Z. Angew. Math. Phys. (2020) 71:49
© 2020 The Author(s)
0044-2275/20/020001-27

published online February 21, 2020 Zeitschrift fiir angewandte

https://doi.org/10.1007/s00033-020-1268-y Mathematik und Physik ZAMP
Check for
updates

Stochastic Cahn—Hilliard equation in higher space dimensions: the motion of bubbles
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Abstract. We study the stochastic motion of a droplet in a stochastic Cahn—Hilliard equation in the sharp interface limit
for sufficiently small noise. The key ingredient in the proof is a deterministic slow manifold, where we show its stability for
long times under small stochastic perturbations. We also give a rigorous stochastic differential equation for the motion of
the center of the droplet.
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1. Introduction

In this work, we consider the stochastic Cahn—Hilliard equation (also known as the Cahn—Hilliard—Cook
equation [18]) posed on a two-dimensional bounded smooth domain © C R?:

Ou = —A(E?Au — F'(u)) + 0, W (2, 1), x € Q,
Opt = OpAu =0, x € 0f. (1)

Here, the small positive parameter € > 0 is an atomistic interaction length, which measures the relative
importance of surface energy to the bulk free energy, and 9,, denotes the exterior normal derivative to the
boundary 0€2. The scalar nonlinearity F': R — R is assumed to be smooth with two equal nondegenerate
minima at u = +1. The typical example is F(u) = %(u® — 1)2. We focus on this special case here,
although most of the results hold for a very general class of nonlinearities. Only the precise formulation
of the stability result and the condition on the noise strength do change depending on the growth of F
at oo.

The forcing is given by an additive white in time noise 9;W. As we rely for simplicity of presentation on
Ito’s formula, we assume that the Wiener process is sufficiently smooth in space and moreover sufficiently
small in e, so that it does not destroy the typical patterns in the solutions.

The existence and uniqueness of solutions are well studied (see, e.g., [16,19]), and we always assume
that for a given initial condition we have a unique solution. In addition, as we assume the noise to be
smooth in space, the solution is regular in space, too.

A key property of the deterministic Cahn—Hilliard equation is the fact that it forms a gradient flow
in the H~!-topology for the following energy

Eg(u):/<622Vu|2+F(u)> dz.

Q

The authors acknowledge the support of MOPS at the institute of mathematics, University of Augsburg. Alexander
Schindler is supported by a fellowship of the Studienstiftung.

 Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-020-1268-y&domain=pdf
http://orcid.org/0000-0003-3114-9193

49 Page 2 of 27 D. Blomker and A. Schindler ZAMP

In order to minimize this energy, one can expect that, for 0 < ¢ < 1, solutions of (1) stay mostly
near u = — 1 and u = + 1, the global minima of F(u). Moreover, the gradient can be of order e~!, so
we expect small transition layers with thickness of order €. Because of this, we can think of Q as split
into subdomains on which u.(+,t) takes approximately the constant values — 1 and 1, with boundaries &
localized around an interface T'c(t).

The interface is expected to move according to a Hele-Shaw or Mullins—Sekerka problem, where
circular-shaped droplets are stable stationary solutions of the dynamics. In [7], formal derivation suggested
a stochastic Hele-Shaw problem in the limit ¢ — 0 for noise strength of order €. There it was also shown
that for very small noise, the dynamics is well approximated by a deterministic Hele-Shaw problem,
see also [9]. Also in [23] (or [17] in the deterministic case), the dynamics of the interface in the sharp
interface limit was studied, but without obtaining an equation on the interface. Only in the case of radial
symmetric interfaces, one obtains the full Hele-Shaw problem. A rigorous discussion of the sharp interface
limit in the deterministic case can be found in [4].

In our result, we focus on the almost final stage where the interface is already a single spherical
bubble or droplet inside the domain, and thus, the only possible dynamics is given by the translation of
the droplet, at least as long as the droplet stays away from the boundary. The deterministic case was
studied in [3,6], and it was shown that the droplet moves (in €) exponentially slow toward the closest
point at the boundary. Due to the presence of noise, we expect here a dominant stochastic motion of the
droplet on a faster time scale than the exponentially slow one.

As we want to study a single small droplet, the average mass of the solution is close to £1. In this
regime, an initially constant solution is locally stable, and one has to wait for a large deviation event that
leads to the nucleation of droplets. See, for example, [10,11,13-15].

Let us finally remark that although the result in [3,6] holds also for three spatial dimensions, we focus
here on the case of dimension d = 2 only. With our method presented, it is straightforward to treat the
three-dimensional case; only the technical details will change. More details on this will be provided in
[22]. Moreover, the case of the mass conserving Allen-Cahn equation is similar. See also [7] for the motion
of a droplet along the boundary or [5,12] for the deterministic case. For the one-dimensional case, see [8].

1.1. Assumptions on spaces and noise

We fix the underlying space H () with scalar product (-,-) and norm || - ||. The standard scalar product
in L?(Q) is denoted by (+,+) or (-,-)p2. Moreover, we use | - ||o for the supremum norm in C° or L.
As the Cahn-Hilliard equation preserves mass, we also consider the subspace H,, 1(Q) of the Sobolev
space H~'(Q) with zero average. Recall that the inner product in Hy () is given by
Wa) e = (272, (-8)7 %)

where —A is the self-adjoint positive operator defined in
L2(Q) = qSeLQ(Q)’ /¢dx=0
Q

by the negative Laplacian with Neumann boundary conditions.

Let W be a Q-Wiener process in the underlying Hilbert space H1(Q), where Q is a symmetric
operator of trace class and (ej)ren forms a complete H ~1(£2) orthonormal basis of eigenfunctions of Q
with corresponding nonnegative eigenvalues a% ie.,

2
Qey = ajek.
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It is well known that W is given as a Fourier series in H !
W)= arBu(t)er, ©)
k=1

for a sequence of independent standard real-valued Brownian motions {3 (t)},cy, cf. DaPrato and Zabz-
cyck [20].

In order to guarantee mass conservation of solutions to (1), the process W is supposed to take values
in Hy ' only, i.e., it satisfies

/W(t,x) dz =0 forallt>0. (N1)
Q

In order to simplify the presentation, we rely on It6’s formula. Thus, we have to assume that the trace
of the operator Q in H~' is finite, i.e.,

trace(Q) = Za% =:1) < 0. (N2)
k=1

Furthermore, let || Q|| be the induced H ~!-operator norm of Q
||Q||L(H—1) = m- (N3)
Note that one always has
m= ||QHL(H—1) < trace(Q) = no.

We assume that the Wiener process and thus Q depend on ¢, and thus, the noise strength is defined by
either 7y or ;.

In the sequel for results in L?-spaces, we need also higher regularity of Q. For this purpose, define the
trace of —AQ in H~! by

o0 oo
tracey-1(—AQ) = Z<—AQ€k7€k>H—l = Zaz He;g||iz =: 1y < 00.
k=1 k=1

Note that the function e;, was normalized in H~! and not in L2.

Remark 1.1. Since W is a Q-Wiener process in L? if and only if W is a (—A)~Y/2Q(—A)~Y/2-Wiener
process in H~! and the eigenvalues of (—A)~! behave asymptotically like k~2/4 it is easy to check that
condition (N2) includes space time white noise in spatial dimension d = 1, but in our two-dimensional
case space time white noise is exactly the borderline regularity that we cannot treat.

1.2. Outline and main result

In our main results, we rely on the existence of a deterministic slow manifold. This was already studied in
detail in [3] or [6], where a deterministic manifold of approximate solutions was constructed that consists
of translations of a droplet state. See Sect. 2 for details. Crucial points are the spectral properties of
linearized operators that allow to show that the manifold is locally attracting.

In the deterministic case, solutions are attracted to an exponentially small neighborhood of the mani-
fold and follow the manifold until the droplet hits the closest point on the boundary. Moreover, the motion
of the interface is exponentially slow and given by an ordinary differential equation. In the stochastic
case, this is quite different.

In Sect. 3, we derive the motion along the manifold by projecting the dynamics of the stochastic
Cahn-Hilliard equation to the manifold. This is a rigorous description of the motion that involves no
approximation. We will see that sufficiently close to the manifold, the first-order approximation of the
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dynamics is given by the projection of the Wiener process onto the slow manifold, which is a stochastic
equation for the motion of the center of the droplet.

In Sect. 4, we consider the stochastic stability of the slow manifold first in H~! and then in L2. This
heavily relies on the deterministic stability and on small noise, but as both the equation and the noise
strength depend on €, we cannot use standard large deviation results. We use a technical lemma from
[7] in order to show that with overwhelmingly high probability one stays close to the slow manifold for
very long times. Due to the stochastic forcing, we cannot exclude the possibility of rare random events
that will destroy the droplet or nucleate a second droplet. Also the stability of the manifold holds for any
polynomial time scale in ¢!, which is much larger than the time scale in which the droplet moves. So
we expect the droplet to hit the boundary at a specific polynomial time scale.

Section 5 collects technical estimates used throughout the paper.

2. The slow manifold

Our stochastic motion of the droplet is based on the slow manifold constructed in [3] in the deterministic
case. In this section, we collect some important results from [3] which we need throughout this work. We
start with constructing the slow manifold /\;lg consisting of translations of a single droplet with radius
p > 0 and discuss the spectrum of the linearized Cahn-Hilliard and Allen—Cahn operator afterward.
These spectral properties are crucial in showing the stochastic stability of the slow manifold.

2.1. Construction of the bubble

We use a bounded radially symmetric stationary solution to the Cahn-Hilliard equation on the whole
space R2. As this solution (and all its derivatives) decays exponentially fast away from the droplet, its
translations serve as good approximations for droplets inside the bounded domain. A function u € C?(R?)
is such a solution if, and only if, it is radial and satisfies

2Au— F'(u) =0, z€R? (3)

for some constant o. We also need some condition on monotonicity, in order to ensure that u is a single
droplet centered at the origin. The following proposition, cf. [3] Thm. 2.1, concerns the existence of such
radial solutions of the rescaled PDE

Au—F'(u) =0, xR (4)

Proposition 2.1. There exist a number g > 0 and smooth functions o : (g,00) — R, U* : [0, 00) X (g, 00) —
R, such that for each o € (g,00), o(p) and u(x,0) = U*(|x|, 0) satisfy Eq. (4). Moreover, U*(r, o) is
increasing in v and
(i) o(0) =Co™' +0(07?), d'(0) =Co %+ 0(07?)

i) U*(e,0) =0(e™)
ii) 1+U*(0,0) = O(07)

) lim, oo U*(r, 0) = a(p),
where C' > 0 is a constant and «(g) denotes the root close to 1 of the equation F'(a) + o(0) = 0.

(v) alo) = U*(r,0) = O(e @ =2)), 7> p,w(0) = (F"(al0)))?
Uz (r,0) = O(e(@=)

(vi) Let U be the unique solution of U" — F'(U) = 0,lims_,oc U(s) = £1,U(0) = 0. Then, there exists
a constant C' > 0 such that

U*(r,o) =U(r—o0)+Co 'V(r—0)+0(0?), r—o0>-Co,
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where V' is a bounded function such that

oo

/ F(Um)U (0)2V (n) dn = 0.

— 00

Here we used the usual O-notation, that a term is O(g(p)) if there exists a constant such that the
term is bounded by Cyg(p) for small g > 0.

For a fixed radius p > 0 of the droplets and a fixed distance § > 0 from the boundary of the domain,
Proposition 2.1 assures that we can associate with each center { € Q,15 = {£ : d(§,09) > p+ 5} a
droplet, which is a function u¢ :  — R with the following properties:

(a) It is an almost stationary solution of the Cahn—Hilliard equation in the sense that it fails to satisfy
the equation, or the boundary conditions, by terms which are of the order O(e~%¢) (including their
derivatives).

(b) It jumps from near —1 to near 1 in a thin layer with thickness of order ¢ around the circle of radius
p and center &.

For € < 1, we define the droplet state
— —af
uf(x):U*<x £,M>7 x €1, (5)

9 3

where the number a® is chosen to be zero at some fixed &y € Q,44 and is determined for generic £ € Q45
by imposing that the “mass” of u¢ is constant on Qpys, ie.,

/ ut dr = / utodz, VEE Qs . (6)
Q Q
For example, we choose &y to be a point of maximal distance from the boundary 992. We could also fix
a small mass and then determine the radius p > 0 such that the droplet centered at &y has exactly that
mass.
An argument based on Proposition 2.1 (v) shows (cf. Lemma 3.1 in [3]) that

at = O(e™%%), (7)

with similar estimates for the derivatives of a¢ with respect to &;.

2.2. The quasi-invariant manifold and equilibria

In this section, we state the construction of a manifold /\;lf) of droplets of the form & — u¢ +v¢, where v¢
is a tiny perturbation, such that M3 is an approximate invariant manifold for Eq. (1). The construction
of M5 is made in such a way that stationary solutions to (1) with approximately circular interface are
in /\;lf, and can be detected by the vanishing of a vector field ¢ + c&. Here, we follow [3].

Theorem 2.2. Assume that p > 0 is such that Q, = { € Q: d(&,00) > p} is non-empty and let 6 > 0 be
a fived small number. Then, there is an g9 > 0 such that for any 0 < € < gg there exist C' functions

g1t e CHQ), £ = () eR? 8)
defined in Q45 and such that [v*dz =0, for which
o)

(i) ||“E||OO < 05—26—(%/5)(15}
(ii) |cf| < Cemte2(ve/)d
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(iii) Similar estimates with C replaced by Ce™* | with k the order of differentiation, hold for the deriva-
tives of v&, ¢& with respect to x, £.
(iv) The function u¢ = u® + v* satisfies the boundary conditions in (1) and

L(a8) = Sué + Sus,

where L(®) = A(—e?Ad + F'(®)) and uf is the derivative of u® with respect to &, i = 1,2.
(v) Let M5 C C°(Q) be the two-dimensional manifold

M;Z{u=ﬂ€:§€Qp+5},
and let Nn C C%Q) be the open neighborhood of ./\;l,i defined by
Ny ={u:3 € Qpis,w € COQ), lu|, < Ce"u=a" + w}.
Then, there is a sufficiently small n > 0 such that u € J\7,7 is an equilibrium of (1) if and only if
u=1a% =0

for some § € Q,45.

2.3. Spectral estimates for the linearized operators

An essential point in the stochastic stability is the spectral properties of the linearized Cahn—Hilliard
and Allen—Cahn operator. We consider the linearization about any droplet state in our slow manifold,
and it is crucial that eigenfunctions not tangential to the manifold have negative eigenvalues uniformly
bounded away from zero, while all other eigenvalues have eigenfunctions tangential to the manifold. We
will cite two different results in the sequel.

2.3.1. The Cahn-Hilliard operator on H 1(Q) We study the linearized Cahn-Hilliard operator
L= A (=2A+ F'(a))

in more detail. We consider £¢ as an operator on H; () and cite a theorem of [2] below.
As we have exponentially small terms, we use the following definition:

Definition 2.3. We say that a term is of order O(exp) if it is asymptotically exponentially small as e — 0,
i.e., of order O(e~¢/¢) for some positive constant c.

Theorem 2.4. (i) The operator L can be extended to a self-adjoint operator on Ho_l.
— L is bounded from below.
(ii) Let )é < )\g < )\g < ... be the eigenvalues of

L8 =A (—52A1/J + F”(ﬂf)w) = -\, x € Q,
oY OAY
— == Q
an an 0, x € 01,

and let 6 > 0 be fized. Then, there is g > 0 and constants ¢, C,C' > 0 independent of € such that,
for 0 <e <egg and &£ € Qs, the following estimates hold:

—Ce™f < XS < XS < Ce /e, (9)
A > Cle. (10)
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(iii) In the two-dimensional subspace U corresponding to the small eigenvalues Ai)é, there is an
orthonormal basis (in H=') ¢%, 45 such that

Z%” i (exp), i=1,2, (11)

3

where the matriz (a3;) is nonsingular and a smooth function of & and 1]§ is the derivative of U¢ with

]
respect to §;. Moreover, z/;f 18 a smooth function of & and

i ll = O™, i,j=1,2, (12)
where 1; j is the derivative of 1; with respect to &;.

As we will need the statement in more detail later, we will comment on the proof of (iii). The main
ingredient is the following theorem. For its proof, we refer to [21].

Theorem 2.5. Let A be a self-adjoint operator on a Hilbert space H, I a compact interval in R,
{t1,..., N} linearly independent normalized elements in D(A). We assume that

(i)
Ay = pgs + g, gl <€
i €1, j=1...,N [~
(ii) There is a number a > 0 such that I is a-isolated in the spectrum of A:
(@(AND N (I + (=a,a)) = 0.
Then,
d(E,F):= sup d(¢,F)< ———e
S [|¢]=1 @V Amin
where
E = span{t1,...,¥n},
F' = closed subspace associated to o(A) N 1,

Amin = smallest eigenvalue of the matrix ((¢i,¢5)); ;= -

In our case, we take E = span{— 5” “g”} I = [~Ce=¢/¢,Ce /%], such that o(4) N1 = {28,051,

u ’ u
and a = 2. According to Theorem g 4 (11|)‘ the spectral gap is of order ¢, and therefore, I is a-isolated.
Let us now discuss that the eigenvectors corresponding to the smallest eigenvalues approximate well
the tangent space of the slow manifold. First, the droplet state is an approximate solution, so for its
derivative uJ (which is a tangent vector) we have

3
ct Né =r; with [|rj]| = O(exp).
;]|
Since the matrix ((uf, u§>> approaches a nonsingular limit as € — 0 [see, e.g., (60)], we also have |Amin| >

C > 0. For i € {1,2}, we denote the associated eigenvector to )\f by z/Jf and define F' = span{wf, @[JS} .
Theorem 2.5 is applicable and yields

d(E,F):= sup d(¢,F)= O(exp).
PEE,|¢]=1
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Thus, 1/}5 € E + O(exp) and one can write
2 ~&
s
vi = af g+ Oexp), =12 (13)
iz gl

By definition of the distance d, we have
it ~&

0 z< i ,¢,3> 4§ + Ofexp).
I o\ Esl

Noting that Hﬂ§|| < Cp, we get by multiplying
a§ = 3 (@, uf ) vf + Ofexp).
k

It remains to show that the matrix B(&) defined by B;;(§) = <&§, ¢,€> is invertible. This can be seen as
follows:

12

= <Z B (§)vf, Z Bji(&)y; > + O(exp)
= Z Bir (& 1/)1@7 1/)1 ) + O(exp)
= Z Bi(¢ )+ O(exp) = (B~ B"),. + O(exp). (14)

Therefore, invertibility of B is equivalent to the invertibility of the matrix defined by ( which is

already proved.

17 j>

Remark 2.6. Note that Theorem 2.4 is restricted to the two-dimensional case. While the construction of
an orthonormal basis as in (iii) is the same, thus far, for d = 3, it can be shown that the spectral gap
is only of order O(g?). This heavily influences our analysis of stochastic stability, and any improvement
in this result will yield a better region of stability in the three-dimensional setting. Basically, the smaller
spectral gap will weaken the estimate of Lemma 4.2 and, due to the Sobolev embeddings used for the
proof, reduce the maximal radius of the tubular neighborhood around the slow manifold that we can
treat. This directly influences the main stability result of Theorem 4.5.

2.3.2. The mass conserving Allen-Cahn operator on L2(£2). Next, we collect some results on the eigen-
value problem for the mass conserving Allen—Cahn equation on LQ(Q) linearized around ¢, for small
0 < e <« 1, which is defined as

ASp=e2Ap— F" (a6 — @ F" (@) ¢ dz = —puo, z e,
¢
o =0, x €00 . (15)

Here as defined previously @ is the bubble state, which is an element of the slow manifold. The main
result is:

Theorem 2.7. Let 4¢ € ./\;lf) and let puy < po < ps < ... be the eigenvalues of (15). Then, there is €9 such
that for e < g

i1, piz = O(exp) (16)
3 > Ce?, (17)
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The two-dimensional space W& spanned by the eigenfunctions corresponding to the eigenvalues i1, 1o can
be represented by

W& = span {h§7 hg}
and

hs— — |l = O(exp). (18)

L2

This result can be found in [1] with @¢ replaced by uf. As @ — uf is exponentially small, the theorem
follows from an easy perturbation argument. Also note that for the eigenfunctions of Cahn-Hilliard, we
thus have by (18) and (13)

Z a%hﬁ + O(exp).

Remark 2.8. Defining the projection Pu = u — %g{udx onto L3(Q) = {f € L*() : ({f = 0}, we see
that for v € Hy!
(L5, 0) g1 = (2 Av — F" (@), Pv) 2
= (Po (A — F"(@%))v,v) 2
= (ASv,v) 2
Therefore, for all v L g-1 1/)5 we have
(L5, v) -1 < —CE* |of7

which is crucial for establishing stability.

3. Motion along the slow manifold: the dynamics of bubbles

Here we follow the approach to split the dynamics into the motion along the manifold and orthogonal to
it. Note that close to the manifold we have a well-defined coordinate system and a well-defined orthogonal
projection onto the manifold.

3.1. The new coordinate system

We will use the standard projection onto the manifold. A minor technical difficulty is that the eigen-
functions 1/1f and 1/)5 of the linearization do not span the tangent space at a given point @¢ on the slow
manifold. But as the difference to the true tangent space, which is spanned by the partial derivatives
651115 and 852115, is exponentially small, we can use them as an approximate tangent space to project
onto the manifold.

The following proposition concerns the existence of a small tubular neighborhood in H~! of radius
O(e'") around ./\;lz where the projection is well defined, see [3].

Proposition 3.1. Let af, ./\;l;, Q, be as in Theorem 2.2. Then, for n > 1, the condition

§£i%w—ﬂ%wa<ﬁ, (19)
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implies the existence of a unique pair & € Qpq5 , v € H(;l such that
u=1ut+v
(0, 45) =0, i =1,2, (20)
where ¢§a¢§ form a basis of the two-dimensional subspace corresponding to the two smallest eigenvalues

of the linearized operator L& and are given by Theorem 2.4 (iii). Moreover, the map u — (£,v) defined
by (20) is a smooth map together with its inverse.

Let u(t) be a solution of (1). We will call the coordinates v and ¢ defined in proposition 3.1 the Fermi
coordinates of u(t).

3.2. The exact stochastic equation for the droplet

In the remainder of this section, we adopt the approach of [8] and assume that the center £ of the bubble
46 defines a multidimensional diffusion process which is given by

dsk = fk(é-»v) dt + <0k(fav)vdw>v (21)
for some given vector field f(£,v) € R? and some variance o(&,v) € H~!. We proceed with deriving
explicit formulas for f and o, which still depend on the distance v to the manifold. For v = u — uf, we
always have the SPDE (see also (41))

dv = L(uf 4 v)dt + dW — d(ub). (22)

In order to define an Ité6 SDE for &, we first use the It formula, to differentiate (20) with respect to t.
We obtain

du=dv+) a5 dé; + 3 Z i, dé;dé;. (23)
J
Taking the inner product in the Hilbert space H ' with z/Jk yields for any k
(U5, du) = (¥, dv) + Z (U5, 45) d&; + 5 Z i 1i5;) dé;dé;. (24)
On the other hand, taking the scalar product of (1) with wk we derive
(W5, du) = (5, L(v +a®)) dt + (45, dW). (25)
Now (24) and (25) together imply
Zwk, Y& = (v, dv) = 3 (W, @ )(Qo5, of )
i,j
+ (Y5, Lo+ a)) dt + (45, dW), (26)

where we also used that (w,dW)(g,dW) = (Qu, g) dt.

In order to eliminate dv, we apply the Itd formula to the orthogonality condition (zbim} = 0 and
arrive at

(dv, ) = —(v, ) — (dv, dy)
== (v, ) dg; — %Z v ) dgidey =Y (dv, vy ) d;
J J

= _Z<”’1/’§k>d5j 22 v wzyk ng’U§>dt_Z<d”’¢§k>dfj'
J

J
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Now we use (22) and the fact that dtdt = 0 and dW dt = 0 and get
- Z <de ¢§k> dg;

J
=- Z (du, v5c) dg; + Z (da, v5,.) dg;
- Z Jk dt dﬁﬁ Z <77[}§k7 dW> dﬁj + Z ka z dézd@

—fz Q. 0 dt+z zz;],c,g Y{(Qos,0%) dt.

This yields together with (26)

)3 [k ) — (v w§k>} d;

z{ ) = (W5 @) — $(uf, 7)) (Qof, o8y dt + Y (Qusof) at
J

+<wk, (v+a))dt + (5, dW). (27)
Define the matrix (Ax;(£))k,; = A(v, &) € R**2 by
By Theorem 2.4 (iii), we have ||wi§j | = O(¢™'). Therefore, as long as
inf |lu—a¢| = inf [o¥|| <& for somen > 1,
E€EQ 125 £€Q 125
we have
(W 0)] < Nollllgell <™. (29)

The identity (14) implies that the matrix (1/),3,115) is nonsingular and approaches a constant as € — 0.

As a consequence, we observe that the matrix A(§) is invertible in a tube I'" around /\;lf) This proof is
straightforward. The details are similar to Lemma 3.3, and one can choose the tube I' to have radius &”
for a fixed n > 1.

We denote the entries of the inverse matrix by A,:jl (€). From (27), we derive

Z A (§) Uf- =5
j

and

PIEIGTIG z[ (o 50) = (U0 5) — b(0f. )] (Qofof
+Z QS . 0%) + (¥, L(v + @),

Using the invertibility of A(&), we ﬁnally get formulas for f and o:

=2 AL (30)
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and

&) = ZA*? L+, vf)

+ZA {% 00 ) — (Ul 1) — 3(uf, )] (Qof of

1,5,k

2450 (i)

J
Note that both o and A~! all still depend on ¢ and v.

3.3. Verification of the SDE

ZAMP

(31)

In the above presented derivation, we made the assumption that £ is a semimartingale with respect to
the Wiener process W. We now prove that this assumption is indeed true. At least, we find one splitting

u = @¢ 4 v, where £ is a semimartingale given by our derived SDE for &.

Lemma 3.2. Consider the pair of functions (§,v) as solutions of the system given by (22) and the ansatz
(21), where o and [ are given by (30) and (31). Suppose that initially <¢k(0), (0)) =0 fork=1,2.

Then, u = @& + v solves (1) with <w,§,v> =0 fork=1,2.
Proof. We first prove that u = @ + v solves (1).
du = + dv
= Zuﬁdgj i Za dg; dg; + dv

= Zaédgj 22@ dé; dg; + L(v+as)dt + dW

- Z s de; — Z i5,(Qos o

= .C(v—|—u )dt + dW
= L(u)dt + dW.
The orthogonality condition follows from d{(v, z/é} = 0 since v(0) L T M. We have
dv, ) = (dv,¥5) + (v, du) + (dv, du)
= (dv,y}) + (v, dyy) + (du, dvi) — (dus, diy,)
= (L) der (b AW) =2 (5 0D A6 £ 2 (i)

-2 < z]’wk><QJz7 j>dt+22<wkz17 Z’U§>dt

1,

+Z<w£,j’QU§>dt_Z<wkj’ ><QUZ’ J>

]



ZAMP Stochastic Cahn-Hilliard equation in higher space dimensions Page 13 of 27 49

At first, we look at the dW-terms:
=S (uh ) of + 30 (0 o) oS =uf - Y [ ) — (v uf )] of
J J J
(28) 7/113 - Zakj0'§ (30)
J

Next we consider the drift term:

<’(/J£,£(u)>—% - < 2]7wk><Q0—7«7 j 2Z<¢kz]7 17 §>
—Z (Y-8 )(Q o5 +Z w,”,cza> PN ACED AL

J

_Z[ (0,0 45) — (Vi o 6 —§< >} (Qa}. o

D {Qu o of) + (uf, £+ ) - Z[wi,f (w5 ;o) £1(6)

(31) 0.

This completes the proof that £ is indeed a semimartingale. O

3.4. Approximate stochastic ODE for the droplet’s motion

In this section, we want to analyze the exact equation for the droplet’s motion and its approximation in
terms of €. We start with splitting the ansatz (21) into its deterministic part and extra stochastic terms
given by a process Aj

dé, =3 AZHE(L(w + @), v ) dt + d A, (32)

where due to definitions (30) and (31) the stochastic processes AY) are given by

(7"). ZA” |: v ¢§]k> < ik z>77</¢)/§:7~§]>:| <ng’ J>

4.3,k
+Y A (s, j>dt+ZA W5, dW). (33)
( J
Let us first show that the £; are driven by a noise term of the type (ﬂi dW), which means that we project

the Wiener process to the slow manifold. We also give bounds on the drift f(£) and the diffusion o(§).
In view of Theorem 2.5, we have

it

it
- Z< - ,¢£>¢£+0<exp>7
I 4\l

where 1/),3 denotes the eigenfunctions corresponding to the small eigenvalues of L& (see Theorem 2.4).

1;

Using ||11f\| < Cp (see Lemma 5.1), we get by multiplying

ii§ = Z< z?wk> i + Olexp) Z binty, + O(exp).

k
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By rotating the eigenfunctions ql),i with an orthonormal matrix ), we can introduce a new coordinate
system 1/3,5 of eigenfunctions in such a way that ﬂf I @f and the corresponding matrix defined by b;; =

<a§, @jg) is an almost diagonal matrix and the same holds true for its inverse.
Hereby, @ will be uniquely defined by rotating the rows of B such that

B=QB- (Z; b(;z) . (34)

With respect to the new coordinate system, we then have

u = Z <uz,wk wk + O(exp) Z bmz/)k + O(exp).

Lemma 3.3. Consider the matriz A(¢) € R?*2 given by
Arj(€) = 2y + Ziy(v) = (45, 85) — (v, 0 )
Then, as long as ||v|| < Cel** for some k > 0 and 0 < & < go, A(§) is invertible and its inverse A~1(€)

can be estimated by B
A (©) = llag]| = ok + O(1).

Note that the same statement holds without the bar also for the matrix A(¢).

Proof. By [6], we have for a specific constant Cy > 0 that
<uz, ]> C3p? 6i5 + O(p*) + O(ep™t) + O(exp), (35)
3

and therefore, (u;,4; > defines for small p an almost diagonal, invertible matrix of order O(1) in e.
Moreover, C3p? = ||uk||2.
In (14), we verified
(@5, a5) = (2°-(2°)7),, + Olexp),
where we only needed that the basis wf is orthonormal. Since the orthonormal transformation @ does
not change this property, we similarly obtain

<ué u5> (Z2°- (ZO)T) .+ O(exp), (36)

RE ]

such that invertibility of Z° can be derived from the invertibility of ((ul , u§>) . On the other hand, we
i,

have 7
(v,95,) < Cllolllgi ]l < Ce~.
From this, we see directly that A(€) is invertible.
Using the form (34) of the matrix Z° and relations (35) and (36), we see that
Aij = Copdi; + O(p?),
where we neglected higher-order terms. Next, we consider the decomposition
A(g) = COP(I - E)?

where I denotes the identity matrix and E is a small perturbation thereof of order O(p). Then, one has
by Taylor expansion

Afl CO 1[)71([ o E)fl _ Co_l,D71 ZEk

0TI+ E40(p?) = CylpT T+ 0(1).
With this, the lemma is proved. O
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Lemma 3.4. Under the assumptions of Lemma 3.3, we have for a constant Cy > 0 defined in (35)
ar(€) = AN (&) ¥ + O(1) = Gy 'p~ g + O(1). (37)
Proof. Immediate consequence of the definition
&) =D A ()Y
where we changed the underlying coordinate system and the previous lemma. Moreover, we know that A
is for small p approximately a diagonal matrix, so we can replace ¢ by . O

Next, we estimate the magnitude of the drift term f in terms of . We need this later for bounds in
the proof of stability. In order to identify the dominant dynamics of &, we will see later that most of the
terms in f are due to It6—Stratonovich corrections.

Lemma 3.5. Under the assumptions of Lemma 3.3, we have
If(§7v)| < 05_1771'

Proof. We need to estimate all di-terms in definition (33). Using Lemma 3.4 for estimating the variance
o, we derive

|<Ql/1f,j70’j>\ <Cplelm

and

[0 ) = (Wl @) = 3w, @) (Qof,0)| < Cp2e1,
where we used the estimates ||@$|| = O(1), Hu || =012, ||1/ij|| =0, ||1/} gkl =0(e —3/2), which
are derived in Sect. 5, cf. Lemma 5.1. Comblnmg this with the estimate of A”- (&) from Lemma 3.3 shows
that the estimate holds true. O

Remark 3.6 (Ito—Stratonovich correction). Let us take a closer look at (33). After some calculation,
basically redoing the computation that led to (30) and (31) in the Stratonovich sense and thereby leaving
out It6 corrections, one can show that with Stratonovich differentials

> Agj(§v) 0 dgy = (W5, L(v + i)Y dt + (5, 0 dW).
J

Thus, we can solve for od¢; and obtain also for the It6 differential

gy = Oexp) dt + > ALl (&, 0) (¢S, 0dW).
J
which is (up to some exponentially small error) the projection of the Wiener process W onto the slow
manifold M7 of droplets. To be more precise, denote by B the R2-valued process given by

= (W3, 0dW) -1]j=12,
the projection of the Wiener process W onto the tangent space of the manifold /\;lf,, then
1
di ~ (1 +O(p)) dB(1)

and we see on the one hand that smaller droplets move faster, but on the other hand the error terms are
not small in €, but only in p.
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4. Stochastic stability

For the stochastic stability, we derive bounds for the distance from the slow manifold given by v. First,
we give a result in H~! and then extend it to L2.

4.1. H~'- bounds

Recall that we split the solution via Fermi coordinates
u(t) = a¢® + v(t)
with the orthogonality condition v(¢) L wf(t) in H=1(Q) for i = 1, 2. In the following, we always assume

that we are working on times such that {(¢) € ©,5 so that everything is well defined.
Writing (1) in the form du = L(u) dt + dW and expanding give

du = [c(af) + L8 + N (i, v)} dt + dW, (38)
and on the other hand, we have

du = di® —i—dv—ZuEdQ—FZu QU o>dt+dv (39)

R
4,J

Here we used the definitions
L(w) =—A (2Aw — F'(w)),
Low = —A (52Aw — F"(ﬂg)w) ,
N(y,z) = =A(=F'(y+2)+ F'(y) + F"(y)2) .
In the case F(u) = 1 (u? — 1)2, we have
N (@6, v) = —A(=3050* — v®).

From Theorem 2.2 (iv), we have for the residual

Z c:us = O(exp). (40)

Solving (38) and (39) for dv and substituting (40), we obtain the equation for the flow orthogonal to the
slow manifold.

Lemma 4.1. Consider a solution u(t) = 4" + v(t) with v(t) Ly i(t) fori = 1,2 and &(t) being the
diffusion process given by (30) and (31), then

Zc§u§ + LS 4+ N (a8, v) | dt + dW

— Zﬂ?dfj Zu” Qaj,al (41)
J

Let us now turn to the estimate of [|v||%,_, (recall that the norm and scalar product in H~*

and (-,-)). We first notice that It6 calculus gives
dl|[v]|3-1 = 2 (v, dv) + {dv, dv).

are || - ||

Since d¢ = b(€) dt + (o, dW) and
(dW,dW) = trace(Q) dt = no dt,
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again by Ito calculus we derive

(dv, dv) <Za’f dfj,Zu d§]>—2<dWZu d£]> (dW,dW)

—nodt—l—z us,u$)(Qot, %) dt—QZ i, Qo) dt.

i
Using the notations ||9:%¢ || = max; ||125H and ||o|| = max; ||a§|| we have
(dv,dv) < (1o + [9ca*||* o ?l|Qll + 2 |0cas [ oI Qll) dt = O(no) dt, (42)

where we used that ||0za¢| = O(1), |lo|| = O(1) by Lemma 3.4 and 19N -1y =m < mo-
Next, we investigate the more involved term

(v, dv) = Zc§ (us,v) + (LE,v) + (N (i, v),v) | dt
- Z vy dg; — 7Z< 5, v)(Qoi, 05) dt + (v, dW). (43)

First, recall that £(@¢) is exponentially small. Then, we proceed with deriving a bound for the nonlinear
term (N(@¢,v),v) by using spectral information for the linearized Cahn-Hilliard operator £¢ in H 1.
Here, it is useful that the bounds for the quadratic form of the Cahn-Hilliard equation in H~! coincide
with those derived for the quadratic form of the linearized Allen-Cahn operator in L? (Remark 2.8).

Lemma 4.2. For u = u* +v with ||v|| ;-1 < coe? for some fived sufficiently small co > 0, we have

(L50,0) s+ (N(@,0),0) -, < —Ce [lolf3o

Proof. Let v1,72,73 > 0 with ). v; = 1. First, we notice that we have
<£5v, U>H71 = (e®Av+ F"(@%)v, v)

where we performed integration by parts. Together with the spectral information of Theorems 2.4 and
2.7 for the linearized Cahn-Hilliard operator in H~! and the linearized Allen-Cahn operator in L?, we
derive

12 < —€2Vollf2 + Cllo2e,

<‘C§Ua U>H*1 = Z 7i<£§7]a U>H*1

IN

—Cyiellvllfr-r = Cree®[lvllZs — v3e®(IVolZe + CosllvllZa

IN

—cellollf-r — vz — ce*llvllFn, (44)

where we fixed 3 =~ £2 and absorbed the positive L2-term into its negative counterpart.
As long as ||v]|g-1 < coe?, we have

N (@, v),0) -1 < Cllvllzs < Cllollzye
< ClloliFnllvlla-r < Ceoe® ol

Here, we used H'/? < L? by Sobolev embedding and interpolation of H'/? between H~' and H'.
Combined with (44), we get by choosing ¢¢ sufficiently small compared to the other constants

(L0, vy g + (N (@5, 0),0) g1 < —ce|v]|%-1 — ce®||v]|22 — c*|| V|22

for three possibly small constants all denoted by ¢ > 0. O
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We need to control the terms from (43) containing inner products with first derivatives of u¢ and @,

respectively. As ﬂf can be seen as approximation of the eigenfunctions wf together with the orthogonality
3

i

condition (20), we may assume that up to some exponentially small error v 1 u

Lemma 4.3. Let v be as in Proposition 3.1. Then, we have

ous
= 1 p=1,2
<8€ivv> . O(GXP)H’U”H y b s 4y

and the same holds true for u¢ replaced by .

Proof. From 2.4 and 2.5, we see that the relative distance of vectors in U¢ = span{z/f,i/)g} and
span{as, @5} is of order O(exp). Therefore, for some a; € R,

(@5, 0) =Y ag (W, v) +O(exp) || [|v]] = O(exp)|[v] -
With Hﬂ§ - u§|| = O(exp), the lemma is derived. O

Finally, we can continue with estimating (v, dv). By Lemmata 4.2 and 4.3 together with the estimate
for the second derivatives of %€, we derive

(v,dv) < | =Cellv][Fr-1 + O(exp)l[v]l g1 + O™ 2m) 0]l -1 | dt
+ (v + O(exp),dW).

(45)

Here, we also used that the drift term of d¢ is of order O(e~1) which we proved in Lemma 3.5. Thereby,
with Lemma 4.3, the term (ﬂg, v)d€; remains exponentially small.
We summarize the H~! estimate in the following theorem:
Theorem 4.4. As long as ||[v||g-1 < coe® with ¢g > 0 from Lemma 4.2, it holds that
dlfol% -+ < [Cc — Celfolfy1] dt +2(v + Olexp), d W)+, (46)
where
C. = Cno + O(exp).
Proof. By (42) and (45), we have
Aolyr < [~ Ololys + O mullolls+ + Cno + Olexp)]
+ 2(v + O(exp), dW).
As mp < ng, we obtain
e 2ol -1 < coe™?mo

and thereby the claim. O

4.2. Long-time stability in H !

We follow a method used in [7] for the mass conserving stochastic Allen-Cahn equation to show the
long-time stability with respect to the H~' norm.

Define the stopping time 7* as the exit time from a neighborhood of radius B > 0 around the slow
manifold before some possibly e-dependent time T’

o=inf {t € [0, Aro] : [v(t)||g—1 > BY}.
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Here 7y is the stopping time when the droplet is too close to the manifold, i.e., when £(t) & 54, anymore.
We also use the convention that 7% = T A 79, if ||[v(¢)||g—1 < B for all ¢ € [0, T A 719).
We showed in Theorem 4.4 that v satisfies a differential inequality of the form
Ao+ < [C. — allo(®)|%-1] dt +2 (v,dW) (47)

for all t < 7*, provided that B < cpe®.
From [7] using optimal stopping of martingales, we obtain from (47)

Bl < o3+ C[c+ Q1] [ ol3y? as (18)
0
and X .
1 _
B [ ol ds < S+ C[c+ Q1] B [ ol ds (19)
0 0

We define now ¢ and assume the following

C: +
o Cerlel
a
Via an induction argument, we derive

LE|o(r)|?* < Cq? + Cag’T
as C; < aq. Chebychev’s inequality finally yields
P(r* <T Ao) =P(v(r*)| = B) < B=*" - E|jo(r")|*

< OB ¢ +ag’T| = C ()" + Ca ()" T. (51)

and  |v(0)|]* < ¢ < B (50)

With this, we can prove the following theorem:

Theorem 4.5. For a solution u = u¢ + v with & € Qpis andv L ¢§7 consider the exit time
™ =inf{t € [0,T: A70] : [[o(t)||g-1 > coc™},
with T. = ¢~V for any fived large N > 0, co > 0 from Lemma 4.2, and . the exit time for £(t) from
Qs4p. Fiz with v < ¢y
[0 (0) ][+ < we.
Also, assume that the noise strength satisfies
o < C2TF,
for some k>0 very small. Then, the probability P (7% < T. A 19) is smaller than any power of €, as
tends to 0.

_ And thus for very large time scales with high probability, the solution stays close to the slow manifold
MG, unless the droplet gets close to the boundary, i.e., {(t) & Q5.

Proof. The statement follows directly from (51) if gz = (9(5’~€ ). Indeed, using the definition of C;, a = Ce
and B = Ce*, we have

C. + 1
q:= C+lel <C- [no + O(exp)},
a g
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since 177 < 19. And therefore, we finally get
a/B* < Ce= [y + O(exp)| = O(F).
U

Remark 4.6. In Remark 3.6, we saw that for 79 being polynomial in & the position £ of the droplet
is moving like a diffusion process driven by a Wiener process of strength ,/mo which is multiplied by
a diffusion coefficient of order O(1). Thus, due to scaling, we would expect that the droplet hits the
boundary of the domain after time scales of order larger that 1/7g.

Thus, the stability result tells us that with overwhelming probability the solution moves along the
deterministic slow manifold until it hits the boundary of the domain.

We can also treat smaller neighborhoods of the slow manifold, by making the size of the noise even
smaller. We can take the radius B = ™ and the noise strength 7y = €21+ If m > 4, then we can
follow exactly the same proof, as all estimates needed just B < coe*. We obtain:

Theorem 4.7. For a solution u = u® + v with & € Qpys and v L 1/);5, consider the exit time
T =inf{t € [0,T. A70] : |[v(#®)||g-1 > €™},
with T. = =N for any fized large N > 0 and m > 4. Fiz with v < 1
[0(0)[| -2 < ve™.
Also, assume that the noise strength satisfies
o < Ce2mHith,

for any & > 0 small. Then, the probability P (7% < T. A 19) is smaller than any power of €, as € tends to
0.

4.3. Estimates in the L2— norm

We want to extend the stability result to the L?-norm. As there are no bounds of the linearized Cahn—
Hilliard operator in L?, we will rely on the results of the previous section.
Recall (41),

dv = Zc§u§ + LS + N (a6, v) | dt +dW
J

=D w5 dg; — 3 3 15(Qoj of) dt,
J 0]
where
Lo+ N (@, v) = =2 A%+ A [f(@® +v) — f(@)].
As our object of interest is the L?-norm of v, we consider the relation
dl|v[|32 =2 (v,dv) 2 + (dv,dv) ;. (52)

Recall that we denote the L? inner product by (-,-) and the H~! inner product by (-,-). By series
expansion of W = >~ ay. B (t)er, we obtain

(S, aw ) (o, W) = 3" a (S, e ) anlo, en) d < g/ *ny/ S | 2 |1
k=0

= O(e "o + m2) dt,
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where we used the H~! estimate of o from the previous section and ||ﬂ§||Lz = O(¢71/2), as the derivative

115 is O(e71) on a set of order O(e) (see Lemma 5.2).
As n1 < g, we have for the Itd correction term

(dv,dv) =Y (ufu§) (Qoy o) dt —23 (u’f dW) (05, dW) + (AW, dW)

ij i
< O 22311 + O~ 0 + 112) dt + tracey—+ (—AQ) d
= O(e 1o + n2) dt.

Next, we study the mixed term (v,dv). By (41), we have

(v, dv) = lz(ci ) (af,u) (v.dW) =3 (af,v) (ai,dW)]

[(—e2A% + A(f(@ +v) - £(a)) ,v)] dt — % > (a.0) (Qoisoy) dt

4,J

dt +

= T1 —|—T2+T3—|—T4
For the martingale term, we see that
Ty = (O™ V2 oll2), dW) g1 + ((=A) 20, d(=A) V2 W) s
= (O™ 2ol z2), dW) -1+ (O([v]] 22), d(=A) V2 W) gy,

where the O-terms are all bounded in the H~'-norm.
For Ty, we have

T =0 (= mlollzz)

The quantities ¢; are by definition exponentially small, and we established in Sect. 3.3 that the drift term
f is of order O(e~1n;). Thus, we have

Ty = O(e ' ml|0ga® | 2 o] p2) = O™ 20| 2).-
It remains to estimate the term T3 involving the nonlinearity. Integration by parts immediately yields
(—e?A%0,0) = —&*||Av]|3,,
which is a good term for the estimate. We continue with the other terms in T3
(A [f(fﬁ +v) — f(ﬁg)} ) = (v,A 0 + 3uv? + 3(115)27}])
< Cllvllgs + l[vl1Fa] ol a2 + Cllvll 2 [0l 2
For the higher-order powers, we obtain by Sobolev embedding and interpolation inequalities
C [llolize + IoliZs] lollaz < C [loll3/e + I0lG/s] 0]l a2
3/2, 11/2
el B e A PP
2 3/2-3 1/2+
< C ol Il 2 ol + ole o2l =
By choosing v = 1/2, we finally derive
(A[f(@ +v) = f@)],v) < C[[lolla-1 + ol 2] Il Fr= + Cllvll 2 o]l 2.

The crucial term is the quadratic term in v; here we have to use the bound in H~'. By interpolation and
Young inequality,
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2/3 4/3 _ 2/3 i 4/3
Clollzzllvllz < Cllol 32 ol5s = Ce=3|wl32, 622 vl 32

< O ol + 22 vl

2
Combining all estimates, we have

1 _
Ty < — |5¢" = Cllla— = CllollZz | [Avl[Z: + Ce HlollF-r-

Recall that in the preceding section we established an optimal radius with respect to the H~! — norm of
order O(g*). We will add a condition on the L? — radius such that in the last estimate of the nonlinearity
the leading order of the H? — terms is O(g?).

Definition 4.8. For £ > 0 and m > 4 and some given large time T, we define the stopping time
=inf{t € [0,T- A7) : [[o(t)] -1 > €™ or [[o(t)]| 2 > eFF1Y. (53)
Again, 1y is the exit time of £ from Qs ,, and we set 7° = T if none of the above conditions are fulfilled.

Later, as we establish stability, we will need to refine the parameter k defining the L? — radius. For
now, up to the stopping time 7., we have shown that for small €

T3 < 7062”’[}“?_12 + C€2m74.
Next, we use that by Poincaré |[v]|r2 < ||Av||z2 and n1 < 1o to finally get the following estimate for
dllvlz.

Lemma 4.9. If k > 0 and t < 7., with 7. given by (53), then for some ¢ > 0 the following relation holds
true

d||o][72 + ce®[[vl|72 dt = K. dt + (Ze,dW) g1 + (Ue, d(=A)V2W) o, (54)
where
K. =0+ e 12ng 4+ e ng + o)
and

1ZelFr- = O vlZe),  [12lF- = O(llvlZ2)- (55)

As in the H~! case, we will derive higher moments in the subsequent section and show stability.

4.4. Long-time stability in L2

Under the assumptions of Lemma 4.9, we estimate for any p > 1 the pth moment of ||v||2.. Here we follow
again the method used in [7] closely and therefore spare the reader some of the details of the derivation.
By It6 calculus, we obtain

2
dl[o[|7 = pllol 5 dllv)|72 + plp — Vol 757" [d]jv]17:]
We briefly on estimating the It6 correction. Using (54) yields
[dl[o]3:]* = (2., QZ) dt + (Ve, ~AQUL) dt +2(Z., W) (U=, d(—A) /2 W) (56)
and by series expansion we see that

<ZE7dW><\I]€7d( 1/2W Zak Zsaek ( A)1/26k> dt

< Zak\lekllH—l llewllze |1 Ze [Pl dt
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< N Ze1ellv/mom:
< ||ZEH2770 + ”\116”2772-
Therefore, by Cauchy-Schwarz, we derive
2
[dl[vllZ2]" < C 1 ZeFr-xmo + [[9elF-1m2] dt. (57)

Plugging (54) and (57) into relation (56) combined with definitions (55), we derive the following lemma
by integrating.

Lemma 4.10. Under the assumptions of Lemma 4.9, for any p > 1 the following estimate holds true
El|v(72)|1*P + epe® A, < [[v(0)|[ 75 + C [Ke + e 'no + 1] Ap-1,

where A, is defined as

A, _E/Hv 9|1 ds.

For the sake of simplicity, we define
ae = 0572 [Ks + 571770 + 772} (58)

and assume that the noise strength is small enough such that a. < 1. Note that by the definition of K,
we thus also need Ce?™~% < 1, which is true by assumption.
Applying Lemma 4.10 inductively, we obtain

Ap < C2||o(0)|I5 + Cac Ay
< C2|o(0)||75 + Cace (0|27 + aZAp—s

p
. < Ce? Zaé’_iHU(O)H%Q +CaP™t Ay
Note that by (54) we have for ¢t < 7,

]E/ [v(s)]|Z2 ds < Ce™?K.Te + e [[0(0) |72 < acTe + e *[[v(0)[Z-

Hence, we derive

p . .

A, < Ce™? Za€_1||v(0)||%2 +CalT. < C [5_2 +T.]a? + Ce_QHv(O)Hi% (59)

i=1
for C' a constant depending on p.
Lemma 4.11. Let k > 2 and 7. as defined in (53). If

[v(0)][72 < ac <1,
then for any p > 1 it holds true that
EHU(TE)H?; < Cg? [5_2 + TE] a?

Note that in the previous lemma, if |[v(0)||2, > Ce**1, then 7. = 0.
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Proof. By Lemma 4.10 and (59), we have
Elo(72)[I75 < [0(O)II75 + C [Ke + & o+ m2] Aps
= [lo(0)II75 + Ce®a- Ay
< [o(0)[|?% + C?ac [e72 + To] a2~ + C2ace2|jv(0)||25 2
< CaP + Ce®TaP. O
With the help of Lemma 4.11, we can finally prove stability in L2.

Theorem 4.12. Consider form > 4 and k € (0,m—4) the ezit time 7. from Definition 4.8 where T, = &=~
for fized large N > 0. Let also for some v € (0,1)

(Ol -+ <ve™ and [[v(0)]| 2 < vet!
and also assume for the noise strength that for some small K > 0
no < Ce2™HIHR and 1y < Ce?FHAFE,

Then, the probability P(1. < T. A 1o) is smaller than any power of €, as € — 0.
Proof. We have

P(re <Te A1o) <P ([Jv(re)]z2 > M) + P(lo(re) || -2 > ™).
Now, using the H~! result of Theorem 4.7 for any ¢ > 1 there is a constant C; > 0

P ([[o(re)lla-1 > e™) < Cee’.
Moreover, by Lemma 4.11 with Chebychev’s inequality we derive
P (Jlo(r)ll2 > Ce*1) < CeP*HVE|jo(r.) |17
< Ce D2 =2 4 T gp = C (5—2(k+1)a8)p 14227

—C (572(k+2)K5)p (14212

Now by our assumptions the bracket is bounded by €, and thus, choosing p large enough yields the
result. O

5. Estimates

In this final section, we give all the estimates that were needed throughout this work. Compared to
the deterministic counterpart, we need to bound higher-order derivatives. We start with estimating with
respect to the H !~ norm to conclude the first part of Sect. 4.

Lemma 5.1. Fori=1,2 let 1/Jf be the orthonormal basis from Theorem 2.4 and @€ the bubble as constructed
in Theorem 2.2. Further subindices will denote partial derivates with respect to &. The following estimates
hold true

[ = O() 106, -+ = OE™)
@11 = OE7), el = O,
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Proof. In Sect. 3 of [6], it was proved that

o out
8$i ’ E)xj

) = Cp%6i; + O(p*) + O(ep™ ') + O(exp).

Using the relation

13
i = gla; + O(exp),
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(60)

(61)

||11§|| = O(1) is established. Furthermore, the bound ||¢f]|| = O(e7!) is part of Theorem 2.4.

By definition, for g € H~! we can find fi, fo € L? such that

o Oh  Oh
g=V f_8m1+3332

and the norm on H~! is given by
2 : 2
= inf dz.
lol* = int [ 11
Q

Therefore, with (61) and choosing f; = %-j’ we have

5,11 < [102,u¢ 132 + O(exp) = O(e™1/?),

where the L? estimate will be established in Lemma 5.2. The same argument yields ||wf all < Hz/Jf illze-

In light of Theorem 2.4 (iii), we compute

4 ﬂi _ H f‘i ﬁi,ﬂ%) ﬂij
gl . lagle o lagl .
g llzellug | Nl lze
(oA [

il 2 + il ce

[

With the already proven bound ||ui|| = 0(1), ||u§||Lz = 0O(e7/?) and ||u£j|\Lz = O(7%/?) (cf. Lemma

5.2), we obtain

~&
Uy,

—k Il =037,
J )~
(oA

L2

Finally, by the definition in Theorem 2.4 we derive

25 | 2 -
95 e <> 10505, ”25” +0(e3?)
k k

< Ce™ 2N T 0a5,] + O(e?) = 0(e7%/?),
k

where we used that the matrix (aii) does depend smoothly on & and is nonsingular.

We conclude with the estimates with respect to L? which were needed for Sect. 4.3.

(62)
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Lemma 5.2. Under the same assumptions as in Lemma 5.1, the following estimates hold true
||1N1,§||L2 = 0(5_1/2)’ wa”Lz _ 0(6_1/2)
il = OE), | lle = O(=2).

Proof. First, we observe that by Theorem 2.2 it suffices to analyze the partial derivatives of u¢ as the
correction term v¢ and all its derivatives are exponentially small.
By Lemma2.1 and 7 we have

gus  _OU* ar | _,0U* 9at

o6 7 oroe ¢ op og
gy (TP or
= Ul ——- O1)| = 63
(S22 vow) o7 (63)
where we defined r = |z — &|. We use the radial geometry of the problem and the fact that U’
localizes around the boundary of the bubble. For some small § > 0, we consider the ring Qs =

{z: |l =&l = pl <6}

We compute
r—p o\’ r—p 2
s*Z/U' — dx§5’2/U/ — | dz
€ o&; €

Qs Qs

<Ce! / U'(n)*(en + p)dn
[n|<d/e

< Cpe! / U'(n)>dn < Cce™h.
On the set Q\Qs, we utilize |U’(n)| < ce=¢/"l and derive

2 2
= [o(7) (6) ars o mai = o
Q\Qs ‘

Combined with (63), this shows ||71§|| 12 = O(e~'/?). Estimating the second-order derivatives can be
carried out analogously.

Definition (11), Lemma 5.1 and the L?*-estimate of ﬂ§ directly yield ||1/1f||L2 = O(e~1). The bound for
the second derivatives was established in (62). O
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