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This paper is concerned with complete control-
lahility of linegar retarded systems to the So-

Eolev space Uéq)(-ﬁ,ﬂ;xl under a positivity

tonstraint for the control; here X denotes a
separable Hilbert space, I call the result
"megative", since this positive controllabi-
lity property can only be achieved under a
very strong and obviously sufficient conditi-
orn., For systems governed by ordinary diffe-
rential equations the situation is - as is
well knoun = entirely different.
This paper is & modified and shortened versi-
on of & paocsr submitted te the SIAM J.Control
Optim. ray

Notation: WY “(=~h,03;X} denotes the spacs
of all absolutsly continuous functions with
values in X having a derivative in LQ(-h,D;X).

e consider the following general linezr re-
tarded system
x(t) = L{t)x +B{tiult), te [tg,t,‘] (1)

where n is the length of the retardation,
t,=h> s xt(s):=x\t+s)£ X for s ¢ {~h,01,

wit)eu, U and X are separable Hilbert spacss,
%B{t)ﬂand #L{t)l are essentially bounded on
tootd and YL{e )P, §8(t)ul) 2re measurable

for all YeC(~h,0;X) and uel, resp.
ke impose a positivity constraint on the ad-
missible controls v by reguiring throughout
that they are slemsnts aof

fuet (5 ,t.50): ult)er(t) ase.}
where P(%t) is a closec convex cane in U with
vertex at 0 and tr-»P(t) is measurable,
A trajsctory x of {1) correspanding to an ad-
missible cantrol u and the initial condition
Xy =0 is called admissible.

Define the controllability set R at time t,
by

R:= {x; : x is an admissible trajectory}
“1

Certainlyq\

Rcuz‘"(-h,[};x}.
System (1) is called completely controllable
ir R=ul en, 0500,
Define the opsrator g:Lz(tq-h,ggu)—*éLz(tw-h,
ty3X) by

(Bul(t) 1= B(t)ul(t), t @t -h,t,],

and the closed convex cone 5CL2<t1~h}t1;U> by
T = {u eLz(t1—h,t4;U}: v{t)eP(t) a.e.}
Yo asesume that B(%) has closed rarge in U,
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Lemma (i) The norm of the generalized irverse
8(t}+ of 8(t) is essentially bouncded on [t,-h,
t?} iff § has a closed range.

éii) Suppcse that 5 has a closed tange. Then
F=l, (t,=h,t 5%x) iff 8(t)P(t)=X for a.a, t e

LPELPR PV

Proof, Assertiom (i) follous as Lemma 3 in [2].
TR 1ii), one dirggtion is trivial, Corversely,
it follows that BP is a closed linear subspace,
since © is closed and ¥ has a clpgsed range.
Suppose that e is orthogonal to EF, i.e.

t

1
_( elt Bt u(t)dt =
£5-h

Then by standard arguments used in the proof
of the maximum principle, e(t)B{t)u{t)=0 a,e.
Hence by the assumption e=0,

0 for all ueP.

Now we can give the follouing characterizati-
on of completis controllability,

Theorem, Suppose that the morm of the genera-
Iized inverse B(t )" of B(t) is ssssntially

bounded an [t.-h,%t,]. Ther system {1} is com-
oletely contrdllabie tc the Sobolev space

3
Uéji(-h,ﬂ;x> iff the following two conditions
are satisfied:
(i) {x(tq-h : x is an admissible trajectory}

= X;
(i1) B(t)P(t) = X for a.a.t e [t,-h,t,].

Sropf: By the second part of the lemma, (i)
and (ii) imply complete controllability, Con-
versely, observe that {i) follous trivially.
The proof of (ii) uses smoothness arguments,

compare {171 .

Remark 1. Property {ii) implies in particular
that rank B{%f)=n for a.a. te [t,~h,t,]. This
rank condition is well knoun for complete
controllability without control restrictions,

Remark 2, The theorem above has zpplications
to cptimel control theory, since it allous
to relate the nation of "regular reachability'
to complete controllability{compare 1]},
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