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The e f f e c t  of  r e s o n a n t  i m p u r i t y  s c a t t e r i n g  o n  t h e  p r o p e r t i e s  of  
s u p e r c o n d u c t i n g  h e a v y  f e rmion  c o m p o u n d s  p r o p o s e d  r e c e n t l y  b y  P e t h i c k  
a n d  P i n e s  is  i n v e s t i g a t e d  w i t h i n  a s e l f - c o n s i s t e n t  t h e o r y  of  p a i r - b r e a k i n g .  
We d i s c u s s  t h e  t h e r m o d y n a m i c  a n d  t r a n s p o r t  p r o p e r t i e s  of axia l  a n d  p o l a r  
t y p e  o r d e r  p a r a m e t e r s  f o r  a r a n g e  of  i m p u r i t y  c o n c e n t r a t i o n s  a n d  
s c a t t e r i n g  p h a s e  s h i f t s .  The  r e s u l t s  f o r  t h e  p o l a r  s t a t e  w i t h  i m p u r i t y  
c o n c e n t r a t i o n s  niffil0 -4 a n d  p h a s e  s h i f t s  6o c lose  to t h e  u n i t a r i t y  l imit  w/2 
a p p e a r  to  g i v e  a good d e s c r i p t i o n  of  d a t a  on  UPts .  U n u s u a l  b e h a v i o r  i s  
p r e d i c t e d  to o c c u r  in  a g a p l e s s  r eg ime  below a t e m p e r a t u r e  
T01Tc • (n~ TF/TG) z /z .  

The  low t e m p e r a t u r e  p r o p e r t i e s  of  t h e  s o - c a l l e d  
h e a v y  f e r m i o n  s u p e r c o n d u c t o r s  I , , ,3 UPt s ,  
UBezs a n d  CeCu2Sia a p p e a r  to  o b e y  p o w e r  laws 
in  t e m p e r a t u r e  in  c o n t r a s t  to  t h e  e x p o n e n t i a l  
b e h a v i o r  fami l ia r  f rom t h e  u s u a l  BCS t h e o r y .  
T h i s  a n d  c e r t a i n  n o t i o n s  of  t h e  e l e c t r o n  
c o r r e l a t i o n s  in  a h e a v y  f e r m i o n  s y s t e m 4 ,  s h a v e  
led to t h e  s u g g e s t i o n  t h a t  t h e s e  m a t e r i a l s  may 
be  " u n c o n v e n t i o n a l " ,  n o n  s - w a v e  s u p e r -  
c o n d u c t o r s .  However ,  e a r l y  model  c a l c u l a t i o n s  
e x p l o r i n g  t h e  p o s s i b i l i t y  of  a n i s o t r o p i c  p - w a v e  
s u p e r c o n d u c t i v i t y  a n a l o g o u s  to  t h e  s u p e r -  
f l u i d i t y  in  SHe h a v e  o n l y  met  w i th  p a r t i a l  
S U C C E S S ,  

For  example ,  t h e  e v a l u a t i o n  of  ( o r i e n t a t i o n  
a v e r a g e d )  t r a n s p o r t  c o e f f i c i e n t s  in  t h e  B o r n  
a p p r o x i m a t i o n  va l id  in  n o r m a l  s u p e r c o n d u c t o r s  
y i e l d s  i n v a r i a b l y  t h e  same t e m p e r a t u r e  
d e p e n d e n c e  as  in  t h e  n o r m a l  s t a t e ,  i n d e p e n d e n t  
of  t h e  g a p  s t r u c t u r e .  T h i s  a r i s e s  b e c a u s e  t he  
p r o d u c t  of  t h e  d e n s i t y  of  s t a t e s  N(E) a n d  t h e  
t r a n s p o r t  t ime g(E) is e n e r g y  i n d e p e n d e n t  in  
t h i s  a p p r o x i m a t i o n  6. By c o n t r a s t ,  e x p e r i m e n t a l l y  
t h e s e  c o e f f i c i e n t s  v a n i s h  w i th  a h i g h e r  p o w e r  
of  T a t  low t e m p e r a t u r e .  

A p o s s i b l e  e x p l a n a t i o n  of  t h e  t r a n s p o r t  
d a t a  h a s  b e e n  p r o p o s e d  r e c e n t l y  b y  P e t h i c k  
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a n d  P i n e s  7, who  a r g u e  t h a t  d u e  to t h e  l a r g e  
e f f e c t i v e  mass  a n y  c h a r g e d  i m p u r i t y  p o t e n t i a l  
i s  s t r o n g l y  s c r e e n e d ,  s u c h  t h a t  t h e  s c a t t e r i n g  
is  e s s e n t i a l l y  s - w a v e .  I n  t h i s  c a s e  t h e  F r i e d e l  
sum r u l e  impl ies  t h a t  t h e  s c a t t e r i n g  p h a s e  s h i f t  
6oawq/N[ , w h e r e  qe  is  t h e  c h a r g e  of  t h e  
i m p u r i t y  a n d  Nf is  t h e  leve l  d e g e n e r a c y  of  t h e  
s c a t t e r i n g  e l e c t r o n s .  For  q--1 a n d  Nf -2  (on ly  
s p i n  d e g e n e r a c y )  t h e  s c a t t e r i n g  is  n e a r  t h e  
u n i t a r i t y  l imit  6o=w/2. I t  h a s  a l so  b e e n  
s u g g e s t e d  a t h a t  in  a Kondo l a t t i c e  model  of  a 
h e a v y  f e r m i o n  s y s t e m  a n  i m p u r i t y  r e p r e s e n t i n g  
a m i s s i n g  Kondo ion  i s  a s s o c i a t e d  w i th  a Kondo 
p h a s e  s h i f t  of  6o-w/2.  

R e s o n a n c e  s c a t t e r i n g  impl ies  t h a t  t h e  
t r a n s p o r t  r e l a x a t i o n  r a t e s  a r e  d r a m a t i c a l l y  
e n h a n c e d  a t  low e n e r g y  s u c h  t h a t  t h e  
t r a n s p o r t  c o e f f i c i e n t s  a r e  s u b s t a n t i a l l y  r e d u c e d  
c o m p a r e d  to t h e  n o r m a l  s t a t e ,  a s  o b s e r v e d  
e x p e r i m e n t a l l y .  On t h e  o t h e r  h a n d ,  n o n -  
m a g n e t i c  i m p u r i t i e s  c a u s e  p a l r b r e a k i n g  in  
a n i s o t r o p i c ,  o d d -  a n d  e v e n - p a r i t y  s u p e r -  
c o n d u c t o r s ,  i n  c o n t r a s t  to  o r d i n a r y  s - w a v e  
s u p e r c o n d u c t o r s .  Wi th in  t h e  B o r n  a p p r o x i m a t i o n  
t h e s e  e f f e c t s  a r e  n e g l i g i b l e  a t  t h e  smal l  
c o n c e n t r a t i o n s  we c o n s i d e r  h e r e  9. 
However ,  r e s o n a n t  i m p u r i t y  s c a t t e r i n g  l e a d s  to 
s i g n i f i c a n t  c h a n g e s  in  t h e  BCS s i n g l e - p a r t i c l e  
p r o p e r t i e s ,  s u c h  t h a t  a s e l f - c o n s i s t e n t  
t r e a t m e n t  is a l w a y s  n e c e s s a r y .  

In  t h i s  p a p e r  we exp lo r e  t h e  c o n s e q u e n c e s  
of  t h i s  e f fec t .  Ve ry  r e c e n t l y  t h e  same p r o b l e m  
was  t r e a t e d  i n d e p e n d e n t l y  b y  S c h m i t t - R i n k ,  
Miyake a n d  Varma 8 (see  a lso  re f .10) .  A n u m b e r  
of a u t h o r s  h a v e  c o n s i d e r e d  t h e  s imi la r  p r o b l e m  
of  Kondo i m p u r i t i e s  in  u s u a l  s u p e r c o n d u c t o r s ,  
w h e r e  one  f i n d s  a n  i m p u r i t y  b o u n d  s t a t e  in  t h e  
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g a p  ~ x, z ~. We s h a l l  c o n c e n t r a t e  on  t h e  low 
e n e r g y  ( and ,  h e n c e ,  low t e m p e r a t u r e )  r eg ime ,  
w h e r e  p a l r b r e a k i n g  is  of  d o m i n a n t  i m p o r t a n c e .  
F u r t h e r m o r e ,  we i n v e s t i g a t e  t h e  rAle of 
s c a t t e r i n g  p h a s e  s h i f t s  ao d i f f e r e n t  f rom ~/2.  
I t  t u r n s  o u t  t h a t  small  c h a n g e s  in  ~o may lead  
to s i g n i f i c a n t l y  d i f f e r e n t  b e h a v i o r .  We a lso  
d i s c u s s  t h e  a c t u a l  t e m p e r a t u r e  d e p e n d e n c e  of  
v a r i o u s  p h y s i c a l  p r o p e r t i e s  f o r  t e m p e r a t u r e s  
u p  to  T c. We f i n d  t h a t  t h e  p o w e r  law e n e r g y  
d e p e n d e n c e s  of  t h e  d e n s i t y  o f  s t a t e s  a n d  t h e  
mean  f r e e  p a t h  do  no t  a u t o m a t i c a l l y  t r a n s l a t e  
i n t o  e q u i v a l e n t  p o w e r  laws in  t h e  t e m p e r a t u r e  
d e p e n d e n c e s  of  t h e  c o r r e s p o n d i n g  f r e q u e n c y  
i n t e g r a t e d  p h y s i c a l  q u a n t i t i e s .  Th i s  modi f ies  
s o m e w h a t  t h e  c o n c l u s i o n s  d r a w n  in  re f .  8. At 
low t e m p e r a t u r e s ,  w h e r e  s u c h  power  laws a r e  
n o r m a l l y  va l id ,  a g a p l e s s  b e h a v i o r  i n t e r v e n e s ,  
whi le  a t  h i g h e r  t e m p e r a t u r e s  t h e  p o w e r  l aws  
a r e  d e s t r o y e d  b y  t h e  u p p e r  c u t o f f  of  
f r e q u e n c y  p o w e r  l aws  a t  ~=Ao a n d  b y  t h e  
t e m p e r a t u r e  d e p e n d e n c e  of  t h e  o r d e r  
p a r a m e t e r .  

Within  a s i n g l e - s i t e  a p p r o x i m a t i o n  t h e  
e f f e c t  of  p o t e n t i a l  s c a t t e r i n g  is g i v e n  b y  t h e  
T - m a t r i x ,  w h i c h  o b e y s  t h e  e q u a t i o n  

T = K + K G T  

                                                    

h e x a g o n a l  c r y s t a l  s y m m e t r y ,  w h e r e  Gz=0 o n  
a c c o u n t  of  t h e  h e x a g o n a l  a n i s o t r o p y  of  t h e  
Fe rmi  s u r f a c e  ( t h e  s i n g l e t  s t a t e  w i th  l i n e s  of  
n o d e s  Ak " k x k y  would  b e  of  t h i s  t y p e ) .  
Keep ing  o n l y  Go a n d  Gt o n e  f i n d s  t h e  
c o m p o n e n t s  of  t h e  s e l f - e n e r g y  as  

I:o = GoZ~/G~ = r G~ (4) c:l -- Go;I + GI :l 

w h e r e  r = (nj/~No)(N/V) is  t h e  n o r m a l  state 
s c a t t e r i n g  r a t e  in  t h e  u n i t a r i t y  l imit  a n d  
c ucot6 o i s  a c o n v e n i e n t  m e a s u r e  of  t h e  
s c a t t e r i n g  s t r e n g t h .  Note t h a t  c=0 a t  r e s o n a n c e ,  
w h e r e a s  c ) l  c o r r e s p o n d s  to  t h e  weak  
s c a t t e r i n g  limit.  The  i n t e g r a t e d  G r e e n '  s 
f u n c t i o n s  a r e  g i v e n  b y  

G = (~' _ >~ (s) Go (,,,) £ < X~) ' / '  
l i t  

a n d  a s imi la r  e x p r e s s i o n  fo r  GI ,  w i th  ~=,~-Z o
r e p l a c e d  b y  ~tmAl~-Z z in  t h e  n u m e r a t o r .  
S imi la r ly  t h e  g a p  f u n c t i o n  i s  d e t e r m i n e d  
s e l f - c o n s i s t e n t l y  f rom t h e  g a p  e q u a t i o n  

1 
Ak = - T ~ ~k V~-~, 7 t r  [_~z G_(]~' ,u,)] ,  (6)  

(d N 

(1) w h e r e  V l ~ '  i s  t h e  p a i r  p o t e n t i a l .  E q u a t i o n s  
(1) - (6)  p r o v i d e  a g e n e r a l  f r a m e w o r k  f o r  t h e  
s e l f - c o n s i s t e n t  c a l c u l a t i o n  of  s i n g l e - s i t e  
i m p u r i t y  s c a t t e r i n g  in  s u p e r c o n d u c t i n g  s t a t e s  
w i t h  a r b i t r a r y  a n i s o t r o p i c  ( rea l )  o r d e r  
p a r a m e t e r .  The  g e n e r a l i z a t i o n  to complex  g a p  
p a r a m e t e r s  is  s t r a i g h t f o r w a r d .  For  
s imp l i f i ca t ion  we s h a l l  p u t  G ~ =0 i n  t h e  
fo l lowing,  t h u s  e x c l u d i n g  c e r t a i n  e v e n - p a r i t y  
s t a t e s  in  h e x a g o n a l  c r y s t a l s .  

In  t h e  n o r m a l  s t a t e  G0=i, a n d  
Eo=irs in2 6o=irs .  The  d e p r e s s i o n  of  T c b y  
p o t e n t i a l  s c a t t e r i n g ,  w h i c h  a c t s  a s  p a i r b r e a k i n g  
m e c h a n i s m  fo r  t r i p l e t  o r  s i n g l e t  a n i s o t r o p i c  
p a i r i n g ,  i s  g i v e n  b y  t h e  u s u a l  AG e x p r e s s i o n  14, 
w i t h  t h e  m a g n e t i c  s c a t t e r i n g  r a t e  r e p l a c e d  b y  
r N. The  r e l e v a n t  d i m e n s i o n l e s s  p a r a m e t e r  
(rN/2~To) in  t h e  u n i t a r i t y  l imit  is  r o u g h l y  
g i v e n  b y  ( n i T e / T  c) w i th  n t  t h e  c o n c e n t r a t i o n  
of  i m p u r i t i e s .  A s s u m i n g  TF-10"(m/mZ)T ¢, a 
c o n c e n t r a t i o n  of  s e v e r a l  p e r c e n t  s h o u l d  be  
s u f f i c i e n t  to  d e s t r o y  s u p e r c o n d u c t i v i t y .  On t h e  
o t h e r  h a n d  g i v e n  a n  e s t i m a t e d  i m p u r i t y  
c o n c e n t l ' a t i o n  ~s of  nomina l ly  p u r e  s amp le s  of 
n l - 1 0 , "  , T c s h o u l d  no_.tt b e  a f f e c t e d .  The  g a p  
p a r a m e t e r  i s  r e d u c e d  in  o r d e r  r / T o  fo r  small  
n t • 

W h e r e a s  r e s o n a n c e  s c a t t e r i n g  b y  a small  
n u m b e r  of  i m p u r i t i e s  does  n o t  a f f e c t  t h o s e  
t h e r m o d y n a m i c  q u a n t i t i e s  w h i c h  i n v o l v e  
i n t e g r a t i o n  o v e r  e n e r g i e s  of  o r d e r  T c o r  A, i t  
d o e s  c a u s e  l a r g e  c h a n g e s  in  t h e  low e n e r g y  
a n d  low t e m p e r a t u r e  b e h a v i o r  a n d  in  t h e  
t r a n s p o r t  p r o p e r t i e s  in  g e n e r a l .  T h u s  we f i n d  
t h a t  t h e  d e n s i t y  of  s t a t e s  i s  f i n i t e  a t  z e r o  
e n e r g y  in  a n  axia l  s t a t e  (~k=AoSin~k) p r o v i d e d  
t h e  p a i r - b r e a k i n g  p a r a m e t e r  y s ( r / ~ o )  i s  
s u f f i c i e n t l y  l a r g e ,  i.e. ¥>2c~/w. For  s c a t t e r i n g  
in t h e  u n i t a r i t y  l imit N(0) i s  f i n i t e  fo r  
a r b i t r a r i l y  smal l  c o n c e n t r a t i o n .  I n  t h e  p o l a r  
s t a t e  N(0)>0 fo r  al l  r ,c .  The  d e p e n d e n c e  of N(0) 
o n  ¥ a n d  c i s  g i v e n  fo r  t h e  axial  s t a t e  b y  

s(o~) = . , f , ( y )  , 

NO ~an y 

Here  T_, t h e  K-ma t r i x  K a n d  G a r e  m a t r i c e s  in  
Nambu space .  In  p a r t i c u l a r  K may be  
a p p r o x i m a t e d  b y  i t s  n o r m a l  s t a t e  l imit  K-Ks _~3, 
w h e r e  K m = -  t an6o  (No is t h e  no rma l  d e n s i t y  
of  s t a t e s ) ,  b e c a u s e  i t  is  d e t e r m i n e d  b y  v i r t u a l  
e x c i t a t i o n  p r o c e s s e s  i n t o  s t a t e s  f a r  f rom t h e  
Fe rmi  s u r f a c e  w h i c h  a r e  weak ly  a f f e c t e d  b y  
p a i r i n g .  The  m a t r i x  _G is  t h e  momentum 
i n t e g r a t e d  G r e e n ' s  f u n c t i o n ,  G(w) -- (1/wNo) 
E G(~,,~). The  G r e e n ' s  f u n c t i o n - i s  d e t e r m i n e d  
s e l f - c o n s i s t e n t l y  f rom t h e  Dyson  e q u a t i o n  

(~ _~o - eL _~. - _4k - _Z(~)) __~l~,.) = _~o, (2) 

w h e r e  e k i s  t h e  q u a s i p a r t i c l e  e n e r g y ,  A~ -- 
I~z(/~+~+)/2 + ~2(Ak-Ak+)i/2 and A~ is-the 
g a p  f u n c t i o n  ( t h e  s p i n  d e p e n d e n c e  of  AI~ i s  
i r r e l e v a n t  f o r  o u r  d i s c u s s i o n  a n d  will b e  
omi t ted)°  Here  _~z, z_2, _~s a r e  t h e  Pau l i  m a t r i c e s  
a n d  go i s  t h e  u n i t  m a t r i x  i n  Nambu s p a c e .  _~(u) 
i s  t h e  i m p u r i t y  s e l f - e n e r g y  mat r ix ,  w h i c h  i s  
g i v e n  in  t e r m s  o f  t h e  T - m a t r i x  b y  

~_(-) = n t ( v  ) T(~) ( 3 )  

with n s the impurity concentration and (N/V) 
the electron density. In order to solve (1), (2) 
and (3) we expand all the matrix quantities as 
- -  i =  - T  = i ° Tj g j .  The p r o b l e a  s i m p l i f i e s  
oens derably if one makes use of(i) particle 
hole symmetry, which implies Gs(e)=0 and (li) 
t h e  f a c t  t h a t  G2(e)s0  fo r  i n t r i n s i c a l l y  r e a l  g a p  
f u n c t i o n s ,  i .e. Ak=et~lAkl w i t h  t i n d e p e n d e n t  of  
~. M o r e o v e r ,  f o r  o d d - p a r i t y  p a i r i n g  s t a t e s  a n d  
fo r  mos t  of  t h e  a n i s o t r o p i c  e v e n - p a r i t y  s t a t e s  
t h a t  h a v e  b e e n  d e f i n e d  w i t h i n  a g r o u p  
t h e o r e t i c a l  c l a s s i f i c a t i o n  13, Ak c h a n g e s  s i g n  
u n d e r  a t  l e a s t  one  of  t h e  fo l lowing  s y m m e t r y  
t r a n s f o r m a t i o n s  (i) i n v e r s i o n ,  (ii) r o t a t i o n  b y  
•/2 o r  w, (iii) r e f l e c t i o n ,  s u c h  t h a t  GIm0. 
P o s s i b l e  e x c e p t i o n s  a r e  c e r t a i n  s i n g i e t  s t a t e s  in  
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and for the polar state by (7) 
.(n) u 

= • f2(y) , 
N O s t n h  y 

w h e r e  y is  t h e  so lu t ion  of f ta (y )=~y-c  I .  The 
r e g i o n  in f r e q u e n c y  o v e r  w h i c h  N(w) is  
m a r k e d l y  d i f f e r e n t  f rom t h e  r e s u l t  f o r  t h e  
p u r e  s t a t e  is  r o u g h l y  g i v e n  b y  ~ * ¥ 1 / I A o .  Note 
t h a t  fo r  f r e q u e n c i e s  e )eo  s e l f - c o n s i s t e n c y  is 
e s s e n t i a l l y  i r r e l e v a n t .  In  f ig.  1 we show t h e  
d e n s i t y  of  s t a t e s  fo r  ¥-0.01 fo r  t h e  po la r  a n d  
axial s t a t e s  a n d  v a r i o u s  v a l u e s  of c. I t  is  s e e n  
t h a t  t h e  r e s o n a n c e  peak  c e n t e r e d  a t  u-0 fo r  
c -0  moves  to f i n i t e  ~ v a l u e s  a s  c i n c r e a s e s .  
T h e s e  r e s u l t s  a r e  s t r i k i n g l y  d i f f e r e n t  f rom t h e  
o n e s  o b t a i n e d  in t h e  Born app rox ima t ion  e. 

N_~ 
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1.6 

1.2 

0JB 

0J. 

I I I I I I 
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i r i , 

o l  / . /  J 
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i i ? , o,, , 
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l =0 1 i I , l . l  I l 
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~ , ~ . / J  y = 0,01 
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Fig. 1. E n e r g y  d e p e n d e n c e  of  t h e  d e n s i t y  of  
s t a t e s  of  t h e  po la r  a n d  axial s t a t e s  fo r  a 
p a i r - b r e a k i n g  p a r a m e t e r  of  ¥=0.01 a n d  d i f f e r e n t  
v a l u e s  of c = cot60. The i n s e r t s  i l l u s t r a t e  t he  
b e h a v i o r  in t he  l o w - e n e r g y ,  g a p l e s s  r eg ion .  

The spec i f i c  h e a t  C as  a f u n c t i o n  of  
t e m p e r a t u r e  r e f l e c t s  e s s e n t i a l l y  t h e  d e n s i t y  of  
s t a t e s .  T h u s  the  d a t a  on  UPts ~6-1s,  wh ich  may 
be f i t t e d  by  t h e  law C(T)=aT+~T l a b o v e  ~.3T c 
a r e  compat ib le  wi th  o u r  r e s u l t s  fo r  t h e  po la r  
s t a t e .  I f  one  e x t r a p o l a t e s  l i nea r l y  to  ze ro  
t e m p e r a t u r e  while p r e s e r v i n g  e n t r o p y  ba lance ,  
C/T is  f i n i t e  a t  T=0 17, imply ing  a f i n i t e  
d e n s i t y  of  s t a t e s  N(0) c o r r e s p o n d i n g  to ¥~.03 a t  
c--0. The  c o m p a r i s o n  is s h o w n  in  f ig .  2, w h e r e  
C(T)/T is p l o t t e d  fo r  c--0 a n d  1 in t h e  axial a n d  
po la r  s t a t e .  The da t a  fo r  UBe~s a r e  more 
c lose ly  f i t t e d  by  a p u r e  axial s t a t e  =°. 

As p o i n t e d  ou t  by  P e t h i c k  a n d  P i n e s  ~, t he  
t r a n s p o r t  p r o p e r t i e s  a r e  s t r o n g l y  a f f e c t e d  b y  
r e s o n a n t l y  s c a t t e r i n g  impur i t i e s .  In  t he  
u n i t a r i t y  limit t h e  r e l axa t ion  r a t e  is  f o u n d  to 
be p r o p o r t i o n a l  to 1/Go r a t h e r  t h a n  Go as  fo r  
weak s c a t t e r i n g .  S ince  the  p a i r i n g  c o r r e l a t i o n s  
t e n d  to  f o r c e  Go to z e r o  in  t h e  limit o f  
exc i t a t i on  e n e r g y  ~r~0, t h e  s c a t t e r i n g  a t  low 
e n e r g i e s  (~¢Ao) is  s e e n  to be s t r o n g l y  
e n h a n c e d ,  a n d  t h e  c o r r e s p o n d i n g  mean f r e e  
p a t h  becomes  v e r y  s h o r t .  On t h e  o t h e r  h a n d ,  
s t r o n g  s c a t t e r i n g  means  s t r o n g  p a i r - b r e a k i n g ,  
s u c h  t h a t  e v e n t u a l l y  a g a p l e s s  r eg ime  is 
r e a c h e d  a t  f r e q u e n c i e s  ~ c ~  (or c o r r e s -  
p o n d i n g l y  low t e m p e r a t u r e s ) .  In  t h i s  r eg ime  the  
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Fig. 2. T e m p e r a t u r e  d e p e n d e n c e  of  t h e  
normal ized  spec i f i c  h e a t  (C(T) 'Tc ) / (Cn(To) 'T )  
f o r  t h e  polar  a n d  axial s t a t e s  fo r  c - 0  a n d  1, 
wi th  F/T c = .01. The e x p e r i m e n t a l  r e s u l t s  of  
r e f .  18 on UPts  a r e  i n d i c a t e d  b y  a d o t t e d  l ine.  

s y s t e m  b e h a v e s  a s  in t h e  normal  s t a t e ,  a lbe i t  
wi th  r e d u c e d  d e n s i t y  of  s t a t e s .  I t  is no t  to be  
e x p e c t e d  t h a t  t h e  t r a n s p o r t  p r o p e r t i e s  follow a 
c lean  power  law in t e m p e r a t u r e  in  t h e  r a n g e  
a b o v e  t h e  g a p l e s s  r eg ime ,  wh ich  would be 
T/To~ 0.1 in c u r r e n t l y  ava i lab le  samples .  As we 
will show,  h o w e v e r ,  t h e  b e h a v i o r  is  somet imes  
a c c i d e n t a l l y  c lose  to a p u r e  p o w e r  law. 

S t r a i g h t f o r w a r d  g e n e r a l i z a t i o n  to  a n i a -  
o t r o p i c  s u p e r c o n d u c t o r s  of  t h e  s t a n d a r d  
t h e o r y  =~ fo r  t h e  e i g e n v a l u e s  of  t h e  t he rma l  
c o n d u c t i v i t y  t e n s o r  pa ra l l e l  a n d  p e r p e n d i c u l a r  
to tl~e g a p  axis  y i e lds  

[ |  = ~ ~ dw (~)2 s e c h  2 ~ Kt(w ) (8) 
K ' N ( T o )  21T 2 T c 

w h e r e  the  d i m e n s i o n l e s s  q u a n t i t i e s  Kt a r e  
g i v e n  b y  t h e  a n g u l a r  a v e r a g e s  o v e r  t h e  Fermi  
s u r f a c e :  

N K t(~) : 3 ~ <~i: T(w;~)>~ (9) 
~ p 

where 

(lO) 
a n d  ~=W-Zo(u). In  t h e  r e g i o n  of  no t  too low 
f r e q u e n c i e s  ( t e m p e r a t u r e s )  U>~c, t h e  
r e n o r m a l i z e d  complex f r e q u e n c y  ~ may be 
r e p l a c e d  b y  u in (10). For  t h e  po la r  s t a t e  one  
t h e n  f i n d s  in  t h e  u n i t a r i t y  limit f o r  t h e  
c o m p o n e n t s  Kl(~)m(1-xi/4)K(w) a n d  K! m 
(x i /2)K(u) ,  wi th  x - u /no,  w h e r e  
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i s  t h e  t r a c e  of  K i. I numer i ca l  e v a l u a t i o n  of  
K(w) s h o w s  t h a t  to  a good app rox ima t ion  
K(~)ml.6(~/~0) fo r  0.2 L w/£0 L 1, wh ich  l e a d s  to  
a T 2 p o w e r  law of  t h e  t h e r m a l  c o n d u c t i v i t y  of  
a p o l y c r i s t a l l i n e  sample  in t h e  t e m p e r a t u r e  
r a n g e  f rom 0.1 to  0.5 o f  Te. A similar  b e h a v i o r  
h a s  b e e n  o b t a i n e d  b y  S c h m i t t - R i n k  e t  al .s .  At 
t e m p e r a t u r e s  below To-w c t h e  t h e r m a l  
c o n d u c t i v i t y  K± s h o u l d  v a r y  l i n e a r l y  w i t h  T a s  
in  t h e  normal  s t a t e ,  b u t  r e d u c e d  b y  a f a c t o r  of  
3¥/2. The pa ra l l e l  c o m p o n e n t  shou ld  c h a n g e  
f rom a T 4 b e h a v i o r  a t  h i g h e r  t e m p e r a t u r e  to  
l i nea r ,  t h e  r a t io  to t h e  normal  s t a t e  va lue  
b e i n g  much  smal le r  a n d  g i v e n  b y  
• | ( T ) / r s ( T p 3 ~ y / s i n h 2 y ,  w h e r e  y is  t h e  so lu t ion  
of  t h e  t r a n s c e n d e n t a l  e q u a t i o n  g i v e n  a f t e r  eqn .  
(7). Near To, i.e. f o r  ~(T)CT, one  f i n d s  
xI(T)-~c(T©) - - (1/3 - I / (3+p) )aS(T) ,  w h e r e  p is  
t h e  e x p o n e n t  of  t h e  power  law of  Ki(w). In  
f ig .3  we show t h e  t h e o r e t i c a l  r e s u l t  fo r  t h e  
a v e r a g e  t h e r m a l  c o n d u c t i v i t y  g = (1/3)£gi  in  an  
axial  s t a t e  a n d  a po la r  s t a t e  fo r  two v a l u e s  of  
t h e  s c a t t e r i n g  p h a s e  s h i f t  (c=0 a n d  c=1). The 
low t e m p e r a t u r e  e x p e r i m e n t a l  d a t a  *~ fo r  UPts ,  
s h o w n  as  t h e  d o t t e d  l ine,  a r e  somewha t  a b o v e  
t h e  t h e o r e t i c a l  r e s u l t  f o r  small c - v a l u e s  

1.0 

0 e  

• 06 
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0 
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with  t h e  d a t a  would p r e s u m a b l y  ob t a in  f o r  a 
gap  f u n c t i o n  wi th  add i t i ona l  p o i n t s  a n d / o r  l ines  
of  n o d e s ,  w h i c h  would  e n h a n c e  ~(T) a t  low T. 

In  t h e  h y d r o d y n a m i c  reg ime  (w~¢l) th.e 
a b s o r p t i o n  of  u l t r a s o u n d  of  po la r i za t ion  el  
p r o p a g a t i n g  a long  d i r e c t i o n  q j  is  g i v e n  b y  i i  

= de sech i :"T AIj (")' (12) (~i j (T)/as(Tc) 
w h e r e  a s is  t h e  a t t e n u a t i o n  c o e f f i c i e n t  in  t h e  
normal  s t a t e  a n d  

* FN <W~j I(w,/Ip)>~ ( 1 3 )  
k t j ( l i )  = <rr~j>~ 1-{£o} 

with. nlj.= P i P J  - 61J/3 and  I g i v e n  b y  (I0). 
i n  t h e  ~ r e q u e n c y  r eg ime  w>~= we f i nd  f o r  a 
polar  s t a t e  in t he  u n i t a r i t y  limit (c=0, axis  
a long  z): 

1 I I I I 1 I _ ~ , ,  

rlTc=O.O, ~ 7 ;  

.... / ,  / /  
." ,, / #% ,q... c7 L(" ,;,> / 

.... o 

..." / IZ ,./;*" <__/Y / 

~ ' < . , ~~  , , , , i , 
o.2 04 0.6 0.8 T/lc 1.o 

Fig. 3. T e m p e r a t u r e  d e p e n d e n c e  of  t h e  
normal ized  t he rma l  c o n d u c t i v i t y  
(K(T) .Tc ) / (K . (Tc ) .T )  fo r  t h e  po la r  and  axial 
s t a t e s  fo r  c=0 a n d  1, wi th  F/T o = 0.01. The 
l o w - t e m p e r a t u r e  e x p e r i m e n t a l  r e s u l t s  of  re f .  18 
fo r  UPts  a r e  i n d i c a t e d  b y  t h e  d o t t e d  l ine.  

(no te  t h a t  g(0)/gN(0) a p p r o a c h e s  t h e  l imi t ing 
v a l u e s  1/2 a n d  1/3 fo r  t h e  po la r  a n d  axial 
s t a t e s  in t h e  w e a k - s c a t t e r i n g  limit). We h a v e  
t r i e d  v a r i o u s  v a l u e s  of  ¥ a n d  c, b u t  in  no c a s e  
do we f ind  a s u b s t a n t i a l l y  b e t t e r  f i t  o v e r  the  
e n t i r e  t e m p e r a t u r e  r a n g e .  Be t t e r  a g r e e m e n t  

x, F Axy I I  *._ss, 6 (I - ~=" + ) Ieal l ,  

Axz I '--~" (1 - ~ )  x' leol  2 1 6  I 

Ax x I s_._ (ii _*s__ x2 +27__ X4 ) iGo12, 
6 4  2 8 

(14) 

A,, • ( i  - + -'. x') 'Qo" 

which  l eads  to app rox ima te  power  laws Axy, 
Axx , Azz - w a n d  Axz - w ~ in  t h e  f r e q u e n c y  
r a n g e  0.1 ~ W/wo ~ 1. In  f ig.  4 t h e  f o u r  
c o m p o n e n t s  axx , axy , axz a n d  azz a re  p l o t t e d  
a s  f u n c t i o n s  of  t e m p e r a t u r e  fo r  a po la r  s t a t e  
wi th  axis  a long  z. The s t r i k i n g l y  l i nea r  
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Fig. 4. T e m p e r a t u r e  d e p e n d e n c e  of  t h e  
normal ized  s o u n d  a t t e n u a t i o n  a(T) /a(T c) in t he  
po la r  s t a t e  fo r  v a r i o u s  d i r e c t i o n s  of  
p r o p a g a t i o n  a n d  po la r i za t ion  (c=0, F/Tv=0.01 ). 



                                   
b e h a v i o r  of  axy  u p  to  T© is  in  good  a g r e e m e n t  
w i t h  t r a n s v e r s e  u l t r a s o u n d  e x p e r i m e n t s  mm on  
UPt s  f o r  6 a n d  ~ in  t h e  b a s a l  p l a n e  of  t h e  
h e x a g o n a l  c r y s t a l .  F u r t h e r m o r e ,  t h e  c a l c u l a t e d  
axz i s  c o m p a t i b l e  w i th  t h e  o b s e r v e d  T s 
d e p e n d e n c e  2s of  a f o r  c] in  t h e  b a s a l  p l a n e  a n d  

p a r a l l e l  to  t h e  c - a x i s  of  t h e  h e x a g o n a l  
c r y s t a l .  A T s b e h a v i o r  h a s  a l so  b e e n  o b s e r v e d  
f o r  c~l~ a n d  ~ in  t h e  b a s a l  p l a n e  24. T h e s e  
f i n d i n g s  a r e  c o n s i s t e n t  w i t h  t h e  a s s u m p t i o n  of  
a p o l a r  p h a s e  f o r  UPt s .  C o n c e r n i n g  l o n g i t u d i n a l  
s o u n d  t h e r e  e x i s t  c o n f l i c t i n g  e x p e r i m e n t a l  
r e s u l t s  w i t h  p o w e r  laws r a n g i n g  f rom T 2 ( re f .  
25) to T s (ref. 24). Evaluating expression (12) 
f o r  t h e  po l a r  s t a t e  we f i n d  t h a t  axx a n d  azz  
a r e  no t  a s  c lose  to a s imple  l i n e a r  p o w e r  law 
a s  may  h a v e  b e e n  e x p e c t e d  f rom t h e  l e a d i n g  e 
p o w e r  in  Axx(e) a n d  Azz(W). R a t h e r ,  azz  v a r i e s  
roughly proportional to T ~ at h i g h e r  
temperatures and approaches a linear behavior 
only below -0.5 T c. This finding is also not 
inconsistent with experiment, in particular if 
one allows for somewhat higher impurity 
concentrations and/or finite values of c. It is 
possible that the apparent contradictions among 
the various longitudinal sound experiments on 
UPt3 reflect differences in concentrations and 
kinds of impurities present. 

For an axial state oriented along ~, we 
find approximately linear behavior above To 
o n l y  fo r  azz,  w h e r e a s  axz, axx, a n d  in  
p a r t i c u l a r  axy  fa l l  o f f  r a p i d l y  be low T c. T h i s  i s  
in  c o n t r a d i c t i o n  to e x p e r i m e n t .  However ,  we 
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a r e  n o t  a b l e  to  e x c l u d e  a n  axia l  t y p e  s t a t e  w i t h  
n o d e s  in  t h e  b a s a l  p l ane .  

I n  c o n c l u s i o n ,  we f i n d  t h a t  b y  a s s u m i n g  
(i) r e s o n a n t  s c a t t e r i n g  of  t h e  h e a v y  e l e c t r o n s  
d u e  to  a low c o n c e n t r a t i o n  o f  n o n m a g n e t i c  
i m p u r i t i e s  a n d  (ii) a po l a r  t y p e  
s u p e r c o n d u c t i n g  s t a t e ,  we a r e  a b l e  to p r o v i d e  
a c o n s i s t e n t  d e s c r i p t i o n  of  t h e  a v a i l a b l e  
e x p e r i m e n t a l  d a t a  f o r  a t  l e a s t  o n e  of  t h e  h e a v y  
f e r m i o n  c o m p o u n d s ,  name ly  UPtm. T h i s  i s  in  
q u a l i t a t i v e  a g r e e m e n t  w i th  t h e  c o n c l u s i o n s  of  
S c h m i t t - R i n k  e t  a l .s .  I n  p a r t i c u l a r ,  t h e  
u l t r a s o u n d  d a t a  a p p e a r  to  r e q u i r e  a l ine  of  g a p  
n o d e s ,  o r  p o s s i b l y  p o i n t  n o d e s ,  i n  t h e  b a s a l  
p l a n e  of  t h e  h e x a g o n a l  c r y s t a l .  S i n c e  p o l a r  
t y p e  o d d - p a r i t y  s t a t e s  do  no t  a p p e a r  to  be  
a l lowed b y  s y m m e t r y ,  * m e v e n - p a r i t y  s t a t e s  
s h o u l d  b e  c o n s i d e r e d .  A p o s s i b l e  c a n d i d a t e  
s t a t e  is  t h e  i n t r i n s i c a l l y  complex  s i n g l e t  s t a t e  
w i t h i n  t h e  E,  r e p r e s e n t a t i o n  of  D6, 
~ l ~ k z ( k x + i k y ) ,  d i s c u s s e d  b y  Volovik a n d  
Gorkov .  *s N e v e r t h e l e s s ,  o n  t h e  b a s i s  of  o u r  
c a l c u l a t i o n s ,  o d d - p a r i t y  s t a t e s  w i th  p o i n t  n o d e s  
in  t h e  b a s a l  p l a n e  (as ,  f o r  example ,  s t a t e s  3 
a n d  4 fo r  h e x a g o n a l  s y m m e t r y  in  B l o u n t ' s  
c l a s s i f i c a t i o n  I m ) c a n n o t  be  e x c l u d e d  w i t h  
c e r t a i n t y .  F u r t h e r  p r o g r e s s  may b e  made  b y  
i n v e s t i g a t i n g  more  r e a l i s t i c  model  s t a t e s .  

A c k n o w l e d g e m e n t s ,  We t h a n k  Dr. D. Einze l  f o r  
a d v i c e  on  t h e  n u m e r i c a l  c o m p u t a t i o n s .  We a r e  
g r a t e f u l  to  Dr. C. M. Varma f o r  p r o v i d i n g  u s  
w i th  a p r e p r i n t  of  r e f .  8 p r i o r  to  p u b l i c a t i o n .  
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