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Abstract

This paper introduces the reader into the apparatus behind the popular
New Keynesian Phillips (NKPC) curve. It derives several log-linear versions
of this curve and recursive formulations of the Calvo-Yun price staggering
model that is behind this curve. These formulations can be used for higher-
order approximations of the NKPC or for implementations that use other

non-linear solution techniques, as, e.g., projection methods.
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1 Basic Framework

1.1 Production Functions

There is a continuum of firms indexed by j € [0, 1]. The demand function of firm j

18

P\ ¢
Y = (?jt) Y, e€>1, (1.1)
where P}, P;, and Y; denote the firm’s price, the aggregate price level, and aggregate

output, respectively. The price index is given by

1 T
P = ( / Pﬁ—ﬁdj) . (1.2)
0

The demand function (1.1) derives from minimizing the costs to purchase the bundle
PY, = [ P;iY;udj, where

1, =
Y, = (/ Y- dj) . (1.3)
0

The production function is either

Yie=ZNj;* ae(0,1] (1.4)
or

Yy =ZNj; °K§, a€(0,1). (1.5)

In the first case (considered for instance by Gali et a. (2001)) labor Nj, is the
single factor of production. In the second case (considered for instance by Heer
and MauBiner (2009) or Christiano et al. (2005)) capital services K, are an addi-
tional factor of production. Z; is a productivity shock common to all firms. Cost

minimization at the given real wage w; implies

Wy = (1 — Oé)gjtZtNJ;a (16)
in the case of production function (1.4) and

wy = gjt(1 — @) Zy(Kje/Njt)", (1.7a)

Tt = gthéZt(Kjt/th)a_l (17b)
in the case of (1.5).

There is an important difference between the two settings. In the second case the
first-order conditions (1.7) ensure that all firms choose the same capital-labor ratio

ky := Kj;/N;; = K;/N;. Hence, all firms have the same marginal costs ¢; = ¢;,Vj €

[0,1]. This does not hold in the case of production function (1.4) unless a = 1.
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1.2 Aggregation

Aggregate output in this economy is given by (1.3). However, this will not allow us
to define output in terms of sums of factor inputs. Yun (1996) proposes to use a

second price index P; defined by

—1

P, = (/01 P]de) N (1.8)

so that

1 €
- C(1.1) (PjtPt ) (Pt)
Y, = Yadj = —— == Y. 1.9
t /0 jtaj Y, ) t ( )

In the case of production function (1.5) this allows us to relate Y; to aggregate
labor input N, = fol Njdj and aggregate capital input K, = fol Kjdj: since kj =
(Kji/Nji) = k; for all firms, we get

1 1
m:/ﬁwwi/&wﬁwzﬁMw=&waM%
0 0

In addition, we can rewrite equation (1.7) in terms of aggregate variables:

wy = gi(1 — ) Z Ny “ K, (1.10a)
Ty = gtaZtNtliaKffl- (1.10Db)

It is not possible to follow the same procedure in the case of production function
(1.4). Since

1 1
mz/mmz/zwyw¢&wa
0 0

we define
1
NI = / N} dj (1.11)
0
so that
Y, = Z,N}~©, (1.12)

Accordingly, we define aggregate marginal costs g by
wy = §o(1 — ) Z,N;°. (1.13)

This allows us to relate the marginal costs of firm j to our meassure of average

marginal costs g;: from (1.6) and (1.13):

(2)
gt Nt '




Using (1.1) and the aggregate production function (1.12) to substitute for Nj,/N;
we can write:

(P e Yt)f“a
» gt(Pt) (Y (1.14)

1.3 Price Setting

In each period (1 — ¢) of the firms are allowed to set their relative price Pj;/P,
optimally. Henceforth we use the index A to refer to these firms. The remaining
fraction of firms, indexed by NN, adjusts their price according to a rule of thumb.
We consider two rules. The first rule implies a forward-looking Phillips curve. We

assume,

Py

Pyiiy =Py, T (1.15a)

where 7, is the inflation factor (1 plus the rate of inflation) and 7 its value in a
non-stochastic stationary equilibrium. Note that with zero inflation (i.e. m = 1)
these firms do not change their nominal price. The second rule (used in Christiano
et al. (2005) and Walsh (2005)) accounts for the backward-looking element in the
Phillips curve. It posits

Pyiy1 = TPy (1.15Db)

Since 1 — ¢ firms choose Pj; = P4; and the remaining fraction sets Pj; = Py, the

formula for the price index (1.2) implies

P/~ = (1 - )Py + oPy". (1.16)
In the case of the first rule of thumb this implies

P/~ = (1= ¢)Py + o(rPyi)' " (1.17a)
For the second rule we get

P = (1= )Py + o(m1Pyia) (1.17b)

Since Py, is itself an index of the prices of those firms that adjusted their price in

t — 2 optimally and those firms that obeyed to a rule of thumb,

Pty = (1= @)Pi + @(maPria)' ™, (1.18)



we can derive a recursive formulation for the price index. I demonstrate this for the
updating scheme (1.15b):

P/ =P + o(m_1Pni-1)"

1.18 . . .
( = ) SOP,}xt + @(1 - @)(WtflpAtfﬁl + 902(7257177'1‘/72PN1‘/72)1 )

1.18
2% o ptoe (1= @)1 Par 1)1 + 621 — @) (meame 2P )™+ ...
Therefore,

(o1 P1) ™ = (M1 Par—1) ¢ + @*(1 — ) (m_ 172 Pas_o2)
+ 903(1 - 90)(77'1‘/717157277'1‘/73PA1&73)176 +...,

and, thus,

Pl =(1—-p)Py +o(m 1P1) (1.19a)
Similarly, we can derive a recursive formulation of equation (1.17a):

Pl =1 - )Py +p(rP_1) (1.19b)

In the case of rule (1.15a) this implies the following relation between the relative

price of firms that optimally adjust their price and the inflation factor :

L= (1= @) (Par/P)'™ + o(m/m) " (1.20a)
In the case of rule (1.15b) this relation is

1= (1= 9)(Pa/ )" + @(me1/m) (1.20b)

The same line of reasoning applied to

q = <%>_€=/01 (%) edj: (1= @) (Par/ ) + o(Pni/ Fr)

yields:

g = (1 =) (Par/Pr) " + o(m/m) g1, (1.21a)
and

@ = (1 =) (Par/Pr) ™" + o(me/m-1) @1, (1.21b)
respectively.



Given ¢ we can write the aggregate resource constraint as

1
Y, = —Z,N} *K? (1.22)
dt

if the production function is given by (1.5) or as

1 ~
Y, = ~Z,N}™°, (1.23)
a

if the production function is given by (1.4). Note that our measure of aggregate
labor input is related to N; = fol Njidj, Nap and Ny via:

N7 = (1= @)Ni® + Ny,
Ny — (1= ¢)Na
©

Ny =

(1.24)

2 The Optimal Price

2.1 Preliminaries

Now consider a firm in period ¢ that is allowed to set its price optimally at Py;.

As long as the firm will not be able to optimize again, its price in period t + s,

s=1,2,... is related to P4; according to
PjtJrs = WSPAt, (21&)
Pirps = | [ mevici Pas, (2.1b)
i=1

where the first equation holds for rule (1.15a) and the second equation rests on rule

(1.15b). Note that the aggregate price level can be written as

Pt+s = H 7Tt+ipt~ (22)
=1

and, thus, the relative price is either given by

s

Pjt+s o ™ Py

- s ) 2.3a

Pips Iy mi B (2.38)
or by

Pjtys _ T Par (2.3b)

Pt+s Tt4s Pt



2.2 First-Order Conditions

The profit per unit of output in terms of the aggregate price level equals

- O(}/jt-l—s))

Pjt+1>1_5 (Pjt+1)_e
= === Y, -C | | =—— Y; |, 24
( Py ! Py ! 24)

where C(-) is the cost function with derivative ¢/(-) = gji4s. Differentiating this

function with respect to P4,/ P; yields:

G jt+s _ Yier _E(L@_gﬂ > Yites
OPa/Pr Loy ms 7 [, ™ P it ) P By
! ™ Pa
~ Pu/P, b= T° 7. P ji+s Y; S
P/ Py (( 6)1_[?:1 Ty By +€g]t+) jt+
L= m™  Pa €
) D, e s ) Yiers: 2.5
P/ Py (H:l T P € — 1gjt+> jt+ (2.5a)

if Pji1s/Piys is given by (2.3a) and

O0G i1t s P Yiiis
jtts T Yiits — € (Lt Al _gjt+s> fhas

aPAt/Pt B Tt+s ! 7Tt+sPt PAt/Pt’
1 T Pay
= 1— it+s Y; S
Pa/ Py (( ) Tirs b TG e
1—c¢ T Pay €
= — ias | Yoo, 2.5b
Pt/ P; (Wt+sPt € — 1g]t+ e ( )

if Pjiys/Pi+s equals (2.3b). The firm chooses Paq,/P; to maximize the discounted

stream of profits:

max [, Z O Pr15sGltts, (2.6)

Pa¢/ Py =0

where ¢, denotes the discount factor. The first order condition for this problem is:

- oG ji+s
) 2.7
t%‘ﬂ P+ aPAt/Pt ( )
Pince the common non-stochastic terms ij;/ePz in (2.5a) and (2.5b) can be canceled
in (2.7) we obtain
3 ™ Pu €
OZ]E S s\ v¥Vvs & — — = Yjt+s Y s 28
t ; o (Hzl T b€ — 1Jit+ > jt+ (2.8a)
O:Ei S mhe €)Y (2.8D)
t et (p (pt+8 7Tt+sPt € — 1g_]t+s jtts- |



The household’s Euler equation implies

/\t+s

o (2.9)

Ptts = BS

for the stochastic discount factor. This allows us to simplify equations (2.8) further:

> m® Py €
0=E AasYitrs | &=5—————=— — ——Gjtrs | » 2.10
t SE:O (B) At Yier (Hi:1 s P — 1 Jit+ ) (2.10a)
= T Pay €
0=E g *MetsYitts — itts | 2.10b
t 820(590) t4s ji+ (7Tt+sPt e _ 1 Jit+ > ( )

where we canceled \; (a non-stochastic variable from the point of view of period ¢).

2.3 Recursive Formulation of the First-Order Conditions

It is convenient to replace the infinite sums in the first-order conditions (2.10a)
and (2.10b) (see Schmitt-Grohe and Uribe (2004)). Consider condition (2.10a). If

marginal costs are equal across firms, it can be rewritten as

Pae _plw €
Pt th ’ Iu ' € — ]_’
Iy =E, i(ﬁ@)s LPAt B Yit19i4sNits
=0 Hle T by ’
o0 PA —€ - 1—e¢
P 5 Y6500 () () Yieshon (2.11)
t t SZ:O Pt Hi:1 7Tt+z‘ t+ i+
Since
PAt)6 (7TPA1&)6
I'y,=E — Yilig: + YA
1t t{ ( P, tAtgt (ﬁ@) T Py t+1 A +19t+1
2 —€
2 T PAt
_— YiioA .. 2.12
+ (Be) <7Tt+17Tt+2Pt) t+2At+20t4+2 + }, (2.12)
we get

P ¢ TP -
I = Et+1{ ( AtH) YiriAei1Gi41 + (Bo) (A) YitoNiraGito
T2 P

2P -
+ (590)2 <¢) Y}+3)\t+3gt+3 + ... }

7Tt+27Tt+3Pt+1




From the point of view of period ¢t + 1 all variables dated ¢ + 1 and earlier are

non-stochastic and can be post-multiplied the expectations operator E;,;. Thus,

(;0 ( W(PAt/Pt) )> Plt-}—l - Eﬁ-l{(ﬂ‘ﬂ) ( ﬂ-PAt ) )/t+1At+1gt+1

T41 (PAt+1/Pt+1 7Tt+1Pt
7T2PAt

T41T¢42 P

+ (By)? ( ) YioAitoGito + ... }

By the law of iterated expectations, E{E;,1{-} = Ei{-} so that the right-hand side
of (2.12) equals:

PAt)6 ( W(PAt/Pt) )6
I'y=1— Yilig: + E I . 2.13
1t ( j2) tAtgt 590 t 7Tt+1(PAt+1/Pt+1) 1t+1 ( )

In the same way, we can derive a recursive definition of I'y;:
Py - PAt/Pt - m e
Iy = — Y\ E | —————— | YR 2.14
2t ( 7, ) At + Bk (PAt+1/Pt+1 _— 241 ( )

Similarly, we can derive a recursive formulation of the first-order condition (2.10b):

Q _ ply €

Pt_r2t7 a 6—]_7

Ty = (@)_emtm(ﬁwm( mi( P/ ) ))_Eruﬂ,

P, 7Tt+1(PAt+1/Pt+1
Pa\ Pu/Pr \f m \°
Iy i= | — YA E, [ ——F—— Torq. 2.15
2 (Pt> i\ + By (PAt+1/Pt+1 —_— 2t+1 ( )

In the case of the production function (1.4) we substitute for g;.4, from equation
(1.14) and obtain from (2.10a):

Par _ ply _ ¢
Pt th ’ s € — 1’
bu) g (orlty >—
1“ = -4 Yl ayl a)\ "‘ E F ’
! (Pt ! ! (G (BP)E: Te41(Pats1/ Pey) e
Py a PAt/Pt a m e
Iy = =— Y\ E, (| ———— | PR 2.16
2t ( 2 ) iAe + By (PAt+1/Pt+1 — 2t+1 ( )
and from (2.10b):
Par _ ply _ ¢
Pt th ’ s € — ]_’
PAt>1_€“ e Toa ~ ( 7 (Pac/ Py) >ﬁ
1“ = -4 Yl ayl a)\ "‘ E F ’
1t ( P, t t tJ: + (Bp)E o1 (Parr/Prat) 1t+1
Py a PAt/Pt a Tt e
Iy = | = Y\ E, [ ————— Toryq. 2.17
2t ( ) ) i\ + By (PAt+1/Pt+1 — 2t+1 ( )
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3 Log-Linear Equations

3.1 The Stationary Solution

Consider the non-stochastic equilibrium with constant inflation factor 7. Equations
(1.20a) and (1.20b) imply Ps;/P; = 1. In addition, Py:/P; = 1 (see (1.15a) and
(1.15b)). Thus all firms produce the same amount Y;; = Y at the same marginal
costs g;; = g. In this case, both equation (2.10a) and (2.10b) imply
e—1

t

g= (3.1)

To embed any of our models of sticky prices into a linearized model we can
linearize Pay/ P, = ul'1y/T9; together with the respective recursive formulations. It
has, however, become common practice to linearize (2.10a) or (2.10b) directly to get
a Phillips curve equation that relates the current rate of inflation to expected future

inflation, past inflation, and a measure of cost pressure.

3.2 First Steps

When we linearize equation (2.10a) and (2.10b) at the stationary solution we can
disregard the terms involving 5\t+3 and }Afsz since these terms are multiplied by the
term in square brackets that vanishes at the stationary solution. Let p; := Pay/P;.

Then the log-linear version of (2.10a) can be written as

0=E i(ﬁ‘ﬂ)s)‘y Pt — Zﬂ-t+l )
s=0 — ~
AY i(ﬁ@)sﬁt =K, i(ﬁ@)sﬂ/ i Teri + Gjtrs | 5
s=0 s=0 L i=1
=1/(1-By)
P = (1— Bo)E, i [i Tti T jtrs (3.2a)
s=0 i=1

11



Similarly, we obtain the log-linear version of (2.10b):

o0

A A A € X
0=E Z(ﬁ@)SAY Pe T = Tips — =79 Gjtts |
s=0 GH,_/
=1

AY Y (89" e+ 1) = NYE, Y (89)° [fers + e

s=0 s=0

—1/(1—-6y)

pet+ 7= (1= Be)E ) (B0)° [Firs + Gjtts] - (3.2b)
s=0
Log-linearizing equation (1.20a) at P4;/P, = 1 yields
Pi= < f@ﬁt. (3.3)
Furthermore

(Pne/Pr) = =7, (3.3b)

since Pyi/P, = m/m in the case of (1.15a). If non-optimizers change their price
according to the rule of thumb in equation (1.15b) the relation between p; and the

rate of inflation is given by

po= < f(p (7 — 7r-1) (3.3¢)

and for Py;/P; we obtain

—

(PNt/Pt) - ’ﬁ'tfl - 'ﬁ't. (33d)
Given these relations the log-linear version of both (1.21a) and (1.21b) reduce to

Gt = PGs—1. (3-4)

Since we are free to choose the initial condition, it will be convenient to set ¢;_1 = 0
so that we can disregard this variable and can work with the log-linearized aggre-
gate production function (1.5) and the respective market clearing conditions (1.10).
This is also possible in the case of the production function (1.4), since log-linearizing
(1.24) implies N, = N,. This demonstrates that the common practice not to distin-
guish between Y; and N, on the one hand side and fft and ]\th on the other is valid in a
linearized model. However, it is not justified to do so if higher order approximations
of the model’s equilibrium conditions are used. In this case one has to resort to the

recursive formulations presented in the previous sections.

12



3.3 Forward Looking Phillips Curves

First, we consider the case where the marginal costs do not differ between optimizing
and non-optimizing firms so that g;.+s = §1+5¥j € [0,1]. From the point of view of

period t 4+ 1 equation (3.2a) can be written as

Pevt = (1= B)Er1 D (B9)* | D Frvinr + §t+s+1] ~
5=0 1=1

Taking expectations as of period ¢ on both sides and noting that (by the law of
iterated expectations) E,(-) = E;E;;(-) provides

S
E Titit1 + gt—l—s—f—l] .

i=1

o0

Eipr1 = (1 — Bp)E Z(&P)

s=0

Therefore,

— BeEari = Ef (1= 89) 30 + (B0)dus + (B0)Gusa + - .|

= (1= 8¢) [(B0)dnr + (B¢ Gusa + ..

+ (1= Bg) | B + (B¢) (Fevt + 7o

+ (80 (Rt + Fuan + sz + ..

— (1= B9)|(Bo)Resa + (B¢)" (Resa + Fusa) - | }
E(1- B9)g + | (1= Be) B (1+ B + (B9) + ... )| }
B

1 —Bp)g + B‘Pﬂﬂ}

(3.5)
Using equation (3.3a) to substitute for p, and E;p,,; in equation (3.5) we obtain

®
I—o
or

= (1= Bp)g+ By (% + 1) B¢y

(1=p)(1=Bp)
»

This is the New Keynesian Phillips curve that appears in a substantial number of

ﬁ-t — BEtﬁ-H—l "‘

(3.6)

papers.
In case of ga; # gne we use equations (1.14) and (2.3a) to eliminate §j;45 from

(3.2a). Since (for ease of writing, I use ¢ = g in the following paragraphs)

S
e “ “
T 1o (pt—ZWtH) )
N—— =1

=A

Gjt+s = Gi+s

13



we get
pe — BeEipr = (1 — 5¢)Et{§t — Apr + By <§t+1 — AP — Te41)
+ (Byp)? ( Jt+2 — (ﬁt—ﬁt+1—ﬁt+2)> + ...
)( Jt+1 — Apt+1> - (ﬁ@)Q <§t+2 — A(Pry1 — 7ATt+2)>
Bp)’ <gt+3 A(Pry1 — g2 — 7ATt+3)) ... } + BPE i,

=<1—6¢>Et{ AL+ B+ (Be) 42+ ) b

s

—1/( —Bp)
+ A&PQ + Bp + (Bp) + + .. -Zﬁt+1
1/(1—By)
(
(

+ Aﬁ@\u + B+ (Bo) +* + ... )J7ATt+1} + BPEmiqr.
1/(1=Byp)

Rearranging terms yields

pe(1+A) = (1= Bp)g + Bp(1 + A)Eipri1 + Bp(1 + A)Eifreia. (3.7)
Using equation (3.3a) to substitute for p, finally delivers

. (=91 =Pp)(1 - a)
T =
pll+a(e—1)])
This is the forward looking Phillips curve that appears in Gali et al. (2001) and
Sbordone (2002).

Gt + BEiTe41. (3.8)

3.4 Forward and Backward Looking Phillips Curves

Assume Gjirs = Gi4sVj € [0,1]. Proceeding as in the previous section, equation
(3.2b) implies

Ei [Pry1 + Tea] = (1 — Bo) By Z [ Ferset + Grosat] -
s=0

Thus,
De+ 7 — BOR [Pry1 + Tpa] =
G+ e+ B (G + Tora] + (B0)? [Gera + Teva] + (B9)° [Grs3 + Tupa] -
— B9t + 7] — (B9)? [Ger1 + Tega] — (B0)° [Graa + Tega] —
— B (G + Fea] = (B9) (G2 + Tuga) = (B2)° [Gr4s + Frevs] —
+ (B9)? (g1 + Taa] + (B9)° [Geva + Fural + (B9)" [Girs + Tugs] + -
= (1= B¢) [g: + 7] - (3.9)

14



Rearranging yields:

De — BeEpr1 = (1 — Bo)ge + BoE [frr11 — ] - (3.10)
Substituting from equation (3.3c) for p; and E;p,,; delivers

Be?
I—¢

®
L—o

Ey [frip1 — 7] = (1 — B)ge + BOE; [frr11 — 7] -

[ — 1] —

Collecting terms yields the forward and backward looking Phillips curve that appears
in Christiano et al. (2005) and in Walsh (2005):

. 1 . . 1- 1-— .
Tt — Ty + LEtﬂ-tJrl -+ ( (,0)( 6('0) gt (311)

T 148 1+ 3 (14 B)y

Note that there is an alternative way to write equation (3.2b). Since its rhs

equals:

(1 — By)E, Z(&P)S [Ftrs + Gevs] =

s=0

e + gr + Et{(ﬁ@) [fie1 + Ge1] + (B9)? [Feo + Geao) + - -

— (Be) [7r + 9¢) — (Be)? [Fr41 + Gra1] — (BY)? [T + Gesa) — - - }

[e.9]

=+ g + Eq Z(ﬁ@)s [Tivs — Tits—1 + Gers — Grrs—1]

s=1

we can also write

o0

D= g + K Z(ﬁ@)s [Tits — Titrs—1 + Jivs — Grrs—1) - (3.12)

s=1

In the case where marginal costs differ between optimizing and non-optimizing

firms we obtain (see also (3.9))
Pr+ Tt — BPEy (Dry1 + 1) = (1= By)
X Et{ﬁt — Apr + By <§t+1 — APy — Tua) + (Bp)? <§t+2 — A(pr — Tp1 — 7Aﬂt+2)> +..
— (Bp) <§t+1 - Aﬁt+1> - (5@)2 <§t+2 — A(Pry1 — 7ATt+2)> e
+ @t + Bftegs + (Be) Ty + - = Bopitegr — (B0)*Frepn — - - }

= (1= Bp)(ge + 7tr) — Apy + BpAE, <]5t+1 + 7ATt+1>-

15



Replacing p; and p;1 yields after a modest amount of algebra the final solution:

R 1-— 1-— . 14+ A, 1+ A) .
7Tt=( (pzp(B B(p)gmL B 7Tt1+LB )7Tt+17

where: A := Bi=(1+A)(1+ Bp)+B(1—p). (3.13)

(e

1—a’

Gali et al. (2001) use a different assumption about backward looking behavior.
They also assume that a fraction 1 — ¢ of firms adjusts their price according to
(1.15a). Yet, among those firms that receive the signal to choose their price optimally
only the fraction 1 —w does so. These firms set their relative price according to the
first-order condition (2.10a). We use Pjt to refer to their optimal nominal price.

The remaining w(1 — ¢) backward looking firms update their price according to

Pf;t = T_1Pa1, (3.14)
where
1/(1—¢)
Pa = |(1 —w)(PL)" + w(Py) . (3.15)

is the average of the prices of those firm that truly optimize and the prices of those
firms that adopt a backward looking update formula. The overall price level is still
given by equation (1.17a).

The index formula (3.15) implies

(Pa/P) = (1 — w)py + w(Ph,/ Py), (3.16)

where we continue to use the symbol p, for the percentage deviation of the optimal
relative price of optimizing firms from its non-stochastic stationary value of unity.
From (3.14) we obtain

b
P . -1 Pat1 . -1 Pat1

P, P, B m Py

implying

(PY/Pr) = 71 — T + (Par—1/Pra).
Since (note that now (P/At/\Pt) plays the role of p; in (3.3a))

(Pat/P) = 1 f(pﬁt (3.17)

this yields

— 1 . R
(Ph/Pr) = 1_ (pﬂt—l — T (3.18)
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Substituting (3.17) and (3.18) into (3.16) we obtain a new relation between p; and

the current and lagged rate of inflation:

1_
Pl ) d Fii. (3.19)

T -pl-w)t (-1 -w)
Since equation (3.7) still gives log-linear approximation to the first-order condition
(2.10a) we find the final solution after substitution for p; from (3.19). This yields
. (1-w)(l-p)d-Fp)l-a). w, By .
= —Ti_1+ —E
T £[1+Oé(€— 1)]) gt+ fﬂ-t 1+ é. tTt+415
§:i=p+w(l—p(l-75). (3.20)

This is the hybrid Phillips curve equation from Gali et al. (2001). It nests several
models: w = 0 implies the purely forward looking Phillips curve (3.8), w=0 and
a = 0 imply the standard solution in (3.6).

4 Example

In order to see how the apparatus presented in the previous sections can be integrated
into a model, I consider a simple New Keynesian macro model taken from Walsh
(2003), Section 5.4.

4.1 The Model

Households. The representative household consumes a basket of goods

1 e—1 j
C, = (/ Ofdj) . e>1 (4.1)
0

with prices Pj;. Minimizing the costs P,C} = fol P;;Cjidj of obtaining a given quan-
tity C} of this basket provides his demand for good j:

P\ ¢
Cjt - <—]t) Ct, (42)

where P, is the price index defined in (1.2).

In this economy there are two stores of value: nominal money balances M; and
nominal bonds B;, both issued by the government. Bonds pay a nominal interest
q; — 1 which is determined at the end of period ¢ — 1 and, thus, a state variable.

The household receives nominal wages W; and real profits II; from firms and real
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transfers T; from the government. His period-to-period budget constraint in units
of the final good Y; is:

My + By M, By W,
Det1 T e 2N 4+ 7, + 10 4.3
P, p, T, T p et Lot (4.3)

The household maximizes

EtZBS

subject to (4.3) and given initial levels of M; and B;.

c1n y I, 1y N
- t+s

The first-order conditions of this problem are:

A= G, (4.42)
1
Nte = —)\twt, (44b)
V2
)\t—i—l
= Ba+1E, (4.4c)
Tt
At M\ * 1 Aty
t E 4.4d
P %( w) g (14d)

where w; := W, /P, denotes the real wage rate.

Government. The government’s budget constraint is

My, — My + Biyy — B By
t+1 tP t+1 t — (g —1)2 =
t t

T, + (4.5)

and we assume that each sequence of transfers, interest rates and money balances

satisfies the no Ponzi game condition:

- PtJrsTtJrs - (thrs - 1)Mt+s
s=0 i=0 i+

In this example we consider a simple Taylor rule for the nominal interest rate. Let
q > 1 denote the desired rate, then

é
G+ _ <E> et 61, (4.6a)
q T
vy = poty—1 + 11, v~ N(0,070),py € (0,1). (4.6Db)

Firms. FEach of the j € [0,1] goods is produced by one firm according to the
production function (1.4). The fraction ¢ of firms that is no allowed to set their

optimal price use the rule (1.15a) to update their nominal price.
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4.2 Dynamics

In a temporary equilibrium of this economy the goods, the labor market, and the

money market clear. For given (z; := s;_1, I'14, I'g;, and \) the 12 equations

0;77 = )\ta (47&)
C, =Y, (4.7b)
1
Nte = — )\twt, (47(3)
Yo
Wy = (1 — Oé)thtNtia, (47d)
Y, = Z,N}=°, (4.7¢)
Y, = 5,Y}, (4.7f)
- T 1—e¢
l=1-¢)(Pal) "= p , (4.7g)
PAt /‘L]-—‘lt €t
Far ) _ —_ & 4.7h
(a) e (4.7h)
Q1 _ (3)5€w (4.71)
q ™ '
R . N 1 — %a 11—« '
o= (- )Ny 4 ¢ (—t Loy ) | (479
77 P
_ Py\ Y,
Nizo = [ £ — 4.7k
At (Pt) Zt7 ( 7 )
Py € e\ €
== () o (T s (4.7

determine the 12 variables Y;, Cy, Ny, ﬁ, Nt, pr := Pa/ Py, wy, Giy Ty Qer1, St and

N ;. The model’s dynamics govern the next four equations:

L1 = St (4.8a)
A
Atr1 = BBy aEs (4.8Db)
T+1
PAt) el _ca ( (Pay/P) >—
Iy = = Y'Y NG + E r , (4.8¢c
1t ( P, t t tJt (590) t 7Tt+1(PAt+1/Pt+1) 1t+1 ( )
Pa\ Pu/Pr \ " m \'°
Iy i= [ — Y\ E, [ ———— T . 4.8d
2t ( 7, ) A+ Bl (PAt+1/Pt+1 — 2+1 ( )

In order to solve this model via linear or quadratic feed back rules we must
compute the stationary equilibrium of the deterministic counterpart of the model.
This is obtained from (4.7) and (4.8) by ignoring the expectations operator, setting
Zy =1 and v, = 0 for all £, and dropping the time indices. This delivers P,/P = 1,
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Y=N*=(C,and A=C"".

Figure 4.1: Impulse Responses to an Interest Rate Schock
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Figure 4.1 displays the response of the model to a one time shock of size o, in
the interest rate equation computed with the program NKPC_1.g. The parameters
are « = 0.27, f = beta =0.994, 0 = 1.01, e =6,n=2, o = 0.75, 0 = 0.5, p, = 0.50,
and ¢ = 7/f with 7 = 1.0167.
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