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Abstract

We consider the periodic homogenization of the linearized elasticity problem with slip displacement
conditions for a two-scale composite of two solids. Such interface jumps in displacement arise e.g. in
contact problems with imperfect bonding. Motivated by applications in carbon-fibre-reinforced
concretes, we aim to investigate the impact of the length of the carbon fibres on the effective
properties, which is why we assume one of the materials to be connected, whereas the other one
is either connected or disconnected. The method of periodic unfolding is applied, deriving some
new compactness results in passing, to determine the macroscopic limit problems rigorously, which
show significant differences for the two cases.
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1. Introduction

In a two-scale composite of two solids, we consider the upscaling in the context of periodic
homogenization of the linear elasticity problem with slip displacement conditions in normal and
tangential direction at the internal interface, and Dirichlet and Neumann boundary conditions at
separate parts of the outer boundary. While one of the components is assumed globally connected,
we consider two distinct cases for the other component: globally connected or disconnected.

The problem is motivated by recently proposed concretes reinforced with short carbon fibres,
cf. [I], [2], [3]. Similarly to carbon-fibre-reinforced ceramics, the bonding of the fibres to the
concrete matrix is rather weak, so that it cannot be modelled as a perfect bond. Hence, we apply
general linear slip displacement conditions. Moreover, the carbon fibres in this new material occur
as single fibres and they are rather short (of the order of 1 cm in length). Therefore, the question
arises what connectivity should be assumed in the homogenization setting. We investigate the
impact of this choice by considering the two different connectivities alluded to above as extreme
cases.

Related to our choice of internal interface condition, there are several authors studying homog-
enization problems with jumps on the interface and focus on the disconnectedness of one of the
subdomains. In [4], [5] and [6], thermal diffusion with homogeneous Dirichlet boundary conditions
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on the outer boundary is considered. To derive the homogenized solution in the first paper, Tartar’s
method of oscillating test functions [7] was applied and, in the second and third, the periodic un-
folding method [8] was used. Moreover, in this scalar diffusion setting, scaling of the interfacial term
was considered systematically in [9] in terms of two-scale convergence [10, [IT]. Nonlinear variants
of these problems were considered more recently by [12], [13] and [I4]. In [I5], the (vector-valued)
elasticity problem with prescribed interface jumps in displacements and tractions and Neumann
condition on a part of the external boundary was studied. A related vector-valued problem with
perfect bonding was recently considered by [16].

As mentioned above, the connectivity of the domain is known to have a significant impact.
This is highlighted in [9] in terms of two-scale-convergence compactness results. We refer to [4],
[5], [12] and [6] for the impact in terms of the upscaled system of equations.

Although the periodic homogenization of linearized elasticity is well-known for standard (inter-
nal and external) boundary conditions in the literature, cf. e.g. [17] and [18], difficulties arise due
to the fact that the slip displacement conditions only yield Robin-type interface conditions, which
complicates the a-priori estimates of the symmetric gradient. In the disconnected case, we can re-
solve this issue by choosing an appropriate solution space and using standard extension operators.
In the connected case, we use the recently developed extension operators from [19] to handle the
homogeneous Dirichlet boundary conditions at the external boundary.

The paper is organized as follows. In we state the problem for a composite with
periodic microstructure, for which we prove the existence and uniqueness of the solution in the
connected and disconnected case in [section 3| In|section 4] we derive the homogenized problems in
both cases, where general compactness results are proven first, which may be of general interest in-
dependent of the particular boundary-value problem considered here. A comparison and discussion
of the limit problems is given in

2. Statement of the problem for a composite with periodic microstructure

We consider a composite of two materials with a periodic microstructure and distinguish two
cases. In the disconnected case, one material is connected, whereas the other one is not. On the
other hand, in the connected case, the composite consists of two globally connected materials. We
choose a bounded connected Lipschitz-domain ©Q C R3, which can be represented as a union of
axis-parallel cuboids and which has corner coordinates in Q3.

In order to describe the periodic microstructure, we define the reference cell Y = [0,1]> c R?
and two subsets Yp,Y; C Y such that Y7 NYP = 0, ¥y := Yy N'Y; Lipschitz-continuous and
Y =Yy U Xy UY;. In the disconnected case, we assume that Yy CC Y, i.e. 0Yy NIJY = 0, and, in
the connected one, we prescribe that the boundary of Yy resp. Y7 on opposite faces is the same and
if we extend Y 1-periodically, this splits the space into two connected sets. We define the following
sets:

o OF :=Ugep: € (Yo +§) is the Y-periodically extended domain Y, scaled with ¢, o =0, 1,
o 3% = Ugep- € (By +§) is the Y-periodically extended interface ¥y scaled with e,
o (0 =05 U] UXE is the union of the scaled cells,

where A® 1= {¢ € Z3 : e (Y + &) C Q}. The idea is that Qf represents one material and 5 the other
one. We split the external boundary into two parts 9§ = I'1 UTl's, where I'; and I'y are disjoint sets
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and I'; has positive measure. In both cases, we only admit the scaling factor € in such a way that
710 can be represented as a finite union of axis-parallel cuboids with corner coordinates in Z3.
Thus, we can guarantee that the domain §2 can completely be filled up with scaled reference cells.
This condition can be relaxed but we assume it in what follows to avoid well-known technicalities
induced by otherwise non-matching boundaries of €2 and its e-periodic approximation. Due to the
choice of ¢, there holds Q¢ = Q, I'1 = T'1NIQ° and I'y = 'y NINE. Let n be the normal to 3¢ with
orientation from 2§ to 2 and v the outward-pointing normal to I's.

We consider the linear elasticity equation with slip displacement conditions on the interface of
the materials. We let u.: Q° — R3 be the displacement field. The stress tensor o° = (05;)1<i,j<3
is defined by

3 3
1
g _ £ €Y . £ £ £
O = E ajjper(u°) == E Uijki (Okuy + Opuy,),
k=1 k=1

where the symmetric gradient e(u®) = (exi(u®))1<ki<3 is the linear strain tensor and A®(z) =
(afjkh(v’ﬂ))lgz‘,j,k,hg is a tensor of fourth order, which describes the properties of the materials of
the solid. In order to formulate the slip displacement conditions, we introduce some additional
notation:

i

o U , 1 = 1,2, the projection of the displacement field in normal

resp. tangential direction of the interface,

(= u®-nresp. u; :=ut T

€ )

e 0, = (0°-n) nresp. 05; := (0°-n) 7', i = 1,2, the projection of the normal stress in

normal resp. tangential direction of the interface,
e [p]se == (p1 — @o) |z the jump on the interface,

where ¢, := ¢|qs is the restriction of ¢ to QF, and ¢, |x- is the trace of ¢, (we write only ¢, if it
is clear) for a =0, 1.
With this notation, the linear elasticity problem is given by
-V.o°=f inQyuQi,
u® =0 on I'y, (1)

oct-v=gyg on I'y,

with the slip displacement condition on the interface 3¢

1
€ [qu]EE = KiNO}EL )
1 EE
€ [uii]ze = K—Taﬂ- , 1=1,2, (2)
[on]se =0,
(02 ] =0, i=1,2,

where the constants Ky, Kt > 0 are the normal and tangential stiffness, respectively, and o>
is the stress tensor of the interface. We refer to [20] for more details on the slip displacement
conditions.



For simplification, we choose A € M(«, 3,Y) (see [Definition 2.1| below) with

x x
A% (x) = (a5 (x i = (a-- (—)) :A<—),

(z) = ( z]kh( ))1<i,j,k,h<3 igkh \ 2 \<ijkh<3 c
where A(-) = (aijkn(-))1<ijkn<s € M(o,5,Y) and all components a;jr, are Y-periodic for all
i,7,k,h € {1,2,3}. Under additional assumptions we can assume a more general tensor A depen-
dent on both the microscopic and the macroscopic coordinate, see [Remark 4.15| and [Remark 4.21]

Definition 2.1. Let a,3 € R with 0 < a < 3 and let O be an open set in R3. We denote by
M (a, B,0) the set of all tensors B = (b;jkn)i<ijkh<3 such that

(i) bijen € L% (O) for all i, j,k,h € {1,2,3}
(ii) bijkn = bjikn = brnij for all i, 5k, h € {1,2,3}
(iii) a|m|? < Bmm for all symmetric matrices m
(iv) |B(x)m| < B|m| for all matrices m
a.e. in O, where

-—_ — 3 ..
Bm := ((Bm)w> 1<i,j<3 - <<Zk,h:1 Bljkhmkh>ij> 1<ij<3 ’

for quadratic matrices m = (mij)1<ij<3 and m = (mij)1<”<3.

We test problem with some sufficiently smooth function ¢, use integration by parts, the
boundary conditions, the fact that ¢ is symmetric and the jump of the normal stress on X¢ is
zero, meaning that of = of on X° and thus 0§, 0] coincide with o> on ¥¢, to obtain the weak
formulation

/Q Ae(ud)elpo)dz + | Ae(ud)e(pr)de

€ €
0 Ql

=1

2
+ E/e (KN [ug)sen+ Ko ) [usi] . Ti) - (p1 — o) dS(x) (3)

= [ f*podr+ fe'@ldﬂf—k/

g - podS(x) +/ g-¢1dS(z).
Qg Qs 2005

Fgﬂaﬂi

Note that we have not yet introduced the function spaces, which complete the weak formulation.
This is done in the next section and it will turn out that different function spaces are required de-
pending on the connectedness of 25. Throughout the paper, we denote by C' a constant independent

of ¢ whose value may change from line to line and we write D(Q2) := C§°(Q2) and D(Q2) := C>®(Q).

3. Existence of solutions

Before we can apply homogenization methods to obtain the upscaled problem, we have to justify
the existence, uniqueness and uniform boundedness of the solution. In we introduce
the complete weak form and we prove the result for the disconnected case and in

for the connected case.



3.1. Emistence result for disconnected case

First of all, we notice that ['yN9Q5 = 0 and I'yNIN5 = Iy in the disconnected case, so the third
term on the right-hand side in disappears. Since infinitesimal rotations do not induce forces,
we assume that there are no rotations, meaning that the curl, V x -, has to be zero. Therefore,
we define the solution space for the disconnected case as

Wa(€) = {u € [L2Q)]” : uo € [H'(925)]° ,us € [H'(95,T1)]”, V x ug = 0 in 5},
endowed with the norm
2 . 2
[ulrgorey = = QU g 050 + DI g oo+l e sy

for all u € Wy(Q2°), whereby HY(O,T) := {u € H'(O) : u = 0 on T'} for some open set @ with
I' € 00. In what follows, we often use the fact that

Vuy = % (Vuo + (Vug)") + %(Vuo — (Vup)?) = é(VUO + (Vug)™) = e(uo)

for all u € W4(€°). Before we prove that Wg4(€2°) is a Banach space, we gather some estimates.

Lemma 3.1. For every v € Wq(QF), there holds

(1) gHUI"[L?(ZE)} S C <H’U1Hf ( )]3 + €2HV7}1HfL2(QE)}3X3>
) o0l g0 © (<o g ovs + ol

for constants C > 0 independent of €.

Proof. Both estimates follow by scaling and summation from standard results for the trace operator
(for (i)) and Korn’s inequality from [21], Corollary 5.8] (for (ii)). O

Theorem 3.2. (Wq(Q°), [ullw,qs)) defines a Banach space.

Proof. Using the fact that u; = 0 on I'; for u € Wy(€QF), it is easily proven that || - ”12/\/(1(95)

defines a norm on Wq(€°). Let {u®}, be a Cauchy sequence in Wy(QF). With the help of [I7,
Theorem 4.2], we can construct a global extension operator on domains with holes, which do not

intersect the boundary of the reference cell. More precisely, there exists a linear extension operator
P.: [HY(Q5)]? — [H}(Q)]? such that

HPSUH[Hl( 3 < clHUH[Hl Qs)]

1Pl + Pl < e2 (Bl +le@lpsggps ) @
Je(P.)lgaypes < sl e

for all v € [H'(95)]?, where the constants c1,c2,c3 do not depend on e. Korn’s inequality for
functions with zero trace on part of the boundary yields

a1 ey < 1P s < CllelPean) Pyaqgpoes < Clletunl oo ioese (5)
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Using this inequality twice and (i) and (ii), we get for all u € W4(92°)

IIUOH[ 3+ [ ]f?

H(Q5)] [H( QE)]

<c <<1 4 D23 g 90 + llde ey + el ey + w1, Qg)]sxs)

< Cllully, - (6)

Therefore, {u(()k)}k and {ugk)}k are Cauchy sequences in the Banach spaces H'(Q5) resp. H!(Q5).

Thus there exits ug € H'(Q§) and u; € HY(Q5) with u(()k) — up and ugk) — up for k — oo. It
remains to show that u = (ug,u1) € Wq(£2°). Due to the continuity of the trace operator, u; is

8 _ o)

equal to zero on I's. Using the convergence of {uo )}k and the fact that Vu, ugy ), we get

Oz, (ug); = kli)ﬂolo Oz, (U(()k)>i = hm E <azj <u(()k))i + O, (Uék))j> = % (0, (w0)i + O, (u0);)

k—oo 2
for all 7,5 € {1,2,3}, which shows that V x ug = 0. O

Theorem 3.3. Let f¢ € [LQ(QS)]g, g € |:L2(F2)}3. Then, there exists a unique weak solution
uw € Wa(S¥) of () for all admissible 0 < e < 1.

Proof. Our aim is to apply the Lax—Milgram Theorem. Let £ > 0. We denote the left-hand side
of as a mapping a: Wq(Q°F) x Wq(9°) — R,

a(u,v) = | Ae(up)e(vo)dz + [ Ae(uy)e(vi)dx
05 0z
2 .
+e /E (KN [un]se n + K7 Z [Uyi]se T1> - (v1 — vp) dS(x)
i=1

and the right-hand side of as a mapping F': Wy(Q°) — R,
F(v) = f":-vdx—k/ g-v1dS(x).
Qe I's

First of all, we prove that a is a continuous coercive bilinear form. The linearity in both components
is clear. It is easy to compute that a is coercive using the properties of A® and the splitting of ug and
u1 in normal and tangential part. The continuity can be shown with the help of the boundedness
of A® and Holder’s inequality. It remains to prove that F' is linear and continuous. The linearity
is clear. Let v € W4(QF). Using the same estimate as in (6]) for vy and for v1, we obtain

20112 2 g2 < €l 0 (7)

CH (Ul)H 3x3 < C”UHWd(QE) (8)

H IHI:LQ(Qg ] [L2 Qa)]

Thus, Holder’s inequality leads to
F@)] < ClF lzzaes 1 Iwacor) + gz ey 101l o ey - (9)
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It remains to estimate Hvl”[ﬂ(r 2 in (EP by the norm [|v||yy,(q<). We use the extension operator

P. from (4] . together with the trace operator and (| . ) to receive
”U1H[L2 Ty )]3 < CHPU1H[H1(Q ]3 < CHWH[Hl(Qg ] CH (vl)H[LQ Qa)]3><3 S C”UH%/\/d(QE)

We receive
F@) < C (1 aaeye + 1902y ) 10lwae-

Therefore, all assumptions of the Lax—Milgram theorem are fulfilled and we get the existence and
uniqueness of the solution. O

In [4] and [22], a similar approach to the proof of existence of solutions was chosen in the scalar
case, where Poincaré’s inequality instead of Korn’s inequality is used. The following two theorems
show the uniform boundedness of the weak solutions with respect to two different norms.

Theorem 3.4. Let u® € Wy(€) be the weak solution of (@) and Hf5||[L2(QS)}3 < C for an e-

independent constant C. Then, there exists an e-independent constant C with
1w Iy < C
for all admissible 0 < e < 1.

Proof. We use the estimates in the proof of with v = u° to get
min{o, K, K H By ar) < alu,u) = F(u) < C (17 ey + 19l ) 1 waan
which proves that [[u® ||y, <) < C for a constant C' > 0 independent of e. O

Theorem 3.5. With the same assumption as in[Theorem 3.4, there holds
191, g + 160512 v + )1 g ovs < €

for a constant C > 0 independent of ¢.

Proof. If we choose v = u® in the estimates and and note that the constants there are
independent of € we get the desired result. O

3.2. Existence result for connected case

In the connected case, we do not have to restrict the solution space as much as in the discon-
nected case. Therefore, we define the solution space for the connected case as

Wel(Q) = {u € [L2(9)]° s up € [H' (95,11 n095)]° ,ur € [HY(Q5, Ty na0s)]°}.

Using [19, Theorem 4.4], which states Korn’s inequality for a constant independent of ¢, the space
We(€QF) endowed with the norm

[0y = €02, g v + el B oo + lludor By

becomes a Banach space. Note that the norms on Wy (€2.) and W,(£2) are identical.
7



Theorem 3.6. Let f© € [LQ(Q‘E)]?’, g € [L2(F2)]3. Then there exists a unique solution u® €
We () of (3) for all admissible 0 < e < 1.

Proof. We prove this statement via Lax—Milgram theorem like in Let € > 0 and the
mapping a be defined as in The same proof shows that a is a coercive continuous
bilinear form. The right-hand side of (3)) is slightly different from before, so we define the mapping
F:W.(9°) = R,

F(v) = fs-vd:c—i-/ g‘vodS(a:)—i-/ g-v1dS(x). (10)
Qe Fzﬂaﬂg Fzﬂﬁﬂi

We have to prove that F € W,(Q¢), i.e. F is linear and continuous. The linearity is clear. Let
v € W(29). Using Holder’s inequality and Korn’s inequality ([19, Theorem 4.4] applied on §2f and
2f), we obtain

1

€ e 9 9
[ 17 vda] < €Uy (e g g o + IR, g e

Let a =0 or 1. We apply Holder’s inequality to get

’/mangg ' Uads(x)‘g 19122 oy 10edl L2 rano0s

In order to estimate the boundary terms, we use the extension operator L;, from €, to {2 defined
in [I9, Theorem 3.4]. Therefore, we can apply the trace operator on L& v,, use the estimates of the
trace operator and the Korn’s inequality ([19, Theorem 4.4]) to get the desired estimate

HUOc||[L2(F2naQ§X)]3 < C”LZ(Ua)H[Hl(Q)}S < CHUaH[HI(Qa)]?) < CHQ(Ua)H[LQ(Qg]W&

Summarizing the previous estimates, we get the continuity of the mapping F

F@) < C (I lzoeyp + 19l ) I0lwaen)
Lax—Milgram Theorem guarantees the existence and uniqueness of the solution. O

Theorem 3.7. Let u® € W.(Q°) be the weak solutions of (@ and HfEH[LQ(QE)]s < C for an e-

independent constant C. Then, exists a constant C' independent of € such that
[ llweoe) < C
for all admissible 0 < e < 1.

Proof. The proof is analogous to the proof of O

4. Periodic homogenization

This section is devoted to the rigorous upscaling of the problem in the disconnected

tion 4.2)) and connected case (subsection 4.3)). We mainly use the periodic unfolding method, which
is briefly introduced together with some standard results for convenience first (subsection 4.1)).
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4.1. Introduction to periodic unfolding method

The periodic unfolding method was formally introduced by Doina Cioranescu, Alain Damlamian
und George Griso in 2002. The main idea is to write the function, which is defined on Q¢ as a
function of micro- and macro-scale, which makes it easier to work with perforated domains which
change with . We refer to [8], [23] and [5] for the definitions and theorems in this section and
further results. The first paper considers a fixed domain, the second a perforated domain with
connected or disconnected holes and the third a domain consisting of two components.

To define the periodic unfolding operator 7,,% = 0 or 1, we need another representation of
z € Q. Let » € R%. We denote by [z] the unique linear combination of the integers ¢; € Z
and the periodicity vectors b; € R3, which are in our case the unit vectors ej for j = 1,2,3, ie.
[z] = Z;’:l £;b;, such that {z} := z — [z] € Y. Therefore we can rewrite x € R3 via

=<([Z)+ D)

Definition 4.1. Leti = 0 or 1. For a Lebesgue-measurable function ¢ on §25, the periodic unfolding
operator T;° is defined as

10) (6 [%] + sy) for a.e. (x,y) € QOF x Y,

@) y) = {0 for a.e. (z,y) € II* x Y;,

where QF = Ugenc €(€+Y) and IIF = Q' \ QF.

Due to our assumption, there holds Qf = Q° and II° = () for admissible e. Note that the
definition of the periodic unfolding operator does not require {2 to be representable as a union

of axis-parallel cuboids. We denote by f the extension of the function f to € by zero and by
Mo(¢) = ﬁ fo ¢ dy the mean value of the function ¢ over the domain O, where O is a set with
finite measure. We summarize a number of well-known results on periodic unfolding in our notation
for future reference.

Proposition 4.2. The operator T7: L*(Q) — L*(Q x Y;), i = 0,1, is linear and continuous and
(i) 77 (vw) = T (v)TF(w) for all Lebesgue-measurable functions v, w in €,
) 41 Sy, TEO)ay) dardy = [ 6() da = foe 9(x) da — e 9(x) da for all ¢ € LA(E),
) 172 r2xyyy < Y120l 2(0s) for all € L2(9%),
(iv) T#(9) — ¢ strongly in L*(Q x Y;) for all ¢ € L*(2),
) if {¢°} is a sequence in L*(Q) with ¢° — ¢ strongly in L*(Q), then TF(¢°) — ¢ strongly in
L*(QxY;),
(vi) if ¢ € L2(Y;) Y-periodic and ¢°(z) = ¢ (%), then T (¢°) — ¢ strongly in L*(Q x Y5),
(vii) if ¢ € L2(QF) with 6%l 2ey < C and TF(¢F) — ¢ weakly in L2(Q x Y;), then ¢f —
R/}'I/\/lyi(gb) weakly in L*(9),
(viil) if ¢ € HY(QF), then Vy [T£(¢)] = T (Vo) and TE(¢) € L2(Q, HL(Y;)).

The next result shows the equivalence between classic two-scale convergence of a sequence
[10, 11] and the weak convergence of the unfolded sequence.

9



Theorem 4.3. Let {¢°} be a bounded sequence in L*(Q). The following assertions are equivalent:
(i) {T¢(¢°)} converges weakly to ¢ in L*(Q x Y),

(ii) {¢°} two-scale converges to ¢, which we denote by ¢° 2, ¢ for convenience.

Due to the equivalence, we often use assertions (i) and (ii) of |Theorem 4.3|synonymously.

Remark 4.4. The results are still true for vector- and matriz-valued functions, if we use the
period unfolding operator for every component and the standard inner product for vectors and the
Frobenius inner product for matrices.

4.2. Homogenization in the disconnected case

In section we prove some general compactness results via the periodic unfolding method,
which we apply in section to derive the homogenized problem for the disconnected case.

4.2.1. Compactness results for the disconnected case
In the first theorem, we compute the limit of a sequence {u§} in [H'(QY, Fl)]g, for which we
have to define the Hilbert space

[L2(Q, HY o oV))]” = {u € [L3(Q, HL (1))]” s My, () = 0},

per

Theorem 4.5. Let {uj} be a sequence in [Hl(Qi,Fl)]g with
€ €
||U1||[L2(Q§)]3 + ||€(U1)||[L2(Qi)]3><3 S C

for a constant C' independent of €. Then, there exist a subsequence (again denoted by €), u; €

[HI(Q,Fl)]3 and Uy € [LQ(Q,HéeLO(Yl))P such that

T (uf) = wy weakly in [LX(Q, H'(V1))]*,
)

TE(e(us)) — e(ur) + ey(in) weakly in [L*( x Yl)]gxg.
Proof. The sequence {uj} is bounded in [H 1(9?)]3 because, using , we can estimate

Since the domain €] is connected, we can apply [24, Theorem 4.43] to get, up to a subsequence,

Tr(uf) — uy weakly in [L2(Q, H'(V1))]°,

TE(Vu§) — Vg + Vi weakly in [L2(9 x v1)]**°

for some u; € [Hl(Q,Fl)]3 and 4y € [L*(Q, H}

per,O(YI))] ® The definition of the linear strain tensor
e(u) = % (Vui + (Vuﬁ)T) directly yields

T (e(us)) — e(ur) + ey (i) weakly in [L3(9 x ¥1)]**°

10



In the rest of the section, we want to derive the limit of a sequence {u§} in the Hilbert space
7l O 3 170613 : €
[H (QO)} = {ue [H'(95)]”: V xu=0aec. inQ5}.

The next lemma states the connection between the curl and symmetric gradient of some function
¢ and of the unfolded function 7¢(¢).

Lemma 4.6. Leti=0 orl and ¢ € [Hl(Qf)]g Then, there holds

(i) Vy x TE(9) = eT£(V x 9),
(i) ey(T(0)) = €T (e())-

Proof. These are simple computations using the linearity of 7;°. O

The strategy of the proof of [Theorem 4.7| follows [5, Theorem 2.18].
. 3
Theorem 4.7. Let {uf} be a sequence in [Hl(QS)} with
) & % <
”U‘OH[LQ(Q(E))]B + ”e(u())”[LQ(Qg)]?’ 3 > C (11)

for a constant C' independent of €. Then, there exists a subsequence (again denoted by €) and
up € [L2(Q)]3 such that

75 (uf) — uo weakly in [LA(, H'(Yp))]”,
eT5 (Vu§) — 0 strongly in [L*(Q x Yo)]gxg.

- 3
Proof. Let {uj} be a sequence in [H 1(96)] , for which holds. Then, there holds due to
[Proposition 4.2|

1

||768(UE)H[L2(Q><YO)}3 < ’Y|2Hu6H[L2(QS)]3 < C>

1

19,75 ) ey = <15 (C@aD za@ueroypes < Y21z gaypoes < <C-
Thus, 75 (uj) is bounded in [LQ(Q,Hl(YO))]g. Since [LQ(Q,Hl(YO))]3 is a Hilbert space, there
exists a subsequence (again denoted by €) and ug € [L2(Q, H 1(YO)]3 such that

T (u5) = o weakly in [L*(Q, H'(Y0))]”,
Vy(Tg (ug)) — 0 strongly in [LQ(Q X YO)]3X3,

which yield
Vyug = 0 a.e. in 2 x Y.

This proves that ug is independent of . ]

We can even derive from V x uf = 0 that the limit satisfies V x ug = 0.

11



- 3
Theorem 4.8. Let {u§} be a bounded sequence in [HI(QE)} with
€(,,€ : 2 1 3
Ts (ug) — uo weakly in [L*(€, H' (Yp))]
for some ug € [LQ(Q)]3. Then, the weak limit satisfies V X ug = 0.

Proof. Let ug be as in the assumption and ¢(z,y) = (¥i(2)ni(y));<;<3 € [D(Q) ® HI(YQ)]3. We
write ¢ : (%771)1953 ¢(x, ). Since

Ts (#5) = Ts (i) Ts () = Ts (i) — v strongly in L*(Q x Yp) (12)

there holds

/uzwdx— TE(uS) - (TE W) TS )rcscs dydz — | wo-pdyde.  (13)
6 QXYO QXYO

Clearly, ¢ € [Hl(Qg)]g. Thus, the trace of 7 (¢°) with respect to 9Yp exists for all € > 0 and we
can apply the trace theorem to calculate

175 (%) = Pllzannyt < C (1755 = @ll ey + 196075 () = D)2y ) -
The convergences and
Vo Ts (#5) = eTg (Vobi)ms + Tg (i) Vymi — & Vymi strongly in [L3(Q x Yp)]°

yield
AT R I—

Since ug € [H 1(9‘6)]3, the traces exist and we can compute, using the convergences from above,
| @ixeyn(D) asta) = [ (5 (w) < T (o) - nly) dS(u)da
005 € N

— (up x ) -ndS(y)dx (14)
QX8Y0

Now, for test functions with V, x ¢ = 0, there holds, using the identity for the divergence of a
cross product and the weak convergence of ug,

0= V x ug - ¢°de
2

:—/ (ugxgoa)-ndS(x)—i—/ uS-Vngo(x,§> dz
o9 o €

(3 —/ (uoxgo)-ndS(y)dx—i—/ ug - Vg X pdydz
( ’ QX8Y0 QXYQ

2|

——/ up - Vy Xgpdydx—l—/ (UOch)-ndde(:c)+/ Vi X ug - pdydx
QXY() 8Q><Y0 QXYQ

/ V x up(x / oz, y) dydz. (15)

12



If we choose 11 = ¥y = 13 = U for some ¥ € D(Q), o = 13 = 0 and 71 (y) = ay1, where a € R3,
we receive with

O:/quo(x)/ go(x,y)dydx:C/(quo)lllldx,
Q Yo Q

which shows, due the fundamental lemma of the calculus of variations, that (V x ug); = 0. Using
similar functions for the other components, we get V x ug = 0. 0

In the next theorem, we compute the limit of the symmetric gradient of ug, where the strategy
of the proof follows that of [5, Theorem 2.19]. For convenience, we define the Hilbert space

~ 3
Lz(Q,Hl(YO))} = {v e [LX(Q, H' (Y0))]* : Vy x v =0 ae. in Q x Yo} .
~ 3
Theorem 4.9. Let {u§} be a sequence in [HI(QE)} with
1o g+ 108 g s < © (10

- 3
for a constant C independent of €. Then, there exists a function gy € [LQ(Q, Hl(Yo))] such that

up to a subsequence
1 . . ~ 3
25 = = [T (uf) = My, (T3 (u5))] = o weakly in |L2(Q, H'(Y0))] ",
T (e(uf)) — ey(tio) weakly in [L*( x Yb)]gxs.
Furthermore, there holds My, (tg) = 0.

. 3
Proof. Let {u{} be a bounded sequence in [H 1(96)] . If we apply the Poincaré-Wirtinger inequal-
ity in H'(Yp) and [Proposition 4.2 , we receive

C 1
125 s < SIV5T5 @) gz < O Blle(wd)l o oo < C:

With and V x u§ = 0 a.e. in QF, we get that

€ 1 € g € g €

Vi X Z = 2V % Ti(uh) = T5 (Y % ) = T (0) = 0
a.e. in 2 x Yy. Furthermore, there holds
1
||€y(Z§)||[L2(Q><YO)]3X3 = g”ey(%a(u(a)))”[L2(Q><y0)]3x3 = H’ﬁf(e(ug))|\[L2(Q><YO)]3X3 <C.

. 3
Thus, the sequence {Zj} is bounded in the Hilbert space [LQ(Q, H 1(Yo))} and, therefore, there

. 3
exists a function g € |L?(Q, H! (YO))} such that up to a subsequence

~ 3
ZE — fip weakly in [LQ(Q, Hl(Yo))} :
13



So
Ts (e(uf)) = ey(Z5) — ey(iig) weakly in [L2(Q x ¥p)]*™°

and since

My, (%) = é [(My, (Tg (1)) — My (Tg (u5))] = 0

for all €, we receive My, (o) = 0. O

Due to [Proposition 4.2 (viii), there exists the trace of the unfolding operator with respect to y
and we can prove the following result.

Theorem 4.10. Let u®,p € Wq(QF). Then, there holds

1 [ L ) = T8 (T () = T o)) a8 da = [ (u =) - (o1 = ) dS(a).

£

Proof. The proof is similar to that of [5, Lemma 2.14]. O
A direct consequence is the following corollary.

Corollary 4.11. Let u® € Wq(Q°). Then, there holds

1
v | LT - T @) Paswds = [ jui - ugPas(a).
5|}/| QJEy e
Proof. The statement follows directly from if we choose ¢ = u®. O

4.2.2. Passage to the limit for the disconnected case
In this section, we apply the results proven in the section before to derive the homogenized
problem. We define the Banach spaces

2@, B0 = {u e [L2Q H (00))]*: 7y xw =0 e in © x Yo, My (1) = 0}

endowed with the norm (fQ lley (w)||? 3X3daﬁ> * and

(L?(Y0)]

ZQ,Y1, 1) = [HY(Q,T1)]" x [L(Q HL o (Y))] % [L2(2)]°,

whereby [Lgurl(Q)]s ={ue [LQ(Q)]3 :V xu=0a.e. in Q}, endowed with the norm

303150y e Byaqypes + [ Ty, yocade + ol

for all uw = (uq, U1, ug) € Z(Q,Y1,T1). Having introduced this notation, we can formulate the limit
problem. Afterwards, we rewrite the limit problem with the help of auxiliary cell problems and
show that the solution is unique.

14



Theorem 4.12. Let {us} be a sequence of weak solutions of the problems (@ with u® € W(QF)
and {f¢} C [LQ(QE)] such that

TE(fF) = Flaxy, in [LA(Q x Ya)]?

for some f € [LQ(Q X Y)]3 and o =0 or 1. Then, there exists u = (u1, U1, up) € Z(Q,Y1,T1) and
N 3
Ug € [LQ(Q,H& (Yb)):| such that

=

(u§) = w1 weakly in [L*(Q, H' (Y1) ]3

Te(e(us)) — e(ur) + ey(tin) weakly in [L*(2 x Y3 ]3X3
(u§) — uo weakly in [LQ (Q, H'(Yp) }
(

e(u§)) = ey(do) weakly in [L?(Q x YO)}SX?’,

S

where u s the solution of the problem

[ [ At et + ey @)teton) + e, 60)) dys
2
//z: (KN UM — U - n]n—i—KTZ up - T — g - T] >.(v1—v0)dS(y)d:U

//Ylfdy vldx+//yofdy vodx—i—/r2g vy dS(z) (18)

for all v = (v1,01,v0) € Z2(,Y1,T7).

Proof. Let {u®} be a sequence of weak solutions of problem with u® € Wq(92°). We apply
[Theorem 3.4 and [Theorem 3.5|to get

HuEH[2L2(QE ]3 + H (UO)H[LQ Qg)]3x3 + H (UI)H[LQ 95]3X3 <C.

Using the theorems from section the convergences follow directly. We rewrite the weak
formulation of problem (3)) using [Theorem 4.10] and [Proposition 4.2 (i) and to get the unfolded
problem, whereas the integral over I'y N 9 vanishes since 'y N 0QF = 0,

/ T (AT (e(ui)) T (e ))dydw+/ To (A7) Tg (e(up)) To (e(0)) dyda

QJYy

/E (BN [T7 (ui - n) = Tg (ug - n)n) - (T1 (¢1) = T (v0)) dS(y) da

! /Q /E <KT D [T ) = T (- )] ri> (T (1) = T5 (¢0)) dS(y) da

i=1

- / TE(f) - T (1) dyda + /
QJY

TE(F5) - Té (o) dydar + / g-@1dS(x).  (19)
QJY),

I'>
We choose the test functions
0o = @5 =vo+¢ (w?zﬂ?) ‘ and @1 =5 =v; +¢ <w}zp})
1<i<3
15
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with v; € [ ,Fl)]g ={¢ € [D(ﬁ)]3 : v is equal to 0 in a neighbourhood of I'1 }, w”, w', vy €
DQ))?, ¥0(z) = Y0 (2) with ¢° € [I—[l(Yo)]3 (Y-periodically extended to R?) 17;1(37) = ¢! ()
with ! € [ 11, Yl)]3 such that V x ¢f = 0. Then, ¢° € W4(Q°),
. 3
To () € [L2(Q.H' (%)| and TF(¢5) € [Z2(@, B! (11)]

(%) — w2 strongly in L2(Q x Y,,) for all i = 1,2, 3, there holds

Let o« =0 or 1. Since 75 (w) TS
TE(#5) — va strongly in [L*(Q x Y,)]

Every component of the symmetric gradient of ¢?, is of the form

u(pl) = env) + 5 e @y (2) +up @y (2)
Fe0nwi (z Wk( )+wk( ) yz@bl(:(sﬂ

If we apply the periodic unfolding operator to ex;(¢5,), we get
1 [ (e « ~
(@) 0y, 7 (y) + wi (2) 0y i ()] = eri(va) + (ey(0a))

[

7o (exi(#a)) = em(va) + 3
wia(x)wia(y))lgigg' So
)]3><3'

strongly in L2(Q x Y,,) with 9, = (
T (e(¢f)) = e(va) + ey(0q) strongly in [Lz(Q x Y,

(0%
We estimate the interface term with respect to the normal direction using Holder’s inequality,

Corollary and boundedness of the solution
[ i - Tl 7 (= (u07F) ) a8t de
Sy <i<3
1 (0% (0%
< O |luf — syl (75 (0 1<izsll 2 gy < C-

Therefore, this integral converges to zero. The analogous result holds for the terms with 7;, 1 = 1,2

instead of n. Since
Ts (v0) — vo in [L2( x ¥p)]” and 75 (e(vo)) — e(vo) in [L2(Q x ¥p)] >
3 and thus

we know that ey (7§ (vo)) — 0 strongly in [L?(Q x Yp)]
3
7o (vo) — vo strongly in [LQ(Q,Hl(YO))}

This yields the convergence of the traces of 7 (vg) with respect to y. Similarly, we receive for vy

T (v1) — vy strongly in [L*(Q, H'(V1))]

16



If we plug in the test function in ( and pass to the limit, we get

/ A(y)(e(ur) +ey(an))(e (v1)+€y(vl))dydw+/ A(y)ey (o) (e(vo) + ey (00)) dydz

Y1 YO
2
// (KN UM — Ug - n]n+KTZ up - T — ug - 7-] >.(v1—vo)d5’(y)dx
Dy i=1
:/ fdy-vldfzr—i—/ fdy-vodx—i—/ g-v1dS(z). (20)
Q Y1 Q Yo FQ

Since D(,T) is dense in H!(,T';) and D(Q) x H!. (Y1) is dense in L2(Q, H!,.(Y7)), the homog-

per per
enized problem is true for all v; € [H'(, Fl)] and 91 € [L*(Q, H;ero(Yl))] .
To improve this result, we choose as a test function

X

1 =0 and o =ce(vo(z))- 1 (g) = ee(vo(x)) -

x

€
with vy € [D(Q)]* with V x vo = 0 and ¢(y) = y € [Hl(YO)]3 Y-periodically extended to R3.
Using the fact that V x vg = 0, it is easy to compute that ¢ € W4(£2¢). Therefore, we can rewrite
(19)
[ [ T et T ) o

0

= / (BN [T5 (ui - n) = Tg (ug - )] n) - To (po)dS(y) de

Xy
/ / (KT ST 1) — T (g - 7)) Ti)'%5(¢o)d5(y)d$+ / TE(f5) - T (o) dyda
Xy i=1 Q

Yo

With similar argumentation as above, the right-hand side disappears for € — 0 and

T (cent (e(o(@)2 ) ) = ew(v)(@) = (e e(vo(@)y))ur
Thus, we obtain for all vy € [D(2)] with V x v9 =0

[ [ Awetio)etun) dyaz o
QJYy
If we choose v1 =01 =v9 =0 in there holds
|| eyt o) dydz =o.
QJY,
Thus, we obtain for all v; € [H'(Q,T1)]°, 91 € [L2(Q, Hl o(Y1))]%, v € [D(Q)]® with V x vy = 0

//Y e(u1) + ey (1)) (e(v1) + ey (91)) dydx

2
+AAY (KN[U1~H—U0-TI]”+KTZ[Ul.Ti_UO-Ti]T’l') '(vl_UO)dS(y)dm

i=1

:/ fdy-vldx—l—/ fdy-vodx—l—/ g-v1dS(z).
Q Y1 Q Yo I
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Since {v € [D()]* : V xv =0 ae. in Q} is dense in L2 (), we get the desired result. Using that
the solution is unique, which we prove below, all the convergences above hold true for the whole

sequence. ]

In the next theorem, we rewrite the homogenized problem from [Theorem 4.12]as a macroscopic
problem with an auxiliary cell problem.

Theorem 4.13. Let {u®} be as in|Theorem 4.12. We can reformulate the homogenized problem
@ as follows: Find uy € [H'(Q,T1)]", up € [L? (Q)]3 such that

curl

/Alfome(ul)e(vl) dz
Q
+ / / <KN(u1 -n—ug-n)n+ Kt Z (ug - 7" — g - TZ)TZ> - (v1 —vg) dS(y)dz
QJEy i—1
:/ fdy-vodx—l—/ fdy-vldzb—l—/ g-v1dS(x) (21)
Q Yo Q Y1 1)

where

3
(ATO™)ijin :/Y aijen(y) = D ijim <€y(X]fh))lmdy
1

I,m=1

(Yl)}s, I,m € {1,2,3}, is the unique solution of

<— Z?:1 a%]- {(Aey(xllm))z‘j - aijlngig:ﬂ =0 wmhn, (22)

<— 22:1 [(Aey(xllm))ij — aiﬂm] nj)1§i§3 =0 onXy.

! 1
and x{" € [Hper,O

Proof. This result follows by standard arguments. We refer to [19] to see the steps of the proof in
detail. O

Similar to [I7, Theorem II.1.1], it can be proven that there exist oo™, g™ ¢ R with 0 <
abom < pghom gyuch that AMo™ € M(aho™, ghom Q). With this fact we are able to prove the
uniqueness of the solution of .

Theorem 4.14. The solutions u; € [Hl(Q,Fl)]3 and ug € [L?

curl
are unique.

Proof. We assume that there exist two solutions u = (u1,up),w = (w1, wy) € [HI(Q,D)]3 X
[Lzuﬂ(ﬂ)]3 of the problem lj If we choose as test function v1 = u; — w1 and vy = ug — wp, we
can estimate, using that A}™ is coercive and Korn’s inequality for functions which are zero on

part of the boundary,

(Q)]3 of the macroscopic problem

0:/Alfome(ul—wl)e(ul—wl)dx—i-// (KN [ur —up — wy + wo] - nn
Q QJYy

2
+ KTZ [u1 — up — wi + wo) 'Ti7i> (ur —wyp —up + wp) dS(y) do
i=1
> oM Cjuy — w1||[2H1(Q)}3 +min{ Kn, K1}[Xy|[|ur —ug — w1 + onsz(Q)}s.

18



Thus, u; = w;. Using this and |Ju; —up — w; + wQH[QLQ(QH3

the uniqueness of the solution. O

= 0, we receive ug = wgp, which proves

Remark 4.15. We can generalize the result using A = A(-,2) € M(«,3,2) instead of A® =
A(Z) € M(a,3,Y) and under the additional assumption that T7(A®) — By a.e. in Q x Y1 and
T5(A%) — By a.e. in Q x Yy. Then, By € M(«a, 3,2 x Y1) and By € M(«, 3,9 x Yy) and the

homogenized problem is: Find the unique solutions u; € [Hl(Q,Fl)]S, up € [L2 (Q)]g such that

curl
/Bhom (u1)e(v1) diL‘Jr/ /2 (KN ur — up) - nn+KTZ ur —up) - T Z) - (v1 — vo) dS(y)dw

//Yofdy vodaz—f—//Ylfdy vldx—f—/ g-v1dS(z)

with 5
BEnla) = [ (Bginen) = 32 Brlime) (6/0dD), (@)
1 l,m=1
and x™ € [L*(9, HperO(Yl))]g, I,m e {1,2,3} is the unique solution of
3 m .
(=X [(BICwes (660, — Bum()]) =0 in Vi,

(_ Z?Zl |:(Bl('a y)ey (™) (- y))z’j N (31)iﬂm('ay)D1g§3 n=0 onXy
a.e. in 2.

4.3. Homogenization in the connected case

In section [4.3.1], we prove a convergence result, which we apply in section to derive the
homogenized problem for the connected case. In order to handle the different boundary conditions
at the exterior boundary, we use a special extension operator established in [19] in the context
of two-scale convergence. For some general introduction to the two-scale convergence method, we
refer to [25], and we note that the two-scale convergence and weak convergence of the unfolded

sequence are equivalent (cf. [Theorem 4.3]).

4.8.1. Compactness result for the connected case

The following theorem gives us some information about the two-scale limit of the solutions u,,
a e {0,1}.

Theorem 4.16. For a € {0,1}, let {uf} be a sequence in [Hl(Qg)]g with uf, = 0 on I'y N O,
and

||e(ua)||[L2(Qg)]3X3 <C
for a constant C independent of €. Then, there exists, up to a subsequence, uy € [Hl(Q, Fl)]3 and
€ [L2(Q Hp (Y )/R)]S, such that
TE(05) — ua(z) weakly in [L*(Q x Y)]3
T (e(@s,)) — e(ua)(z) + ey(tia)(z,y) weakly in [L*(Q x V)]

19
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where * is the extension to Q0 defined in [19, Theorem 3.5] and T* is the unfolding operator from
[23, Definition 1.2].

Proof. Let {uj} be a sequence in [H 1(92)}3 with the properties of the assumption. Using Korn’s
inequality ([19, Theorem 4.4]), there holds

s geqane + 108 gz yes < Clle(ua) gz < C:

Therefore, {ug} is a bounded sequence in [H 1((23)]3 with u§, = 0 in 995, NT';. The extension
operator defined in [19, Theorem 3.5] guarantees that {5} is a bounded sequence in [H' (€, T)] 5,
Since [H'(Q, Fl)]g is a Hilbert space there exists a u, € [Hl(Q,I‘l)]3 with

U, — Uy weakly in [HI(Q, Fl)]s .

Therefore, we can apply [25, Theorem 20] and|Theorem 4.3|to get for some i € [L*(, Hl . (Y)/ R)] s
Te(a5) — ua(z) weakly in [L*(€ x Y)]3

and
TE (V) = Vua(z) + Vyia(z,y) weakly in [L*(Q x Y)]3X3.

The definition of the linear strain tensor e(a,) = 1 (Vg + (Va5)7T) directly yields

T (e(iiS)) — e(uq)(x) + ey(iia) (x, y) weakly in [L2(Q x V)]

4.8.2. Passage to the limit in the connected case
We endow the space

V(Q,Y,T1) = [HY(Q,T1)]” % [L(Q Hbo o (Vo)) x [HY(Q,T1)]% x [L2(9, H o o (Y1)]

with the norm (due to Korn’s inequality for functions with zero trace on part of the boundary and
for periodic functions)

HUH%(Q,Y,IH) :He(uo)’ [2L2( Q)P%3 + Hey(uo)” L2(QxYp)]?*3 + |’u1H[L2 Q)? + Hey(ul)H[L2 QxYy)P*3
for all u = (ug, tig, u1, 1) € V(,Y,T).
Theorem 4.17. Let {u°} be a sequence of weak solutions of the problem (3) with u® € We(Q)
and {f¢} C [LQ(Q‘E)]3 such that

Te(f%) — f weakly in [L*(Q x Yﬂ3

for some f € [L2 (QxY) S Leta=0 orl. Then, there exist functions uq € [Hl(Q,Fl)]3 and

€ [L*(Q,HL..(Y )/R)]3 such that

{Ta(ag) uo(x) weakly in [L*(Q x Y)]g, (23)
T (e(@,)) = e(ua)(®) + ey(ta)(z,y) weakly in [L*(Q x Y)]?’XS
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where * is the extension to Q0 defined in [19, Theorem 3.5] and T* is the unfolding operator from
[23, Definition 1.2]. Furthermore, the restriction u = (uo, Uo|loxvy, U1, U1]axy,) € V(Q,Y,T'1) is the
solution of the problem

/ / (o) + e, (ii0)) (e(vo) + ey (o)) dyd + / / e(ur) + ey (i) (e(v1) + ey (01)) dyda
Yo Y1
2

//Z (KN UL -m — U - n)n+KTZ up - T — g - T) )-(’Ul—vo)dS(y)diL' (24)

=1

:// fdy-vodx+// fdy-vldx+/ g-hovodS(:c)-I-/ g - hivy dS(x)
QJY, QJvn P L2

forallv e V(Q,Y,I'1).

Proof. Let {u®} be the sequence of the solutions of problem (3). We have already proven in
[Theorem 3.6|and [T'heorem 3.7|the existence, uniqueness and uniform boundedness of this sequence.
So we can apply which proves the convergences in . We choose some test
functions ¢° of the form

0y :=vo+ew; and ¢f = v + ewf

with vg,v1 € [D(Q, I‘l)]3 = {¢ € [D(ﬁ)]g : v is equal to 0 in a neighbourhood of I'1 }, w(x) :=
wo (2, %) and w(z) := wy (2, L) with wo, w; € [D(Q, C2, (Y ))]3 Therefore, ¢§lr, =0, ¥jlr, =0,
¥y € [Hl(Qg)]s and ¢f € [Hl(ﬂf)}g and the weak formulation is

/ Afe(up)e(pg)de + / Ae(u)e(p)da
0 3 ) |
+€/E€ (KN[ 5]2en+KTZ f—i]2571> (@5 — ¢f) dS(z)

= dx+/ fe dx+/ g-gogdS(x)%-/ g - ¢7dS(z).
T2N005 T2N905
Let a =0 or 1. Using the fact that
x x
e(5) (@) = e(va)(2) +ze(wa) (2.2 ) + ey (wa) (. 2) .

and similar argumentation as in the disconnected case, we receive

Te(e(¢s)) — e(va) + ey(wq) strongly in [L2(Q X Y)]gxg.

Using the periodic unfolding operator, the following convergence holds
| Aetwgetenyde = [ | 7T @D T el)) an
s / / e(ua) + ey(f1a)) (e(va) + ey (wa)) dyda.
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We receive the convergence of the interface term from [Lemma 4.18 and the fact that the terms
with w] and wf vanish. Moreover,

fo o da = / / Te(fs)-TE(va)dane/ T(f) - T*(ws) da —>/ fdy- v da.
Qs QJY, o Jy, QJY,
For the proof of the convergence of the boundary integral we refer to section 7.6.2 in [19]

/ g-¢5d5() — | g hava dS(z)
FQOOQE I'>

for some h, € L*(I'z). Under further assumption on the boundary 99 and the exterior boundaries
of Yy and Y7 we can formulate the limit functions hg and h; explicitly (see [19, Theorem 7.17]).
Using the convergence results above and the density of [D(£2, Fl)]3 in [H'(Q,T 1)]3 (see [20, The-
orem 3.1]) and [D(Q,C5,(Y ))] n [L*(Q,H} (Y))]S, we get the desired homogenized problem

per per
up to uniqueness. To ensure the uniqueness, we can restrict the space [L?(, H} (Y) /]R)]3
[LQ(Q Hl.. O(Yo))]3 resp. [L*(Q, H),. O(Yl))]3 for the functions 4, 41 and the test functions in
the limit problem, which does not change the limit problem. Since the solution is unique, which

we prove below, all the convergences above hold true for the whole sequence. O

We want to prove the limit result for the interface term used in the proof of the last theorem.

Lemma 4.18. Let {u®} be the sequence as in|Theorem 4.17. Then, there holds up to a subsequence
for all vy, v1 € [D(ﬁ,rl)f’

2

6/6 (KN[&‘E -n—ﬂé-n]n—i—KTZ [a -7 —af - '] T’) - (v1 — vg) dS(x) (25)
i=1
2

e / / (KN up-m—ug-nln+ KTZ [ul Tt — g - Ti] 7i> - (v1 — o) dS(y)dz,
Sy

whereby only n and 7, i = 1,2, depend on y.

Proof. 1f we apply the boundary unfolding operator 7> defined in [23, Definition 3.1] we get

3

K

cKx / @ o ndS() = Y 7\YN\ T ) (1) T (01); AS ()i
: ij=1 Xy

Using the fact that 7,7 (n)(z,y) = n(y) for all (z,y) € Q x Xy and [Proposition 4.2 applied to vy,
we can conclude that

5KN/ ai -nuy - TLdS(ZL‘) —)KN/ / uy-nn- ’UldS(y)de‘
e QJ3Ey

Following the same steps of the proof for all other summands of , we get the desired result. [J

We want to split the problem into a micro- and macroscopic problem.
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Theorem 4.19. Let {u®} be as in|Theorem 4.17. We can reformulate the homogenized problem
s Find ug,uq € [Hl(Q,Fl)]S with

/Agome(uo)e(vo) dz +/ Abme(yy)e(vy) da
Q Q

=1

2
“1‘/9/23/ (KN(Ul-n—UO-n)n+KTZ<U1-Ti_uo-'ri),ri> '(U1—Uo)d5(y)dx (26)

:/ fdy-vgdx+/ fdy-vldx+/ g-hovodS(x)+/ g - hivy dS(x)
QJY, QJY; Iy Iz

whereby
3
(A™™)ijkn :/Y aijen(y) = D ijim (ey(Xﬁh))lmdy
o I,m=1

and X" € [Hl(Ya)]g, I,m € {1,2,3} is the unique solution of

<_ Z?’:l aiyj [(Aey(XZn))ij - az’jlmDKKS =0 inY,,
<_ Z?:l [(Aey(xgn))ij - aijlm] nj>1<i<3 =0 on Xy,
xX‘™ is Y-periodic with My, (x'™) = 0.
for o € {0,1}.
Proof. This result can be shown in the same way as in the proof of O
Similar to [I7, Theorem II.1.1], it can be proven that there exist aho™, ghom qhom = ghom ¢

R with 0 < ofom < ghom 0 < ohom < ghom guch that ARO™ € M(afo™, ghom Q), Abom ¢
M (a}f‘)m, B{‘Om, ). With this fact we are able to prove the uniqueness of the solution of .

Theorem 4.20. There exist unique solutions ug,u; € [Hl(Q,Fl)]S of the macroscopic problem
Proof. The proof is analogous to that of [Theorem 4.14 O

Remark 4.21. As in the disconnected case, we can generalize the result under the assumptions

that A* = A(-,2) € M(a,3,9Q) and TF(A®) — By a.e. in Q x Yy and T5(A®) — Bo a.e. in
Q x Yy. The homogenized problem is the same as above but the cell problems and the definition

of the homogenized tensors Agom and AY™ need to be adjusted in an analogous fashion as in

Remark 4.15,

5. Comparison of the homogenized problem in the disconnected and connected case
and discussion

In this section, we state and compare the strong formulations of the upscaled problems in the
disconnected and connected case and discuss their differences.
In the disconnected case, we only know so far that the solution ug is unique if V x ug = 0

(see [Theorem 4.14]). Thus, we have to prove that a general solution already satisfies the curl-
free condition, which is physically expected owing to the coupling of ug and u; through the slip
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displacement conditions. (The disconnected components cannot undergo rigid-body motions due
to the bond to the connected part.) By using the unique decomposition of functions v € L?(£2),
namely v = Vp + V x w for some functions p, w (for more details we refer to [27]), the interface
term yields the desired result. In the disconnected case (cf. eq. (21)), the strong formulation is
given by: Find wuq,ug such that

2
-V (A?Ome(u1)> Jr/E Kn(uy —ug) -nn+ Ky Z (u1 — up) - 7' dS(y) = / fdy in Q,

i=1 Y1
2 . .
- Kn(u1 —ug) - nn+ K Z (up —ug) - m'7'dS(y) = | fdy inQ,
Sy =1 Yo
Abome(y) . n=g on Iy,
up =0 on I'q,

while in the connected case (cf. eq. (26)), it is: Find ug, u1 such that

2

-V (Akfome(ul)) + Kn(u1 —ug) - nn+ Kt Z (u1 —up) - 7' dS(y) = / fdy in Q,

2y i=1 "
2
-V (Agome(uo)> - Kn(u1 —ug) - nn+ K Z (up —up) - m'7'dS(y) = | fdy inQ,
Sy P Yo
Agome(uo) -n = ghg on I'y,
Abme (1) - n = ghy on I'y,
u; =0 on I'q,
ug =0 on I'y.

Apart from the different boundary conditions at the exterior boundary, the main difference is
that, in the disconnected case, there is no contribution of any homogenized tensor Agom. This
means that no stress is transmitted globally by the material occupying the disconnected domain.
Moreover, adding the two equations stated in ) for the disconnected case makes the interfacial
terms disappear and leaves only the total volumetric forcing given by f in the homogenized elasticity
equation for u;. Nevertheless, as f is a force density w.r.t. volume, the density of the material
does play a role. Similarly, inertial effects are expected to have an impact in the associated time-
dependent case.

In terms of the application to concretes reinforced with short carbon fibres, it is unlikely that
the disconnected case is the correct model. However, it may be anticipated that modelling the
carbon fibres as connected in only one spatial dimension but not in the other two might lead to
a mixture of the two cases, which may lead to appropriate models if realistic unit cells are used.
This, together with simulation results comparing to experimental data, is planned as future work.
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