtained by an mth level truncation. The proof of the following result is
again postponed to section 7.

THEOREM 14. We consider the setting of Definition 13 with ideal Green’s correc-
tor G(F) and its mth level truncated approzimation Gy (F). Then there exist constants
Cq >0 and 0 < 8 <1 (both independent of H and m) such that

=1=2

Pe—m < g
(6.3) KGF) G m(F)kycury Cd Coim B kFTkHO(
TeTH

curl)’

and

! 1=2

P n X )
(6.4) KG(F) G m(F)kp(aivy Ca Corm S™H KET K2 | cury
TeTh

As a direct conclusion from Theorem 14 we obtain the main result of this paper
that we present in the next subsection.

6.2. The quasi-local corrector and homogenization. Following the above
motivation we split the idegd corrector K(vi) = (G L)vy into a sum of quasi-local
contributions of the form . (G Lt)vy. Applying Theorem 14, we obtain the
following result.

o

P
CONCLUSION 15. Let Ky := 1em (Grm L) :N(Ty) ! W denote the
localized corrector operator obtained by truncation of mth order. Then it holds that

P
(6.5) inf  ku  (id+Km)viakpeuy € HA+" Corm 87 KfKy (div)-
vy €N (Tw)

Note that even though the ideal corrector K is a nonlocal operator, we can ap-
proximate it by a quasi-local corrector Ky,. Here, the quasi locality is seen by the
fact that if K is applied to a function vy with local support, the image K(vy ) will
typically still have a global support in 2. On the other hand, if Ky, is applied to a
locally supported function, the support will only increase by a layer with thickness of
order mH.
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P
Proof of Conclusion 15. With Ky, = Te7 (Grm L 1) we apply Conclusion 9
and Theorem 14 to obtain

inf  ku  (id +Km )vh Ky (cur)
Vh EN(Th )
k u (ld +K)UH I(H (curl) + k(K K m )llH kH (curl)
! 1=2
p_— ., X 2
CkakH (div) +C Col;m 6 kLT (uH )kH o(curl)’ ’
TETh

where we observe with KLt (Vi )Kp g (curty  OKVH K (curtT) that

X
kLt (uH )ka o(curl)’ Ckuy kEI (curl) — Ckﬂ—E (u)kﬁl (curl)
TETH

curl)
In the last line, the first inequality is due to the stability of 7f; and the second
inequality is the energy estimate for the original problem (2.3). ]

Conclusion 15 has immediate implications from the computational point of view.
First, we observe that Ky can be computed by solving local decoupled problems.
Considering a basis f®cj1 k& Ngof N(Ty), we require determining K, (®y).
For that, we consider all T' 2 Ty with T supp(®k) and solve for K., (®x) 2
W(N™(T)) with

(6.6) Bam (1) (Ktym (®k), W) = B 7(®¢,w)  forall w2 W(N"(T)).
The global corrector approximation is now given by
>
Km (®k) = Krm (®),
TeTn
T Csupp( «)

as already presented in the motivation in section 3. Next, we observe that selecting
the localization parameter m such that

m 2, jlog Hj jlog fj,
we have with Conclusion 15 that

(67) H}f ku (ld —|—Km )VH kH (curl) CkakH (div) s
v EN(Th)

which is of the same order as for the ideal corrector K. Note that the polynomial (in
m) growth of Co.;y does only influence the constant hidden in 2 in the selection rule
m 2 jlog Hj and not (6.7). The choice m | log Hj is the standard condition for the
oversampling parameter m in LOD-type methods. However, numerical experiments
for other types of problems show that moderate sizes of m such as m = 1,2,3 are
often sufficient in practice; cf. [26, 44]. This indicates that there is hope for similar
observations for H(curl)-problems, though this still remains open for investigations.

Consequently, we can consider the Galerkin finite element method, where we seek
uym 2 N (T ) such that

B((ld +Km)uH;m ,(1(1 +Km )VH ) = (f, (ld +Km )VH )L 2(Q) for all vy 2 ’\i (TH )
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Since a Galerkin method yields the H(curl)-quasi-best approximation of u in the space

o

(id +Km )N (T ) we have with (6.7) that
ku  (id +Km)upim Ky cwry  CHKEKy (giv)
and we have with (5.2), (6.4), and the H(curl)-stability of 7§ that
ku upm Ky @ivyy  CHKEKy (div)-

This result is a homogenization result in the sense that it yields a coarse function up:m
that approximates the exact solution in H(div)’. Furthermore, it yields an appropriate
(quasi-local) corrector K (ug:m ) that is required for an accurate approximation in
H(curl).

Finally, we note that the error estimate in H(curl) above can also be obtained for
the Galerkin method without corrector Ky, on the right-hand side; see Conclusion 11.
Moreover, the assumption f 2 H(div) is essential to obtain a linear rate: If we only
have f 2 Hy(curl)’, the results of Conclusion 15 do not hold. As seen in Lemma 7,
we lose a power of H for less regular right-hand sides.

Remark 16 (refined estimates). With a more careful proof, the constants in the
estimate of Conclusion 15 can be specified as

ll’lf ku (1d +Km )VH kH (curl)
Vh EN(Tn )

a '(1+ H) HmaxfC,,C ngol;g + CyC C3 pcol;m Co1 8™ kfKy (giv),

where o and Cg are as in Assumption 1, Cy is the constant appearing in the decay
estimate (6.3), C' is as in Proposition 3, C; and C are from (4.3), and Coi.y is
as detailed at the beginning of section 4. Note that if m is large enough so that
N™(T) = Q for all T 2 Ty, we have as a refinement of Conclusion 9 that

1nf ku (ld —|—K)VH kH (curl) 0671(1 + H) H maxf OZ y C ngol;g kka (div)-
VH EN('TH )

6.3. A fully discrete localized multiscale method. The procedure described
in the previous section is still not yet “ready to use” for a practical computation as
the local corrector problems (6.6) involve the infinite-dimensional spaces W (€t ).
Hence, we require an additional fine-scale discretization of the corrector problems
(just like the cell problems in periodic homogenization theory can typically not be
solved analytically).

For a fully discrete formulation, we introduce a second shape-regular partition
Th of Q into tetrahedra. This partition may be nonuniform and is assumed to be
obtained from Ty by at least one global refinement. It is a fine discretization in the
sense that h < H and that T, resolves all fine-scale features of the coefficients. Let
N (Th) Hpo(curl) denote the space of Nédélec elements with respect to the partition
Th. We then introduce the space

Wi (Q7) := W(Qr)\ N (Th) =fvn 2 N (Th)jvh = 0 outside Qr, 75 (vh) = 0g

and discretize the corrector problem (6.6) with this new space. The corresponding
correctors are denoted by Ky.mn and Kyn . With this modification we can prove
analogously to the error estimate (6.5) that it holds that
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(6.8) inf  kup  (id +Kmn )i Ky cury C H + pCol;m B™ KfKy (div)»
Vi EN(Th )

where up is the Galerkin approximation of u in the discrete fine space N (Th). If
Th is fine enough, we can assume that up is a good H(curl)-approximation to the
true solution u. Consequently, it is justified to formulate a fully discrete (localized)
multiscale method by seeking up:nm 2 N (Tw ) such that

(6.9)
B((id +Km;h Jun;im > (id +Kmh )vi ) = (f, (id +Kmin )Vi )L2(q) for all vy 2 N (Th ).

As before, we can conclude from (6.8) together with the choice m 2 jlog Hj/jlog fj
that it holds that

Kup  (id +Kmh Jusim Kh cur) FKUn Uihom Ky divy CHKEKY (giv)-

Thus, the additional fine-scale discretization does not affect the overall error estimates
and we therefore concentrate in the proofs (for simplicity) on the semidiscrete case as
detailed in subsections 6.1 and 6.2. Compared to the fully discrete case, only some
small modifications are needed in the proofs for the decay of the correctors. These
modifications are outlined at the end of section 7. Note that up is not needed in the
practical implementation of the method.

7. Proof of the decay for the corrector Green’s operator. In this section,
we prove Proposition 12 and Theorem 14. Since the latter is based on the first result,
we start with proving the exponential decay of the Green’s function associated with
G. Recall that we quantified the decay indirectly through estimates of the form

KG(F7 )k (curt:anm (1)) S B KFT K o (curly

where Fr is a T-local functional and 0 < 8 < 1. The proof techniques rely on the
multiplication of a corrector function with a cut-off function and a Caccioppoli-type
argument, as is the usual strategy for LOD methods; see, e.g., [37, 44]. Alternatively,
the LOD has been recently reinterpreted in the form of an iterative method (additive
subspace correction method) and a new technique for proving the exponential decay
has been proposed; see [34, 33]. However, this modified approach would require a
different localization strategy than the one that we chose in section 6.

Proof of Proposition 12. Let n 2 S*(Ty)  HY(Q) be a scalar-valued, piecewise
linear and globally continuous cut-off function with

n=0 in N™5(7), n=1 in QnN™5(T).

Denote R = supp(r 1) and ¢ := G(Fy) 2 W. In the following we use N*(R) =
N™=5H(T) n N ~6K(T). Note that kr 7k =y ~ H~'. Furthermore, let ¢ =
¢ k@ =z+r 0 be the splitting from Lemma 4.

Set w:= (id 75)(nz+r (nf)) and note that (i) curl w = curl(id 7§ )(nz), (ii)
w 2 W, and (iii) suppw Q2 n7T. Property (i) holds because of curlr = 0 and
curl 7§ r v = 7f (curlr v) = 0 for all v 2 H(Q) due to the commuting property of
7E . Since 75 ¢ =0, 7 =1 in QnN™(T) and because of the coercivity, we obtain that

KOKY (curtzoynm (1)) = K(id - 75) (2 + T 0K curonnm (1)) K WK (curo)
a 1B (w, w)j.
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Using the definition of the corrector Green’s operator in (5.1) and the fact that
Fr(w) =0 due tosuppw QnT yields B(¢p, w) = 0. Using that suppw\ supp(¢
w) N(R), we obtain with the continuity of B

KK (curnnn (1)) B (W, W) =[B(W ¢, w)j
S kwo oky (curl;N(R))kaH (cur;N(R))
Kw oKy cur;nR) KW &Ky (cur;N(r)) + KOKH (curtiN(R)) -

We now estimate ¢ w = (id 75)(¢ nz r (nf)). We deduce with the stability
of f, (4.1) and (4.2), and Lemma 4

Ko WKy (cur;N(R))
Ske nz v (MO)KLznz(r)) + Hkeurl(@ nz)Ki 2 (n2(r))
S (koK 2(nz(ry) + HKeurl @K 2(n2(ry) + KnzKe 2 (n2(r))
HKI KL oo () KOKL =) + KK 2 vz () KT 0Ky 2(vm =7 y\wm o (7))
+ H Kr nkp e (r)kzKL2(r) + KnK o« (n2(ry) K curl zKp 2 gm =37 y\nm 6 (1)
S KPKLz(xm (ry\m o (7)) + HKeurl @KL (vm (1) \wm =91 )) -

All in all, this gives
KOS (curonnm (1Y) CKOKE (crtnm (1 y\wm 97
for some C > 0. Moreover, it holds that
k¢>kﬁ (cur,Q\N™ (T)) = k¢kﬁ (curl; Q\N™ —9(T)) k ¢kﬁ| (cur,N™ (T)\N™ =9(T))"

Thus, we obtain finally with Bpre = (1+ C~’_1)_1 < 1, a reiteration of the above
argument, and Lemma 7 that

k¢ka (cur;Q\N™ (T)) 5 BLET&: o k¢ka (curl) S/ ﬂ[&?«]; o KE'T ka o(curl)’*

Algebraic manipulations give the assertion. 0

Proof of Theorem 14. We start by proving the local estimate
(71) kG(FT ) G T;m (FT )kH (curl) Clﬁm kFT kH o(curl)’

for some constant C; > 0 and 0 < 3 < 1. Let 7 2 S!(Ty) be a piecewise linear and
globally continuous cut-off function with

n=0 in QnN™ Y1), n=1 in N"%(T).
Due to Céa’s lemma we have

KG(F1) G 1im (F1)Kn (curl) S e inf (QT)kG(FT) WTim Ki (cur)-

We use the splitting of Lemma 4 and write G(Fr) = (id #§)(G(Fr))=z+r 0.
Then we choose wr.m = (id 75 )(nz+r (nf)) 2 W(Q27) and derive with the sta-
bility of 7§ and (4.3)
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kG(Fr) G tim (F1)Ku (cury SK(id 75 )(GF7) 0z t (19))Kn (cur))
k(id 75)((1 mz+r1 (1 7)6)Kn (cur)
k(1 m)zki 2o =1 +kr (1 m)0)kiz@yg =1y
+ (14 H)kcurl((I  n)z)k2\( =1})
S (1+ H)KG(Fr Ky (curl; N3 (\{ =1}))-
Combination with Proposition 12 gives estimate (7.1).
To prove the main estimate of Theorem 14, i.e., estimate (6.3), we define, for

a given simplex 7" 2 Ty, the piecewise linear, globally continuous cut-off function
nr 2SY(Th) via

N

=0 in N™TYT), =1 in QnN"T(T).

Denote w := (G Gp)(F) = PTem wr with wr := (G Gt )(Fr) and split w
according to Lemma 4 as w =w 7§ (w) =z +r1 0. Due to the ellipticity of B and
its sesquilinearity, we have
X > >
B(WT,W) jB(WT,Z+r 9)] (AT +BT),
TeTn TeTh TeTh

akaa (curl)

where, for any T' 2 Ty , we abbreviate
Ar :=B(wr,(1 nr)z+r (1 #n7r)0)j and Br :=jB(wr,nrz+r (n10))j.

For the term Ar, we derive by using the properties of the cut-off function and
the regular decomposition (4.3)

At SKkwrky caryK(1 1)z 41 (1 91)0)KH (curli{ 1 £1})
K wr Ky (curl) (1 + H) KWKy (cur;ns (1 1 21})-

The term Bt can be split as
Br B (wr,(id #f)(nrz+r (1r0)))j +B(wr, 7 (rz +r1 (176)))j.

Denoting ¢ = (id #5)(nrz + 1 (n76)), we observe ¢ 2 W and suppgp  Qn
N™(T'). Because ¢ 2 W with support outside 7', we have B(G(Fr ), ¢) = Fr (¢) = 0.
Since ¢ has support outside N™(T') = Qr, but Grm (Fr) 2 W(Q21), we also have
B(Grm (F1),¢) = 0. All in all, this means B(wt, ¢) = 0. Using the stability of 7f
(4.1), (4.2), and the regular decomposition (4.3), we obtain

Br B (wr,m (rz+1 (170)))j
< kwr ky (curl) kntz+r (nT Q)kLz(Nz({ T ¢1}))+(1—|—H)kcurl(m Z)kLQ(N?({ T #1}))
S Kwr Ky (curt) (1 + H) KWKy (cortns ({1 #11))-

Combining the estimates for At and Bt and observing that fnr & 1g = N™ +2(T),
we deduce

Oékaa (Curl) S kWT kH (Curl) kaH (Curl;Nm +7(T ))
TETh

P—
S C'ol;m I(VVI(H (curl) kwrt ka (curl)”

TeTn

S—><
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Combination with estimate (7.1) finishes the proof of (6.3). Finally, estimate (6.4)
follows with

kaH (div)’ CHkaH (curl)- ]

Changes for the fully discrete localized method. Let us briefly consider
the fully discrete setting described in subsection 6.3. Here we note that, up to a
modification of the constants, Theorem 14 also holds for the difference (G, G h:m )(F),
where G,(F) is the Galerkin approximation of G(F) in the discrete space Wy, :=
fvy 2 N (Tp)jn§ (vih) = 0g and where Gy (F) is defined analogously to Gy (F) but
where W(Qr) := fwp 2 Whj wy 0 in Q n Qrg replaces W (1) in the local
problems. Again, the central observation is a decay result similar to Proposition 12,
but now for G, (F1). A few modifications to the proof have to be made, though: The
product of the cut-off function 7 and the regular decomposition z+r 6 does not lie in
N (Th). Therefore, an additional interpolation operator into N (Tp) has to be applied.
Here it is tempting to just use the nodal interpolation operator and its stability on
piecewise polynomials, since G, (Fr) is a piecewise (quadratic) polynomial, as done,
for instance, for the Helmholtz equation in [44]. However, the regular decomposition
employed is no longer piecewise polynomial and we hence have to use the Falk-Winther
operator 7F onto the fine space N (Tp) here. This means that we have to modify w
to® = (id 75 )7E (nz+r (nf)). Note that the additional interpolation operator 7f
will enlarge the patches slightly, so that we should define 7 via

n=0 in N™¥(T), n=1 in QnN™"(T).
With the same arguments as in the proof of Proposition 12, we can now deduce that
akek cuto\Nm (1) B (&, @) =]B(e ¢, @)

Note that ¢ & = (id 7F)(¢ nzr (n0))+(id =§)(id =E)(nz+r (nf)). The first
term is the same as in the proof of Proposition 12. The second term can be estimated
simply using the stability of WE, the properties of 1, and the regular decomposition
(4.3).

8. Falk—Winther interpolation. This section briefly describes the construc-
tion of the bounded local cochain projection of [21] for the present case of H(curl)-
problems in three space dimensions. The two-dimensional case is thoroughly described
in the gentle introductory paper [22]. After giving the definition of the operator, we
describe how it can be represented as a matrix. This is important because the interpo-
lation operator is part of the algorithm and not a mere theoretical tool and therefore
required in a practical realization.

8.1. Definition of the operator. Let Ag denote the set of vertices of Ty and
let Ag := Ag\ Q denote the interior vertices. Let A; denote the set of edges and let
A, denote the interior edges, i.e., the elements of A; that are not a subset of 9Q2. The
space N (Ty ) is spanned by the well-known edge-oriented basis (g ) cA, defined for

any FE 2 Al through the property
fqu teds=1 and e teds=0 foral E'2 AynfEqg.
E E’

Here tg denotes the unit tangent to the edge E with a globally fixed sign. Any vertex
z 2 Ag possesses a nodal patch (sometimes also called macroelement)
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L
wy = int fr2Ty :22T9g .

For any edge E 2 A shared by two vertices z1, 29 2 Ag such that E = convf zq, 250,
the extended edge patch reads

W =y, [ Wy,
The restriction of the mesh Ty to w®' is denoted by Ty (w&'). Let S'(Ty (wg))
denote the (scalar-valued) first-order Lagrange finite element space with respect to
Ty (W) and let N (Ty (w2")) denote the lowest-order Nédélec finite element space

over Ty (w"). The operator

Qf :H(cur,w@) IN  (Ty (W)

is defined for any u 2 H(curl, wg") via

(u QEurr)=0 for all 72 S*(Ty (W),
(curl(u  Qgu),curlv) =0 for all v 2 N (Ty (w&)).
Given any vertex y 2 Ay, define the piecewise constant function zg by
C L
L0 _ (meas(wy)) in wy,
y 0 in Qnwy.

Given any edge E 2 A; shared by vertices y1,y2 2 Ag such that E = convfyi, 320,
define

(629 := z{,)2 z;)l.

Let E 2 Ay and denote by RT (Ty (w&")) the lowest-order Raviart-Thomas space
with respect to Ty (w&') with vanishing normal trace on the boundary 9(wg). Let

for any E 2 Ay the field zt 2 RT (T (w&)) be defined by
divat = (02°)g,

(zg ,curlT) =0 for all 72 N (T (w@?)),

where N (Ty (w&?)) denotes the Nédélec finite element functions over Ty (w&) with
vanishing tangential trace on the boundary 9(w'). The operator M : L?(Q); C3) !
N (T ) maps any u 2 L2(Q; C?) to
1 < -1 1
M = (length(E)) / u zg drie.
E 651 ! EXt
Recall that the weights in the (modified) Clément interpolation of a function v 2 H
are (meas(wz)) ™" [, wdx for all vertices 2. The operator M' now generalizes this
(local) averaging process of the Clément operator to the case of edge elements. M1,
however, is not a projection onto the edge elements yet.
The operator
Qy._ : H(curl,wg®) 1S (Ty (wg"))

is the solution operator of a local discrete Neumann problem. For any u 2 H(curl,

wg®), the function Qy. u solves
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(ur Q uruv)=0 for all v 2 S*(Ty (W),

Q)l,;fu dx = 0.

| ext
" E

o

Define now the operator S : Hy(curl, Q) ! N (Ty) via
>

(8.1) Stu:= M'u+ (Qg,;_u)(y)l’ Ay
yelo

S1 preserves the degrees of freedom of N (Ty) for all gradient functions rS (Ty),
which is a first step to the projection property. However, S! will not commute with
the exterior derivative in general and hence needs to be further modified. The second
sum on the right-hand side of (8.1) can be rewritten in terms of the basis functions
e . The inclusion r SY(Ty) N (Ty) follows from the principles of finite element
exterior calculus [2, 3]. Given an interior vertex z 2 Ag, the expansion in terms of
the basis (g )g 4, reads

=< X sign(te r A
rA = ][rAZ te dsipg = gICI(lgEth(E)Z)’l'bE’
EcA, " F EcAi(z)

where Aq(2) A, is the set of all edges that contain z. Thus, S from (8.1) can be
rewritten as

(8.2) >
Stu:=Mu+  (length(E)™" (Qy,e)-w@2(E) (@) wi(E) e,
E 651
where y;(F) and y»(F) denote the endpoints of E (with the orientation convention

te = (y2(£)  v1(F))/length(E)). Finally, the Falk-Winther interpolation operator
75 Ho(curl, Q) ! N (Ty ) is defined as

>
(8.3) mhu:= S'u+ ][ (id SHQEu te dsig.
E 651 E
8.2. Algorithmic aspects. Givenamesh Ty and a refinement Th, the linear proj-
ection Ty : N (Th) ! N (Tw) can be represented by a matrix P 2 CHmN (74 ) xdim N (T )
This subsection briefly sketches the assembling of that matrix. The procedure involves
the solution of local discrete problems on the macroelements. It is important to note
that these problems are of small size.
Given an interior edge E 2 A'f of Ty and an interior edge e 2 Aq of Tn, the

interpolation 7y 1, has an expansion

X
TH Pe = ce/Pe/

E’cAf
for coefficients (ce/)g,cxn - The coefficient cg is zero whenever e is not contained in
1

the closure of the extended edge patch wg . The assembling can therefore be organized
in a loop over all interior edges in A'{' . Given a global numbering of the edges in A'f ,
each edge E 2 A'{' is equipped with a unique index Iy (E) 2 fl,...,card(ﬁ'{' )g.
Similarly, the numbering of edges in Aq is denoted by I.

The matrix P = P; + P, will be composed as the sum of matrices P1, P, that
represent the two summands on the right-hand side of (8.3). Those will be assembled
in loops over the interior edges. Matrices P;, P, are initialized as empty sparse
matrices.
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8.2.1. Operator P;. for E 2 AT do. Let the interior edges in AT that lie
inside @ be denoted with fej,es,...,end for some N 2 N. The entries Py (Iy (E),
[In(e1)...In(en)]) of the matrix P; are now determined as follows. Compute zt 2

RT (Th (w2)). The matrix Mg 2 C**N defined via
" #

Mg := (length(E)) ™! / 7 e dz

| Exl J -1
represents the map of the basis functions on the fine mesh to the coefficient of M?!
contributing to g on the coarse mesh. Denote by Ay, (g) and By, g) (j = 1,2) the

stiffness and right-hand-side matrix representing the system for the operator Qy, ;-
" #
AyJ (E) = / r ¢y r ¢Z dx R

yj (E) #y;zer(ﬁq (! Vi E)))

By, ) = / r gy e dx :
!yj (E) YEAo(Th (! Yj (E)))
j=1;u5N

After enhancing the system to ij (e) and Iéyj ) (with a Lagrange multiplier account-
ing for the mean constraint), it is uniquely solvable. Set Qyj (E) = Ay_j 1(E)éyj ) and
extract the row corresponding to the vertex y; (E)

Qs = (length(E))'Qy, e[y (B),:] 2 €Y.
Set

Pl(IH (E),[Ih(€1)...lh(eN )]) =Mg +Q1 Qo.
end

8.2.2. Operator P,. for E 2 A? do. Denote the matrices—where indices j, k
run from 1 to card(A1(Th (wg*))), ¥ throu#gth Ao(Th (wg*)), and € = 1, 'y ,N—

Sg = / curll[JEj curl g, dx Te = wEi r Ay dr
L ik g iy
and . # " #

Fe := / curlpg, curlype de G := P I Aydx
! Ext j;‘ 1 Ext y;‘
Solve the saddle-point system

S T U _F

T 0 V G
(This requires B additional one-dimensional gauge condition because the sum of the
test functions | I Ay equals zero.) Assemble the operator S! (locally) as described
in the previous step and denote this matrix by P'®. Compute U P'® U and extract
the line X corresponding to the edge F

Po(Iy (E), [In(e1) ... In(en)]) = X.

end
We note that this representation of the Falk—-Winther operator as a matrix is
an essential step toward a practical implementation: Computations requiring test
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or ansatz functions in the kernel space W or its modifications can be written as
saddle-point problems now; see [18]. As the rest of our construction follows the LOD
framework, we refer to [18] for a discussion of an efficient implementation.

Conclusion. In this paper, we suggested a procedure for the numerical homoge-
nization of H(curl)-elliptic problems. The exact solution is decomposed into a coarse
part, which is a good approximation in H(div)’, and a corrector contribution by using
the Falk—Winther interpolation operator. We showed that this decomposition gives
an optimal order approximation in H(curl), independent of the regularity of the exact
solution. Furthermore, the corrector operator can be localized to patches of macro el-
ements, which allows for an efficient computation. This results in a generalized finite
element method in the spirit of the LOD which utilizes the bounded local cochain
projection of the Falk—-Winther as part of the algorithm.
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