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On Homogeneous Manifolds of Negative Curvature

Ernst Heintze*

1. Introduction

As Kobayashi ([4]) has shown, a connected homogeneous manifold
of negative curvature (HMN) is simply connected and therefore diffeo-
morphic to a euclidean space. Although the topology of these manifolds
is trivial there are interesting examples, namely the rank one symmetric
spaces of non-compact type: RH", CH", HH", and CaH?. Till now it
was an open question whether these examples already exhaust the class
of HMN.

The purpose of this paper is to give a description of the class of HMN.
In § 2 it is shown that such a manifold may be viewed as a solvable Lie
group with a left invariant metric and therefore may be described
equivalently as a solvable Lie algebra with an inner product. The question
which Lie algebras actually do occur, is answered by:

Theorem 3. Let g be a solvable Lie algebra. Then the following
conditions are equivalent :

(i) g admits an inner product with negative curvature,

(1) dimg=dimg' — 1, and there exists Aqeg such that the eigen-
values of ad A,/q’ have positive real part.

Theorem 2 yields the existence of many non symmetric HMN if one
knows the structure of those solvable Lie algebras which correspond to
the rank 1 symmetric spaces of non-compact typ. These Lie algebras are
determined in § 5 and one gets as a by-product an elementary classification
of the rank 1 symmetric spaces, which does not use root systems at all.

As a final application it is shown that a Kihler HMN is necessarily
symmetric, i.e. isometric to the complex hyperbolic space. This implies
for example, that a homogeneous bounded domain, endowed with the
Bergmann metric, has negative curvature only if it is symmetric.

2. HMN as Lie Groups with a Left Invariant Metric

Wolf ([7]) proved that a connected homogeneous manifold M with
non-positive curvature admits a transitive solvable group of isometries,
Therefore we may represent M as M = G/H, where G is a connected,

* This work was done under support of the ,,Deutsche Forschungsgemeinschaft.
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closed, solvable subgroup of the group of isometries of M and H a
compact subgroup of G. By the structure theory of solvable Lie groups,
G is the semidirect product G= LK of a k-solvable, closed, normal
subgroup L and a compact subgroup K. (A Lie group is called k-solvable
if it is solvable and possesses a normal compact subgroup T with L/T
simply connected. T is then central and the unique maximal compact
subgroup.} By a Theorem of Cartan, K has a fixed point, so that already L
is transitive on M. Hence we may represent M as M=L/H" with L
k-solvable and compact. Since H' is normal in L and L C I{M) is effective
on M, H’ consists only of the identity. Thus we have (see also Heintze [3]):

Proposition 1. A connected homogeneous manifold of non-positive
curvature can be represented as a connected solvable Lie group with a left
invariant metric.

By a Theorem of Kobayashi ([4]) a HMN is simply connected and
hence may be represented equivalently as a solvable Lie algebra with an
inner product, i.e. with a positive definite, symmetric bilinear form.

Let us define the curvature K (the curvature tensor R, the covariant
derivative etc.) of a Lie algebra with an inner product as the Riemannian
curvature (the curvature tensor R, the covariant derivative etc.) of the
corresponding connected, simply connected Lie group with left invariant
metric. If (g, <, >) is a Lie algebra with inner product, decompose the
covariant derivative of left invariant vector fields into its symmetric and a
skew-symmetric part:

WY=UX,Y)+3[X,Y],X,Yegq.
U:gxg—gis determined by:
UX, Y), Z)=3<X,[Z, YD + 3V [Z.XT])

forall X, Y, Zeqg.
The numerator of the curvature function is then comptued to:

KX, Y)=(R(X,Y,Y), X}
= JUX, V)* = <UX, X), U(Y, Y - 3 |I[X, Y|
X,Yeg.
The problem is to determine and to describe those solvable Lie

algebras with an inner product for which k(X, Y)<0 for linearly in-
dependent X and Y.
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3. Necessary Conditions

Proposition 2. Let (g, <, >} be a solvable Lie algebra with an inner
product and K < 0. Then the following conditions hold :

(A) dimg' =dimg— 1, where g'=1{[g, q] is the derived algebra.

(B) There exists a unit vector Ay € g, orthogonal to ', such that
Do :g' —q' is positive definite, where D, is the symmetric part of
adAo/g": 9’9"

(C) If Sy is the skewsymmetric part of adAy/g' :g'—¢', then also
D —DySy—8yDy: g —¢ is positive definite.

Proof. (A) Let A+0 be orthogonal to g and X orthogonal to 4.
hen
" KA X) = U )| = 3 L4, X1|? = § LA [4, XT], X

Since the curvature is negative, ad Ay/A* : A*—¢ is injective, and (A)
follows.

(B) Let 4 again be a unit vector, orthogonal to ¢ and Z a non
zero element of the center of ¢'. Note that ¢, as the derived algebra of a
solvable algebra, is nilpotent and therefore has a nontrivial center.
Then it follows for all X e g':

kX, Z)= |U(X, 2)|* - <U(X, X), U(Z, Z))
= |UX, 2)|* - <{X,[4, X]><Z,[A, Z]>,
thereby proving (B).

(C) For X € g’ — {0} one gets

k(AO’ X)= HU(A()s X)HZ - % H[AO: X] “2 - % <[AO’ [A()s X]]a X> .
Now (C) follows directly from [Agy, X]=Dy X +SoX and U(4g, X)
=3(So— Do) X.

Condition (A) implies that g is a split Lie algebra: g=(n, @) with
n=g and P=adAy/g, ie. g={x}+n and [x,y]=P() for yen
Because of (B) the derivation @ is non-singular and g is not nilpotent.

4. Sufficient Conditions

In general the Conditions (A)—(C) are not sufficient. But we have:

Theorem 1. Let (g, <, >) be a solvable Lie algebra with an inner
product and ¢ abelian. Then K <0 if and only if Conditions { A)—(C) hold.

Proof. 1t suffices to prove (A)}—(C) implies K <0. Take an arbitrary
2-dimensional subspace n={14,+uX, Y} of g, where X and Y are
orthonormal vectors of ¢’ and A? + u? = 1. One computes

k(Adg+puX, Y)=22k(4,, )+ p*k(X, Y).



26 E. Heintze

But
p k(Ag, Y)= —{(D§ —DSo—SoD, Y, Y <0
an
kX, Y)=||UX, V)|*- UX, X), U(Y, Y))
—(DyX, Y2 = (Dy X, X> (D, Y, Y5 <0

because of the Cauchy-Schwarz inequality.

Now let (g, <, >) be an arbitrary solvable Lie algebra with an inner
product such that (A)—(C) hold. Thus we have the orthogonal decomposi-
tion g={A4,}+g". For >0 let (g;, <, >) denote the Lie algebra with
an inner product which is the same as (g, <, >) up to

[Ay, X],:=A[A4g,X] forall Xeg =g,

i.e. the inner products of both spaces and the brackets in ¢’ = gj are the
same. Note that g and g, are isomorphic as Lie algebras.

Theorem 2. Let (g, <, >) be a solvable Lie algebra with an inner
product and assume that (A)—(C) hold. Then there exists Ay >0 such that
(83, <, >) has negative curvature for all 1= A,.

Remark. Wolf proved ([6]) that a nilpotent Lie algebra with an inner
product has always planes with positive curvature. Thus the existence
of the element A4, is necessary and the Theorem says that the curvature
becomes negative if the influence of A4, is big enough.

Proof of Theorem 2. Since the Grassmann manifold of 2-planes of g
is compact it suffices to show the existence of a 44(n) >0 for each 2-plane
n C g with K, (n) <0 for all A= 4,4, where K, denotes the curvature of g,.

Let n= {ad, + BX, Y} be an arbitrary 2-plane in g with o® + 2= 1
and X, Y orthonormal in g'. Then

K ()= k;(aAq + BX, Y)=a2k,(4y, Y)+ B2k, (X, Y)
+af2CUNX, 1), Uy(4o, Y))
- 2<U},(A05 X)a UA(Y’ Y)>
- % <[AO: [X’ Y]]l’ Y>
- % <[X’ [AO’ Y]/l]’ Y>
- % <[Ya [Y’ AO]A]’ X>
- % <[AO’ Y]}.: [Xa Y]))
= aZlZ kl(A? Y)+ﬁ212(<X7D0 Y>2—<X7D0 X><Y’D0 Y>
+ﬁ2 cl(Xs Y)+ aBA'CZ(X7 Y) )
where ¢,(X, Y) and c,(X, Y) are independent of A. Now k,(4,, Y)<0
and (X, D, Y>? - {X,Dy X) {Y, Dy Y <0 because of the Conditions (C)
and (B), respectively. This completes the proof.
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Since the Lie algebras g, are isomorphic, the question whether a Lie
algebra admits an inner product with K <0, is reduced to whether it
admits an inner product such that (A)—(C) hold.

Theorem 3. Let g be a solvable Lie algebra. Then the following con-
ditions are equivalent ;

(i} g admits an inner product with negative curvature,

(i) dimg =dimg— 1 and there exists A, € g such that the eigenvalues
of ad Ay/g’ have positive real parts.

Proof. 1t suffices to show that (ii) implies the existence of an inner
product with (B) and (C).

Let X,,...,X,_; be a basis of g with respect to which ad 4,/q
assumes Jacobi normal form. Then it is not hard to see that for suitable
Uy eees Oy ER Ag, 03 Xy, ..o, 00,4 X, determine an inner product,
in which they are orthonormal, with the desired properties.

Remark. One can drop the assumption that g is solvable in Theorem 3.
In fact, if g is an arbitrary Lie algebra with an inner product and negative
curvature, the corresponding connected, simply connected Lie group G is
difftfomorphic to IR" and has trivial center (Kobayashi [4]). Thus G may
be considered as a linear Lie group, which is diffeomorphic to R". Hence,
G is solvable. On the other hand, if g satisfies (ii), g’ is nilpotent and
again g is solvable. This follows from the fact that only a nilpotent Lie
algebra can admit a non-singular derivation.

Theorem 3 gives rise to the construction of many homogeneous
manifolds of negative curvature which are not symmetric (see next
paragraph). One starts with a nilpotent Lie algebra n and a derivation
@ : n—n whose eigenvalues all have positive real part. Then the Theorem
mplies the existence of an inner product on the split Lie algebra (n, @)
such that K <0.

A difficulty arises from the fact that it is not known which nilpotent
Lie algebras actually admit such a derivation. There are few examples
of those which even don’t have a non-singular derivation (Dixmier-
Lister [2]) and on the other hand there is a class of nilpotent Lie algebras
with derivations whose eigenvalues are all positive. That are the so called
homogeneous nilpotent Lie algebras (Deyer [1]).

5. Rank 1 Symmetric Spaces

We need the following two lemmas:

Lemma 1. Let (g, <, >) be a Lie algebra with inner product and
©: g— g a normal derivation. Then also the symmetric part op= 3% (¢ + ¢")
and the skewsymmetric part ¢s= % (@ — @") of ¢ are derivations.
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Proof. Consider the complexification g¢of g and the linear exten-
sions @, @p, Ps: gc— ¢ of @, @p, and @, respectively. Note that ¢,
= @ @p because of o =@ - 0. f «y, ..., o, are the different eigenvalues
of @, let ¢*"={Xegc/pX=o,X}. Thus geg=g"+ --+¢g~ and
[o%, ¢¥]C g™ ¥. Now @p(g*)Ca™, which implies @p/g*=Re(x,;)-id.
It follows that @, and therefore @, and ¢4 are derivations.

Lemma 2. Let (g, <, >) be a Lie algebra with an inner product.
Assume dimg'=dimg— 1 and let A € g be orthogonal to g'. Then V,R =0
if and only if ad A/q’:¢'—q' is a normal endomorphism.

Proof. Decompose ad A/g’ in its symmetric and skewsymmetric part:
adA/q'=D+ S. Note that ad A/g' normal is equivalent to DS=SD and
that V,A=0, V,X =85X and VyA= —DX for all Xeg'

Now assume VF,R=0 This implies in particular for all
Xeg:(V,R)(4, X,A) =0, which is equivalent to S(D?>—DS—SD)
=(D*—-DS—SD)S. Let e,,...,e. be a basis of g’ consisting of eigen-
vectors of D with eigenvalues dy, ..., d,, and let (S; ) the matrix representa-
tion of § with respect to this basis. Then one gets from the last equation:

Z (d d)=
Assuming d, 2d, =+ = d, it follows by induction
Sizj (di_ dj) =0,

ie. DS=SD.
On the other hand, assume DS=SD. Because of the curvature
identities it suffices to show that

(7,R) (4, X, Y)=(P,R)(X,Y,Z)=0 forall X,Y,Zeg .

But these equations follow straightforward from
Sy Y)=Vsx Y - P, SY,

which is a consequence of Lemma 1. Here S : g— g’ denotes the extension
of S onto g by S(4,)=0.

Proposition 3. Let (g, <, >) be a solvable Lie algebra with inner
product, such that K <0. Then the following conditions are equivalent:

(i) FR=0,

(i) a) g={Ap}+ a, + a; is an orthogonal decomposition with ¢' = a,
+ay, [g,9']=a; and [¢, a,] =0,

b) if ad A,/ = D, + S, is decomposed into its symmetric and skew-
symmetric part, then Dofa,=i-A-id fori=1,2, and S, is a skew-symmetric
derivation of ¢,
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¢)if Z,,....,Z, form an orthonormal basis of a, and if the skew-
symmetric maps J;:a;—ay, i=1,...,t, are defined by

t
[X,Y]=24 Y (X, JY>Z, forall X,Yea,
i=1

then:
o) J2= —id (ie. J; orthogonal),
B) JiJe=—JJ; for i%k,
v S Xe{lX,...,J; X} forall Xea, and i+k.

Proof. We will prove only (i)=(ii). The other direction may be
checked explicitely, but follows also from considerations after this
Proposition.

Because of K <0, we already have the orthogonal decomposition
g={Ag} + ¢/, such that D,, the symmetric part of ad A,/g’, is positive
definite. Now Lemmas 1 and 2 imply that ad 4,/¢’ is a normal endo-
morphism, ie. DySy=S,D,, and that D, and S, are both derivations.

Let {g'} be the lower central series of g, defined by g' =g/, g'**
=[g’, g'] and decompose g orthogonally into g'=a;,+g'**. Since g
is nilpotent, g'=a, + --- +a, for some reN. Now let X eq; and Yeq;
be two orthonormal eigenvectors of Dy, say Dy X =puX, Dy Y=vY.
Then,

(#) 0=C(xR)(Ay, ¥, Y), X>=3(v— ) (v + 2||[X, Y]|* - 4|U(X, Y)|?).
This follows from Vy Y =vA,, <l UX, Y), X)=—||UX, V)|
<VD()U(X,Y) Y, X> =(IJ~ V) || U(X, Y)”Z and R(A,XI,X2)= - VDX] X2

for all X,, X, eg'. In particular, if i=j U(X, Y)=0, hence pu=v. This
implies Dy/a;=i- A-id, for some A>0andi=1{, ..., r, thereby proving b).
As a consequence, we get [a;,a;]Ca;y; for all i,j=1,...,r and U(q;, a))
Ca;_;ifi>j.

Now for i j, () shows U(X, Y) +0 for all non-zero X € q; and Y e q;.
To prove a) let us assume ¢' = a; + -+ + a, with a, &= 0 and r = 3. Therefore
we can choose j, <r with 2j,>r. Let i<j, and X, Y,Z be non-zero
vectors of a;, a;, and a,, respectively. From (VxR)(4,, Y,Z)=0 one
obtains:

In particular, for X=U(Y,Z)ea,_;, the g-component of this
formula becomes:
U(Z,U(X,Y)=%[X,U(Y,2)]-3[Y, U(X, Z)]
=0,



30 E. Heintze

because [ Y, U(X, Z)] € a,,, and 2j, > r. This yields the desired contradic-
tion.

To prove c), let Z,, ..., Z, be an orthonormal basis of a, and define
the maps J;: a, —» a, by

?
[X.Y]=22 Y <X, JY)Z,.
i=1
Hence, JJ X =1/AV, X. From (FxR) (4,,Y,Z)=0 with Xea,; ¥, Z€eq,
we get: —2AVyWZ= —AR(X,Y,Z)-AVp yZ -2 AW VxZ.
Hence,

F}Vixr+'V%V}AT=:~'212<)z22>)(,

thereby proving o) and ff).

Finally consider (FxR)(Z,Y,Y)=0 for Zea, and orthonormal
X, Yea, with [X, Y]=0. A short calculation shows that this is equiv-
alent to ¥y[V; X, Y]=0. Hence, [V, X, Y]=0 and

I I X, R XY =X, 0 X, L X
J{X, X, .. L X}={X,J,X,... ] X}.

Hence,

This proves y) because J, J, is skew-symmetric for i = k.

Proposition 4. Under the assumption of one of the equivalent con-
ditions of Proposition 3, dima,=0,1,3 or 7 and dima, =s - (dima, + 1)
Jor some positive integer s. If dima, = 7, then s = 1. Furthermore (g, <, >)
is determined uniquely by dima, and dima,, up to an isomorphism which
preserves the inner product.

Proof. Let Z,,...,Z, be an orthonormal basis of a, and X, €qa, a
unit vector. Let V be the euclidean vector space spanned by the ortho-
normal basis Z;, Z,, ..., Z,; 30 a, C V. Define a multiplication in V by
ZZ;=%_od;Z, if JJJ X, =X\ oa};J,X,, where J,=1id and the J; are
defined as above. Note that Z, is the unit element of this algebra and
(d},,) is the matrix representation of J; restricted to {X,J; X, ...,J, X}.
From

t ¢ H
(aOZO+ Y a‘,ZV)(aoZo_ 21 ava)-——(Zoaf)-Zo
v=1 v y=

and
Zi(ZiZj)= —Zj, (ZiZj)Zj-_"' '“Zi

and
Zi(ZjZk)-_— _Zj(ZiZk)a (ZkZi)Zj"”“‘“ ~(Zij)Zi
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fori#jand i, j, k=1 we conclude that ¥ is an alternative division algebra,
hence isomorphic to R, €, IH or Ca. Thus dima, =0, 1,3 or 7. Further-
more, the inner product on V corresponds to the canonical inner product
of R, €, H, and Ca, respectively. This follows from the fact that (X, Y> Z,,
=XY for X,YeV and that the conjugation defined by Y=a,Z,
—X2a,Z, for Y=0a4Zy+ T a,Z, is determined completely by the
algebraic structure of V.

Choosing a unit vector X’ orthogonal to X, J, X;, ..., J; X, it follows
that X, J, Xy, ... X;, X', Js X', ..., J, X' are orthonormal. Hence, there
exist X, ..., X; such that X, J; X,, ..., J. X{, X5, ..., L X, form an ortho-
normal basis of a, and dima, is a multiple of dima, + 1. We also have
the orthogonal decomposition of a, into a; =al+---+ a3, where a}
is the subspace spanned by X, J,X,,...,J. X;. Let ¢;:al >a) be the
linear isometry defined by ¢(X,)= X, and ¢,(J, X,) = J, X;. Note that ¢;
preserves brackets because [J; X, J,Y]=0 for all orthogonal X, Yea,
with [ X, Y]=0 and therefore

L X1 K X1 ] — L9 X S X] = LI(X = X, J(X, = X,)]=0.

Now assume s=2. Since [J X, J X,1=[)X,, J. X,,], we have
(X, KX 1=[JX,J,X] for all unit vectors X ea}. This implies
X, LX) 1=0J; Y, J Y] for all Yea, with |Y|=1. Hence,

t

Xy, J, 0 X ) =Y, J, Yy and JJ= 3 dJ,. Thus V is iso-
v=0

morphic to the associative algebra of endomorphisms generated by

Jo, Jis ..., J,, thereby proving that ¢ =7 implies s=1.

Finally, let (g, <, >) and (@, <, >) be two solvable Lie algebras with
inner product such that K, K <0 and PR =0, VR =0. Furthermore let
dima, =dim@, and dima,=dim%,. Then the corresponding division
algebras being isometrically isomorphic furnish an isomorphism
between a, and @,, which preserves the inner product. But this iso-
morphism can easily be extended to an isometric isomorphism of ¢’ by
using basis of the form X,,J;X,,....,J X, and X;,J, X,,...,J. X,
respectively. This completes the proof of the proposition.

The proofs of the last two propositions could be shortened by using
the Iwasawa decomposition of semisimple Lie algebras, the theory of
root systems and well known facts about symmetric spaces. But the
arguments above have the advantage to yield at the same time an ele-
mentary classification of the rank{ symmetric spaces:

Corollary. The complete, connected rank1 symmetric spaces of non-
compact type are precisely the hyperbolic spaces RH", CH", HH", and
CaH? with curvatures K= —c? and —4c*> <K < —c?, respectively, for
some c=+0.
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In the above description they are distinguished by dima,, which is
equal to 0,1,3 or 7 corresponding to RH", CH", HH", and CaH?, re-
spectively. Furthermore 1 is the (only) eigenvalue of the symmetric part
of ad Ag/a,.

Proof. By Proposition 4, a solvable Lie algebra g with inner product,
K <0 and FR=0 is completely determined by dimg, dima,, and S,.
If (§, <,>) is the Lie algebra with inner product constructed from
(8, <, >) simply by letting S, =0, then R=R and VR = VR =0. Hence,
by a Theorem of Cartan, (g, <, >) and (§, <, >) correspond to the same
symmetric space. Let R,,:g—>g be the curvature transformation with
respect to Ag, i.e. R,(X)=R(Aq, X, Ao) for X €g. Since R, = D, the
eigenvalues of R, are 0, 4 and 447, and the multiplicity of 44% is 0, 1, 3
or 7, respectively using the fact that the hyperbolic spaces are symmetric
it follows that they already exhaust the class of complete, connected
rank { symmetric spaces of non-compact type.

6. Kihler Manifolds

Let us call a Kihler manifold homogeneous if its group of holomorphic
isometries is transitive. The arguments of Wolf ([7]) and the proof of
Proposition 1 show that a connected homogeneous Kihler manifold of
negative curvature admits a simple transitive solvable group of holo-
morphic isometries. Thus we may regard such a manifold as a connected,
simply connected solvable Lie group with a left invariant metric, which
at the same time is a Kéhler manifold and the left translation of which
are holomorphic.

Using again the infinitesimal description as a solvable Lie algebra
with inner product, one now has in addition an orthogonal endo-
morphism J, such that

(i) 2= —id,

i) JIX,Y]=[JX, Y]+ [X,JY]+J[JX,JY],

(i) ({X,YLJZ>—([X,Z},JY)-<{[V.Z},JX>=0
forall X,Y,Zeg.

Condition (ii) is the integrability of the almost complex structure J
and (iii) is equivalent to dw =0, where w(X, Y)=<{JX, Y).

Lemma. Let (g, <, >) be a solvable Lie algebra with inner product
and an orthogonal endomorphism J, such that:
(@) J*= —id,
i) JIX,Y]=[JX,Y]-[X,JY]+J[JX,JY],
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Assume furthermore that Conditions (A) and (B) of Proposition 2
hold. Then the pair (g, <, >) corresponds to the complex hyperbolic space,
ie. g is the orthogonal direct sum:

g={4o}+a;+a,,
a={J40}, Jla)=aqay,
[Ag, X]=A4X + Sp(X),
[Ao, JAo]=24JA4,,
[X,Y]=2AJX,Y)>JA,,
[X,JA,1=0, for X,Ye€aq,,

where

and Sy:a;+a,—a;+a, is an arbitrary skew-symmetric derivation.
(In the terminology of Pyatetzkii-Shapiro ([5]) ¢ is an elementary
j-algebra.)

Proof. Using the same notation as in the proof of Proposition 3 let
g={A4o}+a,+ - +a, where a,+0, g'=0a;— g'*! and {g'} is the lower
central series of g'.

Now (iii) together with 4y, X € a, — {0} and J X yields:

<[A05X]’ X>+<[A07JX]= JX>_'<[X7JX]’JAO>>O

Hence, {JX, Ay> #+0 for all X € a,— {0}, hence, dima, = 1. Since ad 4,
is a derivation, ad Ay(a,) Ca, and {4y, Z]=24Z for all Ze g, and some
A>0.

We conclude from (iii) with 4,, X €g¢ and Z€eq,:
{ad Ao +24d)X,JZ>=0.

But (ad 4y +24id)/g’: ¢'— ¢ is non-singular, whence JZ e {4,}. Thus
{JA()} = (1,. .
Let b=q, +---+a,_, and X € b. Then (ii) implies:

J[Ao, X]=[Ao, JX].

Hence, ad A4(b) Cb.
Putting 4, and X, Ye b in (iii), we obtain:

() DX, JY)=—3([X, Y], JAo),

in particular
[Ag, X1, X =3<[X,JX], J4o> .

Let X € b. Then the Jacobi identity
[A()a [X’ JX]] = [[A05 X]7 JX] + [Xa [:AO’ JX]]
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and () yield:
2A{[Ag, X1, XD =X, J X1, JAs>
=4 {[A4o,[X,JX]]. T 40>
={Dy[ A, X1, X> —<Dp X, J[ Ao, IX]
=2{Dy X,[A40, X1).

Hence, [Ag, X]=AX+8,X for Xeb Moreover adA,/q" : g —¢g is
normal and D, and S, are derivations by Lemma 1. Hence,

Do[X, Y]=21[X,Y] for X,Yeb.

Thus [¢,g]=1[b,b]Ca, and r=2. (The case r=1 is subordinated to
this description by assuming a, = 0.) Finally, we have by (%)

[X,Y]=20JX,Y>JA,,

thereby proving the Lemma.
As a corollary we get:

Theorem 4. A connected homogeneous Kihler manifold of negative
curvature is holomorphically isometric to the complex hyperbolic space.
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