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We report the analytic, approximation-free evaluation of four different correlation functions for in-
teracting fermions on a one-dimensional lattice in terms of the Gutzwiller wave function.
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Narrow-band metals, " heavy-fermion materials,? and
liquid *He * are well-known examples of correlated Fer-
mi systems with a strong short-range, repulsive interac-
tion. In the presence of a lattice the latter is often
modeled by an interaction of two fermions with opposite
spin on the same lattice site. The addition of a kinetic
energy for next-neighbor hopping leads to the Hubbard
model.** For its investigation, variational methods have
proven to be helpful. Gutzwiller constructed a particu-
larly simple variational wave function,*®

lwe) =TT, 01— —g)nin 1] wo), 1)

where n;, are number operators for spins o at site i and
| wo) is the wave function of the noninteracting Fermi
system. The correlation factor in (1) reduces the num-
ber of doubly occupied sites of | wo), i.e., controls local
charge fluctuations. The correlation parameter 0 <g
=1 has to be determined variationally. In spite of the
simplicity of |wg) and the long history of the problem
exact analytic evaluations of such expectation values in
the thermodynamic limit could not be performed— not
even in one dimension. Therefore perturbative tech-
niques,” Gutzwiller-type approximations,® and numerical
methods®'? were employed.

Most recently Metzner and Vollhardt'* presented a
new, analytically tractable approach to the problem
which allows for an exact evaluation of the expectation
value (O)={yg| 0| we)/{ys|ws) of an operator @ in
terms of | wg—at least in one dimension (the method it-
self is applicable to arbitrary dimensions). Differing
from other approaches,*®7 its expectation values are ex-
pressed as power series in 1 —g?, whose coefficients can
be calculated to arbitrary order. For example, the on-
site interaction H; =U Y, D;, D; =n;1n;, is obtained as

(Hp=ULg?> ¥ (g?—1)"" ¢,
m=1

with
em=ILn—1)11"" 3 (D¢ - D¢ t6,
f,

and L the number of lattice sites. Here { ..}§ implies the
usual sum over all pairs of contractions in the nonin-
teracting ground state (index zero) corresponding to con-
nected graphs (superscript ¢) with, however, one essen-
tial difference: In these contractions the usual Or,.1,
terms are always zero, since the application of Wick’s
theorem to (Dg, -~ Dy ) ((---)g— {---}o) happened
when all f; were different.'® Nevertheless in the sum-
mation over the {- - -}, this restriction on the f; may be
relaxed, allowing one to go over the connected graphs.
The ¢, are then calculated as ¢,, =(—n)"*1/2(m+1),
where n=N/L <1 is the density of particles (n;=n,
=14); hence

(Hp)=%+ULlg/(1 —g)]1*(G*—1—1nG?),

with G2=1— (1 —g?)n. This yields the density of dou-
bly occupied sites d =(H;)/UL; for 1<n=<2, d(n)
=d(2—n)+n—1. The momentum distribution {ng) has
also been calculated—in this case by a recursive tech-
nique. Therefore the ground-state energy of a Hubbard
Hamiltonian with general kinetic energy is obtained in
terms of | wg) without approximation.'* The correlation
parameter g is then uniquely determined by the actual
interaction U.

The approach may also be used to calculate correla-
tion functions (CF’s) in terms of | wg). Here we present
approximation-free, analytic results for four different
CF’s in one dimension, which are relevant for Hubbard-
type models. In such models a lattice site may be singly
occupied, doubly occupied (D site), or empty (hole). We
introduce number operators at site i for the spin (S7
=n;t _n,‘l), dcnsity (N, =n,~T+n,-1), D sites (D, =n,—m,-1),
and holes [H;=(1 —n;;)(1 —n;))], and define the CF’s
between them as

CH'=L 'Y AX;Yis,))—(XXY), (2)
where X, Y; =87 N;,D;,H; and X=L"Z,X,«, etc.;

Fourier transforms are denoted by C*¥(q). For n;
=n,=+n there are seven CF’s, four of which are in-
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dependent.

The spin CF, C75, has already been studied in de-
tail.>1%1213  For the Hubbard model exact values for
C7S are only known for j=1"% and j=2'¢ in one dimen-
sion in the atomic limit with n=1, where the correspon-
dence to the antiferromagnetic Heisenberg model may
be employed. To evaluate C55(q) we proceed as in the
case of (H;). We obtain

C55(q) =2 i (g2—1)ms ™ (q),
m=0

where

eiq- (f,—f,)

X {[nflfnfzy —nf”nlelDf3 <o De 35 (3)

m+2
The s’(q) again correspond to connected graphs,
which join sites f; and f;, across m other lattice sites. In
one dimension they are polynomials:

m+1
s(m)(q) = Z al(m)(;_n)m+l —I( | q |/7r)1,

=0
with |g| <2kgp=zn. The sum rule 2z)~'[Z.dq
X CS5(g) =n—2d connects the a;" with the coefficients
¢m which determine d (see above). Use of particle-hole
symmetry and the differentiability of CS5(g) with re-
spect to n at n=1 yields a,™ =8 m+1(—1)" 2(m+1).
With the introduction of the function F(x)=1-—(1
—g?)x, the spin CF is then found as (Q=|q | /)

< <
CSS(g)=— 1 5 X {inF(Q)’ 0=0=n
1—g nF(n), n<=Q=<1.
For n=1, C55(g) diverges logarithmically at | g | =2k.
In Fig. 1, C55(g) is shown for n=0.7 and different
correlation parameters g in comparison with the exact
result for the noninteracting case. The numerical results

(4)

12 g=02
=10t __ css
) - CNN(q) =017
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FIG. 1. The spin- and density-correlation functions
CS5:MN(g) for n=0.7 and different correlation parameters g.
In the noninteracting case (g =1) they coincide.

for C55(g) given by Yokoyama and Shiba'® agree ex-
tremely well with (4).

The expression for Cfs in real space is easily calculat-
ed. In the atomic limit (g=0) and for n=1,
cps=Silel) (2175 (s)

T J
where Si(x) is the sine integral. The numerical evalua-
tions for j=1%!2 and j=2'° are therefore seen to be
very accurate. The (—1)//j behavior in (5), known
from the exact result for the Hubbard model,!” was al-
ready suggested by Horsch and Kaplan.!® The corre-
sponding divergence of CSS(g) at |gq | =2kf (antiferro-
magnetic transition) reproduces the behavior of the ex-
act result of the Hubbard model. In Table I we have
compared the values from (5) with exact'>'® and numer-
ical results for the antiferromagnetic Heisenberg
chain.'®!" They are well described by (5)— both quali-
tatively (oscillation about | C$S| — 1/2; for j— o) and
quantitatively. On the other hand, for n <1, C55(g) no

TABLE 1. The spin-correlation function C$S in the atomic (g=0) calculated with the
Gutzwiller wave function (GWF), Eq. (5), as compared with exact and numerical results for
the antiferromagnetic Heisenberg chain (AHC). Numbers in parentheses indicate uncertain-

ties in the last digit.

C5S | gwrg=0 CPS| anc

J Eq. (5) Exact Numerical® Numerical?
1 —0.589490 —0.590863 2 —0.59084(1) —0.5908(2)

2 0.225706 0.242719° 0.24260(2) 0.24265(20)
3 —0.177698 —0.20047(8) —0.2009(1)

4 0.118742 0.13798(8) 0.1386(3)

5 —0.104021 —0.1211(4) —0.1235(3)

6 0.080534 0.0943(6) 0.0982(4)

7 —0.073488 —0.082(1) —0.0899(6)

8 0.060922 0.069(1) 0.0760(6)

4Reference 15.
bReference 16.

¢Reference 18.
dReference 19.
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longer diverges at ¢ =2k, but only shows a kink, in contrast to the numerical results.?°
Next we calculate the density CF, C™", the hole CF, C*# and the CF between D sites and holes, C?Y. They are re-
lated via a particle-hole transformation (7 =2—n < 1):

C¥N(g,n) =C""(q,n)+C"(q,n) —2C""(q.n), CMM(q,n) =C (q,7). (6)

The density CF may be written as C¥V(q) =C55(q) +T(q), where T(q) =4 Y 2_, (g2 —1)"1 " (q) is determined by

L Z eiq'(fl_rz){[’lflrnle+2m5fl‘[3n[21+m(m_ 1)5{11351'2,(4]01'3 - Dg } @))

m+2

CHH CDH.

The same three terms in (7) 2! also determine and In one dimension they all have the structure
Ty mElp mylwith p=|g | /zn; in the third term y is replaced by 2—y for |g | = 2kp. There are then four dis-
tinct contributions, i.e., sets of coefficients 5", that have to be determined. To this end we employ (6) and the con-
tinuity of the first two derivatives of the above CF’s at n=1. This yields just enough equations to calculate the
coefficients.
For # =<n =<1, the density CF is found as (7 =2—n, 0 =2—0)

QUi = s InFn—Q)/F(m)1=:C(g), 0=0=<2(1—n),
C™(g) = 2(1—n)+ g > 1n F(;(;)Q) +%an£01—_@=:CﬁSy(q), 20—n)=Q=n, (8)
_ g —
W@+ S WrG=0)+ Lo M @), n=0=1.
F(n—0)
For n < %, the boundaries Q =2(1 —n) and Q =n of the |
three regimes (where the third and first derivatives by g, Clearly, the exact result is given by the free density CF
respectively, are discontinuous) have to be interchanged. Cgivl with n—ny=1—n, kp— kb =71ny, i.e., C;”o(q)
In Fig. 1, C"N(q) is shown for n=0.7 and different is equal to |q|/2x for |gq| <2n,/x and is equal to ny
values of g. Again the numerical results of Ref. 13 are otherwise.'? There is a correlation hole of width 1/2ny
seen to be very accurate, and the suppression of density around each empty site with oscillations of wavelength
fluctuations is clearly borne out. In real space and for 1/ny, the average separation of holes. In Fig. 2 C Hy(q),
strong correlations C¥V varies as 1/j for 1 << 1/2d, as obtained with | yg), is compared with the exact result.
where 1/2d is the average separation of D sites and holes, Although there is no sharp kink at ¢ =2k}, the overall
and only for j>> 1/2d > 1 does it vanish as 1/;2. feature is well borne out. The agreement improves for
As pointed out by Gros, Joynt, and Rice'? the hole CF np— 0. The kink at ¢ =2k is an artifact of the Gutz-
CHH(q) allows for a further assessment of the Gutzwiller willer wave function which is based on the ground state
wave function. For n <1 and g=0, holes act as nonin- of free electrons rather than holes.'? The expression for

teracting, spinless fermions. In this limit Cg =0 = CQWO

b3

Finally, the CF between D sites and holes is given by |

CH"(q) for general n =<1 and g has a similar structure
| as C™N(g). For n=1 one obtains

V¥ (g) = C55(q) — 2= E | L evvig) — e55(g)
1—g? q | g?

_ g

CHH(g) = >
@) 2(l—g*)

2
+dl‘—+&2. ©)
-8

(n=1) first discussed by Kaplan, Hzorsch, and Fuble® in their in-
— _ | ~NN vestigations of finite rings.??> Indeed, it may well be the
CoMg) =Cg) = 3 C™(g). (10) maingorigin for the logarithmic corrections to E in the

In real space and for strong correlations (10) yields approximation-free result obtained with |yg),'* which

CPH= — £ CM . Hence, in the Gutzwiller wave function make E quite a bit larger than the exact result.??

the correlation between D sites and holes is essentially The above results for the CF’s in terms of |yg), to-

determined by the average separation of spins. On the gether with the results for the momentum distribution

other hand, for g— 0 one should expect a strong next- (ng),'* can be directly used to calculate the ground-state
neighbor correlation between D sites and holes, since this energy of Hubbard-type models with interactions more
makes it easier for an energetically costly D site, once complicated than on-site interactions.

formed, to dissociate again. The missing correlation was In summary, the correlation functions between up and

1474



VOLUME 59, NUMBER 13

PHYSICAL REVIEW LETTERS

28 SEPTEMBER 1987

Gy T n.=025
025 GWF /___h ________ |
---- exact , /\
, ]
0 20 7 ]
—— ;
o ]
—~ // n,=0.15
:E, 0.15 o mmmee e o -
& /
0.10 ’
/
/ =0.05
0.05 P Dh=7-
/
/
%0 02

04 0.6 08 1.0
q/n

FIG. 2. The hole-correlation function in the atomic limit
(g=0) for different hole concentrations n; as compared with
the exact result.

down spins, doubly occupied sites, and empty sites
relevant for Hubbard-type models have been calculated
analytically with the Gutzwiller wave function in one di-
mension for arbitrary density and correlation strength.
Spin-spin correlations for n=1 and hole-hole correla-
tions for n <1 are in very good agreement with the avail-
able exact results in the atomic limit. On the other
hand, as noted before,’ the correlations between doubly
occupied sites and holes close to this limit appear
insufficient. The results allow for a detailed, approxi-
mation-free evaluation of the quality of this variational
wave function. In more than one dimension results may
be obtained by numerical techniques.
We thank W. Metzner for valuable discussions.

VElectron Correlation and Magnetism in Narrow-Band Sys-
tems, edited by T. Moriya, Springer Series in Solid-State Sci-
ences Vol. 29 (Springer-Verlag, Berlin, 1981).

2P, A. Lee, T. M. Rice, J. W. Serene, L. J. Sham, and J. W.
Wilkins, Comments Condens. Matter. Phys. 12, 99 (1986).

3C. E. Campbell, in Progress in Liquid Physics, edited by
C. A. Croxton (Wiley, New York, 1978).

4M. C. Gutzwiller, Phys. Rev. Lett. 10, 159 (1963).

5J. Hubbard, Proc. Roy. Soc. London A 276, 238 (1963).

SM. C. Gutzwiller, Phys. Rev. 134, A923 (1964), and 137,
A1726 (1965).

7P. Horsch, Phys. Rev. B 24, 7351 (1981); D. Baeriswyl and
K. Maki, Phys. Rev. B 31, 6633 (1985).

8For a review, see D. Vollhardt, Rev. Mod. Phys. 56, 99
(1984).

9T. A. Kaplan, P. Horsch, and P. Fulde, Phys. Rev. Lett. 49,
889 (1982).

10p. Horsch and T. A. Kaplan, J. Phys. C 16, L1203 (1983).

K. Hashimoto, Phys. Rev. B 31, 7368 (1985).

12C. Gros, R. Joynt, and T. M. Rice, Phys. Rev. B 36, 381
(1987).

I3H. Yokoyama and H. Shiba, Institute for Solid State Phys-
ics Technical Report No. 1729, Ser. A, 1986 (unpublished).

14W. Metzner and D. Vollhardt, Max-Planck-Institut Report
No. PAE/PTh 14/87, 1987 (to be published).

ISH. Bethe, Z. Phys. 71, 205 (1931); L. Hulthén, Ark. Mat.
Astron. Fyz. 26A, No. 11 (1938).

16M. Takahashi, J. Phys. C 10, 1289 (1977).

17A. Luther and I. Peschel, Phys. Rev. B 12, 3908 (1975).

18M. Betsuyaku and I. Yokota, Phys. Rev. B 33, 6505
(1986).

19T. A. Kaplan, P. Horsch, and J. Borysowicz, Phys. Rev. B
35, 1877 (1987).

20j, E. Hirsch and D. J. Scalapino, Phys. Rev. B 27, 7169
(1983).

2IThey arise because one has to distinguish whether or not f,
and f; belong to f3, .. ., fpm42.

22This correlation is automatically included in the Ansarz of
D. Baeriswyl, in Proceedings of the Sixth International
Conference on Nonlinearity in Condensed Matter: Lessons
from the Past and Prospects for the Future, Los Alamos,
May, 1986, edited by A. R. Bishop et al., Springer Series in
Solid-State Sciences Vol. 69 (Springer-Verlag, Berlin, 1987),
which leads to an excellent ground-state energy for U — oo,

23E. H. Lieb and F. Y. Wu, Phys. Rev. Lett. 20, 1445 (1968).

1475



