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A B S T R A C T

The paper presents enhanced studies of investigation and modeling of failure properties for wound ceramic
matrix composites with varied fiber orientations under tensile loading. Based on mechanical tests and micro-
structure analysis, the characteristics of a virtual equivalent unidirectional layer (UD-layer) were examined and
treated as input for modified Tsai-Wu failure criterion. In order to predict the mechanical properties with more
accuracy, particular features of the investigated material have to be taken into consideration: definition of two
material modeling groups based on the analysis of microstructure; interaction between failure strength and
strain through inelastic deformation; inclusion of inhomogeneities created due to the manufacturing process in
the analytical model. Based on the good correlation between the experiments and the modeling results, it can be
shown that modeling approaches, considering the above mentioned particular material features, allow a very
accurate prediction of the mechanical properties under in-plane tensile loading of CMC laminates.

1. Introduction and objective

Ceramic Matrix Composites (CMCs) have gained attention of ma-
terial development researchers in recent years, because of their favor-
able mechanical properties at high temperature and comparatively low
density. By using the excellent high temperature properties of ceramic
fiber and ceramic matrix, CMC materials exceed all other materials in
that field of interest [1–4]. Due to its high flexibility (winding angle
from 0° to 90°), net shape fabrication and relatively low cost, the
winding technique has been successfully implemented for the produc-
tion of complex CMC components with stress-oriented fiber alignment
and rotational symmetry axis in different areas [5–9].

Due to the complex anisotropic in-plane mechanical behavior, the
accurate prediction and assessment of the material properties of CMC
components, such as the material WHIPOX™ (Wound HIghly Porous
OXide Ceramic) investigated in this work, has to be supplemented by
advanced modeling approaches. Being based on the material homo-
genization techniques, meso- and microscopic methods by using
Representative Volume Unit (RVU), Classical Laminate Theory (CLT)
and classic failure criterion allow a good estimation of elastic properties
[10–13], maximal loading capacity [14,15] and progressive damage
[16,17] in composite material. Furthermore, characterization and
modeling of fatigue behavior of different composites with consideration
of different fiber orientation and frequency have been investigated in

[18–22]. In comparison with the fiber reinforced polymeric composites,
the main problem of modeling of failure properties for wound CMCs is
the lack of data concerning individual unidirectional layers (UD-layer).
The production and characterization of characteristic CMC UD-mate-
rials is almost impossible because of the non-typical unhindered
shrinkage of matrix, transverse to the fibers, during the production
process. This prevents the UD-material from being considered as a re-
presentative material for modeling approaches for CMCs.

Due to the above mentioned problem, advanced modeling ap-
proaches with virtual equivalent UD-layer properties have to be created
for the evaluation and prediction of the material behavior of wound
CMC components. The previous studies of Shi et al. [23,24] have shown
that the elastic properties of the equivalent UD-layer can be evaluated
through the inverse approach of CLT, which are suitable for the de-
termination and prediction of the elastic properties of wound CMCs
with different microstructures and various fiber orientations. In com-
parison, the present work focuses on the investigation and modeling of
tensile failure properties for wound CMCs through modified Tsai-Wu
failure criterion.

Based on the relationship between models and the physical behavior
of composites, failure criterion can be classified as either physically
based or non-physically based models. Several physically based criteria
have been developed in the last years. One of the most important is the
work of Puck in [15]. According to his hypothesis, two basically
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independent criteria are applied: one for fiber failure (FF) and the
second for inter-fiber failure (IFF). The latter one includes the matrix
cracks and interface failure between fiber and matrix. Furthermore,
based on the stress invariants, the behavior of five different failure
modes can be calculated by Cuntze model with consideration of prob-
ability of failure [25]. Generally, to evaluate the inclination of the
fracture surface at zero normal stress using the Puck failure criterion or
Cuntze model, strength values and additional material parameters are
required. Due to the lack of recommendations for these inclination
parameters (e.g. in [26]) for CMCs, it is particularly difficult to apply
the physically based failure criterion for the investigated WHIPOX™
material or other CMCs. Furthermore, due to the fact that the Puck
failure criterion was developed on the basic structure element of fiber
reinforced polymeric composites, the UD-layer, identification of the
failure mechanism through Puck method may not be suitable for CMCs
with braided, wound or woven structure. On the other hand, the non-
physically based models have been developed and discussed during the
past century. The most commonly applied hypothesis is the Tsai-Wu
failure criteria [14], which proposes quadratic fracture conditions with
interpolation functions for laminates by considering interactions be-
tween different components of the stress and strain tensors. Based on
this idea, a polynomial tensor can be used to describe the failure sur-
face. Considerable effort has been put into the development of suitable
models to reliably predict the failure of fiber reinforced composites (e.g.
compiled in [27–29] and reviewed in [30]). It should be noticed that
the attempt to develop a universal failure criterion for all fiber com-
posites with any desired laminate structures has resulted in a confus-
ingly large number of failure criteria for composite design engineers.
No recommendation for a choice can be given because none of the
criteria is substantiated by sufficient experimental evidence. Further-
more, the commonly discussed failure criteria were designed for fiber
reinforced polymer matrix composites and not for CMCs.

The production and characterization of the representative UD-layer
is a challenge for CMC materials. Therefore, instead of a real UD-layer,
a virtual equivalent UD-layer was implemented in the Tsai-Wu quad-
ratic failure criterion. In this work, based on the mechanical char-
acterization and analysis of microstructure, modified Tsai-Wu method
for the modeling of the tensile failure properties has been developed.
The efficiency of the model has been demonstrated by the investigated
material WHIPOX™ with different winding angle.

2. Material and experiment

2.1. Material WHIPOX™

The investigated material WHIPOX™ is a continuous fiber reinforced
oxide/oxide ceramic composite, which represents one variant of an
oxide fiber reinforced ceramic matrix composite. It was developed and
produced by Institute of Materials Research, German Aerospace Center,
Cologne. WHIPOX™ components are manufactured by a computer
controlled filament winding process with slurry infiltration of ceramic
fiber bundles. The winding process allows a variable shape with regards
to the core, thereby forming the component and the architecture of the
fiber reinforcement. Fig. 1a shows an initial stage of WHIPOX™ winding
with angles of± 45°. A key advantage of wound CMCs is its in-plane
anisotropic material behavior, which strongly depends on the winding
angle± θ°, defined between the longitudinal axis X of the wound
preforms and the fiber tows direction (see Fig. 1b).

The manufacturing process for even plates is carried out in five
steps: matrix infiltration of fiber tows, winding with angles defined to
the cylindrical preform (green body), cutting and flat lay-up, drying and
then sintering for about 1 h at 1300 °C [8,31]. Although the green body
is quite flexible in the wet state, the flattening and the forming of the
laminate may lead to rearrangement of the filament bundles and
therefore resulting in microstructural inhomogeneity. A WHIPOX™
plate with a schematic representation of the winding structure and

winding angle± θ° has been shown in Fig. 1b. Table 1 lists the material
composition of WHIPOX™. The fiber volume content (FVC) and the
porosity (e′) fluctuate in a wide range. The individual values of the
respective WHIPOX™ plates have been summarized in Table 3. A typical
microstructure of WHIPOX™ is shown in Fig. 2. The highly porous
matrix of WHIPOX™ is aimed to a possible notch insensitive and da-
mage tolerant behavior.

Due to the microstructure of WHIPOX™, the calculation and mod-
eling of material behavior encounter two challenges. The majority of
WHIPOX™ structure has a layer-like design; however, the winding
processing induces crossing lines where the fiber bundle intersections
are to be found in WHIPOX™ structure (see Fig. 1b). The relationship
between the structure of these areas and the mechanical properties of
WHIPOX™ is presented in [32]. In this work, an equivalent UD-layer
with the mixed characteristics of layer-like design and crossing lines has
been presented and used for the modeling of tensile failure properties of
WHIPOX™. Another challenge of WHIPOX™ microstructure for mod-
eling is that the experimentally determined transverse stiffness (per-
pendicular to the fiber direction) of the “quasi” UD-material (e.g.± 3°)
does not reflect the circumstance in a layer structure with alternating
fiber orientations [33]. This is especially true for fiber architectures
with increasingly vertical sloping of the two fiber directions, particu-
larly 0°/90° (winding angle± 45°). The reason for this difference is the
shrinkage cracks in the WHIPOX™ matrix, which have been thoroughly
discussed in the previous study [23,24]: during the sintering process of
WHIPOX™, shrinkage of the matrix is blocked by the stiff fibers of ad-
jacent layers; The maximum hindering of shrinkage is reached at high
winding angles, e.g.± 45° (0°/90°) winding. This leads to cracking of
the matrix during sintering and thus the reduction of material proper-
ties in the transverse direction. Micro Computed Tomography (µCT)
was applied for the analysis of shrinkage cracks for different winding
angles. Based on the previous results of microstructure analysis of
matrix cracks [23,24], no monotonic increase of the crack density in
relation to winding angle can be observed. A transition line between the
matrix with and without cracks can be found in the winding angle
of± 30°. No cracks were observed for smaller winding angles.
WHIPOX™ with winding angles of± 30° through±45 showed similar
crack distributions. Therefore, the modeling of the mechanical prop-
erties of WHIPOX™ was divided into two classes: WHIPOX™ with matrix
cracks (WC) and WHIPOX™ without matrix cracks (NC).

2.2. Tensile test

The essential material properties under tensile load were de-
termined and evaluated using mechanical in-plane tensile testing. The
samples for the experiments were cut from flat plates with varied fiber
orientations. All the tests were performed at room temperature in air
under quasi-static loading. Table 2 gives an overview of the performed
tensile test and the investigated orientations relative to the specimen’s
longitudinal axis. The specimens with the dimensions of
150 * 10(8) * 5mm3 in Table 2 were produced with a reduced cross
section in their gauge areas in order to prevent failure in the clamping
section and to assure failure in their center regions. For the tensile test,
the longitudinal and transverse strains were measured with strain
gauges. The experimental tests for the investigated orientation± 3°/
±87° in this study were conducted at Institute of Materials Research,
German Aerospace Center Cologne. The other experiments were per-
formed up to failure of sample on a universal testing machine (Zwick
1494) at a controlled cross head speed of 1mm/min. The failure stress
was calculated from the maximum load.

3. Modeling approach

3.1. Tsai-Wu failure criterion in stress space

The failure envelope in the stress space of the Tsai-Wu failure
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criterion can be described as [14]:

+ =F σ F σ σ 1i i ij i j (1)

where = ⋯i j, 1, 2, ,6; Fi and Fij are strength tensors of the second and
fourth rank, respectively.

For an orthotropic ply subjected to conditions of plane stress, the
general Tsai-Wu quadratic criterion in stress space can be written as:

+ + + + + =F σ F σ F σ F σ F τ F σ σ2 11 1 2 2 11 1
2

22 2
2

66 12
2

12 1 2 (2)

The strength parameters F1 to F66 from Eqs. (1) and (2) are related to
the engineering strengths of the UD-layer [14], is this work, the
equivalent UD-layer in Fig. 3: F1 and F11 can be determined through the
ultimate strength of the UD-layer in 1-axis (local coordinate system in
Fig. 3) with σT

1 tensile strength and σC
1 compressive strength. Similar in

2-axis: F2 and F22 can be determined through the strengths σT
2 under

tensile and σC
2 under compressive stress. F66 is connected with shear

strength τ12.
Generally a failure envelope must be closed in order to avoid infinite

strength values. In the case of Tsai-Wu strength criterion, an interaction
term F12 is bound to ensure that the failure envelope is closed. The value

of F12 has to be determined through bi-axial tensile test. When equal
tensile loads and no shear loads are applied along the two principal
material axes in a unidirectional lamina, F12 is obtained via:

= ⎡
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− + − + ⎤
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σ

F F
σ
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2

1
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( )
bi bi

12 2
1 2

11 22
(3)

where σbi is the failure load during the bi-axial tensile test. Because of
the difficulty in performing combined stress tests, some empirical es-
timations of the F12 value have been proposed for different failure cri-
teria and summarized in [34] and the effect of F12 on the Tsai-Wu
failure envelopes has been studied elsewhere [35–37]. In a paper on
Tsai-Wu failure criterion [38], F12 may be considered as zero if it falls in
the range±6 · 10−5, based on the test results of unidirectional gra-
phite/epoxy samples. According to the studies of Narayanaswami and
Adelman [39], the interaction parameter of composite material is small
and can be often taken as zero. This conclusion drawn from the negli-
gible interaction parameter has been generally accepted as being ap-
plicable to different composite materials [40,41]. In the case of in-
vestigated WHIPOX™ material, the interaction term F12 has been set to
zero due to the lack of possibility to produce actual unidirectional layer
and perform bi-axial tensile testing. Eq. (2) can be reduced to:

+ + + + =F σ F σ F σ F σ F τ 11 1 2 2 11 1
2

22 2
2

66 12
2 (4)

The original form of Tsai-Wu failure criterion with Eq. (1) could
only predict the final failure of the material. In order to analyze the
progressive failure mode, a strength ratio R has been defined in [35].
The ratio R is a linear scaling factor and related to the loading applied
from any state of stress:

Fig. 1. Initial stage of winding process for WHIPOX™ material [48] and (b) WHIPOX™ plate with schematic representation of winding structure and winding
angle± θ° [24]. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
Material composition of WHIPOX™.

Fiber type Nextel™ 610 (Al2O3)
Fiber diameter Approx. 12 µm
Fiber bundles 3000 DEN
Fiber volume content 34.0–43.0%
Matrix Al2O3

Open porosity of composite 18.0–32.0%

Table 2
Tensile specimen geometry with dimensions, loading direction and the investigated orientations.

Test Test geometries, dimensions and loading direction Investigated orientations θ

Tensile ± 3°a±15°/± 75°,
± 22.5°/± 67.5°,
± 30°/± 60°
and± 45°

a The experimental tests for the investigated orientation± 3° in this study were conducted in Institute of Materials Research, German Aerospace
Center Cologne.
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=Rσ σapp max (5)

where σapp is the current applied stress and σmax is the strength value of
the material. Obviously, failure occurs when =R 1. By substituting the
maximum stress components =σ σi i

max and =σ σj j
max with the re-

lationship between applied stress and strength to the original Tsai-Wu
failure Eq. (1), the value of the ratio R can be easily determined with
the quadratic equation [35]:

+ − =F σ σ R F σ R( ) ( ) 1 0ij i j i i
2 (6)

In addition, a reciprocal failure index k was defined as being the
inverse value of R with =k R1/ [35]. The original Tsai-Wu form can be
described as:

⎛
⎝

⎞
⎠

+ ⎛
⎝
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⎠
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k
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k
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2
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3.2. Tsai-Wu failure criterion in strain space

Compared to Tsai-Wu failure criterion in stress space, the criterion
in strain space is more convenient because the distribution of strain

across the thickness of a laminate is assumed to be constant. Therefore,
fracture strain of any ply in a laminate can be easily determined by
applying the failure criterion in strain space. In the case of linear elastic
behavior up to failure, the one-to-one correspondence between stress
and strain is always available. The stress value at each state of load can
essentially have only one corresponding strain. For an orthotropic
material, Tsai-Wu stress failure criterion in Eq. (1) can be represented in
strain components as [42]:

+ = + = +

= + =
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G ε G ε ε
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1

i i ij i j i ik k ij ik k jl l i ik k ij ik jl k l
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where Gk and Gkl are strain tensors of the second and fourth rank, re-
spectively, and can be determined [42]:

=G F Qk i ik (9)

=G F Q Qkl ij ik jl (10)

The same strength ratio R and failure index k can be determined
from the quadratic criterion in strain space [42]:

+ − =G ε ε R G ε R( ) ( ) 1 0kl k l k k
2 (11)
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On the other hand, as it is the case of the non-linear elastic behavior
up to failure, stress and strain do not correspond directly to initial
material stiffness matrix Qij. Since the stiffness values are usually de-
graded after a certain load state for non-linear behavior, any calculated
strain values using initial material stiffness would be underestimated. In
order to model the inelastic strain, an inelastic deformation factor Δk is
introduced in Section 3.3.

3.3. Inelastic deformation

In the case of non-linear elastic behavior up to failure, stress and
strain cannot be directly tied to the initial material stiffness matrix Qij.
The Classic Laminate Theory and the Tsai-Wu failure criterion are re-
stricted to linear elastic behavior of the composite. This does not allow
the calculation of failure strain in non-linear elastic behaviors of la-
minates. Therefore, an empirical modeling approach has been devel-
oped to calculate the failure strain of the laminate with non-linear
elastic behavior.

The aim of this modeling approach is to predict failure strain under
varying orientations for investigated WHIPOX™ material. In order to
explain the approach, a typical tensile stress-strain behavior of
WHIPOX™ laminate with non-linear elastic behavior is shown in Fig. 4.
Since the failure strength σtest can be calculated through Tsai-Wu failure
criterion in stress space, the strain value εlinear calculated through the
initial material stiffness E is underestimated when compared to the
failure strain εtest . This difference is observed in the behavior of the
investigated material WHIPOX™ with different fiber orientations and a
trend is noticed. An inelastic deformation factor Δk is apparently a re-
lationship between the two different strain values εlinear and εtest . This
inelastic deformation factor Δk for each layer k with different fiber
orientation in a particular laminate can be illustrated through the

Table 3
Fiber volume content (FVC) and open porosity (e′) of different plates, strength and fracture strain values in directions x and y obtained from tensile tests with
different winding angles.

Plate Test direction FVC [%] e′ [%] σx [MPa] σy [MPa] εx [%] εy [%]

WF3 ±3° 42.7 22.0 289.0 ± 14.7 – 0.14 ± 0.01 –
BT15 ±15° (± 75°) 41.2 27.9 276.8 ± 4.9 22.1 ± 3.8 0.14 ± 0.01 0.02 ± 0.01
BT225 ±22.5° (± 67.5°) 39.1 18.5 233.4 ± 35.7 37.0 ± 3.6 0.12 ± 0.01 0.03 ± 0.01
BT30 ±30° (± 60°) 34.0 31.4 133.5 ± 18.5 27.7 ± 2.8 0.12 ± 0.03 0.07 ± 0.01
BT45 ±45° 40.5 29.1 96.4 ± 8.5 96.4 ± 8.5 0.13 ± 0.02 0.13 ± 0.02

Fig. 2. Microstructure of WHIPOX™ with fiber cross section and highly porous
matrix.

Fig. 3. Equivalent UD-layers with the local coordinate system, 1-axis in fiber
direction and 2-axis in perpendicular direction. (For interpretation of the re-
ferences to colour in this figure legend, the reader is referred to the web version
of this article.)
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equation:

= ε
ε

Δk
linear

test (13)

Obviously, there is linear elastic behavior up to failure if =Δ 1k .
According to the test results in the following Section 4.1, the value of
factor Δk is strongly dependent on the fiber orientation. On the other
hand, since WHIPOX™ material does not show a distinctive yield point
in any direction, the virtual yield stress σY in Fig. 4 was defined as the
function of factor Δk and failure strength σtest:

=σ σ ΔY test k (14)

According to the classical laminate theory the relationship between
strain ε{ }0 , curvature κ{ }, resultant force [N ]x,y,xy and moment [Mo ]x,y,xy
under in-plane loading can be described with the individual in-plane
sub-matrices of the stiffness matrix Q[ ]ij for a multilayer laminate [43].
The individual in-plane sub-matrices of Q[ ]ij are: strain stiffness S[ ]ij ,
coupling stiffness C[ ]ij and bending stiffness B[ ]ij . They were determined
through the stiffness matrix of a single UD-layer with a thickness of tk
[43]:

∑=
=

S Q t( )ij
k

N

ij k k
1 (15)

∑=
=

C Q t Z( )ij
k

N

ij k k k
1 (16)

∑= +
=

B Q t Z t( ) ( /12)ij
k

N

ij k k k k
1

2 3

(17)

The factor Δk is considered to be a property of each layer in a
particular laminate. It is effectively a factor which indicates change in
stiffness within the material. Since a composite comprises of several
layers with varying fiber orientation, e.g. a laminate has two layers with
different fiber orientation 15° and 45°, the stiffness is different in each
layer k and the corresponding stiffness change has to be introduced
while applying the Classical Laminate Theory considering stiffness of
each and every layer. Therefore, it is reasonable to use Δk when the
layer properties are assembled by individual sub-matrices: strain stiff-
ness S[ ]ij , coupling stiffness C[ ]ij and bending stiffness B[ ]ij . Eqs.
(15)–(17) are rewritten as:

∑=
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ij k k kΔ
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k
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∑=
=

C Q t Z( ) ( ) Δij
k

N

ij k k k kΔ
1

k
(19)

∑= +
=

B Q t Z t( ) ( ) ( Δ ( Δ ) /12)ij
k

N

ij k k k k k kΔ
1

2 3
k

(20)

Engineering constants are then calculated from these new stiffness
matrices, such as the effective stiffness EΔ in Fig. 4 for the calculation of
the failure strain. This will lead to a possibility of calculation of failure
strain εtest . Since a point-by-point modeling of non-linear elastic beha-
vior up to failure is not the aim of this study, a bilinear model was used
to describe the behavior beyond the virtual yield stress σY . The results
of modeling are compared with the experimental results in Section 4.3.

3.4. Manufacturing factor

Due to the variations in the manufacturing process of CMCs, the
previously presented modeling approaches are upgraded by introducing
a manufacturing factor Ωk. The factor Ωk takes FVC , porosity (e′) and
the angle between fiber orientation and occurring stress into account.
The manufacturing process of the material results in variations in FVC
and e′ of the composite, which are decisive for the mechanical prop-
erties of the component. With the assumption that each UD-layer has
identical fiber volume content and homogeneous porosity on a mac-
roscopic scale, a linear mixing rule for the compound property can be
modified to determine the manufacturing factor Ωk of each equivalent
UD-layer k. Using the normal linear model the compound property with
the influence of property A and property B can be defined as:

= ∗

+ ∗

The compound property Property A Proportion of A

Property B Proportion of B

The manufacturing factor Ωk of WHIPOX™, is defined by the com-
bination of influence of FVC , e′ and angle of fiber orientation between
the average values of the laminate and the actual values of layer k.
Property A is the ratio of the actual FVCk of the layer to the average
FVC of the laminate. Property B takes ratio of the average ′ē to ′ek into
consideration. With consideration of the mechanisms of influence of
FVC on the fiber dominated direction and e′ on matrix dominated di-
rection: the Proportion of A, defined as the angle between the fiber
orientation of the layer k and the occurring stress, is related to the FVC
dominated direction; on the other hand, Proportion of B includes the
angle between the fiber orientations of the layer k to the perpendicular
direction of occurring stress and is considered to be the e' dominated
direction. The value “θ /90k ” serves as the proportion of the ratio of the
porosity. As Property A and B together form a complete compound
property with individual contributions, the sum of Proportion of A and
Proportion of B is 100%. Therefore, the value “ − θ1 ( /90)k ” is assigned to
the Proportion of A. With this information, the manufacturing factor Ωk
can be determined with the following equation:
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The manufacturing factor Ωk is defined as a property of a layer in a
particular laminate because it is calculated for individual layers fac-
toring in the angle between the fiber orientation of the layer k and the
occurring stress. With this definition, it is justifiable to use Ωk when
layer properties are assembled into the individual sub-matrices: strain
stiffness S[ ]ij , coupling stiffness C[ ]ij and bending stiffness B[ ]ij .
Therefore, Eqs. (18)–(20) from Section 3.3 are rewritten as Eqs.
(22)–(24):

∑=
=

S Q t( ) ( ) Δ Ωij
k

N

ij k k k kΔ ,Ω
1

k k
(22)

Fig. 4. Tensile stress-strain behavior of a typical WHIPOX™ laminate with non-
linear elastic behavior. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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It should be noted that the manufacturing factor Ωk is not a char-
acteristic value of the UD-layer but only quantifies the inhomogeneity
in different laminates. This implies that the calculated properties of the
equivalent UD-layer are independent of different plates for analytical
modeling. The previous study of Shi et al. [24] has shown that a
modified stiffness matrix with consideration of factor Ωk leads to a
precise prediction of the elastic properties of wound CMCs. The effect of
factor Ωk over the modeling results for the tensile failure properties is
discussed in the following sections.

4. Results and discussion

4.1. Experimental results

The typical tensile stress-strain behaviors of WHIPOX™-NC and -WC
with different fiber orientations are summarized in Fig. 5. The long-
itudinal and transverse strains are presented. The indications, for ex-
ample± 3°, denote the angles between fiber and loading directions (see
Table 2). The stress-strain response of WHIPOX™ strongly depends on
the loading direction. With±3° and± 15° orientations, the composites
show an almost linear behavior with higher stiffness and strength as
seen in Fig. 5a. Since the fibers are oriented close to the loading di-
rection, the matrix is able to transfer the applied load to the fibers. In
contrast, under± 67.5° and±75° tensile loading the composite shows
an almost linear behavior as well but stiffness and the strength values
are considerably lower (in Fig. 5b). This is mainly due to the dom-
inating weak matrix in this loading direction. Scanning electron mi-
croscopy (SEM) pictures of the tensile fracture surface explain the de-
pendence between tensile properties and fiber orientation: considerable
fiber pull-out effect can be observed in Fig. 6a for fiber orientation±
15° with higher stiffness and strength; Fig. 6b showed clearly that the
samples in± 75° is matrix dominated direction and had much lower
mechanical properties. Furthermore, WHIPOX™ with matrix cracks (see
Section 2.1) under± 30°,± 45° and±60° tensile loading shows non-
linear behavior (Fig. 5a). This can be assumed that the damage in
matrix and the effects of energy dissipation of matrix cracks lead to a
significant degradation of the composite's properties in this loading
direction. The fracture surface of coupon with fiber orientation±45°
was analyzed through SEM and some fiber pull-out effect can be

Fig. 5. Stress-strain behaviors of WHIPOX™ with different fiber orientations under tensile load. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Fig. 6. SEM images for the tensile fracture surface of samples with different
fiber orientations: (a) fiber orientation±15°; (b) fiber orientation±75°; (c)
fiber orientation± 45°.
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observed in Fig. 6c, which indicate that the mechanical properties of
orientation±45° under tensile loading is higher than the coupon with
orientation±75° but lower than the coupon with±15° (Table 3). The
comparison of test and modeling results of stress-strain behaviors are
shown and discussed in Section 4.3.

The tensile strength σ of different winding angles were calculated
from the maximum force according to DIN EN 658-1 [44]. The fracture
strain value ε of the tensile test was defined as the strain value at
maximum tensile strength. The determined strengths σ and ultimate
strain ε are listed in Table 3. The indices x and y correspond to the
indications from Fig. 1b. For orthogonal orientations of± 45°, the
strength values σx and σy are same and the ultimate strain εx is equal to
εy. FVC and open porosity e′ scatter in a wide range and the individual
value of different plates are shown in Table 3. The influence of different
FVC and e′ on the material properties with the help of the manu-
facturing factor Ωk is discussed in the following sections.

4.2. Modeling of failure stresses

Due to the lack of representative experimental data of the actual
UD-layer for CMCs, the strength values of equivalent UD-layer were
fitted to different test results from the investigated material WHIPOX™.
It should be noticed that the test results under compression and shear
load have been summarized in previous study [33] and are not dis-
cussed in this work. The approximated strength properties with the
inclusion of different micro-structures, UD-WC (UD-layer with cracks)
and UD-NC (UD-layer no cracks) (see Section 2.1), are enumerated in
Table 4. UD-WC corresponds to winding angles of± 30° to± 45° and
UD-NC applies to angles smaller than±30° and bigger than±60°. The
indices 1 and 2 correspond to the indications in Fig. 3 where 1 is in the
fiber direction and 2 is transverse to the fiber direction.

Based on the approximated strength properties in Table 4, a 3D
visualization with help of MATLAB R2013a for WHIPOX™ depicting
matrix cracks (red envelope) and without matrix cracks (grey envelop)
is shown in Fig. 7. It outlines the failure regions of these two different
groups.

By using the strength ratio R of the Tsai-Wu failure criterion, the
tensile strength of the laminate with a symmetric fiber orientation can
be predicted. Fig. 8 shows the test results (from Table 3) with different
fiber orientations and calculated failure strengths for the material
WHIPOX™. This is depicted with (UD-WC) and without the matrix
cracks (UD-NC) under tensile load. The modeling curve in Fig. 8 is the
result calculated without consideration of the manufacturing factor Ωk
for different plates. A distinct inconsistency at± 60° can be observed in
the curve due to the changes in microstructure.

Although a relatively good correlation between the modeling results
and some experiments can be observed in Fig. 8, in order to upgrade the
analytical approach with consideration of fiber volume content and
open porosity in different plates, the manufacturing factor Ωk value is
coupled with individual sub-matrices for the modeling of failure
strength. By using Eq. (21) presented in Section 3.4 the manufacturing
factor Ωk was calculated for the plates listed in Table 3. Because the
fiber orientation was symmetrical to the test direction for all tested
samples, Ωk for each individual layer is identical for the same fiber
orientation of whole laminate and summarized in Table 5. The results
show a maximum Ωk equal to 1.35 for plate BT225 in the±67.5° di-
rection, which has relatively low porosity (18.5%). They also show a
minimum value of 0.86 for plate BT30 in±30° direction due to the low

fiber volume content (34.0%). The results of the manufacturing factor
Ωk in Table 5 show that: due to the variations in the manufacturing
process of WHIPOX™ the FVC and open porosity scatter in a wide range
by different batches; the factor Ωk with consideration of different fiber
volume contents, porosities and the angles between fiber orientation
and occurring stress should be used to qualify uncertainties in the la-
minate during the manufacturing process. The effect of Ωk for the
modeling results are shown in Fig. 9 and a more precise prediction of
failure strength can be observed.

4.3. Modeling of failure strain

The tensile stress-strain curves of WHIPOX™ with fiber orientations
of± 30°,± 45° and±60° in Fig. 5a show inelastic behavior up to
failure. In this case, the failure strength and strain cannot be directly
correlated with the Tsai-Wu failure criterion in stress and strain spaces.
The inelastic deformation factor Δk presented in Section 3.3 is defined
as the relationship between calculated linear strain value εlinear and real
failure strain εtest : = ε εΔ /k linear test (see Eq. (13)). If =Δ 1k , then linear
elastic behavior up to failure is shown. The calculated values (black
symbols) of the inelastic deformation factor Δk from the investigated

Table 4
The estimated strength values of the equivalent UD-layer of WHIPOX™.

Strength σT
1 [MPa] σT

2 [MPa] σC
1 [MPa] σC

2 [MPa] τ12 [MPa]

UD-WC 279.0 22.5 −243.0 −45.0 65.0
UD-NC 279.0 22.0 −274.0 −120.0 85.0

Fig. 7. 3D representation of Tsai-Wu failure criterion in stress space for mate-
rial WHIPOX™. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 8. Original experimental data with different fiber orientation (black sym-
bols) and predicted failure strength (curves) for WHIPOX™ depicting with (UD-
WC) and without matrix cracks (UD-NC) under tensile load. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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material WHIPOX™ with different fiber orientations are shown in
Fig. 10. It can be observed that the laminates in the area without matrix
cracks (NC) exhibit linear stress-strain behavior with Δ equal to approx.
1.0. In comparison, the value of Δk is strongly dependent on the fiber
orientation of the laminate in the area with matrix cracks (WC). A
function can be established by fitting the calculated results Δ be-
tween±30° and± 60° in Fig. 10. The inelastic deformation factor Δk
depicting the areas without matrix cracks (NC) and with matrix cracks
(WC) is defined as:

− =
− = − − +

WHIPOX NC
WHIPOX WC E θ

: Δ 1.0
: Δ ( 6.6 3) 1.0

k

k (25)

where θ is the angle between fiber orientation and the loading direc-
tion.

The different behavior can be explained by the micro structure in
the WC area with matrix cracks. The non-linear behavior is most
probably induced by cracks in the matrix under a certain load. The
already existing shrinkage cracks in the WHIPOX™-WC matrix show
strong dependence on the angle between fiber orientation and the oc-
curring loading. For WHIPOX™ without matrix cracks, a linear behavior
with Δk equal to 1 is expected. In the case of tensile loading in fiber
direction of a virtual UD-layer with cracks, the fiber properties are
dominated in this direction and the matrix and shrinkage cracks have
limited influence. Therefore, the material behavior is assumed as linear
elastic up to failure with the value of factor Δk equals to 1.0. This agrees
with the calculated results from second part of Eq. (25) with =θ 0. On
the other hand, in case of loading in transverse fiber direction, the
matrix dominates the mechanical behavior and a significant non-linear
behavior with low Δk value can be expected. It is important to note that
the evaluation of factor Δk uses both approximation and physically-
based methods in order to characterize WHIPOX™ inelastic behavior.
The inelastic deformation factor Δk is defined as a mathematical
equation that is incorporated into the material modeling relation and
solved by using the analysis of microstructure of the investigated ma-
terial WHIPOX™.

To explain the performance of modeling approach with inelastic
deformation factor Δk for failure strain and stress-strain behavior, the
Δk value of tensile samples with fiber orientation of± 15° and±30°
have been first calculated as examples. Based on the microstructure
analysis of matrix cracks [23,24], no shrinkage cracks are visible
for± 15° (WHIPOX-NC). Therefore, according to the first part of Eq.
(25) the value of factor Δk for± 15° orientation equals to 1.0. In
comparison, the value of Δk for the sample with orientation of± 30° is
approx. 0.802, which is calculated from the second part of Eq. (25) for
the material WHIPOX-WC. As presented in Section 3.3, the factor Δk is
assembled into the individual sub-matrices: strain stiffness S[ ]ij , cou-
pling stiffness C[ ]ij and bending stiffness B[ ]ij , for the calculation of the
engineering constants of a virtual equivalent UD-layer of WHIPOX™. In
this way, the failure strain can be estimated. For WHIPOX™-NC with Δk
equals to 1.0, e.g.± 15°, the initial stiffness matrix remains unchanged
up to the failure and the calculated failure strain is approx. 0.134. On
the other hand, a bilinear model was used to describe the behavior of
WHIPOX™-WC beyond the virtual yield stress σY calculated in Eq. (14).
For example, for the fiber orientation±30°: the modulus EΔ with non-
linear behavior (Fig. 4) is approx. 102.7 GPa, which is calculated
through the sub-matrices with consideration of deformation factor Δk;
and the calculated failure strain is approx. 0.129 for the± 30° or-
ientation. The inelastic deformation factor Δk is dependent on the fiber
orientation and the microstructure (WC or NC). The value of Δk for each
layer is summarized in Table 5.

The comparison of longitudinal and transverse stress-strain beha-
vior of WHIPOX™-NC and WHIPOX™-WC as seen in test and calculated
results are summarized in Fig. 11. The behavior of fiber orienta-
tions± 3° and±15° (in Fig. 11a) and± 67.5° and±75° (in Fig. 11b)
are linear in the laminate of WHIPOX™-NC. The non-linear behavior up
to failure of the laminate of WHIPOX™-WC with the fiber orienta-
tions± 30°,± 45° and±60° are compared with the bilinear model
results in Fig. 11a. A bar diagram for the comparison of calculated
failure strain depicting WHIPOX™-NC and -WC with the tensile test
results for wound WHIPOX™ with different fiber orientations is shown

Table 5
Summary of the calculated manufacturing factor Ωk and inelastic deformation factor Δk of different plates and fiber orientations.

Plate WF3 BT15 BT225 BT30 BT45

Fiber orientation ± 3° ± 15° ±75° ±22.5° ± 67.5° ± 30° ± 60° ±45°

Ωk 1.09 1.04 0.98 1.11 1.35 0.86 0.87 0.98
Δk 1 1 1 1 1 0.802 0.604 0.703

Fig. 9. Comparison of calculated failure strength with and without considera-
tion of manufacturing factor Ωk to test results of wound WHIPOX™ under
tensile load. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Fig. 10. Calculated inelastic deformation factor Δk (black symbols) from the
investigated material WHIPOX™ with different fiber orientations. (For inter-
pretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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in Fig. 12. A very close correlation can be observed in Figs. 11 and 12
for the measured and predicted failure strain. Due to the fact that the Ωk
value is coupled with the layer thickness tk for the calculation of the
stiffness matrices S( )ij Δ ,Ωk k, C( )ij Δ ,Ωk k and B( )ij Δ ,Ωk k in Section 3.4, the
influence of different FVC , e′ and angle of fiber orientation from dif-
ferent plates has been taken into consideration in the modeling of
elastic properties (see previous studies of Shi et al. [24]) and strength
(Section 4.2). Therefore, for the modeling of the strain value, the in-
fluence of Ωk can be hypothesized to −(Ω )(Ω )k k

1. As a result, the impact
of Ωk on the strain is negligible.

4.4. Application of modeling approaches to wound C/C-SiC material

The modeling approaches developed and presented in this study can
be applied to predict the mechanical properties of other CMCs, e.g.
wound C/C-SiC developed by Institute of Structures and Design,
German Aerospace Center Stuttgart. Based on the tensile strengths in
the works of Breede [45,46], the approximated strength values of the
equivalent UD-layer are enumerated in Table 6. Due to the lack of va-
lues concerning results of compressive testing in [45,46], the strength
parameters F1 to F66 of Tsai-Wu failure criterion in stress space are

calculated using only the tensile strength of the equivalent UD-layer in
Table 6 ( =σ σT C

1 1 and =σ σT C
2 2 ). The shear strength (τ12) is taken from an

existing report [47]. Similar to material WHIPOX™, the interaction term
F12 from the Tsai-Wu equation has been set to zero.

By using the strength ratio R of the Tsai-Wu failure criterion, which
has been presented for material WHIPOX™, the tensile strengths of the
wound C/C-SiC with different fiber orientations can be predicted.
Fig. 13a shows the original test results (from [45,46]) with different
fiber orientations and calculated failure strengths. The stress-strain re-
sponse of wound C/C-SiC strongly depends on the loading direction.
The composites under± 30°, ± 45° and± 60° under tensile loading
show non-linear elastic behavior and with± 15° and± 75° orientations
the composites show an almost linear behavior in [45,46]. Therefore,
similar to material WHIPOX™, an inelastic deformation factor Δk was
evaluated for the fiber orientations between±30° and±60° (Table 6).
A bar diagram for the comparison of calculated failure strain with the
tensile test results for wound C/C-SiC with different fiber orientations is
shown in Fig. 13b. A variety of different fiber orientations lead to dif-
ferent mechanical behaviors of wound C/C-SiC. This can be explained
by the presence of different microstructure, which consequently influ-
ences the resulting material properties. On the one hand, similar mi-
crostructure of fiber orientations± 30° (± 60°) and±45° can be ob-
served in [45,46]. On the other hand, due to the reduced hindrance of
shrinkage during the manufacturing process, the matrix width of
winding angle± 15° (± 75°) is clearly narrower (see [45,46]).
Therefore, an identical definition of Δ cannot be applied for the fiber
orientation between± 0° to±30° and± 60° to± 90°. According to
the stress-strain curves in [45,46], almost linear elastic behavior can be
obtained for material C/C-SiC with winding angle 15° and 75°. There-
fore, the failure strains of fiber orientation between± 0° to±30°
and± 60° to± 90° were calculated with =Δ 1k (Table 6) and shown in
Fig. 13b. This phenomenon is comparable to the modeling approaches
for material WHIPOX™ with two different groups WC with inelastic
deformation and NC without inelastic deformation. A strong correlation

Fig. 11. Tensile stress-strain comparison diagrams with test results and calculated results for laminate WHIPOX™-NC and WHIPOX™-WC with fiber orientations (a)
from±3° to±60° and (b)± 67.5° and± 75°. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

Fig. 12. Comparison of calculated failure strains of WHIPOX™-NC and
WHIPOX™-WC with tensile test results for WHIPOX™ with different fiber or-
ientations. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Table 6
Summary of the estimated strength values and the inelastic deformation
factorΔk for wound C/C-SiC material parameter sets.

Strength values =σ σT C
1 1 [MPa] =σ σT C

2 2 [MPa] τ12 [MPa]

230.0 35.0 80.0

Δk Δk=(−0.015)θ+1.225: Orientation± 30° to±60°
Δk=1: Orientation 0° to± 15° &±75° to 90°
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can be observed in Fig. 13a and b for the measured and predicted
failure values.

5. Conclusions

The present work has demonstrated that the mechanical behavior of
wound ceramic composites with various fiber orientations may be de-
scribed using macroscopic constitutive modeling approaches.
Compared to the previous studies of prediction of elastic properties in
[23,24], this work focused on the investigation and modeling of tensile
failure properties for wound CMCs through modified Tsai-Wu failure
criterion.

First, all modeling approaches developed in this study are depen-
dent on experimental determination and microstructure analysis. The
material's characteristic values under tensile loading of the investigated
material WHIPOX™ in different wound orientations were evaluated
with in-plane tension test. Based on the microstructure analysis of
shrinkage cracks of WHIPOX™ through Micro Computed Tomography,
the modeling of the properties of WHIPOX™ was divided into two
classes: WHIPOX™ with matrix cracks (WC) and WHIPOX™ without
matrix cracks (NC).

Then, due to the lack of the required matrix and fiber properties
within the manufactured composite and due to the unavailable re-
presentative characteristics of CMC UD-materials, it was demonstrated
that classic failure criterion cannot be directly adapted to describe the
material behavior of wound CMCs. Therefore, advanced modeling ap-
proaches with virtually equivalent UD-layer properties are created for
the evaluation and prediction of the material properties under tensile
loading for wound CMC materials. The strength properties were cal-
culated and evaluated by fitting different test results to modified Tsai-
Wu criterion and failure strain by using the inelastic deformation be-
havior factor Δk. All the values are discussed and calculated with con-
sideration given to different microstructures with or without matrix
cracks.

Furthermore, the modeling approaches developed in this study may
be applied to different fiber reinforced composites manufactured by the
winding process with consideration of particular features of in-
vestigated material. For the investigated composite WHIPOX™, some
material specialties are implemented in the modeling approaches:

• Division of material modeling groups into two classes (WHIPOX™-
WC and –NC) based on the microstructural analysis.

• Interaction between failure strength and strain through inelastic
deformation factor Δk.

• Update of the analytical model through manufacturing factor Ωk for
different plates with different fiber volume contents and porosities.

Finally, modeling approaches for the prediction of the material
properties of wound ceramic composites were presented. The most
important results of this study are:

• Tensile strength values of the laminate with different fiber or-
ientations can be predicted using the strength ratio R of the Tsai-Wu
failure criterion.

• A modified stiffness matrix with the inelastic deformation factor Δk
and manufacturing factor Ωk leads to a precise calculation of failure
properties and has been used to describe the inelastic stress-strain
behavior.

Based on the good correlation between the experiments and the
modeling results, it can be shown that modeling approaches factoring in
the above mentioned particular material features allow for a very ac-
curate prediction of the mechanical properties for CMC laminates under
in-plane tensile loading. The present work has identified a general
modus operandi going from experimental determination and micro-
structure analysis to the prediction of the mechanical behavior of
wound CMCs with varied fiber orientations. The results of this work are
of great value for the future design and development of this class of
composites. In this way the application of CMC-components in new
fields like aerospace and civil engineering may be enhanced.
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