®
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w h Universititsbibliothek

Application of a mixed variational higher order plate
theory towards understanding the deformation behavior
of hybrid laminates

Alexander Jackstadt, Wilfried V. Liebig, Vincent Sessner, Kay A. Weidenmann,
Luise Karger

Angaben zur Veroéffentlichung / Publication details:

Jackstadt, Alexander, Wilfried V. Liebig, Vincent Sessner, Kay A. Weidenmann, and Luise
Karger. 2019. “Application of a mixed variational higher order plate theory towards
understanding the deformation behavior of hybrid laminates.” PAMM 19 (1): e201900048.
https://doi.org/10.1002/pamm.201900048.

Nutzungsbedingungen / Terms of use: CCBY 4.0

Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under these conditions:

CC-BY 4.0: Creative Ci g @ @
Weitere Informationen finden Sie unter: / For more information see: B

https://creativecommons.org/licenses/by/4.0/deed.de



https://doi.org/10.1002/pamm.201900048
https://creativecommons.org/licenses/by/4.0/deed.de

Received: 10 April 2019 ‘ Accepted: 15 April 2019
DOI: 10.1002/pamm.201900048

Application of a mixed variational higher order plate theory towards
understanding the deformation behavior of hybrid laminates

Alexander Jackstadt!*, Wilfried V. Liebig', Vincent Sessner?, Kay A. Weidenmann?, and Luise Kirger'

! Karlsruhe Institute of Technology (KIT), Institute of Vehicle System Technology, Rintheimer Querallee 2, 76131
Karlsruhe, Germany

2 Karlsruhe Institute of Technology (KIT), Institute of Applied Materials, Engelbert-Arnold-StraBe 4, 76131 Karlsruhe,
Germany

Hybrid laminates containing an elastomer layer in addition to fiber reinforced polymer as well as metal layers have been
found beneficial in compensating issues frequently found with traditional fiber metal laminates. Commonly used equivalent
single-layer shell and plate theories, however, are unable to account for the strong heterogeneous stiffness distribution of
the constituents within the laminate. Furthermore, the transverse shear and normal deformations in the elastomer layer are
expected to significantly influence the deformation of the neighboring laminae. An accurate depiction of these transverse
stresses requires a multi-layer shell theory as opposed to commonly used single-layer formulations. Hence, a higher order
mixed variational plate theory is applied in order to study and predict the mechanical behavior of such laminates, especially
on a structural level where the computational effort forbids the use of a three dimensional continuum formulation.

(© 2019 The Authors Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH Verlag GmbH & Co. KGaA Weinheim

1 Introduction

As a result of their high stiffness and low mass while exhibiting a small thickness, hybrid laminates consisting of carbon
fiber-reinforced polymer (CFRP) and metal layers are often prone to vibrations. The introduction of a highly viscoelastic
layer in the interface can significantly damp these vibrations by means of constrained layer damping. The application of this
mechanism to hybrid CFRP elastomer metal laminates (HyCEMLs) has previously been investigated by Liebig et al. [1] and
Sessner et al. [2,3]. However, in order to accurately depict the damping behavior of more complex structures on component
level, quantitative knowledge of the stress and strain states in the elastomeric damping layer is necessary. While a full three
dimensional Finite Element Method (FEM) model would be computationally too expensive, commonly used shell and plate
theories are usually unable to accurately predict the out-of-plane stresses in each layer. Hence, the Generalized Unified
Formulation (GUF) by Demasi [4, 5] is applied to HyCEML in this work in order to evaluate its suitability for coping with
these strongly heterogeneous laminates in terms of stiffness.

2 Method

The GUF [4,5] used in this work takes advantage of Reissner’s mixed variational theorem (RMVT)
/V (0ecopi + €GO + 60\ (Enc — €nn)) AV = 6Lc (1)

in order to explicitly model the out-of-plane stresses 0, 0y, and o,,. In Eq. (1), index n denotes out-of-plane quantities,
whereas p stands for in-plane. Quantities which are explicitly modeled by the axiomatic approach described later are denoted
by M. The remaining components in Eq. (1) are either calculated from the modeled displacements by geometric relations
(index G) or calculated using the constitutive law (index H). L., summarizes the external virtual work.

A Mixed form of Hooke’s law (MFHL), which can be directly derived from the classical form of Hooke’s law, is used to
describe the linear elastic behavior associated with the mixed variational theorem described above:
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In this work, a layerwise approach within the GUF is chosen. Consequently, each layer k’s displacements and out-of-plane
stresses are modeled using the following expansion of variables in thickness direction of the plate:
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Fig. 1: Laminated plate under surface load. Fig. 2: HyCEML layup scheme.

Table 1: Linear elastic material parameters of the HyCEML’s constituents.

E1 / MPa E2 / MPa V12 /- G12 / MPa G23 / MPa
Elastomer 55.00 55.00 0.45 18.97 18.97
CFRP 108.70 x 103 7.70 x 10  0.34  3.76 x 10®  2.75 x 10°
Aluminum  73.10 x 10®  73.10 x 10> 030 28.12 x 103 28.12 x 103

In Eq. (3) index « is the only summation index and runs from one to N + 1, where [V is the order of expansion chosen indi-
vidually for each displacement or out-of-plane stress component, respectively. The known functions F,,(z) are a combination
of Legendre polynomials of order up to /N. These layer-wise theories are named as LWZ“”Z";J; 7= indicating the orders of ex-
pansion used for displacements and out-of-plane stresses. Further details on the compatlblhty of adjacent layers, the laminate
assembly and the resulting governing equations are omitted for the sake of brevity and can be further studied in Demasi [4,5].
In this work, a Navier-type solution to a simply supported rectangular plate problem is obtained according to Reddy [6] and

Demasi [5]. The plate is subjected to a sinusoidal pressure load in z-direction

pla,y) = psin (= ) sin () @)
a b

corresponding to the coordinate system in Fig. 1. The problem is solved for the amplitudes of displacement u,;, u, and u,
and out-of-plane stress 7., 0, and T, according to the approach illustrated in Eq. (3). The corresponding distribution of
these degrees of freedom across the plate can be calculated by
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)sin (Z1).
In the following, only the amplitudes are considered.

The material under consideration is a HyCEML consisting of CFRP, aluminum and two elastomeric interlayers exhibiting
the layup scheme shown in Fig. 2. The linear elastic material parameters are listed in Tab. 1. The CFRP layers are assumed to
behave transversely isotropic whereas the aluminum and elastomer are modeled as isotropic materials. The applied pressure
amplitude p, equals —0.1 MPa and the plate’s dimensions are ¢ = b = 100 mm.

First, the layer-wise theory LW%?% is considered where a linear approach is chosen for the displacements and a quadratic

one for all out-of-plane stresses. Furthermore, theory LW>5 is investigated where a cubic expansion is used for the out-of-
plane stresses. In the course of this work several other theories have also been investigated regarding convergence in terms
of the magnitude of orders used. As an example LW333 is also shown here. All theories of higher orders from there on yield
identical results. Thus, this theory is chosen as a reference for the comparison of the two aforementioned theories of lower

order.

b
e (5) ®

= |3

3 Results

In this section, results of three representatives of the GUF with different orders of expansion are compared and evaluated as
seen in Fig. 3. When considering the in-plane displacement amplitudes %, and ,, theory LW??% yields a continuous linear
curve across all layers. Theory LWul, however, approximates the displacements only layerwise linear although the same
order of expansion is used for the displacements. The results of theory LW:;";’:I’ are identical to the reference theory LW§§‘3)
Regarding the out-of-plane displacement amplitude ., all theories yield a nearly constant displacement of all layers, whereas
theory LW%%% yields values approximately half as large as those of the higher order theories. Considering the out-of plane
shear stress amplitudes 7, and 7, strong oscillations are visible for theory LW?232. Theory LW333 also shows oscillations

but to a much lower extent and yields a comparable approximation to the reference theory nggg which does not oscillate at

all. On the other hand, when looking at the amplitude ., theory LWﬁf exhibits oscillations which exceed those of theory
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LW?372. The amplitudes of the in-plane stresses are not obtained directly from solving the RMVT in Eq. (1), but are calculated
a posteriori from the displacement amplitudes using the MFHL in Eq. (2). Thus, continuity across layer interfaces is not
enforced. In Fig. 3 it can be seen that all theories yield comparable amplitudes across the thickness. Theory L\Nﬁf notably
yields a lower stress gradient across each layers in all cases than the other theories. With exception of the center layer, theories

LW333 and LW335 predict identical in-plane stresses.

g 1.25 1.25 1.25
g
S 075 | 0.75 | | 0.75 | s
]
£ 025| 1 o025} 1 o025} |
=
3
S —0.25| R —0.25 |- R —0.25 |- R
Z —0.75 |- - —=0.75 | - =075} 8
2
= —1.25 . —1.25 . —1.25 -
—0.04 0 0.04 —0.04 0 0.04 —1.5 —0.75 0
Amplitude %, / mm Amplitude @, / mm Amplitude @, / mm
g 1.25 1.25 T 1.25 T
p
: :
S 0751 * 0.75 |- * 0.75 |- <F *
2
£ 025 1 o2sf L] — R
g
S —025| 1 —0as| 1 —o02s) — |
8
% —0.75 |- -4 —=0.75 | -4 —=0.75 | :z f
2 %
= —1.25 ‘ —1.25 ‘ —1.25 . ‘
-1 0 1 2 -1 0 1 2 —20 -10 0 10 20
Amplitude 7. / MPa Amplitude 7. / MPa Amplitude 7. / MPa
g 1.25 1.25 T 1.25 T
- V4
S 075 | 0.75 | | 0.75 | R
]
£ 025| 1 o025} 1 o025} |
E —
3
S —0.25} = —0.25 |- = —0.25 |- R
g 075 1 o) 1 —oms ) / :
Q
2
= —1.25 . —1.25 . —1.25 .
—150 0 150 —100 0 100 —15 0 15
Amplitude 7, / MPa Amplitude o, / MPa Amplitude 7, / MPa

— LW — Wi — T |

Fig. 3: Comparison of three different theories regarding the resulting displacement and stress amplitudes across the thickness of the plate.

In order to eliminate the oscillations seen with the out-of-plane stresses, the indefinite equilibrium equations in z-direction

00z. (80m N 803%,)

0z Jr dy
doy. B 00zy  O0yy

oz ( ox * oy ©
do.. _ 004, n 0oy

0z or dy

are integrated in thickness direction using the previously a posteriori determined amplitudes of in-plane stresses. Contrary to
the original approach by Demasi [5], 0. is calculated from the in Eq. (6) a posteriori determined stresses o, and o,,. The
results are displayed in Fig. 4. It can be seen that the previously observed oscillations disappear completely. While theory
LW?3%2 differs from the other two theories in terms of absolute values of the predicted amplitudes for the out-of-plane shear
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Fig. 4: Out-of-plane stress amplitudes calculated by integration of equilibrium conditions in z-direction.

stresses 0, and 7., all theories yield almost identical results for ... Theories LW“;’:{";’ and Lngg in all cases predict the
same out-of-plane stress amplitudes with exception of the aluminum layer in the laminate’s center.

4 Discussion

In the previous section, in general, theory LW:I";’:;’ is shown to yield results close to those of the reference theory Lngg for all

displacement and stress amplitudes as opposed to theory LW??% for which higher deviations including strong oscillations are
observed. One reason for this behavior can be merely the fact that a higher order of expansion for the out-of-plane stresses is
used and thus more degrees of freedom are available for approximating the distribution in thickness direction. Another reason
appears to be the more natural choice of modeling the out-of-plane stresses with a cubic expansion instead of a parabolic one.
The approach of recalculating the out-of-plane stress amplitudes a posteriori based on the derivatives of the in-plane stress
amplitudes according to Eq. (6) has proven to eliminate the oscillations, which has also been observed by Demasi [7]. This can
be attributed to the fact that in this case the out-of-plane stresses only depend directly on the displacement amplitudes which
are well approximated by the chosen layerwise linear approach. It should be noted that the findings regarding the occurrence
of oscillations should not be generalized since they strongly depend on the laminate and materials at hand as already pointed
out by Demasi [7].

5 Conclusion

In this work, the GUF is applied to a HyCEML in order to test its suitability for predicting the displacements and out-of-
plane stresses over the thickness of this strongly heterogeneous laminate. It has been shown that comparably high orders of
expansion are needed for all quantities in order to yield acceptable results. However, the a posteriori calculation of out-of-
plane stresses has been proven to significantly reduce the magnitude of orders needed. With this approach, a layerwise linear
approximation of the displacements and a cubic expansion of the out-of-plane stresses has been identified as the theory of
choice for the given laminate and boundary conditions, which greatly reduces the number of degrees of freedom. Further
works will include the implementation of finite elements based on the GUF and its transition to the dynamic case in order to
accurately investigate the damping capabilities of HyCEMLs.
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