A cocycle model for the equivariant
Chern character and differential
equivariant K-theory

Dissertation
zur Erlangung des akademischen Grades

Dr. rer. nat.
eingereicht an der

Mathematisch-Naturwissenschaftlich-Technischen Fakultat
der Universitat Augsburg

VoIl

Fric Schlarmann

Augsburg, Juli 2020

Universitit
Augsburg
University



Supervisor: Bernhard Hanke, University of Augsburg
External reviewer: Scott O. Wilson, Queens College, City University of New York

Oral examination: July 9th, 2020



Abstract

For a finite group G, a G-vector bundle is the equivariant analogue of an ordinary vector
bundle. By applying the usual Grothendieck group construction to the abelian monoid of
isomorphism classes of G-vector bundles with direct sum, one arrives at an equivariant
version of the K-theory functor, which was already studied by Atiyah and Segal. With
the correct setup, there is also a theory of characteristic classes, and an equivariant Chern
character homomorphism ch: K¢ — H¢., which, just like the ordinary Chern character, is
a rational isomorphism. Additionally, one has a Chern—Weil homomorphism, leading to a
differential refinement of the equivariant characteristic classes.

We construct models of the classifying spaces of even and odd equivariant K-theory
that are infinite-dimensional Banach manifolds. These are given by restricted versions of
the usual Grassmannian and the unitary group of an infinite-dimensional Hilbert space.
We show that they carry natural odd and even Chern forms that can be adapted to give
(delocalized) equivariant differential forms that refine the universal equivariant Chern
character.

Using this refinement, we construct a model of differential equivariant K-theory based
on smooth classifying spaces, together with natural addition and inversion operations given
by geometric operations directly on these spaces. We then show that the abelian group
structure on K, & is induced by these operations. The regularity and explicitness of these
maps allows us to work completely on the level of classifying spaces, and we do not require
a compactness assumption on our manifolds that is present in many other descriptions
of differential refinements. We therefore define the theory on the full category of smooth
G-manifolds.

One of the key features of K-theory is that one can, at least in the compact case, find
vector bundles as geometric representatives for any class. This also remains true in the
differential refinement, where one has to consider vector bundles with the additional datum
of a connection. We investigate the possibility of such a cycle description in the equivariant
setting and find that a key role is played by an equivariant version of the Venice Lemma
by J. Simons. We show that our model is the unique differential equivariant extension
that admits both an odd and an even degree differential cycle map.






Acknowledgements

I am immensely grateful to Bernhard Hanke for his excellent supervision and careful
guidance, for trusting me with a lot of freedom, and for shaping me mathematically.

This work has greatly benefited from fruitful discussions with many of my colleagues. In
particular, I would like to thank, Mauricio Bustamante Londono, Thorsten Hertl, Markus
Upmeier and Hemanth Saratchandran. I also thank the City University of New York,
especially Scott O. Wilson, for their hospitality during my research stay, where key pieces
of this project fell into place. I am grateful to Matthew Cushman and Mahmoud Zeinalian
for many rewarding conversations throughout, and also after my time in New York.

I would like to thank Moritz Meisel, Jorit Kleine-Mollhoff and Anna Schlarmann for
careful reading and valuable suggestions on earlier drafts of this thesis.

I am also indebted to the many people who contributed to the success of this work in
a not purely mathematical way. I would like to thank my friends for providing moral
support. In particular, I would like to thank the members of the mathematical acappella
band, namely Benedikt Hunger, Katharina Huber, Matthias Hutzler, Moritz Meisel and
Peter Quast. Our practice sessions were oftentimes a very welcome distraction from the
mathematical daily routine.

Last, but not least, I would like to thank my family and my wife Margarita for always
backing me up. Without their continued support, this project would not have been
completed.






Contents

I. Introduction
1. Differential K-theory
2. Cocycles for the equivariant Chern character
3. Differential equivariant K-theory
II. Smooth infinite-dimensional classifying spaces
4. Universal representatives for the Chern character
5. The restricted Stiefel manifold and the restricted Grassmannian
6. Chern-Simons forms, the block sum and the inversion operation
III. Equivariant smooth classifying spaces
7. A decomposition theorem for complex equivariant K-theory
8. Equivariant classifying spaces
9. Cocycle representatives in the equivariant case
10. A geometric spectrum representing equivariant K-theory
IV. Differential equivariant K-theory
11. The differential equivariant K-theory groups
12. Natural transformations and exact sequences
13.  First computations and the compact case
14. Comparison of the K and L groups
15.  The abelian Venice Lemma for forms of degree 1 and 2
V. Applications
16. Comparison to other models
17.  Examples
18.  Further research and open questions
Bibliography

HE EEENES EUEEE EEEE HBss

.
=
o0

H H






CHAPTER 1

Introduction

1. Differential K-theory

For a given cohomology theory E restricted to the category of smooth manifolds, a
differential refinement F provides a theory which makes use of additional geometric
information. In the case of topological K-theory, if a cycle is given by a vector bundle,
then a lift to a class in K would be defined by the additional data of a connection. This
connection will refine the Chern character of this bundle, in general only well-defined
as a cohomology class, to a differential form. There is a set of axioms analogous to the
Eilenberg—Steenrod axioms for cohomology that characterizes such extensions, given by
Bunke and Schick [BS10, Definition 1.1]. For any smooth manifold M, we have a diagram

of abelian groups
K*(M) —L— K*(M)

| Jo )

Qi_o(M) —222 H* (M),

where [ and R are certain functors that must come with any definition of K, ch is the
topological Chern character, and at the bottom, we have the de Rham map. Although
this is not a cartesian diagram, the slogan still is that we combine K-theory and forms in
a (homotopy theoretic) fiber product

“Differential K-theory = K-theory Xge Rham Forms”.

A construction of such functors (for any generalized cohomology theory E) was given by
Hopkins and Singer [HS05| Definition 4.34], and from the modern viewpoint they can be
described quite efficiently in a very general setting via sheaves of spectra [BNV16].

In order to understand and compute these abstractly defined refinements, it is however
important to have concrete models. Differential K-theory is an especially prominent
example of this, since it appears in mathematical as well as in physics discussions, often
in the form of a geometric model. In the case of K-theory, the differential version is
Zo-graded and the even and odd part were developed independently. On the category of
compact manifolds, a variety of descriptions are available. Simons and Sullivan [SS10} §3]
show that even differential K-theory is defined by structured vector bundles, i.e. vector
bundles with connection, equipped with a suitable equivalence relation. This picture was
completed by Tradler, Wilson and Zeinalian [TWZ13| Theorem 5.7] by giving a geometric

description of odd differential K-theory via operator theory. Here, classes are represented

9



10 I. INTRODUCTION

by maps into the stable unitary group U = |JU(n), where the addition is induced by a
block sum operation. Later, via the Caloron correspondence, an interpretation of their
model via Q-bundles was developed in [Hek+15, Theorem 3.17].

More recently, another approach has been implemented in [TWZ16, Theorem 4.25]. The
authors discuss the question of representability of the K-functor. As any cohomology theory,
topological K-theory is represented by homotopy classes of maps into the corresponding

spectrum, i.e.
KO(M)%[M,BUXZ], Kl(M)%’[M,U].

For compact manifolds, this agrees with the usual description as the Grothendieck group of
the monoid of complex isomorphism classes of vector bundles. For non-compact manifolds,
we can take this as a definition (the vector bundle definition would not yield a cohomology
theory). Since only the homotopy type of these spaces is relevant in this description, one
can find good models for BU x Z and U, which carry the additional information needed
to define a differential K-theory class from a map into them. In the end, the authors
describe even and odd differential K-theory via smooth maps into explicit classifying
spaces, equipped with differential forms that represent the universal Chern character.
These universal forms are defined on approximations of their spaces via compact smooth
manifolds (the usual finite-dimensional Grassmannians and unitary groups). Therefore,
this method relies heavily on the fact that a compact smooth manifold will always map to a
finite stage in the filtration. The problem with working directly on the spaces BU x Z and
U is of course their infinite-dimensional nature. As colimits of finite-dimensional smooth
manifolds, they are Fréchet manifolds, and as such, it is harder to, for example, talk
about differential forms on them. In this thesis, we generalize this classifying space based
approach for the equivariant setting, i.e. we have a finite group G acting on our manifold
and ask for a theory that enriches the equivariant K-theory functor of Atiyah—Segal [Seg68|,

§2].

2. Cocycles for the equivariant Chern character

The first task at hand is to ask the right question. Going back to Diagram [} the
main thing that one needs to come up with is an equivariant generalization of the Chern
character map. There are many constructions available. Most prominent is maybe the
Borel-Chern character, which applies to a G-vector bundle E the Borel construction and
then takes the ordinary Chern character of the vector bundle EG xqg E — EG xg M,
ending up with an element in the Borel equivariant cohomology of M. However, one of the
most important properties of the non-equivariant Chern character is that it is a rational
isomorphism. Alas, this property is not shared by the Borel-Chern character, which is
rationally surjective, but not injective. Therefore, defining a differential refinement using
the Borel-Chern character would miss important geometric information. This problem is

repaired in the delocalized equivariant cohomology of Baum, Brylinski and MacPherson
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[BBMS85|, which, in addition to the Borel cohomology of the G-manifold (corresponding to
the fixed point set for the identity element), also takes into account the topology of the
fixed point sets for all the other elements g € G. We define

G
HY(M) = (@ HH%(MQ;C)) and

g€G keN

e}
ko0 - (@00 @
9€G keN
The action is induced by the space level action where h € G sends x € M9 to ha € M.
This makes it possible to have a rationally injective delocalized equivariant Chern character
ch: Kt — H{. There is a de Rham model for this theory that fits in the bottom left
corner of Diagram , and we can ask for a theory k@ that fits in the upper left corner.
We want to work with manifold models of classifying spaces. Our new ingredient is the
use of operator theory to perform certain norm completions and slightly enlarge the spaces
used in [TWZ16] described above, in order to improve their regularity. This results in the
well-behaved Banach manifolds Gr,e and U, which we then equip with natural differential
forms in the classical sense. These constructions are closely related to the identification of
BU x Z with the space of Fredholm operators via a generalized index map, as developed
by Atiyah and Janich. The idea that leads to this operator-theoretic approach can be
described as follows: While K-theory is the study of stable vector bundles, it can also be
interpreted as studying Hilbert space bundles with a reduction of the structure group to
the stable general linear group GL C GL(5¢), sitting in the (contractible) full general
linear group of J#. By Palais’ tame approximation theorem [Pal65, Theorem B] this
group is homotopy equivalent via its natural inclusion to the group of operators which
have a determinant, denoted by GL'. Therefore we might as well study the space BGL".
There happens to be a model of the universal smooth principal GL!-fiber bundle, which
has appeared in the study of loop groups [PS88, Sec. 7.5] and also in applications in
physics in the form of fermionic second quantization (for a mathematical treatment see
[Wur01}, Sec. V.2]). This bundle carries a connection, which gives rise to a universal Chern
character differential form via the usual Chern-Weil formula. The degree 2-part of this
form is known in the physics literature as the Schwinger cocycle, where the discussion
usually focuses on line bundles. We prove that we can get representatives also for the
higher dimensional parts of the Chern character (as observed by Freed in |Fre88, Theorem
3.9]), and along the way, we review some constructions in the world of restricted unitary
groups, Grassmannians and Stiefel manifolds, which we could not find a good reference for.
Thus, while the authors in [TWZ16] ultimately work with Chen spaces as models for the
spaces BU x Z and U, our Banach manifolds allow us to do certain calculations directly in
the universal example, without considering test manifolds. One immediate advantage of

this approach is that our model will need no compactness assumption on the manifolds



12 I. INTRODUCTION

considered. Indeed, without considering any G-action, the program that we will line out
now has been carried out in the paper [Sch19] by the author of this thesis.

One of the main ingredients in the construction of differential extensions is a cocycle
refinement of the Chern character, or in our case, the equivariant Chern character. In
the non-equivariant setting, Chern—Weil theory gives a way to produce differential form
representatives from a given connection. Usually, this only works on finite-dimensional
manifolds, and as such is not useful to construct universal cocycles directly on the classifying
spaces. However, there is an infinite-dimensional Stiefel bundle St,.s — Gres, directly
adapted to this situation, that makes Chern—Weil theory work in the infinite-dimensional
case. This was used in loc.cit. in order to construct such a universal cocycle. In the odd
case, it was shown in [Get93, Definition 1.1] that one can take traces of the Maurer—Cartan
form on the stable unitary group as the odd Chern form, although this result might possibly
be much older. On finite-dimensional G-manifolds, there is a version of Chern—Weil theory
that is compatible with the action. Given an invariant connection, it produces a differential
form representing the even equivariant Chern character, just as before. In the odd case,
we still have the Maurer—Cartan form on U!. One could therefore hope that one can
use similar ideas in order to get representatives for the (delocalized) equivariant Chern
character using similar techniques. Indeed, we spend the first half of this thesis on setting
up the correct universal situation in order to carry out this program. The key idea is to
replace the generic infinite-dimensional complex separable Hilbert space .7 underlying
all the operator-theoretic constructions by the G-universe # ® L?(G), with the action
induced from the regular representation. This representation contains all the irreducible
representations infinitely often and serves as a universal example. Our efforts in the end
allow us to define the Chern character of a smooth map into the classifying space as simply
the pullback of these delocalized forms. E|

Theorem 2.1. There is a curvature two form Q € Q?(Grye; L) with values in the trace

class operators L' that gives rise to differential forms representing the universal Chern

che = @ tr (g exp (i@,)) .

geG

character

Similarly, the trace class-valued Maurer—Cartan form w € QY(UY; L) gives rise to repre-

sentatives for the odd universal Chern character

i \* (=) (k= 1)! -
Chc_@z<%) ( ()Zk;—(l)! >tr(g(wg) ).

g€eG k>1

INote that the statement of the theorem here is a little dubious for the degree 0 part of the Chern character,
because of the infinite dimensionality. For a more precise formulation, we refer to Theorem @
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Here, ), and w, denote the restriction of the corresponding forms to the submanifold
M9 C M. Now, in order to construct f(g as a quotient of the set of equivariant smooth

maps
Ma’pgmooth (M7 Grres) a’nd Mapgmooth (M’ Ul )7

we also need to implement an abelian group structure, induced by maps Gryes X Grres — Grpes
and U! x Ul — U!. Topologically, there are many ways to give such maps, and they
all differ only up to homotopy. When we want to give a differential refinement, a little
more care is needed: Differential forms are only preserved by homotopic maps up to exact
forms, and therefore, we have to make more careful choices. It is important that the maps
we define are compatible with the additional differential structure. For example, ideally,
we would like the Chern character to be a homomorphism for the addition, already on
differential form level. We show that it is indeed possible to construct such an explicit
operation, called the block sum H, on both Gr,.s and U'. This operation is geometric in
the sense that it on the nose corresponds to the direct sum of vector bundles on K-theory
cycles. In the end, we present a geometric K-theory spectrum consisting of Banach

manifolds instead of just spaces. There are smooth maps

hoad: QGres — Ut
heven: QUl % Grr687

which are equivariant homotopy equivalences. These maps are given by holonomy in the
universal bundle in the even case, and a multiplication operator map already defined by
Pressley and Segal [PS88| Sec. 6.3]. We then have the following theorem.

Theorem 2.2. For any n € Z, let gan = Geven: Glres — QU and gone1 = goaq: UL —
QGr,es be G-homotopy inverses to the G-homotopy equivalences hogqa and heven. Then, the
sequence of pointed G-spaces and pointed G-maps (Ey, hy)nez given by

Eon = Grres and E2n+1 = Ul
92n = Geven and 92n+1 = Jodd

defines a (naive) G-Q-spectrum that represents equivariant K -theory. Furthermore, addition

in equivariant K -theory is implemented by the block sum operation on both Gres and U,

3. Differential equivariant K-theory

Given a classifying map f: M — Gr,e or f: M — Ul the setup so far allows us to
extract an equivariant Chern form Chg(f) = f*chg, and an equivariant K-theory class
I(f) = [f]- Of course, the set of all such smooth maps is way too big to be useful, and the
question is, which equivalence relation we want to impose. We need it to be strictly finer
than homotopy, in order to assure that both maps Chg and I are well-defined. Recall
that the Chern form Ch([f]) of a homotopy class is only well-defined up to exact forms,
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which is not good enough. Without any group actions, the solution is to consider so called
Chern—Simons homotopies, which were defined in [TWZ16| Definition 3.4.], using the idea
underlying already the equivalence relation on the structured vector bundles of [SS10].
Consider a smooth homotopy f; between the maps fo, fi: M — Grye or fo, fi: M — UL
Then, we can pull back the universal Chern character via the homotopy and integrate out
the fiber I. The result is the Chern—Simons form

CS(ft) = /]Ch(ft),

which satisfies the fundamental equality

dCS(f;) = Ch(f1) — Ch(fo).

A Chern—Simons homotopy is now a homotopy that has an exact Chern—Simons form.
Two maps are CS-homotopic if they can be connected by a Chern—Simons homotopy.
If we take a CS-equivalence class [f]cs, then the Chern form of the equivalence class is
well-defined. We find equivariant analogues the Chern—Simons form and define equivariant

CSg-equivalence. This discussion leads to the following definition.

Definition 3.1. Define the set-valued contravariant functors on (possibly non-compact)
smooth manifolds

Kg(M) = Mapgmooth(Mv Gl"res) X QlG(M)/ ~ and

Ké(M) = MapSGmooth(M? Ul) X QOG<M)/ ~
assigning to M the set of equivalence classes of tupels (f,w) of a classifying map together
with a delocalized differential form. Note that the grading on the differential forms here is

a Zy-grading, as in the definition of delocalized cohomology (Equation . The equivalence

relation is induced by two rules: First, we identify

(f1,w1) ~ (fo, wo)

if there is a smooth G-homotopy f; from fy to fi, such that
CSc(f) = w1 — wo + exact.

Secondly, we identify (f,w) ~ (f B 1,w) for any tupel (f,w), where 1 is the constant map
to the basepoint.

We then go on to prove that the set K & admits an abelian group structure, induced by
the aforementioned block sum operation H, and the usual addition of differential forms.
Inverting an element in the group corresponds to taking the operator adjoint in the odd
case, and flipping the polarization on the underlying polarized Hilbert space in the even
case, while simultaneously reversing the sign of the differential form. We then prove the

following theorem.
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Theorem 3.2. On the category of possibly non-compact smooth G-manifolds, the abelian
group-valued functors f(g and ké, together with the integration, curvature and action

maps

I((f,w)]) =[f],  R((f,w)]) = Cha(f) + dew, a(w) = [(1,w)]
define a differential extension of equivariant K -theory.

We also produce a differential cycle map, which assigns a differential equivariant K-
theory class to a G-vector bundle with invariant connection. This works as follows: By the
equivariant Narasimhan—Ramanan Theorem [Sch80,, §3], invariant connections correspond
to equivariant classifying maps into some Grassmannian, up to connection preserving
homotopies. From this, we can produce a map into the restricted Grassmannian Gryeg
and therefore obtain a K9%-class. There is also an odd version of this, which is almost
tautological in our model, since the natural geometric cycles in the odd case are just maps
into the stable unitary group. The existence of such differential cycle maps is one of the
crucial differences to the abstract spectrum-based construction given by Hopkins and
Singer.

The result in the theorem is still slightly unsatisfactory for the following two reasons.
First, it is not clear to us if the second step in the equivalence relation for K & 1s actually
needed. If one considers compact G-manifolds, we have the geometric interpretation of K-
theory via G-vector bundles. On the classifying space level this translates into the following
statement: There are dense submanifolds which are just the colimits of finite-dimensional
Grassmannians and unitary groups. The inclusion of these submanifolds can be shown to
be an equivariant homotopy equivalence. If M is compact, we can therefore assume that,
up to homotopy, any map into these spaces has its image contained in some finite step in
this filtration. It is also not hard to show that block sum with 1 on such a finite step is
equivariantly homotopic to the identity, where the homotopy is additionally compatible
with the universal Chern forms. Therefore, for any f: M — Gr,e or f: M — U, there is
a CSg-homotopy that shows

fHT ~cs, f,

rendering the stabilization step in the equivalence relation obsolete. This gives the slightly
stronger Theorem [I13.12] but just in the compact case. The non-compact case remains
open.

Secondly, we would like to take the classifying map approach seriously and remove the
additional differential form w from our cycles. Incidentally, we can indeed define the ﬁE(M )
groups, which are just the subgroups in & &(M) of elements which admit a representative
with differential form part 0. The big question is, whether this is actually already the full
group K} (M). Classically, it was one of the achievements of Simons and Sullivan [SS10]
to show that this is true in the non-equivariant case. The key lemma for this is the so

called Venice Lemma, which is a statement about the surjectivity of the Chern-Simons
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map. Equivariantly, we can reduce our problem of removing the differential form to an

equivariant version of this. We formulate the following conjecture.

Conjecture 3.3. (Equivariant Venice Lemma) Let G be a finite group and M be a smooth

G-manifold. Furthermore, let
w € Q%L(M) or w € QL(M)

be a delocalized differential form in even or odd degree. Then, w is up to exact forms the
Chern—Simons form of a homotopy f: M x I — Gty or f: M x I — UL, Additionally, f

can be chosen to restrict to the constant map to the basepoint at time 0.

Unfortunately, we did not succeed in proving this statement in general. Since the rest
of the setup goes through, if the conjecture were true, one would indeed get a description
of K & via smooth classifying maps.

There have been attempts by other authors at defining a model for differential equivariant
K-theory. In the non-equivariant case, there is a strong uniqueness theorem [BS10, Theorem
1.6 and Theorem 1.7] that automatically identifies different models for differential K-theory.
At the moment, no such thing is known in the equivariant case. We investigate the question
of uniqueness in the presence of a differential cycle map.

Recall that equivariant K-theory admits a unique topological cycle map “cycl,” in the
sense that there are assignments that take a G-vector bundle (which we can always equip
with an invariant connection) in the even, or a smooth map to the stable unitary group
in the odd case, and give an equivariant K-theory class. These assignments of course
only depend on the isomorphism type of the bundle, or the G-homotopy type of the map
respectively. A differential lift c/yaG of the cycle map is a compatible such assignment (in
the sense of Deﬁnitio that makes use of the additional information which is usually
lost when passing to homotopy or isomorphism classes. It therefore produces even or odd
differential equivariant K-theory classes from the input data of a G-vector bundle with
invariant connection, or a G-map to the stable unitary group, respectively. Differential
cycle maps are invaluable for producing classes in K, a, and one often tries to exhibit an
unknown class explicitly as the image of some particular geometric cycle. We prove the

following uniqueness theorem.

Theorem 3.4. Let (Mé, I'.a', R") be a differential extension of equivariant K-theory on
the category of compact G-manifolds that admits a differential lift c/y\cl/G of the even/odd
cycle map. Then, there is an isomorphism of the even/odd part of the differential extensions
® to our theory Ké, defined via

2 = cyclg(B, V) + a(w) — cydlg(E, V) + d'(w).

In particular, our model is the unique one that supports differential lifts of both the even

and the odd cycle map.
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We furthermore discuss two other prominent models in the literature. The paper [Ort09]
by Ortiz uses spaces of Fredholm operators as manifold models for the classifying spaces,
but relies on abstract choices for all the additional structure. The main reason for this is
that there is no easy way to write down a cocycle representative for the Chern character in
these spaces. In particular, the abstract choices Ortiz makes are not compatible with the
de Rham representatives for the Chern character, coming from an actual vector bundle
with connection, and there is no cycle map. Since both ours and his model are based on
classifying spaces, one would hope that one can produce a map between these spaces that
induces a morphism of differential extensions, but there are some technical problems that
prevent this. In the end, we use an alternative description of Ortiz’” model that admits a
cycle map that is compatible with the maps I and a, but not with the Chern character.
We conclude that the even degree groups of Ortiz are isomorphic to ours, but not by a
transformation of differential extensions which respects the Chern character.

On the other hand, Bunke and Schick define differential orbifold K-theory in [BS13,
Definition 2.19], using geometric families. This approach involves more analysis and less
homotopy theory. Their paper focusses mostly on the case of a compact G-manifold,
allowing any compact Lie group G to act with finite stabilizers. They discuss a procedure
that produces from a G-vector bundle with invariant connection something that they call a
geometric family. Since this procedure is compatible with the Chern character, it gives an
even cycle map, and we can identify the even part of their model with ours by the above
theorem. Unfortunately, we do not know how to produce an odd geometric family from a

G-map f € €°°(M,U), and therefore, we do not have a comparison map in the odd case.

Overview. This thesis is organized as follows. In Chapter [[I, Section [4] and [5| review the
construction of the restricted Grassmannian and the unitary group of operators that have
a determinant, which will give the even respectively odd model for differential K-theory.
The universal Chern class in the odd case is induced by the Maurer-Cartan form of U!.
In the even case, we review the construction of a certain universal bundle over Gri,
the curvature of which gives rise to invariant representatives of the Chern character via
Chern—Weil theory. In Section [0, we equip these spaces with an H-space structure. The
key difference to the purely homotopy-theoretical approach is that we have to choose these
structures in such a way that they are compatible with the Chern and Chern—Simons forms.
For example, even though it induces addition in K-theory, operator multiplication on the
unitary group will not work as an addition in K ! since it will not make the Chern character
map into a monoid morphism on the level of differential forms. The content of this chapter
contains no group actions, and as such was already discussed in the non-equivariant model
given in [Sch19, Section 2-4].

Chapter [[T]) is dedicated to setting up for the equivariant case. Section [7] reviews a
classical decomposition theorem for equivariant K-theory, that already appeared in [AS89),

Theorem 2|. This splitting tells us exactly how we have to set up a cohomology theory that
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is a good target for an equivariant Chern character map. In Section |8| we proof that the
classifying spaces Grye and U' from Chapter [II| can be equipped with G-actions that make
them into equivariant classifying spaces. We then prove the crucial Proposition [8.6, which
describes the fixed point components of these spaces as simple products of the spaces itself,
indexed by irreducible representations. Using the equivariant Whitehead theorem, we can
leverage this result in order to show that many spaces that are homotopy equivalent are
also G-homotopy equivalent in this setting. Section [J] then develops the needed cocycle
representatives for the universal Chern character. We also define an equivariant version of
the Chern—Simons form, and set up the corresponding CSg-homotopy equivalence relation
on maps into classifying spaces. At the end of the chapter, Section then reviews
geometric versions of the usual periodicity maps in the K-theory spectrum. The even to
odd part is given by the holonomy map in the universal fibration, while the odd to even
part is a certain multiplication operator map considered already by Pressley and Segal in
their study of loop group representations [PS88, Sec. 6.3]. All of this easily lifts to the
equivariant setting. It is interesting, though not a key fact for us, that this map can be
used to implement the inverse of the Bott periodicity map as a smooth homomorphism of
infinite-dimensional Lie groups. We also prove that the geometric spaces we use combine
to a G-{)-spectrum representing equivariant K-theory, where the addition is implemented
by our block sum.

In Chapter [[V] we finally define our model of differential equivariant K-theory. Section
[I1] puts together the results of the previous sections in order to prove that the previously
discussed block sum and inversion operations equip the G-Chern—Simons equivalence
classes of maps into the classifying spaces with an abelian group structure. This is achieved
by finding explicit homotopies directly on our classifying spaces, which need to have
vanishing Chern—Simons forms. The discussion here is simplified considerably by the
simple cohomological structure of the relevant spaces and the availability of a de Rham
theorem for the Banach manifolds in questionﬂ. Having built the abelian group structure
on K, & and K &, what is left to do in Section [12is to give the remaining structure maps for
a differential extension and check the corresponding axioms. Here, the periodicity maps
constructed in Section [I0] play a key role. We can immediately compute the resulting groups
for the special cases of a trivial or a free group action. We also see that the equivalence
relation can be simplified in the compact case, where we do not need a stabilization step.
This is done in Section In Section [I4] we discuss the need of the additional differential
form in the cycles for K and give a comparison map between both versions. We also see
that the Venice Lemma is implied by the surjectivity of the differential cycle map. In the
end, Section [15] proves the Venice Lemma in the special case of an abelian group action
and only in the lowest degree. We discuss the problems that arise in attempts to generalize

the induction step of the non-equivariant proof.

2Since not all Banach manifolds admit a smooth partition of unity, this is not immediately obvious.
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Chapter [V] deals with some applications of our model. In Section [I6] we prove that our
differential extension is the unique one that supports both an even and an odd differential
cycle map. We also discuss comparison maps to the model given by Ortiz [Ort09], using
spaces of Fredholm operators, and the geometric families model given by Bunke and
Schick [BS13]. Additionally, if we have no group action, our model is isomorphic to the
[TWZ16[-model of differential K-theory. This is the unique model that supports the
additional structure of an S'-integration map.

Section [17] then discusses some examples of differential K-theory classes. In Section (18]

we give some open problems and ideas for further research.






CHAPTER II

Smooth infinite-dimensional classifying spaces

4. Universal representatives for the Chern character

Central to this work are the constructions of explicit smooth models for the classifying
spaces of even and odd K-theory. Recall that the complex K-theory spectrum is two-
periodic and consists of the spaces BU X Z in the even degrees and U in the odd degrees,
where U is the stable unitary group, i.e. the colimit along the inclusions U(n) — U(n + 1).
In order to build a differential extension of K-theory, we define smooth models for both
of these spaces which carry natural differential forms that represent the universal Chern
character.

For the odd case, recall that on U(n), we have the Maurer—Cartan form w,. It is
well-known that the real cohomology of U(n) is generated by the cohomology classes

represented by the invariant differential forms

<%> (—1()21; _(k1; Ultr (w21) € Q21U (n)). )

The normalizations we have chosen here are in order to make this agree with the transgres-
sion of the Chern character in the universal fibration (see Section [I0). We can stabilize
using the usual inclusion U(n) < U(n + 1), but when one passes to the limit, one has
to deal with the intricacies of infinite-dimensional manifolds. Our preferred way to do
this is to work in the setting of Banach manifolds. The problem is that the Lie algebra of
the stable unitary group U is supposed to consist of skew-adjoint operators of arbitrary
finite rank. Since this is not a closed subspace of the bounded operators, there are some
complications if we want to consider U as a smooth manifold. A simple fix is to instead go

one step further and complete with respect to the trace norm
| X |2 = tr| X| = trv X* X.

This leads to the ideal L! of trace-class operators, and further to the Banach-Lie group

U!, which we now define.

21
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Definition 4.1. Let J# be a complex separable infinite-dimensional Hilbert space. Then
U! is the subgroup of the unitaries of # given by

Ul={rPeUx#)|P-1€L'},
with topology induced by the inclusion
Ul — !
P— P-1

Palais [Pal65, Theorem B] showed that the inclusion of the stable unitary group U < U!
is a homotopy equivalence, but U! has better regularity, as it is actually a Banach-Lie
group, locally modelled on the Banach space L!. It is well-known that its cohomology is
generated entirely by traces of odd powers of the Maurer—Cartan form w, analogous to

formula (3). It is therefore sensible to make the following definition.

Definition 4.2. The universal odd Chern character form chyqq € Q°44(U?) is

i (DR R -1
Chodd = Zch%_l = Z (%) ( ()Qk _( 1)' ) tr (u) ) .

k>1 k>1

In order to find a good model for the even case, we recall the construction of universal
connections. We will first review the situation for the finite-dimensional Grassmannians, and
then spend the next chapter to generalize to the infinite-dimensional setting. As one would
hope, these universal connections will yield well suited differential form representatives for
the universal Chern character on our Grassmannian model of BU x Z.

The Stiefel bundle over the Grassmannian manifold is given by
Steny = U(N) /I x UN — k) = U(N)/U(k) x UWN — k) = Grgn.

There is a map S: Sty — My« which assigns to an element on the left a matrix
A € My which satisfies A*A = ;.. The entries of A are just given by the first k£ columns
of a representative of our left coset. Denote by S* the map S followed by taking the adjoint
matrix, and denote by d.S the differential of S, which is an My -valued differential form.
Then, there is a Lie algebra-valued 1-form given by S*dS, and one can show that it takes
values in the skew adjoint matrices and furthermore that it defines a connection for the
given principal bundle. Narasimhan and Ramanan [NR61, Theorem 1] observed that the
family of connections given by this construction for varying £ and N have a universal
property, meaning that every smooth principal bundle for a unitary group with a given
connection comes from pulling back such a bundle and its respective connection by a
smooth classifying map.

By Chern—Weil theory, one can define representatives for the Chern character by choosing

a connection and considering traces of powers of its curvature. The curvature of w = S*dS

I
can be calculated explicitly as follows. An element in the tangent space at (J) of Sty N
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P _ *
is given by an n x n skew-hermitian block matrix (? where P is a skew hermitian
k x k matrix and @ is an arbitrary (N x (N — k))-matrix. The horizontal subspace is
given by the kernel of w, which corresponds to matrices which have P = 0. Recall that the
curvature according to [KN96, Theorem 5.2] is defined to be the covariant derivative of

the connection, so we have {2 = dw o h, where h is the horizontal projection. We calculate

(6 )6 )=o) )
{6 ) )

= Q1Q2 — Q3Q1. (4)

Invariance under the transitive left U(/N)-action allows us to extend this form to any
point in Stg . The usual Chern-Weil theory then gives explicit differential forms on the
Grassmannian after we take traces.

As in the odd case, these invariant forms stabilize under the inclusions Gry y < Grg n41,
but again, when we want to work with a universal space, problems arise. The direct limit of
the Grassmannians is not a Banach manifold, and so one needs more delicate tools to talk
about connections and even differential forms on them. There is no obvious construction of
a universal invariant connection for U-bundles in the stable case, and some of the problems
that arise are discussed in [Fre88, Proposition 2.3]. However, there still exists an analogue
to the finite-dimensional construction in the category of Banach manifolds, which we will

review in the next section.

5. The restricted Stiefel manifold and the restricted Grassmannian

In the infinite-dimensional setting, for a Hilbert space 7, both the unitary group
U() and the general linear group GL(J¢) are contractible by Kuiper’s theorem [Kui65),
Theorem 3]. Therefore, one usually restricts to appropriate subgroups in order to generate
non-trivial topology. Assume that our Hilbert space J# (complex, separable, infinite-

dimensional) comes with a Z-graded orthonormal basis {e;}._,, thereby defining a grading

A
(also sometimes called polarization) into two infinite-dimensional, complementary subspaces

H=H B A =span{e; | i >0} @ span{e; | i <0}.

10
The grading can also be seen as given by the involution ¢ = (0 1) .
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We define the Banach algebra of bounded operators

Xt X
gl = { <X++ ¥ *) ceg( A M) | Xy, X _ € L2}
Jrf —_—

Xpp Xy
X, X__

Recall that L? denotes the ideal of Hilbert-Schmidt operators, i.e. operators that meet
to be the

subalgebra of bounded operators that commute with € up to a Hilbert—Schmidt operator.

with norm

= [IX g [+ IIX M+ X e+ (X 2e

the summability condition tr X*X < oco. One could equivalently define gl

res

The group of units in this Banach algebra is the restricted general linear group GL,es of

+_ —_—
X__ have to be Fredholm operators, since they are invertible modulo compact operators.

X X_
[PS88, Sec. 6.2]. It is easy to see that for ( r e GLyes, the operators X, and

Then, one can show that the projection

1 : GLyes — Fred

Xy Xy
= X )
() o

is a homotopy equivalence [Wur06, Corollary 3.1]. There is also a restricted unitary group,

given by the intersection
Ures = C;Lres N U(%)

We will now consider the associated Grassmanian in this situation. Denote by 7. the

orthogonal projection on the subspaces 7.

Definition 5.1. The restricted Grassmannian Gr,. is the set of all closed subspaces
W C 2 such that the orthogonal projection 7, : W — ¢, is a Fredholm operator and
m_: W — J_ is a Hilbert—Schmidt operator.

Loosely speaking, we only consider subspaces here which are comparable in size with 57 ,
in the sense of a perturbation by a Hilbert—Schmidt operator. As in the finite-dimensional

case, there are many equivalent descriptions of the Grassmannian.

Proposition 5.2. A point in Gres can be thought of as

(1) A subspace W C I such that 7T+‘W € Fred and 7r_|W € L?

(11) A self-adjoint projection operator © on A that satisfies T — 7, € L.
(111) A self-adjoint involution F on 3 that satisfies F — ¢ € L*.
(iv) An equivalence class [X| € U,es/U(H) x U(F).
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(v) An equivalence class [X] € GLyes/P, where P is the subgroup

X X_
P:{< A +)€GLreS’X+:O}'
X, X__

ProOOF. For (iv) and (v), we check that both U, and GL,es act transitively on Gryes,
with the respective stabilizer at 7, (see for example [Wur01, Proposition IIL.5]).

In order to prove the equivalence of (i) and (ii), first note that the conditions given
obviously imply that the subspace W in (i) and the image im(7) in (ii) both have infinite
dimension and infinite codimension. Such a subspace can always be written as W = A(72,),
for some unitary A € U(4#). The associated projection operator is then my = Amr A*.

We now have the following equivalence of conditions:
Tw —mp € L & Am A — 71, € L?

= [A, 7T+]A* € L2

& [Am,] e L?

& [Ae] e L?

& A€ U
Lastly, we need to prove that (ii) is equivalent to (iii). From a projection m, we construct
the corresponding involution F' = 27 — 1,4, which restricts to +1 on the image im(m),
and which restricts to —1 on im(m)t. Of course, F is self-adjoint if and only if 7 was
self-adjoint, and we can also go back from F' to 7. In order to see the equivalence of the
summability conditions, we calculate:

F—€:27T—1%ﬂ+—€
=2r -7y —Tm_ —my + T

Therefore, F — ¢ € L? if and only if 7 — 7, € L?, and we are done. O

It is often convenient to have multiple descriptions of Gr,.. Note that, for example by

using (iv), we can endow Gr,e with the structure of a Hilbert manifold modelled on
T1Glhes =2 e /U(IL) X W(H) =2 L2 (S, ).

Since both U(J#) and GL(J#) are contractible, it is easy to deduce that also the stabilizer
groups that appear in the homogenous space structures (iv) and (v) in the Proposition
are contractible. Since the projection maps U,es — Grpes and GL,es — Gryes define locally
trivial principal bundles, these projections are therefore actually homotopy equivalences, in
sharp contrast to the finite-dimensional case (for details, see [Wur06, Lemma 2.1]). Note
that it follows from this that the inclusion GL,es — U, is also an equivalence. Using the
homotopy equivalence , we conclude that the restricted Grassmannian has infinitely

many diffeomorphic path-components, indexed by Z, which can be recovered from a given
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subspace W by its virtual dimension
virt.dim(W) = dim(ker(my: W — 5, )) — dim(coker(my: W — J2,)).
If W= X(H,) for X € U, then virt.dim(W) = ind(X ;). As in the finite-dimensional

case, there is a corresponding Stiefel manifold. We want to restrict the kind of possible

basis that we allow here, in order to get the right structure group for our universal bundle.

Definition 5.3. Let

w_

w = (“’*) € B(A,, H)

be a bounded operator, which is a continuous isomorphism onto its image. If w satifies
the two summability conditions
(1) wy — 1y, € L' and
(i) w_ € L?,
then, in particular, im(w) € Gr’,.. In this case, we call w an admissible base for the

res*

subspace W = im(w).

Definition 5.4. The restricted Stiefel manifold is the set of all admissible bases for all
0

res’

subspaces in the identity component W € Gr;,. We endow this set with the topology

and smooth structure coming from the inclusion as an open subset into the Banach space
L' x L2

Proposition 5.5. The restricted Stiefel manifold is contractible.

PROOF. Consider an orthonormal basis {e;},., for 7, such that J#, is spanned by the
e; for i > 0. Define, for any N € Z, the subspaces

Sy =span{e; |1 > N}.

Since ¢, = 7 in this notation, for N > 0, we can define submanifolds StV C Sty Of

embeddings w: £, — ¢, which have the following properties
(i) The restriction of w to #y is the inclusion Jy — .

(ii) The image of w is contained in J# .

Observe that there is an inclusion St — StVF!

res res

. By Palais’ tame approximation theorem
[Pal65, Theorem A}, St,es is homotopy equivalent to the inductive limit of the subspaces
St

Furthermore, Stﬁ\efs is diffeomorphic to the usual Stiefel manifold Sty oy, by restricting
an arbitrary embedding w to the subspace spanned by the e; for 0 <i < N — 1. The limit
of the stabilization procedure given by the inclusions above is then just the total space for
the usual universal GL(oo)-bundle, where GL(o00) is the stable general linear group. As

such, this space is contractible, and the claim follows. O
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We have set up a situation very similar to the finite-dimensional one, where one has a
principal U(k)-bundle Sty — Gry n. It turns out that the correct structure group in our

case is the group of invertible operators which have a determinant, given by
GL'={PeGL(s#)|P—-1€L'}

This group clearly acts on St on the right via change of basis (w, Q) — w@. With this

action, we have the following proposition.

Proposition 5.6. The map

q: Styes — G0

res

w s w( )

defines a smooth principal GL'-bundle over the path-component of the basepoint H, in

the restricted Grassmannian.

PRrROOF. The action is smooth since it is just multiplication of operators, and it is also
clear that it is free. For fiberwise transitivity, we need to check that two admissible bases
for the same subspace are related by right multiplication with elements in GL'. Let w, v’
be two admissible bases for W. Then w' = wQ, where Q = w™'w’ € GL(4%,) and we need
to show that Q € GL'. We calculate:

l=w, =w,Q=Q modL".

The only thing left to show is local triviality. As in the finite-dimensional case, there exist
graph coordinates for the restricted Grassmannian (cf. [PS88, Ch. 7]). At W € Gryes,

those are given by the map

LAW, W) = U C Griyes
T—Tr={v+Tv|veW},
which is a diffeomorphism onto its image U. In order to construct the needed local section,

choose X € U, such that W = X (,). Then, we define a local section s by setting
s(T) = X|,, +TX|,, €Stes O

Remark 5.7. It would be convenient if one could reduce the structure group of this
bundle to the unitary group U. Interestingly, this is actually not possible, since it would
determine a homogeneous connection which would ultimately imply that the bundle is
trivial. This is discussed after Proposition 3.15 in [Fre8§].

Corollary 5.8. The smooth fiber bundle of Banach manifolds
GL! — Styes — G1°

res

is a model for the universal GL'-fibration.
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We will now construct a connection form for this principal bundle that is supposed to
represent the limit of the finite dimensional connections on the bundles Sty y — Gry n. It
will in particular generate representatives for the Chern character which are compatible

with the finite-dimensional versions. Consider the coordinate map

W: Styes — L' x L?

()= ()

and consider its differential dw as an operator-valued differential form on St,.s. Furthermore,
we can associate to w € St the projection operator my € Gr?es onto W = w(s#,). Since

Tw € gl as an operator, this gives another operator-valued differential form dmy, on
Stres-

Proposition 5.9. The assignment © = w 'mydw defines a principal connection on

GL'-bundle Stys — Gr2 . The curvature of © is given by the expression

1
Q) =de + 5[@, @] = w_lﬂwdﬂwdﬂww.

PROOF. We first check that © is L'-valued. We can write © = w™'my (74 +7_)dw, and
since 7, dw is trace class, it remains to show that the second summand is also trace class.
From Proposition we know that my € Gr,e is equivalent to m, — my € L2 Therefore,

using that 7_dw = d(rm_w) € L?, we have

wlmyr_dw = w7y + (mw — 7)) m_dw
=w ! (my —np)7_dw € L'
———— ——
€L? €L?
We now check the defining properties of a connection form. On the fundamental vector

fields for X € L' of the form X,, = wexp(tX), we clearly have ©(X) = X. On the

other hand, we have

i
dt [t=0

(RHO)w = (wQ) ™ 'mw (dw)Q = Adg-10,,

finishing the proof that © is a connection form. For the calculation of the curvature, we

will need the identities

dw = d(myw) = dryw + T dw

1 1 1

drw = d(ww™ 7w ) = dww™ Ty + wd(w™ T ).

From the second identity, it follows that

d(wilﬂ'w) = U)ilﬂ'wdﬂ'w — wilﬂ'wdwwilﬂ'w.
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We now calculate
dO = d(w™ 'y dw)
= d(w 'y )dw
= (w ity dry — w iy dww ™ my)dw
= w  mydmy (dryw + mpdw) — w™ rydww ™y dw
= w rwdrwdrww — 5[@, O],

since mydmymy = 0. This finishes the proof. O

Since the curvature form is trace class-valued, the usual arguments from Chern—Weil
theory go through and give representatives for the Chern character of the universal GL!
(cf. [Fre88, Theorem 1.13]). One difference to the bundles over the finite-

dimensional Grassmannians is that our form © does not have left-invariance properties for

bundle over Gr?
the action of a unitary group. In fact, there is no left action on St,., since the summability
conditions that we required for admissible bases in Definition [5.4] are not preserved under
left multiplication by unitary matrices - not even if we restrict to U,.. However, we still
have that after taking traces, the forms tr Q¥ make sense as left-invariant differential forms

on Gr°

res?

which invariantly extend to the other diffeomorphic components of Gr.s. We

make the following definition.

Definition 5.10. The universal even Chern character form cheyen, € Q9 (Gryes) is

Cheven - Z Ch?k - ChO + Z (%) Etr (Qk) ,
k>1 )

k>0
where = Ty dmydry is a trace class operator-valued form. Here, chy: Gres — 7Z is the

map that assigns to W its virtual dimension.

The positive degree forms are actually invariant: Since the action of U, is by conjugation
of both my and dmy by a unitary, it leaves the trace invariant. Thus, it is useful to

explicitly work out what happens at the tangent space of 77, . Recall that

C

TmGrreszures/u(fmxu(%)%{(O ‘f) rceﬂ(%ﬂ,%)}. (6)

1
Set wy = (O) € Stres. For w = Xwy € Styes, we have that my = mx () = X7, X* and

therefore (dmw),, = [—, 4], where the bracket indicates the commutator. Therefore,



30 II. SMOOTH INFINITE-DIMENSIONAL CLASSIFYING SPACES

evaluation of 2 = my dmy dmy at the point 7, yields

(03 9)
90 DL L)
()Gl )6 o))
(a9 DE)
_ (; 8) (5 01033020;) _ (g 8)> .

and we recover the familiar formula from the finite-dimensional case ().
There are natural smooth inclusions of the finite-dimensional Grassmannians into the
restricted Grassmannian, given as follows: Pick a Z-graded orthonormal basis {e;} for 2,

where 7. = span {e; | i > 0}. Considering for N € Z the subspaces
Sy =span{e; | i > N},
one sees that the subsets
Griesny = {W € Gryes | v CW C H N}

are isomorphic to the full finite-dimensional Grassmannians Gr(C?") = ], .,x Grion
by mapping W to W/ C . n/H#y =2 C*. The inclusion of Gryes n into Glyes N+1
corresponds to sending V € Gr(C?M) to {0} @ V @ C € Gr(C2™¥+V). The union of
these finite-dimensional Grassmannians, denoted by Gryes oo, is dense in Gryes, and the
intersection Gryes v N Grfes is diffeomorphic to Gryian (cf. [Wur01, Proposition II1.5]).

All in all, we have inclusion maps
v Grk‘,?N - GIINJr(ka),ZN — Grres,oo C Grres
W= W o %N,

which are easily seen to be compatible with the chosen Chern character differential forms

in the following sense:

Proposition 5.11. Under the natural inclusion i: Gryon — Gryes, the universal Chern
character form cheyen pulls back to the corresponding forms on the finite-dimensional

Grassmannian, which are given by the Chern—Weil forms of the universal connection (see

Equation .

PROOF. On the level of projections, with the above mentioned identification of C2V

with a subset of J7, we see that my gets mapped by ¢ to my + 7wy, where my is the
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projection to #. This map is equivariant for the conjugation action by U(2/N), where
U(2N) acts on Gryes by extension with the identity. Since our forms are invariant under
this action, and also the action is transitive on Gryopn, it is enough to check the statement
at the basepoint. But here, it is easy to see that the curvature form from Equation [7]

restricts to the finite-dimensional one from Equation [4] O

Remark 5.12. We can use this calculation to cook up a cycle map (see Definition :
Given a connected manifold M and a class in K 9(M) represented by a formal difference
[V, Vy] — [W, V] of smooth hermitian vector bundles with compatible connections of
dimension k and k', we can use the Narasimhan—Ramanan theorem to get classifying maps
fvi M — Grion, fw: M — Gry on. Employing our above defined inclusions, we may as
well assume that the target of these maps is actually Gr,es. Then, using the flip and block
sum map defined in Section [0, we get a smooth map to the restricted Grassmannian, given
by fv B flip(fw), which is supposed to represent the differential K-theory class in our
model. Note that chy(fy Bflip(fiw)) = (k—N)— (1 —N) =k —1 = chy(V) — cho(W),
which justifies our definition of the degree zero part chy of the Chern character. We will

further discuss cycle maps in Section

6. Chern—Simons forms, the block sum and the inversion operation

We begin this chapter by discussing the transgressions of the Chern character in the
path-loop fibration. The resulting Chern—Simons forms have first appeared in [CS74) Sec.
3] and they were one of the key ideas that led to the development of differential cohomology
theories.

Let us consider the universal situation of the smooth path-loop fibration over U! and
Gr,es. There are some subtleties when one wants to consider path and loop spaces as
smooth manifolds, but all we need is to have well-defined pullbacks to finite-dimensional
manifolds. This situation can be made precise by Chen’s notion of diffeological spaces
[Che77, Definition 1.2.1]. However, the identities that we need are provable via topological
arguments, so this viewpoint is not too important for the present thesis, and one might
as well interpret the next paragraph as an informal motivation for the second part of
Definition [6.2]

Let us fix the topology on mapping spaces. It will be enough for our purposes to
consider compact source manifolds, where all of the sensible topologies coincide. Let M be
a compact manifold and N be smooth Banach manifold. We first equip the set of r-times
differentiable functions €" (M, N) with a topology. Assume that f: M — N is an r-times
differentiable map. Let (¢, U) and (¢, V) be charts on M and N. Furthermore, assume
that K C U is a compact set such that f(K) C V, and let 0 < ¢ < co. Then, one can
define the sets

NT(fS ((107 U)> (wa V)a K, €)a
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given by the set of smooth maps g: M — N such that g(K) C V and

1D (W fe™) (@) — DX(dge™ ) (@)l < e

for all x € p(K) and 0 < k < r. This means that the local representatives of f and g,
together with their first & derivatives are within ¢ at each point of K. The (weak) Whitney
topology on €7 (M, N) is generated by these sets. A neighborhood of f is thus any set
containing the intersection of a finite number of sets of this type. For details, we refer to
[Hir76, Chapter 2.1].

Definition 6.1. Let M and N be smooth Banach manifolds. Then, we denote by
Map(M, N)

the set of smooth > maps from M to N. If M is compact, we equip Map(M, N) with
the Whitney topology, which is the union of the topologies induced by the inclusion maps

Map(M,N) — €" (M, N).

Furthermore, if N has a basepoint ng, we denote by PN C Map(/, N) and QN C
Map(S!, N) the space of smooth paths, and the space of smooth loops, based at ng at

time 0.

By pulling back along the evaluation maps PGryes X I — Gryes and PU x T — Ut and

then fiber integrating, we can define the universal Chern—Simons forms

CSodd = /G‘V: (Cheven) € QOdd(PUl) and
1

CSeven = / ev; (choga) € Q" (PGryes)-
I

The base points we use here are the identity 1 € U! and the space 5%, € Gr,.. These

forms famously fit into the equation
dcs = evich — evgch,

which can be seen by an application of Stokes’ theorem. When we pull back the Chern—
Simons forms to the based loop space in order to get a form csq, this identity shows that
csq is a transgression of ch in the path-loop fibration. Using our universal representatives,

we can now associate certain differential forms to a map into U! or Gryes.

Definition 6.2. Let M be a smooth manifold. We define the maps
Ch: Map(M, U") — Q24(M)
Ch: Map(M, Gryes) — Q" (M),

cl
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given by pullback of the universal Chern forms (Definition and Definition [5.10)).
Furthermore, we define the maps

CS: Map(M x I,UY) — Qv*(M)
CS: Map(M x I,Gryes) — Q°9(M),
given by “pullback of the universal Chern—Simons forms” via smooth homotopies, i.e.
CS(Ht> = f] Ht*Ch

We define a refined notion of homotopy by using these forms, following [TWZ16,
Definition 3.4]. It is designed to retain more information in an equivalence class than just
the isomorphism type of the corresponding bundle. One important feature is that we will
have a well-defined map that assigns to a CS-homotopy equivalence class (see Definition
6.3) of maps the pullback of its universal Chern form, which is only possible up to exact

forms for a homotopy class.

Definition 6.3. Let f,g: M — U for U € {Gr,s, U'} be smooth maps. We say that
f and g are Chern—Simons homotopic or CS-homotopic if there is a smooth homotopy
H,; connecting them such that the resulting Chern—Simons form given by integrating the

universal Chern character
Csodd/even(H> = /H:(Cheven/odd) c QOdd/even(M)
I

1s exact.

We will also define the block sum operation, which works in general for operators on an
infinite-dimensional Hilbert space 4. It will be used to implement addition in differential
K-theory. In order to be explicit, we choose a specific isomorphism p : & — 7 .

When a polarization on ¢ is given, our isomorphism is designed to respect the grading.

Definition 6.4. Let p: JZ — ¢ @& S be the isometric isomorphism

P Eok > (ek, 0)
ear+1 — (0, ex),

given on an orthonormal basis {e;} indexed by N or Z. We define the corresponding block

sum map
B,: gl(J2) x gl(H) — gl(I7)
(A,B) — p*(A@® B)p.

Note that various subgroups of operators, which we consider, are preserved by this
construction, most importantly U, and U!. This also induces a well-defined operation on
Gryes, where it corresponds to a direct sum of subspaces: If W = X () and V = Y (J%,)
for X, Y € Ui, then

WE,V = (XB,Y)(H) = p(X@Y)p(H) = p (Ve W),
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where in the last expression we interpret V' @ W as a subspace of 7 & .
Via pointwise application, we can now make sense of the block sum of two maps f, g

from a manifold into the bounded linear operators gl(.7”). We write

fE,9=p"(f®g)p.

Ultimately, one wants this block sum operation on maps to not depend on the chosen
unitary isomorphism p up to the right equivalence relation. This is easily seen to be
true for homotopy classes of maps by using path-connectedness of the unitary group
U. The following technical lemma will show the corresponding statement for the more
restricted class of CS-homotopies. Note that for maps into U,.s, we also have a notion of
CS-equivalence, this time with respect to the universal Chern character that one gets from

pulling back cheyen via the projection U,es — Gryes.

Lemma 6.5. Let f: M — U', g: M — U, and h: M — Gr,s be smooth maps and
consider A € U(H) and B € U(H,) x U(H.) C Uyes. Then the pairs of maps

(i) f: M — U? and  AfA*: M — U!
(11) g: M — Uleg and BgB*: M — U,
(11i) h: M — Grs  and Bh: M — Gryes

are CS-homotopic.

PRrROOF. For the first case, choose a smooth path A; from Ay = 1 to A; = A. Then
there is a smooth universal homotopy
H;: U' x I —U!
<X7 t) = AtXA:7

which yields a homotopy as stated for any f: X — U! by composition. We need to show
that its CS-form is exact. We have

dCSQk(Ht) = d/H:Chgk_H = chhgk_;_l — HgChzk_H =
I

(L o R (tr(AX*dX A%+ —tp(X*d X)) =0
27 (2k + 1)! -

Since the positive even cohomology of U! vanishes, this implies that the Chern—Simons
forms for £ > 0 are exact. For k = 0, we make a direct calculation. Note that the
differential of H, splits according to the decomposition of the tangent space of U! x I into
a direct sum of a space part with a time derivative. Our notation for the space derivative

is dH;, while we denote the time derivative by Ht. We have
H, = AXA — AXAA A
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Recall that w denotes the Maurer—Cartan form on U'. We need to calculate
7

st = [ it = (g) [ oo ).

The integrand yields
Lo, (H; (tr(w))) = tr(AX*AF (A XAF — A X AT AAY))
— tr(X*ATAX — A A =0

for all ¢t and therefore, CS, vanishes.

For the second case, we choose again a smooth path from 1 to B in order to define a
homotopy H, starting at Hy = Cp and ending at H; = idy,_,, where C'g denotes conjugation
by B. By the vanishing of H°(Gr,), it is enough to show that the CS-form is closed,
i.e. that Hy and H; have the same Chern form. We argue as follows: The projection

Uyes — Gryes sends a matrix X to the projection X7, X*. Conjugating X by B yields
BXB*r,BX*B* = BX7,  X*B",

and therefore, using the invariance of ch, the conjugation map Cpg: U, — U, pulls back
the universal Chern form to itself. The third case follows by the same argument, using the
invariance of ch one more time.

The independence of the block sum up to CS-equivalence is now easily deduced, since

P p(f B 9)pp =" pp*(f @ 9)pp’p' = fBy g

and therefore the two block sums defined by p and p’ just differ by a conjugation with the

unitary matrix p'p* on ., which in the polarized case respects the grading. 0J

Remark 6.6. We have shown that conjugation by a fixed matrix of of a certain form
does not change the Chern-Simons equivalence class. In particular, for any other unitary
isomorphism p': H# — A & A (respecting the grading in the polarized case), we have
that fH, g and fH, g are CS-homotopic. By the preceding Lemma, it is therefore safe
to suppress p in our notation. For two elements in the restricted unitary group, which are

by definition 2 by 2 block operators, we write
fe+ 0 foyp 0

_ 0 g9+ 0 g+
fHg= 0 1o 0| (8)

0 g+— 0 g__

Proposition 6.7. Let f,g,h: M — U for U € {Gr.s, U} be smooth maps. Then, the
operation induced by block sum is commutative and associative up to C'S-homotopy, i.e.

we have

fBg~csgBf and fH(gBR) ~cs (fBHg) Hh
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ProoFr. This is just a consequence of Lemma [6.5], since the difference in each case is

just a permutation of the basis. For commutativity in the case of U, one sees that for

1
U= ((1) O) € U(A @ F), one has

gBf=p"Up(fBHg)pUp.

For the even case, acting by the same matrix p*Up on 4, and 5 separately does the

job. For associativity, one has that

(fBg)Bh=p"(p" xid) g (pxid)p
h

= p"(p" x id)(id x p)p(f B (g B h))p"(id x p*)(p x id)p

in the U! case. Acting by the same matrix on 7, and 7. separately show the Gre
case. U

We will now discuss the involution on U, that will implement inversion in differential
K-theory. In an orthonormal Z-basis {e;} adapted to the polarization, let %, be spanned
by the e; for ¢ > 0, and J#_ be spanned by the e; for i < 0. Let furthermore U € U(5¢)
be the unitary transformation that reverses the polarization by sending e; to e_;_; for any

0 1

i. In the basis {e;}, it is given by the matrix U = L o)

Definition 6.8. We define the polarization flip map
flip: ULes — Upes
X —UXU,

which conjugates every element with the matrix U € U(2#). On the space of smooth

maps from a manifold M to U,., this induces the operation

s flip(f) = flipo f = UfU.

Explicitly, for any point m € M, we have

i m) = f=(m) i (m) where m) — fer(m)  foi(m)
) (f_+(m) f++(m)>’ ' fm) (f+_(m) f__(m))'

Note that there is an induced flip map on the restricted Grassmannian, which corresponds
to taking the orthogonal complement of a subspace and then changing the polarization.
We have

W = X () s flip(X) (H) = UXU(A) = UX(A2) = UW™) = Hip(ID),
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which also extends to maps M — Gr, via composition. One furthermore sees that

pullback by flip preserves left invariance of forms: If L} n =7, we have that
Ly (flip*n) = (flipo LY)*(LEip(Y—l)TZ) = flip™n,

since flip is a group homomorphism on U,.. The following proposition shows compatibility
of the inversion and addition operations on the classifying spaces with the Chern and

Chern—Simons forms.

Proposition 6.9. Consider smooth maps f,g: M — U and smooth homotopies Hy, Gy: M x
I = U forU € {Grye, U}, Then:

(i) The maps Ch and CS are monoid morphisms, i.e. Ch(fH g) = Ch(f) + Ch(g) and
CS(H, B G;) = CS(H;) + CS(Gy).
(i) CS(H; x Gy) = CS(H;) + CS(Gy), where x denotes composition of homotopies.
(iii) Cheven(flip(f)) = —Cheven(f) and Choaa(f*) = —Choaa(/f)-
(1) CSeaa(flip(H:)) = —CSoaa(H:) and CSeven(H;) = —CSeven(Ht).

PrROOF. The monoid morphism property follows directly from the additivity of the trace
under block sum and linearity of the integral, and the additivity under composition of
homotopies follows from additivity of the integral under partition of the interval.

We check the third identity directly on Gr,es and Ul. For Gr,es, we need to compute the
pullback of the curvature flip*Q2, and it suffices to do this in the tangent space at .7, by

X_ Y.
left invariance. Take X = 0 Tland Y = 0 e Ty, GIyes. We have
X, 0 Y. 0

. 0 X, 0 Y,
flip*Q X,Y)=Q, =Y, X ,-X, Y
( lp )%-‘r( I ) Jf+ <<X+ 0 > ) <Y+ 0 >> + —+ + —+

Therefore, we see that (flip*(tr Q%)) (X, ..., X?*) equals

1
o5 2 sen(0)tr Q(flipX 70, fipX @) - Q(flip X7, flip X7E)
O'ESQk

1 (2 o(1 o(1 o(2 o(2k o(2k—1 o(2k—1 o(2k
= o S sen(o)tr (XTI XY — x 7O xRy (TN TG x 7B 7GRy,

ocE€Soy,
This is just a big sum of products of 2k-operators with many redundant terms. One sees

that it is equal to

37 sen(o)tr XPXIPXIW X X0 x o@D

o€Soy,
= Y sen(o)tr XTPXTW XD x 7B xR0 x @)
gESoy
==Y sgn(o)r XTPXIWxTWXTD L X B x g
gESo,

= —(tr Q") (X, .., X7F).
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The first equality is cyclic invariance of the trace, the second one follows after applying a
cyclic permutation with 2k-elements. Finally, the last equality comes from going through
the same calculation without applying the flip map. This proves (iii) for the even case.
For the odd case, note that from 0 = d(f f*) = df f*+ fdf* it follows that tr(fdf*)**~1 =
—tr(df )1 = —tr(f*df)*~1. Therefore pulling back chyqq via the adjoint-operator
map U! — U! gives the desired minus sign. Part (iv) of the Proposition now easily follows

from part (iii) by definition of the Chern—Simons form. O



CHAPTER III

Equivariant smooth classifying spaces

7. A decomposition theorem for complex equivariant K-theory

The idea of differential cohomology is to glue together differential form information and
cohomology classes via the Chern character map. In order to discuss an equivariant version
of this process, we will therefore need to have an equivariant version of the Chern character
map. The goal of this section is to develop the necessary theory for the delocalized
equivariant Chern character.

Let G be a finite group. One well-known way to go from a non-equivariant cohomology
theory to the equivariant world is by applying the Borel construction. Any cohomology

theory E* gives rise to an equivariant version Ef, via
E{L(M) = E*(EG xg M).
Therefore, we can immediately obtain an equivariant version of the Chern character
chporct Kfop (M) = K*(EG x¢ M) = H**YEG x¢ M;R) = Hf, | (M;R),

which by the usual theory is an isomorphism if we tensor with the reals on the left. The
problem is that one would like equivariant K-theory to be represented by geometric objects
at least on compact G-manifolds M. From this perspective, the interesting generalization
of K-theory to the equivariant setting is not K%, o, but rather the Atiyah-Segal K (M)

defined in [Seg68, §2], which we will now review.

Definition 7.1. A G-vector bundle on a G-manifold M is a vector bundle n: E — M
together with a G-space structure on E such that
(i) 7 is an equivariant map,

(i) if g € G and m € M, then g: 7' (m) — 7~ !(gm) is a linear map.

We say that two (G-vector bundles are isomorphic if there exists a vector bundle
isomorphism that is also a G-map. It is also clear that the usual constructions like direct
sum and tensor product of vector bundles apply directly to G-bundles. We can now employ

the usual Grothendieck construction in order to define equivariant K-theory.

Definition 7.2. Equivariant K-theory Kg(M) of a compact G-manifold M is defined to
be the Grothendieck group of the abelian monoid given by isomorphism classes of G-vector

bundles over M with direct sum.

An element in Kg(M) is therefore given by a formal difference of G-vector bundles
[V] — [W]. As in the non-equivariant case, the assignment M +— K (M) satisfies certain
39
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properties that we require from an equivariant cohomology theory, i.e. G-homotopy
equivalence, excision and also additivity under disjoint union. It is therefore reasonable
to set K&(M) = Kg(M) and define K;"(M) by the suspension isomorphism. Denote by
K%(M) the reduced version of equivariant K-theory, i.e. the kernel of the map

Ko(M) = Kg(+)
given by the inclusion of a basepoint. Then, we have
Kg'(M) = Kg' (M) = Kg(S' A M) = Kg((5" x M)/ ({1} x M)
~ K2(S' x M, {1} x M),

where we equip S! always with the trivial G-action, and M, denotes the disjoint union of

M with a basepoint. From the pair sequence in equivariant K-theory, we now get
s KQ(SY x M {1} x M) — K2(S* x M) — K2({1} x M) — --- .

Since the first map in this sequence is injective, one can describe K Y(M) via G-vector
bundles on S' x M, which have the additional property to be trivial when restricted to
{1} x M. In other words, K;'(M) is exactly the kernel of the map

K2(S' x M) — K2(M) (9)

given by the pullback with the inclusion {1} x M — S* x M. There is an equivariant
version of Bott periodicity that takes care of all K% for n € Z.

Proposition 7.3. The group KE(M) is naturally isomorphic to K& (M), where the map
is given by multiplication by the Bott element in K5*(pt).

PROOF. See [Seg68|, Proposition 3.5]. O

It turns out that this is just a special case of a much more general statement, which is,
in Segal’s words, the most important theorem in equivariant K-theory: The equivariant
Thom isomorphism theorem. If M is non-compact, we denote by M™ the one-point
compactification. If M is already compact, we set M = M,. Define the compactly
supported theory

(K&)ept(M) = K&(M™).
We then have the following theorem.

Proposition 7.4. For a G-vector bundle E — M on a compact G-manifold M, the Thom

homomorphism
K&(M) = (K¢)ept(E)
with target the compactly supported equivariant K -theory of E, is an isomorphism.

PROOF. See [Seg68| Proposition 3.3]. O
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Example 7.5. It follows directly from the definition that the equivariant K-theory of a

point is the representation ring R(G), concentrated in degree 0.

Example 7.6. Take a complex representation V' of G. Then, we can examine the
representation sphere S¥ =V, = V U {oco}, where the point at infinity is fixed by the
action. Proposition [7.4 now gives that

K&(8") 2 (Kg)en(V) 2 K5 (+) = R(G),
where the first equality is by definition.

We close our short digression on equivariant K-theory by computing K5 (M) for the
two extreme cases of G-actions: The trivial action, and free actions. For the latter we

have the following result.
Lemma 7.7. If G acts freely on M, the projection m: M — M /G induces an isomorphism
™ KG(M) — K*(M/G).

PRrooOF. If G acts freely on M and if E — M is a G-vector bundle, the quotient /G is
an ordinary vector bundle over M/G. We claim that the map induced by the assignment

E +— E/G is an inverse to 7. We have a commutative diagram

| | |

M—m——=M

where the map on the top is induced by the vector bundle projection £ — M and the

projection £ — E/G. It is easy to see that this is an isomorphism of G-vector bundles.
For the other direction, if we are given a vector bundle F' on M /G, the projection onto

the second factor induces an isomorphism 7*F = M X/ F' — F. The odd case follows

from the same argument applied to M x S?. O

On the other hand, if G acts trivially on M, then each fiber E,, is a G-representation.
If we are given a representation V', regarded as a trivial G-vector bundle over M, we can
consider the ordinary vector bundle given by Homg(V, E). As an example, the trivial
representation is assigned to the vector bundle E¢, i.e. the fixed point set of E. It turns out
that this way of probing our G-vector bundle with representations gives all the equivariant

information, if we consider all possible irreducible representations V' € Irr(G).
Lemma 7.8. If G acts trivially on M, the natural map

pi K*(M) @ R(G) — K5(M)
18 an isomorphism.

Proor. We will construct an inverse to p. Because G acts trivially on M, it acts on

each fiber of a G-vector bundle £ — M, and there is an operation of averaging over G,
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varying continuously. Therefore, for any representation V', the functor
E + Homg(V, E) = Hom(V, E)°
induces a homomorphism of abelian groups K (M) — K°(M). We claim that the map
¢: Kg(M) — K°(M) @ R(G)
[E] = > [Homg(V.E)] @V
Velrr(G)
is an inverse to p. If E is a G-vector bundle over M, then it can be decomposed canonically
into isotypical components
E EB Homg(V, E) ®V,
Velrr(G)

which proves that po ¢ =id.
On the other hand, let V' and W be irreducible representations. We consider the element
¢ o pu(E ®@ W), where G acts trivially on E. Clearly,

Homg(V, E @ W) = Homg(V, W) ® E.

By Schur’s Lemma, the last bundle is either £ or 0, which proves that also ¢ o u = id.
The odd case follows by applying the same reasoning to the space M x S!. O

Example 7.9. For a subgroup H C G, the homogeneous spaces G/H are often called
equivariant points, since they appear as the building blocks for G-CW complexes. One
can show that the category of G-vector bundle on a homogeneous space G/ H is equivalent

to the category H-representations, i.e. every G-vector bundle E over G/H is of the form
E=G Xy \%

for some H-representation V. It follows that K&(G/H) = R(H). Along the same lines,
G-vector bundles on G/H x S! with the trivial action on S! are equivalent to H-vector

bundles on S! by restriction. Therefore,
K%(G/H x S*) =2 K% (8" = K°(S") ® R(H) = R(H).
It is now clear that we have

K™Y (G/H) =ker (K&(G/H x S*) = K&(G/H)) = 0.

We will now compare the geometric version of equivariant K-theory, defined via G-vector
bundles, with the naive version that comes from applying the Borel construction to ordinary
K-theory. Keep in mind that the overarching goal is the construction of a good equivariant

version of the Chern character. Recall that the projection map my: EG x M — M induces
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a map

KE(M) L KE(EG x M) =5 K*(EG xg M) —— Kg,, o(M),

\//7

o

and by composing with chp, ¢, we immediately get a Chern character map valued in
Borel cohomology. The problem with this approach is that the map « is far from being an
isomorphism. In fact, the Atiyah—Segal completion theorem [AS69al, Proposition 4.2.] tells
us that « precisely induces an isomorphism after we apply the Ig-adic completion at the
dimension ideal I of KF(M). Thus, working with the Borel-Chern character in the main
diagram of differential cohomology would mean ignoring important information.

The solution is to enrich the target of the Chern character map to a better suited
equivariant cohomology theory. The easiest version of such a theory is the delocalized
equivariant cohomology defined in [BBMS85|[BCS88, §1]. We review the construction. Recall
that a class function on G is a function f: G — C that is constant on each conjugacy class.

We have the following well-known fact from the representation theory of finite groups.

Lemma 7.10. The irreducible characters span the space of complez-valued class functions

on G, i.e. the character homomorphism
x: R(G) - C[G]“
V] = [W] = try — trw
s an isomorphism after tensoring with C.
PROOF. See [Ser77, Section 2, Theorem 6]. O

The following splitting result according to [AS89, Theorem 2] is ultimately just a
consequence of the simple linear algebra result in the previous lemma. Recall that the
action of GG permutes fixed point sets in the following way: If x € M9, and we act with a

group element h € G, then one has
(hgh™)(hz) = hz.

Therefore, left multiplication by h sends M9 to M"" ™" One can define the so called
Brylinski space

A/Z:{(x,g)eMxGlgx:x}%HMg

geG

which admits a G-action given by
h(z,g) = (hx,hgh™).
The K-theory of M is the direct sum

K*(M) = @ K* (M),

geG
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and there is an action induced by the space level action just described. We have the

following theorem.

Theorem 7.11. Let G be a finite group, and M be a G-manifold. Then, there is a natural

map

d: K5(M) — <@K*(M9)®@) : (10)

geG

where MY is the fixed point set of g € G. Furthermore, when tensored with the complex
numbers on the left, this map becomes an isomorphism.

ProoOF. We first describe the map appearing in the theorem. Note that there is a
pullback map, induced by inclusion of fixed point sets

KG(M) —— Kg(M)

We want to restrict further to the fixed point set MY, but MY is not a G-space. Instead,
denote by C' the cyclic subgroup of GG generated by g. We can restrict to the subgroup
C C G and then pull back to the fixed point set. Since C' acts trivially on M9 = MY, we

have an isomorphism
Ki(M9) —2— K*(M9) @ R(C)
by Lemma [7.8 In order to get from a representation V to a complex number, we now just

apply the character homomorphism and evaluate the resulting class function at g € C"
R(C) —X C[C]® == C.
All in all, we have the following long composition:

i*

K&(M) : r Ko (M9)

( o

K*(M9) @ R(C) — X, K*(M9) @ C[C]°

id®ev
=Y, K*(M9)® C.

Let us describe this map explicitly on a cycle coming from a G-vector bundle £ — M.

We can restrict to a C-vector bundle E, — M? over the fixed point set for g € G. On this

bundle, g acts fiberwise with finite order, and therefore, the bundle splits canonically into

a direct sum of subbundles F, y — MY for each eigenvalue A of the g-action. The map ®

is then given as
[E] =Y > AlEgl
g€G \eEig(g)

We now check that the resulting class is indeed invariant under pullbacks by the global
G-action on M , as claimed in the statement of the theorem. The reason for this is that we
started with a G-equivariant bundle E: Consider for A € G the pullback bundle A* Ej, g, -1 ».
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Then, we have a bundle isomorphism

h*Ehghfl,)\ — F A

! |

id
My —4 5 Mo,

where the top arrow is given by (m,v) — h~'v. Since K;'(M) is equal to the kernel of the
restriction map KQ(M x S') — K&(M) (see Equation [9), we can establish well-definedness
in degree —1 by the same construction applied to S x M.

We sketch the proof that ® ® id¢ is an isomorphism. First, one checks that both
sides of Equation [10| define Z,-graded equivariant cohomology theories that satisfy the
equivariant Eilenberg—Steenrod axioms. Recall that in the non-equivariant case, a natural
transformation T%: E* — ™ of generalized cohomology theories is an isomorphism if and

only if it induces an isomorphism on the point, i.e. if
T"(x): E™(x) — F"(x)

is an isomorphism for all n. In the equivariant case, there is a similar theorem, which
says that the isomorphism property has to be checked on equivariant points, meaning on
homogeneous spaces G/H for all subgroups H C G. In our case, on the left hand side, we
have that K&(G/H) = R(H) and K5(G/H) =0 (see Example[7.9). For the right hand

side, we can first rewrite as a sum over conjugacy classes

(@K*((G/H)g)@@(c) =P K (G/H)?) 2 C)%, (11)

(9]
where Z, is the centralizer of g in G. Note that this is an isomorphism, since the information
for the other representatives hgh™! € [g] can be reconstructed by invariance. Now, since
the fibers of the projection from EZ; x5 (G/H)? — (G/H)?/Z, are rationally acyclic (they
are classifying spaces of finite groups), we can make our action free, and the invariants
agree with the K-theory of the quotient:

(K*((G/H)?) @ C)% = (K*(EZ, x (G/H)*) ® C)”
~ K*(EZ, %z, (G/H)?) ® C
~ K*((G/H)?/Z,) ® C.

Now, (G/H)%/Z, is a discrete space, and we need to count how many points it has. Note

that there is a map
f: Conj(H) — Conj(G)
(9 — (9)a

which assigns to an H-conjugacy class the corresponding conjugacy class in G. A class
(hyg isin f71({g)¢) if there is a k € G such that khk™' = g. In order to get the number of
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preimages, we need to count the k’s up to elements in H, and up to elements centralizing
g. Therefore,

(K*((G/H)?) @ C)% = el

Summing over these terms for all conjugacy classes in G then yields a copy of C for each
conjugacy class in H. Recall that the ring of class functions C[H]" consists of functions
H — C which are constant on conjugacy classes. This ring is therefore also generated by

|Conj(H)| elements. We end up with the following commutative diagram

K*(G/H)®C 2%, (@ K*(G/H)*) @ c)

- %

R(H)®C X s C[H]",

and so, we showed the ® in this case reduces to the character homomorphism y from
representation theory. By Lemma [7.10] x becomes an isomorphism when tensored with C,
and the claim follows. O

Remark 7.12. There is another way to interpret the result of this theorem. For a G-
manifold M, since K} (M) is a K} (%) = R(G)-module, we have that K} (M) ® C is a

module over the ring of class functions
C[G]€ == ClConi@)],

For a conjugacy class (g) € Conj(G), there is a corresponding prime ideal in this ring,

given by the class functions that vanish at (g). It is clear that any C[G]%-module must

split into a direct sum of the localized C[G]?w = C-modules. We recall the localization

theorem by Atiyah and Segal (see |[AS68, Theorem 1.1]). Denote by

M) — U WK
he(g)

the fixed point set for a conjugacy class. Then, its content is that the restriction
K&(M) — K&(M9)

is an isomorphism after localizing at the prime ideal given by (g). Therefore, we get a
splitting

K5(M) @ C= @ K;(M), @ C
(9)

= GBKE(M@)@) ®C.
(9)
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Now, the result can be rephrased by saying that the (g)-part is isomorphic to (K*(M?9) @ C)%s,

i.e. that the inclusion

[ M = | M =M

he(g) he(g)
from the disjoint union into the ambient union induces an isomorphism. While entirely
obvious when the fixed point components are disjoint, it is somewhat surprising that this

holds in general.

The previous theorem exposes the problem with the Borel-Chern character. One can

see now that there is a factorization

K5(M) D Hipor (M C)
l‘b
G
(@ K (M) @ C) ,
geG
|

K*(M¢) @ C

where the lower vertical map is the projection onto the “untwisted sector” for the identity
element e € G. Therefore, all the contributions that come from the other fixed point sets
of the G-action are completely ignored. For this reason, one says that the Borel-Chern
character is localized at the identity element. But the decomposition theorem also gives a
recipe to fix the situation. We just have to enlarge the target cohomology theory in order

to account for all the additional fixed point sets.

Definition 7.13. [BC88| §1] The Zs-graded (delocalized) equivariant cohomology of a
G-manifold M is

a0 - (@I orse))

geG keN

ton - (@00

g€G keN

Functoriality in delocalized equivariant cohomology is realized by pullback of ordinary

cohomology classes via the induced maps on fixed point sets.
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Definition 7.14. [BC88, §1] The (delocalized) equivariant Chern character is given by

the composition

G
Kg(M) —2— (@K*(Mg) ®C> N HE(M)
W
chg

where ch is just the ordinary Chern character tensored with the identity on C.

Proposition 7.15. The equivariant Chern character is a well-defined homomorphism of

rings. Furthermore, after tensoring with C, it is an isomorphism.

Proor. This is almost a triviality, since all the work was in establishing the correspond-
ing properties for ® in Theorem [7.11} In order to check well-definedness, consider an

element

PlE,) € (@K*(M9)®C> .

9 9
Then, for h € G, this means that [h*Ey| = [Epgn-1]. Therefore, since the Chern character
is natural under pullback, we have

hch([E,]) = ch((h E,)) = ch([Eygn1]).

which is what we had to show. The homomorphism properties follow from the corresponding
properties of the non-equivariant Chern character. The equivariant Chern character is
an isomorphism after tensoring with C, since the same is true for the ordinary Chern
character. 0

Example 7.16. Let us compute the cohomology and Chern character of the representation
sphere SV for the non-trivial one dimensional Z,-representation. Denote by 7 € Z, the

generator. The fixed point sets are
(SV)e = 52 and (SV)T = s
Therefore, the delocalized cohomology is
Hz,(S") = H*((S")5C)* @ H*((S")";C)
>~ H*(S?/Zy;C) ® H* (S C)
~ H*(5% C) @ H*(SY; C).

With this result in mind, we turn to the equivariant K-theory. Since the space in question

is a representation sphere of a complex representation, we see via Example that

Kz,(8") 2 R(Z2) ® R(Z») = (Z[X]/(X* - 1))%,



8. EQUIVARIANT CLASSIFYING SPACES 49

concentrated in even degree. We can give explicit representatives for the bundles that
generate this ring. We get two representatives by equipping the trivial line bundle with the
two possible Zs-representations (call these bundles C; and C_). The other representatives
are induced by the Hopf bundle Hy with a trivial and a non-trivial action. Write the Hopf
bundle H; as

Hy = {([zo : x1], Az, Ax1)) | A € C},

where [z : x1] are understood as homogeneous coordinates for CP! 2 S%. The action on

H_. by the generator 7 € Zs is given by
7 ([xo : 1], Axo, Az1)) = ([F20 © 21], (£AT0, A1) . (12)

We compute the Chern character in these four cases.
The target complex cohomology of our space consists of four copies of C, all in even

degree. We will denote elements in it by four-tupels
(al,aQ,ag,a4)T € HO(SQ) @D HQ(Sz) ©® HO(S € So) ) Hl(N < So),

where N and S denote the north and south pole in S° C S?, respectively. The first two
entries will come from the ch.-part of the equivariant Chern character, while the latter two
come from ch,. After choosing suitable generators of the respective cohomology groups, the
results are given in the table below. The Chern character part for the fixed point set of the
identity element is always just the ordinary non-equivariant Chern character and therefore
independent of the group action. This explains the first two entries in the respective vector.
For the third and fourth component, we have to consider the T-eigenvalue decomposition
of the fiber over both points of S° = {N, S}. Since it is just a line bundle, the entry is
either going to be +1, if 7 acts by the identity, or —1, if it acts by flipping the sign.

c. | ¢ | H | H
1 1 1 1
0 0 1 1
1 -1 1 1
1 -1 1 -1

8. Equivariant classifying spaces

We have seen in the last chapter that there are geometric models Gr,e and U' for the
classifying spaces of even and odd K-theory, together with universal cocycle representatives
for the universal Chern character. We are now going to generalize this to the equivariant
setting that was introduced in the last section.

In the construction of Gr,es and U!, we used a generic infinite-dimensional separable
Hilbert space ., in the even case together with a Zs-grading. In the non-equivariant
setting, this played the role of a sufficiently big ambient space, containing all possible

finite-dimensional vector spaces. In the equivariant setting, we therefore have to replace ¢
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with a representation big enough to contain all possible finite-dimensional representations.
Such a G-representation can easily be constructed by just taking the tensor product with
the regular representation L?*(G), given by the vector space of functions f: G — C with
action (gf)(z) = f(g~'z). We define the polarized Hilbert space

Hy = H @ L*(G) = (), @ (He) -
~ . @ L*(G)e A @ L*(G),
with the linear polarization preserving G-action on the second factor. This induces an
action on the space of bounded operators, given by conjugation:
G x gl(Ag) — gl(Ac)
(9, 4) = gAg™".
Observe that subspaces like GLyes(#%), Uses(HG), U () and Fred(#) are preserved
by this action, and furthermore, all of these actions are smooth. Furthermore, we also
have smooth G-actions on Gryes( %) and Styes(H%), given by W — gW € Gres(H%) and
w > gwg~t € Sties(HG).
We have seen earlier that even degree K-theory is classified by the space of Fredholm

operators. The original proof by Atiyah can be generalized to the equivariant setting, and

one has the following result:

Theorem 8.1. The G-space Fred(#%) classifies equivariant K -theory in degree 0, i.e. for
any compact manifold M, we have

Kg (M) = [M, Fred(#z)]c-
The group structure on the right is induced by the block sum (Definition .
PROOF. See the main theorem in |[Mat71]. The second statement follows from the

concrete form of Atiyah’s index isomorphism, where a block sum of Fredholm operators

corresponds exactly to the sum of G-vector bundles of its kernel and cokernel. O

Our goal is to show that we can again, as in the non-equivariant case, replace Fredholm
operators by a more structured space of operators. Recall the concept of a homotopy

equivalence in the equivariant setting.

Definition 8.2. A G-homotopy equivalence between two G-spaces X and Y is an equivari-
ant map f: X — Y which has an inverse g: Y — X such that fog ~idy and go f ~idx

with homotopies through equivariant maps.

If two G-spaces X, Y are G-homotopy equivalent, we have that the sets of G-homotopy

classes of maps

(M, X]¢ = [M,Y]q
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agree for any G-space M. There is a convenient way to check if a map is a G-homotopy

equivalence.

Theorem 8.3. (Equivariant Whitehead Theorem) Let f: X — Y be an equivariant map
between two G-CW-complexes. Then, fis a G-homotopy equivalence if and only if for all
subgroups H, the induced maps on fized point sets f4: X" — YH are (weak) homotopy

equivalences in the usual sense.
PROOF. See for example [Wan80, Theorem 3.4]. O

By using the equivariant Whitehead theorem, it is possible to understand the equivariant
situation by analyzing carefully the fixed point sets of the relevant spaces. Recall that we
essentially passed to the equivariant setting by looking at operator spaces on L?(G) @ S
instead of just 4. It turns out that the fixed point sets of such operator spaces are often

of a quite simple form.

Lemma 8.4. Let 7 be an infinite-dimensional complex separable Hilbert space and G be
a finite group. Fix a complete representing set of irreducible G-representations V' € Irr(G).
There is an equivariant decomposition into isotypical components
PG exr= @ vesr.
Vehrr(G)
Furthermore, consider an operator A € gl(L*(G) @ )¢ in the fized point set for the

conjugation action. Then, with respect to the above decomposition, the operator is block-

diagonal, and each component is of the form

Alyg = idv ® By

for some operator By € gl(H).

PROOF. The decomposition for 7% just follows from the regular representation L?(G)
being decomposable. The dimensions of the isotypical components do not matter, since
we tensor with an infinite-dimensional space anyway.

Now, an operator A fixed by the G-action has the property that
gAg ' =A, forallge G,

in other words, it has to commute with the G-action on 7. The decomposition into

isotypicals gives orthogonal projections
wy: Heg—VRAH

for each component. Consider the restricted operator Ay = my o A}V s We claim
that this operator is either identically 0, if V' is not equal to W, or of the form idy ® By,
for some operator By, if V =W.
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In order to prove this, choose an orthonormal basis {e;},.y of #°. There are orthogonal

projections
ni: WA —W®R (e,

and we consider the operator n; o AV,W‘V les) for some natural numbers 7, j. By Schur’s
J

Lemma, this restricted map is either identically 0, or a scalar multiple of the identity in

the case that W is equal to V. It follows that Ay is zero, unless V' = W, in which case

Ay is of the form idy ® By, as claimed. O

Definition 8.5. Let 7 be a complex separable infinite-dimensional Hilbert space. Let ¢
be a condition that can be imposed on an operator in gl(.7¢), for example invertibility,
Fredholmness, etc. Then ¢ defines a subspace X, C gl(s¢). We say that ¢ is finitely
additive, if the following is true: If an operator is block diagonal with respect to a

decomposition into finitely many infinite-dimensional subspaces
H =00 N,

i.e. we have
Ay
A= )
Ay,

then A satisfies ¢ if and only if all of the A; satisfy ¢.

Proposition 8.6. Let X, () be a subspace of gl(), given by a finitely additive
condition . Then, for any subgroup H C G, the fixed point sets Xg split block diagonally
with respect to irreducible H-representations, i.e. for a complete representing set of
wrreducible representations, we have
XN (Ao = 11 Xe(00).
Velrr(H)

PRroor. Consider first the case of H = G. In this case, the statement is implied by
Lemma [8.4] since the relevant property ¢ of the operators is preserved under the restriction.

For the case of a proper subgroup H C G, let V' be an irreducible G-representation.
Then, we can always restrict this representation to H. As an H-representation, V' now

decomposes into a direct sum of isotypical components
ve @ owrw,
Welrr(H)
If we fix one of the W in the list of irreducible H-representations, because of Frobenius
reciprocity, we can always find an irreducible G-representation V' such that W is a

subrepresentation of the H-restriction of V. This asserts that for any fixed W, at least one

nyw is non-zero, and we conclude that we have an isomorphism of Hilbert spaces with
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H-action

b wrrer=wexr,

Velrr(G)

using that 7 has a countable basis. We now have the following chain of isomorphisms of

Hilbert spaces with H-action:

He=LPGexr= B ver= P | f wv|ex

Velrr(G) Velrr(G) \Welrr(H)
~ P P wwer= @ Wet =g
Welrr(H) Velr(G) Welrr(H)

[

This gives rise to an equivariant diffeomorphism of spaces with H-action X, (%) =
X, (), and we have successfully reduced to the case H = G, which was handled in the
beginning of the proof. 0

Corollary 8.7. We have a splitting as in the above Proposition in particular for the fized
point sets of the spaces Fred(#%), Uses(#%) and U (). Furthermore, we also have the
splitting for Gries(H%), Stres(HG), and the loop and path spaces of all the above spaces.

PRrOOF. For the first three spaces, it is enough to observe that the defining condition is
finitely additive (Definition [8.5)). The restricted Grassmannian, when seen as a space of
self-adjoint projection operators, is also an operator space defined by a finitely additive
condition (see Proposition [p.2). After identifying % @ L?(G) and ¢ ® L*(G), the same
is true for the restricted Stiefel manifold.

As for the path and loop spaces, we note that if Y is a space with trivial G-action, we

the following splitting of smooth mapping spaces:

Map(Y, X,)" = Map(Y, X) = Map(Y, [[ X.())
Velrr(H)

=~ J] Map(y, X, ().
Velrr(H)
Since G acts trivially on both S* and the interval I when we form the smooth loop and
path spaces, it follows that the fixed point sets split into a product in these cases as
well. 0

In the remainder of this section, we will use the previous results in order to show
that Gre(H%) and Ul (#) are classifying spaces for equivariant K-theory. Recall the
projection map

Y: Upes — Fred (13)

X X_
( ++ +> - X,
X X o
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from Equation

Theorem 8.8. There is a zig-zag of G-homotopy equivalences
Gryes ¢—— Ules SN Fred,

where T is the projection and 1 is the map from Equation[13.

PROOF. Equivariance of 1) and m is obvious. We first check that ¢ induces homotopy
equivalences on fixed point sets. Let H C G be a subgroup. Given a complete representing

set of irreducible H-representations, we deduce from Corollary [8.7 the commutative diagram

UHd ¥ s Fred!

res

- -

H Utes L H Fred.

Velrr(H) Velrr(H)

Since we know that each 1 in the bottom row is a homotopy equivalence from the non-
equivariant case, it follows that the map on the top also is one. The claim follows by

employing Theorem [8.3] Again by Corollary we get another commutative diagram

U ul y Grl!

res res

l% lg

H Ures L H Grres~

Velrr(H) Velrr(H)

Since we know that the bottom map is a homotopy equivalence from the non-equivariant

case, the claim follows. O

Working towards the odd case, recall that over GrY_, there exists a universal smooth

GL'-bundle St,es — Gr®_ with connection © (cf. Corollary and Proposition .

res

Consider the loop space Gr,es, based at (H#5)s € GrY . Parallel transport via the

res’

connection © gives rise to the holonomy map, which assigns to such a loop the fiber
1
coordinate of the endpoint of the horizontal lift of this loop, starting at wg = <0> € Styes-

We can now make the following definition:

Definition 8.9. The odd periodicity map hyqq is the composition of the holonomy map
QGr,es — GL' with the homotopy equivalence given by polar decomposition, which maps
Tw— T|T|™' € UL

Theorem 8.10. The map hoqq is a G-homotopy equivalence Gryes — UL,

PROOF. Since hoqq implements holonomy in the fibration U — EU — BU, it is clear

that it is a non-equivariant homotopy equivalence. To see that it is also G-equivariant, let
f: S = St,es be a horizontal lift of the loop f: S* — Gr°_. This means that O(f'(t)) =0

res*
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for all t € S'. Then g¢f is still horizontal, since, if we write f(t) = w € Styes, and

W = m(w) € Gryes for the corresponding subspace in Gryes, we have

O((gf) () = O(gf'(t)) = gw™'g ' grwg ' d(guwg™")

1

= gw 'mydwg™?

=g0(f'(t)g " =0.

Therefore, ¢f is a horizontal lift of g f. Its endpoint is just the conjugation of the endpoint of
f. Furthermore, the homotopy equivalence given by polar decomposition is also equivariant
with respect to conjugation with G. Therefore, hoqq is an equivariant map.

We additionally have to check that it induces a homotopy equivalence on all fixed point

sets. Note that in the splitting of the fixed point set
OGrl, = J] 9Cr.
Velrr(H)

the holonomy map restricts to a product of holonomy maps on each of the blocks, which

we know to be a homotopy equivalence. Therefore, we have a G-homotopy equivalence
QGr,es — UL [

The following Corollary is now an immediate consequence of the previous two theorems.

Corollary 8.11. We have isomorphisms of abelian groups
K%(M) 2 [M,Crrele,  Kg'(M) = [M,U'g,

where the addition is pulled back from Atiyah’s spaces of Fredholm operators via the above

homotopy equivalences.

Remark 8.12. We will improve on this in the next chapter by giving a much more
concrete geometric implementation of the group structure on K&(M) and K;' (M) directly

on our models.

9. Cocycle representatives in the equivariant case

We have proven that the functors K&(—) and K}(—) are representable. As such, by
the Yoneda lemma, a natural transformation like the Chern character corresponds to an
element in the cohomology of the classifying space Gr,es and Ul. We will now describe
this element more explicitly. Keep in mind that, in the even case, each fixed point set is of

the form

Gr?es g H Grres .

Velrr({g))
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Then, the g-component of the universal even Chern character is a certain class in

[T o) = [E* | J] GCresC

keZ keZ Velrr((g))

In the same way, the universal odd Chern form is a certain form in

H H2k—1((U1)g;C) ~ H H2k—1 H Ul; C

keZ keZ Velrr({g))

It turns out that we can represent the full equivariant universal Chern character with
differential forms that are constructed from the corresponding forms in the non-equivariant

case. The groups that these forms live in are the following.

Definition 9.1. The groups of even and odd delocalized equivariant differential forms on
a G-manifold M are

Q%(M) = (EB | EaOUsE (C)) and

g€G keZ
G
aon - (@[ 00
g€G kEeZ

Note that the factor-wise exterior differential is compatible with the translation action: If

we denote by Lj, the translation by A € G, we have
L; (@ dwg> =@Pd(Lw,).
geG geqG
Therefore, we can define the delocalized exterior differentials

dg = @ d: Q% (M) = QL(M)  and

geG

dg = @ d: Qi (M) — Qg (M).

geG
Proposition 9.2. The groups of delocalized differential forms give a de Rham model for
delocalized cohomology (Definition . By this, we mean that the natural maps
¢ ker(d%)/im(dg) — HY(M) and
o' ker(dg,) /im(dg) — H&(M).

given by ¢ ( [@ wg]> = @ [wy] are isomorphisms.

geG e

PROOF. It is obvious that ¢’ is a group homomorphism. In order to show injectivity,
assume that ¢'([w]) = 0 for w € QL(M). This means that [w,] = 0 € H*(M?;C), and
therefore, for any g € G, there is an 7, such that w, = dn,. Denote the collection of these
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forms by n = (n,). Averaging over the group action, we see that

- @@ (D

geG geG heG
1 *
& @ & L (dn,)
geG heG
= EBd (D Lim
geG heG
_ di—l L*
(@),

and so w € im(d").
For surjectivity, assume that ¢ € H'(M). Then, for each g € G, ¢, € H*(M?;C) is
represented by a closed differential form w,. Pick such a form for each g, and denote the

collection of these forms by w = (w,). Averaging over the group action, we define the form

This is a delocalized differential form which gets mapped to ¢ by ¢'. 0

Remark 9.3. Note that the first part of the proof shows that there is no difference
between dg-exactness and exactness of all the components of a delocalized form. Therefore,

there is no ambiguity when talking about exactness of delocalized differential forms.

Theorem 9.4. Let

N
cheven = chg + Z (%) %tr (Qk) € Q%(Grys) and

k>1

i \F(Z1)E1(E — 1) %1 odd (171
chodd:Z(%) ( (>2k_<1)! )tr(w ) € Qedd(ut)

k>1

be the even and odd universal non-equivariant Chern characters from Definition and
Deﬁmtwnﬂ Let iy be either the inclusion of Gré,
into U'. Denote by C = (g) the cyclic group generated by g € G. Let furthermore

. into Gryes, or the inclusion of (U1)9

:Gre = H Grres — Gryes

res
Velrr(C)
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be the projection onto the W -factor for some W € Irr(C'). Then, the collection of forms

G
(chg)o = @ Z try (g)my chy € (@ QO (Grd; C )

g€G Velrr(C) g9eCG

(Chg)gk = (%) % @ tr (g (229)’“ (@ Q2k<Gr?es; C))
T geq

geG

.\ k G
(et = (%> . (2k — 1_ 5 @tr (i)™ € (@ Qle((Ul)gsC)>

geG

for k € N represents the universal equivariant Chern character.

Remark 9.5. In order to make sense of the term in the trace, recall that €2 can be

interpreted as a 2-form with values in the adjoint bundle
ad(Stres) = Stres X Ad L1<L2(G) X %),

which carries the left-multiplication G-action induced by the action on L?(G). In the
odd case, w is just the Maurer-Cartan form with values in the Lie algebra of trace-class

operators L'((#%)), and again, we make sense of the G-action using the L?*(G)-factor.

ProOOF. We first show that this is a well-defined assignment, i.e. that the (chg), are
G-invariant in both cases. In the even case GG acts by unitary transformations in U, x U_
on the left on Gr,s. If Lj, denotes left-multiplication by h € G, for k > 0, this has the
following effect on the g-component of chQGk,:

Ly (tr g (i22)%)) = tr g (ig 0 Ly,)* Q" (14)
= tr g (Lh @) ih—lgh)*Qk
= tr g (in-10n)" L3
= tr g h(ip-14n) Q"R
= tr h_lgh(iZ—lgth).
The result is therefore exactly the h~!gh-component, which is what we needed to show.

For the chg-component, note that C' = (g) has the same representation theory as the

conjugated group h~'Ch. We therefore also have that

Ly Z try (g)mychy = Z try (g) Ly chg
Velrr(C) Velrr(C)

= Z try (h~tgh)mchg
Velrr(h—1Ch)
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is equal to the h~tgh-component. Here, we used that the action is by elements in U, x U_:
If W = X (%)) for some X € Uy, then hW = hX ((J;)+ ), where

by — [PO) (X Xoo) _ (hXes hX_y
SN0 r)\X,o X ) \nx,_ hx__)

Since h X and X, have the same Fredholm index, W and hW have the same virtual
dimension and therefore lie in the same path-component of Grys, which implies L} chy = chy.
For the odd case, we now just repeat the calculation from Equation [I4] replacing Q by
w. Therefore, the collection of forms chg defines an element in the de Rham cohomology
version of delocalized cohomology of the classifying spaces. We now show that it has a
universal property.

Consider the even case and let M be some compact G-manifold. Furthermore, denote
again by C' = (g) the cyclic group generated by g. The top row of the following dia-
gram describes by definition the g-component ch, of the equivariant Chern character (cf.

Definition |7.14)):
¢

KO(M) — 5 KO (MC) —* 5 KO(M€) @ R(C) H* (MO

] ] T ]

(M, Glyes g —— [MC, Grl o —— ][] MY Gree) ——— H*(MC).
Velrr(C)

ch®tr(g)

Here, ¢ is the isomorphism that appeared in Lemma which exists since the C-action
on M€ is obviously trivial. Tracing a G-homotopy class [f] through the lower horizontal
part of the diagram yields

[f] — [f © Zg] — Z [7TV o f o Zg] — Z [trv(g) (WV o f o Z‘g)*Cheven]-
Velrr(C) Velrr(C)

Denote by f9 = f o1, the restriction of f to the fixed point set M9. Then, for k > 0, we
can simplify the 2k-part of the form on the right further:

() & X o

" Velrr(0)

(LY Loy t ot QF
(L) Lo [ Xt e
Velrr(C)

i kl g\ * * Ok
~(5) 5 | T wamon

Velrr(C)
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The second equality uses that g acts by a multiple of the identity on each factor V ® 57,
while the third equality uses that the trace converts block sum of matrices into sums. This
shows the claim for chog, £ > 0, and a minor variation of the argument also shows the case
chg.

For the odd degree part of the statement, we copy the above argument, replacing K° by

K' and Gr,e by Ul, respectively. In the same way, we arrive at the calculation

> ltrv(9)(wv o f9)cha]

Velrr(C)

B (é) <_1()2/:_(k1; 2 Z [try (g)(my o f9) trw?* !

Velrr(C)
i \" (=) (k= 1) 2%—1
B (ﬁ) | 1()2k_(1)! Ly (o G0

thereby finishing the proof. ([l

Remark 9.6. Note that in particular, we have

(chg)even € Q%(Grres) and (chg)oaa € QE(UI).

Remark 9.7. We have complexified our differential forms, as well as our version of
delocalized cohomology, as is standard in most treatments of this gadget. The reason for
this is that the equivariant Chern character is in general complex-valued, since it is built
from the complex characters of a group. There is, however, the following canonical real
structure: Complexified equivariant K-theory K (M)®C carries a conjugation action from
the C-factor, which induces a real structure on Hg as well, since Chg is an isomorphism.
This structure can be described more explicitly. Note that the fixed point sets for g and

g~ ! always agree. From the description in Theorem [9.4] we furthermore always have

[chya] = Y trv(g™")(mv) [eh] (15)

Velrr(G)

= > tlg)(my)feh] = [ehy],

Velrr(G)

since the non-equivariant Chern character is real. Therefore, the induced real structure on
H (M) is given by the assignment ¢ +— ¢, where (¢), = ¢,~1. The fixed point set (Hg)x(M)
is the real version of delocalized cohomology. Similarly, we can define the real version of
delocalized differential forms, which give a cocycle model for (Hg)g(M).

The relevance of this is that the equivariant Chern—Weil forms of an invariant unitary
connection are real delocalized forms for this real structure (|Ort09, Page 5]). Indeed, for
the universal cocycles we have chosen, the calculation in Equation [15is true on cocycle

level, which means that we can get rid of all the equivalence brackets.



9. COCYCLE REPRESENTATIVES IN THE EQUIVARIANT CASE 61

Having constructed an equivariant Chern form, we can also make sense of an equivariant
Chern—Simons form. Imitating the Zs-graded notation for the delocalized cohomology, we
make the following definition.

Definition 9.8. The equivariant Chern—Simons form of a smooth G-homotopy H: M x1 —
Gryes or H: M x I — U is the form

csa() = [ (e,

which is easily seen to be an element in Q% (M) or QL (M) respectively. We say that two
G-maps into Grye or Ul are CSg-homotopic, if they are G-homotopic through a homotopy
with exact CSg-form.

Remark 9.9. Note that in [Ort09, Page 15|, Ortiz asks for universal cocycle representatives
for chg and csg that can be constructed from the Chern—Weil method. Our forms in
principle answer this question: The Chern forms are defined via a curvature form (2,
and the universal CSg-forms are their transgressions in the path-loop fibrations, i.e. for
example H: PGr. X I — Gr.s would be just the evaluation map of paths, which is a
G-map. The caveat is that one has to employ a bit more machinery in order to properly
interpret CSq as a differential form on the loop space Q2Gr,s. We already discussed this
in the beginning of Section [0}

The flip map from Definition [6.8] as well as the block sum from Definition still make
sense: The new Hilbert space we use is 5 = L?(G) ® #, and we can just do everything
on the second factor. For example, the new splitting map pg: G — G B ¢ used for
the block sum is just idz2(g) ® p.

Lemma 9.10. The block sum is an equivariant map Gryes X GTres — GTyes and Ut x UL —

UL, where the left hand side carries the diagonal G-action. Furthermore, the maps
flip: Gries — Gryes and x: Ut — Ut

are G-equivariant.

PRrROOF. For the block sum, note that for V= X ((J;)+), W = Y (%)) € Gres and
g € G, we have
gV BgW = (9Xg" BgYg")((ha)+)
= pa(9Xg" ® gY 9" ) pa((Ha)+)
= 906X ®Y)pag™((Ha)+)
= 9rc(X ®Y)pa((Ha)+)
=g(VEW).
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The flip map is also equivariant, since the action

_ (9 0 Xip Xog g 0
wessioina- (3 ) (52 ) (5 D)o

_ [(9X449" 9X 1 g
9X4-g9" gX__g"

) (HG)+

is block-wise and therefore commutes with switching around the blocks. Finally, we have

(gAg*)* = gA*g*, showing that “x” commutes with the G-action. O
Thanks to equivariance, the forms also retain their good compatibility properties.

Proposition 9.11. The block sum is commutative and associative up to CSg-homotopy.
Furthermore, the equivariant Chern character and Chern—Simons form induce monoid
morphisms, i.e.
Chg(f B g) = Chg(f) + Cha(g)
CSG(Ht EH Gt) == CSG(Ht) + CSG(Gt)

Additionally, CSq is compatible with concatenation of homotopies
CSG(Ht * Gt) = CSG(Ht) + CSG(Gt)
Lastly, both maps respect the relevant inversion operations

(Chg)even(flip(f)) = —(Che)even(f) and (Chg)oda(f*) = —(Cha)oaa(f)
(CSa)oaa(flip(Hy)) = —(CSa)oad(Hy) and (CS&)even(H]) = —(CS@)even (Hy).

PROOF. All of these are just fixed point set-wise applications of the results of Proposition
and Proposition [6.9 Note that the h-component of the equivariant Chern character of
a block sum (Chy)(f B g) is the pullback of a universal form ch;, on G’ or (U')" by the
induced map on fixed point sets (f B g)". But clearly

(fBg"=("B4",

and therefore

Chy(fBg) = ((fBg)")chy, = (f* B g")*chy = (f")*chy + (g")*chy,

where the last equality follows from additivity of the trace under block sum similar to
the non-equivariant case. This now easily implies additivity also for the Chern—Simons
form. The additivity under concatenation of G-homotopies is due to the additivity of the
integral under partitioning the integration interval.

Finally, the inversion operations both respect the decomposition of a fixed point set into

products, and as such, the formulas also follow from the non-equivariant case. O
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10. A geometric spectrum representing equivariant K-theory

The goal of this section is to establish explicit equivariant homotopy equivalences
QGr1,es — Ut and QU! — Gr,s which are compatible with the equivariant versions of the
Chern and Chern—Simons forms. In the first case, this will just be the holonomy map,
which already appeared in the last chapter, while the second case is handled by a certain
operator map constructed by Pressley and Segal.

The basic strategy will be to compute transgressions of the universal Chern forms in the
path-loop fibration. A good collection of some basic properties of the transgression map is
given in [BS08, Appendix A]. Let us begin with the even case. It is well-known that the
transgression of [cheven| € HV*"(BU;R) in the universal fibration U — EU — BU is the
class [chogq] € H°Y(U;R). We can actually recover this fact from the universal bundle

which we constructed in Section [5| by a direct calculation.

Lemma 10.1. The transgression map T: H*(Gr? ;R) — H*1(GL';R) = H*'(U}; R)
in the universal GL'-fibration Styes — Grge
1.€. T([Chzk]) = [Chgk_l].

s maps the even Chern character to the odd one,

PROOF. We use the connection © as constructed in Proposition [5.9] Then the Chern
character is given by an invariant polynomial, evaluated at the curvature 2. For this
situation, Chern and Simons |[CS74, Sec. 3| gave a formula for the transgression form.

Define the time dependent form

-t
Then, one defines the Chern—Simons transgression form
i1t
== = [ ktr(©@ At 16
T2k—1 (27r) X /0 r( e ) (16)

By definition of transgression, we will be done if we can show that 7, satisfies the two
identities dnor_1 = m*chy, and ¢*mor 1 = chor_1. We will check this in detail, since this
calculation is often skipped in the literature, and we need to check that the normalizations
we picked for the even and odd Chern character are compatible.

We first check the second identity. Note that the pullback of the curvature €2 to the fiber
is 0. On the other hand, the pullback of the connection © to the fiber is the Maurer—Cartan

form w. Furthermore, we have the identity [w,w] = 2w A w. Calculating the pullback with
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1 yields

27 (2k — 1)!
N\ K _
_ (v (=D "'k = 1! tr o2kl
2m (2k —1)!
= chygy1,

and we see that this agrees with Definition [£.2] In order to show the other identity, define
the function f(t) = tr(w: A -+ A ). Now, the fundamental theorem of calculus yields

tﬂﬁ:ﬂw—ﬂmzﬁfﬁﬂt

It will therefore follow that dng,_1 = 7*chyy, if we can show (compare with Equation
that

P =d©Agt) (17)
The left hand side is equal to
trop A b=t ((Q4+ (2t —1)OA0) A ). (18)
For the right hand side, note that ¢, formally fulfills the Bianchi identity of a curvature:
dp, = tdQ + £ td[@, O]

t[Q, 0] + (t* — 1)[Q, 6]
= [Q+ (t—1)Q,t0)

[tQ, tO)]

= [y, 10)].

Here, we used the Jacobi identity to conclude that [[©, ©], 0] = 0 in the second and in the

last equality. Therefore, continuing our calculation yields

dtr (OA ) =tr (dO A 1) — (k — Dtr (O Adyp, A pF72)
=tr (= OAO)Agi™h) — (k= Dtr (O A1, 1O] A i ™?)

1
= Ef’(t) —2ttrOAO AP 4 (K — Dtr (O A[tO, o] A pF72)

1
= Ef,(t) —tr[t0,0] A @t 4 (k — D)tr (O A [tO, @] A oF2).
In the third step, we used Equation [I8] Now, the sum of the second and third term in the

last line vanishes by the invariance of the trace under the adjoint action (as a symmetric
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polynomial). We have therefore shown Equation . We conclude that chy,_1 represents a

transgression of chgy. O

From this basic result we can deduce the needed compatibility between the equivariant
versions of the Chern and Chern—Simons forms. Recall that we have already defined an odd
periodicity map in Deﬁnition which was just the composition hoaq: QG1°, — GL' — U?

of the holonomy map and the retraction GL' — U' given by X — X|X|~".

Proposition 10.2. Let H: M x I — G1° be a smooth G-homotopy, starting and ending

res

with Hy = H; = consty,), with adjoint map H: M — QGt°_. Then, on the level of

res”

delocalized differential forms, we have the congruence modulo exact forms
(CSG)Odd(H) = (hodd o) ﬁ)*(chg)odd + exact € QE(M)

ProoF. The strategy is to analyze the universal case by comparing trangression along

the two different fibrations (in the non-equivariant sense)

GL! > Stres > GIres

hOlQ)I\ hol]\

OGres —— PGrres —— Grpes,

which are connected by the map of fibrations given by holonomy. Recall that all paths
are based at the standard basepoint (7); € Gr.e. For the Bredon cohomology version
of transgression, we need to restrict these fibrations to the fixed point sets for the action
of a cyclic subgroup C' = (g) C G. From Corollary we know that these fixed point
sets have the form of a product of a copy of the respective space for each irreducible
C-representation, while all the maps in the above diagram reduce to the block-wise product
of the same map on the V-component for an irreducible representation V. More concretely,

restricting to g-fixed point sets, the following is a diagram of fibrations:

[TGL" ———— [ Stres — [I(Crres)

I holg]\ 1T hol]\ |

[1QGrres) —— [] P(Gries) —— J[(Gryes)-

Note that every horizontal map here is actually a product of many copies of the corre-

sponding map above. In the base space, we have the differential form

Chg E Qeven H Grres = Qeven (Gr?es) :
Irr(C)
By definition, the transgression of the cohomology class [chy] in the path-loop fibration
is the g-component of the universal Chern-Simons form, [CS,] € H°(Q(Grys)) (see
Definition . On the other hand, we can transgress the same form in the upper fibration:
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Pulling back along the projection [] py yields

(HpV)*Chg = (HpV)* Z [trV(g> 7T;k/Cheven]

Velrr(C)

- Z [trv(9) (mv © pv)*cheven] € Heven(H Stres)-

Velrr(C)

Now, taking 791 as in Lemma [10.1], we can construct an integrating form

Z try (g) nar—1 € Q771 (St,).
Velrr(C)

Pulling this back to the fiber and further to [JU' C [ GL' gives
Z trv(g) Chgk_l.

Velrr(C)

When summed over all &, this is exactly ch,, the g-component of the odd equivariant Chern
character. That means that transgression in the upper fibration maps the g-component of
the even universal Chern character [chg even] in cohomology to the respective odd component.
Now since transgression commutes with maps of fibrations, if we denote transgression in

the upper and lower fibration by T, and T} respectively, we see that

[CSy) = Tilehyeven] = (] [ holo)" (Tulchgeven])) = (] ] hole)*[chy 0aa] = hiaalchy,oadl

as cohomology classes on Q(GrY )9. If we are now given any smooth G-homotopy

H: M x I — Gr,, we can pull back the above equation via the adjoint map H and
get

(W4 0 1Y [chy oad] = (F9)°[CS,]
— (f1y’ / (ev?)"[chy even

_ /I (B % idy)* (ev?)* [chyoven]

_ / (H?)*[chyeven]

= [CSQ(H)}'

Since the domain now is a finite-dimensional manifold, we can smoothly approximate the
maps hl,, o Ho up to homotopy and see that the claimed equality is true on the level of

differential forms, up to exact forms. O

Remark 10.3. This argument (and also the one in the odd case given below) avoids the

0

ve — Ul as a smooth map between infinite-dimensional manifolds.

discussion of hogq: QGr
It would be interesting if one could compute directly the derivative of hoqq and pull back

the equivariant Chern character as a differential form.
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The construction of the map for the even case has appeared in |[CMO00, Appendix 2],
based on the ideas of [PS88| Sec. 6.3]. We will adapt it to the equivariant setting. We
choose a concrete model for the generic polarized Hilbert space that has been used before.
Let 27> = L2(S', ) = L*(S)® be the space of L*functions on the circle to the
infinite-dimensional separable complex Hilbert space .7 with basis {e;},.,. There is
a natural Zs-grading given by the positive and negative exponent part of the Fourier

decomposition, respectively. This means that we have

jﬁ“:{fe%“]f:kazk,fke%} and

k>0

%_w:{fe%wrfzzjszk,fke%},

k<0

where z = exp(if). We are now ready to define our periodicity map for the even case.

Definition 10.4. The multiplication operator map
Reven: QU () — U(™)
v M,

maps a loop 7 to the operator defined by the rule (M, f)(6) = ~v(0) f(9).

Lemma 10.5. The map heyen has its image contained in the restricted unitary group.

Furthermore, as a map to U, it is a homotopy equivalence.

Proor. We will rely on the corresponding statements for the finite-dimensional version
of this map, which were proved by Pressley and Segal. First, we have that the analogously
defined map A7, : QU(n) — U(™) has its image contained in U,es(7™) C U,es (),
where (™ is the finite-dimensional version of our space >, i.e. ™ = L?(S',C"),
and the inclusion C" < J is via the first n basis vectors of a chosen orthonormal basis
for 5. The fact that the image is in the restricted unitary group is a consequence of
the decay condition on the Fourier coefficients of the loop 7, using the boundedness of
its first derivative (for more details, see [PS88, Proposition 6.3.1]). Furthermore, this
multiplication operator map on a finite step is (2n — 2)-connected, as is also shown by
Pressley and Segal (see [PS88| Proposition 8.8.1]).

Now, note that we can define a stabilized version of this map on the loop space of the
stable unitary group QU. This is still continuous by the same argument that is used
for the finite-dimensional case: The norm of the multiplication operator M, is bounded
by the supremum of ||y(2)|| for z € S, and therefore, loops which are close to 7y in the
Whitney topology must give multiplication operators with similar norm. Since the L!'-norm
is stronger than the operator norm, we immediately conclude that the version on QU!
is continuous. The restriction of heyen, to QU(n) has its image contained in U,es by the

previous paragraph. The union of these loop spaces is the loop space QQU of the stable
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unitary group, and, applying the same map, this still has image contained in U, since S*
is compact and we are always in a finite step of the colimit. But QU is a dense subspace of
QU!, and therefore the first claim follows, since U, is a complete Riemannian manifold.

Since the connectivity of these maps increases, we can use a similar argument for heyen
being a homotopy equivalence. It is enough to show that it induces an isomorphism on all

homotopy groups. We have the commutative diagram

OU(n) —L8e s U, (2™)

L b

QUL(7) —Loen s Uy (56,

where both horizontal maps come from the inclusion of C™ into .7 and then filling up

n

noen and ¢ are (2n — 2)-connected, while the map j is

with the identity matrix. The maps h
a homotopy equivalence and therefore heye, is also (2n — 2)-connected, for any n. Finally,
since U,e and Ul are metrizable Banach manifolds, by [Pal66, Theorem 5], they have the
homotopy type of CW-complexes. Therefore, a weak homotopy equivalence QU! — U, is

already a homotopy equivalence. 0

The map heyven realizes the inverse of the Bott periodicity map as a homomorphism of
infinite-dimensional Lie groups. We can append the projection U, — Gr.es in order to
get our desired periodicity map for our Grassmannian model, and we will also denote this
map by heven. Put a G-action on ## and > as usual by tensoring with L?(G). Our next

goal is to show that heyen has good properties with respect to the actions.

Proposition 10.6. The map heven @S equivariant with respect to the G-action on Grieg

and QUL. Furthermore, it is a G-homotopy equivalence.

PRrOOF. For the first claim, we recall that the projection U,,s — Gre i equivariant,
and even a G-homotopy equivalence (see Theorem [8.8)). It is thus sufficient to show that
the multiplication operator map from Definition is equivariant. For g € G, v € QU!,

2z € S', we have

(Mg (FN(2) = (Mg (£))(2) = g7(2)g ™" f (2).
Recall that f € L?(G) ® L?(S1)®52, and therefore f(z) € L*(G) ® #, where G acts on

the left factor. On the other hand, if we act on the target manifold, we have

((9-M)())(2) = ((gM,g7 ) (F))(2) = g7(2)g " f(2),

which proves equivariance.
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For the claim that heven is a G-homotopy equivalence, we use the splitting over irreducible

representations (Corollary [8.7). We have the commutative diagram

(QUI)H heven UH

res

lg l%
[ vt 2= ] U

Velrr(H) Velrr(H)

and all the maps in the product in the bottom row are homotopy equivalences. Therefore,

the map on the top is one as well, finishing the proof. 0

Proposition 10.7. Let H: M xI — U be a smooth G-homotopy, starting and ending with
Hy = H; = constyq with adjoint map H: M — QUL Let heven : QU — U,es — Gryes be the
assignment of the corresponding multiplication operator, composed with the G-homotopy
equivalence given by the projection. Then, on the level of delocalized differential forms, we

have the congruence modulo exact forms
(CSG)even(H) = (heven © H)*(ch)even + exact € QL (M).

PrROOF. In the proof of Proposition we have seen that the even equivariant Chern
character transgresses to the odd equivariant Chern character as cohomology classes in the
path-loop fibration over Gr°_. Now, since the Chern character is compatible with Bott
periodicity on the level of cohomology theories, if we apply transgression twice, we get
T?([chg])) = [chg] after identifying Q?Gr? | with Gryes explicitly via heyen © (Qhoaq). This
allows us to make the calculation

(Peven © Q2hoda) [chg] = T(T([chg)) = T'(hyaalcha]) = (Q2hoda) " T'([chg]),

where the first equality is Bott periodicity, the second one is from (the proof of) Proposition
10.2] and the last one follows from the naturality of transgression in the diagram of fibrations

(which restricts to a diagram of fibrations of fixed point sets)

QuU!t » PU! » Ut

Qhodd]\ Phodd]\ hodd]\

QG —— PQGrY, —— QG

S S

Since Qheqq is a G-homotopy equivalence, we get that T[chg] = A, ., [chg] for the even

even

equivariant Chern character. Pulling back by H and using the same argument as in the

even case now gives the claim. [
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We finish the chapter with a geometric version of the equivariant K-theory spectrum,
including spaces, structure maps, and an explicit construction of the addition. The

following lemmas will be needed in the proof of Theorem [10.11]

Lemma 10.8. Let Gryes oo be the equivariant stable Grassmannian, i.e. the colimit of the

sequence
Gr((C°e CY ® L*(@Q)) — Gr((C' @ CY ® L*(G))

- Gr((CaeC) e L*(G) = ...,
where the maps are V — {0} ®V & L*(G), i.e. we stabilize along the reqular representation
of G. Via the inclusions C"@&C" — J for each n, this is a subspace of Gryes. Furthermore,
let U be the colimit of the sequence

U(C’® L*(G)) — U(C' ® L*(GQ)) — ...,

where the maps are A A® 1. Via the inclusions C* — ., this is a subspace of U'.
Then, the inclusions

0 Glyes oo = GTyes

i: U= U

are G-homotopy equivalences.

Proor. We check the fixed point sets and use the equivariant Whitehead theorem.
Recall that taking fixed points commutes with filtered colimits in the case of finite groups
and closed inclusions (see for example [Mall4, Proposition 1.2 (3)]). Furthermore, we have
that

g @ lem(V) ]
Vel (G)

Combining these two facts in the odd case yields
G
US = (cohm U(C" ® L2(G)))
= colim (U(C" ® L*(G))%)
= Cohm H U (C"d‘m(v H U.
Velrr(G) Velrr(G)

The inclusion into U! therefore induces a homotopy equivalence, since this is true on each
factor (see [Pal65, Theorem B]). We need to show the corresponding statement also for
the fixed point sets for the non-trivial subgroups H C G. Recall that (see Proposition ,
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as H-Hilbert spaces,

I

L*(G)

@ Vdim(V)

Velrr(G)

@ @ Wdim(V) ny,w

Velrr(G) Welrr(H)

@ W 2venn(a) dm(V) nv,w
Welrr(H)

= P wh.

Welrr(H)

2

12

Therefore, similarly to the above calculation,

U = co}}m (U(C" @ L*(G)")
— co}Lim H U(anw) = H u.

Welrr(H) Welrr(H)

By the equivariant Whitehead theorem, the odd case of the statement follows.

For the even case, we use a similar argument. We have

Grf = co}lim (Gr((C" & C™) @ L*(G))™)

res,00

=colim [ GrCc™ec"™)= J] Grew:
" Welrr(H) Welrr(H)
and again, the inclusion into Gr,e induces a homotopy equivalence on fixed point sets by

the non-equivariant case (see [Wur0O1, Proposition IIL.5]). O

Lemma 10.9. The two different H-space structures on QU and QU,es given by composition

of loops and pointwise multiplication of loops agree, i.e. there is a G-homotopy from the

map (y,m) — 7 *n to the map (y,n) — v - 1.

Proor. This is an application of the usual Eckmann-Hilton argument. Consider the
loops v %14 1 and 1 %, ), where 1 denotes the constant loop at the identity. The index is
supposed to indicate the time parameter at which we are done traversing the first loop. In
the case of the first loop, we traverse « in the interval [0,¢], and then stay at the point
with the constant loop for the rest of the time [¢,1]. Varying the parameter ¢ from 1/2 to
1 gives a homotopy of paths from 7 /5 1 to 7.

We now take the pointwise product of these families of loops. This gives a family of
loops starting at v * 7 and ending at v - 7. Since the G-action on the loop spaces is by

pointwise conjugation, it is clear that this is a G-homotopy. U

Lemma 10.10. The two different H-space structures on U, and Ul given by block sum
and multiplication of operators are equivalent, i.e. there is a G-homotopy from the map

(A,B) — AH B to the map (A, B) — AB.
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PrOOF. We discuss the U, case first. On the direct sum

He & He = (Aa)+ ® (Ha)+ & (He)- & (Ha)-, (19)
we let C; denote the grading preserving rotation
cos(t)  sin(t) 0 0
—sin(t) cos(t) 0 0
Ct — .
0 0 cos(t)  sin(t)
0 0  —sin(t) cos(t)

We have the homotopy

Ures X Ures X ‘[ —> Ures
(A,B,t) = (AB1)C,(1 8 B)C?,

which, when we run it from ¢t = 0 to t = /2, shows that AH B ~ ABH 1. It is easy to

see that this is again a homotopy through G-maps, since
(9Ag~' B1)C(1B gBg)C; = g(AB1)g~'Cg(1B B)g~'C}
=g(AB1)C,(1B B)C/g".

The fact that allows us to make these modifications is that the G-action is diagonal with
respect to the decomposition in Equation [I9} We are therefore left to show that the
map f: A+— AH1 is G-homotopic to the identity. It is enough to show this over every

path-component of U, so we can restrict to U

res- The claim will follow from the following

two facts: First, recall that the projection m: U, — Grie is a G-homotopy equivalence,

which also respects taking block sums of operators, thus commutes with f.

0
res

Secondly, we can write the G-CW-complex Gr;_. as the colimit over finite-dimensional,

compact Grassmannians as in Lemma m Then, as a subspace GIyesco C Gr?es,
have the subspaces of 7 ® L*(G), which only differ from (%), by a finite-dimensional

subspace. We now argue as follows: Consider the G-homotopy class of f in [U%_, U% ]s.

we

Let i: Grres 0o <> Gryes be the inclusion and denote by 7! and ¢! arbitrary G-homotopy

inverses for m and . We then have a chain of isomorphism by pre- and postcomposition

~

¢ — [Grp, Gry,

res? res] G

0 0
[Ures7 Ures

— = [Glres.0; OTres oo
w w w
[f] ——— [rofor ] —— [itomofortoi.
Since f commutes with 7, we have
[iTtomoforntoi=1[i"tofoil
Now f o7 is the restriction of the block sum to the direct limit Gryes . Recall the notation

A, ={ei | i = n}
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for {e;} a Z-indexed basis of 5. Note that the compact set Gry| C Gryes 0o consists of
spaces of the form {0}®&W @4, L*(G), i.e. finite-dimensional spaces W C C"@C"® L?*(G)
with infinitely many copies of L?(G) added to them. Restricted to such a subspace the
block sum f does the following: First, the subspace W gets shifted into even coordinates
under the inclusion into even coordinates C* — C?". Then, we take the direct sum with
the subspace spanned by all odd coordinates in the second copy of C", tensored with L?(G).
The resulting subspace lives in Gray,) . This map differs from the inclusion Gry, g = Gra, g
just by a permutation of coordinates, which can be achieved by multiplying with a unitary
matrix which respects the polarization. But this implies that the map is G-homotopic
to the inclusion, by a rotation as in Lemma (the Lemma even shows that this is a

Lo f o4 is G-homotopic to the identity, and

Chern—Simons homotopy. It follows that ¢~
therefore, f also is.

The argument for the case of U! is similar. Here, we use that the inclusion of the stable
unitary group U — U! is a G-homotopy equivalence (Lemma , and the block sum

with 1 is G-homotopic to the identity map on U. 0

Theorem 10.11. For any n € Z, let gan = Goven: CTres — QUL and gopi1 = goaa: Ul —
QGr,es be G-homotopy inverses to the G-homotopy equivalences hogqa and heyven. Then, the
sequence of pointed G-spaces and pointed G-maps (Ey, hy)nez given by

EQn = GI‘res and E2n+1 = Ul
92n = Geven and 92n+1 = GJodd

defines a (naive) G-Q-spectrum that represents equivariant K -theory. Furthermore, addition

in K -theory is implemented by the block sum operation on both Gr,es and U,

PROOF. Since we already showed that the structure maps are homotopy equivalences,
the first part of the theorem follows. For the second part, recall that the addition in the
cohomology theory associated to a spectrum is induced by loop composition, identifying
the space in the spectrum with a loop space via the structure maps. We have to prove

that the block sum is homotopic to composition of loops, i.e. that the squares

QU x QU —=— QU! QGTres X QCTres —— QG
geven X geven)I\ thcvcn Godd X godd]\ lhodd
Gryes X Glves ——— Gr Ulxyut —2 5 Ut

res res res

commute up to an equivariant homotopy, where the star denotes loop composition.
Since the projection U, — Gres is a G-homotopy equivalence of H-spaces for the
block sum, we can replace Grs by U, in both diagrams. For the left one, recall that
heven assigns to a loop the corresponding multiplication operator in U,e and then projects
to Gres. It is clear that heyven respects the alternative H-space structures on target and

domain: the pointwise multiplication of two loops maps to the product of their operators
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in U,,. On the other hand, in the right square, one easily verifies that the holonomy map
hoaa takes composition of loops to products of operators.
But by Lemma [10.9| and [10.10 loop composition can be replaced by pointwise multipli-

cation, which in turn can be replaced by block sum, proving the desired commutativity of

the diagrams up to homotopy. ([l



CHAPTER 1V

Differential equivariant K-theory

11. The differential equivariant K-theory groups

Let us recall the axiomatic definition of differential extensions according to [BS10,
Definition 1.1}, adapted to the special case of K-theory. Let V = K*(x) ®z R = Rlu, u™"]
be the coefficients of complex K-theory with the Bott element of degree 2, and let
Q(M; V) =€°(M,\N*T*M ®g V) denote the V-valued differential forms on M, where
the degree is induced by the sum of the degrees as a differential form and as an element
of V. There is also a version of cohomology with coefficients in the graded vector space
V', which we will denote by H*(M;V). In the following, we will consider all Z-graded
vector spaces in sight as Zs-graded by restricting to even or odd degrees. Denote by
ch: K*(M) — H*(M;V) the topological Chern character.

Definition 11.1. A differential extension of K-theory is a contravariant functor from
the category of smooth manifolds to Zs-graded abelian groups, together with natural
transformations

(i) R: K*(M) — Q;_y(M; V), called the curvature,

(ii) I: K*(M) — K*(M), called the underlying class,

(i) a: QY(M;V)/im(d) — K*(M), called the action of forms,
such that

(i) the diagram

lR lch (20)
Qo (M; V) 220 (M V)
commutes,

(ii) Roa = d, so the action map is a lift of the exterior derivative, and

(iii) we have the exact sequence
K (M) =2 1M, V) /im(d) —%— K*(M) —— K*(M) — 0.

A description of a functor K, based on the classifying spaces Gryes and U, that fits in
the above definition has been worked out in [Sch19] Section 6+7]. In the following, we will
develop the generalization for equivariant K-theory for any finite group G.

In order to generalize Definition to the equivariant setting, one has to decide
which functors to put into Diagram 20 We decided earlier that the correct equivariant
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replacement for K-theory is the equivariant K-theory of Atiyah and Segal. One possible
way to fill up the diagram would be to use Borel equivariant cohomology in the bottom
right. The obvious Chern character map ch: Ko — Hpor¢ then is the Borel-Chern
character, which maps a G-vector bundle over the compact manifold M to the induced
vector bundle over EG X M and then takes its ordinary Chern character. As discussed
earlier, the problem with this approach is that the Borel-Chern character ignores the
data coming from the fixed point sets of the non-trivial elements in G. Consequently,
refining K to a differential extension using the Borel Chern character would also lose
this information. This was already observed in [SV10], where Bredon cohomology was
used in order to repair this defect. While Bredon cohomology can be defined for compact
Lie groups, if one is only interested in finite groups, the delocalized cohomology from
Definition [7.13]is equivalent and a little easier to handle.

Having decided on the right hand side of Diagram [20] we still need an equivariant
replacement for differential forms. But here, the obvious thing works: as in Definition [0.1]
an equivariant differential form should just be a collection of forms on the fixed point sets
M9, for every group element g. This equivariant de Rham model was already successfully

employed in [Ort09, Sec. 2.2]. Summarizing, we can make the following definition.

Definition 11.2. A differential extension of G-equivariant K-theory is a contravariant
functor from the category of smooth G-manifolds to Z,-graded abelian groups, together

with natural transformations
(i) R: K5(M) — 0% au=0(M), called the curvature,
(i) I: KE(M) — K5(M), called the underlying class,
(i) a: Q5 H(M)/im(dg) — K&(M), called the action of forms,
such that
(i) the diagram
K&(M) ———— K5(M)
lR lchg
D qomo(M) — HE(M).
commutes,

(ii) Roa = dg, so the action map is a lift of the exterior derivative, and

(iii) we have the exact sequence
K& N (M) 2% Q5 H(M) /im(de) —2 Kg(M) —— Kg(M) —— 0.

We will now give a concrete implementation of such a differential equivariant refinement
via our smooth classifying spaces. The goal of this section is to define the underlying
group-valued functors f(’g; We will first prove that the set of smooth CSg-homotopy
classes into our classifying spaces carries an abelian group structure. We will use the letter

L to reserve K for another definition.
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Definition 11.3. Let M be a smooth G-manifold and
Ho = (A © (Ho)- = LG @ (A & )

be a complex separable graded G-Hilbert space with both 77, and J#_ infinite-dimensional.

Define the set-valued contravariant functors on smooth manifolds
LE(M) = Map$,, oo (M, Gres (A @ L*(G)))/ ~
L& (M) = Map$, o, (M, U @ LA(G))) [ ~ .

The equivalence relation is generated by the following two relations:

(i) Chern-Simons homotopy equivalence (see Definition [9.8).
(i) Stabilization: for any map f, we identity f with f H const,, where * is the basepoint,
i.e. the subspace 7. ® L*(G) € Gryes or the identity in U

Pullback in f}*G is given by precomposition with smooth functions.

Remark 11.4. One easily checks that the pullback is well-defined: Let g: M — N be a
smooth equivariant map, and let furthermore fy be CSg-homotopic to f; via a homotopy
fi- Then fj o g is also CSg-homotopic to f; o g, since CSg(f; 0 g) = g*CSq(f:) and the
pullback of exact forms is exact. On the other hand, the pullback of fH1 is just (fog)H1,

and so stabilization is also respected.

Lemma 11.5. The operation B8 induces an abelian group structure on E%(M) and f}G(M)
The neutral elements are given by the equivalence class of the constant map to the basepoint,

and inversion is given by f +— f* and f — flip(f) in the odd/even case respectively.

Proor. We need to check well-definedness. If fy ~cs f1 and gy ~cs g1, then we need
to show that fyH g9 ~cs fi B g1. This is achieved by the homotopy f; H ¢;, which is again
a CSg-homotopy by Proposition [9.11 Furthermore, the matrices

(BB (B and (fHg)Bl=(fBgB(1B1)

are CS-equivalent, and so stabilization is also fine. Commutativity and associativity are
also proven in the same Proposition. That block summing with const, is the identity is
built into the definition of our equivalence relation (the stabilization step). It therefore
remains to show that inversion is given by the proposed operations.

Start with the even case and consider the rotation matrix in the 2-3-plane, given by

0 0 0
cos(t) —sin(t) 0
sin(¢) cos(t) 0

0 0 1

Ct:

o O O =
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We define the universal homotopy H : Ues X [0,7/2] — U,es, which at time ¢ is
Hy(X) = p"Cy (X @ flip(X))Cip

Xy sin(t)X_y  cos(t)X_4 0
| sin(t) X X__ 0 cos(t) Xy
| cos(t) X4 — 0 X__ —sin(t) X, -
0 cos(t)X_y —sin(t)X_, Xt

Obviously, H;(9Xg ') = gH;(X)g~'. Furthermore, this is a unitary matrix whose (+—)—
and (—+)-components are L?-operators, and so it really lies in U,,. The map H z has
values always in the subgroup U, x U_ C Uy, while Hy is just X — X B flip(X). This

homotopy furthermore induces a well-defined homotopy on the quotient Gr,., which can

vy 0
be seen as follows: If we consider another representative XV = X J for unitary
v_

matrices vy, it is easy to see that the operator V @ flip(V') commutes with C;. Therefore,

we have
p*CH XV @ flip(XV))Cyp = p*C (X @ flip(X))(V @ flip(V))Cip
= p"C{ (X @ flip(X)) Crpp*(V @ flip(V))p

and since p*(V @ flip(V'))p € U, x U_, the homotopy is well-defined as a map Gryes X
[0,7/2] = Gryes. As it goes from X B flip(X) to the constant map to the basepoint, we
are reduced to showing that H is an equivariant CS-homotopy.

It is enough to show that the Chern—Simons form CSq(H) is dg-closed, since all the fixed
point sets Gré,, have no odd dimensional cohomology, and therefore H},(Gr,es) vanishes.

We calculate

o (@ / (Hf)*chg) @ [y e, = e, — (1) e,
g I g I g
= @(X B flipX)*chy — const{ ), ch, = @(X B flipX')*ch,,.
g g

By Proposition the block sum is additive for the Chern character. Furthermore, by
the same Proposition, pulling back by the flip map yields a minus sign, finishing the proof
that the Chern—Simons form is closed and therefore exact.

For the odd case, we use the homotopy from Lemma [TWZ13, Lemma 3.7] and adapt

their calculations to the universal equivariant case. Define
Hy: Ul x I — U
(At) — (AB1)Cy(18 A")CY,
cos(t)  sin(t)

—sin(t) cos(t)
G-maps from Hy(A) = AB A* to Hz(A) = 1. Since the Hg(U') does not vanish, we

where C; = is again a rotation matrix. This is a homotopy through
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cannot argue as in the even case. Instead, we will show by hand that the Chern—Simons
form is not only exact, but actually vanishes in this case. Consider the g-component of the
Chern-Simons form for g € G, in the decomposition CSg(H) = P, CS,(H). Furthermore,
fix a k > 0. Then, according to Theorem [9.4], we have
g\* 1.9 i rH (_1)]%! g\ * s \2k+1
Csyut) = [y, = (o) Sy [ ety e

1

where 7;w is just the Maurer-Cartan form of U!, restricted to a fixed point set. In order

to compute the integral, we calculate:
H =C,(18BA)C;(A*HB1)

dH, = (dABO)C,(1IB A*)C; + (AB1)C,(0B dA")C;

H, = (AB1)C,(1BA)C; — (AB1)C,(18 A*)JC;,

0

. 1
again using the notation J = C;C} = < 0) . This yields

—A 0
HdH, = C,(1 B A)C; (A" B1) {(dAB0)C,(1 8 A)C; + (AB 1)Cy(0 B dA*)C )
= (1B A) {CF(A*B1)(dAB0)C, + (0B dA*)(1 B A)} (1B A*)C;

. A*
Hth:Ct(lﬁﬂA)J(lﬂﬂA)Ct*—J:Ct( 0 >C:—J

and therefore
(HfdH,)* = C,(1B A) {C;(A*B1)(dABO0)C, + (0B dA") (1B A)}** (18 AC;
= C,(1BA) {C:(A*dAB0)C, — (0B A*dA)}** (18 A"Cy
O A) (AT A {( cos(t)?  cos(t) sin(t)) B (0 0)} (18 A7)C;

cos(t)sin(t)  sin(t)? 0 1

B .1 N9 cos(t)? cos(t) sin(t) * o
= (1B A)(A"d A { (Cos(t) sin(t)  —cos(t)? ) } (18 A)C
0

= Cy(1 B A)(A*dA)* <Cosét) cos(t)

2k> (18 A")C).

Recall that we are trying to compute the integral in Equation For this, the (2k+1)-form

under the integral is contracted by the time vector Ot on U x I, and then evaluated with
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2k-vectors from the tangent space of Ul. Therefore, we calculate

o ((HEE) " (g (i) 1)) = (g H L CH L))

B 0 1 o+ on [ cOS(t)? 0 .

- <gCt (—A O) (47d4) < 0 cos(t)”“A*) Ct)
1 0 1 oo [cOS(t)?* 0 .

—tr (gJCt (0 A) (A*dA)* < . cos(t)QkA*> C’t> .

Using cyclic invariance of the trace, the fact that the G-action commutes with C;, and the
identity C}JC; = J, we arrive at

¢ 0 g(A*dA)?* cos(t)* A*
' —gA(A*dA)% cos(t)? 0

. 0 gA(A*dA)%k cos(t)k A*
- —g(A*dA)? cos(t)?* 0 7

which clearly vanishes. Therefore, since the integrand in Equation [21| vanishes identically,
H, is indeed a CS-homotopy. U

An alternative definition. It is technically convenient to include an additional differ-
ential form in the cycles for a differential extension (see for example [TWZ13, Appendix
A}, and also |[FL10]). Indeed it follows easily from the previous lemma that we can work
with a more traditional model, separating the homotopy information contained in the

classifying map from the differential form input.

Definition 11.6. Let M be a smooth G-manifold and
My =2 () @ () - = LA(G) @ (M. & )

be a complex separable graded G-Hilbert space with both 7, and 7 infinite-dimensional.

We define the set-valued contravariant functors on smooth manifolds
KG(M) = Map$, oo (M, Crees(# © L*(G))) x (M)~ and
K (M) = MapG, oo (M, Grees (A © L2(G))) x Qg(M)/ ~ .

The equivalence relation is again generated by two relations:

(i) Chern—Simons homotopy equivalence: We identify
(f1,w1) ~ (fo,wo)
if there is a smooth G-homotopy f; from fy to fi, such that
CSea(fi) = w1 — wo + exact.

(ii) Stabilization: We identify (f,w) ~ (f B 1,w) for any tupel (f,w).
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Pullback by maps is given by pulling back the classifying map in the first component
and the differential form in the second component separately. This is well-defined by the
argument from Remark

Corollary 11.7. The sets Kg(M) and Ké(M) carry an abelian group structure given by

(fiw)+(g:n) = (fBg,w+n).
Inversion is given by
(fw) =" ~w) and  (fiw)" = (flip(f), ~w)
in the odd/even case respectively, and the neutral element is given by the equivalence class

of (1,0), where 1 is the constant map to the basepoint.

Remark 11.8. We will discuss the need of this additional differential form, as well as the
relation between the K¢ and Lg groups in detail in Section 14| For now, let us remark

that there is an obvious comparison map
D EG — KG
[f] = [(£,0)]

into the bigger cycle set, which is clearly injective. The question about surjectivity of ® is

a question about a certain surjectivity property of the map CSg.

12. Natural transformations and exact sequences

Now that we have an abelian group K that includes differential geometric and homo-
topical information, it remains to define the curvature map R, the integration map I and
the action map a from the definition of a differential extension and see that they have the

required properties. Recall that this means that we need a commutative diagram
K&(M) ———— Kg(M)

lR lChG (22)

Gag=o(M) — HE(M),
as well as an exact sequence
K (M) =25 Qi (M) /im(de) —— K5(M) — KG(M) —— 0,

and furthermore, R o a = dg is the delocalized exterior differential.

Definition 12.1. Let [(f,w)] € Kg(M). Denote by [f] the G-homotopy class of the map
f. Then, we define the underlying class I(f,w) and curvature R(f,w) by

I([f,w]) =[f]  and  R([(f,w)]) = Che(f) + dew.
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Furthermore, let w € QF(M). Then, the action map
a: QY (M) /im(dg) — K5(M)
is given by a(w) = [(1,w)], where 1 is the G-homotopy class of the constant map to the
basepoint.

We now have all the definitions to state and prove our Main Theorem.

Theorem 12.2. On the category of possibly non-compact smooth G-manifolds, the abelian
group-valued functors Kg and f(é from Deﬁm’tion together with the maps I, R and a
from Definition define a differential extension of G-equivariant K -theory.

Proor. We first check that our definitions of R,I and a indeed give well-defined
homomorphisms. Concerning I, if (f;,w;) and (fo,wp) are CSg-equivalent, then f; and
fo are in particular G-homotopic. Furthermore, I is also compatible with the block sum,
since the block sum defines addition in equivariant K-theory by Theorem [I0.11} For the
curvature, we see that

R(f1,w1) — R(fo,wo) = Chg(f1) — Chea(fo) + d(wi — wo)
= dCSG(ft) — d(w1 — (JJQ) =0.
The curvature is also a homomorphism, since Chern forms are additive under block sum

(Proposition [9.11)). Lastly, if we apply a to an exact form w, we get a(w) = (1,w). Since

the constant homotopy from 1 to 1 has vanishing Chern—Simons form, we have
a(w) = (Lw) = (1,0),

and a is well-defined. It is obviously a homomorphism.
Commutativity of Diagram [22]is checked by the calculation

Rham o R(f,w) = Rham(Che(f) + dw)
= [Cha(f)] = Che([f]) = (Chg o I)(f,w).
Furthermore, we have
Roa(w) = R(1,w) = chg(1) + dw = dw.

Lastly, we check exactness of the above sequence. At K (M), we need I to be surjective,

which is obviously the case. Next, at K7 (M), we easily check that
Toa(w)=1(l,w) =1

is trivial. If I(f,w) = 1, we know that there is a homotopy f; starting from f; = f and

ending at the constant map to the basepoint fy = 1. Therefore,

(f;w) = (1w —=CS(fy)) = alw = CS(f1))

is in the image of a.
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Showing exactness at the spot 25 (M) /im(dg) will require a little more effort. Consider

the composition

a o Chg(f) = (1,Chg(f)).

We need to show that this is 0, which means that there is a homotopy from 1 to 1 which
has Chg(f) as its Chern—Simons form, modulo dg-exact forms. Recall that we have

equivariant homotopy equivalences given bya explicit periodicity maps
OGr,e — Ut and QU = Gryes,

defined in Section [I0] We will denote them both by the letter h. Consider the composition
hoh™!o f, which is G-homotopic to f. Note that h~! o f is the adjoint of a map h=' o f,
defined on M x I. It follows from Proposition and that we have

Che(f) = Che(ho (h™ o f)) = CSa(h-1o f) + exact.

Now h—/lo\f is a homotopy from the constant map 1 to itself, which has the required
Chern form as its Chern—Simons form, as desired. Conversely, if we have a differential
form w with a(w) = 0, we have a homotopy H from the constant map 1 to itself which

realizes w as a Chern—Simons form
CSG(H ) = Ww.

We have to show that w is also realized as the Chern form of a K-theory class. Reversing

the argument from above, we see that
CSe(H) = Chg(h o H) + exact,

and therefore, the equivalence class of hoHin K =71(M) maps to w under Chg. O

Remark 12.3. Differential equivariant K-theory is functorial for CSg-equivalence classes
of maps: if two maps fy, fi: M — N are G-homotopic and the homotopy f; satisfies the
additional condition that for any g: ¥ — Gr,e or g: Y — Ul the Chern—Simons form
CSa(fi o g) is exact, then fy and f; induce the same map on f(g and f((l; This feature of
a descent to a quotient category of smooth manifolds is a general property of differential

cohomology theories and is discussed in [TWZ16| Corollary 2.5].

13. First computations and the compact case

In the non-equivariant setting, one can define a K-theory class on a manifold M by
giving a vector bundle E over M. The additional data needed to lift such a class to the
differential refinement is a connection V on E. Likewise, if an equivariant K-theory class
in K&(M) is given by a G-vector bundle F on a G-manifold M, what is needed to get a

K &(M)-class is a connection that is compatible with the group action.

Definition 13.1. Let (F,V) be a G-vector bundle over M with connection V. We say
that V is invariant, if for any g € G, the pullback connection g*V is equal to V.
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For any given model for differential equivariant K-theory, a rule for assigning differential
K-theory classes to invariant connections is usually called a cycle map. Let Vectg be the
functor that assigns to a G-manifold the commutative monoid of isomorphism classes of
G-vector bundles with invariant connections, let cycl, be the topological cycle map that
assigns to V' a class in K&(M), and recall that R and I denote the curvature functor and

the underlying class functor of a differential extension Kg.

Definition 13.2. A differential refinement of the topological cycle map is a natural

transformation
c/y\ch: Vecty — Kg
of semigroup-valued functors satisfying

(i) R(cyclg(V,V)) = Ch(V, V)
(ii) I(cyclg(V,V)) = cycla(V).

Here, Chg(E, V) is the delocalized differential form that one gets from equivariant
Chern—Weil theory, with g-component

%) e (s (2)).

One of the advantages of a classifying space based approach like ours is that writing down
such a cycle map is rather easy, especially since we use an actual Grassmannian in the

even case.

Proposition 13.3. There is a differential refinement &EIG for the classifying space based

functors from Theorem [12.3.

PrROOF. The key result here is an equivariant version of the Narasimhan—Ramanan
theorem. In fact, one can easily see that the universal connections from Section [4| turn
out to be invariant, if one chooses the correct equivariant version of the Grassmannians.
The crucial fact is the additional U(/N)-left-invariance of the universal connections on
U(N)/U(k) x U(N — k) that we already observed earlier. For details, we refer to [Sch80,
§3].

In particular, if we have a G-vector bundle £ — M with invariant connection V over a

G-manifold M, then there is a classifying map to the finite-dimensional (full) Grassmannian
f: M — Gr((C" o C") ® L*(G)),

using a big enough power of the regular representation. We have already seen in Lemma
that, just as in the non-equivariant case, we have an embedding

i: Gr((C" & C") @ L*(G)) = Gryes,
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given by stabilizing with infinite copies of the regular representations in the second

component. In order to get rid of the arbitrary number n, note that
[E] = [E] - [0] € K&(M),
where 0 is the O-dimensional G-vector bundle over M, classified by the constant map
0: M — Gr((C" o C") @ L*(G)).
With this motivation, we define the f(g(M ) class of the geometric cycle (F,V) as
cyclg(E, V) = [(i o f Bflip(i o 0),0)].

The addition of flip(i o 0) makes our class independent of the choice of n. It is proven in
[Sch80, §4] that the classifying map f is unique up to connection preserving G-homotopy.
Therefore, the CSg-homotopy class [f] is independent of the choice of classifying map, and
our class is well-defined. The identity I o c/y?lG = cycly, holds by construction. We also

have R o c/y\ch = Chg, since the inclusion is compatible with the Chern character. U

Remark 13.4. The cycle map factors through the alternative i%—groups, so we have a
diagram
Vecty (M) — LYL(M) —2— K%(M),
cyelg

where ® is the natural transformation defined in Remark [T1.8]

The relevance of the cycle map is to actually write down elements in differential
equivariant K-theory. In fact, one of the best ways to make sense of what it means to
compute a class x € K¢ is to give an actual G-vector bundle with connection that gets
mapped to z under the cycle map.

Recall that odd K-theory also has somewhat of a geometric description, since one can

define it (see Equation [J) as the kernel of the map
K&(S' x M) — K&(M)

given by the inclusion at 1 € S*. In terms of a G-homotopy class
[f] € [M,Ule = K¢ (M),

this can be described as follows (see also [Bunl3, Example 4.80]): There is a G-homotopy
equivalence U ~ QQBU. Under the loop-suspension adjunction, f now corresponds to a map
from the suspension © M, to BU, which gives a well-defined element in K&(S* x M). This
class is in the kernel of the inclusion map, and therefore corresponds to the desired element
in K4(M), which we call cycls(f). This assignment is well-known to be a homomorphism
with respect to the product structure induced by the multiplication pu: U x U — U. If one
wants to define an odd cycle map, it is now reasonable (compare [Bunl3|, Problem 4.81])

to ask for the following:
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Definition 13.5. A differential refinement of the odd cycle map is a natural transformation
cycly: €(—,U) — K,

of semigroup-valued functors satisfying

(i) R(cyclg(f) = Cha(f)
(i) I(eyelo(f) = cyel(f).

Here, Chg(f) = f*chg means the odd Chern character given by traces of powers of
the Maurer—Cartan form (see Section . It was shown by Bunke that such a cycle map
can only exist when the image of the maps is contained in the circle group U(1) C U.
The reason is that there are no 2-forms on U(k) for £ > 2 which are primitive for the
multiplication U x U — U, which is inducing the semigroup structure on the left.

Our stance on this is that the problem is from using the wrong product structure on the
left. In this thesis, instead of the multiplication map, we focus on the block sum, which
is more natural when one deals with vector bundles. When we read “semigroup-valued
functor” with regards to the block sum, we still have that the topological cycle map cyclg
is a homomorphism, since block sum and multiplication agree up to homotopy (see Lemma
. Almost trivially, we now have the following result.

Proposition 13.6. There is a differential refinement (g/aG of the odd cycle map for the
classifying space based functors from Theorem [12.3,

PROOF. By composing with the inclusion U < U!, we can assume that we start with a
map f: M — UL Assign to f the odd differential equivariant K-theory class

eyl (f) = [(£,0)].

By definition, this induces a natural transformation of semigroup-valued functors, and is

compatible with the underlying class functor I and the curvature R. 0

As in the odd case, it is immediately clear that the cycle map factors through the f}*G
groups (see Remark . Another important property of differential extensions is the
so called homotopy formula. While homotopic maps of course induce the same map on
cohomology, one cannot expect this from a differential extension, since differential forms
are not homotopy invariant. Still, one has some control over the situation. The proof from
the non-equivariant case, for example [BS09, Lemma 5.1], applies almost verbatim. We

spell it out for the convenience of the reader.
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Lemma 13.7. Let M be a smooth G-manifold. Let x € f(é(M x 1), and let ig,i1: M —

M x I be the inclusion at the endpoints. Then, we have

o =i =a( [ R

The integral here is defined component-wise. That means that for a delocalized equivariant

differential form w = @ w,, we have

[-o/-

PROOF. Let p: M x I — M be the projection onto the first factor. Since x — p*ijz is

in the kernel of I, we can write
r =prigr + a(w)
for some equivariant differential form w. After applying the curvature map, we have
R(x) = p*igR(x) + dgw.
Now, the homotopy formula follows from
ix —igr =i (prigr + a(w)) —ig(pigr + a(w))
= ija(w) — ija(w)

= a(ijw — ijw)

BReE
()

_q < /I Rz) — p*z';;R(x))
s ( /1 R(I)) .

Here, we used Stokes’ theorem for delocalized differential forms, which easily follows from
the usual version by applying it component-wise. Furthermore, in the last step, we use

that the form p*i§R(x) is constant in the direction of the interval. U

Remark 13.8. Note that we only used the axioms of a differential extension in the proof.

Therefore, the homotopy formula is independent of the model used.

There are a few special cases in which one can easily compute the full differential
equivariant K-theory groups. First, if one sets G equal to the trivial group, one would
expect to get back ordinary differential K-theory. This is indeed the case.

Example 13.9. In the case of G = {e}, we recover ordinary differential K-theory as defined

in [Sch19, Theorem A], up to complexification. It is proved there that, non-equivariantly,
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the version without a differential form, in our notation [A/E, is also a differential extension
of K-theory. An analysis of the map ® from Remark then easily shows that it is
a natural transformation of differential extensions, meaning that it commutes with all
relevant structure maps. Since natural transformations of differential extensions are always

isomorphisms, the groups Lf, and K¢, are isomorphic.

Recall that for equivariant K-theory, we have a reduction to the non-equivariant situation

in a slightly more general case: If G acts on M trivially, then by Lemma [7.§]
KL(M) =2 K*(M) @ R(G).
Indeed, one has the same splitting in the differential extension.

Proposition 13.10. If G acts trivially on M, we have an isomorphism
K5(M) = K*(M) @ R(G).

PROOF. We only consider the even case. Let (f,w) be a cycle for K&(M). Since G acts

trivially on M, the image of f is contained in

e
Gr & H GTyes.

Velrr(G)

Therefore, f is naturally a product of maps fy, indexed by irreducible representations
V. Similarly, w is just a collection of differential forms on M, indexed by the conjugacy

classes in GG. There is a natural isomorphism
Qo (M) = Q4(M) @ R(G),
induced by the character map. We therefore have a map
K&(M) = Ly (M) ® R(G)
(fl= D [(frwn)eV],

Velrr(G)

which is easily seen to be an isomorphism. Finally, as seen in Example [I13.9] for the trivial
group, we have an isomorphism ﬁ{e}(M) ~ K{e}(M) = K(M). O

On the other hand, if G acts on M freely, we have an isomorphism
KiL(M) = K*(M/G)

by Lemma [7.7} This suggests that the same statement is true in differential equivariant

K-theory, and indeed, we have the following Proposition.

Proposition 13.11. If G acts freely on M, we have an isomorphism

K5(M) = K*(M/@).
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PROOF. We concentrate on the even case again. Let w: M — M /G be the projection
and i: Grpes(H) < Gryes( L2(G) ® H#) the inclusion given by W+ L?(G) @ W. Then,
we have a map

K°(M/G) 2= L, (M/G) = K&(M)
(f,w)l = [(io fom), 7 w].

Note that the assignment in the first component, applied to homotopy classes [f], induces
an isomorphism in K-theory (cf. Lemma . Likewise, the group of equivariant forms on
M is isomorphic to the group of forms on M /G under pullback. Therefore, this map fits

into the following commutative diagram:
K9 (M/G) -2 Q04(M/@)/im(d) —2— K°(M/G) —— K9 (M/G) —— 0
Ko%(M) —9 5 QL(M)/im(dg) —2— K%(M) —1— K%(M) — 0.

By the axioms of differential extensions, both rows are exact, and therefore, the 5-Lemma

implies that the middle map is an isomorphism. O

In the case of a compact G-manifold M, one has a slight simplification of the equivalence
relation defining differential equivariant K-theory. Recall that the relation consisted of
two steps, namely CS-equivalence and stabilization. If M is compact, we can get rid of

the second step.

Theorem 13.12. On the category of compact smooth G-manifolds, the abelian group-valued

functors
K&(M) = MapSoou (M, Groes(# © L*(G))) x Qg(M)/ ~  and
KCl¥<M> = MapSGmooth(Mv Grres(% ® LQ(G>>> X Q%(M>/ ™~

with equivalence relation induced by CSg-equivalence and addition given by block sum
and addition of differential forms, define a differential extension of equivariant K-theory.
Recall that this means that

(fhwl) ~ (fo,(.do),
if there is a smooth G-homotopy f; from fi to fy such that
CSc(fi) = w1 — wq + exact.

ProOOF. We just need to show that block summing with the constant map to the

basepoint does not change the CSg-equivalence class, i.e.

(fBLw) ~ose (f;w)

for any map M — Grys or M — Ul and any odd/even differential form w. The key to

this is that our classifying spaces are up to homotopy equivalence colimits of compact
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spaces. Recall from Lemma that the inclusions

0
res

10 Glyes oo = Gr
i: U Ut

are G-homotopy equivalences. It was shown in the proof of Lemma that on these
subspaces, block sum with the basepoint is G-homotopic to the identity. The homotopy
given there has vanishing CSg-form, since it uses only rotations in the coordinates.

We concentrate on the even case. Let (f,w) be a cycle for even differential equivariant
K-theory. Since M is compact, there is a map ¢g: M — Gryes oo such that f is G-homotopic

to i 0 g. Let H; be such a G-homotopy. Then, we have an equivalence of cycles
(fBLw)~ ((iog)B1,CSq(H,;) +w)
~ (io(gH1),CSq(H) +w)
~ (iog,CSq(H;) + w)
~ (f,w),

where the second equivalence uses that the pushforward with the inclusion i is a homo-

morphism for the block sum. 0

14. Comparison of the K and L groups

We now address the difference between the K and L groups. In K, the cycle set consists
of pairs of a classifying map f, together with a differential form w. This separates the
information about the isomorphism class of the G-bundle, given by the homotopy class
[f], from the differential information, given by w. The combination of these parts is then
implemented in the equivalence relation, which is a generalized form of Chern—Simons
equivalence.

On the other hand, in [Af&, we truly use the spaces Gr,s and U as classifying spaces,
where the CSg-homotopy class of a map f is enough to give a unique Ké class. Given
such a CSg-class [f], we can always go back to K, ¢ by the map discussed in Remark :

®: LY — K,
[f1 = 1(f,0)].

Note that this map is well-defined and injective, as the equivalence relation in K *. when
restricted to cycles of the form [(f,0)], is just CSg-homotopy. We have proven in Section
that one can equip K}; with the needed additional structure maps a, R and I in order to
get a differential extension of K. We are interested whether one can do the same for L.

We need to analyze the image of ® in f/*G The map ® would be surjective precisely if

for any given tupel (fi,w), we could find a representative in its equivalence class that has
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vanishing differential form part, i.e.

(f1,w) ~ (fo,0).

Now by definition of the relation, this equivalence means that there is a G-homotopy f;
between fy and f; such that

CSe(fi) = w + exact.

Using the decomposition

(f;w) ~ (f,0) + (L, w),

we can make an even more precise statement. Assume that there is a G-homotopy g; from
the constant map to the basepoint g; = 1 to some map gy that has Chern—Simons form
CSc(g:) = w + exact. Then,

(f;w) ~ (f,0) + (1, w) ~ (f,0) + (90, 0) ~ (f B g0, 0).

Therefore, the groups E*G and K, & are isomorphic if and only if every form is the Chern—
Simons form of some null-homotopy ¢;, up to exact forms.

Let us, for a moment, forget about the group actions and consider the non-equivariant
case. Here, it was one of the achievements of Simons and Sullivan [SS10| to show that the
geometric data of a bundle with connection, or equivalently, a classifying map, is indeed all
the data needed to define a K-class. One can then equip the set of such classifying maps
with the correct equivalence relation and completely drop the additional differential form.
The key statement that one needs to prove for this, is exactly the surjectivity statement
for the Chern—Simons form discussed above. Unfortunately, we were not able to prove an
equivariant version of the Venice Lemma. Since all the other steps in the proof that ﬁ’é is
also a model for differential equivariant K-theory do in fact translate to the equivariant
setting, we still find it worthwhile to formulate the needed lemma as a conjecture, and

then briefly explore its consequences.

Conjecture 14.1. (Equivariant Venice Lemma) Let G be a finite group and M be a

smooth G-manifold. Furthermore, let
w € Q%L(M) or w € QL(M)

be a delocalized differential form in even or odd degree. Then, w is up to exact forms the
Chern-Simons form of a G-homotopy f: M x I — U or f: M x I — Gryes. Additionally,

f can be chosen to restrict to the constant map to the basepoint at time 0.

If the conjecture is true, it follows immediately that [:E defines a differential extension of
G-equivariant K-theory, using the structure maps for the Ke groups under the isomorphism

®. Specifically, a CSg-homotopy class [f] gets mapped to its Chern form and its homotopy
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class by the curvature and underlying class map respectively:

R([f]) = Cha(f)  and  I([f]) = [f].

The action map is supposed to induce an isomorphism of the kernel of I with the group
Q" Y(M)/im(dg)/im(Chg).

Since, if the conjecture is true, every form w € QE‘I(M ) is up to exact forms the Chern—

Simons form of a null-homotopy g, we see that we might define

a(w) = [g].
With these definitions, the equivariant setting would therefore be exactly parallel to the
non-equivariant extension of ordinary topological K-theory that was explored in [Sch19,
Section 7]. Of course, since the considerations in that paper show that the K% and L%
groups are in fact isomorphic when one restricts to the trivial group, it follows that the

same is true in the two special cases that were already discussed in Section [13]

Proposition 14.2. Let M be a smooth G-manifold. If the G-action on M is free or
trivial, the natural homomorphism
®: L5(M) = K5 (M)
[f1 = 1(f,0)]

1s an isomorphism. Therefore, in this case, Chern—Simons homotopy classes of G-maps

into Gres and Ut do indeed give differential equivariant K-theory.

Recall the differential lift of the cycle map that takes a G-vector bundle with connection
and spits out a K 2-class. In the non-equivariant case, this differential cycle map is surjective
when extended to virtual bundles on compact manifolds, and therefore, one can always
find a geometric representative for a differential K-theory class. This interplay between
the geometric and homotopic data is certainly fundamental in the study of K-theory.
Therefore, we think that the following Proposition makes a strong case that one should

believe in the Venice Lemma.
Proposition 14.3. Let M be a compact G-manifold. Assume that the even cycle map
c/y\ch: Vecty — Kg

defined in Proposition [15.5 is surjective, when we extend the domain to virtual bundles.

Then, the even degree Venice Lemma is true on M.

PRrOOF. Let w be an odd delocalized differential form. Then, the class

a(w) = [(1,w)] € Kg(M)
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is in the image of the cycle map by assumption, so

[(1,0)] = cyclg(B, V) = [(f,0)]

for some map f: M — Gry. By definition of the equivalence relation in K (M), there

now must be a null-homotopy of f with Chern—Simons form w. 0

Remark 14.4. This is actually almost an equivalence: Assume that the Venice Lemma is
true and take a cycle (f,w). By compactness of M, f is homotopic by a G-homotopy H;

to a map ¢ with image im(g) contained in a finite-dimensional Grassmannian. Therefore,
(f;w) ~ (g,w + CS(Hy)) ~ (9,0) + (1,w + CSq(Hy)).

The first summand is clearly in the image of the cycle map: Pull back the universal vector

bundle with connection (£,, V,) via g. Then
[(9,0)] = eyela(g™ Eu, g"Vu) = [(i 0 0, 0)] = cyclg(g™Eu, g"Vau) = cyclg(C", d).

On the other hand, the form w + CS(H;) can be written by assumption up to exact forms
as the Chern—Simons form of a G-homotopy G;: M x I — Gr, with Gy = 1. But then,
by the equivalence rules in K2(M),

(1I,w+ CSe(Hy)) ~ (G1,0).

The only thing we cannot show is that G; can be chosen to have image in a finite-
dimensional Grassmannian, without changing the differential form part. Therefore, GGy

may not correspond to an actual finite-dimensional bundle with invariant connection.

15. The abelian Venice Lemma for forms of degree 1 and 2

In this section, we will prove the equivariant Venice Lemma in the special case of
low dimensional forms and abelian groups. Following the original non-equivariant proof,
the Venice Lemma can be deduced from a similar surjectivity statement for the Chern—
Character, instead of the Chern—Simons map.

Even non-equivariantly, there is no good description of the image of the Chern—Character
map on differential form level. In other words, it is not known how to distinguish forms
which are Chern—Weil Chern—Character forms of vector bundles with connection. In the
case of a trivial bundle, one knows by the cohomological theory that the Chern form of
any connection has to be exact. In this special case of trivial bundles, it is then known
that one actually has surjectivity: For any exact form w, it is shown in [PT14} Proposition

1] how to explicitly construct a trivial bundle with connection (E,d + A) such that
Ch(E,d+ A) — Ch(E,d) = w.
If we translate this statement to the equivariant setting, we get the following lemma:

Lemma 15.1. Assume that the following is true: On any G-manifold M, every exact
delocalized differential form dgw € QXL(M) or dgw € QL(M) is the Chern form of an
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equivariantly null-homotopic map f: M — Grpes or f: M — U, Additionally, if dgw = 0
on some open invariant set U C M, then, on U, f can be chosen to be the constant map

to the basepoint in Gryes or UL, respectively. Then, the equivariant Venice Lemma is true.

PROOF. Let S! C C be the unit circle in the complex plane. From a given form w on M,
we can construct a form @ on M x S which restricts under the inclusion i_; to i* ;& = w,
and which vanishes in an open neighborhood of M x {1} C M x S!. By assumption, we can
write dw = Chg(f;) for some map on M x S', which restricts to the constant map to the
basepoint around some open neighborhood of M x {1}. Now denote by fi: M x I — Gryes
or fi: M x I — Ul the homotopy that one gets from restricting to the upper half circle.
Using Stokes’ theorem, we have

08, = [s2)ey = [ (@@), =107, ~ i3, +4 [,

I I
= wy + exact.

O

In the even case, restated in bundle language, this means that for any even form w, we

can find a trivial G-vector bundle F with connection d + A such that
Chg(FE,d+ A) — Chg(E,d) = w.

The non-equivariant proof of the Venice Lemma works by explicitly constructing the
needed connections, and then using an induction argument on the degree of the form. We
will discuss in the following how much of this proof can be adapted to the equivariant
setting, and what the challenges are that stop us from proving the full equivariant Venice

Lemma.

Lemma 15.2. If E = M x C" is a G-vector bundle with underlying trivial bundle with
connection V = d + A, then the pullback connection g*V satisfies

gV =d+g7(g"A)g,
where g* A is the pullback of the matriz-valued 1-form A.

PRrROOF. Since £ = M x C" is a trivial bundle, consider the standard basis of C", which

gives sections
ei: M - F
m > (m,e;).

Any other section s: M — E can be developed in this basis as s = >_ s;e;, where the

coefficients are functions s;: M — C. By definition, we have

Vs = stz & e; + SiVGZ‘ = stz & e; + SiAji (%9 €j,

i7j
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where A is a matrix of 1-forms that determines V. Any such section s can be pulled back
with the g-action to get a section s, which satisfies
3(m) = g~ 's(gm).

The pullback connection ¢*V on such sections satisfies by definition the identity

((g"V)3)(m) = g~ (Vs)(gm) o Tng.
Here T}, denotes the derivative of the g-action on M at the point m. We have to calculate
(g*V)e; for all i. Note that

ei(m) = g lei(gm) = g~ (gm, e;) = (m, g "es),

where the action in the last step is by the representation given on C". Note that G also
acts on the space of sections, where it modifies the basis vectors e; and ¢; in the following

way:
gei = Zgjieja gei = Zgjigja
J J

where the g;; are just the matrix entries of the matrix g in the representation on C". We

calculate:
((g"V)ei)(m) = Z((Q*V)gﬁgj)(m)
= igﬁ((g*v)'éj)(m)
= Z 9ji 91 (Ve;)(gm) o Tng
= Zgﬂ (A ® ex)(gm) © Tng
= ;gﬂ 9. (9" Ary @ e1)(m)
= %((gl(g*A)g)u ® e)(m).
This proves the claim. | 0

Proposition 15.3. (Abelian Venice Lemma for forms of degree 2) Let G be a finite abelian
group. Let w € Q%(M) be an exact delocalized differential form, which only consists of
differential forms of degree 2. Then, there is a trivial G-vector bundle E — M with

nwvariant connection V = d + A such that
Chg(E,V) — Chg(E,d) = w.

Additionally, if w vanishes on some invariant open subset U C M, we can arrange that

A=0o0onU.
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Proor. Consider the trivial line bundle Fy, = M x V over M, given by an irreducible
representation V. Let ay be a 1-form on M. Then —2miay is a connection 1-form on V.

Now the curvature of the connection

Vy =d — 2miay (23)
is given by

Vi = —2riday
which results in the Chern form

Ch(Vy) = Chg + Chy

1

— 1+ day. (24)

=14+

This calculation corresponds to the component Ch, for the identity of the equivariant
Chern character. Computing Chg in general is not much more difficult, since our bundle

contains only one irreducible representation. We just have
Chy(Vy) = try(9)Ch(Vy) = xv(9)Ch(Vy) € Q™" (M9).

If we do this construction for all V' € Irr(G) and take the direct sum bundle with direct
sum connection £ = @ Ey, then the total Chern form is the sum of all Chern forms.
Enumerating all irreducible representations and taking one representative g; for each

conjugacy class, we have the linear system of equations

Chy, (E) = x1(g1)Ch(V1) + x2(91)Ch(V2) + - -+ + X161 (91) Ch(Viey) (25)
Chy, (E) = x1(92)Ch(V1) + x2(92)Ch(V2) + - + x|/(92) Ch(Vig)

Chy,, (E) = x1(g1¢))Ch(V1) + x2(9i61) Ch(Va) + - - - + X161(g161) Ch(Vigy)

Since the coefficient matrix (x;(g;)):; is invertible by Lemma we can solve for the
left hand side. On the other hand, by Equation 24} we can make the Ch(V;) be any exact
form we want in degree 2.

Getting back to the claim we want to prove, recall that we are given a differential form
w = dga € Q% (M), which is just a collection of invariant exact forms da, € Qever(M*) We
can certainly extend all the o, to invariant forms defined on all of M, by just extending as
differential forms defined on a submanifold and then averaging over G. Using Equation [25|
we can regrade by the irreducible representations. Now, choosing the bundle E = @ Ey
with the Fy defined as trivial bundles with connections Vy,, we have almost achieved our

goal.
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We still have to check that the connection we just constructed is invariant. But all the
ay we constructed are invariant, and therefore, by Lemma [15.2] it immediately follows
that V is invariant. Also, if w = 0 on some invariant open subset U C M, then we can
arrange that & = 0 on the same subset. By Equation 23] it follows that A = 0.

O

Proposition 15.4. (Abelian Venice Lemma for forms of degree 1) Let G be a finite abelian
group. Let w € Qf(M) be an exact delocalized differential form, which only consists of
differential forms of degree 1. Then, there is a classifying map f: M — U such that

(i) The equivariant Chern form of f is equal to w, i.e.

Chg(f) = W.
(ii) The map f is equivariantly null-homotopic.

Additionally, if w = 0 on some invariant open subset U C M, we can choose f to be the

constant map to the basepoint on U.

PROOF. As in the even case, we will build a map with image contained in the fixed

point set
(UuHe= JJ un
Velr(G)

Then f splits into a product of fi,. The Chern form of each fy is

Chy(fv) = xv(9)Ch(fv).

Same as in the even case, the left hand side will be prescribed by the form w = @ wy,
where we again need to extend the w, to forms on all of M. We can invert the coefficient
matrix to find the Ch(fy) = dgy, which will be some exact 1-forms. Now choose the fy
to be

2
fv =exp (79\/) ; (26)
which has Chern form
i .
%tr(fvdfv) = dgy.

Since gy was an invariant function M — C, fy is an equivariant map. Then f =[], (fv)
will do the job.
If w = 0 on some open invariant subset, then we can choose gy = 0 for all V on U. By

Equation [26], we will get fi, = 1, the constant map to the basepoint, on U. O

Remark 15.5. Note that it was crucial for the proof that GG is abelian in both the even
and the odd case: We extended the invariant forms o, € Q(M9)% to invariant forms on
all of M. If GG is not abelian, we run into the problem that the forms w, we start with

are only centralizer Z(g)-invariant forms on the fixed point set M9. One idea would be to
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choose an extension to a form defined on all of M, and then average over the Z(g)-action.
This would give a Z(g)-invariant form that agrees over M9 with the form we started with.
With a slight modification of the above argument, taking the dimension of the irreducible
connections into account, one can cook up a bundle with connection in the even case or a
map into U' in the odd case that has the correct Chern forms. The problem is that the
connection will not be invariant, and the map will not be equivariant. If one could always
extend a Z(g)-invariant form on MY to a G-invariant form on M, this would solve the

case of low dimensional forms for all finite groups G.

Concluding the discussion of the restriction to abelian groups, let us see now what
goes wrong in the induction step, when one tries to go for higher degree forms. Since
we run into similar problems in the odd and even case, let us focus on the even case.
Recall that the higher Chern forms arise by taking higher powers of the curvature form
Q or the Maurer—Cartan form w. Therefore, if our target differential forms happen to
be wedge products of 1-forms, we can hope to reduce to the already known cases. The
non-equivariant proof exactly implements this idea: Suppose we have an exact (2k+2)-form

w = da. Assume that « is a basic form, i.e. there are global functions f;: M — C with

a= fidfa A--- Adfopyo. (27)

Since it follows from the Whitney Embedding Theorem that any form is a finite linear
combination of such forms, it is enough to consider this case. Now w can be written in a

slightly different way, namely

1
W= m(dfl Adfa+ -+ dforsr A dforse)™

This achieves our goal of writing w as a product. Now, let V' be a trivial line bundle over
M with

V =d—2mi(fidfa+ -+ forr1dforiz)

so that

V2 = =2mi(dfidfo + -+ + dfopr1d foro)-

Then Ch(V) has the correct (2k + 2)-Chern form, and Ch(V) — w is an exact form of
degree < 2k. By induction, the claim follows.
Now, if one tries to implement this strategy in the equivariant situation, one runs into

the following problem. After restricting to basic forms, we need that the form

fidfo+ -+ foprrd foryo

is invariant — otherwise we will not get an invariant connection. One might conjecture
that one can restrict to basic forms with only invariant functions f; by using some
kind of equivariant Whitney embedding theorem (which does exist), but the statement is
unfortunately already wrong for linear representations (see Example below). Therefore,
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at the present time, we do not have a fix for this, at least not without severely restricting
the kind of actions one allows. We remark that there are some results in this direction in

the case of finite reflection groups given in [Sol63, Main Theorem)].

Example 15.6. (Invariant functions are not enough) Consider for G = Zy = (7) the
Zs-manifold R? with antipodal action
T(l’,y) = (—Qf, _y)

Then, certainly, the volume form dzAdy is invariant. But any invariant function f: R? — C

necessarily has to have a vanishing derivative at (0, 0), since

—d f(0,0)(v,w) = df,0)(—(v,w)) = df0,0) (v, w).

This means that the form dx A dy cannot be written as a finite linear combination of basic
forms as in Equation 27, with invariant functions f;, as all of those would have to vanish
at (0,0).






CHAPTER V

Applications

16. Comparison to other models

We would like to compare our model to other attempts at defining differential equivariant
K-theory. Let K& and K% be two differential extensions of equivariant K-theory. The

natural notion of a map between differential extensions is the following one:

Definition 16.1. A natural transformation of smooth extensions of equivariant K-theory
is a natural transformation ®: K7, — K/ such that for any manifold M, ® commutes

with all the structure maps, i.e.

I'od=1
Rod=R
doa=ad.

Proposition 16.2. Any natural transformation of smooth extensions is an isomorphism.
PRrROOF. By definition, the diagram

K5 (M) 2% Qi Y(M) /im(dg) — Ka(M) — K&(M) —

0
KoY (M) —29 i Y(M) /im(dg) —2 K&(M) —1 K5(M) —— 0

commutes and has exact rows. By the five lemma, ® is an isomorphism. O

Because of this result, in the following, all the difficulty will lie in the construction of a

natural map between two models.

Comparison via cycle maps in the compact case. Let M be a compact G-manifold
and consider the even degree case. Let x € [A(g(M ). Since M is compact, we can assume
that x is represented by a cycle (f,w), where im(f) is contained in a finite-dimensional
Grassmannian. Therefore, by pulling back the universal connection, we get a G-vector

bundle with invariant connection (E, V), such that

z=[(f,0)] = [(£,0)] +[(1,w)] = cyclg(E, V) + a(w).

—

Assume that the target also has a cycle map cycllG (see Definition [13.2]). Then, we can

define the transformation ® from our theory to the second theory, using the cycle and

101



102 V. APPLICATIONS

action map of the new model:

O(z) = cycly(E, V) + d (w).

Proposition 16.3. The map ® is a well-defined natural transformation of differential

extensions. It follows that ® is an isomorphism.

PROOF. Let 2 € K%(M) and
x = cyclg(Eo, Vo) + a(wo) = cyclg(E1, Vi) + a(w:)

be two different decompositions of z. Since J oa =0 and [ o c/y\ch = cycly, we know that
Ey and Ej represent the same element in K&(M). Therefore, a bundle E — M x I exists,
which restricts to Fg @ K and E; & K under the inclusions i, i; at the endpoints, where
K is a G-vector bundle that is trivial as a vector bundle. For example by pulling back the
universal connection, we can assume that there is an invariant connection V on E, which
restricts to Vo @ d and V; @ d on the endpoints. It follows that

a(wy — w) = cyclg(Er, Vi) — eyclg(Eo, Vo)
= cyclg(Er & K,V & d) — cyclg(Ey & K, Vo & d)
= cyclg (i1 B, i7V) — cyclg(ig B, i§V)
= ijeyclg (B, V) — ijeyclg(B, V)

o [ r@auE )
—a (/I ChG(E,V)) .

In the second to last step, we used the homotopy formula (Lemma [13.7)), while the last
step follows from the definition of differential cycle maps (Definition [13.2)). We have shown
that

/ChG(E, V) — (wo — wy) € ker(a) = im(Chg) = ker(d),

I
by the axioms of a differential extension. Therefore, going backwards in the above chain

of equalities, we have
a'(wg —wy) =d (/ChG(E,V))
I

— ¢ ([ rdiE )

= ifeyclg(E, V) — ieyclg(E, V)

— —/
= cyclg(Er, Vi) — cyclg(Eo, Vo),
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which shows that ® is well-defined.
T}E\h/omomorphism property of ® is obvious. Furthermore, we easily check that, given
x = cyclg(E, V) + d(w), we have
I'o ®(x) = I'(cydlg(E, V) + d'(w))
= I'(eycl4(E, V)
= cyclg(E)
= I(cyclg(E, V)
= I(cyclg(E. V) + a(w))
= I(z),
using that [ oa = 0. We also have
R o ®(z) = R/(cyclg(B, V) + d'(@))
= Chg(FE, V) + dw
= R(cydg(E, V) + a(w))
= R(z)

and

This finishes the proof. 0

It is clear that the same proof applies to the odd cycle map. We therefore have the

following theorem.

Theorem 16.4. Let (Mg;, I';a', R") be a differential extension of equivariant K -theory on
the category of compact G-manifolds that admits a differential lift (gfaG of the even/odd
cycle map. Then, there is an isomorphism of the even/odd part of the differential extensions
® to our theory IA(E, defined via

= cydg(E, V) + a(w) — cycle(E, V) + d (w).

In particular, our model is the unique one that supports differential lifts of both the even

and the odd cycle map.

The Ortiz model. In [Ort09, Section 2.2], the author defines a differential extension of
equivariant K-theory based on the original model of Hopkins—Singer. As smooth models for
the classifying spaces, he uses the Atiyah-Singer |[AS69b, page 6] spaces .Z#* of Fredholm
operators with Clifford action, which can also be translated to the equivariant world by
the same trick used before: replace 5 with J# ® L*(G).
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Definition 16.5. Let M be a G-manifold. A cycle for Kg(M) is a triple
(f.1.w) € MapGoon (M, F8) x Qg (M) x QG (M)a

consisting of a smooth map f, a closed delocalized differential form w and another

delocalized differential form 7 in one degree lower. A cycle has to fulfill the relation
den = w — Chg(f).
Two cycles (f,n,w) and (f’,n,w’) are equivalent if w = w’ and there is a concordance
F € Map&, om(M x I, FE)
such that
n' =n— CSq(F) + exact,

where CSg(F') and also the Chern character above has to be interpreted with the definition
of Chg(F') given by Ortiz in mind.

Compared to our model, Ortiz uses triples instead of tupels in the cycle set, but this
is of course only a formal difference, since the same information is contained. A cycle
(f,w) in our model corresponds to the cycle (f,w, Chg(f) + dw) in the world of triples.
Secondly, there is the use of different smooth models for the classifying spaces. Using
spaces of Fredholm operators as in Ortiz’s model leads to the problem that there simply
is no known good cocycle representative of the universal Chern character on spaces of
Fredholm operators that is compatible with a suitable addition. Therefore, the cocycle is
only abstractly chosen in his paper. This leads to a very inconcrete description of both
the Chern character map and also the addition on K¢ in Ortiz’s paper, since one cannot
make concrete choices and check compatibilities. To this end, our work seems to be the
first complete reference that deals with all the technical issues that arise from equipping
kg with an abelian group structure, when working with the homotopical approach.

One would like to construct comparison maps between Ortiz’s and our model. These
should be induced by equivariant homotopy equivalences between the respective classifying
spaces. The challenge is to find smooth representatives of such maps, which are compatible
with the universal Chern forms. Beware that Ortiz does not choose a specific representative
for the universal Chern form, but instead just abstractly chooses a cycle on .Z°, which is
then transgressed via explicit homotopy equivalences to the other .#*.

Let us discuss the situation in degree zero. Here, we have the zig-zag of G-homotopy

equivalences,
Grpes < Upes — Fred,
where the space we use is on the left, and Ortiz’s model on the right. The maps are

X X_
given by the projection on the left and the map <X++ ¥ +> — X, .. Both of these
+7 —_
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are smooth, but there are no known smooth inverses. Recall that the smooth principal
bundle U,es — Grpes with contractible structure group U, x U_ is topologically trivial
and therefore admits a continuous section. Nevertheless, one cannot immediately find a
smooth section. Such a smooth section would correspond to a smooth version of Kuiper’s
theorem [Kui65, Theorem 3], which is not known. Similarly, we do not know a smooth
equivariant map U! — %/} that could be a candidate for the odd case.

But even if one does not succeed in finding such natural maps, one really only needs
to have smoothness on finite-dimensional test manifolds. Therefore, we expect there to
be a way to work on finite-dimensional approximations of the classifying spaces in order
to make the comparison, as described in |[BS13| Section 6]. Granted the existence of
such a “diffeologically smooth” G-homotopy equivalence ¢: Gr.es — #°, which fulfills

w*choi; = ch, it would give rise to a natural group homomorphism
oo K&(M) = K& 0001, (M)
[(fa UJ)} = [((10 o f7 w, ChG’,Ortiz(f) + dw)]

that commutes with the structure maps I, R and a. Therefore, by Lemma [16.2] it would
induce an isomorphism of differential extensions. This method of proof by approximation
would only produce an abstract map, though. At this point, it would probably be more
worthwhile to go directly for a proof of uniqueness of differential extension of equivariant
K-theory, analogous to the theorem known in the non-equivariant case. It was already
conjectured that this should be true in [BS13| Section 6].

Since we did not succeed in giving a full comparison map, we remark here that Ortiz in
[Ort09, Proposition 3.4] gives a version of his theory that is generated entirely by triples
(E,V,n) of a vector bundle with connection, together with a differential form. This gives
an obvious map that assigns to a geometric cycle (E, V) the triple (£, V,0). This is not
a cycle map in the usual sense though, since the identity R o c/yaG = Chg cannot be
guaranteed (recall that Chg(F, V) denotes the delocalized differential form that comes
from the equivariant Chern—Weil method, see the discussion after Definition . Instead,
the cocycle representatives that appear in Ortiz’s paper are just abstractly chosen and do
not have anything to do with these geometric representatives. If one could make universal
choices to guarantee this compatibility, then by the results discussed in the beginning
of this section, one would get an isomorphism at least of the even degree parts, in the
compact case. For now, we only get that the group-valued functors f(g and Kg,omz are
isomorphic, where the isomorphism commutes with the integration map I and the action

map a, while the notion of Chern forms differs.

The Bunke—Schick model. In [BS13, Definition 2.19], Bunke and Schick define a
version of differential equivariant K-theory using as cycles what they call geometric
families, together with a differential form. These objects were introduced by Bunke in

[Bun02, Section I1.4] in order to have a short name for the data needed to define a Bismut
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super-connection (see |[BGV03, Proposition 10.15]). This approach, compared to our
homotopical model, is more on the analytical side. The beauty of this description is that it
uses the same geometric objects to describe K, & as well as K &, where the difference is just
in the dimension of some vertical fiber. Unfortunately, the definition of geometric families
and the equivalence relation of “paired” geometric families involves quite a lot of data and
setup. Additionally, the paper uses the language of orbifolds. Therefore, it would probably
not be very helpful to include the definition here.

We would still like to discuss the existence of a comparison map from our model to
the Bunke-Schick model. First, we need to make the transition to the orbifold world. A
compact G-manifold M can be interpreted as a presentation of the presentable orbifold
B = [M/G]. Then, the equivariant K-theory K¢ (M) corresponds to the orbifold K-theory
K*(B). In [BS13, Section 2.2.5], the authors describe a way to get from a G-vector bundle
with connection to a class in their model, which gives rise to a cycle map. By the results of
the beginning of this Section, their even degree theory therefore is isomorphic to ours. It is
not clear to us how to produce a geometric family from a map f: M — U, and therefore,

we unfortunately cannot give a map in the odd case.

The Tradler—Wilson—Zeinalian model. As stated before, in the non-equivariant case,
there is a strong uniqueness property for differential cohomology theories, proved by Bunke
and Schick in |[BS10, Theorem 1.6]. Applied to K-theory, it says that the even part is
always unique, while the odd part is unique when we add in the additional requirement
of an S'-integration map. It turns out that when we restrict to the compact case and
the trivial group, our model of differential K-theory is isomorphic to the one proposed in
[TWZ16|, Theorem 4.25], which is exactly the unique model supporting an S'-integration.

We start by remarking that in the case of a trivial group, we have Lj (M) = K7, (M)
by Proposition . Recall that L’fe} (M) consists of Chern—Simons homotopy classes of
classifying maps.

The [TWZ16]-model is also based on smooth classifying spaces. For the odd part, they
use the stable unitary group U and define

K}(M) = Map(M, U) /CS—equivalence.

Since U does not admit a Banach manifold structure, the authors work with universal
cocycles given by the finite-dimensional differential forms (3)) on the filtration defined by the
inclusions of U(n) for n € N. It is immediately clear that our Chern forms choqq € Q°94(U?)

pull back to their Chern forms under the natural inclusions
U(n) — U <& UL

The second map also preserves the block sum. Since CS-homotopies go to CS-homotopies,
it induces a well-defined homomorphism i, : KL(M) — K*(M).
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Proposition 16.6. The natural homomorphism i, : f(% - K! preserves all the structure
of a differential extension, i.e. I oi, = Iy, i,0oar = a and Roi, = Ry. Furthermore, i, is

an isomorphism.

ProoFr. The compatibilities are easy to check and follow from ¢ being a homotopy
equivalence and pulling back ch to chy. It follows from Lemma that 7, is an isomor-
phism. 0

The even part of the [TWZ16|-theory is given by maps into the space of finite rank
projections on C>*_ = @, C C s, defined as

Proj = {7r € End(CX) | 7 = m,Spec(m) C {0,1},rank(m — 7o) < oo)}
~{VcC>, |C,CVCC?, forsomep,q€Z}.

Their basepoint is the space C°__. Apart from a change of basis, we can identify Proj
with the colimit of the finite-dimensional Grassmannians, which we denoted by Gryes oo in
Section [5] as follows: Denote by A: ¢ — 22 the change of basis which maps e; to e_; for

all 7. Then, we have a natural map

12 Proj = Gryes oo = Glyes

T— ATA.

This is well-defined, since ArA — 7, = A(m — mco_)A has image contained in some
HNn C im(AnA) C A . We check that it is a homomorphism for the block sum. We
have that m B m = p*m @ mep gets mapped to Ap*(m @ me)pA. On the other hand, the
block sum of the images is p*(A @& A)(m & m2)(A @ A)p. Comparing (A @ A)p and pA
as operators from S — A @ S (see Definition [6.4]), we see that they both map basis

vectors eg; to (e_;,0). On odd basis vectors, we have

(A® A)p(ezit1) = (0,¢;) and  pA(ezitr) = ple—air1)+1) = (0, €511).

Therefore, if we have f,g: M — Proj, then io (f B g) and (i o f) B (i o g) differ only
by conjugation with a fixed unitary matrix B € U, x U_ which shifts odd basis vectors
by one. By Lemma these are therefore CS-equivalent. We conclude that ¢ induces a

homomorphism of differential K-theory groups.

Proposition 16.7. The homomorphism i,: _f(% — K° preserves all the structure of a
differential extension, i.e. I oi, = Iy, i,0ar = a and Roi, = Rr. Furthermore, i, is an

1somorphism.

PROOF. As in the even case, we have that ¢ is a homotopy equivalence. We need to
check that i*ch = chy. The path-components of Proj are given by the rank map, where
by definition rank(V) = dim(V/CZY)) — N, if we assume that C=Y c V < CN_. This
agrees with the path-component of the image, which is indexed by virt.dim(A(V)). In

order to check that the positive degree parts of ch are compatible as well, we note that
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for the inclusion Gryon < Proj, the [TWZ16|-Chern character is calculated in terms of

traces of powers of the differential forms mdwdr. Pulling back along the composition
Grion — Proj = Gryes oo

on the other hand gives the forms Ardrwdr A, whose powers of traces agree with the ones
above. Since any map from a compact manifold factors through one of these Grassmannians,

we are done. ]

17. Examples

Already the point is an interesting example, since it illustrates the role that is played by

CSg-homotopies.

Proposition 17.1. We have isomorphisms
K (%) = Kg(x) = R(G)
Kg(+) = C[GI°/R(G).
PROOF. Since there are no odd forms on the point, every even cycle is of the form (f,0).
Furthermore, for the same reason, every homotopy has vanishing Chern—Simons form, and

the statement follows. In the odd case, start with a cycle (f,w), which we will simplify

step by step. By equivariance, any map from the point has to go to the fixed point set
)G 1
AL
For a homotopy f;, we write f; = (][] fv) . The components of the CSg-form then are
08,0 = [t = 5= 3 [ enetolo o (28)
T veém)
We have an equivariant splitting induced by the (Fredholm)-determinant map
SU % U(1) = U (29)
Under the isomorphism, the semi-direct group structure is given by
(n1, h) - (n2, ho) = (nhanghyt, hiho), (n,h) ' = (R 'n"th,h™1),
which yields that for (fy); = (n, ht), we have

(fv)e (fv)t—h n, ntht+h ht7

where the first term is in su(n) and the second one in u(1). Since su(n) consists of matrices
with trace zero, every homotopy that leaves the second factor in (29)) constant has vanishing

CSg-form. Therefore, the map f in our starting cycle (f,w) can be simplified to have
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image in
II va
Velrr(G)

We can furthermore always rotate it to map to the identity element in each factor, for the
price of adding the CSg-form of the homotopy to w. Therefore, any cycle is equivalent to
a cycle of the form (1,w), and we know that K% (%) is a quotient of Q%(x) = C[G]%, the
ring of class functions on GG. Now by the above considerations, the only possible way to
alter our cycle is by going around the circle an integral amount of times. By Equation [28]

going around the circle once in the V-factor changes our cycle the following way:
= (17 @wg) ~ (17 @wg + trV(g))
g g

Therefore, what we get is exactly the quotient of the ring of class functions with the
integral multiples of the characters, which can be identified with the representation ring

R(G). O

Next, we will study the circle S*. One can deduce from the exact sequence
0 — Q571" /im(de) /im(Cheg) % K&(SY) 5 K&(S') = 0
coming from the axioms of K¢ that there are exact sequences
0 — HE(S)/im(Chg) — K2(S') — K&(S") — 0 (30)
and 0 — Q%(SY)/R(G) — KL(S") — KL(SY) — 0.
The interesting part is to understand the kernel of I. Assume that the action on S is

trivial. Then, we can give a concrete description both cases. The following computation

already appeared in [BS13, Lemma 5.1], in a different geometric model.

Lemma 17.2. Let (E*,V*) be a pair of G-vector bundles with compatible hermitian
connection over S* with (E™),, = (E™),, as G-representations at some basepoint ro € S*.
For each g € G, the bundles split into a direct sum of bundles
= @ Ef
Velr((g))
according to the irreducible representations of the cyclic group (g) (see Lemma @ Then,

the corresponding element in K°(S') is

det hol(Ey;, Vi)
EY, V] - [(E-, V)] = try (g)] = !
(B - (B V) =a [ @5 Z wv(olog g @ v
g€G VEIrr v v

where vol is a representative of an integral generator of H'(S') and hol(E‘f,V‘i/) €
U(dim(F;5))/conjugation denotes the holonomy of the bundle.
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PROOF. Since the action on S is trivial, we can reduce to the non-equivariant case.
Let fi be the classifying maps of the bundles with connections, which have image in some
finite-dimensional Grassmannian subspace of Gr,e. Then the induced kg—class is given by
the tupel (f,0) = (f* Bflip(f7),0).

The image of f* is contained in Gr&,, and so they split into a product of maps

res’
HVGIH(G)( /). Since their representations at x( are isomorphic, for each V| there is a
null-homotopy to a constant map of the classifying map of the virtual bundle E}; — F},

(see Remark |5.12)), given by a block sum of homotopies

(fV)t = (f\j)t H ﬂlp(f‘;)t —> Grres

By the construction of the map a, the differential form corresponding to f; = f is the
CS¢-form of a null-homotopy to const 4, . Note that f, = HVEIrr(G)( fv )¢ is a null-homotopy
V ® ). Any such map can be connected

to a constant map to some subspace in Grl,(

by a CS-homotopy to consty g, . We need to calculate CS¢(f;). This form is given by

CSa(f) =P CS,(f) =P > trvly /Ch((fv))

geG 9€G Velrr({(g))

We are therefore interested in the (non-equivariant) Chern—Simons form of (fy);.
Since the image (fy): is contained in some finite-dimensional Grassmannian, we have a

path of actual finite-dimensional bundles with connections. We compute

OS((fv)y) = /I (fy)ichy = /I (i )iehs — (f)ichs

i
= o [ Baertirn — 9

det((fy)e)”

In the last step, we used that ch, of a bundle is the same as the first Chern class of its
determinant line bundle, i.e. the integral over ﬁ times its curvature. Recall that we are
interested in the cohomology class of this form in the exact sequence in Equation [30] The
integral over the circle gives an isomorphism Hj, gpam(S') = R. Therefore, we can find out

the multiple of an integral generator vol that we are looking at by integrating. This yields

/31 CS((fv)e) 27T/ / aet((£)0) ~ Laer((7)0)
=55 (— /m Qaer((£)0) +/DQ Qdet((f‘;)t)>

_ % (log hol(det(f;")) — log hol(det(f;))) ,

which shows that the function fi, corresponds to the logarithm of the determinant of the
holonomy of its induced bundles. Putting this together for all irreducible (g)-representations

V' gives the claim. 0
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Proposition 17.3. A delocalized cohomology class on S represented by a 1-form w € Q(S1)
gets mapped in the exact sequence (@) to a([w]) = [f.], where f, is the classifying map of
a trivial bundle
E= Ev= @ LvavV
Vel (G) Veln(Q)

where each summand is a line bundle with connection tensored with a representation (as
a trivial bundle with trivial connection). The connection on Ly is given by the local
connection form iay, where the collection o = (v, ayy, - - . ,oz|conj(g)‘) can be constructed

from w = (wy,, Wy, , - - - wia the rule

) wg\Conj(G)\ )

a=A"w.
Here, the matriz A is given by A = (dim(Vi)x;(gj))i;- In the odd case, a function
=D, py € Q(S") gives rise to an element in K'(S') via the exponential map in the
following way: Reindez as in the even case using the irreducible representations by applying
the matriz B = (xi(g;))i; and setting a = (aw, ..., ay,) equal to

a= Bty
Then, we have
2m
o) =1 IT esoZav))
Velrr(G)

PROOF. Let iay € Q'(S;u(1)) be a local connection form for a trivial line bundle
Ly — M. Consider an irreducible G-representation V. Then, after choosing a basis for V,

there is an induced connection on the trivial frame bundle
PV = FI'(Ev> = FI'(LV X V),

which we denote by

dim(

V)
iy =i [] av.
i=1
Let
s: I — P=S"x U(dim(V))
t— (2, H(1))

be a horizontal lift of the fundamental loop on S, starting at the identity, where z =
exp(2mit). This lift is block diagonal for the product decomposition into copies of U(1)’s,
so we have H = [[ H;, with H; = H; for all 7, j. If we write a, = a(z)dz, the blocks are

determined by the equation

iay(2)dz = Hy(2) ' H(2)dz,
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which we can integrate over the interval and exponentiate in order to get

exp <z /5 av(z)dz) ~ exp (/IH(Z)lH’(z)dz> 1),

In the last step, we used that for any path h: I — U(1) starting at h(0) = 1, we have

h(s) = exp </ ht_lhtdt) :
0

which can be seen by noting that k(s) = h; ' exp( [ h; *h,dt) satisfies k(0) = 1 and k(s) = 0
for all s. Note that H(1) = [] H;(1) is precisely the holonomy of the connection ify. Since
there is only one irreducible representation in the decomposition of Ey, by Lemma [17.2]

we have

1
[Ey,d+ify] =a (@ %trv(g)log det hol(Ey ) VOl)

geG

=a (@ %mtrv(g)log H det H;(1) vol>

geG

—q (@ dim (V)try(g) (% /S 1 av(z)dz> VOI)

Note that in the third step we replace a form by another form cohomologous to it.
Consequently, if we do this construction for all irreducible G-representations V', we can
consider the bundle £ = @ Ey with the direct sum connection form of all the ify. Then,

it is clear that

E.Pd+i]=a| Y wv

Velrr(G)
= a(w).
We are interested in the g-component of the form w. This basically means that we have

to reindex from using the |Conj(G)|-many irreducible G-representations to the actual

conjugacy classes by using the character map.
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If we enumerate the irreducible G-representations V; with characters x; as well as a

representative g; for each conjugacy class in GG, we have the system of linear equations

wg, = dim(V1)x1(g1)av, + dim(Va)x2(g1)av, + - - - + dim(Vig) xja)(91) v,
wg, = dim(V1)x1(g2)av; + dim(Va)x2(g2)av, + - - - + dim(Vig)) xja) (92) avig,

Wy o = dim(Vi)x1(giq))av + dim(Va)xa(gie))av, + - + dim(Vig)) xi6)(916)) avig, -

Note that the coefficient matrix A = (dim(V;)x:(g;)):; is always invertible, since the
characters form an orthonormal basis of the set of class functions on G' (Lemma [7.10)).
Therefore, for any given w = € s Wg: there is a collection of differential forms ay;, such
that

Finally, as shown in the first part of the proof, the bundle £ = @ Ey with connection
the direct sum connection, as constructed, is the image under a of the differential form
w e QLS.

For the odd part, consider a cycle (f,0) € Kg(S"). Since the action is trivial, every
cycle is equivalent to a cycle of this form. Again, f =[] fv splits into a product over the
irreducible G-representations. Assume that (f,0) € ker(/). That means that there are
null-homotopies (fy); from (fy); = fi to the constant map to the basepoint for all V,
which can be put together to a null-homotopy f; from f to 1. The Chern—Simons form is

i . .
o5 (2) = CS(NE) = 3= [ () n)) dr
By the splitting in (29)), we can assume that (fy):(z) takes values in U(1) C U'. Then, for
fixed 2, the integral on the right is over a path that starts at 1 € S*, and we use the same

argument as in the even case to conclude that

o (Zog, 1) = ([ (G at) = ). 1)

Now, similar to the even case, if we are given a form w = @, w, € Q4(S"), we want to
reindex to using the irreducible G-representations. This works by applying the inverse of
the matrix B = (xi(g;))i . It follows that by defining f: S* — U! to be the product for
all V' of the maps on the left hand side of , followed by the inclusion U(1) — U, we

have successfully recovered the function f from the given form w. O
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18. Further research and open questions

Groups. Our model only allows finite groups to act on our manifolds. While this is
already an interesting case, ideally, one would like to extend to a bigger class of groups.
The two obvious candidates are infinite discrete groups and compact Lie groups. In both
cases, there are some serious technical difficulties to overcome. For example, our definition
of delocalized cohomology does not make sense for infinite groups.

In the first case, if one is willing to restrict to proper actions of discrete groups, Liick and
Oliver showed in [LO01, Theorem 5.5] that there is still an equivariant Chern character.
The target of this Chern character is Bredon cohomology, which is isomorphic to delocalized
cohomology for finite groups. The problem that arises with our classifying space based
approach is then that the representation theory for discrete groups is quite complicated.
Recall that a lot of our constructions relied quite heavily on the fact that we can write
the fixed point sets just as products over all irreducible representations. This will not be
possible anymore in the case of an infinite discrete group.

For compact Lie groups, we still have more control over the representation theory,
since we have the Peter—Weyl theorem. Therefore, it seems much more likely that one
can generalize to this case. Nevertheless, one needs to be careful that the summability
conditions on our spaces are preserved throughout all the constructions, since, for example,
the sum of infinitely many trace class operators is not guaranteed to be trace class anymore.
Another problem is that there is in general no equivariant Chern character for compact
Lie groups. For example in |[Hae85], Haeberly constructs an example where such an
isomorphism is impossible. However, the example uses a circle action with fixed points.
On the other hand, it is shown in [AR01}, Corollary 5.5, Remark 5.11] that almost free

actions of compact Lie groups do in fact admit appropriate equivariant Chern characters.

Product. Differential equivariant K-theory admits a product structure. On the spaces
of Fredholm operators in |Ort09], this is explicitly induced by a sort of tensor product of
Fredholm operators, similarly to how the block sum induces the addition. It should be
possible to come up with a tensor product formula for the spaces of operators that we use
in our model. The challenge here is again that the summability conditions that we put on
our operators are much more rigid and harder to preserve then just Fredholmness when
defining a product map. For this reason, the formulas from [J&n65] do not work on the

nose and have to be tweaked. We suspect that this can be done.

Pushforward. Ortiz constructs a push forward map in his model [Ort09, Section 5]. For
an equivariant fiber bundle p: X — Y, where X is compact and the fiber has dimension n,

this is a map
K{(X) = KE(Y).

He then conjectures an index theorem in differential K-theory. It would be interesting to

see if his map has an explicit description in our model.
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Calculations. Differential K-theory is in general quite hard to compute, and there are
definitely not enough examples that have been evaluated. Since the spaces Gr,es and U!
have been studied a lot and are by now quite well understood, we hope that our model

can help enlarge the list of computable examples in the future.

Representations of loop groups. One of the main sources for the properties of the
space Gryes is the book [PS88| Section 7] by Pressley and Segal. Here, this space is studied
for a completely different reason, namely in order to understand the representation theory
of loop groups. These are the infinite-dimensional Lie groups that arise from taking
the loop space of a Lie group. They are in some sense the simplest infinite-dimensional
Lie groups, since they often behave like compact groups. Let K — U(n) be a unitary
representation for a compact Lie group K. Then, the free loop group LK = €>(S!, K)
acts unitarily on the Hilbert space ## = L*(S',C") by

i: LK — U()
o= M,,

where My (f)(t) = ¢(t) - f(t). This is the multiplication operator map from Lemma [10.5]
Now as discussed in that lemma, the image of this map is in the restricted unitary group,
and we can compose with the projection to get a map to Grys. Actually, when one takes
the quotient with respect to the based constant loops K C LK, one gets an embedding of
the based loop space

OK 2 LK/K < Gryes.

The properties of this embedding are discussed in [SWO00]. In this sense, a representation
for a compact Lie group K gives rise to maps from both the free and based loop space into
the restricted Grassmannian, which we might interpret as differential K-theory classes. It

would be interesting to understand this connection better.

Uniqueness of equivariant extensions. In the non-equivariant case, there is a strong
uniqueness property that asserts that there is up to isomorphism only one differential
extension of topological K-theory that admits an S!-integration map. Since the underly-
ing homotopy theory for equivariant K-theory shares the basic relevant features, it was
conjectured already by Bunke and Schick [BS13, Section 6] that a similar uniqueness
theorem can be established in the equivariant case. It will definitely be necessary to
make some assumptions about compatibility with additional structure like integration
maps, since even non-equivariantly, there are infinitely many differential extensions of odd
K-theory (see [BS10, Section 6]). On this note, we remark that we proved in Section
that there is a unique differential extension of equivariant K-theory that supports
differential lifts of the cycle maps.
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Extension to infinite-dimensional manifolds. Our approach with infinite-dimensional
classifying manifolds in principle gives a straight-forward definition of differential equivari-
ant K-theory for any object that supports the notion of differential form, and for which
we can make sense of smooth maps into a Banach manifold. Certainly, a generalization
of the definition of K¢ to the category of smooth Banach manifolds, or even smooth
Banach G-manifolds, seems natural. Ideally, one would like the functors K¢ to be defined
on the classifying objects itself. The main challenge for such an extension is, that it
it no longer possible to smoothly approximate any continuous map by a smooth on an
infinite-dimensional source manifold. This makes it harder to prove the realization results

of differential forms as Chern forms that we need. In particular, in the proof of Proposition

[10.2| and [10.7], we can no longer cop out and use a cohomological argument, since we

cannot smoothly approximate in the end. As already mentioned in this chapter, one
possible solution would be to consider the periodicity maps hogq and Aeyen as smooth maps
between infinite-dimensional manifolds, and to try to explicitly calculate the pullback of

the equivariant Chern character to the loop space.
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