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Stability and Semilinear Evolution Equations 
in Hilbert Space 

HANSJORG KIELHOFER 

Communicated by J. SERRIN 

Introduction 

In this paper we study semilinear evolution equations in Hilbert space. 
Necessary and sufficient conditions in terms of the spectrum of the "linearized" 
operator, which are quite analogous to known results for ordinary differential 
equations, are proved for the Lyapunov-stability of the time independent 
equilibrium solution zero. Moreover applications to parabolic initial-boundary 
value problems are given for unbounded nonlinearities of polynomial and 
analytical type. (For other stability results within the framework of the "C  "- 
theory", see e.g. [1, 2, 15].) 

Finally the general theory is applied to the Navier-Stokes equations; the 
results include, in particular, a stability theorem of PRODI [17] and an instability 
theorem of SATTINGER [19]. Whereas our improvement of PRODI'S result consists 
only of a stability estimate in a stronger norm, and thus can be considered a 
technical improvement, our instability result (Theorem 1.5) settles a central 
problem, namely the existence of strict solutions whose initial conditions have 
arbitrarily small L2-norm, but which eventually leave a certain fixed L2-neigh- 
bourhood of the rest solution. 

To prove our functional analytic results, we use mainly the theory of semi- 
groups and fractional powers of operators (cf. SOBOLEVSI(n [20]). In order to 
characterize those nonlinearities to which the general theorems apply, the theory 
of interpolation is a main tool (cf. LIONS-MAGENES [14]). 

1. Main Results 

Let E be a real Hilbert space with scalar product ( , ) and norm II II By A 
we denote a selfadjoint and positive definite operator in E, with A -1 assumed 
to be compact. Moreover M will mean a linear operator in E satisfying the 
conditions 

D(M)~D(A ~) for some fl~[0, 1), 
(1.1) 

It Mull <q IIA' ull, u~D(AP), 
where D denotes the domain of definition. (c 1, c z, c 3 . . . .  are some fixed positive 
constants.) In the following we set A = A + M. 
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The semilinear a u t o n o m o u s  evolut ion equat ion studied in this paper  is of  
the form 

(1.2) du _ d u+F(u) ,  
dt 

where F is some nonl inear  ope ra to r  having the following proper ty :  

(1.3) The composi te  opera to r  R = A - " o F o A  -~2 (for some a~ ,azE[0 ,1 )  such 
that  0 < c ~ l + ~ z <  1) is everywhere  defined in E, and is complete ly  cont inuous,  
and either 

(i) R is locally H61der-cont inuous,  that  is, 

[[R(u)-R(v)]I ~ r  g for some ~ ( 0 ,  1] and for all Iiulf, [Jvl] <-_d, or 

(ii) R(u)ED(W) for all u~E, and the composi te  mapp ing  W o R  is cont inuous  
in E for some fixed e~(0, 1). 
Under  these assumpt ions  one can guarantee  the existence of a local solution of the 
equat ion  

d (1.4) - -  A - ~' u -- - A l - ~' u - A - ~' M u + A - ~' F(u), 
dt 

where d/dt denotes  s t rong differentiation in E. 
The  solvabil i ty of  (1.2) is included as the special case ~ =0 .  When cq >0 ,  

(1.4) can be t ransformed into (l.2), provided a weaker  not ion of differentiation 
is used (for a detailed discussion, see [10]). 

If  E is f ini te-dimensional  and [JF(u)H=o(riuH), then the real parts of  the 
eigenvalues of A complete ly  determine tile stabili ty of  the trivial solution u =0 .  
This result can be generalized to infinite-dimensional spaces, everi if the non- 
linearity F is unbounded .  

Since stabili ty depends on the chosen topology  as well as on the not ion of 
a solut ion of (1.4), we shall require some definitions in order  to make  our  later 
results precise. 

We assume that  max(/?, 0~2)< 1 - e l ,  and fix an c~ satisfying 

(1.5) max(/?, : q ) < e  < 1 - ~ 1 .  

Definition 1.1. A m a p  u: [0, T)-- ,E is called a strict solution of (1.4) in (0, T) 
if it satisfies the following condit ions:  

(i) uE C([0, T), D(A~)), 
(ii) A .... u~D(A) for t~(0, T) and A 1 - ' '  u6 C((0, T), E), 

(iii) A -~' u6 C'((O, T), E), 
(iv) u solves (1.4) in (0, T). 

(The not ion of a strict solut ion was int roduced in [9];  we remark  that  our  
Definit ion 1.1 as well as the following one and T h e o r e m  1.3 depend on the 
chosen ~ satisfying (1.5).) 

Definition 1.2. The solut ion Uo=0  of (1.4) is called stable in the topo logy  
of some  Banach  space if for every ne ighbourhood  U of u o there exists a neigh- 
b o u r h o o d  V of  u o such that  every strict solut ion u of  (1.4) with u(0)~ V stays 
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in U for all te  [0, Tin,x); here [0, Tmax) denotes the maximal interval of existence 
of the strict solution u in the sense of Theorem 1.3. 

The trivial solution u o = 0 is called asymptotically stable if it is stable according 
to the first part of this definition and if also u(0)e V implies lim u(t)=0. 

The trivial solution u 0 = 0 is called unstable if it is not stable:  r~,, 
For the statement of instability (Theorem 1.5) we need the following existence 

theorem. 
Theorem l.3. I f  u(O)ED(A~), where ~ satisfies (1.5), then (1.4) has a strict 

lira IlA~u(t)ll = oo. solution in some non-empty interval (0, Tin,x). I f  Tma x < oo, then ~ t r~,~ 
< 1  Theorem l.4. Let f l=x, ~1=0, and [IR(u)ll =o(llu[I). I f  every point of the 

spectrum of .,~ has a positive real part (Re a(.4)>0), then the solution Uo=0 of 
(1.2) is asymptotically stable in the topology of D(A~), where ct satisfies (1.5). 
Moreover, if 11-4 ~ u(0)ll <,5 (0 we have 

(1.6) UA~ u(t)ll <e  e -b', te[O, oo), 

for some value 6(e). The value b > 0  is determined by the spectrum of ,4, namely 
0 < b < R e  a(/i). (Such a value b exists in view of Lemma 2.1 and Corollary 2.2.) 

< 1  Theorem l.5. Let fl=~, , 1=0 ,  and I[R(u)ll=o(llull). I f  there exists a point 
of the spectrum of ,4 with negative real part, then the solution Uo=0 of (1.2) is 
unstable in the topology of E. 

Thus there exists an % > 0  such that in every neighbourhood of Uo=0 in 
E we can find an initial condition and a corresponding strict solution of (1.2) 
such that [lU(to)[I > %  for at least one t0e[0, Tmax). 

Theorems 1.4 and 1.5 are generalizations of the results in [12] where they 
are formulated and proved for the special case of the Navier-Stokes equations. 

2. Proof s  o f  the Stabil i ty  Resul ts  
In this section we prove Theorems 1.4 and 1.5; the proof of Theorem 1.3 

can be found in [11] or [10]. We always assume fl< 89 ~1 =0,  and IIR(u)[I =o(llull). 
Lemma 2.1 (PRODI 1-17]; for proof, see also [12], Lemma 3.9). ( i ) / t = A + M  

(where D(A)= D(A)) is a closed operator in E. 
1 (ii) I f  - Re # + ~ (Im #)2 _ c 2 > 0, then p is in the resolvent set P(,4) of ,4 and 

IL(A-.t) -~ II____! - R e . +  (Im.)2-c~ 
c l 

(c t is determined by (1.1)). 
1 2 2 (iii) I f  - R e  # + ~ ( c s - c l ) > O ,  then p lies in P(/l) and 

I] (,4 - p t ) - l l [  < ( - R e  # +  89 2 - c2))-  ' ,  

where c 3 is any real constant such that c 3 tlull < []A ~ u][. 
(In order to formulate this and the following Lemmata the real Hilbert 

space E is made complex in the natural way and the real operator _~ is defined 
in the complex space by linear continuation.) 
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Corollary 2.2. The spectrum a(,4) of ,4 consists of eigenvalues having finite 
multiplicities, with infinity as their only possible cluster point. 

The proof is similar to that of Corollary 3.10 in [12], once we note the com- 
pactness of A- 89 We omit the details. In view of Lemma 2.1, the proof of the 
following result is the same as that of Lemma 3.11 in [12]. 

Lemma2.3. Suppose that Re p > a > 0  for all pea(A).  Then - A  generates 
a holomorphic semigroup e -2t in E such that 

(i) lie -~t u[[ _-<c4(d) e -a'  [lull, t>O,  
(The real constant d can be chosen in the interval (0, a).) 

(ii) [Jde-Atull<c4(d)e-a't-l l lu[I,  t > 0 .  
(Since _4 is real, we can restrict e-~t to the real space E, the properties (i) and (ii) 
still being valid.) 

If all eigenvalues of A have positive real parts, then Lemma 2.3 allows us 
to define fractional powers of.4 as follows (see [3, 20]): 

V[~) jo e t~-' dt, ct>O, 

(2.1) ,~  = (/~_~)_,, O(,~) = R  (.~_~), 

where R(A -~) denotes the range of ,4-L These operators have the following 
properties (see [3, 20]): 

(i) A' .~ru=A~+yu,  ueD(A'+~), ~ , ? > 0 ,  
(ii) .4~ e-Atu=e-At ,4"U,  uED(A~), t>O, 

(2.2) 
(iii) l i d  ~ e -2t ull <c~ (d) e -at t -~ Ilull, t > 0 ,  
(iv) IId~ull<c6llulll-~lldull ~, ueD(A), 0 < ~ < I .  

Since M = 0  satisfies condition (1.1) with any fl, the operator A has the same 
properties as A. 

Lemma 2.41 Suppose that Re a (A)> 0. Then A ~ ,4- ~ is a bounded linear operator 
in E when 0 < ~ < y < 1 or when o~ = 7 = 1. 

The proof is the same as that of Lemma 3.12 in [12]; note however that the 
spectral representation of A ~ is here required. 

For the following main proofs it is convenient to observe that the principal 
assumption IIR(u)II =o(llurl) implies that there exists a convex function co in 
CI(IR) such that co(0)=co'(0)=0 and 

(2.3) IIR(u)ll =< co ( llu [I ) 
in a neighbourhood of the origin. 

Proof of Theorem 1.4. Let u be a strict solution of (1.2) in its maximal interval 
of existence (0, Tmax). Then v = A~u satisfies the integral equation 

(2.4) v(t)=e -at v(O)+ i a  ~ e - a t ' - s } { - M A  -~ v(s)+R(v(s))} ds. 
o 
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Since v is continuous on [0, Tma, ), in view of (1.1), (1.3), (1.5), and (2.2(iii)) (for A 
instead of ,4), the right hand integral surely exists. The fact that A" is closed 
allows us to commute integration with application of A ~. Moreover, since u 
satisfies the relation t 

u ( t ) = e  - 2 '  u(0)+ ~ e -~(t-~) R(v(s))  ds,  
0 

we get a second integral equation for v, namely 
t 

(2.5) v ( t ) = A ~ e - J ' t A - ~ v ( O ) +  ~ A ~ e - J ' ( t - ~ ) R ( v ( s ) ) d s ,  t~(O, T,,ax ), 
0 

For the existence of the integral in (2.5) one needs the estimate 

( 2 . 6 )  I[A~e-A*u[l<=cT(d)e-at t-~l lul[ ,  t > 0 ,  

which can be shown as follows. 

] lA~e-~ ' tu[ l~c6J le -X 'u l l l -~ lJAe-~"u lJ  ~ ((2.2(iv))for A) 
<--Csl[e-a'u[Jl-~llffle-a'uiL~ (by Lemma 2.4, a = ? =  1); 

(2.6) is now a consequence of the estimates of Lemma 2.3. 
In the following we set w ( t ) = e  b' v(t), where b is a fixed constant in the open 

interval 0<  b < d  <a_< Re a(A). The relation (2.4) leads to the estimate (see (1.1), 
(2.2(iii))) 

t 

IIw(t)][ <= e -(d-b' '  Ilv(0)ll +c9 i e-(a-b)( ' -  ")(t-- s)-~ { [lw(s)]l + eb~ I[n (v(s))[I } ds. 
o 

By the assumptions on R and ~o (see (2.3)) we have 

e b~ [IR(v(s))l[ <_e b~ o(ILv(s)]l)<=oo'([Lv(s)L])qke b~ v(s)]l =< to'(I]w(s)l])][w(s)ll, 

which gives in turn 

IIw(t)l[ ~ e -(d-b)' Ilv(0)ll 
t 

(2.7) +% S e-(a-b)(*-*~(t-s)-~{llw(s)ll +o'(qlw(s)lL)IIw(s)ll} ds. 
0 

From (2.5) and (2.6) we have 
t 

= e -(a-b)t t -a  e-(d-b)(t-s)( t  (2,8) IIw(t)ll < Cto Ilv(0)[I +c7 {. - s )  -~ ~o'(llw(s)[]) IIw(s)ll ds 
0 

for te(0, T,,ax). By (2.7) there exist constants ~o >0  and ~1 >0  such that for every ~, 
0 < e___ E l, II v (0) 11 _-__ 6t (e)- e/3 implies 

(2.9) IIw(t)ll<e, teE0,%]. 
~o 

We choose T o and el so small that c 9 ~ e -(d-b)~ s -~ d s<  89  and o ' ( e0<  1. Thus 
0 

the set 11 = {tlt~[0, ro], [Iw(s)ll_-<~ for s~[0, t]} is closed and open in [0,%]. 
(The existence of w up to the fixed value z o is guaranteed by Theorem 1.3.) 
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For t > ~o, we see from (2.8) that 
1 

flw(t)l[ < q t  IIv(0)ll +c7 ]" e - ( d - b ) { t - s ) ( t - - s )  -a  ~o'(llw(s)ll)IIw(s)ll ds. 
0 

Moreover, by (2.3) there exists a constant e 2 > 0 such that 
oo 

c 7 of(e)~ I e-(d-b)" s-~ ds < 89 
0 

for all ~, 0 < ~ < e  2. Thus, if Ilv(0)[] <62(0=-e/2c u, the set 

I2={tl te[Zo, Tmax), Hw(s)ll-<~ for se[O, t]} 

is closed and open in [Zo, Tmax). 
Now suppose 0<e<min(el,e2). Then I2 =[Zo, Tmax) and IIv(0)ll <min(fil(e),62(e)) 

implies 

(2.10) Plw(t)l[ ~e ,  re[0, Zmax). 

By Theorem 1.3 we get Tmax= 0o and (2.10) gives us (1.6) with 0 < e < m i n ( e  1, e2) 
and 6=rain(61, 62). 

Proof of Theorem 1.5. We assume that the solution Uo = 0 of (1.2) is stable 
in E and that there are eigenvalues of 4 with negative real part. By Lemma 2.1 
and Corollary 2.2 there are only a finite number of such eigenvalues and also 
at most a finite number of eigenvalues with vanishing real part. Let P be the 
projection corresponding to the "nonpositive" part a_(A) and let Q = I - P  
be the projection corresponding to the "positive" part a+ (4) of the spectrum 
of A. Let A1 and 4 2 b e the parts of 4 corresponding to the direct sum E = PE@ QE. 
Then a (A1)= a_ (4) and a (-42)= a+ (4) (see Theorem 6.17 in [8], p. 178). 

By Lemma2.3, - 4  2 generates a holomorphic semigroup in QE with the 
properties listed there. Therefore fractional powers of 4 2 with the properties 
(2.2) can be defined in QE, and, according to a slightly modified version of 
Lemma 2.4, A ~ 4~ -~ is a bounded operator from QE into E if 0<  a < 7 < 1. Since 
PE is finite-dimensional, every linear operator defined on PE is a bounded 
operator. 

Now let u be a strict solution of (1.2) in [0, Tmax) with Q u(0)=0 (which exists 
by Theorem 1.3). Then we have 

d d p u (t) = - . 4 ,  P u (t) + PF(u (t)) 
dt 

(2.11) d 
dt Qu (t) = - ,42 Qu (t) + OF(u (t)). 

Again setting v = A ~ u, we get 

O u(t)= ~ e -'i~``-~) QR(v(s))ds, 
0 

and for a < 7 < l  
t 

A~ Q u (t) = ~ A~2 e- ~ {'- ~' QR (v (s)) ds, t e [0, Tmax). 
0 

12 Arch. Rat. Mech. Anal., Vol. 57 
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(This relation implies that Qu(t)eD(,4~).) We define w=ei~2Qu; by the con- 
tinuity of R (v) and the dominating estimate for the integrand (see (2.2(iii)) for "42) 
it can be shown that w is continuous in [0, Tmax) (see [11]). Using the convexity 
of co, the boundedness of A ~ on PE, and the boundedness of A ~ A~ ~, we get the 
following estimates: 

t 

IIw(t)ll < q 2  ~ e-e( '-~)(t-  s) - ~ I[ R (A~ P u(s) + A~ ft2 ' w(s))ll as 
o 

t 

(2.12) < C12 ~ e -ar - -  S ) - '  r l[ P u(s)[] + c1411 w(s)][) ds 
0 

t 

< F(t) +  89 ~ e-~"-~)( t -  s)- ~ co(2ct, LIw(s)ll) as, 
0 

where 
t 

F(t)=  89 Cta ~ e-a(t-~)(t - s) - ~ co(2cla LIP u(s)ll) ds. 
0 

(Here d is determined by the "positive" spectrum of / i  s, namely 0 < d < Re a(A2). ) 
Because of the assumed stability of Uo=0 in E, we have 

(2.13) Lieu(Oil<5, te[0,  Tmax), whenever [lu(0)lL<6(~), 

for some suitable fi(e). In the course of the proof we shall place certain further 
restrictions on e. 

Next we claim that there is an 50>0 such that 

(2.14) Ilw(t)ll<2F(t), tel0,  Tmax), 

whenever 5_-__ %. To prove this, define 

I~ = {tltel-0, Tmax), IIw(s)ll <2F( t )  for sE[0, t]}. 

For te l t  we get the following estimates, using (2.12), (2.13), and the properties 
of R (see (2.3)): 

I[ w (t)[I < F(t) + 2 c,2 c,4 c,s co' (4 ct4 F(t)) F(t), 

F(t)<= 89 ct5 co(2ct3 5), 
oo 

where qs  = ~ e-e~ s-~ ds. Again by the properties of co, I[w(t)[I <2F( t )  when- 
0 

ever 0 < e < 5  o, which shows that I~ is closed and open in [0, Tmax), hence 
11 = [0, Tma~). Inequalities (2.14) and (2.13) imply that A ~ Q u = A ~.42 r w is bounded 
and therefore that A ~ u is bounded in E on [0, Tma 0. Thus Tmax = oo by Theorem 1.3. 

The projection PE is n-dimensional. Moreover to every positive ~/ there 
exists an isomorphism j: P E ~ C  ~ (PE is made complex in the natural way) 
such that the matrix ofj  A t j -  t = B (relative to the canonical base o f ~  ") is triangular, 
with the eigenvalues of A t in the main diagonal and with its below diagonal 
elements bik (i < k) satisfying 

~ l b i k x ~ i l < t / I x l  2, xell;"; 
i < k  

n 
x 2 here  Ix[ 2 =  ~ l  il , x = ( x t  . . . .  , x . )  (cf. [183, p. 3ft.). 

i = I  
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Denote the eigenvalues of A~ with negative real parts by 2 t . . . . .  2 k and those 
with vanishing real parts by 2k+ ~ . . . . .  2,. Then Re2~< - q < 0 ,  i=  1, ..., k. Choos- 
ing r/= q/8 and setting j P u = x, we obtain by (2.11) 

dx 
dt -Bx+jPR(v )  

and 

Ixi[ 2 -  
2 dt -i=t i= 

k 
> q  ~ Ixil 2-~ q ]x[ 2 - 2  IJ PR(v)I Ixl 

i=!  

>=~q~lxil2--~q ~ [xi[2-c16~(ct,[xl)[xl-ct6e)(4c,gF(t))[xl 
i= l  i = k + l  

(by the convexity of~o and (2.14)) 
k 

>~q ~ Ix~l 2 - ~ q  ~ Ix~l 2 - q 6  c~7 ~o'(c~s ~)Ixl 2 - q 6  ~0(4c~4 f(0)Ixl 
iffil i = k + l  

(by (2.13) and the monotonicity of co') 
k >~3qElxil2-- 88 ~ [xi[2--c160)(4ct4F(t))[x], 

i=1 i f k + l  

whenever c16 c17 (Dt(CI8 e)<q/8. Because of the properties of ~o' this inequality 
is satisfied for all e, satisfying 0 < e < e ~ < % ,  for a suitable constant et. In the 
following we restrict e to the interval (0, e~]. 

Setting 
t 

g(t)= 89 Ix(t)l -~ j" e-d~t-~(t--s)-ro~(clvlx(s)l)ds, x(0)*0,  
0 

we find that F(t)<g(t)lx(t)[ in a positive neighbourhood of t=0 .  Therefore 

Ix, I 2 -  Ix, r 2 >( 88 ~0'(c19 g(t)5)g(t)) ~, Ixil 2 
2 dt-i=1 i=k+l i=1 

- - ( l q + c l 6  fO'(Cl9 g(t) e)g(t)) ~ IX,I a, 

where again (2.13) is used. i=k+~ 

Since g is continuous and g(0)= 0, the interval 

12 = {t[cl6 of(ct9 g(s) e) g(s)< q/4 for sE [0, t]} 

is closed. It follows that 

2 dt ~ Ix'l~- > 89 Z Ix, I 2 -  , 

12" 



158 H. KIELHOFER 

that is, 

Ix(t)l 2 ~ ~ [xi(t)[ 2 - Ixi(t)l 2 
i=1 i ~ k + l  (2.15) 

> ( ~ Ix,(0)l 2 -  ~ [x,(0)l 2) e q' on I : .  
\ i = 1  i = k + l  

The initial condition is chosen so that (2.13) is satisfied and 

i = l  i = k + l  

This implies that I x(s)l strictly increases on 12 and that g(s)< 89 c12 c 15 cl 7 ~o'(c~ s ~) 
on 12 . Hence for a suitable constant e 2 < ~ < t o we have 

c16 09'(c19 g(s)e.)g(s)<q/4 on 12, 

whenever 0 < e < e  2. Thus 12 is also open. It follows that Iz=[0,  ~).  But then 
(2.15) contradicts the assumed stability of uo=0 in E, since the initial data in 
PE can be chosen arbitrarily small. 

3. Applications 
Let fJcIR" be a bounded domain whose boundary ~f2 is a smooth n - 1 -  

dimensional manifold, and let A be a strongly elliptic, formally self-adjoint 
differential operator of order 2p. The coefficients of A are smooth r • r-matrices 
on ~, and the operator A acts on vector-valued functions u. As an operator 
in E = Ho(Q ) = L 2 (f2) r, it is assumed to be self-adjoint and positive definite, and 
its domain of definition is assumed to satisfy 

(3.1) D(A) CH2p(O ) 
where the embedding is continuous. By Rellich's embedding theorem, (3.1) 
implies that A-1 is compact in Ho(f2 ). 

As a special case, we consider operators A with domain of definition 
D(A)=H2v(f2)nfflv(~2), the restriction to /-Ip(O) corresponding to zero data 
Dirichlet boundary conditions. We suppose that A satisfies G~rding's inequality 
in its strong form (which can be achieved by adding a suitable constant to A), 
that is, 

n(u)>>_cl[all~, u ~/:/v(O), 

where B is the bilinear form generated by A and c a positive constant. The 
inclusion (3.1) then follows from standard estimates for elliptic Dirichlet problems. 
(We remark that more general homogeneous boundary conditions could also 
be allowed.) 

Let M be a linear differential operator (with continuous coefficients) of order 
m < p. Then the estimate 

m 
(3.2) IlMullo<Clilaaullo, -~p<3,  

is valid, where II [I o denotes the norm in H 0 (f2) (see (3.5) below). 
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With the notation 
u = ( u  l . . . . .  u'), D r U =(O~,, u 1, . . . ,  D~r ur), 

]l?]r = max(];'l], ..., ['I]), and ]?il =length of the multiindex 7 i, 

we may state the next theorem. 
Theorem3.1. Let  T: IR~• ... • ~ , _ _ , p r  be a k-linear map, where k satisfies 

O<k 2 p -  + - - .  
2 

I f  ~ II?~ll<k +~- ,  O<IIT~Ip<2p, then there exist exponents o~, 
v = t  

0 < ~ < 1, such that 

II T(D,I, Ul . . . . .  D~k u,)ll o =< C2o ]l A" U 1 [I 0' '" [I A "~ Ukll o 
.for u~ED(A~),  v = 1 . . . . .  k. 

In particular, i f  N 1 = {vt2p-H?~I[ > n/2}, N z = {v[2p-[[?~H < n/2}, the expo- 
nents ~ ,  v E N  t, are determined by 

(3.3) ( k - 1 ) 2 < 2 P {  ~ e~+ Z ( 1 - 0 0 } - {  Z t[~[l+ Z ( 1 - 0 0  II?~ll} 
v ~ N1 v ~ N 2  v  9 N 1 y e N 2  

where O~ are some constants chosen in the open interval (0, 1), and the ~ for  y e n  2 
are determined by 

(3.4) I -0 , .  ( 1 - ~ ) < ~ <  1. 

Proof. We shall use the theory of interpolation spaces as presented in [14]. 
Here we follow the notation in [14], replacing the spaces H~([2) and Lt([2 ) by 
their r-fold Cartesian product. The proof will be given in three steps. 

(1) The space H~([2) for real s is defined as the interpolation space (or inter- 
mediate space) between H,, ([2) and H o ([2): thus 

H~([2)=EHm(s o with ( 1 - O ) m = s ,  m ~ l ,  0~(0, 1). 

We first show that 

(3.5) D(A~)cHs(Q) ,  s _<~<1. 
2 p -  - 

(Here and in the following, inclusion denotes a continuous embedding.) In fact, 
for s = 2 p ,  a =  1, (3.5) is exactly the assumption (3.1). For s = 2 p ( 1 - 0 ) ,  0~(0, 1), 
we apply the "Interpolation-Theorem" 1.5.1 in [14] to obtain 

Hence 
id e s (A), H 2 v ([2)) • s ([2), Ho ([2)). 
id e s (A), " o  ([2)30, [H2, ([2), Ho ([2)]o) = Aa( D (A' - 0), Hs ([2)) 

where Theorem 1.6.1 in [14] has been used (~f(E, F)denotes the space of bounded 
linear operators from E into F). Since D (A ") c D (A 1- 0) for 1 - 0  < ~, (3.5) is proved. 
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(2) Next we claim that 

Dr~(D(A'~),  L,, (a)) 
with 

(3.6) Ily,ll2p ~ 4-p-p n (1 - ~ ) _ _ < a , <  1 2  

1-0v  (1-IIM~Ii ~ < 1  
2p / -  

where O,e(O, 1) and t, satisfy 

for some t v > 2 

for veN~, 

for y E N  2 

Drfi  L~a(ED (A), O (A~)]o~, [Lq. (f2), L 2 (O)]o~). 

In [13], Theorem 4.1, it is shown that 

1 1 - 0 v  4 0~ [L~ (12), L 2 (O)]o~ c Ltv (12) with - -  = t~ qv 2 " 

Since D (A ~) ~ [D (A), D (Aa~)]0~ for 1 - 0,(1 - fly) < a, (see [14], Theorem 1.6.1), the 
relations (3.6) are proved. 

3) By the k-linearity of T and H61der's inequality we get 

II T(Dr, ut . . . . .  Dr, Uk)l[O < Czt [IDr, ul IlL n ~m"" II DrkllkHLek(O) 

Let v e N  t . By the fact that a function in H~(O) can be extended to a function in 
H , ( ~  n) and that this extension is continuous as an operator from H~(t2) to H~(IR") 
(see [14], w 1.9.1), we can use Sobolev's embedding theorem for the interpolation 
spaces. Applying Theorem 8.1 in [16] yields 

2n n ns(o)  c L,(f2) for t < - - ,  s < - - .  
- n - 2 s  2 

This implies Dry e .W(H s (O), Ltv (f2)) with 

2n n 
t~__< n - 2 ( s -  [[G4[) , s -  I[GII < ~ - <  2 P -  [17v1[, 

or, according to (3.5), Dr E .~'(D(A~), L,v(f2) ) with 

l[7~il n [ 2 s 
2p G l = 2 p  - 

Now let v ~ N  2. By (3.5) we have DrfiLe(D(Aav ), Ho(f2) ) with/3~= l[?~l[/2p; by 

(3.1) and Sobolev's "usual" embedding theorem we get 
2n 

Drfi&e(D(A),Lqv(f2)) with 2<G__< n-2(2p-llV~[I)" 

Application of the "Interpolation-Theorem" then yields 

1 1 - O~ O~ 2 n - - =  +-~--, q ,<  
tv qv = n-2(2p-II~vtl)  
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• 2 
with ~ - - =  1. If there are numbers 0% 0~e(0, 1) such that 

v=l tv 

~ ( 1 - 2 ( 2 p ~ - I l y ~ [ I ) ) +  ~ [ ( 1 - 0 , ) ( 1 - 2 ( 2 p -  117~,[)) +0v]-<l  

(this being equivalent to (3.3)), we can find some t v >2  satisfying the conditions 

of (3.6) and ~ ~ 2 =  1. Then (3.6) completes the proof, since by the assumption 
v=l tv 

k 

( k -  1 ) 2 < 2 p k -  ~ ][TvJ[ the condition (3.3) can be fulfilled for some ~v, 0~(0,  1). 

Example. Suppose n = 3, p = 1, k = 2, I171 J[ =0, 1172 I[ = 1. For 02 = 89 we find by 
(3.3) and (3.4) that ~ =  8 9  ~ z =  3. For 02= 3 we get ~ = ~ 2 = ~ .  The estimate 
[l(u" IX)ullo<cz2 [IA~ul[o IIa~ullo ( r = n = 3 )  can be found in the paper of KATO & 
FUJITA [9]. 

If the nonlinear operator F is of the form 

F(u) = T(Dr, u I . . . . .  Dr k Uk) 

as in Theorem 3.1 (or a sum of such multilinear terms), then the evolution equation 

d 
(3.7) - -  u = - . 4 u  + F(u),  A = A + M ,  

dt 

in the Hilbert space E = H o (12) fits into the framework of the first section, and for 
k > 2 the stability theorems stated there are valid for equation (3.7). 

If we take E = ] ( f 2 ) = { u e H o ( f 2 ) , d i v u = O ,  u,teo=0 } (u, denotes the normal 
component of u on the boundary), I2cF ,  3, A = - P A ,  where P: Ho(12)~I(f2 ) 
denotes the orthogonal projector, and consider the operator M u = M ( v ) u =  
P ( ( v . l Z ) u + ( u . V ) v )  with some stationary (smooth) solution v of the Navier- 
Stokes equations, then we obtain existence and stability results for the equation 

d 
(3.8) d--t- u = - A u  - P((u . IX)u), 

the Navier-Stokes system written as an evolution equation in E = ](0). In parti- 
cular, we get stability results for v in the topology of D(A ~) with ~ = ~ < 1, provided 
Re a( / i )>0.  For details we refer to 1-12]. 

PRODI [17] proved the stability of v in the topology of D(A*), Iooss [7] in the 
topology of D(A), and SATTINGr~ [19] in the topology of E. (Of course, the classes 
of solutions considered by these authors differ from ours.) 

We next show that PRODfS stability result for the Navier-Stokes equation (3.8) 
is a consequence of our result. Let u be a solution of (3.8) in the sense of PRODI. 
Then u solves the following integral equation in E = ](g2): 

t 

u (t) = e -  A tU (0) + S e -  ACt- s) { _ M u  (s) + F(u ( s ) ) }  as 
0 



162 H. KIELHOFER 

with u(O)eD(A 89 F(u)= -P( (u"  V)u). Here we use the identity 

I?1~,~(f2) = c ln~cm {ue C~(f2), div u =0} = D(A ~) 

(see [9], [12]). Since u(to)eD(A)= Hz(O)m/~,,(O) for t o >0, the integral equation 

v (t) = e -  Air-to) u (to) + i e -  a<,- ~, { _ M v (s) + F(v  (s))} as 
to 

has a strict solution veC{[t o, T=,,), D(A=)) for some fixed ~, ~ < ~ < 1 .  By the un- 
iqueness of PRODfS solution, v must coincide with u for te[t o, T,~.x ), Since to>0  
can be chosen arbitrarily small and T=~ does not depend on it, we have 
. e c ((0, T=~=), a (a=)). 

(~, ~), Then for t > 0 we In the following argument we fix an ~ in the interval s 2 
get the estimate 

t 

(3.9) liA~u(t)lio <t3~-~HA~u(O)l]o Jr 5 (t-s)-~{I}A~u(s)}}o+[tA~u(s)l]~} ds 
0 

where we used (3.2) for/3 = a. 

If we define T by the equation B~T~-2~+ TI-~ --=1/2C23 , B 1 =B(1--~Z 3 ,2 cz) 1--0t 
(B = the Beta function) we show that 

(3.10) IIA'u(t)llo<(t*-'+ 1)[IA~u(0)llo for re(0, T],  

whenever 
T ~-~ \-1 

(3.11) ,{Aaeu(O)[,o<~4~23(B2T2-Za+-~-~--~), B2---B(1 - 0g 2 -  200, 

is satisfied. In fact, in view of the continuity of A ~ u, the set 

I =  {re(O, T]{(3.10) holds for se(0, t]} 

is closed in (0, T]. For tel  (39) and (3.10) yield 

IIA~u(t)[Io < t&-~lla~u(O)l]o +c23 i (t-s)-~(s~-~ + l)dsllA~ u(O)llo 
0 
t 

+2c=3 J (t-s)-=(st-Z~+l)dsllA~u(O)ll2o 
0 

< (t ~- ~ + 1) II A ~ u (0)11 o 

by the assumptions on Tand  IlA-~u(O)J]o . This shows that I is also open in (0, T], 
and hence I = (0, T]. Thus Theorem 1.3 guarantees the existence of u in (0, T]. 
Consequently T < Tm~x whenever (3.11) is satisfied. Applying {3.10) we get 

(3.12) I[A~u(t)l[o<__c24(llh+u(O)11o + IIA~ u(0)]l~), tel0,  T] ,  

whenever (3.11) is satisfied, 
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Now suppose Re a(,4)>0 and let e >0  be arbitrary. Then by Theorem 1.4 we 
have 

(3.13) Ila~u(t)llo<ee -b"-r) for tE[T, ~ ) ,  

whenever IIA~u(T)llo<~(e). Because of (3.10) and (3.11) IIa~u(T)llo<6(e) is im- 
plied by ItA~u(0)llo <~1(~) for some sufficiently small 61(e). Finally, by (3.12), we 
have 

(3.14) IlA~u(t)l[o<e for ts[0,  T], 

whenever [I A~ u(0)llo < 62(~). (3.13) and (3.14) mean asymptotic stability in D(A~); 
by (3.13) we even have a stronger result for tE[T, ~).  

SATTINGER'S stability result (see [19]) is not included in Theorem 1.4, since he 
considers weak solutions of Hopf-type. It is still an open problem whether these 
solutions coincide with strict solutions. On the other hand, Theorem 1.5 includes 
the instability result in [19], since we show (in the case of eigenvalues of A with 
negative real parts) the existence of strict solutions of (3.8) whose initial conditions 
have arbitrary small Lz-norm, but which leave a certain fixed L2-neighbourhood 
of the solution u o --0 for at least one value t o in their maximal interval of existence. 

The estimate (1.6) and the continuous embeddings D(A ~) c Hs(O ) for s/2p< 
and Hs (f2)c C O (~) for s > n/2 (see (3.5) and [14], Theorem 1.9.8) give 

sup In(t, x)[ < E e -b' 

whenever I]A'u(0)l[o<6(e) and n/4p<~<l .  In the case n=3,  p = l  we therefore 
have uniform stability for  88 < a < 1. 

Since we consider only zero boundary conditions, we have 

/42 v ((2) c D (A), 

which by the "Interpolation-Theorem" yields 
1 

(3.15) I:I,(O)~D(A'), a< s s4: integer + - -  
= 2 p '  2 

(see [14], Theorem 1.11.6). The conditions u(O)ED(A ~) and I[A'u(O)l[o<b(e) can 
therefore be replaced by u (0)~/4~ (O) and [[ u (0)[I, < 3'(e), where s is defined by (3.15), 
and 6'(e)=c25 6(e), where c2s IIh~ull0_-< Ilull~. 

Another example is the following: It is known that the Hilbert space E = D(A) = 
H2v(O)c~I:lp(f2 ) (for r =  1) is a Banach algebra for p>n/4, i.e. [luvll <c2611ull Ilvll 
(see e.g. [10]). Let us suppose that f is a real analytic function on the real axis and 
that f (0 )=  0. Then the nonlinear operator defined by F(u)(x)= f(u (x)) maps every 
function in E onto a function of E. Moreover the operator F is locally Lipschitz- 
continuous in E and it therefore fulfills (1.3 (i)) with ~ = 1. In this case we do not 
require that R = F be compact because we can apply the contraction principle 
without further difficulty. (The class of nonlinearities in E satisfying condition (1.3) 
can be generalized as follows: if f e  c,2~+~tm~ and f (0 )=0  then the operator F is ~loc ~n-~] 
locally H~lder-continuous in E with exponent ~ (see [10]). The compactness of 
A- "~ for any ~2 > 0 induces the compactness of R = F o A-'2.) 
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Let  u o be a solut ion of  the p rob l em 

Auo+e"~ in f2 

Uo=0  on ~f2 

where f2 c R" ,  n < 3. The existence and nonuniqueness  of such solutions were 
first studied by G~'FAND [6]. We assume that  uoEHa(f2). 

The quest ion of the stabili ty of  u o, that  is whether  solutions of 

dv 
- A v + e  v 

dt 

vL~=0, vl,=o=V0 
converge to u o as t tends to infinity whenever  Vo is "c lose"  to u o, can be answered 
as follows. Setting v(t)=Uo+U(t), we study the stabili ty of  the solution u = 0  
of  the equat ion  

du - Au+e~Ou+e .O(e ._u_ l )  
dt 

in E = D(A), A = - A. (Since 2p = 2 >3>n/2  we have sup ]u(t, x)] < c26 11 U(t)l[O(a), 
x6ff2 

which shows that  differentiation in E implies uni form classical differentiation 
with respect  to t.) 

Let  2 t > 0  be the smallest  eigenvalue of A = -  A. Then the smallest  eigen- 
value of A = - A - e "~ (with D (/i) = n 2 (f2) n / ~  1 (t2)) is positive provided 

max  Uo(X)< log 2 t . 
x6O 

By Theo rem 1.4 this is a sufficient condi t ion for the stability of  u o in the topo logy  
of D(A ~§ for any a e [ 0 ,  1). On the other  hand, i f / i  has a negative eigenvalue, 
then u o is unstable in the topo logy  of D(A) by T h e o r e m  1.5. A sufficient condi t ion 
for this to occur  is 

min  u o (x) > log 2 t . XE.O 

For  a different and  more  refined app roach  to this problem,  see FUJITA I-4, 5]. 
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