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The properties of the Gutzwiller variational wave function, which is frequently used to study ground-
state properties of correlated fermions with a short-range interaction, are investigated by use of a new,
analytically tractable approach. As a first application several ground-state quantities are evaluated ex-
actly in dimension d =1 for arbitrary band filling and interaction strengths. The results allow for the
first approximation-free assessment of the wave function. The method itself is applicable to arbitrary

space dimensions.
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Correlated Fermi systems play a particularly impor-
tant role in physics. However, they are also known to be
notoriously difficult to tackle. In condensed-matter phys-
ics the theoretical investigations of the unusual proper-
ties of “heavy-fermion systems”! have further intensified
the efforts to understand the effects of strong interactions
among fermions. The difficulties involved are well
known from the theory of narrow-band metals® and
liquid 3He.** They are all examples of systems with a
strong, short-range repulsive interaction between the
respective spin-+ fermions. This type of correlation is
often approximated by a Hubbard-type, i.e., on-site, in-
teraction >%:

H;=UY njn;y, (1

where n;,=citci, is the number operator for fermions
with spin o on a lattice at site /. Such a term is therefore
part of many model Hamiltonians constructed to de-
scribe the correlations between fermions.!=*7® In the
simplest case the interaction part H; may be supplement-
ed by a kinetic part

Hiin=Y tijchcio=Y éxnio (2)
i,j,o k.o
where 1;; =L ~'Y exexplik- (R; —R;)] is a general hop-
ping matrix element, L is the number of lattice sites, and
ny, is the momentum distribution operator. In the spe-
cial case of nearest-neighbor hopping, H =Hy,+H; is
commonly referred to as the Hubbard model.>® In spite
of the exact solution of this model in d =1 dimension,®
properties for d > 1 are hardly understood. While nu-
merical methods!'® have already yielded important in-
sight, manageable analytic methods would clearly be
particularly desirable. To this end variational methods,
which generally go beyond perturbation theory, have

found widespread application.
In particular, the variational wave function first sug-
gested by Gutzwiller,>

lwe)=IT1011—Q—g)D1]| wo), 3)

has been extensively used to study ground-state proper-
ties of Hamiltonians containing the interaction term (1).
Here D; =n;n;y, | wo) is the noninteracting, paramagnet-
ic ground state, and the correlation parameter g,
0 < g =1, acts as a variational parameter. The purpose
of the correlation factor in | yg) is to reduce the weight
of spin configurations with doubly occupied sites in | o),
i.e., to suppress local charge (i.e., density) fluctuations.
As such it may be expected to be particularly suited for
the investigation of higher-dimensionality systems. In
spite of the simplicity of Eq. (3), exact analytical evalua-
tions of expectation values valid for arbitrary correlation
strength in the thermodynamic limit have not yet been
feasible. Nevertheless, investigations of finite systems,
i.e., of one-dimensional rings, by Kaplan, Horsch, and
Fulde'' and by Horsch and Kaplan'? have already pro-
vided valuable insight into the properties of the Gutzwill-
er wave function. Hashimoto!? used similar findings to
obtain approximations for higher-dimensionality systems
in the thermodynamic limit. Furthermore, results for the
thermodynamic limit have been obtained by perturba-
tional calculations”®'>»'* and by employing Gutzwiller-
type approximations.>!%!® Most recently, Gros, Joynt,
and Rice'!” and Yokoyama and Shiba'® have presented
detailed numerical calculations of several quantities in
terms of the Gutzwiller wave function.

In this Letter we outline a new approach to the calcu-
lation of expectation values of an operator O,

(0)=(yc| O] ya)/wslva),
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which is both simple and analytically tractable. It is val- different from that of Gutzwiller>'® since it only involves
id for arbitrary correlation strengths g, particle densities connected diagrams. In particular it differs from the one
n, and space dimensions d. obtained by previous investigations”®'* based on the

Expanding | wg) in (3) as a sum over lattice sites f;, “linked cluster method,”'® where the correlation factor
the calculation of (H;) is seen to involve the evaluation in (3) is written as e ~"P, with n=In(1/g) and D
of expectation values, =Y,D;. In the latter approach weak correlations

(g S1) are treated by use of 1, rather than 1 —g?2, as an

= ! PR << . . .
Xm X' Dg - Dio. m=L, expansion parameter. In this case the different ¢,, are

fi.... £, ; . .

! mixed, which makes a general evaluation of (H;) un-
with f;f; (prime on sum) in the noninteracting ground tractable. In d=1 it is easy to show that c,<n™*!
state. Wick’s theorem transforms (- - )q into {-- -}, where n=N/L <1 is the density of particles and
the sum over all pairs of ‘“‘contractions” defined by ny=n,=n/2. With use of the n dependence of (H,),
{;acjo}05<£ir:cjo>0 (=P;; in Refs. 7 and 8) and, in particu- particle-hole symmetry, and the continuity of the first
lar, {cjsci}o= —P;. Note that in the latter case the derivative with respect to n at n =1, the prefactor can be
usual 8;; term does not appear; hence calculated. One obtains the general expression 2’

xm=_ %' Dg, - Do em =3 (= 1) pm ¥ (g 41), (5)
f...., £,
However, {---}o=0 for any f; =f; since then two rows In the thermodynamic limit (L — oo) the expectation
in the corresponding determinant are equal. One may value of Hj is then found as
therefore extend the summation over all f;, i.e., 5
Un? ]
xm= ¥ 1Dg- - Dt lo (Hp=L=— | —£—=| |n—=5+G>—1]|, (6)

..., £ 2 =G G
The x,, can be represented diagrammatically with lines where G2=1—n+ng? Hence for a half-filled band
corresponding to P, 1. Sinc.e diSCO{1ﬂ€Cted diagrams (n=1) the correlation term is found to be nonanalytic in
cancel the norm (y¢ | wg), one is left with g In particular, for strong correlations (g— 0)

(H))=LUg?In(1/g). The logarithmic correction to the
€ = D¢ - - D C’ . . .
Xm £, Z ' { fi r,,,}o g2 dependence is unexpected. It is also difficult to ob-

serve in a numerical analysis where (H,) appears quadra-

the connected diagrams contributing to x,,. In the case tic in g.'® The density of doubly occupied sites is given

of (H/) we have by d =(H)JUL. For l=n=<2,dn)=dQ2—n)+n—1
o by particle-hole symmetry.

(Hp=ULg? > (g*=1"" e, (4) To obtain the expectation value of the kinetic energy
m=1 one has to calculate the one-particle density matrix

with ¢, =x5/L(m —1)!. The expression for (H;) is Gi‘j,,,=<cif,cja>, whose Fourier transform is the momen-

I tum distribution
L
(e =01 = (1 =) Jnfe+ —— 1 = (1 —gn,] 3 (g2—1)mfim, %)
(1 +g) 2 m=2

where ng, is the momentum distribution of the noninteracting system and f{(,") =h{:,") +cm—1, with

__ 1 —2nik- (f,— f,)
him = T = ) > ) T e ton g — oDty Dimng,— o o6, (8)
The functions f{?) may be represented by connected l
graphs carrying an external momentum k, with lines cor- hole symmetry for n=1, yields a recursion relation be-
responding to factors n, and ng_, and with point ver- tween the two functions. For n{=n;=n/2, one finds
tices. Their structure is identical to the usual mth order, (n=<1)

connected Green’s function for point interactions.?'

These diagrams are expressible in terms of irreducible
graphs £ The £ have a discontinuity at | k| =kf
because they include reducible graphs, i.e., carry single,
reducible lines, and therefore vanish for |k| > kg. By and fk(;"_))i,,= ;((;"_)/(Zm —1), where kp—=kg—0. In

S =(=1D)"[Qm — 1N Cm)N ™, 9)

contrast, the féi,”,f" are continuous functions of the this way {(ny,) may be calculated at k =kg=%=0. One
momentum across kg with f{ = for |k| > kp. finds that (m,,)=3[(1-G)/(1+g)1? and (m, )=q
In d =1 dimension, this property, together with particle- +(ny,,), where g is the discontinuity of (ny) at the Fer-
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FIG. 1. The momentum distribution {ny) for several values - 14 = . L 4 L = L . .

of the correlation parameter g in the case of a half-filled band
(n, =n, = ;— ).

mi surface,
g=G 'I(G+g)/(1+g)]> (10)

The numerical results of Ref. 18 are found to be in ex-
cellent agreement with this approximation-free evalua-
tion. For n=1 one has ¢ =4g/(1+g)?, the result of the
Gutzwiller approximation.'® Equation (10) implies the
existence of a Fermi surface for correlation parameters
0 < g =1 in the case of a half-filled band. [We have ob-
tained a similar result in 4 =2 dimension and expect it to
be true for arbitrary dimensions since our derivation of
(7) is quite general.]

Equation (7) may be used to calculate {n;,) in a power
series in terms of 1 —g? To this end the quantities 7
have to be calculated. In d =1 dimension they are poly-
nomials in & and n. The use of particle-hole symmetry
and the continuity of the first two derivatives of f{7"
with respect to n at n =1 yields enough equations to gen-
erate the 7 recursively.

For correlations 0 < g <1, {ny,) is seen to increase
slightly both for |k| < kr and |k| > kg (see Fig. 1) in
contrast to what one should expect. This feature agrees
with the numerical results for small’® and large!”!3
finite systems. At kg% 0, (ny is found to be nonanalyt-
ic in the limits n— 1, g— 0. The kinetic energy
E\in(g) =L ~'(H\i,) may now be calculated for given ¢.
For strong correlations (g— 0), one finds that

Ekm(g) =Ekin(0)+2g[f—0“5kin(0)]y

where &=L ~'Y_ 3 |k| <k, €« is the average kinetic en-
ergy in the noninteracting system. In particular, for
ny=n,=%, this yields E(g)=2g&. For nearest-
neighbor hopping (Hubbard model) e = — 2t cos(2rk)
and &= —4¢t/x. After minimization with respect to g,
the ground-state energy E of the Hubbard model is ob-
tained. For n =1 and U— <0 one finds

E=—4/n)*>Uu)Un0) ~, an

FIG. 2. The ground-state energy E for the one-dimensional
Hubbard model with ny=n; =% as a function of U. The re-
sults for E, as calculated with the Gutzwiller wave function
(GWF), are compared with the result of the Gutzwiller ap-
proximation (GWF+GA) (Ref. 23) and the exact result (Ref.
9).

where U=U/|&|, ie., E is nonanalytic in t/U~— 0.
Hence in the thermodynamic limit the wave function
| wg) does not lead to a (—¢%/U) dependence known
from the exact result.®?? This is in contrast to earlier
conclusions based on the extrapolation of the results for
finite systems, where the logarithmic correction in Eq.
(11) cannot be identified and hence is interpreted as a
(small) prefactor to a (—¢2/U) dependence.!' Kaplan,
Horsch, and Fulde'! therefore discussed an improvement
of (3) which yielded a much better numerical agreement
with the ground-state energy of the exact result.” With
use of Eq. (7) and the results for /7, one may calculate
the ground-state energy £ in d =1 dimension. For n=1,
the result is shown in Fig. 2, in comparison with the ex-
act result’® and the Gutzwiller approximation. !¢

The above results for the discontinuity g imply the ex-
istence of a Fermi surface for the interacting fermions of
the Hubbard model in d =1 dimension at any finite U
and for n<1. (Hence a Mott transition does not take
place at any finite U.) While the exact {ny) for n=1 is
not expected to show a discontinuity for U > 0,?* a Fer-
mi surface may well exist for » <1, and the results for
(ny) obtained with the Gutzwiller wave function indeed
show such a feature. In higher dimensions and for lat-
tices without perfect nesting, even the exact solution for
n=1 is expected to exhibit a Fermi surface at small U,
in which case a Brinkman-Rice~-type transition,?*> where
the discontinuity g vanishes at a finite U, has to occur.

In view of the above results obtained with | wg) for the
Hubbard model, one might conclude that, at least in
d =1 dimension, the Gutzwiller wave function was not a
good variational Ansatz, particularly for U— o. How-
ever, this conclusion is unwarranted. In fact, our ap-
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proach also yields analytic results for the correlation
functions,? e.g., the spin- and density-correlation func-
tion, for arbitrary g and n. For infinitely strong interac-
tion and n=1 the former exhibits antiferromagnetic
correlations in excellent agreement with exact results.
This was already observed in numerical studies.'!!217:18

In conclusion, we have presented an analytical ap-
proach to the calculation of ground-state properties of
correlated fermions with the Gutzwiller wave function.
It allows one to perform the exact evaluation of several
expectation values in d =1 dimension. As such, it allows
for the first unambiguous assessment of the Gutzwiller
wave function. The method may also be applied to
higher space dimensions. In particular, we have found
strong indications that the Gutzwiller approximation'¢
becomes exact in the limit d— oo,

We are grateful to F. Gebhard for valuable discus-
sions.

ISee, for example, P. A. Lee, T. M. Rice, J. W. Serene, L. J.
Sham, and J. W. Wilkins, Comments Condens. Matter Phys.
12, 99 (1986).

2Electron Correlation and Magnetism in Narrow-Band Sys-
tems, edited by T. Moriya, Springer Series in Solid State Sci-
ences Vol. 29 (Springer-Verlag, Berlin, 1981).

3C. E. Campbell, in Progress in Liquid Physics, edited by
C. A. Croxton (Wiley, New York, 1978).

4D. Vollhardt, Rev. Mod. Phys. 56, 99 (1984).

5M. C. Gutzwiller, Phys. Rev. Lett. 10, 159 (1963).

6J. Hubbard, Proc. Roy. Soc. London A 276, 238 (1963).

7P. Horsch, Phys. Rev. B 24, 7351 (1981).

124

8D. Baeriswyl and K. Maki, Phys. Rev. B 31, 6633 (1985).

9E. H. Lieb and F. Y. Wu, Phys. Rev. Lett. 20, 1445 (1968).

10See, for example, J. E. Hirsch, Phys. Rev. Lett. 51, 296
(1983), and 54, 1317 (1985), and Phys. Rev. B 31, 4403
(1985); J. E. Hirsch and D. J. Scalapino, Phys. Rev. B 27,
7169 (1983), and 29, 5554 (1984).

HT. A. Kaplan, P. Horsch, and P. Fulde, Phys. Rev. Lett. 49,
889 (1982).

12P_ Horsch and T. A. Kaplan, J. Phys. C 16, L1203 (1983).

13K. Hashimoto, Phys. Rev. B 31, 7368 (1985).

14p, Baeriswyl, J. Carmelo, and K. Maki, to be published.

I5T. Ogawa and K. Kanda, Z. Phys. B 30, 355 (1978).

16M. C. Gutzwiller, Phys. Rev. 134, A923 (1964), and 137,
A1726 (1965).

17C. Gros, R. Joynt, and T. M. Rice, Phys. Rev. B (to be pub-
lished).

18H. Yokoyama and H. Shiba, J. Phys. Soc. Jpn. 56, 149
(1987).

19P. Horsch and P. Fulde, Z. Phys. B 36, 23 (1979).

20Equation (5) may be proved by various methods. The proof
mentioned here is particularly simple and has been pointed out
to us by F. Gebhard.

21A. A. Abrikosov, L. P. Gorkov, and Y. E. Dzyaloshinskii,
Quantum Field Theoretical Methods in Statistical Physics
(Pergamon, Oxford, 1965).

22p, W. Anderson, in Solid State Physics, edited by
H. Ehrenreich, F. Seitz, and D. Turnbull (Academic, New
York, 1963), Vol. 14, p. 266.

23W. F. Brinkman and T. M. Rice, Phys. Rev. B 2, 4302
(1970).

24For n=1 and large U it is known [M. Takahashi, J. Phys. C
10, 1289 (1977)] that, to lowest order in ¢t/U, {ny) is a smooth
function of k, irrespective of dimension.

25F. Gebhard and D. Vollhardt, Max-Planck-Institut Report
No. MPI-PAE/PTh 29/87, 1987 (to be published).



