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On Homogeneous Manifolds of Negative Curvature 
Ernst Heintze* 

1. Introduction 

As Kobayashi ([4]) has shown, a connected homogeneous manifold 
of negative curvature (HMN) is simply connected and therefore diffeo- 
morphic to a euclidean space. Although the topology of these manifolds 
is trivial there are interesting examples, namely the rank one symmetric 
spaces of non-compact type: IRH", C H  n, ~IH", and ll~aH 2. Till now it 
was an open question whether these examples already exhaust the class 
of HMN. 

The purpose of this paper is to give a description of the class of HMN.  
In § 2 it is shown that such a manifold may be viewed as a solvable Lie 
group with a left invariant metric and therefore may be described 
equivalently as a solvable Lie algebra with an inner product. The question 
which Lie algebras actually do occur, is answered by: 

Theorem 3. Let g be a solvable Lie aloebra. Then the jbllowing 
conditions are equivalent: 

(i) g admits an inner product with negative curvature, 
(ii) dim g = d i m g ' - 1 ,  and there exists A o ~ g such that the eioen- 

values of ad Ao/g' have positive real part. 
Theorem 2 yields the existence of many non symmetric HMN if one 

knows the structure of those solvable Lie algebras which correspond to 
the rank 1 symmetric spaces of non-compact typ. These Lie algebras are 
determined in § 5 and one gets as a by-product an elementary classification 
of the rank 1 symmetric spaces, which does not use root systems at all. 

As a final application it is shown that a Kahler H M N  is necessarily 
symmetric, i.e. isometric to the complex hyperbolic space. This  implies 
for example, that a homogeneous bounded domain, endowed with the 
Bergmann metric, has negative curvature only if it is symmetric. 

2. H M N  as Lie Groups with a Left Invariant Metric 

Wolf ([7]) proved that a connected homogeneous manifold M with 
non-positive curvature admits a transitive solvable group of isometries. 
Therefore we may represent M as M = G/H, where G is a connected, 

* This work was done under support of the ,,Deutsche Forschungsgemeinschaft". 
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closed, solvable subgroup of the group of isometrics of M and H a 
compact subgroup of G. By the structure theory of solvable Lie groups, 
G is the semidirect product G = L.  K of a k-solvable, closed, normal 
subgroup L and a compact subgroup K. (A Lie group is called k-solvable 
if it is solvable and possesses a normal compact subgroup T with L/T  
simply connected. T is then central and the unique maximal compact 
subgroup.) By a Theorem of Cartan, K has a fixed point, so that already L 
is transitive on M. Hence we may represent M as M = L/H' with L 
k-solvable and compact. Since H' is normal in L and L C I(M) is effective 
on M, H' consists only of the identity. Thus we have (see also Heintze [3]): 

Proposition 1. A connected homogeneous manifold of non-positive 
curvature can be represented as a connected solvable Lie group with a left 
invariant metric. 

By a Theorem of Kobayashi ([4]) a HMN is simply connected and 
hence may be represented equivalently as a solvable Lie algebra with an 
inner product, i.e. with a positive definite, symmetric bilinear form. 

Let us define the curvature K (the curvature tensor R, the covariant 
derivative etc.) of a Lie algebra with an inner product as the Riemannian 
curvature (the curvature tensor R, the covariant derivative etc.) of the 
corresponding connected, simply connected Lie group with left invariant 
metric. If (g, <,  >) is a Lie algebra with inner product, decompose the 
covariant derivative of left invariant vector fields into its symmetric and a 
skew-symmetric part: 

Vx Y = U(X, Y) + ½ IX, Y], X, r ~ g. 

U: gx 9-~g is determined by: 

( U(X, Y), Z)  = ½ <X, [Z, Y]) + ½ < Y, [Z, X])  

for all X, Y, Z ~ g. 
The numerator of the curvature function is then comptued to: 

k(X, Y)= (R(X, Y, Y), X )  

= tl U(X, Y)tl 2 - (U(X, X), U(Y, r ) ) -  ¼ tI[X, Y] It 2 

- ½ ([X,  [X, r ] ] ,  Y) - ½ (I-Y, I-Y, X]], X ) ,  
X, Yeg. 

The problem is to determine and to describe those solvable Lie 
algebras with an inner product for which k(X, Y)< 0 for linearly in- 
dependent X and Y. 



Homogeneous Manifolds 25 

3. Necessary Conditions 
Proposition 2. Let (g, < ,  >)  be a solvable Lie algebra with an inner 

product and K < O. Then the following conditions hold: 
(A) dim fl '= dim g - 1 ,  where g '=  [9, g] is the derived algebra. 
(B) There exists a unit vector Ao E g, orthogonal to g', such that 

Do:g ' -~g '  is positive definite, where D o is the symmetric part of 
adAo/g' : g '~g ' .  

(C) I f  So is the skewsymmetric part of adAo/g' :g '-~g' ,  then also 
D~ - D o S o - S o D o : fl' ~ g' is positive definite. 

Proof. (A) Let A 4:0 be orthogonal to fl' and X orthogonal to A. 
Then 

k(A, X) = ItU(A, X)]] 2 - ¼ II[A, X]I] 2 - ½ ([A, [A, X] ] ) ,  X ) .  

Since the curvature is negative, ad Ao/A l : A x ~  g' is injective, and (A) 
follows. 

(B) Let A again be a unit vector, orthogonal to g' and Z a non 
zero element of the center of g'. Note that g', as the derived algebra of a 
solvable algebra, is nilpotent and therefore has a nontrivial center. 
Then it follows for all X s g': 

k(X, Z) = L[ C(X, z)lL 2 - ( u (x ,  x) ,  c ( z ,  z))  

= II u(x, z)ll 2 -  <v(x, x), A )  (U(Z, Z), A) 
= II u ( x ,  z)ll <x, EA, x ]>  <z, [A, Z]>,  

thereby proving (B). 
(C) For X e g' - {0} one gets 
k(A o, X )=  11U(Ao, X)II 2 _ ¼ II [Ao, X] II 2 - ½  ([Ao, [A o, X]],  X ) .  

Now (C) follows directly from [Ao, X ] = D o X + S o X  and U(Ao, X) 
= ½ (So - Do)X. 

Condition (A) implies that g is a split Lie algebra: g = ( n , # )  with 
n = g '  and # = a d A o / g ' ,  i.e. g = { x } + n  and [x , y ]=#(y )  for y e n .  
Because of (B) the derivation • is non-singular and g is not nilpotent. 

4. Sufficient Conditions 
In general the Conditions (A)-(C) are not sufficient. But we have: 
Theorem 1. Let (g, < ,  >)  be a solvable Lie algebra with an inner 

product and 9' abelian. Then K < 0 if and only if Conditions (3t ) - (C)  hold. 
Proof. It suffices to prove (A)-(C) implies K < 0. Take an arbitrary 

2-dimensional subspace n =  {2A 0 +taX,  Y} of g, where X and Y are 
orthonormal vectors of g' and 2 2 + #2 = 1. One computes 

k(2A o + #X ,  Y) = 2 2 k(A o, Y) + i~ 2 k(X, Y).  
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But 
k(Ao, Y) = - <(D~ - DoS o - SoD o Y, Y> < 0 

and 
k(X, Y)= tlu(x, y)l[Z <u(x ,  x), u(Y, Y)) 

= <DoX ' y> 2_ <DoX ,X> (D O Y, Y> <O 

because of the Cauchy-Schwarz inequality. 
Now let (g, < ,  >)  be an arbitrary solvable Lie algebra with an inner 

product such that (A)-(C) hold. Thus we have the orthogonal decomposi- 
tion g =  {Ao}+ g'. For 2 > 0  let (g~, < ,  >)  denote the Lie algebra with 
an inner product which is the same as (g, <,  >)  up to 

[Ao, X]~:=2[Ao, X ] forall  X ~ g ' = g ~ ,  

i.e. the inner products of both spaces and the brackets in g '=  g~ are the 
same. Note that g and g~ are isomorphic as Lie algebras. 

Theorem 2. Let (g, < ,  >) be a solvable Lie aloebra with an inner 
product and assume that (A)-(C) hold. Then there exists ~o > 0 such that 
(gx, <, >) has neoative curvature for all 2 > 2 o. 

Remark. Wolf proved ([6]) that a nilpotent Lie algebra with an inner 
product has always planes with positive curvature. Thus the existence 
of the element A o is necessary and the Theorem says that the curvature 
becomes negative if the influence of A o is big enough. 

Proof of Theorem 2. Since the Grassmann manifold of 2-planes of g 
is compact it suffices to show the existence of a 20(70 > 0 for each 2-plane 
7r C g with Kz0r) < 0 for all 2 > 2o, where Kz denotes the curvature of gz. 

Let rc = {~A o +/~X, Y} be an arbitrary 2-plane in g with ~2 + ]~2 = 1 
and X, Y orthonormal in g'. Then 

Kz(n) = ka(aA o + fiX, Y) = a2 kz(Ao, y) + f12 k2(X, Y) 
+ ~fl(2<Ua(X, Y), Ux(A o, Y)> 
- 2<Uz(Ao, X), Uz(Y, Y)> 
- ½ <[Ao, [ x ,  r> 
- ½  <IX, [A o, r],~], Y> 
- ½ <Jr, Jr, Ao]x] , X> 

3 
- = <[Ao, r]x, IX, r]>) 

= a2 22 kl(A ' y)+/~2 22(<X, Do y > 2 _  <X,D ° X> < Y,D O Y> 

+ 132 c l (X  ' y) + afl2c2(X, y ) ,  
where ca(X, Y)and c2(X, Y)are independent of 2. Now kl(Ao, Y)<0  
and <X, D O y>2 _ <X, D o X> < Y, D O Y> < 0 because of the Conditions (C) 
and (B), respectively. This completes the proof. 
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Since the Lie algebras g~ are isomorphic, the question whether a Lie 
algebra admits an inner product with K < 0, is reduced to whether it 
admits an inner product such that (A)-(C) hold. 

Theorem 3. Let g be a solvable Lie algebra. Then the following con- 
ditions are equivalent: 

O) g admits an inner product with negative curvature, 
(ii) d im~ '=  d i m g -  1 and there exists A o ~ g such that the eigen~'alues 

of adAo/g' hat, e positive real parts. 
Proof. It suffices to show that (ii) implies the existence of an inner 

product with (B) and (C). 
Let X 1 . . . .  , X,_ 1 be a basis of g' with respect to which adAo/g' 

assumes Jacobi normal form. Then it is not hard to see that for suitable 
al . . . . .  ~,_ 1 ~ IR Ao, ~1 X1 . . . .  , ct,_ ~ X,_ ~ determine an inner product, 
in which they are orthonormal, with the desired properties. 

Remark. One can drop the assumption that g is solvable in Theorem 3. 
In fact, if g is an arbitrary Lie algebra with an inner product and negative 
curvature, the corresponding connected, simply connected Lie group G is 
diffeomorphic to IR" and has trivial center (Kobayashi [4]). Thus G may 
be considered as a linear Lie group, which is diffeomorphic to IR". Hence, 
G is solvable. On the other hand, if g satisfies (ii), 9' is nilpotent and 
again g is solvable. This follows from the fact that only a nilpotent Lie 
algebra can admit a non-singular derivation. 

Theorem 3 gives rise to the construction of many homogeneous 
manifolds of negative curvature which are not symmetric (see next 
paragraph). One starts with a nilpotent Lie algebra n and a derivation 

: n--, rt whose eigenvalues all have positive real part. Then the Theorem 
implies the existence of an inner product on the split Lie algebra (n, ~) 
such that K < 0. 

A difficulty arises from the fact that it is not known which nilpotent 
Lie algebras actually admit such a derivation. There are few examples 
of those which even don't have a non-singular derivation (Dixmier- 
Lister [2]) and on the other hand there is a class of nilpotent Lie algebras 
with derivations whose eigenvalues are all positive. That are the so called 
homogeneous nitpotent Lie algebras (Deyer [1]). 

5. Rank 1 Symmetric Spaces 
We need the following two lemmas: 
Lemma 1. Let (g, <,  > )  be a Lie algebra with inner product and 

cp : g - ,  g a normal derivation. Then also the symmetric part q~D = ½ (~P + tP ~) 
and the skewsymmetric part tps = ½ (tp - (pt) of tp are derivations. 
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Proof. Consider the complexification 9¢ of 9 and the linear exten- 
sions 0, OD, ~s : gc--* g¢ of q~, q~o, and ~o s, respectively. Note that OD~ 
= 0t~o because of ~av,p = cp. *n. If ~ . . . . .  ct r are the different eigenvalues 
of q~, let g " = { X ~ g c / O X = ~ , X } .  Thus g ¢ = 9  "~+ . . .+g~r  and 
[g% g~J] C g~'+% Now 0o(g ~') C 9% which implies 0o/9 ~' = Re(~) .  id. 
It follows that ~o and therefore q~o and tps are derivations. 

Lenmaa 2. Let (g, <,  > )  be a Lie algebra with an inner product. 
Assume dimg' = dimg - 1 and let A ~ g be orthooonal to g'. Then VAR = 0 
if  and only if ad A/g' : g ' ~  g' is a normal endomorphism. 

Proof. Decompose ad A/g' in its symmetric and skewsymmetric part: 
adA/g' = D + S. Note that adA/g'  normal is equivalent to DS = SD and 
that VAA=0, V A X = S X  and V x A =  - D X  for all X e g ' .  

Now assume FAR=0.  This implies in particular for all 
X ~ g ' : ( V a R ) ( A , X , A ) = O ,  which is equivalent to S ( D 2 - D S - S D )  
= (D z - DS - SD)S. Let e 1 . . . . .  e, be a basis of g' consisting of eigen- 
vectors of D with eigenvalues d I . . . . .  d ,  and let (Si) the matrix representa- 
tion of S with respect to this basis. Then one gets from the last equation: 

j = !  

Assuming dt >= d2 =>"" => dr it [ollows by induction 
SL ,j ( d i -  dj) = 0 

i.e. DS = SD. 
On the other hand, assume D S = S D .  Because of the curvature 

identities it suffices to show that 

(VaR)(A,X,  Y )=(VAR) (X ,  Y,Z)=O foral l  X, Y, Z e f l ' .  

But these equations follow straightforward from 

S(Vx Y) = Vsx Y -  VxS Y,  

which is a consequence of Lemma 1. Here S: g---, g' denotes the extension 
of S onto g by S(Ao)= O. 

Proposition 3. Let (g, < ,  >)  be a solvable Lie algebra with inner 
product, such that K < O. Then the following conditions are equivalent: 

(i) VR=O, 
(ii) a) g = {Ao} + al + a2 is an orthogonal decomposition with g' = a 1 

+ a2, I-g', g'] = a2 and [g', a2] = 0, 
b) /f adAo/g '= D o + S o is decomposed into its symmetric and skew- 

symmetric part, then Do/ai= i . 2 .  id for i = 1, 2, and S O is a skew-symmetric 
derivation of  g', 
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c) /f Z 1 . . . . .  Z t form an orthonormal basis of 02 and if the skew- 
symmetric maps J~ : a 1 ~ a  1, i= 1 .... , t, are defined by 

FX, Y ] = 2 2  ~ (X,  J i Y ) Z  i forall X, Yea l  
i=1 

then: 
~) Ji 2 = - i d  (i.e. Ji orthogonal), 
fl) 4 J k = - J k J i  for i:t:k, 
7) J iJkXe{J1X .... .  JtX} forall X E a l  and i+k. 
Proof. We will prove only (i)~(ii). The other direction may be 

checked explicitely, but follows also from considerations after this 
Proposition. 

Because of K < 0, we already have the orthogonal decomposition 
g =  {Ao} + 9', such that Do, the symmetriz part of adAo/g', is positive 
definite. Now Lemmas 1 and 2 imply that adAo/9' is a normal endo- 
morphism, i.e. DoSo = SoDo, and that D o and So are both derivations. 

Let {9/} be the lower central series of 9', defined by gl =g,, gi+l 
= [g', gl] and decompose fig orthogonally into g~= a~+ 9~+1. Since 9' 
is nilpotent, 9 ' = o l  + ... + a ,  for some reiN. Now let Xea~ and Yea~ 
be two orthonormal eigenvectors of Do, say Do X = l t X ,  Do Y=vY .  
Then, 

(*) 0 = ((FxR) (a o, Y, Y), X)  = ½(v - #) (#v + 2 [] IX, Y] ]12 _ 4 ]] U(X, Y)[I2). 
This follows from V r Y= vAo, (17 r U(X, Y), X> = -IIC(X,  Y)ll 2, 

v) IIu(x, r)l l  ~ and R(A, X1,X2)=-  VDx, X2 

for all )(1, X2 e g'. In particular, if i =j U(X, Y) = 0, hence p = v. This 
implies Do/a i = i. 4. id,, for some 2 > 0 and i = 1, ..., r, thereby proving b). 
As a consequence, we get [ai, aj] C ai+j for all i ,j= 1, ...,r and U(ai, a~) 
C O.i_ j if i>j. 

Now for i * j ,  (*) shows U(X, Y ) ,  0 for all non-zero X e ai and Yea  i. 
To prove a) let us assume 9' = 01 + " "  + ~ with a, * 0 and r > 3. Therefore 
we can choose jo<r with 2jo>r .  Let i<jo and X, Y,Z be non-zero 
vectors of ai, O~o, and a,, respectively. From (VxR)(A o, Y,Z)=0  one 
obtains: 

17 x U(Y, Z ) -  Vy U(X, Z) = ½ U(Z, IX, Y]) + U(Z, U(X, Y)). 

In particular, for X=U(Y,Z)~a,_ jo  the g'-component of this 
formula becomes: 

U(Z, U(X, Y)) = ½ IX, U(Y, Z) 3 - ½ I-Y, U(X, Z) 3 
= 0 ,  
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because [Y, U(X, Z)] e a2jo and 2jo > r. This yields the desired contradic- 
tion. 

To prove c), let Zt  . . . . .  Z~ be an orthonormal basis of a2 and define 
the maps J~ : % --, a 1 by 

t 

[X, Y 3 = 2 2  Z ( X , J ~ Y ) Z , .  
i = l  

Hence, JiX = 1/2 Vz. X. From (VxR) (Ao, I7, Z) = 0  with X e al ; I7, Z e  a 2 
we get: - 2 2 V x V r Z =  - 2 R ( X ,  Y , Z ) - 2 V v x r Z - 2 2 V r V x Z .  

Hence, 

VrVzX + V z V r X =  - 2 2 2 ( Y , Z ) X ,  

thereby proving ~) and fl). 
Finally consider (VxR)(Z, Y, Y ) = 0  for Z e a 2  and orthonormal 

X, Ye a~ with IX, Y] = 0. A short calculation shows that this is equiv- 
alent to Vr[VzX, Y ] = 0 .  Hence, [VzX, Y] = 0  and 

Hence, 
J , { x , J ,  x . . . . .  J , x }  1 = { x ,  J~ x . . . . .  J , x }  ~. . 

J , ( x ,  Ji x . . . . .  J , X } =  { x , J ,  X ,  . . . , J , x } .  

This proves ~,) because J~ dk is skew-symmetric for i 4: k. 
Proposition 4. Under the assumption of one of the equivalent con- 

ditions of Proposition 3, dima 2 = 0, 1, 3 or 7 and dimal = s. (dima 2 + 1) 
for some positive integer s. I f  dim a 2 = 7, then s = 1. Furthermore (g', <, >) 
is determined uniquely by dima~ and dima 2, up to an isomorphism which 
preserves the inner product. 

Proof. Let Z 1 . . . . .  Z t be an orthonormal basis of a 2 and X 1 ~ a~ a 
unit vector. Let 1-1 be the euclidean vector space spanned by the ortho- 
normal basis Zo, Z t ,  . . . ,Zt ;  so a2 C V. Define a multiplication in V by 
Z~- Z~ = Zt~=o a~jZvl if ~JiX1 = ~=~vt -vjd~-i, X1, where Jo = id and the J~ are 
defined as above. Note that Zo is the unit element of this algebra and 
(a~3 is the matrix representation of ~ restricted to {X, J~ X . . . . .  J~X}. 
From 

a oZ  o +  a~Z~ a oZ  o -  a~Z~ = a "Zo 
V = I  V = I  

and 

and 
Z~(Z~ Z j) = - Z j, (Z~ Z j) Zj = - Z~ 

z i ( z j z , , )  = - z j ( z , z ~ ) ,  ( z ~ z , ) z j  = - ( z ~ z ) z ,  
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for i Jej and i,j, k > l we conclude that V is an alternative division algebra, 
hence isomorphic to 1R, C, ~I or Ca. Thus dima2 = 0, l, 3 or 7. Further- 
more, the inner product on V corresponds to the canonical inner product 
oflR, ~,/H, and ~a,  respectively. This follows from the fact that (X, Y) Zo 
= X Y  for X, YE V and that the conjugation defined by Y=a0Zo  
- Z a ~ Z ~  for Y = a o Z o +  E a,,Z v is determined completely by the 
algebraic structure of V. 

Choosing a unit vector X' orthogonal to X1, J1 X~ . . . . .  J~ X1 it follows 
that X t, J1 X1 . . . . .  Jt X1, X', dl X', .... ~ X' are orthonormal. Hence, there 
exist X1 . . . . .  X~ such that XI , ,11 Xt  . . . . .  Jt XI ,  Xz . . . . .  ~ X~ form an ortho- 
normal basis of a 1 and dim a 1 is a multiple of dima z + 1. We also have 
the orthogonal decomposition of al into al = al + .--+ a], where a] 
is the subspace spanned by Xi,.l lX~ . . . . .  J~X i. Let (pi :aI~a~ be the 
linear isometry defined by q~(Xt)= X i and qgi(JkXx)= dkXi. Note that ~Pi 
preserves brackets because [JiX,  JkY]  = 0 for all orthogonal X, Y E at 
with IX, Y] = 0 and therefore 

[ Ji X1, Jk X1] - [ Ji Xm, Jk Xm] = [ Ji( Xl  -- Xm) , Jk( X1 - Xm) ] = 0 .  

Now assume s___2. Since [JtX1, h X l ] = [ J i X m ,  JkXm], we have 
U~x~,hxd=[%x, Ax] for all unit vectors Xea"; .  This implies 
[s, xi, hx ,]=[s ,r ,  hY] for all Y~al  with IIY[I=I. Hence, 

t 
( J i X , , J o h X ~ ) = ( J e Y ,  JoJkY ) and J~Jk = ~ i avkJ ~. Thus V is iso- 

v=O 
morphic to the associative algebra of endomorphisms generated by 
d0, J~ . . . .  , .It, thereby proving that t = 7 implies s = 1. 

Finally, let (fl, <,  >)  and ~q, <,  >) be two solvable Lie algebras with 
inner product such that K, g: < 0 and VR = 0, VR = 0. Furthermore let 
d i m a t = d i m ~  1 and dima2=dim~2.  Then the corresponding division 
algebras being isometrically isomorphic furnish an isomorphism 
between a2 and a2, which preserves the inner product. But this iso- 
morphism can easily be extended to an isometric isomorphism of g_' b_y 
using basis of the form X1, ,/1 XI . . . . .  Jt X~ and X1, J1 X1 . . . . .  J~X,, 
respectively. This completes the proof of the proposition. 

The proofs of the last two propositions could be shortened by using 
the Iwasawa decomposition of semisimple Lie algebras, the theory of 
root systems and well known facts about symmetric spaces. But the 
arguments above have the advantage to yield at the same time an ele- 
mentary classification of the rank 1 symmetric spaces: 

Corollary. The complete, connected rank 1 symmetric spaces of  non- 
compact type are precisely the hyperbolic spaces 1RH", ~ H " ,  ~-IH ~, and 
• aH 2 with curvatures K = - c 2 and - 4c 2 ~ K < - c a, respectively, for 
some c ~- O. 
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In the above description they are distinguished by dimaz, which is 
equal to 0, 1, 3 or 7 corresponding to IRH", IEH", ][-IH", and ff~aH 2, re- 
spectively. Furthermore 2 is the (only) eigenvalue of the symmetric part 
of ad Ao/at. 

Proof. By Proposition 4, a solvable Lie algebra g with inner product, 
K < 0  and VR = 0 is completely determined by dim g, dim a2, and S o. 
If (~, < ,  >)  is the Lie algebra with inner ,product constructed from 
(g, < ,  >)  simply by letting S o =0,  then R = R  and VR= V/~ = 0. Hence, 
by a Theorem of Cartan, (g, < ,  >)  and (fi, < ,  >)  correspond to the same 
symmetric space. Let Rao :g-~g be the curvature transformation with 

_ 2 respect to A 0, i.e. RAo(X)= R(A o, X, Ao) for X e  g. Since Rao/a,- Do, the 
eigenvalues of Ra are 0, 22 and 422, and the multiplicity of 422 is 0, 1, 3 
or 7, respectively using the fact that the hyperbolic spaces are symmetric 
it follows that they already exhaust the class of complete, connected 
rank 1 symmetric spaces of non-compact type. 

6. Kiihler Manifolds 
Let us call a K~ihler manifold homogeneous if its group of holomorphic 

isometries is transitive. The arguments of Wolf ([7]) and the proof of 
Proposition 1 show that a connected homogeneous K~ihler manifold of 
negative curvature admits a simple transitive solvable group of holo- 
morphic isometries. Thus we may regard such a manifold as a connected, 
simply connected solvable Lie group with a left invariant metric, which 
at the same time is a K~ihler manifold and the left translation of which 
are holomorphic. 

Using again the infinitesimal description as a solvable Lie algebra 
with inner product, one now has in addition an orthogonal endo- 
morphism J, such that 

(i) j 2 _ . - i d ,  
(ii) J[X,  V] = [JX, Y] + IX, J Y] + J[JX,  J Y], 

(iii) ( [X,  Y], J Z )  - ( IX,  Z], J Y )  - ([Y, Z], J X )  = 0  
for all X, Y, Z e g. 

Condition (ii) is the integrability of the almost complex structure J 
and (iii) is equivalent to d~o = O, where re(X, Y) = (JX ,  Y). 

Lenuna. Let (g, < ,  >)  be a solvable Lie algebra with inner product 
and an orthogonal endomorphism J, such that: 

(i) j 2 = - i d ,  
(ii) J[X, Y] = [JX, Y] - [X, JY]  + J[JX,  JY], 

(iii) (IX, Y], J Z )  - ([X,  Z], J Y) - ([Y, ZJ, J X )  = O. 



Homogeneous Manifolds 33 

Assume furthermore that Conditions (A) and (13) of Proposition 2 
hold. Then the pair (g, < ,  >)  corresponds to the complex hyperbolic space, 
i.e. g is the orthogonat direct sum: 

g=  {Ao}+al  + a 2 ,  
where 

a2 = (JAo} ,  J(ax) = a t ,  

EAo, X] = 2X + So(X), 

[Ao, dAo] = 22JAo,  

[X, Y] = 2 2 ( J S ,  Y )  JAo, 

[X, JAo]=O, for X, Y•a~ , 

and S O : a~ + a2~a  1 + a 2 is an arbitrary skew-symmetric derivation. 
(In the terminology of Pyatetzkii-Shapiro ([5]) g is an elementary 
#algebra.) 

Proof. Using the same notation as in the proof of Proposition 3 let 
g =  { A o } + a , +  ... + a , ,  where at4:0, gi=a i -  g~+t and {gi} is the lower 
central series of g'. 

N o w  (iii) together with Ao, X • a t -  {0} and J X  yields: 

([Ao, X], X> + ([-Ao, JX], J X )  - ([X,  JX], JAo) > O. 

Hence, ( JX ,  Ao)4=0 for all X E or -{0} ,  hence, dima, = 1. Since adA o 
is a derivation, ad Ao(a~) C a~ and [Ao, ZJ = 22Z for all Z ~ or and some 
2 > 0 .  

We conclude from (iii) with A o, X e fl' and Z e a r : 

((ad A o + 22id)X, J Z )  = 0.  

But (adAo +22id) /g ' :g '~g '  is non-singular, whence J Z ~  {Ao}. Thus 
{JAo} = a r . 

Let b =  al + "" + a~-i and X ~  b. Then (ii) implies: 

OEAo, XJ = [Ao, JX] .  

Hence, ad Ao(b) C b. 
Putting A o and X, Y~ b in (iii), we  obtain: 

(*) (DoX, J Y ) =  - ½ ( [ X ,  Y] ,JAo) ,  

in particular 
([Ao, X], X )  = ½ (E X, JX], JAo) .  

Let X ~ b. Then the Jacobi identity 

[Ao, IX, J X]] = [[Ao, X], JX] + IX, [Ao, JX]] 
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and  ( . )  yield:  

2 2 ( [ A o ,  X] ,  X )  = 2 ( I X ,  JX], JAo) 
= ½ <[Ao, i X, JX]], Jao) 
= <Do [Ao, X] ,  X )  --  <O o X, J[Ao, JX])  
= 2(Do x ,  [Ao, x]5. 

Hence,  [Ao, X ] = 2 X + S o X  for X c b .  Moreove r  adAo/g':ff~g' is 
no rma l  and  Do and So are der iva t ions  by L e m m a  1. Hence,  

Do[X, Y ] = 2 2 [ X ,  Y] for X, Y ~ b .  

Thus [g',  g ']  = [b, b] C % and  r = 2. (The case r = 1 is subo rd ina t ed  to  
this descr ip t ion  by assuming  al  = 0.) Final ly ,  we have by ( ,)  

IX ,  Y] = 2 2 ( J X ,  Y) JA e , 
thereby  p rov ing  the  Lemma.  

As a coro l l a ry  we get :  

Theorem 4. A connected homogeneous Kiihler manifotd of negative 
curvature is holomorphically isometric to the complex hyperbolic space. 
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