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Abstract

D-modules of pure Gaussian type are examples of differential systems on the complex pro-
jective line with an irregular singularity and as such are subject to the Stokes phenomenon.
Recently, the theory of enhanced ind-sheaves and the Riemann—Hilbert correspondence for
holonomic D-modules of A. D’Agnolo and M. Kashiwara have stimulated the study of ir-
regular singularities. In this thesis, we apply their result in order to describe D-modules
of pure Gaussian type and their Stokes phenomena in a topological way. We use this de-
scription for computing — still solely by means of topology — the Fourier—Laplace transform
for this class of D-modules. In particular, we recover (with a completely different proof)
results of C. Sabbah about the Stokes data attached to the Fourier—Laplace transform, and
we show that our methods yield analogous results in more general situations.

Zusammenfassung

D-Moduln vom reinen Gauk-Typ sind Beispiele fiir differentielle Systeme auf der kom-
plexen projektiven Geraden mit einer irreguldren Singularitdt und unterliegen als solche
dem Stokes-Phénomen. Die Theorie der erweiterten Ind-Garben (enhanced ind-sheaves)
und die Riemann—Hilbert-Korrespondenz fiir holonome D-Moduln nach A. D’Agnolo und
M. Kashiwara haben unldngst das Studium irregulérer Singularititen neu angeregt. In
dieser Arbeit wenden wir deren Resultate an, um D-Moduln vom reinen Gauft-Typ und ihre
Stokes-Phénomene auf topologische Weise zu beschreiben. Wir nutzen diese Beschreibung
zur — weiterhin rein topologischen — Berechnung der Fourier—Laplace-Transformation fir
diese Klasse von D-Moduln. Insbesondere erhalten wir (mit einem vollkommen anderen Be-
weis) Resultate von C. Sabbah iiber die Stokes-Daten des Fourier—Laplace-transformierten
Systems und wir zeigen, dass unsere Methoden entsprechende Resultate in allgemeineren
Féllen liefern.
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Introduction

Algebraic Analysis studies systems of linear partial differential equations from an alge-
braic point of view. The algebraic analogue of such a system is a D-module, a module
over some (noncommutative) ring of differential operators. In recent years, new impulses
have been given to the study of holonomic D-modules with irregular singularities, relying
on a remarkable result by A. D’Agnolo and M. Kashiwara: the Riemann—Hilbert corre-
spondence for holonomic D-modules (see [6]). It generalizes the classical Riemann—Hilbert
correspondence for regular holonomic D-modules and allows for a topological investigation
of systems with irregular singularities. Various works have been published within the last
years, seeking to exploit the power of this new approach in order to reconstruct well-known
results in the new framework or treat further cases which have not been solved with the
previous methods.

Differential systems of pure Gaussian type have been investigated by C. Sabbah in [38].
They are D-modules on the complex projective line whose only singularity is an irregular
one at infinity, where the formal type involves exponents of the form 555 (for 2" a local
coordinate at co). Therefore, with exponential factors being quadratic monomials (in the
local coordinate at 0), they are natural examples of D-modules with irregular singularities.
In particular, nontrivial Stokes phenomena may occur at the singularity. They are usually
described by linear algebra data (i.e. matrices relating lifts of formal solutions on different
sectors).

An interesting but generally difficult problem is the computation of the Fourier—Laplace
transform of a D-module. In particular, one aims at describing the Stokes data of the
Fourier—Laplace transform of a D-module in terms of the Stokes data of the original sys-
tem. D-modules of pure Gaussian type are particularly nice examples for studying such
a question: They are unramified, and (for example by the stationary phase formula) they
are closed under Fourier-Laplace transform, so the Fourier-Laplace transform of such a
D-module is again of pure Gaussian type. In his work, C. Sabbah obtained an explicit
transformation rule for the Stokes data under the assumption that all the complex param-
eters ¢ appearing in the exponential factors share the same argument. He defined Stokes
data and proved his result in the context of Stokes-filtered local systems. In this thesis,
in contrast, we are going to work in the context of enhanced ind-sheaves established by
D’Agnolo—Kashiwara.

Before stating the aims of the thesis, we will describe the ingredients and a short history
of the topological approach that we are about to apply.
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Riemann—Hilbert correspondences and the Stokes
phenomenon

In 1900, David Hilbert presented his famous 23 problems at the International Congress of
Mathematicians in Paris. The twenty-first of these problems was formulated as follows:

,Aus der Theorie der linearen Differentialgleichungen mit einer unabhéngigen
Verdnderlichen z mochte ich auf ein wichtiges Problem hinweisen, welches wohl
bereits Riemann im Sinne gehabt hat, und welches darin besteht, zu zeigen,

daf es stets eine lineare Differentialgleichung der Fuchsschen Klasse mit
gegebenen singuldren Stellen und einer gegebenen Monodromiegruppe giebt.‘

It has been found that in this precise formulation the above existence statement is not
true. Nevertheless, the idea of this problem — proving some sort of correspondence between
differential systems and their solution spaces — has been a starting point for various works
in the sequel.

The classical Riemann—Hilbert correspondence, proved independently by M. Kashiwara
and Z. Mebkhout (see [18] and [30]), could be considered an answer to a generalized version
of Hilbert’s orginal question. It states that the holomorphic solution functor defines a
(contravariant) equivalence of categories between the bounded derived category of regular
holonomic D-modules on a complex manifold X and the bounded derived category of
constructible sheaves on X:

b op Sox. b
Dreghol(DX) P — Déonstr(Cx)-
In its non-derived version, it gives an equivalence between the category of regular holo-
nomic D-modules and the category of perverse sheaves. Such an equivalence is a powerful
tool since it provides a “dictionary” for translating between problems related to regular
holonomic D-modules and problems in topology.

During the last decades a lot of effort has been put into the search for a generalization
of this result, where one can drop the regularity condition. A key observation concerning
systems with irregular singularities has already been made by G. G. Stokes in 1857 (cf.
[40]): In a neigbourhood of such a singularity, formal solutions do not necessarily converge.
In general, they admit asymptotic lifts on small sectors around the singularities, but the
asymptotic behaviour of holomorphic solutions (even if they are globally defined outside
the singularity) may change when one crosses certain angles, the Stokes directions. This is
nowadays called the Stokes phenomenon, and there are various ways to formally represent

Y[I3], p. 289f.
English translation (from [14], p. 470f.):
“In the theory of linear differential equations with one independent variable z, I wish to indicate an
important problem, one which very likely Riemann himself may have had in mind. This problem is as
follows: To show that there always exists a linear differential equation of the Fuchsian class, with given
singular points and monodromic group.”
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this phenomenon by so-called Stokes data, which describe the relation between the asymp-
totic lifts of the formal structure on different sectors. In the language of D-modules, this
formal structure and its analytic lifts are formalized in the theorems of Levelt—Turrittin
and Hukuhara—Turrittin.

It turns out that, defining Stokes data appropriately, they yield a suitable target category
for a generalized Riemann—Hilbert correspondence. Such an approach is due to P. Deligne
(see [9]), and it provides a Riemann—Hilbert correspondence for (not necessarily regular)
holonomic D-modules in dimension 1, with the category of Stokes-filtered local systems as
a target category (cf. also |29, 137]).

A different approach was proposed by M. Kashiwara and P. Schapira. They developed
the theory of ind-sheaves (]|24]), which permits a sheaf-theoretic study of functions with
growth conditions, and they showed that this is a first step towards a topological treatment
of irregular holonomic D-modules. In 2013, A. D’Agnolo and M. Kashiwara presented
their theory of enhanced ind-sheaves (see [6]), combining these methods with the idea
of “enhancement” (that is, introducing an additional real variable in the base space) by
D. Tamarkin (J41], cf. also [3]). They showed that the category thus defined admits an
embedding of the derived category of holonomic D-modules. In other words, there is a
fully faithful functor

b op Sol}E( b
Dhol (DX) E (I(CX)a

called the enhanced solution functor and actually extending the holomorphic solution
functor from the classical Riemann—Hilbert correspondence. This result is known as the
Riemann—Hilbert correspondence for holonomic D-modules. The enhanced solution functor
Sol}E( is not an equivalence, but it is valid in any dimension. Its essential image has been
described in work of T. Mochizuki (]|32]), although a description in terms of constructibility
as in the classical case has (up to now) not been obtained completely.

The construction of the target category EP(ICx) is technical, but it is related to sheaf
theory of vector spaces and hence of a topological nature. The Riemann—Hilbert correspon-
dence for holonomic D-modules can therefore be used to translate problems from D-module
theory into topology. Since the functor is fully faithful, the object Sol¥ (M) associated
to a holonomic D-module M must also contain all the information about the Stokes data
attached to M. Even more, in dimension 1 it must be determined by the Stokes data.
Therefore, objects in the essential image of Sol% should be describable in terms of Stokes
data. In [6, §9.8], the authors indicate some ideas regarding the representation of enhanced
solutions in terms of gluing data. Using these ideas, the theory has since been applied to
the study of Stokes phenomena and Fourier-Laplace transforms (see e.g. [26] [7, 14, [17]).
Other approaches to the computation of Fourier—Laplace transforms of Stokes data have
recently been developed in [31], [33].
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Outline of the thesis

Let us now give an overview of the aims and the structure of the thesis. As mentioned
above, the Riemann—Hilbert correspondence of A. D’Agnolo and M. Kashiwara is a pow-
erful result and provides new machinery to work with irregular holonomic D-modules.
Even in dimension 1, where earlier approaches (like Stokes-filtered local systems) already
yielded a Riemann—Hilbert correspondence, the new ansatz can make the situation clearer.
Therefore, we employ the theory of enhanced ind-sheaves in the case of D-modules of pure
Gaussian type. With regard to the Fourier-Laplace transform, there is another reason
for preferring the enhanced solution functor to the approach via Stokes-filtered local sys-
tems: The former has better functorialities, and one avoids constructions using sequences
of blow-ups when computing direct images (as they were used in |12, [38|, for example).

The main goals of this thesis are the following: Eventually, we want to gain an under-
standing of the Fourier-Laplace transform for D-modules of pure Gaussian type in the
framework of enhanced ind-sheaves. In order to carry out the necessary computations,
we first need to explicitly describe the enhanced ind-sheaf associated to such a D-module
via the Riemann—Hilbert correspondence. Using this description, we can then compute
the Fourier—Laplace transform in a purely topological way, computations which in the end
reduce to sheaf theory and algebraic topology. We will recover Sabbah’s result and show
that it can be generalized to a similar statement in a case where we impose less strict
conditions on the parameters. Apart from the explicit results we obtain, an important
conclusion is the following: The construction of the category of enhanced ind-sheaves is
quite technical and it might not be obvious at first sight how to deal with these objects
in explicit situations. It is therefore also one of the aims of the thesis to show that this
approach yields results in practice.

The results of this thesis have partially been published in the article [15].

In Chapter [1} we recall important notions and results from the theories involved. In par-
ticular, we give a very brief summary of the theory of enhanced ind-sheaves and enhanced
sheaves. We also prove first statements, which will be of use later. In particular, we
describe the structure of enhanced solutions of meromorphic connections on small sec-
tors around an irregular singularity in dimension 1: The isomorphisms from the classical
Hukuhara—Turrittin theorem induce decompositions

7 1Cs ® SolY (M) = 77 'Cs & @D Sol} (£%) (V)
i€l

for a finite family of meromorphic functions (¢;);er and any sufficiently small sector S
centred at the singularity. Here £¥ are exponential D-modules. (The precise statement is
given in Proposition [1.12])
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It is the aim of Chapter |2/ to describe explicitly the enhanced solutions of a D-module M
of pure Gaussian type. Such a D-module is a meromorphic connection on the Riemann
sphere P! with only one (irregular) singularity at co and exponential factors of pole order
two.

Definition. Let C C C~ {0} be a finite subset. Then a holonomic Dpi-module is said to
be of pure Gaussian type C' if

(I) M is a meromorphic connection with pole at oo, i.e.
M ~ M(xo0) and SingSupp(M) = {0},

(II) M has an unramified Levelt-Turrittin decomposition at oo of the form

Mo~ @ (£777 & R.) L (LT)
ceC

for regular holonomic Dpi-modules R, and a local coordinate 2’ at oo.

We develop rigorously the ideas of [6, §9.8] in this case. That is, we investigate the Stokes
phenomenon on the topological side of the Riemann—Hilbert correspondence. We will use
gluing techniques similar to sheaf theory for the enhanced ind-sheaves involved. More
precisely, we model gluing by short exact sequences and distinguished triangles. Although
the third object of a distinguished triangle is, in general, only determined uniquely up to
a non-unique isomorphism, it will turn out that uniqueness of this isomorphism is always
guaranteed in our constructions.

Most of the times, we will work with closed sectors, and a closed sector at co is given as

S={2€C|R<|z|<oc,argz€ [0 —c,0+¢]if 240} CCCP!

with R € R>g, § € R/27Z and ¢ € R>p. In particular, although we investigate the
singularity at oo, it will be possible to set up a lot of concepts in the complex plane
C = P! \ {co} with local coordinate z = % at 0. We obtain a description of Sol]}}fl (M) in
several steps:

> Width of sectors
First, we prove a result (well-known in the context of Stokes-filtered local systems)
about the width of a sector on which a trivialization of the form @ exists: If the
sector S (centred at oo) has sufficiently small radius and does not contain more than
one Stokes direction for any pair of exponential factors, one can guarantee the existence
of a decomposition (see Proposition

“Re 22,y
7 1Cs @ Solf (M) ~ @D (Eg ),
ceC
—Re £22 .
where Eg Regs™ _ 7 1Cs ® 501%1(5_5'22) and r. is the rank of R, from . The

Stokes directions are determined by the lines where the order (by absolute values) of
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the functions e~ 5% changes, and there are four of them for any pair of exponential
factors. In particular, four sectors Sy, ..., Sy with trivializations

_ —Re z
o T 1(C5k ® Solpl ) = @
ceC

are enough to cover all directions.

> Stokes multipliers
Once a suitable generic (i.e. non-Stokes) direction 6y has been fixed, it determines a
numbering of the elements of C if one requires Re (1) e’ < . < Re C(T")ezeoi. The
transition isomorphisms

Qg1 © alzl € Aut(@ (Esklifskjl) )
ceC

can be represented by invertible matrices oy, which are upper (resp. lower) block-
triangular if &k is odd (resp. even). These matrices are called Stokes multipliers of M
with respect to 8y. Moreover, it follows that the monodromy is trivial: o4030901 = id

(see Proposition .

> Radius of sectors and reduction to enhanced sheaves
Since there are no other singularities outside co, one can choose the radii of the sectors

S1,...,84 arbitrarily. Hence, we can increase them up to the origin. In this way, the
four sectors cover the whole complex plane.

. —Re £22 — R _Re £22
Noting that ES €27 (C ®E 2 Z , where ES €2 _ C{(z,t)erR|zES,t—Re%z220} S

Mod(Ccxr), one can ﬁnally reduce everything to sheaf theory:

Theorem (see Theorem [2.15). Let M be of pure Gaussian type C and set v = (rc)cec-
Let 0y be a generic direction and o = (O’k)kez/4z a family of Stokes multipliers with respect
to 0y. Then

+
Solgi (M) ~ CE, @ F&Por,

Here, F5 GO0 ig an enhanced sheaf of pure Gaussian type, i.e. a sheaf on C x R isomorphic
—Re £22 . .. . . . .

to D.cc (ESk °2* )7”C on S; x R with transition isomorphisms given by the matrices o =

(Uk)keZ/4Z~

> Stokes data and a Riemann—Hilbert correspondence
The above theorem is used at the end of the chapter to describe the essential image
of D-modules of pure Gaussian type under the functor Solﬂ,Eb1 and to state and prove a
Riemann—-Hilbert correspondence for those D-modules (in the spirit of [38]). A suitable
category of Stokes data serves as its target category.
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Chapter [3 is devoted to the study of the Fourier-Laplace transform. The latter is an
integral transform given by

"M = Dpy,, (€77 @ DpiM)

for a Dpi-module M, where p,: P! x P — P! and p,: P! x P}, — PL denote the projec-
tions. (The index denotes the local variable in the chart C C P! at 0.)

Let now M be of pure Gaussian type. Due to the functoriality of the enhanced solution
functor and the above theorem, we can conclude

Solf, (“M) = CE, & R (Eghez” & 5 FO4o).

= Eff’eo'm
Here, p: C, xCy xR—-C, xR and q: C, x C,, x R - C,, x R are the projections.

We can therefore determine the Fourier-Laplace transform "M of a D-module of pure
Gaussian type by computing the topological Fourier-Laplace transform 5.7-}0 0T of the

associated enhanced sheaf of pure Gaussian type, and we examine three cases:

1) The simplest D-module of pure Gaussian type, namely the exponential D-module £ —52°
on P!, will help us to get a first glance at the ingredients of such a computation. In this

. .. . . —Re £22
case, the Stokes phenomenon is trivial and the associated enhanced sheaf is E 2% We

will prove that (see Proposition and Corollary

EE(E Regs” ~ Egeiw and hence Le—52" ~ g2cw’,
This is done by purely topological methods: The crucial step will be to compute the proper
direct image Rq (C{(z,w,t)e(czxcwa|t—Re(§z2+zw)20}- Its stalks are the cohomology groups
with compact support of the space described by # — Re(%z2 + zw) > 0 (as a subset of the
complex plane C,, i.e. for fixed £ and ), and these are determined by means of algebraic
topology.

2) Next, we consider the case of a parameter set whose elements all have the same argument,
which we denote by argC. Let C' C C ~\ {0} be a finite subset such that argc = arg C for
any ¢ € C. Let r. € Z~( be a positive integer for any ¢ € C' and set 0y := —% arg C'. Let
0 = (0k)rez/az be a family of four block matrices (with block structure induced by the
r. and y) such that o is upper (resp. lower) block-triangular for k odd (resp. even) and
04030201 = id. We prove the following result.

Theorem (see Theorem . If we set C = -1/C, 50 =7—0y and T := (r—i)aeé’ there

is an isomorphism in DP(Cexr)

LpCoor ~ FCOE,
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Note in particular that the gluing matrices o remain the same. As an immediate corol-
lary, we recover a result of C. Sabbah from [38].

Corollary (see Corollary . Let M be of pure Gaussian type C where argc = argd for
any c¢,d € C. Denote by arg C' the common argument of the elements of C. Then “M
is of pure Gaussian type C = —1/C. Moreover, if o = (Uk)kez/4z is a family of Stokes
multipliers for M with respect to the generic direction 6y = argC then o is also a
family of Stokes multipliers for “M with respect to the generic dzrectzon 90 =m —bp.

Let us sketch the idea of the proof of the above theorem:

— Firstly, we choose a suitable decomposition of the complex plane C, into four sectors
. _Re £22 —Re £22 .. ..

S1,...,84. We compute the objects ['Esk °2% and EESkﬂZi:' This is done similarly

to the case of a single exponential. However, the spaces whose cohomology groups need

to be determined are more complicated here.

— Secondly, writing for short F := ]:UC ’HO’E, we consider the sequence
0— .7'-$1U52 — ]'-31 D .7'-,52 — .7'—,51032 — 0,

which gives a distinguished triangle in DP(Ccyg)

+1
ﬁfS1U32 — E}—Sl D ﬁJT"SQ — L—FSmSg —>7

whose last two objects have been computed in the first step and which therefore yields

a description of the first object.

Similar distinguished triangles describe F33us4 and finally LF. After choosmg a suit-
able decomposition of the complex plane C, into four sectors Sl, .. 54, one proves

-R
that £F decomposes as @cec ( e )

with the desired gluing matrices.

3) In the last part, we prove a very similar result in a case with parameters not necessarily
on the same half-line through the origin. Precisely, we consider the case of two parameters
c,d € C* where

argc € [0, g) and arg(d—c) € [argc, g) (L)

We show that the proof of the case with constant argument can be adapted to this situation.
Here, we treat in particular the case of two parameters lying in the first quadrant and ranks
re =14 = 1 (we therefore suppress the ranks r in the notation).

Let C = {¢,d} € C* such that is satisfied. Set 6 ;== —3 arge. Let o = (Ok) ez az
be a family of four 2 x 2-matrices such that oy is upper (resp. lower) triangular if & is odd
(resp. even) and 04030201 = id. The result is the following.

Theorem (see Theorem . If we set C = ={-1 -1} and 0o := 7 — Oy, there is an
1somorphism in Db((C@X]R)
5]:00790 ~ ]:00790.
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Corollary (see Corollary |3.23). Let M be of pure Gaussian type C' = {c,d} such that

holds. Then "M is of pure Gaussian type C = {—%, —é}. Moreover, if o = (0k)rez/az 15
a family of Stokes multipliers for M with respect to the generic direction 6y = —% argc,

then o is also a family of Stokes multipliers for LM with respect to the generic direction
00 =T — 90.

Some of the technical considerations are not given in the main text but can be found in the
appendices. Appendix[A is devoted to constructible sheaves, in particular constant sheaves
on locally closed subsets of a topological space (extended by zero outside these subsets).
Appendix [B]studies cohomology groups with compact support of certain regions appearing
in our computations of the topological Fourier—Laplace transforms in Chapter 3| In these
appendices, we also recall some notions and well-known properties, and we prove easy
consequences which are used in this work or which are helpful for a better understanding
of its content.






Chapter 1.
Enhanced ind-sheaves and D-modules

In this preliminary chapter, we clarify notation and recall some notions and concepts from
various sources which we will use later. We also state several known results and prove
additional facts and corollaries which will be useful for our purposes.

A good topological space is a topological space which is Hausdorff, locally compact,
second-countable and of finite flabby dimension. In particular, any (topological) manifold
is good.

Throughout this thesis, we will denote by k the field of complex numbers, i.e. k = C.

1.1. Sheaves and ind-sheaves

Let X be a good topological space.

We denote by Mod(kx) the category of sheaves of k-vector spaces on X and by DP(kx)
its bounded derived category. Furthermore, for a morphism f: X — Y of good topological
spaces, the six Grothendieck operations for sheaves are denoted by ®, RHom, Rf., f~1,
Rf and f'. (In particular, the non-derived tensor product and inverse image are exact.)

For an embedding j: Z — X of a locally closed subset Z C X, the functor j is exact
and is called extension by zero. For F € DP(kx), we set Fz = jij~'F. If ky is the
constant sheaf with stalk k, we will write kz instead of (kx)z. With this notation, we
have Fz ~ k; ® F. (Note that kz may also denote the constant sheaf with stalk k on Z,
and hence we will write jikz for (kx)z if there is risk of confusion.)

We refer to |21] for an exposition of sheaf theory (see also [10]). Throughout the thesis,
we will make extensive use of the short exact sequences of sheaves

0—— kUlﬂUg E— kU1 &) kU2 E— kU1UU2 E— O,

(1.1)

0 —— kZ1U22 —_— kZ1 @kzz —_— kZlﬂZg — 0

for open Uy, Uy C X and closed Z71, Zy C X (cf. |21, Proposition 2.3.6]). Essentially, these
sequences describe how sheaves defined on two open or closed sets can be glued to a sheaf
on the union. In Appendix [A, we recall some more details.

In [24], the authors introduced ind-sheaves on X as the category I(ky) of ind-objects
in the category Mod®(kx) of sheaves with compact support (see also [34] for the related
notion of subanalytic sheaves). Its bounded derived category is denoted by DP(Iky), and

11



Chapter 1. Enhanced ind-sheaves and D-modules

we write ®, RZhom, Rf,, f~!, Rfu and f' for the six Grothendieck operations for ind-
sheaves. There is an exact fully faithful functor tx : Mod(kx) < I(kx). Its derived functor
is still fully faithful. Since ¢x does not commute with inductive limits in general, we write
“lim” for the inductive limit in I(kx). (For a similar reason, one writes R fy instead of

R fy for the proper direct image for ind-sheaves.)

1.2. Enhanced sheaves and ind-sheaves

The idea of introducing an additional real variable in the base space has been implemented
in the context of ind-sheaves in [6] (see also [20] for an analogous construction in the
framework of subanalytic sheaves). We sketch the main ingredients in this section.

1.2.1. Enhanced ind-sheaves

We recall the definition of enhanced ind-sheaves on a good topological space X from [6].
The construction is done by two successive localizations. For the theory of localization of
triangulated categories, we refer to |25, Chapter 10].

Let R = RU {—o00, +00} be the two-point compactification of the real line. Denote by

7: X x R — X the projection. One sets
D’ (Ikx xk..) := D"(Iky ) /D" (IKx x {00 +oc})
and defines the category of enhanced ind-sheaves on X as
EP(Iky) := DP(Ikxxr. )/{K | K ~ 7 'F for some F € D°(Ikx)}.

Iff: X —>Yisa mo_{phism of good topological spaces, one has the six operations for
enhanced ind-sheaves ®, RZhom™, Ef,, Ef ', Efy and Ef".
Moreover, for L € DP(ky) we get a well-defined operation on EP(Ikx)

K- lL®K, (1.2)

denoting by m: X x R — X the projection. It is induced by the tensor product in the
category Db(IkXXE), i.e. we consider 77 !'L extended by zero to X x R and embedded
into the category of ind-sheaves via the functor ¢y z. By this operation, we can obtain
7'k, ® K for a locally closed Z C X, and this will be the object to be considered when
we want to work with the “restriction of K to Z”. (In general, working with the actual
restriction via Ej~! along the embedding j: Z < X is not equivalent since the latter does
not keep track of the behaviour at the boundary of Z.) In fact, one even has a functor

7 1e) ® (e): DP(kx) x EP(Iky) — EP(Ikx),

and it is this functor which allows us to tensor an enhanced ind-sheaf with a short exact se-
quence of sheaves like (1.1)) and hence use gluing techniques similar to those in sheaf theory.

12



1.2. Enhanced sheaves and ind-sheaves

Similarly, there is an operation on EP(Ik) given by
K +— RZhom(n 'L, K)
for any L € DP(kx), and we have an isomorphism (cf. [6, Lemma 3.2.8])

7 'L ®RZhom(r 'L, K) ~ 7 'L ® K. (1.3)

+
Moreover, one has compatibility with the convolution product ® in the following sense:
For K1, Ky € EP(Tky) and L € DP(kx), one proves that (see [6, Lemma 4.3.1])

+ +
I ® (K ® Ky ~ K ® (171 L @ Ky). (1.4)

We will tacitly use this compatibility of tensor product and convolution in many places.
One also has a projection formula for the tensor product operation (|1.2)).

Lemma 1.1. Let f: X — Y be a morphism of good topological spaces and denote by
mx: X xR = X and my: Y xR — Y the projections. For L € D(ky) and K € EP(Iky),
we have an isomorphism in EP(Ikx)

LR EfK ~Efy(ry' f 'L @ K).
(Usually, if it is clear from the context, we will just write w instead of mx and 7y later.)
+
Proof. By [6, Lemma 4.3.2], we have an isomorphism 7 'L ® K ~ (7 'L @ kyy(o}) ® K

(for any good topological space X and any K € EP(Ikx)). We can then use the projection
formula for the enhanced operations (|6, Proposition 4.5.10]) to obtain

+
W;lL QEfMK ~ (W;lL & ka{O}) QEMK

~ Efy(Ef
~Efu((f~ W§1L®f kYX{O})
~Efu((

TI'le L®kX><{0}) K)
Efn(ﬂ'X f 1L®K)
The third isomorphism follows from [21, Proposition 2.3.5] together with the fact that
Ef~! is induced by the operation f~' for sheaves (cf. |6, Definition 4.5.6, Remark 3.3.21]),

where f = f x idg. Finally, one notes that 7y o f = fomx, and that f~ kyX{O} ~ kXX{O}
(for example by |21, Remark 2.3.11]).

We set
I = “lim Ky

a—r o0

13



Chapter 1. Enhanced ind-sheaves and D-modules

= +
where {t > a} = {(z,t) € X x R | t € R,t > a}. The functor k% © (e) is often called
stabilization functor.
The duality functor is given by DY: EP(Ikyx) — EP(Ikx)°P, K +— RZhom™(K,w%),

where w)E( =1 lwy ® k%.

1.2.2. Enhanced sheaves

There is a natural functor DP(kxxr) — EP(Ikx) given by F Qty g J1F, where we
denote by j: X x R < X x R the embedding and by Q the quotient functor Db(IkXX@) —
EP(Ikx). Objects of DP(kx«r), and in particular objects of Mod(kxxr), will be called
enhanced sheaves on X, and we will consider enhanced sheaves on X as enhanced ind-
sheaves through the above functor without writing it each time.

There is a convolution product on DP(kx«r) defined by

F©G :=Ru(qy ' F®q,'0),

where the maps p,q1,q2: X x R? — X x R are given by u(x,t1,t2) = (z,t1 + t2),
q1(z,t1,t2) = (z,t1) and g2(z,t1,t2) = (z,t2). Via the natural functor from enhanced
sheaves to enhanced ind-sheaves above, it corresponds to the convolution product é for
enhanced ind-sheaves (see |6, Remark 4.1.3]) and isomorphisms like hold accordingly.

Remark. Let us mention that this terminology slightly differs from the one used in [4], for
example. There, the category of enhanced sheaves is defined to be the full subcategory
of DP(kxygr) consisting of objects F satisfying (kg>0y © k<oy) ® F =~ F. On this
subcategory, the natural functor above is an embedding. Indeed, we actually work in this
subcategory since all objects appearing will satisfy this condition.

Notation 1.2. For an enhanced sheaf F € DP(kxxgr) and a locally closed subset Z C X,
we write

Fz = Fzxr =~ 7T_1kZ ® F.

Similarly to the notation for enhanced ind-sheaves, this is in the spirit of thinking about
enhanced sheaves as objects on X rather than on X x R. Moreover, it will simplify and
shorten our notation.

1.2.3. Enhanced exponentials

We define exponential enhanced sheaves and ind-sheaves (as introduced in [7]), which will
play an important role in our computations later.

Definition 1.3. Let U C X be an open subset, and let ¢, 0™, 0" : U — R be continuous

functions. Let moreover Z C U be locally closed with ¢~ (z) < ¢ (z) for any € Z. Then
we define

14



1.2. Enhanced sheaves and ind-sheaves

_ +
EY x =7 'kz @ Kypz0) € D (k) Ej x =k ®Ej € E’(Ikx),

+>0— _ + >0 + >0~
Efx” =1 'kz Ok prae oy €DP(knxr), B (Y =kY @E} ¥ €E’(ky),
where we write for short {t + ¢ > 0} = {(z,t) € X xR | z € U,t + ¢(x) > 0}, and
similarly {—pT <t < —p 7} ={(x,t) e X xR |z € U,—pt(z) <t < —p ()}

Note that E§|X and Eg)‘?‘f are actually objects in Mod(kxxgr), that one has E‘gIX o~

7k, ® E{}'X, and that there is a short exact sequence (cf. |21, Proposition 2.3.6])

+ -

+ —
P> ¢ @
O—>EZ|X _>EZ\X_>EZ|X_>0‘

The exponential enhanced ind-sheaf E% + can also be described as (see Lemma )

Efx =7 kz ® “Im” Ky ooay = “m” Kippsapnzxm)-
a—0o0 a— o0
The following lemma states an important fact about exponential enhanced ind-sheaves,
which also follows easily from |7, Corollary 3.2.3] (but we give a more direct proof here).
Essentially, it asserts that they are only interesting near a singularity of ¢.

Lemma 1.4. If U C X is open, @,v: U — R are continuous functions and Z C U is
locally closed such that ¢ — 1 is bounded on Z, then there is a canonical isomorphism

N X
EZ|X - EZ\X‘

In particular, if ¢ is bounded on Z, we have

E7 x ~7 'kz ®kk.
Proof. Since ¢ — 1 is bounded, we can find p,q € R such that p < ¢ — 1 < ¢ on Z.
We can assume that p < 0 and ¢ > 0. Let us write for short {t > a — ¢} instead of
{t > a— ¢} N(Z xR) etc. in the following.
A canonical morphism from E%X ~ “h%m” Kit>a—p} =~ “liﬂ” K(i>atp—y) tO E%X ~
a—r0o0 a—00

“liﬂ” K(t>q—y) is the one induced by the canonical morphisms Ky;>qyp o) = Kig>a—yy
a— 00

(cf. Lemma|A.2). Note that the canonical morphism thus induced does not depend on the
value of p as long as p < 0 and p < ¢ — ¢ on Z.

Similar.ly, thg morphisms Kg>q_y) = Kii>aqq—p) .irllduce a canonical morphism Egl x
E% - It is straightforward to check that the composition of these two canonical morphisms
is the identity and they are therefore the desired isomorphisms.

The special case follows from the fact that

—+
Eyx =7 'kz @ (kK @kzoy) > 7 'kz @ K. O
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Chapter 1. Enhanced ind-sheaves and D-modules

1.3. D-modules

In this section, we recall some notions and properties related to analytic D-modules. For
details, we refer to |19} [16} [1].

Let X be a complex manifold, Ox its sheaf of holomorphic functions and Dx the sheaf
of differential operators (meaning linear partial differential operators with holomorphic
coefficients) on X.

Denote by Mod(Dy) the category of left Dx-modules and by DP(Dy) its bounded
derived category.

For any coherent Dx-module M, one can define its characteristic variety char(M),
which is a subset of the cotangent bundle 7 X . Its dimension is at least dim X and we call
a coherent Dx-module holonomic if dim char(M) = dim X. Denote by Modye(Dx) the
category of holonomic D x-modules and by DEOI(D x) the full subcategory of DP(Dy ) whose
objects have only holonomic cohomologies. If p: T*X — X is the natural projection and
Ty X C T*X is the zero section, we define the singular support of a coherent Dx-module
as SingSupp(M) := p(char(M) \ Tx X).

For the notion of regular holonomic D-modules, we refer to [19].

The tensor product (resp. direct and inverse image along a morphism f: X — Y of
complex manifolds) for Dx-modules is denoted by ®P (resp. Df. and Df*).

An important class of D-modules are the meromorphic connections. Let D C X be a
complex hypersurface and denote by Ox (xD) the sheaf of meromorphic functions on X
having poles on D at most. For a Dx-module M, we set M(*D) := M &P Ox(xD).

Definition 1.5. A holonomic Dx-module M is called a meromorphic connection (with
poles at D) if SingSupp(M) = D and M(xD) ~ M.

1.3.1. Exponential D-modules
Exponential D-modules provide basic examples of meromorphic connections with irregular
singularities.

Definition 1.6. Let D C X be a closed hypersurface and ¢ € I'(X; Ox (xD)) a meromor-
phic function on X with poles on D at most. Set U := X ~ D. Then we define

55‘){ := (Dx /ann(e?)) (D),

where ann(e¥) is the subsheaf of Dx whose sections on an open set V' C X are operators
P satisfying Pe¥ =0 on V \ D.

The module Sé’?'X

if ¢ has no poles.

is a meromorphic connection with poles at D. It is regular if and only

1.3.2. Formal structure of meromorphic connections in dimension 1

Formal meromorphic connections in one variable are well-understood. A classical result is
the theorem of Levelt-Turrittin (see [39], for example), which we will present here in the
framework of D-modules (following [5]).
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1.3. D-modules

Let X be a complex curve and M a meromorphic connection with poles at a discrete
set of points D. For p € X, we define the formal completion of the stalk at p as

M‘p = OX,I) ®0X,p Mp,

where 6);, is the completion of Ox ;, (hence it is the ring of formal power series in a local
coordinate at p) The object /\/l|p has the structure of an (OXP®OX Dx p)-module, where

the action of Ox, x,p is defined by acting on the first factor and the action of Dy, is given
by a product rule.

Definition 1.7. We say that a meromorphic connection M on a complex curve has a
Levelt-—Turrittin decomposition at a point p € X if there is an isomorphism of (Ox j, ®oy,

Dx p)-modules
N i D
M‘p:@(‘gw\x'@) R)|
el
for an open neighbourhood X’ of p, U' := X' \ {p}, a finite index set I, meromorphic
functions ¢; on X’ having poles at p at most, and regular holonomic Dy -modules R;.
The functions ; are called exponential factors of M at p.

By the following theorem, any meromorphic connection on X has (up to a pullback along
a ramification map in a neighbourhood of p) a Levelt—Turrittin decomposition at any point
peX.

Theorem 1.8 (Levelt-Turrittin). Let X be an open disc around 0 in C and M a mero-
morphic connection on X with pole at 0. Then there exists a positive integer m € Z~qg such
that, denoting by f: X — X,x — " the ramification map, the meromorphic connection
Df*M has a Levelt-Turrittin decomposition at 0.

Remark. If X = P! is the complex projective line, then the modules R; in Definition M
can be chosen to be meromorphic connections (one can just replace R; by R;(xp) since
the exponential is a meromorphic connection). Moreover, they can be chosen to be regular
holonomic Dy-modules (i.e. defined on the whole of P! rather than on an open disc around
p). This follows from the fact that the stalk (R;(*p)), can be extended to a meromorphic
connection on P! in such a way that outside of p there are only regular singularities (cf.
I35, Corollary I1.3.7]).

On the other hand, the functions ¢; can be chosen to be principle parts of Laurent
series, Le. local sections of Opi(xD)/Opi: If ¢; = P 4+ ¢® (where ¢P'™ is the part
of the Laurent series containing the non-negative powers of the local variable), we have

neg

5%|X, ~ S%|X, ®P ngZlX’ ~ &7 /|x/- Even more, ©:°® is a rational function and hence

defines a meromorphic function on the whole of P!.

1.3.3. Local analytic structure of meromorphic connections in dimension 1

The classical Hukuhara—Turrittin theorem (see |28, Theorem II1.D] or [29, Théoréme (1.4)],
for example) states that the Levelt—Turrittin decomposition can be lifted to an analytic
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Chapter 1. Enhanced ind-sheaves and D-modules

decomposition on small sectors around the singular point. The result is best formulated
using blow-up spaces. We follow the presentation in [6].

Let X be a complex curve, D C X a discrete set of points, and denote by w: X5 X
the (real) blow-up of X at D. Recall (see e.g. [37]) that, locally around a point p € D, the
blow-up space X looks like S x [0,1) and the blow-up map can be given by w(e?, p) = p-e?
(where the right-hand side of this equality describes local coordinates in a chart around
p). Hence, one has w!(p) = S* x {0}.

Let A5 be the sheaf of tempered holomorphic functions on X , define D;i( = A5®m104
w 1Dy, and set MA = Az @m0y @' M for a meromorphic connection M with poles
at D.

Theorem 1.9. Let M be a meromorphic connection with poles at D admitting a Levelt—
Turrittin decomposition at a point p € D as in Definition E Then, for every x € @~ '(p)
there exists an open neighbourhood V.C w*(X') of x and an isomorphism of D;i(—modules

MA@ ky ~ EB ((55;,'){/),4)% @ ky,

i€l
where r; is the mn of Ri.

Note that the isomorphism from Theorem may depend on the point z, and the fact
that it is in general not possible to extend it to a neighbourhood of the whole circle w~!(p)
is known as the Stokes phenomenon.

1.4. The Riemann—Hilbert correspondence

The classical Riemann-Hilbert correspondence (see [18]) has been extended to possibly

irregular holonomic D-modules in [6]. It can be formulated as follows (where, as always,
k =C).

Theorem 1.10 (cf. [6, Theorem 9.5.3]). Let X be a complex manifold. The functor of
enhanced solutions
Sol%: Dby (Dx )P — ER . (Tky)

1s fully faithful.

Here ER _(Ikx) is the full subcategory of EP(Ikx) consisting of R-constructible enhanced
ind-sheaves, a notion which we will not explicitly use in this thesis. We refer to |6, Sec-
tion 4.9] for further details.

In particular, Theorem means that the enhanced ind-sheaf Sol%(./\/l) assigned to
an object M € DP_ (Dx) encodes all the information of M.

2Qutside the singularity p, the regular part of the Levelt-Turrittin decomposition is nonsingular (which
follows from [19, Theorem 4.7]) and hence a locally free O x-module by [19, Proposition 4.43]. (Without
loss of generality, p is the only singularity of R; in U’.) In other words, Ri|u/ {p} = OZ},\{p} for some
r; € Z~o and we call r; the rank of R;.
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With the notation introduced in the preceding sections and ¢, U as in Definition we
have (see |6, Corollary 9.4.12])

Sl (Ef ) = Byry. (1.5)

Similarly to the classical Riemann—Hilbert correspondence, there is an enhanced De
Rham functor
DR : Di(Dx) — ERo(Ikx),

which is connected to the solution functor by duality, i.e. for any M € Dﬁol (Dx), we have
DY (DRE (M) ~ Sol% (M)[dim X].
The enhanced solution functor satisfies some functoriality properties with respect to the
operations on D-modules and enhanced ind-sheaves.

Proposition 1.11 (see |6, Corollary 9.4.10]). For a morphism f: X — Y of complex
manifolds, M, My, Ma € DEOI(DX), N e DEOI(Dy) and D C X a closed hypersurface, we

have
(i) Sol%(Df*N) ~Ef~1SolE(N),
(ii) Sol®(M; @0 My) ~ Sol (M) & Sol® (M),
(iii) Sol¥ (M(xD)) ~ 7~ 'kx p ® Sol¥(M).
If in addition M is quasi—goo and flsupp m: supp M — Y is proper, we have
(iv) Soly(Df.M) ~EfuSoly(M)ldx — dy],
where dx and dy are the (complex) dimensions of X and Y, respectively.

Furthermore, due to the compatibility with the holomorphic solution functor (cf. |6,
Proposition 9.5.4]), we have Sol%(Ox) ~ k%.

Remark. It is worth noting that part (iv) of Proposition [1.11 has originally been stated in
the form

SolE(Df, M)[dy] ~ Ef,Sol% (M)[dx]

in |6, Proposition 9.4.10(ii)]. This is indeed equivalent to the statement above due to the
properness assumption on f. To see this, one can use the notion of enhanced support (cf.
|6, Notation 4.9.10]): For K € EP(Ikx), one sets

supp™(K) = ﬁ(supp(RjX”LEK)) C X.

(Here Rjx, L is the fully faithful left adjoint of the quotient functor Q: DP(Ik ., z) —
EP(Ikx).) Now one can prove that supp®(Sol%(M)) = supp M in the following way: Let

3As stated in [6], a Dx-module M is said to be quasi-good if, for any relatively compact open subset
U C X, M|u is a sum of coherent Ox |y-submodules. Various formulations of this definition can be
found in [22] and [23], for example.
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U C X be open and denote by g: U < X the embedding. Then U N supp(M) = @ is
equivalent to Dg*M ~ 0, which is again equivalent to Eg~!Sol¥ (M) ~ 0. This in turn is
the same as saying g~ 'Ryjx LESol% (M) ~ 0 with g: U x R — X x R the inclusion, which
means nothing but (U x R) Nsupp(Rjx, LESolE(M)) = @, or U Nsupp®(Solk(M)) = @.

Hence, Ef, and Efy are interchangeable in the above formula by [6, Proposition 4.9.11].

1.5. Structure of enhanced solutions on small sectors

The local structure of meromorphic connections described in Theorem results in a
local decomposition of the enhanced ind-sheaf associated to the meromorphic connection
via the Riemann—Hilbert correspondence. More precisely, we get a decomposition on a
small sector at 0 around any direction. This result, stated in Proposition below, is
the starting point for investigating the Stokes phenomenon in the framework of enhanced
ind-sheaves. In view of the application to D-modules of pure Gaussian type, we only treat
the case of unramified meromorphic connections, i.e. the case where m = 1 (and hence f
is the identity) in Theorem [1.8|

Let M be a meromorphic connection on a complex curve X with poles at a discrete set
D C X. Since all of the following is local around a singularity, we assume without loss of
generality (by considering the situation in a chart around the singular point) that X c C
is a small disc around 0 and D = {0}. As before, the blow-up map of X at D is denoted
by w: X — X. We assume in particular that X is small enough such that the exponential
factors of M at 0 are defined and holomorphic on the whole of X ~\ {0} (with a pole at 0),
so we can choose X’ = X in the statements of Section [1.3] Set U := X ~ {0}.

Proposition 1.12. If M has a Levelt-Turrittin decomposition at 0, then for any direction
0 € R/2nZ there exist constants €, R € R~, determining an open sector Sy = {z € X |
0<|z| < Rargz € (0 —¢,0+¢)}, such that we have an isomorphism in EP(Ikx)

kg, ® Solf (M) ~ 77 kg, @ @ (ng)‘?)”
el

This result is stated without proof in |6, Section 9.8]. It is also given as a corollary of
a more general result (namely, in any dimension and taking into account ramification) in
|17, Proposition 3.5 and Corollary 3.7|. Nevertheless, we give a similar, direct proof in the
unramified case here.

The connection with the decomposition in Theorem [1.9]is made by using a version of the
enhanced De Rham functor on the blow-up space (along a normal crossing divisor, which
is not a restriction in our one-dimensional situation). As defined in [6], it is given by

DRE(N) = 0% ®;§ N (1.6)
for any N € Db(D;%).

Remark. We will not recall the theory of enhanced ind-sheaves with a ring action here.
However, let us make the following remark (for details, see |6, Section 4.10]): The object Q%
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is an enhanced ind-sheaf on X with a “right action of D}%”. This actually means that it is an
ind-sheaf on X x R with a right action of ﬁﬁ’lD;%. The functor 8 := 85 : Db(kxxﬁ
DP(Ik ¢, &) has been defined in [24] and is suppressed in the notational conventions of [6].
That is, in the notation of [24], the definition of the enhanced De Rham on the blow-up

(1.6) reads as

) —

E . E oL ——
DRE(N) := Q% Dgr-1pA BTN,
We have the following lemma, which is the crucial step in proving the proposition.

Lemma 1.13. Let V C X be open and N € Db(Dﬁ). Then there ts an isomorphism in
EP(Ik ;)
7 'ky @ DRE(WN) ~ 7~ 'ky ® DRE (N @ kyy).

Proof. Our calculation takes place in the category DP(Ik ¢ ), and we notice that 7~ 'ky

X xR
can be replaced by 7 'ky (since the two are isomorphic in DP (Ikg, ), where the tensor

product is still well-defined). Furthermore, 7 'ky implicitly stands for L)}Xﬁﬁ_lkV =
7 3 ky .
By |24, Lemma 3.3.3| and [24, Proposition 4.2.14], respectively, we have

L)ZkV ~ “hg” kVﬂU

UuccxX
and
— o~ Wl b .
Bxky ~ lg Ky
UCCX WDV
Therefore

Bxky @igky >~ “lim”  kynyno
UccX,UccX

~ 15 ky,

since U N U’ ranges through the family of all relatively compact open subsets of XasU
and U’ do. This now enables us to use [24, Theorem 5.4.19] and obtain (in the notation of
[241)

m'ky @ DRL(N) =~ (Q% @EWD; BT IN)® 1y, 57 kv
~ (% ®EF1D§ BTIN) @ (BT 'k @ 1y g7 ky)
~ (08 ®[L3?1D§ B N @ky)) @ty g7 Ky

~ 7 'ky @ DRE(N @ kyy).
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The enhanced De Rham functor on the blow-up is connected to the enhanced De Rham
functor on X by the formula (|6, Corollary 9.2.3])

DR (M) ~ Ew,. DRE(MA).
Since w is a proper map, we get
DRY (M) ~ Ewy DRE (MA)

by |6, Proposition 4.9.11] (noting that DR% (M) is R-constructible, as shown in the proof
of [6, Theorem 9.3.2|).
We are now able to give our proof for the decomposition of Solf“((/\/l) on sectors.

Proof of Proposition[1.13, Let z = (¢,0) € X, and let V. C X be the corresponding
open neighbourhood from Theorem The preimage in X of a sector Sp={z¢€ X |
0<|z] <Ryargz € (0 —e,0+¢)} at 0 around 6 is an open rectangle such that z is the
centre of one of the edges (as shown in Fig. . If we choose € and R (which determine
width and length of the rectangle) sufficiently small, the closure of this square will be a
subset of V' (since V' is open) and therefore by Theorem

MA@k (59)_@((55&)) )] ~(Se)

el

Figure 1.1.: A sector in X and its preimage under the blow-up map X - X.

Applying Lemma [1.1] and Lemma we get

7 'ks, ® DRY(M) ~ 77 kg, ® Ewy DR (M)
~ EW||(7T_1k ~1(Sp) ®'DRE~(MA))
NEWH(ﬂ' 1k —1(59)®DRE (MA®k (S, )))

~ Ewy (71'_ Ko-1(5,) ® DRg(@ ((Sgix) )n ® km>>

el
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1.5. Structure of enhanced solutions on small sectors

~ By (F_lkwfl(sf;) ® DR})%(@ ((557)() YZ))

el

~ 7 ks, @ ) (PRE(EFix))"
i€l

Dualizing the left hand side of this and using |6, Lemma 4.3.1] yields
DY (7 'kg, ® DRY (M)) ~ RZhom™ (7 'ks, ® DRY (M), wk)
~ RZhom (7~ 'kg,, RZhom™ (DRY (M), w}))
~ RZhom(n kg,, DY DRE (M)
:thom(ﬂ_lkge,SolX( ))[1].

An analogous calculation works with the right hand side, and since the shift will be the
same, we get

RZhom (7 ~'ks, Sol§ (M) = RThom (" ks,, @ (Sol% (7)) ).
i€l

The statement of Proposition [1.12 now follows using and . O

23






Chapter 2.

D-modules of pure Gaussian type

In this chapter, we study differential systems of pure Gaussian type and, in particular,
their topological counterpart. These systems were introduced by C. Sabbah in [38], and
we give the definition in the language of analytic D-modules on the complex projective line
here. We aim at a description of the enhanced ind-sheaf associated to such a D-module
via the Riemann—Hilbert correspondence, and such a description is finally achieved in
Theorem On our way to this result, we introduce standard concepts like Stokes di-
rections and Stokes multipliers in this framework, thus illustrating the study of the Stokes
phenomenon from the point of view of enhanced ind-sheaves. A particularly convenient
conclusion will be the fact that the description of the enhanced solutions consists in the de-
scription of an enhanced sheaf supported on the complex plane, i.e. outside the singularity.
As a consequence of our investigation of the Stokes phenomenon, we prove a Riemann—
Hilbert correspondence for D-modules of pure Gaussian type, whose target category is a
category of linear algebra Stokes data, similar to those defined in |38].

2.1. Definition and first properties
Let P = P!(C) be the analytic complex projective line. Denote by C = P~ {oc} the affine
chart with local coordinate z at 0 and by i: C — P its embedding.

Definition 2.1 (cf. |38, Definition 1.1]). Let C' C C* be a (nonempty) finite subset. A
holonomic Dp-module M is said to be of pure Gaussian type C' if the following conditions
hold:

(1) There is an isomorphism of Dp-modules M ~ M (x00).
(2) SingSupp(M) = {00},

(3) There exist regular holonomic Dp-modules R, such that the formal completion of
the stalk of M at oo has a Levelt—Turrittin decomposition of the form

~

Mise =~ €D (5<E|1§22 P R.) |

ceC

o0

In other words, M is a meromorphic connection on P with pole at oo and an (unramified)
Levelt—Turrittin decomposition at co with exponential factors of the form —522. (Note

that polynomial functions in z extend to meromorphic functions on P.)
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Chapter 2. D-modules of pure Gaussian type

If there exists a finite set C' such that M satisfies (a)—(c), we simply say that M is of

pure Gaussian type. The ranks of R, will be denoted by 7, their sum by r := > -7,
and the family of these ranks by r := (r.)ccc-
Remark. Since i is non-characteristic (see |19, Definition 4.6] for a definition of this notion)
for any Dp-module M, condition (2) of Definition implies that SingSupp(Di* M) = &,
and hence Di* M ~ O for some r € Z~g (by [19, Theorem 4.7, Proposition 4.43]). It
follows f}"OQHl Theorem that r = ) -7 because outside the singularity, M is locally
free, S(g‘]%z is locally free of rank 1, and the rank of a locally free module is unique.

We want to study D-modules of pure Gaussian type and their Stokes phenomena through
their enhanced solutions. We already know some properties of the latter.

Lemma 2.2. Let M € Modyo(Dp) be of pure Gaussian type C. Then:
(i) 7 ke ® Solf (M) ~ SolF(M).
(i) Around any direction 6 € R/2wZ, there is a small sector Sy at oo such that

c .2
—Regz Te

7 kg, ® Solf (M) ~ 77 1kg, ® @ (IE(C”P, ).
ceC

(iii) For any open B C C such that B C C (where B denotes the closure of B in P), one
has
7 kg ® SolF (M) ~ 77 kg ® (KE)".

Proof. The statements (i) and (ii) directly follow from Proposition [I.11 and Proposition
1.12] respectively.

The third assertion is proved as follows: It is shown in |8, Lemma 2.7.6] that we have
an isomorphism in EP(Tkp)

7 kg ® Solf (M) ~ Ejp_ Ejj! Solf (M).

Here By, = (B, B) is a bordered space, and jg_: (B,B) — P = (P,P) is the morphism
of bordered spaces given by the inclusion. (For details on the theory of bordered spaces,
we refer to [6].) If we denote by j: (B, B) — C = (C,C) the morphism of bordered spaces
given by the inclusion (which is well-defined since B C C) and (as above) by i: C — P the
embedding, this morphism factors as jp, =170 j. Hence, we get

7 'kp ® Soly (M) ~ Ejp,, Ejp! Solg (M)
~ Ejp_,Ej 'Ei"'Solf (M)
~ Ejp. Ej 'S0l (Di* M)
~ Ejp.Ej ' Solg (Di*(Op)")
~ 71 'kp @ (k§)".
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2.2. Stokes directions and width of sectors

On the other hand, since P is compact, we have the following statement about the global
structure of Sol¥(M). It is a direct application of |4, Lemma 2.5.1], which is again an
immediate consequence of R-constructibility of enhanced solutions (cf. |6, Definition 4.9.2,
Theorem 4.9.12 and Lemma 9.3.1]).

Lemma 2.3. Let M € Modyo(Dp) be of pure Gaussian type. Denote byi: CxR — PxR
the embedding. There exists F € Db(kCXR) such that

.
SolE (M) ~ k& @i F.

Thus, the enhanced solutions of a D-module of pure Gaussian type are determined by
a globally defined enhanced sheaf which is supported outside the singularity. The aim of
the next sections will be to use the properties from Lemma in order to describe such
an enhanced sheaf.

2.2. Stokes directions and width of sectors

Let C' C C* be a finite subset and let M € Mody,(Dp) be of pure Gaussian type C.

In this section, we extend the decomposition from Lemma (ii) to a decomposition of
Sol (M) on sectors around oo that intersect at most one Stokes line for each pair ¢, d € C.
That is, we give a more precise description of how “small” the sectors’ width has to be — or,
how large it may be.

With the following definitions, we introduce the necessary concepts in such a way that
everything is set up in C (with the origin as a center), although the singularity of our
module is at co. (As we have seen in the preceding section, the enhanced solutions of M
are not interesting at the singularity precisely but in close neighbourhoods, which are then
subsets of C =P~ {o0}.)

The Stokes lines are usually defined as the rays from the singularity (i.e. from oo in our
case) where the order of the absolute values of the functions e 5% changes. We can also
consider them as half-lines emanating from the origin.

Lemma-Definition 2.4. Let ¢,d € C, ¢ # d. The set

Steg = {z € (C’—Recz2 = —RedZQ}
’ 2 2

is the union of four closed half-lines with initial point 0, perpendicular to one another.
These half-lines are called the Stokes lines of the pair ¢,d. Their directions (i.e. the
arguments of the points on the Stokes lines) are called Stokes directions (of the pair ¢, d).

We will say that a set contains a direction 6 if its intersection with the open half-line
{z € C~ {0} | argz = 0} is not empty. We say that a direction is generic if it is not a
Stokes direction for any pair of parameters ¢, d € C.

Proof. Obviously, 0 € St.4. Furthermore, outside the origin, the condition — Re %zQ =
—Re %ZQ is only a restriction on the argument of z since (writing ¢ = ¢1 +ica, d = dy +ids)
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Chapter 2. D-modules of pure Gaussian type

it is equivalent to
(d1 — c1) cos(2arg z) = (do — ¢2) sin(2 arg z). (2.1)

It is easy to see that this equation has exactly four solutions for argz € R/277Z and their
differences are multiples of 7. O

Definition 2.5. A subset S C P is said to be

» an open sector at oo if
S={2€C|R<|z|<oo,argz€ (0 —¢c,0+e)} CCCP

for some R € R>q, € € R0, and 0 € R/27Z.
(In the chart around oo given by 2’ = %, this corresponds to an open sector around
0 in the usual sense with radius }%, axis direction —6 and width 2¢, see Fig. )

» a closed sector at oo if
S={2€C|R< 2| <oc,argz€ [0 —c,0+¢] for [z| £0} CCCP

for some R, e € R>p and 6 € R/27Z.
(For e = 0, this includes the case of half-lines.)

The radius of such a sector is the number % € (0,400], and its width is the number

min(2¢,27) € [0,27]. Note that a closed sector at oo is topologically closed in C but not
in IP, since it does not contain the point co.

Figure 2.1.: A sector of finite radius at oo (as defined in Definition , drawn in two
different charts of IP.
On the left: The sector in the chart around 0 with affine coordinate z.
On the right: The same sector in the chart around oo with local coordinate
2 such that 2/ = % (The vertex is not part of the sector, both in the case of
open and closed sectors.)
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2.2. Stokes directions and width of sectors

On sectors containing no Stokes direction, we can introduce an order on C.

Notation 2.6. Let S be a sector at oo, and let ¢,d € C. We write

c

c<gd <— R62

d
2?2 < Re 5,22 for all z € S~ {0}.
For 0 € R/27Z, we write

d
c<pd <= Re gzz < R6522 for all z € C with z # 0 and arg z = 6.

We now want to describe morphisms between the exponential enhanced ind-sheaves
appearing in the local decomposition of Solf(M) found in Lemma (ii). This will be
done in Lemma below. For its proof, we need the following lemma from complex
analysis about unboundedness of meromorphic functions.

Lemma 2.7. Let X C C be a connected open subset containing 0 and ¢: X — CU{o0} a
meromorphic function with a pole of strictly positive order at 0. Then Re is unbounded
on any open sector at 0, i.e. on any Sg r(0) = {z € C~{0} | |2| < R,argz € (0 —¢,0+¢)}
for arbitrary 6 € R/2n7Z and €, R € Rsy.

More precisely, it is unbounded on any open half-line emerging from 0 except for finitely
many directions.

Proof. In a sufficiently small punctured neighbourhood of 0, the function ¢ has a Laurent
series expansion and can therefore be written as a product ¢(z) = zik g(z) where k € Z~g
is the pole order of ¢ at zero and g is holomorphic around 0 with g(0) # 0. In particular,
Re g and Im g are bounded and we have Re p = Re zik -Reg —Im zik -Img.

|—k

Now note that Re zik = |z|7* cos(k - arg z) and Im zik = —|z| " sin(k - arg z). Hence,

Rep(z) = || (cos(k - arg z) - Re g(2) + sin(k - arg 2) - Im g(2)). (2.2)

Now, let z tend to O along a half-line, i.e. |z| tends to 0 while arg z = o remains constant.
Then the first factor of tends to oo. The second factor tends to cos(ka) - Re g(0) +
sin(ka) - Im g(0), which is a nonzero (positive or negative) constant except for a finite
number of values of a, for which it may be zero. We call these values aq, ..., as;. Thus,
on a half-line with argz ¢ {a1, ..., as}, the function Re ¢ is unbounded. This concludes
the proof since any sector of positive width contains (a part of) such a half-line. O

Remark. Note that in the case where g is constant, i.e. ¢(z) = % for some ¢ € C*, the
directions in which Re ¢ is bounded are exactly the half-lines on which Re ¢(z) = 0. This
means that if we apply this lemma to a difference ¢(z) = —%zz + %22 of “Gaussian type”
meromorphic functions at oo, the function Re ¢ is unbounded on any half-line emerging
from oo except for the Stokes lines.

29



Chapter 2. D-modules of pure Gaussian type

Lemma 2.8. Consider the meromorphic functions @1, @2 on P given by p1(z) = —522 and

p2(2) = =222 fore,d € CX, c#d. Let S C P be a sector (open or closed) at co. Then we
have

Re 1 Repa2\ Rey1 Reya
sp o Egpp )_Home(kaR)(ES|C ’ES|<C )

N {k if Rep; > Reys on S,

HOIIlEb (Ik]p) (E

0 otherwise.

+ -
Here, the first isomorphism (from right to left) is induced by the functor k& ®i\(e), and
the second isomorphism is the natural identification of a morphism with multiplication by
a complex number.

Proof. Using [6, Proposition 4.7.9], we get

R R
Homgp ) (E Sﬁlfl E SE;O?)

+ R + R
= Homgp (g, (k§ ® Esﬁg’l,k% ® ESE;’2)

. Re + _Re
= hﬂ HomEb(Ikp)(Esupka{tza} ® ES\IP’SOZ)

a—ro0
. R T R
~ lim Hompo i, . ) (Egi”™ Kiezay © Egp™)
a—00

(53 + e
J(ESi’" kpizay @ EgHY?)

~ lim Hompou, EE
a—r o0

~ lim Hompp (i, ) (77 ks @ Kt 1Rey 20, T kS @ Kir4Re po>a))-
a—r o0

The second isomorphism follows from [6, Lemma 4.4.6] together with Lemma (i),
and the third isomorphism follows from [6, Corollary 3.2.10|. The last isomorphism uses
Lemma (i) as well as the full faithfulness of the embedding from sheaves to ind-sheaves

and of extension by zero.

Now, the category DP(kpyr) can be replaced by DP(kcyg) since all the sheaves appearing
are supported in C x R and extension by zero is fully faithful. Furthermore, note that it
suffices to consider ¢ > 0 in the inductive limit. We claim that this inductive limit is
precisely the Hom object with a = 0, namely

Hompp (¢, ) (W71k5 ® K{t4Re w120} ks @ K{t1Re @220})'

To see this, we distinguish two cases. Set A;>, := (S x R) N {t > a — Rey;}. With this
notation, our claim is

lig Home(kCXR) (kA17207 kAQ’Za) = Home(kCXR) (kA1,207 kA2,ZO) :
a—00
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2.2. Stokes directions and width of sectors

e Case 1: Rey; > Re s at each point of S.
Since a — Re s > —Re 1, we have Ay >, C Ay >0 for any a € R>o. Therefore, we
can conclude that Hompp (. ) (Ka; 500 KA, 5, ) = k for any a € Rxg (cf. Lemma
noting that the Aj >, are closed in S x R).

e Case 2: In S, there are points where Re 1 < Re 3.
It follows from Lemma (and the subsequent remark) that Re(yp2 — ¢1) is not
bounded from above on S. For any a € R>(, we can thus choose a point z € § such
that Re(pa2(z) —p1(x)) > a and set t := a—Re pa(x). Then (x,t) € Ag >, but (z,t) ¢
A1>0,50 Ao >0 € Aq >0 for any a € R>q. Therefore, Hompp e, ) (Kay 505 KAy s, ) =0
for any a € Rx>.

It remains to show that the isomorphism

R R R. R.
HomEb(IkP)<ESEP¢1 Esﬁlfz) = Home(km)(Esﬁﬁpl ESEP’@Q)‘

+ +
is induced by kE ® (e) in the first case. Since ki @ (o) induces a k-linear map between

the one-dimensional Hom spaces, it suffices to note that the canonical morphism ERe S|IP> b
Re 2 Re ¢1 Re 2
ES“P, is mapped to a nonzero morphism ]ESIIFD — ES‘P . O

Recall that C € C* is a finite subset. The following result is a consequence of the
preceding lemma. It shows how automorphisms of the Gaussian model on sectors can be
interpreted as block matrices.

Proposition 2.9. Let S C P be a sector (open or closed) at 0o, and assume that S is not a
half-line whose direction is a Stokes direction for some c,d € C. If we choose a numbering
of the elements of C, i.e. C = {c(y,...,¢mn)}, we have

_ —Re S22\ r. R z
AutEb(Ik[P) <7T lks (%9 @ (]E(Cﬂpe 2 ) ) ~ AutDb(kC R ( lkS & @ (C|(ce )
ceC ceC

~ {A = (Ajk)jkef1,.n} € K™ ’ Aji € krc(i)wc(k),Ajj is invertible for any j € {1,...,n}

: C() ()
and Aj;, = 0 if Re —= 2 < Re —2 22 for some z € S}

In particular, if ¢y <s ¢2) < ... <g C(n), then the right hand side consists precisely of the
tnwvertible, lower block-triangular matrices with block sizes given by the numbers Teg)-
Proof. By our assumption that S does not only consist of points on a Stokes line, we
can assume the numbering to be chosen in such a way that cq) <g c@g) <g¢ ... <g

C(n) ON a subsector (at 00) S C S. Using Lemma an endomorphism of 7 kg ®

R
D.cc (E(C'Pe 32" )rc is identified with a lower block- trlangular matrix whose block sizes are

given by the 7, . Concretely, the block Ajj in the jth block row and the kth block column
of A represents a morphism

—Re (k) 2 —Re (]) 2 re
) o),

7 kg ® (E(CUP’ )Tc(k) — 1 kg ® (E
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Chapter 2. D-modules of pure Gaussian type

Such a matrix is invertible if and only if the blocks on the diagonal are invertible. O

Remark. It is important to observe the following: If we have an endomorphism of 7~ 'kg ®
—Re £22 N . . .
Decc (ECUPe 2% )rc which is represented by a matrix A, then the induced endomorphism of

—Re §22 : :
kg @@ ceC (E(C“PB 2” )TC for a smaller sector S’ C S is represented by the same matrix

A. Hence, given an endomorphism on S’ such that the corresponding matrix satisfies the
conditions necessary for endomorphisms on S, it extends to an endomorphism on S given
by the same matrix. This also means that changing the radius of the sector S has no
impact on the set of automorphisms.

Proposition 2.10. Let M be of pure Gaussian type C. For any (open or closed) sector S
at oo of sufficiently small radius intersecting at most one Stokes line for each pair c¢,d € C,
there is an isomorphism

“Ref22\p,
7 ks ® SolE(M) ~ 7 ks @ D) (B * )™ (2.3)
ceC

Proof. By Lemma [2.2] (i), for any 6 € R/27Z we have a small (i.e. with R big) open sector
Sy at oo for which there is such an isomorphism. Since R/27Z is compact, finitely many of
the sectors Sy suffice to cover all directions. In particular, we can choose a common radius
for all these sectors, which we will assume for all sectors appearing in the rest of this proof.

Let S be an open sector at oo which intersects only one Stokes line for each pair ¢, d € C.
If #C = n, there are at most (g) Stokes lines intersecting S. We can write S as a finite
union of narrower sectors S1, ..., S on which the desired isomorphism holds, each of which
contains at most one Stokes direction (for some pair ¢,d € C'), and such that each Stokes
direction in S is contained in exactly one of these sectors. We may also assume that there
is no inclusion Sj C |J,,; S for any j.

—Re 532

Let us write for short H := Solf(M) and M := @, . (ECHP ). The following
argument enables us to recursively obtain the desired isomorphism (2.3)): Assume that we
are given two open sectors S1, Sy C S at oo with isomorphisms

aj: ﬂ'flksj ® H = Wﬁlksj ®M (2.4)

for j € {1,2} and assume moreover that S; N Sz # &, that we have S; € Sy and Sy € 57,
that S contains at most one Stokes direction and this Stokes direction (and also any other
for the same pair ¢, d) is not contained in Sy (see Fig. [2.2)).

Choose a numbering of the elements of C' such that c(1) <8in8y €(2) <SSy - -+ <81NSs
C(n)- Applying the functor 7 1kg,ns, @ (o), the isomorphisms aj induce two isomorphisms

Qj: kSﬂﬂSg QH — 7 kS1ﬂS2 & M.

By Proposition the transition isomorphism s o 5{1 can be represented by a lower
block-triangular matrix A = (A;;). We can decompose A as follows:
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2.2. Stokes directions and width of sectors

S2

Figure 2.2.: The situation for gluing isomorphisms of two adjacent sectors.
The arrows indicate possible Stokes directions.

e [f S; contains a Stokes direction 0, for some pair of parameters:

Note that this direction could be a Stokes direction for multiple pairs of parameters.
We set T := {(I,I') | I <" and 63 is a Stokes direction for the pair c(;, ¢y }. Let A’
be the block matrix (with the same block structure as A) having identity matrices
on the diagonal and A}, = A;,; Ay for any (I,1') € Z. All the other blocks of A’ are
zero. Let A” be the matrix obtained from A by subtracting the I’-th block column,
multiplied by Al_,l}Al/l from the right, from the I-th block column for each (I,1') € 7
(working through Z from high to low !’). Hence, A” is still lower block-triangular
and the entries Ay, for (I,1) € T are zero. It is easy to check that A = A”A’.

e If S5 contains no Stokes direction at all:
Set A” := A and A’ := I,. Obviously, A = A" A’.

It is not difficult to see that, in either of the two cases, the matrix A’ represents an

automorphism of 7~ 'k, ®M and the matrix A” represents an automorphism of 7~ kg, @M

(by the correspondence of Proposition , which we will also denote by A" and A”. The

idea is now to use these matrices to perform additional “base changes” on the right hand

sides of in such a way that the transition isomorphism becomes the identity.
Consider the diagram

W_lkglms2 QH —— 7'('_11{51 QH €B7T_1k52 QH —— 7T_1k31U52 QR H i)

I
I~
KoY
3

lA’o&l A’ooqlA”*loaQ

7T_1k51052 QM —— 7'1'_11(51 ®M€B7T_1k52 QM —— W_lkglusz QM i) ,

where the rows are distinguished triangles obtained by pulling back the standard exact
sequence
0 — ks,ns, — ks, @ ks, — ks,us, — 0

of sheaves (cf. [21) Proposition 2.3.6 (vii)]) via 7—! and tensoring with the enhanced ind-
sheaves H and M, respectively.
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Chapter 2. D-modules of pure Gaussian type

The vertical arrow in the middle denotes the morphism between the two direct sums
given by the morphism A’ o a; between the first summands and the morphism A” o as
between the second summands (and zero morphisms from 7~ 'kg, ® H to 7~ 'ks, ® M and
from 7 1kg, ® H to 7~ 'kg, ®M). By our construction of A’ and A", the square on the left
of the diagram commutes and the vertical arrows are isomorphisms. Therefore, there exists
an isomorphism a completing the diagram to an isomorphism of distinguished triangles (cf.
[25) Definition 10.1.16 and Proposition 10.1.15]). By Lemma @ below and |25 Proposi-
tion 10.1.17], this isomorphism is even unique with the property of fitting into this diagram.
(Of course, there is not a unique isomorphism 7r*1k51U52 ® H ~ w*1k51U52 ® M as the
target has nontrivial automorphisms, so also the desired isomorphism is not unique.)

If S is a closed sector at oo (of sufficiently small radius) that intersects at most one
Stokes line for each pair ¢,d € C, then there exists an open sector with the same property
containing S. For the latter, there is an isomorphism of the form . Tensoring it with
n kg yields such an isomorphism for S. 0l

Lemma 2.11. For an open sector S at 0o, a proper open subsector 8" C S, and ¢,d € C,
one has

c.2 d_2
1 —Re sz —1 —Re 5z
HomEb(Ikﬂ,) (7T kS ®E(C\[F’ 2 , T kS’ ®EQP 2 ) ~ (0
and
—Re %ZQ —Re gzz

Homps e,y (7 ks ® Egpp 27 [, 7 kg @By 27 ) 0.
Proof. By arguments similar to those in the proof of Lemma [2.8] we obtain

_ c,2
Re 52

d
—Re 52’2)
C|p

T ke ® Ecp

HOInEb(Ik[P) (7T_1kS X E

= hgl Home(chR) (ﬂ-ilks ® k{t—Re 522>0}> ﬂ-ilks' ® k{tfRe %zQEa})

a—r0o0

and this is always zero: We can apply the left exact functor
Hompp g, ) (T ks @ Kgy_gegz250), 7 ke @ @)
to the short exact sequence
0 — K Redazzajnft-—Re £22<0) 7 Kt-Re 2250) — K(t_Re 4225a)n{t—Re £2250) — 0-
It is easy to see (by considering stalks) that
Hompp gee, ) (7' Ks @ K- e §2220} ™ ke @ K(i Re2:2>a)n{t—Re §z2<0}) ~0,

and therefore Hompp (.. (w‘lks @ Kt Re 2250} kg ® k{tfRe 4Z2>a}) is isomorphic
> 922>
to a subspace of

Home(kaR) (Trilks ® k{t—Re %ZZZO}’ ﬂ'ilksl ® k{t—Re %ZQZa}ﬁ{t—Re 52220})

~ Home(kCXR) (Wﬁlks & k{t—Re %2220}, V!Vﬁlﬂ'ilksl)
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2.3. Stokes multipliers and monodromy

>~ HOme(kN) (Vﬁl(ﬂ'ilks & k{t—Re %ZQZO})a I/il(ﬂ'ilk‘g/))

~ Hompp o) (K(sxr)nn s K(srxrynn) =0,

where we wrote for short N := {t — Re%z2 > a} N {t—Re§z? > 0}, and v: N —

C x R denotes the (closed, hence proper) embedding. The last isomorphism follows from

Lemma since (8" x R)N N C (S x R)N N is a proper open (and not closed) subset.
For the second part, observe that

_ c,2
R62z

_ —Re 222
e © LT ks @ Egp )

HOmEb(IkP) (W_lksr RE C|P

1 -1 -1 X -1
=~ lim EXtMod(kCXR)(W ks @ Ki_Reg2>0p T ks ® k{t—Regz2za})>

a—00

which is zero since there are no Ext groups of negative degree (cf. |25, Proposition 13.1.10]).

O

2.3. Stokes multipliers and monodromy

Let C C C* be a finite subset and M € Mody,(Dp) be of pure Gaussian type C. As we
have seen, for any pair of parameters ¢, d € C there are exactly four Stokes directions, which
differ by multiples of 5. Therefore, we generally need four sectors to cover a neighbourhood
of oo by sectors on which we have isomorphisms of the type .

Fix a generic direction 6y, and choose a numbering of the elements of C' such that
cay <60 ¢2) <6y -+ <6 C(n)- Clearly, g + k5 (for k € {1,2,3}) are also generic. By
Proposition there exists R € Ry such that on the closed sector

5 = {z € C‘|z| > R,argz € [00+(k— 1)g,eo+ka} (k € 7./47)

we have isomorphisms

—Re %ZQ)TC

ap: ™ ks, @ Solp (M) == kg, ® @ (]E(C‘P
ceC

(2.5)

(Note that these isomorphisms are not unique, so this step involves a choice.)
On the half-lines ¥;_1 1 1= X1 N Xy and X 11 := X N X4 bounding the sector Xy,
aj, induces isomorphisms
_ _ ~ — —Re EZQ c
aﬁ Log lkEkak & Solp?(./\/l) — T lkgkflyk ® @ (EQP 2 )T
ceC
and Re €22
k+1 -1 E ~ -1 —Regzz%\re
aftt m ks, @ SOE(M) 5 7 ks, @ @D (B 2 )
ceC

4Throughout this thesis, we will often denote the elements of Z/AZ by 1, 2, 3 and 4 (instead of 0) in order
to reflect the intuitive numbering of sectors and quadrants by numbers between 1 and 4.
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Chapter 2. D-modules of pure Gaussian type

Hence, we get a transition isomorphism on each ¥y ;41 given by
k k1y—1 —1 —Re §2%\r.
af 0oy ) e Autgp 1k, (77 ks 14 ® @ (E(C\IP’ ) )v
ceC
which is represented by an invertible, block-triangular matrix oy, (cf. Proposition [2.9)). It
is upper block-triangular for k € {1,3} and lower block-triangular for k € {2,4}.

Definition 2.12. The matrices o are called Stokes multipliers (or Stokes matrices) and
their product o4030907 is called (topological) monodromy of M (with respect to 6y).

Note that these notions require fixing a generic direction.

Proposition 2.13. The monodromy of a D-module of pure Gaussian type is the identity,
i.e. 04030901 = 1.

Proof. Choose p > R and set B :={z € C | |z| < p}. By Lemma there is a canonical
isomorphism
_Re &2 -
7 kg ® @ (IEQEe 27 )" = kg @ (kp)"
ceC
We introduce the notation Dy := 3, N B and Dy, j41 := DN Dy, and set D := UkeZ/4Z Dy,

(see Fig. . Moreover, we write for short H := Solf (M) and M := @ (E

22 \ ZJ1

D1
D2 /
O.

— Re %Z2 Te
cp )

Dy

23 \ 24

Figure 2.3.: The proof of Proposition [2.13 compares the situation around 0 with the situa-
tion around oo: The sets Dy, are the overlaps of the four sectors ¥ at oo with
the circle B around the origin.

Consider the distinguished triangle

WﬁlkplupQ ® H —>71'71kD1 ®H@7T71kD2 ® H —>7T71kD12 ® H +—1>
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2.3. Stokes multipliers and monodromy

By using the isomorphisms induced by «aj, as and a%, we obtain an isomorphic distin-
guished triangle

7 kp,up, ® H — 7 'kp, @M@ 7 'kp, ® M — 7~ 'kp,, @ M -5,

where the second morphism is given as follows: The morphism 7~ 'kp, @M — 7~ kp,, @M
is the canonical morphism composed with the automorphism induced by a3 o (a?)7!, i.e.
it is given by the matrix ;. The morphism 7 'kp, ® M — 7 'kp,, ® M is the negative
of the canonical morphism.

Using the isomorphism 7, we get a diagram

W_lkpluDz QH —m— 7'('_11(1)1 ® M EBTr_lkD2 M —mM8M— 7'('_11(1)12 ® M +—1>

!
! ~ ~ ~
U i* }
+1

7 1G @ kE ——— 77 kp, @ (kE)" @ 77 kp, @ (kF)" —— 77 1kp,, ® (KE)" —— .
(2.6)

(We start with the black part of this diagram.) Since the isomorphism 7 is essentially
defined by the identity matrix (see the proof of Lemma , the arrow in the second
line must be given similarly to the corresponding one in the first line: The morphism
7 'kp, ® (kB)" — 7 'kp,, ® (k5)" is represented by the matrix o1, and the morphism
7 kp, ® (kB)" — 7 'kp,, ® (k5)" is the negative of the canonical one.

Now consider the kernel of the morphism of sheaves on P

-1
(kD1 )r ©® (kDQ)T =5 (kD12)T'
It is a local system on D; U Dy (extended by zero), glued from two constant sheaves of
rank 7 via the gluing matrix o1. Let us denote this kernel by Gy2. Since 7~ 'kp, ® (k5)" ~
7 Ykp,)" @ kL, we can complete the second line of (2.6)) as shown in blue colour, and we
get an isomorphism 7 'kp,up, ® H ~ 77 1G12 ® k%.

Let us remark that this isomorphism is unique with the property of fitting into the
diagram since one can easily check the conditions of |11, Corollary IV.1.5]: We have

Hompp i) (7' G12 @ kg, 7~ 'kp,, ® (ki)' [~1]) ~ Hompp g, (Gr2, (kp,,)"[~1]) ~ 0,

where the first isomorphism follows from the full faithfulness of the functor 7—!(e) @ k&
(see |6, Proposition 4.7.15]) and the second one follows from the vanishing of negative-
degree Ext groups (see [11, Theorem II1.5.5]). Uniqueness arguments in the remainder of
the proof are analogous.

One can construct in an analogous way the sheaf G4 glued from two constant sheaves
on D3 and Dy via the gluing matrix o3, as well as an isomorphism 7 'kp,up, ® H ~
-1 kE
T 034 Q k.
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Chapter 2. D-modules of pure Gaussian type

Finally, we consider the diagram (starting again with the black part)

7T_1kD Q H— ﬂ_lleuDQ QR H® TF_lkD3Up4 QH — 71’_1kD41Up23 QR H L)

i -

TIGOKE ——— 11 O kE @ 1 1Ga @ kE —— 7 kp, up.s @ T Gaa @ kB
2.7)

where the vertical isomorphisms are given by the ones constructed above. In particular,
the rightmost vertical isomorphism is induced by 7 *kp,up, ® H ~ 7 1G3, ® k%.

The sheaf G defining the blue object which completes the diagram is given as follows: It
is easy to see from the definitions that there are isomorphisms kp,,up,s ® G12 ~ (kp,, )" &
(kp,s)" and kp,,up,s ® Gaa =~ (kp,, )" ® (kp,s)", and hence one can define an isomorphism
KDiUDys @ G2 — Kp,uDys ® G34 given by the matrices o' and o9 on the first and
second summand, respectively. Let G be the kernel of the morphism

G12 @ G314 — KD, uDes @ G34, (2.8)

where G12 = kp,,uD,; ® G34 is given by the composition of the canonical morphism Gio —
Kkp, uDy; ® Gi2 and the isomorphism just described. The morphism G34 — kp,,uD,; ® G34
is the negative of the canonical one. We remark that the morphism is exactly the one
that induces the second morphism in the lower row of , and hence we can complete
the diagram with the blue part.

In this way, we have shown that there is an isomorphism 7~ 'kp ® H ~ 771G ® k% . The
sheaf G is a local system on D (extended by zero to P), glued from constant sheaves on
the Dy with gluing matrices 0. Consequently, its monodromy (choosing a base point in
D) is the product o4030201. On the other hand, by Lemma we have an isomorphism
7 'kp ® H~n"Ykp)" ® k. Since by [6, Proposition 4.7.15] the functor 7—!(e) @ k& is
fully faithful, this means that G is isomorphic to the constant local system and hence that
their monodromies are equal. O

2.4. Closed sectors of infinite radius

The question studied in this section is how large we can choose the radius of the four
sectors. It will turn out that the absence of singularities of a D-module of pure Gaussian
type outside the point co enables us to increase the sectors’ radii as far as we like. Hence,
we can actually use sectors of infinite radius.

Let M be of pure Gaussian type and recall the generic direction 6y and the Stokes
multipliers oy from the previous section. Write o = (0% )rez/az and v = (7c)cec-

We define the sectors

Sk::{ze(C

arg z € [90 + (k- 1)%,90 + k‘g} if 2 # 0},

which are closed sectors of infinite radius at co, but can also be considered as closed sectors
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2.4. Closed sectors of infinite radius

(including the vertex) at 0. As usual, we set Sy p4+1 := Sk N Sky1.

Definition 2.14. We define the enhanced sheaf F&%" ¢ Mod(kcxr) (or Fo for short)
on C by the following data (recall Notation [L.2)):
—Re £22
e (F,)s, is isomorphic to 77 1kg, ® @ (Ecée 2% )" for any k € Z/AZ.
ceC

e For all k € Z/47, the induced transition isomorphisms, which are automorphisms of

—Re $22\ r. . .
7r*1k5k,k+1 ® @ (E(C‘(C 2 )r , are given by the matrices oy.
ceC

It follows from Lemma together with Proposition that this defines — uniquely up
to unique isomorphism — a sheaf F, € Mod(kcxgr). If an enhanced sheaf on C is isomorphic
to one of this form for suitable data C, 8y, r and o, we call it an enhanced sheaf of pure
Gaussian type.

Remark. Let us briefly reflect on the meaning of “suitable data” in the above definition.
This expression is to say that C C C* is a finite subset, r is a family of positive integers
(one for each element of C') and, most importantly, 6y € R/277Z is a generic direction with
respect to C. It is not difficult to see that an enhanced sheaf F € Mod(kcxr) is of pure
Gaussian type if and only if it satisfies the first condition in Definition [2.14. Then, in view
of Proposition the gluing data will automatically be given by four “suitable” matrices,
i.e. ones which satisfy the conditions of Stokes multipliers for a D-module of pure Gaussian
type. These conditions are collected in Definition later (conditions on an object of
the category of Stokes data).

To our D-module M of pure Gaussian type we can attach an enhanced sheaf of pure
Gaussian type .7-}0 bo,r using the data from the previous section. The following theorem
shows that this finally is an enhanced sheaf (on C) describing globally (on P) the enhanced
solutions of M. Note that, in contrast to the formulation of Lemma [2.3] we do not write
extension by zero.

Theorem 2.15. There is an isomorphism

+
Solf (M) ~ ki @ Flor,

In the proof of this theorem, let us write F := FE0T  We will make use of the following

lemma, which gives an alternative description of Sol]g (M) away from the singularity.

Lemma 2.16. Let B C C be a closed ball of finite radius around 0. Then there is an
isomorphism

Jr
7 kg ® SolF (M) ~ 7 'kp @ kF @ F. (2.9)

Proof. We abbreviate By, := BN S, and By 41 1= BN Sy 1 for k € Z/4Z, as well as

fRe%ZQ

H := Solf(M) and M := @, (EWC )"¢. Note that the extension by zero to P of the
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Chapter 2. D-modules of pure Gaussian type

.5 —Re <22\ r. i ~
latter is 4/M ~ @ .~ (E<C|1P6 2% )T , and we will (as usual) suppress the functor 7. Recall

moreover that we write for short Fy instead of 7'k, @ F.
From Lemma we have an isomorphism

9 71'_11{3 ® H = 71'_11{3 ® (k%)r,

and hence a distinguished triangle (whose second morphism is the difference of the two
canonical ones)

7"-711{B1U32 ®@H — ﬂ-ilkBl ® (kII;)T D 7I-71k32 ® (klll?’)r — ﬂ-ilka ® (kIIE’j’)T +—1> .

Using the canonical isomorphism
~ +
7 kg @ (kE)" —= m kg @ kb @ M

coming from LemmalT.4|and the induced isomorphisms 7y, 7j k1 on By, By k41, we obtain
an isomorphism as the blue vertical arrow in the diagram

7 kp,up, ® H — 7 'kp, ® (KE)" & 7 'kp, ® (k)" — 7~ 'kp,, ® (KE)" *%

!
}2 TllTQOO’l \LTlgoo’l
G

+ + + o1—1 + 1
k%®f31U32 _ k%@MB1 @k]%(X)MB2 —_— k%@MB12 —*

Here, the oy in the vertical arrows denotes the automorphism of (kE)" ~ 7~ (kp)” ® kb

induced by the automorphism of the local system (kp)” which is given by the matrix o;.

Note that, by a statement analogous to Lemma (for closed subsets S C S C C)

together with |25, Proposition 10.1.17|, the blue arrow in the above diagram is unique.
Similarly, we have the diagram

7 kp,up, ® H — 7 'kp, ® (KE)" & 7 'kp, ® (KE)" — 7 'kp,, ® (KB)" 5

|
|~ 7400302 U1lT3 00201 l7340030201
|

~

+ + + 1-o +
KE® Fpup, —— > kE@Mp, 0kBoMp, ——2 5 kKE@Mp,, ——— .

Finally, the desired isomorphism is obtained from

7 kp @ H —— 7 'kpup, @ H® 1 'kpyup, @ H —— 7 ' Kpyup,, © H —5

B §

yocan—can +1

E & E L E L E L
kIP’®‘FB E— kP®FB1UBz@kP®~FB3UB4 kIP’®~FB41U323 —,

where the black vertical arrows are induced by the ones constructed above. In the second
row, “can” denotes canonical morphisms and « is the morphism fitting into the diagram
(whose rows come from the second rows of the diagrams above)
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2.4. Closed sectors of infinite radius

+ + + -1 + 1
k]IE" ® ]:B41U323 — k]IE”) ® MB41 & k]% ® M323 - 7 k]IE" ® M{O} -

|

| —

1Y oy IJ@ lﬂ:wz
3

+ + + 1o + 1
k% ® ‘FB41UB23 B kIPF;l ® MB41 ©® kIIE’j’ ® MB23 - k% ® M{O} % .

Note that this diagram only commutes since the monodromy is trivial (i.e. 04030201 = 1).

+
One can even show that the blue isomorphism 7~ 'kp® H ~ 7~ kp ®k% ® F is uniquely
determined by the diagram above, checking the assumption of [11, Corollary IV.1.5]: For
closed subsets B C B C C, we have (similarly to the proof of Lemma

+ +
HomEb(IkP) (7T_1kB’ ® ku];; ® Fy 7T_lkB o2y k]IE’; ® ’F[_l])

ad hgl Home(kCXR) (7T_1kB/ ®F, 7T_1kB ® k{tZ(z} é ]:[71})

a—r00

~ hgl EXtK/Izd(k@X]R) (7T_1k3/ ® F, TF_lkB & k{tZa} & f) ~ (.

a—r o0

For the second isomorphism, note that ky;>,} é]—" is concentrated in degree 0, which follows
easily from Lemma[A.5] The last isomorphism is then clear since Ext groups of negative
degree vanish (see |11, Theorem III.5.5]). O
Proof of Theorem [2.15 We abbreviate H := Solf(M) and M = @ . (E(age §z2)rc
Moreover, we choose p > R and set B :={z € C| |2| < p}, ¥ := Uyez/az Xk, D := BNX,
D, :=DnNX; and Dk,kJrl =DnN 2k,k+1)-

Uniqueness arguments for the arrows completing morphisms of distinguished triangles
in this proof work as in the proof of Lemma [2.16, and we will not repeat them here.

Firstly, we use distinguished triangles to obtain an isomorphism

+
ks @ H~n kg kb ® F. (2.10)

In order to do this, we start with the following diagram, whose rows are distinguished
triangles:

W_lkgluz)Q QH —— 7['_11{21 QH @W_lkEQ QH —— 7'('_11(212 QQH Ll)

!
= a1la2 la%
+
+1

E 5 E L E 5 o1-1 E 5
kIP’ R Foun, — kIP ® My, @kP®M22 _ kIP’@MZ‘m —_— .

By the construction of F, the second row is indeed a distinguished triangle and we obtain
the blue, vertical isomorphism. Proceeding with further diagrams of this type, analogously

to the proof of Lemma [2.16] finally yields the desired isomorphism ([2.10).
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Chapter 2. D-modules of pure Gaussian type

Secondly, we determine an isomorphism

+
kg H~nlkp okl o F. (2.11)

The existence of such an isomorphism was shown in Lemma [2.16. However, it is important
to note that such an isomorphism is neither canonical nor unique, but depends in particular
— as can be seen from the proof — on the choice of a trivialization 9: 7~ 'kg ® H ~
7 'kp® (k%)r. Denote by ) and 9}, 41 the induced isomorphisms obtained by tensoring
with 7r*1kp,c and ﬂ'ilka’k_H, respectively. We choose ¢ in such a way that the composition

+ ~
dioa;t: mkp, @kEF @M =5 77 kp, @ (kE)" (2.12)

is the canonical one, which can be achieved by composing ¥ with an automorphism of
the right-hand side. The rest of the construction of (2.11) is done as in the proof of
Lemma [2.16.

Now consider the following diagram:

ke @ H — 7 lks @ HOm ')k H —— 7 'kp @ H *5

= ED | &1 |em
<

docan—can

+ + + +
KE@F — S kKE@ Iy 0 kE® KE @ Fp 1 .

To see that the blue object completes the triangle in the second line, one needs to under-

stand the automorphism & of 77 'kp ® k% é F. It is obtained by composing the inverse of
the isomorphism induced by with the isomorphism induced by . By the con-
structions of these isomorphisms, one can see that, tensoring § with 7='kp,, one obtains
the morphism

+ ot +
7 kp, @kE oM 2k, @ H 25 7 kp, @ (KE) 5 7'k, @ kE @ M.

Recalling the notation 74 from the proof of Lemma[2.16 and the fact that 73 is induced by
the identity matrix, it follows that this composition is the identity.
Similarly, tensoring 6 with 7~ 1kp, yields the composition

T2001

+ > +
T kp, @kE @M 225 1k, © H 22 77 'kp, ® (KB)" 2275 771k, @ kE @ M.

The morphism ¥005 ! is given by a matrix. Tensoring with 7'k D1y, We get the morphism
V120 (ad) ™! =190 (a?) L oado(ad)™!, and this is represented by the matrix o7 * due to
. Therefore, 7~ 'kp, ® J is also the identity. Similarly, § is the identity also on Ds
and Dy and therefore 6 = id (noting that the distinguished triangles used for gluing § from
the 7~ 1kp, ® ¢ satisfy the conditions of |25, Proposition 10.1.17] and hence the gluing is
unique).

Since 7 'kc ® H ~ H, this concludes the proof of Theorem @ O
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With this result, we have reduced the description of the enhanced solutions for a D-
module of pure Gaussian type to a small set of data. This will be useful for our calculation
of the Fourier—Laplace transform. In the next section, we use this data to establish a
Riemann—Hilbert correspondence for D-modules of pure Gaussian type.

2.5. Stokes data and a Riemann—Hilbert correspondence

We fix a finite subset C C C* as well as a generic direction 6y and consider the sectors
Sp={2€Clargz € [0+ (k—1)F,00 + k3] if 2 # 0}. We also fix a positive integer r.
for any c € C.

Let Modg,,z(Dp) be the full subcategory of Mody1(Dp) consisting of objects of pure
Gaussian type C and with a Levelt—Turrittin decomposition satisfying rk R. = r. for every
ceC.

Let E&, 2 (Ikp) be the full subcategory of EP(Ikp) consisting of objects H satisfying
7 '%¢e ® H ~ H and admitting isomorphisms

-1 1 —Re £22\r,
m kg, ® H~m ksk@@(Ecm 2%
ceC

(2.13)

for k € Z/AZ. (Note that these isomorphisms are not part of the data.)

Proposition 2.17. The functor Sol¥ induces an equivalence between Modg,.(Dp) and
Eaauﬁ(lkp)'

Proof. The functor is well-defined by Theorem [2.15. Full faithfulness follows from the
Riemann-Hilbert correspondence of [6] (see Theorem [L.10).

It remains to show that the functor is essentially surjective: Let H € Ef,, . (Ikp). Denote
by Uy :=P~ E% (0) the neighbourhood of oo given by excluding the closed ball of radius

% around 0 (i.e. in the chart around oo with local coordinate 27!, Uy, is the open ball of

radius 2). Denote by Uj := B2(0) the neighbourhood of 0 given by the open ball of radius
2 around 0. Denote further by jo: Uy — P and joo: Usx, — P the inclusions.

Since Us is biholomorphic to the unit disc A, it follows from [32) Lemma 9.8] that
there exists a meromorphic connection My, € Mody(Dy,,) with pole at co such that
Ej ' H ~ Soljj (Mo).

—Re %z2

If we choose isomorphisms 7 'ks, ® H ~ 7~ kg, @D, .- (ECUP’ )¢ for k € Z/AZ, we
can define transition matrices o, which will satisfy o40302017 = 1 due to the compatibility
at the origin (which lies in every sector Si). Similarly to the arguments in the previous

section, we get an isomorphism H ~ kEED ® Fy. In view of Lemma |2.16, this yields an
isomorphism Ejg ' H ~ (kg,)" =~ Sol; (OF,). o

From the identity morphism of H, we obtain an isomorphism M, ‘Uo e O, ‘UOOUOO
through the full faithfulness of SOlgoﬁUoo' As D-modules form a stack (cf. |25, Proposi-
tion 19.4.7]), we can glue Mo, and O, to obtain M € Mod(Dp). It is easy to check that it
is holonomic and a meromorphic connection with pole at co. The Levelt—Turrittin decom-

position at oo of M coincides with that of M, and therefore the induced local description
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Chapter 2. D-modules of pure Gaussian type

of Solg (M) on small sectors (cf. Proposition must be isomorphic to the one given
by . Applying |7, Corollary 5.2.3| (see also |32, Lemma 5.15]), which basically states
that exponential factors and ranks are unique, this implies that M € Modg, & (Dp)-
Finally, since U + E%(Iky) is a stack (cf. [8, Proposition 2.6.4]) and H € E°(Ikp), we
conclude H ~ Solf(M). O

A similar equivalence can, for example, be proved in the case where only C' and 6y are
fixed, but not the ranks r..

The results of the previous sections enable us to describe the objects of Ef,, ;(Ikp) in
terms of linear algebra data.

Definition 2.18. Let C C C* be a finite subset, 6y a generic direction with respect to
C and r. € Z~qg for any ¢ € C. Choose a numbering of the elements of C' such that
(1) <ay €2) <o -+ - <0 C(n)- We will write r; instead of Teg)-

The category D of Stokes data of pure Gaussian type (C,0p, (r¢)cec) is defined as
follows:

e An object 0 = (0k)kez/az € ObED* is a family of four block matrices with the
properties:

The block structure is given by the numbers 7; (j € {1,...,n}), i.e. the jth
diagonal block has size r; X r;.

The matrices o7 and o3 are upper block-triangular and the matrices o9 and o4
are lower block-triangular.

The matrix oy, is invertible for any k € Z/47. (With the above properties, this
is equivalent to saying that the blocks along the diagonal are invertible.)

— The product of the oy, is the identity: o4030201 = 1.
e A morphism 0 = (0k)rez/az € Homegp+(0,0) between two objects 0 = (0% )rez/4z
and ¢ = (0 )rez/az is a family of four block matrices with the properties:
— The block structure is given by the numbers r; (j € {1,...,n}).
— The matrix dy is block-diagonal for every k € Z/47Z.
— For any k € Z/4Z, one has 06, = d410%.
Composition of morphisms is given by matrix multiplication.
Remark. Let us give an explanation of how one could think of objects and morphisms
in the category of Stokes data GD*. This also gives an idea for making a link with the
description of Stokes data in [38].
An object consists of four matrices which will correspond to the Stokes matrices describ-

ing the transition between the four sectors. We can therefore imagine them to be arranged
in a “circle”; i.e. a diagram of the form
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o+ 71 o
o2
o4
o3
s — oo
One can think of the vertices e as vector spaces k" = @?:1 k" which (by the given grading)
have two natural filtrations: The filtration F;, k" = @;nzl k" is respected by the matrices

o1 and o3, whereas the filtration F) k" = @?:n_m 41 k"7 is respected by the matrices oy

and oy.
A morphism between two such diagrams can then be visualized as

o1

and the relations required in Definition [2.18 amount to saying that this diagram is com-
mutative. The matrices § respect the grading k" = @?:1 ki, i.e. they are compatible
with both filtrations considered above.

An intuitive reason why the o are block-triangular, while the & need to be block-
diagonal is the following: The matrices o} are the transition matrices, which means that
they describe isomorphisms on the boundaries of the sectors, where one has a well-defined
ordering of the parameters c(;, (cf. Proposition . In contrast, the §; are meant to
describe morphisms on the sectors Sy, where no pair of parameters has a global well-
defined order. Therefore, J; must be compatible with any order of the c;).

Proposition 2.19. The functor

* * E +
SD* — Eaus(lkp), 0 = (Uk)keZ/4Z = kp @ Fo

. . . . —Re £22\ r,
is an equivalence of categories, where F, is the sheaf glued from ﬂ*1k5k®@cec (EQCe 27 )r

via the matrices o, as in Section [2.4]

Proof. The functor is well-defined, and it acts on morphisms in the obvious way: a block-
. . . —Re £2%\r.
diagonal matrix dJj, represents an endomorphism of 7 kg, ® DB.cc (EQCe 2° )r , and a

compatible family (x)rez/4z can be uniquely glued to a morphism of sheaves F, — F.
Jr
This induces a morphism k% ® Fy — k% ® F5.
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The functor is fully faithful since we can describe an inverse to the map

- + +
Homgg- (0,5) — Homg: (1) (kpp © For, k@ F5)

+ +
as follows: Tensoring a morphism k%@]—} — k%@]—"g with 7T_1k5k yields an endomorphism
—Re %zQ

of 77 kg, ® k% é DB.cc (EQ(C )Tc, which is given by a block diagonal matrix dj (cf.
Proposition . Compatibility with the o} and oy, is clear.

By Proposition @, any object of E&,, . (Ikp) is of the form H ~ Solf (M) for an object
M € Modg,.z(Dp). Hence, by Theorem E there exists a family (oy)rez/4z such that

H ~ k% ® F5, which proves essential surjectivity. O

Again, it is possible to define a category of Stokes data and obtain a result analogous to
Proposition [2.19| without fixing the ranks r..

The upshot of this section is the following corollary, which one could call a Riemann—
Hilbert correspondence for D-modules of pure Gaussian type with fixed exponential factors,
including ranks, and a fixed generic direction. Note that the right-hand side only involves
objects from linear algebra, which determine the enhanced solutions of a D-module of pure
Gaussian type.

Corollary 2.20. There is an equivalence of categories Modg, ¢ (Dp) — SD*.

The corresponding functor assigns to a D-module of pure Gaussian type M its Stokes
matrices. Since the category G©* has isomorphisms which are not the identity, we observe
that the Stokes matrices are not uniquely determined by M. They depend — as we have
already noted before — on a choice of the isomorphisms . This means that they are only
unique up to conjugation by block-diagonal matrices in the following way: Two families
(0k)rez/az and (Ok)rez/az of Stokes matrices are isomorphic if and only if there exist
invertible block-diagonal matrices (Jx)rez/4z such that o), = 5k+1ak(5k_1.
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Chapter 3.
Fourier—Laplace transform

This chapter is devoted to the study of the Fourier—Laplace transform of a D-module of
pure Gaussian type. More precisely, we want to give — under appropriate assumptions — a
transformation rule for the Stokes data associated to such a module. The computations will
be carried out “topologically”, meaning that we use the Riemann—Hilbert correspondence
in order to translate the problem from the category Modye (Dp) into the category EP(Ikp),
which was the context for defining the Stokes multipliers in the preceding chapter. It
will turn out that the computations to be carried out in the latter category reduce to
computations in the category Mod(kc«r) of sheaves of vector spaces on C xR, or enhanced
sheaves on C (cf. Section [1.2.2).

It can be deduced from theorems like the stationary phase formula (see [36, Theorem 5.1])
that the Fourier-Laplace transform of a D-module of pure Gaussian type is a again of pure
Gaussian type (|38, Lemma 1.4])). This is why we can attach Stokes data of the same type
to the Fourier—Laplace transform and hence the idea of a “transformation rule” mentioned
above is sensible. We will, however, not use this knowledge for our considerations. It will
instead follow a posterori as a corollary of our result.

The chapter is structured as follows: First, we recall the notion of Fourier-Laplace
transform for D-modules and its counterpart in the category of enhanced ind-sheaves.
Then, we perform computations in three cases with increasing complexity: Section
studies an exponential D-module of (pure) Gaussian type. In Section we compute
the Fourier-Laplace transform for enhanced sheaves of pure Gaussian type in the case of
parameters with a common argument, and we thus recover a result of [38]. In the last
section, we show that our methods apply also to more general cases.

3.1. Analytic and topological Fourier—Laplace transform

As before, let P = P!(C) be the (analytic) complex projective line. Denote by Al the
(algebraic) complex affine line.

Classically, for a module M over the Weyl algebra C[z](0.), the Fourier-Laplace trans-
for M is the C[w](8y)-module defined as follows: As a set, we have M = M, and the
structure of a Clw](d,,)-module is defined by w - m := d,m and d,m := —z - m. It is
well-known (see e.g. |16 p. 87]) that holonomic modules over the Weyl algebra correspond

5In the context of D-modules, the Fourier-Laplace transform is often just called Fourier transform or
Laplace transform by other authors.
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Chapter 3. Fourier—Laplace transform

to holonomic algebraic Dyi1-modules. It was shown by N. Katz and G. Laumon (see [27,

Lemme (7.1.4)]) that in the latter category the Fourier-Laplace transform can be expressed

as an integral transform whose kernel is the algebraic D-module associated to the function

e~ *". Since (by GAGA, see |29, p. 75]) holonomic algebraic Dy1-modules are in one-to-one

correspondence with holonomic analytic Dp-modules M satisfying M (xo0) ~ M, it also

makes sense to consider the Fourier—Laplace transform as a functor on analytic modules.
Consider the projections

P, x P,

P, Py
where P, denotes the complex projective line with affine coordinate z in the chart C, C P,
at 0, and similarly for P,. We denote by oo, and oo, the unique points outside the
charts at 0. Note that —zw represents a meromorphic function on P, x P,, with poles at
({o0,} X Py) U (P, x {c0y})-

Definition 3.1. Let M € DP(Dp_). We define the Fourier-Laplace transform "M of M
by

LM = Dpw*(g(ajg(cw‘[pzx[pw ®D DP;M) € Db(DPw)'
This defines a functor “(e): DP(Dp,) — D"(Dp,).

There is a similar transform for enhanced ind-sheaves, which was introduced and studied
in [26]. Note, however, that our definition involves an additional shift (as in [7]).

Definition 3.2. Let H € EP(Tkp,). We define the enhanced Fourier-Sato transform (or
the topological Fourier-Laplace transform) “H of H by

+
LH = Epw!! (E(Ezie(czﬁpzxpw ® Epz_lH) [” € Eb(lkpw).

This defines a functor “(e): EP(Ikp,) — EP(Ikp, ).

Remark. The definition of the enhanced Fourier—Sato transform differs between various
authors. In [26] and |4], it is stated without a shift, which then forces a shift in the

statements below. In [7], the authors use the enhanced sheaf E(Efie(czﬁlpzxpw instead of the
enhanced ind-sheaf E(Ezlie(iﬁpzxﬂ”w' This does not make a difference as long as we apply

the enhanced Fourier-Sato transform to stable objects H € EP(Ikp,) (i.e. objects with
Jr
k%z @ H ~ H) because
R T 177 L LE T —R L
B, xCulp.xp, @ EP; H ~Kkp yp, @ Ec (0 wp, ©Ep, H

R e C1E &
= EszeCZqﬁszPw ® Epz (kIP’z ® H)

+
~ E— Rezw -1
~ ECZwaHP’szP’w ® Ep, "H.
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3.1. Analytic and topological Fourier—Laplace transform

Note that Sol% (M) is stable for M € DP_(Dx), since k& é Sol (M) ~ S0l (Ox) é
Sol% (M) ~ Sol% (0Ox &P M) ~ SolE(M).

An important observation on our way to describing the Fourier—Laplace transform of
a D-module of pure Gaussian type is the compatibility of these two transformations with
the enhanced solution functor (cf. |26, Theorem 4.17|) and the stabilization functor. We
define the projections

C, xCy C,xCy xR

. / X N and 5/ \‘7}

C, xR Cyu xR

where p = p X idg and ¢ = ¢ x idg. Note that p is induced by p, and ¢ is induced by p,.

Jr
Lemma 3.3. Let M € Modyo)(Dp,) be of pure Gaussian type and Solg (M) ~ kg ® F
with F € Mod(kc,xr). One has isomorphisms in EP(Ikp,)

*~

+ + ~ — e zw —
Solff, (“M) = Solff (M) ~kf, @ "“F ~ ki, @ RG(Ec " o, @D F)[1.

Proof. The proof of the first isomorphism simply applies the functorialities of SolII?,,] (see
Proposition and . The only thing one has to pay attention to is that the formula
for the direct image holds since a D-module of pure Gaussian type is “algebraic”, i.e.
comes from an algebraic (holonomic) D-module via analytification and hence admits a
good filtration (cf. |16, Theorem 2.1.3]).

The second isomorphism is easily proved using [6, Proposition 4.7.14| together with
commutativity and associativity of convolution (|6, Lemma 4.1.4, Lemma 4.1.5]).

For the last isomorphism, we first remark that “F denotes the enhanced Fourier-Sato
transform of the enhanced ind-sheaf associated to F (see Section . We recall the
following facts from the theory of enhanced ind-sheaves in [6]:

For a morphism f: X — Y of complex manifolds, the functor Ef~': EP(Iky) —
EP(Ikx) is, by definition, given by the functor fﬂg;: DP(Tky wr.) — D°(Ikxxr. ). (The
notation fr_ is taken from |8] and this morphism was denoted by f in [6].) For G €
DP(kyygr), there is an isomorphism fﬂg;g ~ fﬁlg in DP(Tkx xgr..), where Jr = [ xidg
(see |6, Remark 3.3.21]). Similarly, for G € DP(kx ), the proper direct image is given by
EfuG ~ Rfr\G if f is proper. Applying this, we get

+
VF = Epun(Bc . i, © Epz T F) (1]

+ + _
= Epw!!(kl}gzxﬂl’w ®E Zie@z:ljpz X Py ® (pz)le)[l]
+ 7 * .
= k%w @ Epy)y (Eczieéﬂpzxpw ® (pz)Rl]:) [1]

*

+ — e zZW —
~ ki, © R(pw)R!(ch;Cwmzxpw ® (p)g ' F)[1].
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Chapter 3. Fourier—Laplace transform

In the third isomorphism, we have used [6, Proposition 4.7.14] and the compatibility of é
Jr
and ®.

+
Since k]% Q kb ~ k%, the last step is to reduce the inverse and direct image operations
along p, and p,, to those along p and q on the level of enhanced sheaves. For this, consider
the commutative diagram

P, x Py xR 2% p_ R

i] ] (3.1)

(sz(waR*va C. xR,

E= Re zw

C2 XCoy| P2 X Py
is supported in C, x C,, x R and hence is isomorphic to 4 E P;egw‘(c . ~ 7T ke, xc, ®
> c—Rezw
UEC X ColCaxCo
by zero in most places)

where the vertical arrows are inclusions. Now note that the enhanced sheaf
in DP(kp_ xp, xr). We get a chain of isomorphisms (emphasizing extension
—-R X -1 —1 2 -—R x -1z
E(szegﬂpzxpw ® (p2)g F ~ (7 'k, xc, ® “Eczxeéﬁczxcw) ® (p2)g i1 F

g * — 1=
= Z!Eczie(éf\(czxcw ® (7‘(‘ lk(czxcw ® (pZ)Rl ZZ!]:)

NfE—Rozw éﬁ A-—l( )—1'7 F
= UEC, xCyp|CoxC, @ U P2)r L2
*
A — AP L L4
~ “Ecczf;e(czﬁczxcw Rup i iy F

~ —Rezw |
~ 0 (Bc e xcy, @D F)-
The second isomorphism follows from a statement analogous to ([1.4)) for enhanced sheaves.

The fourth isomorphism uses the commutativity of the square (3.1). The last step uses

the projection formula and the fact that one has 77'4, ~ id, and similarly for i, (cf.
Lemma |A.1).

Finally, consider the commutative square

P, xP, xR 2% p_ xR

(szwaRLwaR
showing that R(pw)R!%! ~ i, R§ and thus completing the proof. O

The lemma just proved states that "M is determined by the object ©#F defined next.
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3.2. Warming up: A single exponential

Definition 3.4. Let F € DP(kc,xr) be an enhanced sheaf. We define its enhanced
Fourier-Sato transform (or topological FourierLaplace transform) *F by

F = Ra(Ec S, e, ©F 7 F)(1] € DY (ke xw).

This defines a functor #(e): DP(kc, xr) — DP(kc, xr)-

+
Note that “F ~ k%w ® £ F (where the left-hand side denotes the enhanced Fourier-Sato
transform of the enhanced ind-sheaf associated to F), which was shown in the proof of

Lemma Comparing with the remark above, the reason why there is no isomorphism
LF ~ £F is that F is not stable as an object of EP(Tkc,).

3.2. Warming up: A single exponential

The simplest example of a D-module of pure Gaussian type is M = E(EU%ZQ for some ¢ € C*.
In this case, no (nontrivial) Stokes phenomenon appears since the category of Stokes data
for C = {c}, r. = 1 and arbitrary 6y has only one isomorphism class. Note that this is also
the case for nonzero 7. as long as C' only consists of one element. The intuitive reason is
that the Stokes phenomenon describes the interplay between different exponential factors
(whose relation is incorporated in the upper and lower block-triangular structure of the
Stokes matrices).

We take this example to perform a first topological computation of the Fourier-Laplace
transform although the result could be obtained much faster applying, for example, the
stationary phase formula (cf. [36]).

We know that

—Re §z2
C|P

_ c,2
Re 5z

_c,2 +
Solf (g2 ) ~E ~kp ®Ege ©

so the following proposition is the key point in determining the Fourier—Laplace transform.

Proposition 3.5. We have an isomorphism in DP(kc, «r)

1,2
C —Re%zQN Re 5w
E(Cz|(cz —E<Cw|<cw . (3.2)

Proof. Using the definition of the enhanced Fourier—Sato transform for enhanced sheaves
and Lemma [A.5] one calculates

—Re £22 . *
EE(CZ‘(S:Z = RQ!(k{t—Re zw>0} @p lk{tfRe §z220})[1]
~ Rq k{tfRe(zw+§z2)20}[1]v

where {t—Re(zw+52%) > 0} = {(2,w,t) € C, xCyy xR | t—Re(zw+52*) > 0}. Hence, it
remains to show that the (derived) proper direct image Rqik{;_re(zw +£22)} is concentrated
in degree one with cohomology sheaf k {t4+Re Lw2>0}-

2c -
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Chapter 3. Fourier—Laplace transform

We check this isomorphism on stalks first. This will give us some useful overview of the
topological objects involved. Thereafter, we prove the desired isomorphism using the ideas
arising from the local analysis.

The local picture: Stalks
Let (w,f) € Cy x R be an arbitrary point. We get isomorphisms (cf. Lemma [B.2)

(Rlak{tfRe(szr%zg)zO})(uv,’{) ~ H| (~_1(7~Z} f)v k{tfRe(zw+522 >0}’~71 i g))
~ He (Co x {0} X {7} K (i Re(au-£22)>0x (w0} (7))
((CZ k{t Re(zw+% z2)>0})
({ zw—|—22 )20};k).
The aim is therefore to determine the compactly supported cohomology groups of the
topological space Z,; = {f — Re(zt0 + §2?) > 0} C C. (equipped with the subspace
topology induced by the Euclidean topology on C,).
We will write the occurring complex numbers with their real and imaginary parts as

c=c1+icy, z =2z +izy and W = Wy + 1w2. We will denote by |c| the absolute value of c,
i.e. [c|? = ¢ + 3. It is convenient to distinguish two cases.

Case ¢y #0

In real coordinates, the inequality defining =, ; is written as

(clzf — 0122 — 2022122) — 211 + z9w9 > 0.

l\DM—l

After completing the square twice and applying the (homeomorphlc) coordinate transfor-
mation given by z1 := 21 — —122 + 11 = 29 + %, one can see that this is

equivalent to
ORI < WD S W L Tk 2 LY

3.3
9“1 201 2¢1 2¢1|c|? (3.3)

Note that the right-hand side of is nothing but # 4+ Re iﬂﬂ, which gives a first hint
at the connection with the right-hand side of . We will write for short s(w,f) :=
f+ Re g2

For ,%(w,t) < 0, inequality becomes

€1 2 c? 2
S — 15 >1
2k (0, 8) L 2erm(w, D) 2=
which describes the (closure of the) region outside the two branches of a hyperbola (see
Fig. (a)). Its compactly supported cohomology vanishes in all degrees (cf. Lemma@
(1)), i.e.
H.(Ep k) ~0 foralll € Z (if s(w,f) <0).
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3.2. Warming up: A single exponential

On the other hand, if k(w,f) > 0, inequality (3.3]) describes the (closed) region between
the two branches of a hyperbola (see Fig. (b)): The inequality can be written in the
form

‘1 2 |cf? 2

———1]— ———25 <1

2k (0, 1) L 2e1m(w, ) 2

if k(w,f) > 0. In the case where k(w,f) = 0, the hyperbola is degenerate (see Fig.

(iii)), but the region is still simply connected and can be treated in the same way as for
positive s (w, ). The cohomology of this type of region is (cf. Lemma (i)

Hl(Z;rnk)~k and  HL(E,pk)~0 forl#1 (if s(w,f) > 0).
Altogether, we have seen that the stalks of Rq K{i—Re(zw+g22)>0y and Ky, po zichEO}[_l]
are the same in each degree and at each point of C,, x R. In particular, both are concen-

trated in one degree.

(a) Kk(w,t) <0

Figure 3.1.: The hyperbolic regions =, ; C R? (in standard form) in the case ¢; # 0.
(The pictures sketch the situation for ¢; > 0. Orientations are different for
c1 < 0.)

Casec; =0
If ¢y = 0, the inequality defining =, ; reduces to

t+ Coz129 — 21W1 + 299 > 0.

After the transformation z1 1= 21 + 15—22 and zo := 29 — f—;, this becomes
. W W2
Cor1Ty > —<t + )
C2

(Note that c2 # 0 in this case since ¢ € C*.) In order to write the hyperbola in standard
form also in this case, one applies another coordinate transform given by y; = %(—wl +x9),
Yo = %(:cl + x2) to obtain

W1 W2

coyi — coys <4
e

Now everything is analogous to the previous case: We write for short x(w,f) :=  + w}:—;”
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Chapter 3. Fourier—Laplace transform

and observe that r(w,{) = { + Re zw?. For s(w,f) < 0 (resp. (w,f) > 0), the region
described by this inequality is of the form shown in Fig. (a) (resp. (b) and (c)), so these
cases are homeomorphic to the ones we have seen before.

The global picture: Isomorphism of sheaves
We now want to prove that we have an isomorphism

Rq k{t—Re(zw—I—%zQ)ZO} = k{t+Re = w2>0} [_1]'

The idea is to replace {t — Re(zw + §2z%) > 0} (whose cross-sections for fixed w and
t are regions bounded by hyperbolas) by a set A whose cross-section for fixed w and ¢
is a generator (Borel-Moore cycle) of the the compactly supported cohomology of the
corresponding region.

In the case ¢ # 0, for fixed w, t with t 4+ Re iuﬂ > 0, such a generator is given by the
line 21 — 229 + £+ = 0 (which corresponds to the vertical axis z1 = 0 in Fig. (b) and
(¢)). We therefore consider the set

1 c w
A= {(z,w,t) €C,xCypxR|t+Re—w?>0,2 — —222 + 2= 0}.
2c c1 c1
By definition, A is a closed subset of {t —Re(zw + §2?) > 0}, so we have an exact sequence
in Db(k(CzX(waR)

0— k{t—Re(zw—&-%zQ)ZO}\A — k{t—Re(zw—‘r%zz)ZO} —r kg — 0.

If we apply the functor Rq to this short exact sequence of sheaves, we obtain a distinguished
triangle

~ ~ ~ 1
Rk Re(zw+22)>00na4 — ROK{_Re(zw+g22)>0p — Rarka =5

Now, note that Rq k{t—Re(zw+gz2)zo}\A ~ () since we can calculate the stalk at any point

(w,f) and in any degree as in the prequel, and these stalks are compactly supported
cohomology groups of spaces as in Fig. [3.1] (a) or Fig. .2] (cf. Lemma [B.1 (iii)). Hence,

Raq k{t—Re(zw—i—%zz)ZO} ~ Rqka.
Consider the commutative diagram

C.xCyxR %> A "5 {t+Refuw? >0} —L— C, xR

!

R —2 & {pt}.

Here, the map a is given by projection (so it is the restriction of g). Furthermore, the
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3.2. Warming up: A single exponential

Figure 3.2.: The stalks of the cohomology sheaves of R@k{t—Re(szrgzZ)zo}\A at points
(w, ) with x(w,f) > 0 are compactly supported cohomology groups of spaces
of this form: The region from Fig. (b) or (c) minus the vertical axis of the
hyperbola.

map g is given by (z,w,t) — Imz, and it is easy to check that the square is Cartesian. In
particular, {t+Re 2w? > 0} xR — A, (w,t),y) — (Zy— " +iy,w,t) is a homeomorphism
(i.e. the Borel-Moore cycle is parametrized by y). Using this diagram, it follows that

RIK(t_Re(zwt 52220 = Raika = Rqijaka =~ jiRaka =~ jiRaig™ kg

o () . _ .
~ jip” Rprike = jip~ k(1] = jikgyype Ly2s0)[~1]
~ K Re Lu2z0y [~ 15

which is what we wanted. The isomorphism (x) follows because the compactly supported
cohomology of the real line is concentrated (and one-dimensional) in degree one (which
also follows from Lemma [B.1 (ii), for example). The case ¢; = 0 is analogous. O

We immediately get the following result.

_c,?
Corollary 3.6. The Fourier—Laplace transform of SC“}ZDZ for c € C* is given by

Proof. By Lemma [3.3] and Proposition we have

1.2 1
Re2cw NERe2cw

2 1,2
Cu|Cu Cwl|Pw — Solg,, (€ ),

_c,2 +
Solf, (“Ec2p.) ~ ki, ©F Py

C.|P,
where the last step uses ((1.5)), and the desired isomorphism follows from the full faithfulness
of Solg . O

Thus, we have computed the Fourier—Laplace transform of a single exponential solely by
means of topological methods (i.e. working with constructible sheaves and cohomology).
The connection with the D-module side of the Riemann—Hilbert correspondence is made
in the very first and last steps of our argumentation.
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Chapter 3. Fourier—Laplace transform

3.3. Sabbah’s case: Aligned parameters

The next case we will treat is that of a D-module of pure Gaussian type C with argc = argd
for any ¢,d € C, i.e. the parameter set C' is “aligned” along a half-line through the origin.
This is also the situation in which C. Sabbah formulated a result in [38]. Let us denote by
arg C' the common argument of all the parameters.

3.3.1. Main statement

Let M € DEOl(Dp) be a D-module of pure Gaussian type C, where all the elements of C
have the same argument arg C.

Let us first determine the Stokes directions: If ¢,d € C, we have d = Ac for some
A € Ryg. The union of the four Stokes lines is the set of solutions of

Recz? = Re \cz?.

Writing ¢ = ‘C’eiargc’ and z = ‘Z|€iargz

alent to

in polar coordinates and simplifying, this is equiv-

|z|? cos(arg C' + 2arg z) = 0,

and therefore the directions of the Stokes lines are

% — %argC’—i— k:g, ke Z/AZ.

The values are the same for any pair ¢,d € C, so there are only four Stokes directions in

total. In particular, we can choose 0y := —% arg C as a generic direction. Note that these

considerations involve a choice of 1 5 arg C, and, where it is necessary to specify this choice,

we will choose arg C' € (—m, 7], Wthh forces 6y € [—%
It is known from Theorem [2.15 that

2 2)

+
Solf (M) ~ kE o F&bor,

Therefore, the main step in computing the Fourier-Laplace transform of M topologically
is the proof of the following statement.

Theorem 3.7. Let C C C* be a finite subset such that argc = argd for any c¢,d € C.
Denote by arg C' the common argument of the elements of C, and set 0y = —%arg C.
Choose a numbering of the elements of C such that ¢y <g, ... <g, C(n)- Lel 7c € Zxo
for any ¢ € C, and set v := ) o7rc as well as v := (r¢)eec. Let 0 = (0k)rez/az be
a family of four block matrices oy, € K"™*" whose block structure is given by the numbers
Teayr - Tem (i.e. the jth diagonal block has size Teggy X Teg )) and such that o1 and o3 are
q\pper block tmangular o2 and o4 are lower block-triangular and o4030201 = 1. We define

=-1/C={-1|ceC}, b0 =7 — 0, 75 :=r_ 1/cforcmyc€C and T := (7z)~

Then there is an zsomorphzsm

ceC”

LFO_C:OOJT ~ ]:00790,11“_
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3.3.1. Aligned parameters: Main statement

In particular, the gluing matrices 0 = (0% )rez/az remain the same (although sectors and
exponential factors change).

As a corollary, we get the following result, which was already obtained in the context of
Stokes data attached to Stokes-filtered local systems by C. Sabbah (cf. |38, Lemma 1.4 and
Theorem 4.2]). The statement is illustrated in Fig.|3.3] Recalling the fact that a D-module
of pure Gaussian type is determined by its Stokes data (see Corollary , we have thus
given a complete description of the Fourier—Laplace transform in this case.

Corollary 3.8. Let C C C* be a finite subset whose elements have constant argument
argC. Let M € Dﬁol(Dp) be of pure Gaussian type C and let (0})rez/az be Stokes multi-
pliers for M with respect to the generic direction 6y = —% arg C. Then the Fourier—Laplace
transform “M of M is of pure Gaussian type C = —1/C and a family of Stokes multipliers
for "M with respect to the generic direction 50 =7 — 0y is given by (Uk)keZ/4Z-

Proof. 1t is easy to check that 50 is indeed a generic direction for C. Tt is also not difficult
to show that the ordering of the parameters carries over to the Fourier-Laplace transform,
i.e. that —% <% —é whenever ¢ <y d for ¢,d € C'. The fact that the ranks and Stokes
multipliers remain unchanged follows from Theorem O

Original system Fourier—Laplace transform

Figure 3.3.: The complex plane covered by four closed sectors, which are determined by
the generic directions 0y and 6y = m — y. (The red arrows indicate the Stokes
directions.)

If a D-module of pure Gaussian type has a Hukuhara—Turrittin decomposi-
tion on each of the sectors Si (on the left) with exponents —5z? and Stokes
multipliers oy, then its Fourier—-Laplace transform has a Hukuhara—Turrittin
decomposition on the sectors §k (on the right) with exponents iw2 and Stokes

multipliers o}, = oy.
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Chapter 3. Fourier—Laplace transform

The rest of this section will be concerned with the proof of Theorem (3.7} The idea of the
proof is as follows: In Section [3.3.2] we choose a suitable decomposition of the plane into
four closed sectors Sk, k € Z/47Z, on which F = .7-}0 0T is trivialized as a direct sum of
exponential enhanced sheaves. Setting Hy := S1USs, H_ 1= S3US4, Sk jt1 1= Sk NSkt
and L := 841 U Soz, we can model the gluing of F from its restrictions to sectors in terms
of short exact sequences in Mod(kcxr):

0—>‘7:7.[Jr — Fs, & Fs, — Fs,, — O,
0 —Fy — Fs;®Fs, — Fsyy, — 0,
0 — FL — Fsyy © Fsys — Frop — 0,

0—>f—>.7:7.¢+@./."7.[7 — Fr, — 0.

Using the isomorphims between F and a direct sum of exponential enhanced sheaves on
sectors, we can make these sequences more explicit. Applying the enhanced Fourier—Sato
transform, we obtain distinguished triangles (which will turn out to be just short exact
sequences). As soon as we are able to describe the enhanced Fourier-Sato transform
of exponential enhanced sheaves on sectors (which we will do in Section |3.3.3), we can
determine step by step the enhanced Fourier-Sato transforms of Fpy, , Fp_, Fr, and
finally of F in Section [3.3.4]

We will give a proof for the case where arg C' € (=%, %), i.e. ¢1 > 0. The arguments for
the other cases ¢; < 0 and ¢; = 0 work completely along the same lines. However, as in
the proof of Proposition [3.5] we will choose coordinate transforms which are different for
the cases ¢1 # 0 and ¢; = 0. Moreover, the geometry of the hyperbolae depends on the
sign of ¢1 (or ¢z if ¢; = 0).

3.3.2. Sector decomposition

The first step is to choose sectors which will be convenient for our considerations. It will
turn out that — when looking at stalks of exponential enhanced sheaves on sectors — we
have to deal with geometric situations involving sectors and the hyperbolic regions 2 ;
from the proof of Proposition [3.5] In order to work with these hyperbolae, we prefer to
write their equations in standard form, so we prefer the coordinates (z1,z2) to (21, 22).

Recall that we assume c¢; > 0. As seen in the proof of the proposition, the coordinate

transform is given by
I o 1 —% Z1 V'lfll .
<m2) N <0 1 29 + 7{:111;2'6—';2% ' (34)

We would like to find four closed sectors (with the origin as a common point) in the
z-coordinates which transform to right-angled sectors (not necessarily centered at the ori-
gin) with horizontal and vertical boundaries in the xz-coordinates. The properties of the
hyperbola being in standard form and the sectors being of that form will make the situation
easier.
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3.3.2. Aligned parameters: Sector decomposition

The inverse coordinate transform is

)6 D(6)- ()
22 0 1 1) clw2|C|202w1 ’
and it is easy to see that the lines with directions (1,0)T and (0,1)" through the point
(%7 %) in 2-coordinates correspond to the lines with directions (1,0)" and (2, nT
through the origin in z-coordinates, respectively. Therefore, the sectors in z-coordinates
should be chosen with these lines as borders, as shown in Fig. The numbering is given
by the generic direction 6y: The first sector begins at the half-line which lies between the
same Stokes directions as 6.

In symbols, the new sectors are (with argC' € (=7, %))

Sy = {ZG(CZ argz € O,g—argC}ifz;«éO},

g —argC’,Tr} ifz;zéO} ,

Sy 1= {z eC, |argz €

Sz = {z €C, |argz € _—ﬁ,—g —argC} ifz;éO} )

Sy = {ZG(CZ arg z € _—g—argC’,O] ifz;éO} .

Note that the origin is contained in all these sectors. As usual, we will denote the half-lines
bounding the sectors by Sy 41 := Sk N Sk41 for k € Z/4Z.

82 52
S1

83 oy
0o S3 to
34 54

Figure 3.4.: The new sectors Sy (on the left) can be deformed into the standard sectors Sk
without crossing a Stokes line. (The red arrows indicate the directions of the
Stokes lines. The generic direction 6 is shown in green.)

It remains to justify the use of these sectors instead of the “standard sectors” given by
S ={2e€Clargz € [0p+ (k—1)F,00 + kT] if z # 0}, which we have used up to now.
This is done by the following lemma. It ensures that the Stokes multipliers remain the
same if one moves the boundaries of the sectors without crossing a Stokes line.

Lemma 3.9. Let S, S" and Sy be three adjacent closed sectors at oo (of possibly infinite
radius). Assume that their total angle is less than 27 (see Fig. and that S’ contains
no Stokes direction.

59



Chapter 3. Fourier—Laplace transform

Let F € Mod(kcxr) and assume that we have isomorphisms
~ _1 —Re%z2 re ~ 1 —Re %ZQ Te
o1 ]:S;lUS/ — T kslusl & @ (E(C\(C ) , Q9 .7:52 — T k52 & @ (E(C\(C ) ,
ceC ceC

whose restrictions to S’ N Sy are denoted by o and o, respectively. Assume furthermore
that the transition isomorphism ol o o is given by a matriz oy .
Then there are isomorphisms
~ ~ —1 —Re%zz Te ~ ~ —1 —RQ%Z2 Te
ap: Fg — 1 kg, @ @ (EC|C ), o Fous — 7 'kgus ® @ (EQC )
ceC ceC

such that (denoting by & and o their restrictions to Sy N S’) the transition morphism
al o &’fl s given by the matriz oy.

As a consequence, Deﬁm’tion defines the same sheaf.7-},0’60’[r if we replace the sectors
Sk by sectors (at oo of infinite radius) Sy such that Sy contains exactly the same Stokes
directions as Sy for any k € Z/AZ.

S g
S1

([ ]
(0.¢]

Figure 3.5.: The situation of Lemma If S’ contains no Stokes direction, trivializations
of an enhanced sheaf of pure Gaussian type on S; U S" and S induce trivial-
izations on S; and Sy U S’ with the same transition matrix. In other words,
S’ can be considered a part of either of the two sectors without changing the
rest of the gluing data.

7Re322)rc

Proof. Let us write for short M := @, (E(C‘(C

The morphism @& is obtained by applying the functor 7—'kg, ® (e) to a;. To con-
struct ai, we glue two morphisms via a short exact sequence: The morphism «; induces
1 'kg®ay: Fg — 7 'kg ® M. Moreover, the matrix o represents an automorphism of
7'['_11{5‘/052 ® M. Since there are no Stokes directions in S’, it extends to an automorphism
of 7 'kg ® M. Therefore, we obtain am from the following diagram with exact rows:

0——r }—52U5/ E— ./T"SQ @ }—S’ _— .FS’(‘]SZ — 0

| aio O‘Qlﬁo(ﬁ_lks”@al) l”71k5’052 ®az

~

0 — 7 lksus @M — 77lkg, @M@ 7 1kgr @ M

can—can

ﬂilkslnSQ QM — 0
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3.3.3. Aligned parameters: Exponentials on closed sectors

The third arrow in the lower row is the difference of the two canonical maps, which makes
the square on the right commute and hence guarantees the existence of the blue vertical
arrow on the left.

To find the new transition matrix on S;NS’, we tensor this diagram by 7~ 'kg,~s/. This
yields

0 — fslmsl E—— ]:{0} ) fslmS/ _— f{o} — 0

J/Trflkslﬁsléi)aQ ﬂ_lk{o}®a2lcr1o(7r_lkslmsf®a1) lﬂ_lk{0}®a2

can—can

0— W_lkslmsl QM — 7T_1k{0} QM@ W_lkslmgl Q@M 7T_1k{0} Q@M — 0.
(This is the diagram for the case in which the sectors have infinite radius, i.e. a common
point at the origin. In the case of finite radius, {0} is replaced by &, i.e. we have 0 in place
of Fyoy etc.) It follows that 7 kg, ng' ® dg = o1 0 (7 kg,ng' ® a1). By construction,
kg s @ a1 = W_lkslmgz ® a1, so the transition map is given by o7 as desired. O

3.3.3. Exponential enhanced sheaves on closed sectors

CRe€s2  _ReC,2
RG2Z Re2z

The aim is now to compute the enhanced Fourier—Sato transforms of E ,
Sk|C= Sk,k+1/Cx

Lz

—Re £22 . . .
and E{O};Ci for k € Z/AZ. As mentioned, we assume ¢ = ¢ + icag € C* with ¢; > 0.
In general, the enhanced Fourier—Sato transform of an exponential enhanced sheaf can
be computed as

EES‘fV‘Cz = Rg (k{tfReszO} ®p ' (7 kw ® k{t+<p(z)20})) [1]

~ Rq (Wflkatcw @ (K{—Rezw>0} ® k{t+<,0(z)20})) 1]
~ Rq k{(z,w,t)e(CzX(CwXR|zEW,t—Re zw—i—cp(z)ZO}[l]' (35)

Here W C C, is a locally closed subset, and ¢: C, — R is a continuous function. Note
that the projection 7 is not the same in the first and second line: In the first line, we use
m: C, x R — C,, and in the second line we use 7: C, x C,, x R = C, x C,,. In the first
isomorphism, we have used for enhanced sheaves.
In particular, the stalks of the cohomology sheaves at a point (w,f) € C, x R are
determined by the topology of the intersection of two subspaces of the plane C,, namely
H'(“Efy1c.) oy = HEF (W N {2 € C| £~ Rezib + ¢(2) 2 0} k). (3.6)

w,t) —

Exponentials on the sectors S,

_Re 2
Let us start with the enhanced sheaf E Sjté 27 We proceed analogously to the proof of
Proposition

To get an idea of what the result could be, we consider the stalks of the cohomology

—Re £22 .
sheaves of £E Sk\éfz . By (3.6)), they are given by the compactly supported cohomology
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Chapter 3. Fourier—Laplace transform

groups of the intersection of the space Z,; = { — Re(zb + §2*) > 0} with the sector Sj.
Since the other cases work analogously, we only consider the case k£ = 1 here.

Applying the coordinate transformation , which does not change compactly sup-
ported cohomology since the latter is invariant under homeomorphisms, the space to be
considered is the intersection of the (hyperbolic) region given by

2
c1 o e® o 1
—x7 — —x5 <t+Re—w
27l 972 2
and the sector given by

’LUl Cl’LDQ — Cgﬁ)l
1>, T2

c1 lc|

When studying the topology of this intersection, one finds that it never has nonzero com-
pactly supported cohomology outside degree 0. In degree 0 (i.e. for [ = —1), it vanishes
unless there is a compact connected component, in which case it is one-dimensional. A
more detailed study of this region can be found in Section and its upshot is that

— c,2
H!(PEg 02" ) ~ 0 for I # —1 (3.7)
and
H_l(LE_Re%ZZ) )k ifery — ooty <0 and —gf () < £ < —pp (1), (3.8)
S11C- @5 7 10  otherwise .

with the continuous functions <p;f o Pret Cw — R defined by

2
w3

if w; <0
T (wy + dwe) 1= { 2 =5,
Prel ) 0 ifw >0

and

e 2 2 _nal. 2
3N (crw] — cyws + 2cowiwa) = Re gzw?®  if wy <0,

Or (w1 +iwy) == ]
o {_2011|C|2 (crwy — cowy)? = 1e(w) if wy > 0.

Observing that ¢ .(w) — ¢, .(w) (c1wg — cow)?, we see that ore(w) > ¢p(w) for

_ 1
T 2cic|?

all w € C,. We write for short n.(w) := (c1ws — cowy)? (as we already did above).

~Zal

We set H_ := {w € Cy | cywe — cow; < 0}, which is a half-plane whose upper boundary
is the line wy = %wl. Note that this half-plane only depends on arg C'. The stalks suggest
the following global statement.

Proposition 3.10. There is an isomorphism in D (ke xr)

—Re £22 + oo
[,E Re 5z :E%,Cbpr,c[l]

S11C H_|Cy
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3.3.3. Aligned parameters: Exponentials on closed sectors

Proof. Set A:={(z,w,t) € C; x C,, xR |z € §,t — Re(zw + £2?) > 0}, and recall from

_ c,2
Re §z

that EESHCZ ~ Rqkal[l].

First, consider the set

U:= {(z,w,t) €eC,xCyxR|z€S8;1,t—Re (zw+ gz2) >0,t< —gorfc(w)}.
It is an open subset of A, and hence there is a short exact sequence in Mod(kc, xc,, xR)
0 —ky — ks — ks v —0,
inducing a distinguished triangle in DP(kc, xr)
Rgiky — Rjika — Raika.y = .

By the projection formula,

Rakaww = Rai(ka @ ki ec, xr| 2—prw) = RIKA © K pec, xr | 2w

and hence it follows from (3.7) and (3.8) that the stalks of the cohomology sheaves of
Rgka.y at an arbitrary point (w,f) are all zero. Therefore, Rgika.py =~ 0, and Rgik =~
Rqgiky by the distinguished triangle above.

Next, consider the set

1
B := {(z,w,t) e C, xCy, xR‘zl:—<\/261t+w%—w1>,2220,
C1

crwy — cowy <0, —p; (w) <t < —%—,c(w)}

For fixed w and f, the corresponding point z = é(\/chf—i— Wy — 71)1) is the rightmost
intersection point of the hyperbolic region Z;; = {f — Re(zw 4+ §2%) > 0} with the
horizontal border of the sector S;. In particular, it is a point in the compact connected
component of Z; ;N S1. (As we have seen before, the conditions on w and t ensure that
there is a compact connected component.) Moreover, B is a closed subset of U and we get
a distinguished triangle in DP(kc, xr)

R(ﬁkU\B — R@k(] — RZ]vlkB i> .
The stalks of the cohomology sheaves of Rgky. g are compactly supported cohomology
groups of the spaces =, ; N S1 minus the rightmost point in the compact connected com-

ponent (if such a component exists) and as such they all vanish (see Lemma . Conse-
quently, Rg ki s ~ 0 and Rgkp ~ Rgky.

Finally, consider the commutative diagram
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Chapter 3. Fourier—Laplace transform

BN {(w,t) € Cyy X R | crwy — cowy < O,—c,oi‘c(w) <t < —pp(w)}

2 | &

C,xCyu xR 1 > Cyw X R,

where h is the projection onto the last two components (i.e. induced by ¢q). Starting from
what we obtained above, we can compute

—Re %zQ

‘Esﬂcz [-1] ~ RGika ~ RGjp ks ~ jihkp

i
- j' {(wvt)e(cw xR | Clw2—Cc2w1 Zoszxr(w)§t<7@r_,c(w)}

‘P:TCDSD;VC

~ -1 —~ ~
=7 kH— ® k{_wjjcgt<(p;c} - Hf‘(cw

The isomorphism (x) follows because h is a homeomorphism (see Lemma [A.1]), and this
concludes the proof. O

The cases of the sectors Sy, S3 and S4 can be treated analogously. For the sectors Sy and
S3, one needs to introduce the continuous functions <pl+c, 0.+ Cy — R, which are given by

Spl'i_c(wl n 2w2) - (302 lf wp < 07
’ ﬁ if w1 2 0

and
Ne(w) if wy <0,

(w1 +iweg) =
SOI’C( ! 2) {Re;ch if w; > 0.

Compared to the definition of go;fc and ., the cases are interchanged. Furthermore, we

set 7/-Z+ ={w € Cy | cywy — cow; > 0} and obtain the following result.
Proposition 3.11. There are isomorphisms in D (kc, «r)

c + -
Lp_Ress® | pAS A
S20C. T TH_|C, ’
c + —
LE_ R6522 ~ SOl,cbsal,c [1]
S31C: T THL|Cy ’
EEf Re%zQ ~ E¢r+,c>50;c[1]
S4|(C2 - H+|Cw

Exponentials on the half-lines S;, .11

. —Re £22 . .
The next step is to treat the case of ESk : ?ZC . The stalks of its enhanced Fourier—Sato
transform at (w,f) are given by the compﬁctiy supported cohomology groups of the space
Eu.i N Skk+1. The topology of this intersection is studied in Section For example,
for £ = 1, we find that the cohomology groups vanish except for degree —1, where they
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3.3.3. Aligned parameters: Exponentials on closed sectors

are nonzero if and only if c;we — cow; < 0 and

- 1
0<t<
- 2¢1|c|?

(Clwg — 02w1)2.

This leads us to the idea that the transforms are again (shifted) exponential enhanced
sheaves.

The following proposition summarizes the results for all k € Z/47Z. The proof is analo-
gous to that of Proposition

Proposition 3.12. There are isomorphisms in DP(kc, xr)

—Re £22

“Escl = E%Dj?cw[l]’
+
B = Eie, l1)
EE;jféZQ ~EX (1),
LES AT~ ES L 1),

Exponential on the origin

In order to compute the enhanced Fourier-Sato transform of EEO;E§Z2, we could proceed
similarly. However, in this case there is also a different approach using a result about the
classical Fourier-Sato transform for conic sheaves (see |21, Section 3.7]) and its compati-
bility with the enhanced version (see [26]).

Consider the functor e: DP(k¢) — DP(kcxr), F +— 7 'F ® k(;>0) and note that the
enhanced sheaf to which we want to apply the enhanced Fourier—Sato transform can be
written as
—Re 522

E{o}\cc = E{o}\c ~ 7 ko ® kg>op ~ e(kqoy)-

We denote by ()" the classical Fourier-Sato transform introduced in [21]. Since kypy €
DP(kc) is a conic sheaf, we can use |26, Theorem 5.7] and obtainlﬂ

Le(kqoy) ~ e ((kop)")[1]-

The main step is therefore the computation of the classical Fourier-Sato transform of k.
Denoting by f: {pt} < C,,pt — 0 the inclusion of the origin and using |21, Proposition
3.7.14], one gets

(kiop)" ~ (Rfikgpey) = ((kgpey) )
where *f: C,, — {pt} is the obvious map. (Note that we identify C, with the dual of

5The statement of [26, Theorem 5.7] is formulated in the context of enhanced ind-sheaves. However, the
authors actually prove the statement for enhanced sheaves, which is what we use here. The shift is due
to the fact that we defined the enhanced Fourier—Sato transform with a shift, contrarily to the authors
of [26].
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Chapter 3. Fourier—Laplace transform

C, by the natural multiplication of complex numbers.) It is not difficult to see from the
definition of the classical Fourier-Sato transform that (kgpey)" = kypey and hence

(k{O})/\ ~ k(cw.
Altogether, we obtain the following result.

Proposition 3.13. There is an isomorphism in DP(kc, xr)
L£——Re £,2 0
E{O}|(Ci - E(Cwl(Cw[l]'

Morphisms between exponentials

In the course of our considerations, we will need to apply the enhanced Fourier—Sato
transform not only to exponential enhanced sheaves but also to morphisms between them.
Recall that (writing out convolution), we have

L]: ~ Ra RM! (qflE(;j;UCwIszCw X q515—1f> [1]
with the maps g1, q2, j1: C, x Cyy x R?2 — C, x C,, x R defined by ¢ (z, w, t1,t2) = (z,w,t1),
@2z, w,t1,t2) = (z,w,t2) and p(z,w,t1,ta) = (z,w,t; + t2).

: —Re §z? —Re §2° :

For example, assume the morphism E 81\5 L E 812{;22 to be given by an element

a € k (cf. Lemma , i.e. on stalks it is multiplication by a.
. ~ 1 . . —Re 222 —Re £22

Applying the functor p~! yields a morphism Eslxci\(czxﬁcw — E812><<I2ZM|CZ><(CH,

by a.

still given

Likewise, after pulling back via g2 and tensoring with the exponent —zw, we still have
constant sheaves on subspaces of C, x C,, x R? and the morphism is given by a.

Finally, we apply the proper direct image functors along the maps p (sum of the real
variables, i.e. a projection not parallel to a coordinate axis) and ¢. They are subfunctors
of the (usual, i.e. non-proper) direct image functors, and since sections of direct images are
given by sections of the original sheaf, we end up with the morphism E;gr’d";f“d — E%Dnﬁc
given by a. (In the end, one needs to shift everything by 1.) b -

Accordingly, we can see that a morphism between a direct sum of exponentials as above
(given by a matrix) is transformed into a morphism between the direct sum of the enhanced
Fourier-Sato transforms (which are again shifted exponentials) given by the same matrix.
AOAr_,cl><Pr_,c _ Eq\bnc

is indeed given b
H_|Cuw H-|Cuw & Y

Remark. It is worth pointing out that a morphism E

an element o € k. This is shown in Lemma [A.4]

3.3.4. The enhanced Fourier—Sato transform of a Gaussian enhanced sheaf

In this section, we will elaborate on the idea given at the end of Section |3.3.1]in order to
describe the enhanced Fourier—Sato transform of .7-"00 00T We write for short F 1= J-"UC door
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3.3.4. Aligned parameters: Gaussian enhanced sheaves

To make notation easier, we will write EY, instead of E7 . since the second index will
always be X = C, or X = C,, and it is clear from the context whether the local variable is
z or w. (The same applies to the other type of exponential enhanced sheaf.) Furthermore,
we shall not write the exponents r., so we will essentially assume r. = 1 for any ¢ € C.
This is, however, not a restriction but only a notational modification for the sake of better

readability: One can replace any occurence of a direct sum EB E? by @ (E?‘)TC (and

ceC ceC
similarly for the other type of exponential) and the word “triangular matrix” by “block-

triangular matrix”. The proof will then apply in the exact same form.

Recall that we chose the generic direction 6y = —%arg C. It is easy to check that
the order defined by ¢y <g, ... <g, ¢(n) on the elements of C' is the order given by

lcayl < .. <e@yl: For z = |z|67%"argc, c = |cle’®8C and d = |d|e'*8C the inequality
Re £2? < Re 222 is equivalent to |¢| < |d].

Recall moreover that we have defined a covering of the plane C, by four closed sectors
Siy k€ ZJAZ. We set Hy 1= S USy and H_ 1= S3U Sy as well as Sy 41 := S N Sk41-
On these sectors, we have isomorphisms

~ —Re £22
ak:FSkH@ESk 2 R
ceC

and the gluing morphisms a1 oalgl on Sy, 41 are given by the Stokes multipliers oy, The
matrices o1 and o3 are upper triangular, and the matrices o9 and o4 are lower triangular.
(Since the structure of these matrices depends on the order on C, one needs to read any
direct sum indexed over C' as a direct sum indexed over {1,...,n} throughout the proof.)

In the sequel, we will use the isomorphisms
~ —Re £22
s 2
‘F‘Sk,k-ﬂ @ ESk,kJrl
ceC

induced by ajy1 (i.e. on a half-line between two sectors, we will use the isomorphism
induced by the one on the sector following in clockwise direction). We will also use the

isomorphism
~ —Re £22 0
Froy — EB By = @ Efoy
ceC ceC

induced by «j.

Transform of restrictions to half-planes

Let us start by investigating the short exact sequence in Mod (k¢ xRr)

0 — Fy, — Fs, ® Fs, — Fs, — 0. (3.9)

67



Chapter 3. Fourier—Laplace transform

We know that Fs, and Fs, are isomorphic to the direct sum of exponentials via o and
ag, and we also have such an isomorphism for Fg,, (as stated above). Therefore, the short
exact sequence ([3.9) is isomorphic to

— Re £22 —Relz? 41-1 —Re £22
2 2 2
0—Fu. —PEs, 7 0PE, T T DEs,, T 0
ceC ceC ceC

Applying the enhanced Fourier-Sato transform and a shift by —1 and using the results of
the previous section, we get a distinguished triangle in DP (k¢ xr)

r cl> r,c ® LDSO c 1 0>ne +1
E(Fu,)[-1] — EPEZ- e g @ Ee e = (HES (3.10)
ceC ceC ceC

It induces a long exact sequence of the cohomologies in Mod (kc,, xr). Since the second and
third object are concentrated in degree 0, it follows that H!(“Fy,) ~ 0 for | ¢ {—1,0}.
Therefore, the long exact sequence can contain at most four nonzero objects, and it reduces
to

0 N H—l(ﬁ(}‘/}{+ @E@r > Pre @@E‘pl (">‘pl(‘
ceC ceC

PeS"™ ——— H(“(Fuy)) — 0.
ceC -
(3.11)

Lemma 3.14. The morphism o1 — 1 from (3.11) is an epimorphism in Mod(kc, xR)-

Proof. It suffices to check surjectivity on stalks. Let therefore (w, ) € Cy x R be a point
with w; >0, w € H_ and £ > 0.
The stalk at (w0,f) of the morphism

@ Ecpr Fe>one o EB E‘Pl e, Kt N 1 @ E%Dinc

ceC ceC ceC

is the linear map

n n n
@*j@@‘j — @*j,
j=1 j=1 j=1

o o | -
Here %; = k iff < e )( w), and % ; = 0 otherwise. Similarly, A; =k iff < —Re 20( - W2,
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and A; = 0 otherwise. It is surjective since a preimage of (y1,...,7,)T is given by
(0;1(71, )0, ,O)T).
(Let us make clear that this map is well-defined: Note that d = Ac (with A € Rs) implies
ANg = Ne, so we have 0 < =7, < ... < —icy,. Therefore, %; = 0 implies %; = 0 for
all j > I. Moreover, recall that we have —n , (w) > —Re ZCIO)w2 for any w. Therefore,
= 0 whenever %; = 0. Together with the fact that o is upper triangular, this shows
that the map is well-defined.)
The case where w; < 0 but still w € H_ and 7 > 0 works similarly. If w ¢ H_orf< 0,
the stalk of the target sheaf is zero, so the induced map on stalks is also surjective. O

The following proposition is an immediate consequence of the previous lemma.

Proposition 3.15. The complex ﬁ(}"q.[+) s concentrated in degree —1. More precisely,
there is an isomorphism in DP(kc, xr)

E(FH+)[ ] ~ ker <Ul 1: @ ESOr Febeone @ @ E‘Plg c @ E%Dm) )

ceC ceC ceC

Proof. Let us denote the kernel in the statement of the proposition by K € Mod(kc,, xRr)-
Clearly, we have a short exact sequence in Mod(k¢,, xr)

0 K @ Egor (‘I>4pr c EB @ EL‘Dl CDQOI c 01— 1 @ EOA‘>776 O
H_ b
ceC ceC ceC

inducing a distinguished triangle in Db(k(cw xR) (where one regards the objects as complexes
sitting in degree 0).

Since the second and third objects are the same as in , one has identity morphisms
between these objects, and by the axioms of a triangulated category this extends to an
isomorphism of distinguished triangles, yielding the dashed isomorphism as desired:

L _ Pr, cD‘Pr c #1 c‘>‘p1 c 0'1 1 0>ne +1
(Fu) 1] — EDE; o PE; 2 PEF
ceC ceC ceC

|
|
|
I~
\
M Pr, cbﬂpr c 901 c‘><pl c Ulfl OD’I’]C +1
_—> —~
K Pz o @EnT ook @y
ceC ceC ceC

In general, the morphism completing such a morphism of distinguished triangles is not
unique. However, in this case we can prove uniqueness via [11, Corollary IV.1.5], i.e. we

have to check that
Hompp (i, ( @ EOMC ) ~ 0.
ceC
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Since all the objects are concentrated in degree 0, this Hom-set is nothing but

o>ne
Ex tMod(kcwa( PE; n)

ceC
which vanishes like any Ext group of negative degree (cf. |11, Theorem II1.5.5]). O
Proceeding analogously with the sequence
0— Fy_. — Fs, ® Fsy — Fsyy — 0, (3.12)

we get a similar result.

Proposition 3.16. The complex ﬁ(]-"H_) 18 concentrated in degree —1. More precisely,
there is an isomorphism in DP(kc, «r)

E(F’H_)[—]_] ~ ker ( — 03 @ E‘Pr CDSOr c @ @ E‘pl c >y . @ Eoﬁ|>+77c> )

ceC ceC ceC

Transform of restriction to real axis
We treat the sequence
0 — Fr — Fs,, @ Fspy — .7:{0} — 0 (3.13)

similarly to the sequences in the previous subsection: First, we can make it more explicit
by using the trivializing isomorphisms and obtain

522 1-0403 —Re %zZ
0 az @ E341 @ E523 @ E{O} 0.
celC ceC ceC

The enhanced Fourier—Sato transform then yields a distinguished triangle which reduces
to a short exact sequence, finally giving the following result.

Proposition 3.17. The complex “(Fr) is concentrated in degree —1. More precisely, there
is an isomorphism in DP(kc, xr)

+ +
L(}'L)[—l] ~ ker (1 — 0403 EB E&;c ® @ Eglj — @ E(%w> )
ceC ceC ceC

Transform on the whole plane

We can now start to examine the sequence
0—F — Fy, ®Fy_ —> Fr —0, (3.14)

which will enable us to describe £F and show that it is of the desired form on sectors.
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Let us first understand the morphism F3;, ® F3_ — Fp. It is the difference of the
natural morphisms F, — Fr and F3_ — Fr, which can be described more explicitly.

To do this, note that the sequences (3.9) and (3.13) fit into a commutative diagram

0 f’H+ F81®F52*>f512*>0
0 Fr Fsuy © Fsyy — f{o} — 0,

which is isomorphic to

—Re £22 —Re £22 o1—1 —Re £22
0 ‘FH+ @ ESl o @ E32 ’ 1 @ E$12 ’ 0
ceC ceC ceC
1l0'2 lg—l_l
—Re £22 —Re 2?2 1-0403 —Re £22
N \ 2 2 2
0 7 fL 7 @E541 @@ESTS e @E{O} —_— 0
ceC ceC ceC

(3.15)
Here, the vertical arrow in the middle denotes the direct sum of the morphism given by the
matrix 1 between the left summands and the morphism given by the matrix oo between
the right summands. We will denote this morphism by 1|oy (with a bar in case there is
no vertical arrow). Since the diagram has exact rows, the first vertical arrow is induced by

the second.
A similar diagram exists for the sequences (3.12) and (3.13):

— Re £22 — Re £22 1— —Re £22
0— Fu — (DEs, 7 oPEs, T — > PEs, T ——0
ceC ceC ceC
04J71 im;
—Re %z2 —Re §z2 1—0403 —Re §z2
0 —— 71 Des, ” oDEs,, T T DE T —— 0
ceC ceC ceC

(3.16)

Let us now describe #F. The considerations from the previous sections suggest that
a decomposition of C,, into four sectors with boundaries given by the lines w; = 0 and
ciwy — cow; = 0 might suit our computations. Therefore, we define the sectors (for

argC € (=3, 3))

Sy = {w € Cy ‘argw € [—W—I—argC’,—g] if w 7&0} ,
Sy = {w € Cy ‘argw € [—g,argC] ifw;«éO},
§3 = {wE(Cw ’argwe [argC, g} ifw;éO},

71



Chapter 3. Fourier—Laplace transform

§4 = {weCw

argw € [g,w—i—argC} if w 7&0} .

(An a posteriori justification for the numbering of these sectors is _given by Proposi-
tion [3.20.) We have 7-[+ = 33U84 and H_ = 51 USQ As usual, we set Sk k1 = Sk ﬂSkH

Proposition 3.18. On the sectors SAk (more precisely, on gk x R), the enhanced Fourier—
Sato transform of F is isomorphic to a direct sum of exponential enhanced sheaves with
exponential factors Re iwz. In particular, ©F is concentrated in degree 0, and for every
k € Z/AZ we have an isomorphism in DP(kc, xr)

(“F)g, =~ @Ef*” .
ceC

Proof. We will prove the desired isomorphism for £ = 1. The other cases are similar.
From the sequence (3.14), we get a distinguished triangle

LF — E(Fu,) @ S(Fy ) — B(FL) 25

It is isomorphic to a distinguished triangle

(L|o2)—(oa[1)

ker(oy — 1) @ ker(1 — o3) ker(1 — oy03) — £F = (3.17)

Here, the kernels are the ones from Propositions [3.15, [3.16 and [3.17. The first morphism
is induced by the ones described in (3.15) and (3.16).

Recall that the functor (e) g, 1s exact, so it commutes with kernels and cohomology. We
apply it to the triangle - ) to obtain

(1|o2)—(oa]1)

ker(oy — 1)g, @ ker(1 — 03)g, ker(1 — o403)5, — (“F)g, =, (3.18)

and from the associated long exact sequence it follows that H! ((£F) 5,1) ~0forl ¢ {—1,0}
and that the sequence

0 — H((“F)g,) — ker(or — 1), @ker(1 - o3)g,

3.19
(Llo2)—(o4|1) ( )

ker(l — U4O’3)§1 — HO((LF)gl) — 0.

is exact. It turns out that these kernels can be described more explicitly on a sector.
Firstly, we note that ker(1 —o3)g is the kernel of the morphism

+
r,c>Pr e Wl ,c S01 N 1- 0'3 o>n,
E%/O\ ,C E” gU>7e
@ 341 @ @ @ 841 ’

ceC ceC ceC

which is obtained by tensoring the morphism from Proposition with w*1k§1 (since
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7-A£+ N §1 = §41). Moreover, on 341, we have ciws — cow1 = 0, which implies goj:c(w) =
¢r.c(w) and ¢1.(w) = ¢ (w). Therefore, every single exponential enhanced sheaf appear-
ing in the direct sums above is zero, and it follows that ker(1 —o3)g =~ 0.

Secondly, we determine ker(oq — 1) similarly: It is the kernel of

>Re £ w? 1
@ Ezcl 2¢ @ @ E(lbnc o1 @ E(lbnc
31 31

ceC ceC ceC
since w1 < 0 on &1. We claim that

w?
1> w2

Re
ker(op — 1)g =~ EBEQC1 S (3.20)
ceC

To show this, it is enough to prove that the sequence

2511 >R (1 o1) 261 >Re 5 w? o>n. o1—1 0>
0—>@E @E aaQ}Eg1 —>Q§E§1 — 0 (3.21)

ceC ceC ceC ceC

is exact. Note that the map (1, 01) is well-defined since — Re de < —ne(w) for |d| > ||
(cf. Lemma E On the contrary, a morphism given by (01 ,1) would not be well-
defined (and it is the other way round for Sz). Exactness can be checked on stalks: Let
(w,f) € §1 x R be a point. If £ < 0, the induced sequence on stalks is

(id,0)

00—V —7Va0—0—0,

where V is a k-vector space depending on the exact value of w and £. This sequence is
obviously exact.

If £ > 0, the induced sequence on stalks is

O—>€B*J HCION @*j@@AJ @A]—m

where %; = k if t < —Re 261@)@2, and %; = 0 otherwise. Accordingly, A; = k if

i< —nc(j)(w), and Aj = 0 otherwise. Note that the morphism

n n
o P r; — D,
j=1 j=1

ai ai
— 01

an an
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appearing twice in this sequence is well-defined since it follows from A; = 0 that A; = 0
for all j > [, and hence %; = 0 for all j > [ (recall that oy is upper triangular). The
sequence is exact because an element of the vector space in the middle is in the kernel of
— 1 if and only if it is of the form (v,01v) for v € _; %;. Injectivity of (1,01) and
surjectlwty of o1 — 1 are obvious. We have thus proved -
Thirdly, we proceed analogously to find out that

2
ker(1 — o0403)5 =~ @ E2C1 , (3.22)
ceC

which follows from the short exact sequence

2
00— @ Echl oaor) @ EQCl oP Egl Azoa0s, P E%l —0. (3.23)

ceC ceC ceC ceC

(Recall that 040309201 — 1)

Finally, we realize that there is a commutative diagram in which the sequences and
appear as the columns, and which has exact rows and columns (see p. . Comparing
the upper row of this diagram with the sequence , which we wanted to study, it follows
that

H Y ((“F)g) ~0 and HO((“F)g @ERe*“’
ceC

In particular, having proven this analogously for the other §k, it follows that £F is con-
centrated in degree 0 due to the exactness of taking stalks.

Concretely, the desired isomorphism is now obtained by viewing the upper row of the
diagram as a distinguished triangle in D" (kc, «r) and constructing an isomorphism to the
triangle (3.18) using the isomorphisms (3.20) and (3.22):

l|0'2

+1
ker(op —1)g —— ker(l —o403)g —— (C}‘)gl —
|
+ -
|
5. >Re i 2 ;u% 1 Ee Lw? 41
Cl c1 2c
Pe: — ey —— BE T
ceC ceC ceC

The dashed isomorphism is then unique in this case since the assumptions of |11, Corol-
lary IV.1.5] are satisfied: One has

Hompnge. o) (@EQ” o @E — >~0

ceC ceC

because there are no Ext groups of negative degree (cf. [11, Theorem III.5.5]). O
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Chapter 3. Fourier—Laplace transform

Remark. As mentioned, the proofs on the other sectors are similar. More precisely, one
obtains

1 >Re 5 w2
ker(oq — @ EQC1 ,
ceC
ker(l —o3)g ~0,

ker(l — o403)5, ~ @ EXt,

Sy’
ceC
ker(op —1)g ~0,
>Re 5~ w?
ker(1 —o3)g @Ezcl 2t ,
ceC
ker(l —0'403 § @EQCl,
ceC
ker(op —1)g ~0,
2
“L>Re & w?
ker(l—o3)g =~ @ E;fl caet ,
ceC !
ker(l —0’403 § @Egcl.
ceC

The corresponding diagrams are shown on pp. 80]

The following lemma shows that the upper rows of the diagrams for 3\2, 3\3 and §4 are
indeed exact. A choice of the matrix D amounts to a determination of the cokernel (which
is unique up to unique isomorphism). In the above diagrams, we chose D = +1 in such a
way that we obtain nice representatives of the gluing matrices in the next section.

Lemma 3.19. Let X be a topological space, and let Z C X be a locally closed subset.
Let pj,¢j: X = R, j € {1,...,n}, be continuous functions such that ¢1(x) > pa(x) >

> pn(x) and @j(x) > j(x) for any j € {1,...,n} and any v € Z. Let A € k™" be
an invertible, lower triangular matriz. Let D € K"*™ be diagonal and invertible, and set
B := DA™, Then the sequence in Mod(kxxr)

0— @ E?[;w] @ EZ\X - @ EZ|X
j=1

1S exact.
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Proof. It suffices to show that the stalk of this sequence at any point of Z x R is exact.
(Note that the stalks at points of (X \ Z) x R are all zero.)

Let (#,f) € Z x R, and let [ € {0,...,n} be the unique number such that —p;(Z) < ¢
for all j <l and { < —¢;() for all j > l. Then the stalk of the above sequence at (&, 1) is
0—Pxr; 5 Pa; = Pw;—o. (3.24)
j=1 j=1 j=1

Here % ;, A; and ¥k, are the stalks of the direct summand of the sequence in question.
We have %; = A; = ¥; = 0 for j > [ since in this case one has t < —p;(Z), and in
particular £ < —;(&). For j <, we get A; = k, so the object in the middle is nothing
but k! (regarded as the first [ components of k™). Furthermore, still for j < I, we have
%, ¥%; € {0,k}, and %; = k if and only if J%; = 0.

The first map is given by applying the matrix A, whose image is in k", and then pro-
jecting to the space k! (the first I entries). Hence, the matrix A is obtained from A by
replacing the entries of lines [ + 1,...,n by zeros. Similarly, B is obtained from B by
replacing the entries of the lines where ¥¢; = 0 by zeros.

In other words, the sequence is isomorphic to

l = . l
0—Pxr; S KL P — o

Jj=1 Jj=1

Here, A is the [ x [ matrix in the upper left corner of A. Moreover, we have B=D A1

where A-1 is the [ x | matrix in the upper left corner of A~! and D is obtained from D
by taking the [ x [ matrix in the upper left corner of D and, for 1 < ] < l replacing the
Jth diagonal entry by zero if ¥%; = 0. It is an easy observation that AA-1 = =1, thel x1
1dent1ty matrix, since A and A~ are lower-triangular. In partlcular A is invertible and
A1 = A1, Injectivity of A is therefore clear. Surjectivity of B holds because it is the
composition of an invertible map with a (surjective) projection. Finally, the kernel of D is

exactly @3‘:1 % ;, so the kernel of B is the preimage of @é’:l % ; under zﬁ, which is the
image of A. Therefore, (3.24) is exact, as was to be shown. O
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Gluing matrices

We have seen in Proposition @ that £F is isomorphic to a direct sum of exponential en-
hanced sheaves on each of the S (and such isomorphisms have actually been constructed).
Therefore, on each of the half-lines S\k,k:-f—lv we have two trivializing isomorphisms &y, and
Q41 coming from the ones on the two adjacent sectors. Our aim is to find matrices oy

. . Re 3-w? . .
representing automorphisms of @ E §e 2¢"” such that the following diagram commutes for
ceC okt
any k € Z/4Z:
8k Re QLC’LU2
@ E§k,k+1
ceC
Q41
LTy,
( I)Sk,k+1

We obtain the following result.
Proposition 3.20. Gluing matrices for “F are given by oy = oy, k € ZJAZ.

Proof. In order to prove the assertion, we need to make the isomorphisms constructed in
the proof of the previous proposition more explicit. Let us give the proof for o1 = o7;.

By what we have learnt in Proposition the triangle is actually a short exact
sequence (identifying #F with H(*F))

(L|o2)—(o4[1)

0 — ker(op — 1) @ ker(1 — o3) ker(l — o403) — £F — 0. (3.25)

On & (i.e. applying (e)gz ), it induces

0 — ker(o1 — 1)g LN ker(1 —o403)5 — (EJ’:)g1 — 0, (3.26)

since we proved ker(1 —o3)g = 0. Moreover, we obtained determinations of ker(o1 —1)g

and ker(1 — o403) 3 from the isomorphisms of short exact sequences given by

2
W

>Re = w? _1

0 — ker(o1 —1)g —— @ E§1 2 o EB E%Dﬂc -1, @ E%Mc 0
1 1 1

J ceC ceC ceC

2 2
w—_lDRe L_w2 1,01 w—‘ll>Re L_w2 -1
0 EB E2AL1 2¢ ( ) @ E2A¢1 2c ® @ EQ\DWC o1 @ EQ\DWC 0
S1 S1 S1 S1
ceC ceC ceC ceC
(3.27)
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and

0 —— ker(l — 0'40'3

k

w?
0 e 2,
ceC

IH@E%l @@EO

ceC ceC

H
@Ezcl ® @ EO

ceC ceC

(1 0201

1-0403 0
_— S —
Py — 0

ceC
H (3.28)

1-0403 0
EEEm— E. —— 0.
DE;, 0

ceC

Combining the red and green isomorphisms with (3.26), we obtained the isomorphism (in

blue) whose existence was claimed in Proposition |3.18:

1o

0 — ker(o1 — 1)g —2 ker(1 — 04os)g, —— (“F)g —— 0

iﬁ l: lﬁ (3.29)
ﬁDRe Q%wz 2611
0 — DEL L PEr L PERET 0
ceC ceC ceC
The same principle applies to the proof for gg: We start from the sequence
1o

0 — ker(or — 1), =2 ker(1 — 0403)g, — (“F)g, — 0, (3.30)

which is obtained by restricting (3.25) to Sy and remembering that ker(1 — o3) 5 =0
The determinations of the kernels are given by the diagrams (we use the same colors, but

dashed arrows)

0 —— ker(o1 — 1)g,

and

0 —— ker(1 — 0403)

|
|
| ~
|
!

~-

2
0o —— @EZH
ceC

82

—->Re ing
C

w2
—— @R e

ceC ceC

H
(‘71 1) @ EODnc > @ E2c1

ceC ceC

5 — D o Bl

ceC ceC

H
@E @@E2Cl

ceC ceC

0'40'37

Re L w? -1
% L) @ EOSADHC — 0
2
ceC

>Re 5 w? o1—1 0>7e
—_— @E§2 — 0
ceC
(3.31)

1-0403 0
— E. ——
DE;, 0

ceC
H (3.32)

1-
0403 @ EO 0
ceC
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and one combines the red isomorphisms with (3.30) to obtain

l|02

0—— ker(ol — 1)§2 ker(l — 0403)§2 [N (Lf)§2 — 0
f U = (3.33)
>Re L w? wi ot g L 2
201 2¢ o2 2cy 2 € 3. W
OH@E —>@E§2 —>@E§2 — 0.
ceC ceC ceC

Restricting the diagrams and to the half-line §12 (more precisely, applying
the functor (e) 512), one obtains two diagrams whose first rows are identical, since they are
originally induced by . Hence, one can put them together into one diagram as follows
(note that w1 = 0 on Si9):

0|>Re w Re L w?
0 — PESTET L L PEL L L PENET o
12 12
ceC ceC ceC

|
~|
|
O>Re %wz oo - 0 oy Re %w2
0 QETTET _m ey et

Now note that the purple morphism on the right is the gluing map between §1 and §2
which we are interested in, so it is given by the matrix o;. Therefore, in order to find this
matrix, one needs to determine the composition of the dashed green isomorphism with the
inverse of the solid green isomorphism, i.e. the orange morphism shown in the diagram.

In order to find the orange arrow, we apply the functor (e) 3, to the diagrams (3.28)
and (3.32) and put them together to obtain (note that w; = 0 on Sp3)

0 —— Pes = BCLELN PeEl @@EO %@E%l2*>0

ceC ceC ceC

| H H

0 —— ker(1 - oy0y)5, — EDES @@EO %@Egm —0

! ceC ceC
r\/‘
—
| H H
0 (0403,1) 0 0 1-0403 0
) EL T D o E) s el
12 12
ceC ceC ceC ceC
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It is easy to see that the orange arrow must be given by the matrix o901 to make the
diagram commute (recall that o4030201 = 1).
Finally, the right square of (3.34) reads as (omitting the middle row)

@ Eslz *> @ E312

ceC ceC

b
@ E512 *> @ E$12

ceC ceC
and therefore o7 = o1. The proofs of the other cases are completely analogous. O
Remark. o Although the proofs of the other cases are analogous, one might be inter-

ested in the case o9 = oy (the transition from Sy to S3): At first glance the situation
seems to be different since ker(1 — 03)g ~ 0 but ker(sy — 1)g ~ 0. However, this

means that ker(1 —o3)g @ ker(o1 —1)g ~0, so in the combined sequence on Sas
the first object just vanishes. This also reflects the fact that we = %wl and hence

“’1 —
%1 Re ’LU on 823

e In the proof of t Proposition [3.20, we actually construct an isomorphism between the
diagrams for S; and S, (both restricted to 812) The starting point is thereby the
identification of the lower parts of the two diagrams by identities, which expresses
the fact that both diagrams have a common “skeleton”. All the other isomorphisms
are then induced by these identities. They are, however, not identities any more since
the realizations of kernels and cokernels differ on Sl and SQ cf. -

Pure Gaussian type of £F

To finish the proof of Theorem , it remains to conclude that £F is again of pure Gaussian
type. We resume writing the ranks r. and the second index in the exponentials from now
on.

Up to now, we have shown that (see Proposition

(CF)s, =P (E5 )" (3.35)
ceC

for k € Z/47Z, and the gluing matrices are o1, .. .,04. Setting C := —1/C = {-1]ceC}
and 7z 1= r_j /s, we can write

“P)s, =D (Eg )" (3.36)
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The last step before making the connection to Definition [2.14 is to replace the sectors

Sk by right-angled sectors. One has arga =r—argC € (3, 37“) if argC' € (=3, 5), so the
Stokes directions are 7 — 5 argC +kG=—-7+ %argC + k%, k € Z/4Z. Clearly, one can
also write the Stokes dlrectlonb in the form

~ 3r 1

sty =7 + 5218 C+ k
which only amounts to a change of numberlng It is easy to check that sty is the axis
direction of S, for any k € Z/4Z (see Fig. [3.6). Therefore, each of the sectors Sy contains

exactly one Stokes direction. Moreover, 90 =1—6g=7+3 5 arg C' is a generic direction for
C , and the numbering on C with respect to 90 is in fact the one inherited from the ordering
on C' with respect to 6y, i.e. 6\(1) <§0 8(2) <§0 . <§0 /C\(n) if c1) <6y €2) <y --- <6 C(n)-
This follows from the easily verified equivalences

C<90d
c o d , , 1

<:>Re§z <Re§z for z € C with z # 0 and argz:Hoz—iargC
|| < |d]

L o Lo . ~ 1
<:>—Re2—w <—Reﬁw for w € C with w # 0 and argw:00:w+§arg0

c
<:)Re§w <Re§w for w € C with w # 0 and argw = 0y = ?—§arg0
<:>E<§OJ

for ¢,d € C, i.e. argc = argd = arg C. This observation is important because the represen-
tation of the gluing isomorphisms by matrices depends on the numbering of the direct sum.
Hence, the choice of such a suitable generic direction 6y ensures that the gluing matrices
induced by are in fact the gluing matrices 6 = o) coming from , and there is

not an interchange of rows or columns.

Figure 3.6.: Each of the sectors Sk (on the left) contains exactly one Stokes direction.

Consequently, the sectors gk can be deformed to the sectors §k (on the right)
without crossing a Stokes line.
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Moreover it is easy to see that 00 lies between stg and sty. Therefore, one can use the
sectors Sy, := {w € C | argw € [90 +(k=1)3 B0+ kT 5] if w # 0} instead of Sj, since by
Lemma [3.9] one will still have trivializations

and gluing matrices oy, ..., 04.

C 0, . . . . .
In conclusion, we obtain £F ~ Fy’ 0F , since such a sheaf is unique up to unique iso-

morphism by Lemma [A.6] This completes the proof of Theorem

3.4. A more general case

In this section, we will finally consider a case where the parameters are not aligned along a
half-line through the origin as in Section We will work with only two parameters here,
so C = {c¢,d} ¢ C*, and we will assume r. = r4 = 1. (As we have seen in the previous
section, this last assumption does not change the proof, but only makes it more readable.)
We will still impose conditions on the parameters which will ensure that they are not “too
far apart”. This will be made explicit below, and is not related to the absolute value of
the parameters’ difference, but rather to its argument. It turns out that the methods of
the previous section can be adapted to this situation. As in the previous sections, the key
to computing the Fourier—Laplace transform of a D-module of pure Gaussian type is the
corresponding computation for the associated enhanced sheaves of pure Gaussian type.

3.4.1. Assumptions and main statement

Let C' = {c,d} C C* be a set of two parameters and let M € Modye(Dp) be of pure
Gaussian type C' with ranks of the regular parts in the Levelt—Turrittin decomposition
given by r. =rqg = 1.

In the case in which the parameters’ arguments coincided and —§ < argC' < 7, we
used sectors S whose boundaries were the half-lines defined by the angles 0, § — arg C,
m and —5 — argC. These sectors were chosen in such a way that, after transforming
them into new coordinates in order to write the hyperbola in standard form, they became
right-angled sectors with horizontal and vertical boundaries.

We would like to use these sectors (for arg c instead of arg C') also here in order to apply
the results found in Section @ If cc C*and d = c+ p-e™ for some p € Ry and
w € R/2nZ, the Stokes directions are the values of arg z solving equation , which in
this case is equivalent to

pcosw cos(2arg z) — psinwsin(2arg z) = 0.
By a standard identity of trigonometry, this is again equivalent to

pcos(w+2argz) =0,
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so the Stokes directions are
T W

£, —
ST T T

+k% k € Z)AZ.
Note that this involves a determination of w, which, however, does not change the set of
all four Stokes directions. Here, we choose & € [-F, 7).

Let us assume that 0 < arge < 5. In order to ensure that each of the sectors contains
exactly one Stokes direction, we could ask that —§ +2arge < w < 7. This guarantees that
the Stokes direction st is contained in S; (and is not its boundary). Consequently, since
the central angle of S is acute, each of the sectors contains exactly one Stokes direction.
In the course of the proof, it will turn out to be useful to know the relation between the
arguments of the two parameters, so let us moreover assume that argd > argc.

To sum up, we consider the case where arge € [0,75) and w € [argc, §). We formulate
the assumptions in the following equivalent manner, illustrated in Fig. [3.7

Condition 3.21. We say that an ordered pair (¢, d) of nonzero complex numbers ¢, d € C*
satisfies condition if the following is satisfied:

c1>0, >0, dy>c and -=> -2, (L)

where we write ¢ = ¢; + icy and d = d; + ido with their real and imaginary parts. Note
that, in particular, this also implies do > co. The last condition can be reformulated as
c1dy — cody > 0.

Figure 3.7.: Let argc € [0, %). A pair (c,d) satisfies condition if and only if d lies in
the cone with vertex ¢ and bounded by the directions argc (included) and %

(excluded).

It is not difficult to see that, under this assumption, 0y = —% arg c is a generic direction:
s ™ s

We have sty € (=2, —Z—Largc] and st; € (0,3 —3 argc], but clearly 6 € (—Z—2% argc, 0].

2
C,0p,r

We will write ]:UC 0 instead of Fo since all the ranks are assumed to be 1. In this

situation, we have the following theorem, similar to Theorem in the aligned case.

Theorem 3.22. Let C' = {c,d} C C*, and assume that (c,d) satisfies condition . Set
Oy := —% argc. Let 0 = (0k)pez/az be a family of four invertible matrices oy, € k%*? such
that o1 and o3 are upper-triangular, oo and o4 are lower-triangular and c4o30901 = 1.
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We define C = {—%, —é}, é\o =1 — 0y. Then there is an isomorphism
L£LCo ., =C.0
F 00 o F00,

In particular, the gluing matrices o = (0k)kez/az Temain the same.
As an immediate consequence, we obtain the following corollary.

Corollary 3.23. Let C = {c,d} C C* such that (c,d) satisfies condition (L), and let M €
Modpel(De) be of pure Gaussian type C. Let moreover (0k)rez/az be Stokes multipliers for
M with respect to the generic direction 6y = —% arg c. Then the Fourier—Laplace transform

LM of M is of pure Gaussian type C= {1 —é}, and a family of Stokes multipliers of

e

LM with respect to the generic direction Bo is given by (ok)kez/az.-

In the remainder of this section, we give a proof of Theorem [3.22.

3.4.2. Enhanced Fourier-Sato transform of exponentials

First, we choose a covering of the complex plane by the closed sectors (as in Section [3.3.2,
with arg C' replaced by argc)

Sy = {zE(CZ arg z € O,g—argc}ifz;«éO},

= {ZGCZ arg z € g—argc,w] ifz%O} )

S = {z eC, |argz € —W,—g —argc} ifz;éO} )

Sy = {z eC, |argz € —g — argc,O} if z # 0} :
As discussed above, the assumptions on C' ensure that each of these sectors contains one
and only one Stokes direction. Moreover, 6y and the horizontal border of Sy lie between
the same Stokes directions. Therefore, we can replace the standard rectangular sectors Sg
by the Sj in view of Lemma ie. ]-'UC 0 will still decompose as a direct sum of two
exponentials on these sectors (with gluing matrices oy,).

22

. . . —Re £
The exponential enhanced sheaves involved in the present case are thus E < and

2
—Re 9,2 . Sk|C
E Sk|£ > forkeZ /AZ. The enhanced Fourier—Sato transform of the first type of exponen-
tial has been calculated in Section We will not write the index ¢ here, i.e. we will
write 7, o etc. for 7, ¢, etc. in the sequel.

The aim of this section is to find the enhanced Fourier—Sato transform of the exponentials
with exponent — Re %22. This is not covered by Section if arg d # arg c. However, it
works along the same lines:

By (3.6)), the space to be studied in order to determine the stalk of the cohomology

—Re §22 . - . . . . .
sheaves of “E sk\éfz at a point (w,t) € C, x R is the intersection of the hyperbolic region

defined by

. . C 9
t—Re(zw—|—2z)2O
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3.4.2. A more general case: Exponentials

and the sector Si. Let us explicitly treat the case k£ = 1, since the others are analogous.

We change coordinates in order to get the hyperbola in canonical form, setting z1 :=

z1 — % 22 + —1:1’11 and zo 1= 29 + 7d1wﬁ§l2wl. The hyperbolic region is then given by
di o ‘d’ 22 1 2.
<t+R 3.37
5 T1 2d1 + Re — 57 (3.37)

The sector &; is transformed into the sector bounded by the half-lines with directions
(1,0)" and (cady — c1da, c1dq)" and centered at the point (“’1 , %), i.e. the sector
given by the inequalities

d1Wg — dow w d1y — dow
(dsc1 — cady) <$ _ |d|> > _crds ( - ) R

In Section we describe the conditions under which the intersection of the hyper-
bolic region (|3.37) with the sector has non-vanishing compactly supported cohomol-
ogy. The additional difficulty here is that the sector is not right-angled as in the aligned
case any more. By , this allows us to conclude that

_Red,?
HI(LE&II{&Z ) ~(forl# —1

H(“E

—Re 422 k if wy < 2wy, wo <4 Fw1 and —f () <t< - (),
S1/C. )(w,t‘) =

0 0therw1se

with the continuous functions 9, : C,, — R defined by

'UJ2 .
er(w) — {2@&11 if wq <0,

0 if’LU1>0

and
- Re ow? if (c1da — cadi)wa < —(c1dy + cado)wr,
ne {—M;‘iﬁzdfizziim) o) (ad i > (ad +ad)e
Setting

Y = {w e Cy

. (C2 o
wo < mln(c—wl, d—wl) ,
1 1

*Re%ZQ ~ ¢r+>¢F[1]

the above observations on the stalks suggest an isomorphism EE&\(CZ ~ Bylc,

whose proof is analogous to that of Proposition |3.10.

Similarly, we can proceed with the sectors So, S3 and S4. Define the continuous functions
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wf“,wl_:(cw—HRby

wi

0 if wy <0,
Fw) = e
2d; lfw1>0

and
’(ﬁi(w) _: C(’LU) if (Cldg — Cle)wg < —(Cldl + C2d2)'LU1,
! Re ﬁwQ if (Cldg — Cle)wz > *(Cldl + CQdQ)wl,
and set
Y, = {w €Cy |wy < max(cjwl, @uq) } ,
. dy
Co do
Ys:=<weC, |wy > max(—wl, —w1> ,
cndy
{ . (C2 do
Yi=weCy, |wy > mln(—wl, —wl) .
C1 d1

The regions Y}, are shown in Fig. (p- . The global statements for all sectors are as
follows.

Proposition 3.24. There are isomorphisms in DP(kc, «r)

_Re 2,2 + oy =
EE ReQ'Z ~ E'Lpr Dwr [1],

Sl‘cz Y1|(Cw

d —
EE— Re 5,22 - E'LpfrD’Lﬂl [1]
SQ‘CZ - Y2|(Cw ’

d _
EE— Re 57;2 - E'LpfrD’Lﬂl [1]
S3|C. T TY3Cy ’

_Re 2,2 + o=

L Re 2% ~ 'Lpr Dwr
ES4\<CZ ~ Ey4|(cw [1].

Similar considerations can be made for the exponentials on the half-lines Sy 11 =

Sk N Sky1 for k € Z/AZ (see Section B.3.2). The result is the following.

Proposition 3.25. There are isomorphisms in DP(kc, xr)
r=—Re %22  E0sC
Esnic. = Eﬁ_mw[l],

d_2 +
r-— Re 52° 1/)1
E‘523|(Cz - Ecw |(Cw [1]7

d_ 2
EE— Re gz - EODC 1
834|Cz - H+|(Cw|: ]7

r-—Re d,2 - 1/,;r
E$41|(Ci - E(cw|(cw [1]7
where H_ 1= {w € Cy | cywy — cowy < 0} and ’ﬁ+ ={w € Cy | qwe — cowy > 0}.

Remark. Propositions(3.24 and [3.25 actually include the results of Section [3.3.3]as a special
case: If cydy —cody =0, wehave Y1 = Yo =H_, V3 =Y, =Hy, ( =ng, b = @jd, ete.
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3.4.3. Enhanced Fourier—-Sato transform of Gaussian enhanced sheaves

Let F € Mod(kc, «xr) be of pure Gaussian type C' = {¢,d}. More precisely, let F := Gibo

for 0y = —% arg C' and some family of matrices (oy)rez /47 @s in the assumptions of Theo-

rem [3.22. Recalling Lemma we have isomorphisms in DP(kc, xr)

—Re £22 —Re 422
Fse ~Esyel ©Esc)”

We remark that this is indeed the correct order of the direct summands: It is not difficult
to see geometrically that |c| < |d| cos(argd — argc), and this is equivalent to ¢ <, d.

In the sequences and diagrams in this section, we will write direct sums associated to such
a decomposition vertically, i.e. the summands one above the other. The gluing morphism
for the transition from a sector Sy to Si41 is given by the matrix o;. We will mimic the
approach of Section To simplify notation, we will suppress the second index in the

exponentials, i.e. write EY instead of EY

Z|c for instance.

The upper and lower half-planes
One has a short exact sequence of enhanced sheaves
0— Fy, — Fs5, ®Fs, — Fs, — 0,

which is isomorphic to

E Re%z2 E Re%z2 —Re %zz
S1 So oi_1 S12
0—Fy, — & & @® — @& —0. (3.39)
E—Regz2 E—Re %zQ E— Regz2
S1 So S12

Applying the enhanced Fourier-Sato transform and using the results found in Section [3.3.3]
and Section [3.4.2, one obtains a distinguished triangle in DP (k¢ xr)

E;%;rDS@; Eg‘j\l+|>‘pl_ EOADJI
EFu)l-1— & & & 25 o b

o + o)y~ 0>¢

By BTN =

Remark. Let us give a short explanation why the morphism given by o7 in this triangle
is well-defined (which might not be obvious at first sight): Note that ¢ (w) = v, (w) for
Wy = Z—fwl and wy = %wl, so we could replace Y1 by {w € C,, | w2 < min(%wl, %wl)},

~ + —
which is an open subset of H_. This explains how nontrivial morphisms Egﬁi PYr E%Dn

F o + o
and E% Py EoﬁDC make sense (cf. Lemma |A.4). For the morphism Ezf,; N E%DC, we

note that #_ is a closed subset of Y.
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Since the second and third object of this distinguished triangle are concentrated in degree
0, the associated long exact sequence in Mod(kc,, xr) reduces to

ESDfDW; ES01+|><P1_ EOA‘>77
1/L ?:Z_ H- o1—1 H- C
0—H'F) — & & o — & —H(5(Fu)) —0, (340)
F o + )™ 0>¢
EV T g =8

and it follows that Hl('c(]-"ﬁ+)) ~ 0 for [ ¢ {—1,0}. The following lemma implies that
Ho(ﬁ(fq.[_‘_)) ~ 0.

Lemma 3.26. The morphism o1 — 1 from (3.40) is an epimorphism in Mod(kc, xRr)-

Proof. First, note that ((w) > n(w) for any w € C,,: Consider their difference

1 9 c%dl — c%dl + 2¢c1c0dy — c:f — clc%

C(w) —n(w) = 5(01w2 — cowy) et [P (Cels — cBds + 2c103d3)

For the sums appearing in the fraction we can estimate

C%dl — C%dl + 2cycady > C%dl — C%dl + 2¢1cody — Ci’ — clcg
> C%dl — C%dl + 2¢c1c9dy — C%dl — c1cads
= CQ(CldQ - Cle) Z 0.

This follows from the conditions imposed on ¢ and d (cf. ) In particular, in the
second line, we have used ¢; < di and ¢y < dy. This shows that the enumerator and the
denominator are both strictly positive and hence ¢ > 7.
Moreover, one has ((w) < Re 2—1Clw2, which can be seen from the equality
2
((c1rdy + cada)wy + (c1da — cady)ws)

1
Re —w? — =
e —w” — ((w) 2d|2(2dy — Bdy + 2c1c0dy)

2d

using again the estimate from above to see that the denominator is positive.

We check the surjectivity of the morphism o1 — 1 on stalks and distinguish several cases.
Let (w,f) € C, x R. We only need to consider the cases where w € H_and 0 < i< -1
since otherwise the stalk of the target sheaf is zero and the morphism is clearly surjective.
Let us treat the cases in a detailed manner here.

Case 1: w € 7:2_, (01d2 — Cle)u')2 > —(Cldl + CQdQ)'lDl and wy > 0.
If 0 < { < —¢(w) (which also implies { < —n(w) by what we have shown above), the
induced map on stalks is

~ o =
@

* P %

~ o =
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al b1 ai b1
() ()= (@) - ),
where * € {0,k} denotes a trivial or one-dimensional k-vector space (and it does not have

to be the same each time * appears). Since o; is invertible, this map is surjective and a
preimage of (v1,v2)T is given by (o7 (vi,v2)T, (0,0)T).

If —¢(w) <t < —n(w), the situation is similar since the induced map is

k * lk
e 6 0 2=
0 0 0,

() 6) =) -()

(Note that this is well-defined since o; is upper-triangular.) This map is surjective, and
preimages can be found as before since o, s still upper-triangular.

Case 2: w € 7/'[\_, (CldQ — Cle)’J)Q < —(Cldl + ngQ)lI)l and wy > 0.
(It is shown at the end of Section that 0 < — Re o;%? under these assumptions.)

If 0 < < — Re 55w? (and hence also £ < —((w)), the induced morphism on stalks is

k * 1 k
e e 45 o
k k k,
which is clearly surjective.
If —Re 2—1dil12 <t < —((w), we get
k * 1 k
5O e 45 o
0 k k

)

and a preimage of (vy,v)7T is given by (01_1(1)1, 0)%, (0, —v2)T).

If —¢(w) <t < —n(w) (and hence — Re 55w? < £), one obtains the map

whose surjectivity is obvious.

Case 3: @ € H_ and w1 < 0.

If 0 <f< —((w), the induced map on stalks is
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* k 1 k
oo 0 2= o
* k k,
and if —((w) < < —n(w), it is given by
* k 1 k
e 0 2= o
* 0 0
Both of these maps are easily seen to be surjective. O

In view of the sequence (3.40), the lemma implies that H° (5(.7:7.[ +)) ~ 0, and hence
5(.7-"7.[ . ) is concentrated in degree —1. More precisely, we have proved the following propo-
sition.

Proposition 3.27. There is an isomorphism in DP(kc, «r)

. o
E(ar+|>30r E(»il > EO,\DU
H

CFu ) ke |on -1 g & o — @
Eg»w; Eg»wr EZ
In a completely analogous way, starting from the sequence
00— Fy_ — Fs, ®Fsy —> Fsyy — 0,
one obtains the following result.

Proposition 3.28. There is an isomorphism in DP(kc, xr)

S S O S

r Hy Hy +
(Fu )[-l]~ker|l-03: & @& @ — &

Eiovr pueu EXS

4 Y3 +

The upper and lower half-planes H, and H_ intersect in the horizontal real line L :=
Hi NH_ =84 USa23. One has the short exact sequence of enhanced sheaves

0 — FL — Fs,, D Fspy — .7:{0} — 0.

We use the trivializing isomorphism from & for Fs,, and F(g), and the one from Sz for
So3. The sequence then reads as

—Re £22 —Re £22 —Re %ZQ
7 E341 ’ E323 ’ 10403 E{O}
0— — @ D @ _— S — 0, 3.41
- EfRe %z2 Ef Re%z2 Ef Re%z2 ( )
Sa1 Sas {0}
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and its enhanced Fourier-Sato transform (up to a shift) is the distinguished triangle

+ +
LFEI-1]— © & o —2% ¢ .

ot + 0
B¢ e, Eo Ec,

As in the previous cases, we show that the morphism 1 — o403 is an epimorphism and
obtain the following result.
Proposition 3.29. There is an isomorphism in DP(kc, xr)
+ +
o @ 0
B Ec, Ec, Ec,
(Fo)[-1] ~ker [ 1 —o403: & & & — &

+ + 0
B En Ec,

For the Fourier—Sato transform of the objects supported on the origin, we use Proposi-
tion|3.13. This proposition is also valid for the parameter d since at the origin the functions
Re 522 and Re %22 agree.

The complex plane

We will now put the above results together to determine “F. Consider the short exact
sequence in Mod(kc, xr)

0—F — Fy, & Fy_ —> Fr — 0. (3.42)

Note that the (canonical) morphism Fy, — Fp fits into a commutative diagram in

DP(kc, xr) combining (8.39) and (3.41)

—Re £22 —Re £2? —Re £22
2 2 2
E81 ESQ\(CZ o1—1 E$12
0—Fy, — & & & —— & —0
d d
E. Re §2° E—Re 4,2 E—Re £22
51 32 812
lio'g lo’fl
—Re £22 —Re §22 = Re §2°
E$41 E323 1—o404 {0}
0 FrL @ @ S @ — 0
—Re 422 —Re 422 —Re 422
g 027 Egles E, "2
41 23 {0}

The vertical arrows are not all canonical (i.e. given by identities) since, for instance, the
trivializing isomorphism on Sa3 is induced by that on S3. The vertical arrow in the middle
denotes the direct sum of the morphism given by 1 between the summands on the left and
the morphism given by g9 between the summands on the right. Similarly, the morphism
Fy_ — Fr, can be found in such a diagram whose middle arrow is given by oy4|1.
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We will show that the Fourier—Sato transform of F decomposes as a direct sum of

exponentials
Re £ w? Re £ w?
EA 2c @ EA 2d
Sk Sk

on the sectors defined as follows:

S = {wE(Cw argw € -—7r+argc,—g} ifw;éO},
Sy = {wE(Cw argw € -—g,argc} ifw;ré()}7

~ r .

S3 = {wECw argw € _argc,g} 1fw750},

Sy = {wGCw argw € g,ﬂ'—kargc} ifw;é()}.

The exponents in this decomposition can be written as — Re ng and — Re %wQ if we
set ¢ 1= —% and d = —%. This indicates that £F is again of pure Gaussian type with
parameter set C' = —1/C = {c, d}.

Let us discuss why these sectors are suitable, i.e. why each of them contains exactly one
Stokes direction: The Stokes lines for C' are the solutions for arg w of

Re((—i+cll)w2> —0.

This is equivalent to

and hence to (recalling that arg(d — ¢) = w)
cos(w — argc — argd + 2argw) = 0.

The Stokes directions are therefore

= 37r+1 +1 d w
sty = — + —argc+ —argd — —
BTy ToecTaed Ty

T
k=

+ 2

for k € Z/AZ. In order to show that sty is contained in Sy, (and in no other sector), it

suffices to show that this is the case for kK = 3. (The rest will then be clear since Ss is acute-

angled and the Stokes directions differ by multiples of 5.) This follows from arge <w < §

and argc < argd < § by the computations

=Tyl g @l +Largd>
S = — —argc — ar —_ = — a. C — a. arg c
3Ty T HAsd Ty moalscT o alsd = atg
and
3 7r+1 +1 d w<7r+1 d<7r
=—+—ar —argd— — < — 4+ —ar —.
Si= g ToeeTpad T S T ared s g
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The direction 50 =n41 s argc is generic because there are no Stokes directions with
arguments in [m,m+ arg c| by the computatlons just performed. Indeed, we obtain that
sty € (5 +arge,m) and sty € (m+arge, 31, so Bo lies between these two Stokes directions.
Therefore, once we have trivializations of LF on the sectors S, one automatically gets
trivializations (with the same gluing matrices) on the sectors Sy = {w € C | argw €
(00 + (K —1)%,00 + kA%] if w # 0} (see Lemma . One can then conclude that F is of
pure Gaussian type C.

Furthermore, we have ¢ <g d (this is equivalent to |d| > |c| cos(argd — argc), which is
again clear geometrically), the order on C with respect to é\o is the one induced by the
order on C' with respect to 6y, meaning that the order of the direct summands does not
change when we write the exponents in terms of C.

The sectors §k are defined analogously to those in Section The difference and
difficulty is that the sets Y), are not unions of these sectors as this was the case for H and

H_ (cf. Fig. .

Yo

Figure 3.8.: The sets Y, and their relative positions with respect to the sectors §k
The green regions Y}, are bounded by two half- hnes with slopes £ and (the

latter being the steeper one due to condition )
The blue lines indicate the borders of the sectors Sy.

Proposition 3.30. The enhanced Fourier-Sato transform of F is an enhanced sheaf of
pure Gaussian type C = {—1,—1}. In other words, the object *F € DP(kc,«r) is con-
centrated in degree 0 and there are isomorphisms

(Lf)'\ ~ EI/{\e 2Cw @ Egez—ldw2
Sk Sk

in DP(kc,, xr) for any k € Z./AZ.

Proof. Applying the enhanced Fourier—Sato transform and the functor (e) 5, to the se-

quence (3.42) yields a distinguished triangle, whose associated long exact sequence reduces
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to

S

0— H’l(ﬁ]:)glc — ker(oy — 1)§k @ ker(1 — o3)

(3.43)

ker(1 —o403)5 — HO(L]:)S.; — 0

in view of Propositions [3.27, [3.28 and [3.29, In particular, it follows that H!(£F) ~ 0 for
l¢{-1,0}.

As in the case of aligned parameters, one can describe the kernels appearing in this
sequence more explicitly on sectors. Let us treat the case £ = 1 in detail. Since kernels
commute with exact functors, ker(oq — 1)z is the kernel of the morphism

S1
wi 1,2
EQATIDRe W EOAI>77 EOAI>17
S1 [ | S1
S & b — D
2 0>¢ 0>¢
w 1
ﬁDRe ﬁwQ Egl Egl .
Ylﬁgl
We will now prove that the sequence
p q
w? 1,2 w? 1,2
abRe oW EKDRG oW E0l>77 E0l>77
0 S1 (1,01) S1 S1 o1—1 1
— ©® E— ©® e ¢ — & —0 (3.44)
2 )2 0>¢ 0>¢
w 1 w 1
2d11 >Re ﬁw2 2d11 >Re ﬁuﬁ E§1 E§1
Ylﬁgl Y1ﬁ§1

is exact, and we check this on stalks: Let (w,f) € C,, x R. Assume moreover that w € Sy
(Otherwise, the stalk at (w,f) of all the objects in the sequence is zero and exactness is
clear.) If £ < 0, the induced sequence on stalks is

00—V vao 050

for some (at most two-dimensional) k-vector space V', and this sequence is obviously exact.
If £ > 0, the stalk at (w,f) of the sequence (3.46) is

*C (10) *C AC _1 AC
0— & 45 &0 225 @ — 0,
*q *, Ag Ag

where %. = k if f < — Re in, and Y. = 0 otherwise. Similarly, %4 = k if f < — Re 2—1dw2
and w € Y7, and %4 = 0 otherwise. Likewise, A, = k if f < —n(w), and A, = 0 otherwise,
Ay =kiff < —((w), and Ay = 0 otherwise. Note that, recalling n < Re in, ¢ <Re Q—Idw2
and 1 < ¢, we have %4 = 0 whenever Ay = 0, and similarly %. = 0 whenever A, = 0, and
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Ay = 0 whenever A, = 0, so the maps given by o; are indeed well-defined. It is then clear
that the sequence is exact because the kernel of 01 — 1 obviously consists precisely of all
the elements of the form (v, 01 (v)).

Thus we have proved the exactness of (3.46), and we obtain an isomorphism

2
w
5L >Re Lw?

2cq 2cw
S
ker(oy —1)g =~ ®
w2
2
2d11 >Re 55w
Y1 031

Similarly, ker(1 — o3)5 is the kernel of the morphism

w2

£ 2611 >Re 5 w2 EOAI>77 EOAI>77
Su Sa1 1—0s Sa1

S o & —> @
w? 0>¢ 0>¢
2d11 |>Re w2 E§41 E§41 s
Y4ﬁ51
and one notes that almost all the objects are zero since 2 =Re 2w? and 0 = n(w) = ((w)

for cywe — cowy = 0 (and in particular for w € 841) The morphism 1 — o3 is therefore just
the zero morphism in this case, and it fits into the short exact sequence

0 » 0 0
0— ® — @ — @ — 0, (3.45)
2;1 >Re —wQ Qd%l >Re —wQ 0
YanS; YinS:

proving that we have an isomorphism

zuﬁl >Re 55 w?
ker(l —o3)g =~ EYmSl
As shown in the sequence, we will keep the upper summand in our notation although it
is zero, since we want to stick to using 2 x 2 matrices for our morphisms. Note that in
the sequence one could also choose the identity matrix (or, more generally, any
lower triangular matrix with a nonzero entry in the lower right corner) as the morphism.
However, we chose —04_1 in order to make the diagram below less complicated.
In the same manner, the short exact sequence

w? wi
E;\cl E2c1 Eg‘ E(/)\
1 1,000 Lol
0— & 12, @@@—>"4"3 ea—>0
2 2 0 0
wy wi o EL E>.
E24 E 24 S1 S1
1 St

99



Chapter 3. Fourier—Laplace transform

yields an isomorphism

ker(1 —o403)g ~

We now put the three above short exact sequences together to form the columns of a
commutative diagram whose upper row will contain (under the isomorphisms constructed)
the morphism

ker(o1 — 1)g @ ker(l —o03)g — ker(l — 0403)

S1 S1
(i.e. the central part of ) given by the Fourier—Laplace transform of the morphisms
in the sequence . The diagram we obtain is shown on p. @

The columns of this diagram are exact by construction and it is easily checked on stalks
that the first row is also exact, in particular that the third object is really the cokernel
of the morphism induced by the second row. If we compare the first row to the sequence
(3.43), which was the object of our study, it follows that (“F) 5, is concentrated in degree
0, and we obtain the desired isomorphism

E%e iuﬁ
S1

L

("Flg = @
ERe ﬁwQ
81 :
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0 0
H% HW
Om O .vA_Om
® — ® 0 B
2 - iy
mbwb\.ﬁ 0 ._\.lﬁb
5y leuvx sulx
e 1pz 3 mPe o e Y pz .\ Tpg 3
2 —PT Be gy q-PC 2 mEC gygq£L
TENE T e saed T e
® & &P - ©® ® © D ®
e 19 AO vbv\mmbj”v 10 IS
A 33 0\ ey
14 14
(totoT) H\wb\ (Lo'1)
ﬂwq H/MM H/,M,Cw\wm_ H/M«C@wm
< T T T
0<— S5 J ® T ©® ® S¥ —0
s g R g
14 14
0 0

:1¢ 107 wreiSeI(]
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Chapter 3. Fourier—Laplace transform

Remark. Let us point out two facts about the diagram on p.[101 which may not be obvious
and even confusing at first sight.

102

e One may wonder why the lower square is commutative: Starting from the first sum-

mand, this is not difficult to see since (1 — o403) 0 (1]og) = 1 — 040309 =1 — 07! =

(61 —1)ooy ! However, for the second summand, following the path to the right
and then down, we obtain —(1 —o0403) 0 (04,0) = —o4. On the other hand, following
the path first down and then to the right, we obtain o 150 = 0, the zero morphism.
The solution to this apparent contradiction is as follows: Actually, one can show that
on Yy ﬂSl (i.e. for w; < 0 and d2w1 < gy < CZwl) we have — Re de < 0 (this
follows easily from Lemma |B.3) E SO any morphlsm

2
w1 2
2d; I>Re 5qW . EQ\
Y4ﬁ$1 S1

is zero, and hence also the one represented by —oy.

It is possible to write the first row of the diagram in an even nicer way: Note
~ ~ -~ 2

that (Y1 NS1) U (YaN S;) = 81 and one has ;%11 = Re 2—1dw2 on the half-line A :=

(Y1 ﬂgl) N (YyN 3’1) ={w € Cy | dowy — dywe = 0,w; < 0}. Hence, we get

isomorphisms

2 2
2 1 2
2d11>Re—w E2d111>R 2%’ 2d11>R 2d11>Re—w
Y1f781 YiNS, - (Y1ﬁ$1) (Y4ﬂ$1)\/\
2
2L I>Re w2
~ 2d
— EZM
81\A
U/l
DRe
d
~EX ,

where the morphism in the second line is the given by the sum of the two canonical
morphisms (which exist since (Y7 N'S;) N A and (Ya N S1) ~ A are open subsets
of §1 ~ A). The object in the upper left corner of the diagram could therefore be
rewritten as )
;UC 11 >Re £ w?
Si
S

£z 212%1 >Re 5 w?

S1 ’
making it even more similar to the diagram we obtained in the case of aligned param-
eters (see p. [75)). The horizontal morphism 1 + 1 would then simply be replaced by
the morphism given by 1. The vertical morphism, however, is a bit more complicated

to describe, and we will not go into detail here.



3.4.3. A more general case: Gaussian enhanced sheaves

Remark. Similarly, one proves Proposition [3.30/ on the other sectors. We will give some
details for the case k = 2:
One finds the kernel ker(o1 — 1) as the first object in the short exact sequence

2 2

w 1 w 1

E 2611 >Re %'LU2 EODn ﬁDRe Z'LU2 EO‘>77
52 ity 2 52 oi-1 2

0— @ 17 8 o = IS e —0. (3.46)

w? 0>y w? _ o>¢
—1 1.2 r 1 ~

21 >Re 5jw E§2 Eid1|>1/)1 E:32
32 82

Unfortunately, we cannot replace the functions ;" and v, by more explicit expressions
here since 3’2 contains points where (c1dy — cody)wy < —(c1dy + cada)w; as well as points
with (c1dy — cady)we > —(c1dy 4 cad2)wy. Describing the situation colloquially, this means
that, at the half-line where (c1d2 — cadj)wes = —(c1dy + cad2)wy, the exponents ¢ and
Re %wQ seem to “change places”. The kernel, however, is not “sensitive” to this change
and is as we would have expected. The exactness of this sequence can be checked as
usual: Consider the stalks at any point (w,%) and distinguish the cases where £ < 0,
t < —¢(w), —¢(w) <t < —n(w) and —n(w) < £, and distinguish additionally the cases
(Cldz — ngl)ﬁ)g < —(Cldl + ngz)wl and (Cldg — ngl)wQ > —(Cldl + ngg)wl.
The kernel ker(1 — 03) & is the kernel of the morphism

Sa
’UJ% 1 2

g g et 07
Sa3 Sa3 10y Sa3
© & ® — D
0>¢ 0 0>¢

EX e EX.
82 Eo} Sas

2 ~
Note that ;%11 = Re 2%11}2 and n = ¢ = 0 on Sog, hence all the objects are zero. Therefore,
also ker(1 —o3)g ~ 0.
Finally, ker(1 — o403) &, is given by the first object in the short exact sequence

ES Eg E§5 Eg
0 EDS (0'40'371) @2 @ E’S 1—0’40’3 @2 0
w? 0 w? 0
wy ~ wy ~
E24 ESQ E 24 E82
32 2

Again, one builds a big diagram out of all these sequences, yielding an isomorphism as
desired. The procedure is analogous for the sectors Sz and S4. The corresponding diagrams

are shown on pp. [L044106.
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0 0
0y cS
03 <03
o - o
N/M H\b NM
Dm DA_OM
€oVo—T T—To
e cS
Em C}AEM N/M«m
" — m hp
© OO & O o
N/.MJM T N%m 4]
L= B
4 4
(T‘¢ov0) (1 19)
s s
Tpg Tpg 3
4 4
[
%o D 2o ©® 0
T— NM NM
Toz M2 o Tog 3
MB [ < MS
0 0

169 10] wreISRI(]
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0

€9
e omm_

D

&g
oz 1
Moy

0 0
m% m%
Om_ vA_OM_ O
D < T ® O @
m.mw mM« O
/mvm ?A_/mum
mbwb\._u mblH 0
Y EQUEL
< < £QUTL
1pz 3 Y mPe o Tpg 3 €S g
e IS4 re Q=L 4
2 e TS T 54103 Nsﬂ\mwmAﬁmm
@ b D < - ® ® & > ¢
m/.M. m/.% A._”_wbv\ANb Ov m/.M. m/,mJ mw
ped o % oya e U0l 0
™ ™
(T'80v0) (T—*80—)| (2o
m/mm m/,mqu\wm_ m/meN\wm
1 1 T
% i mmA% i mmA%
< —
% —— ¥ o S ¥ 0
Top 3 oz Tozd 0
To LS Ay ey

:€Q 10] wreISRI(]
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0 0
15y S
03 <03
< = &
£y B S
Om ?Aom
€ovo—T €o—T
IS S
IS 1pz 3 'S §A_ H@mm_
o3 Im <0
© D& b ——F ® @
w.mu NwJ A.—uﬁvbv mwu %MJ
om_ momm_ :A(om_ (% o< H%mm_
" "
(Toto'r) (1 Fo—1-)
12 ¥
ﬂ%m FWW« 3\‘ I Hﬁ.wvm
Sﬁm m MS 4 ﬁ ma
0 —— @ o o — ® —0
'S — w/.m, wmq
Nsm Gmm wm bY4 Tog m

T OUT

¥ 107 wreigdei(g
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3.4.3. A more general case: Gaussian enhanced sheaves

Stokes multipliers of the Fourier—Laplace transform

Finally, we want to compute the gluing isomorphisms of “F. As seen in Proposition [3.30,

one has isomorphisms

2 2

1 1
~ L ~ Re 5zw Re 5w
Ol : s — EL * E. .

We fix such an isomorphism for any k € Z/4Z. Better stated, we take the concrete
isomorphisms constructed in the proof of Proposition [3.30. Then, on S 141 one has the
two isomorphisms

2 2

o~ Re =&
= E @E. 2"

1
N FA{e oW
’Sk,kJrl Sk,k+1 Sk,kJrl

akaak-‘rl: (Ef)

induced by the above isomorphisms on §k and §k+1, respectively (and denoted by the same

symbols, by abuse of notation). The composition Q41 © 62];1 is hence an automorphism
Re £ w? Re 5 w? . . . . " .

of Ex 2 g E. 2" , and the matrix representing this morphism (cf. Proposition D is

ko k+1 Sk, k+1

denoted by 7. We obtain the following result.
Proposition 3.31. Gluing matrices for “F are given by 6y = oy for any k € Z/4AZ.

Proof. In order to find a transition matrix o3, we need to compare the diagrams on §k
and §k+1. More precisely, one starts by making more explicit the construction of the
isomorphisms from Proposition [3.30. Let us treat the case k = 2.

The isomorphism

w? 1 w?
3or PRe ow? 2d;
ker(op —1)g, =~ E§2 ® E§2

1,2
>Re 55w

was obtained by considering ((3.46) together with Proposition i.e. it is the first vertical

morphism in the commutative diagram with exact rows

2
w 1
EQ\DW ﬁDRe %w2 E0>77
82 §2 0'1—1 §2
0 —ker(oy —1)g, —— & & & 2 @ ——0
o>y w% — E0|>C
Es 20, >V 5
~ So
w—%DRei 2 w—%DRe L2
E 2 2cW E(lbn 2¢q 2¢ EODn
5 @y 2 & o1 S
0 —— D EE—— ® @ ©® — o —— 0.
w? 10 EO> v w? EO>¢
EDRe g W S Embwl S
§2 §2

The kernel from Proposition |3.28 was shown to be zero on 3’2, so there is a unique

s —— 0.

isomorphism  ker(1 — o3) g
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Similarly to the first one, the kernel from Proposition |3.29 was made more explicit on

S, by the coloured isomorphism in the diagram

EY
Sa

0 —— ker(1— 0403)§2 — P P

lx Egz
H

2
3= 0
E21 EY
52 (0403.1) 52
0 y @ ® @
w? 0
g2 Es,
Sa

w
2cq

So

D

2
Wi
2d;

S

S

1—0403

—>@

(3.47)

Sa

EY
Sa

In the diagram on 32 (see p.|104), the first part of the upper row is isomorphic to

0 — ker(o1 — 1) @ ker(1 — o3)

Sa

5, — ker(l—o403)g,

by the coloured isomorphisms from above. Therefore, we were able to compare this upper
row to the exact sequence ([3.43) and obtained the desired isomorphism gy as the blue

arrow in the diagram

0 —— ker(o1 —1)g, @ ker(1 —o03)g,

B

2
w
1 1,2

5. >Re 5-w
E§2l 0
0o— ® @ o 7240
w—%bRe L w2 0
E 21 2d
S2

We can construct a similar diagram for Ss:

0 —— ker(o1 —1)5, @ ker(l —o3)g,

I
|~
~

2
w

1,2
0 £21 >Re 5-w
S
53] 3 1+1
0 —— 2 @& SP
2L bRe L w? 2
2y 2L >Re L w?
YanSs ;d;g 2d
3MNS3

108

— ker(1 —0403) g,

E— (L]:)§2 — 0

&1J:

1
E21 Re g
So 02*1 So
& — D — 0.
w? Re £ w?
ngl E§2 2d
Sa
(3.48)
—— ker(1 — 0403)5, —— (EF)g, — 0
N N
\:/_ as i ~
w? M
1
EX ez’
83 1 33
& — D — 0
w? Re £ w?
ngl E§3 2d
S3
(3.49)
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This is obtained by putting together the coloured isomorphisms from the diagrams

0 0
0 — ker(o1 —1)5, —— ® — & ——0
w2
i ﬁDRe iuﬂ 0
: iy Y2ﬂ§3
|
|
. I
0 0 0
0 —— %) L) %) —_— P — 0,
wi Re L w2 w? Re L w2 0
2a; PRe 5qw 2a; PRe qw
Y2NS3 VonSs
w} 19
E0>n EaDRe ZcW EO0>7
S3 S3 1—03 S3
0*>ker(1—03)§ — b P ©® — & — 0
I : E0|>C w% 1 92 E0[>C
| &  pra e 5
| o Y3NS3
kS
|
! |
w1 1,2 “f% 1,2
g2 RO s EOon  p2e RO 057
S3 (—o3,—1) S3 S3 1—0y S3
0 —— @b — D & @b — b — 0
2 0>¢ 2 0>¢
w 1 w 1
ﬁDRe w? E§3 Eﬁ >Re 55w? E§3
Y3ﬁc§3 Y30§3
and
2
w1
EQC g™ E%
Ss3 S3 S3
1-0403
0—— ker(l — 0'403)3.3 — D b D > D 0
0 2 0
! E> oy E-
i S3  E24 S3
| S2
Lo
| H (3.50)
|
i 0o oat 0
E- E> e E>.
S3 (0403,1) Ss Ss 1—0403 Ss
0O—— & ® & D > @ 0.
wi EY w EY
E24 S3 24 Ss3
33 83

Finally, we restrict diagrams (3.48) and (3.49) to the half-line Sog (by applying the
functor (e)g, ) and identify their first lines, which yields
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2
w1
0 0 2 ez’
o2+0 Sa3 02—1 Sa3
0O — P e P e ——— &>, — 0
w2 w2 Re i’LU2
3i-Re gw? 0 = E\¢2d
EZ EX Sa3
523 523
zT :T ZTaQ
P
1)~ _ . _ L. LTy ..
0 — ker(o1 —1)g, ®ker(l—o03)g — ker(l —o403)5 —— ("F)g,, 0
! ! -
= = ~1a
? v
b Re L w
0 0 E 2 E°2e
140 Sa3 1 So3
0O — (&) & & e — D — 0
w? w? Re &£ w?
3> Re 2 w? 0 ok E €24
Ex EX Sa3
523 823
(3.51)

Our aim is to find the matrix o5 representing the purple arrow, which is nothing but the

transition morphism &g o @y L

To describe it, we have to determine the orange arrow.

The latter can be found as follows: Combine diagrams (3.47) and (3.50) by applying the

functor (e) S and note that the first rows of both diagrams will then be the same (since

w1 = 0 on r§23). One therefore obtains the diagram

2 2
w1 w1
E 21 E% E 21
823|(Cw ( S23|Cw S23|(Cw
0'40'3,1) 1—0’403
0O—— D ® D ]
2 0 2
Ezdl 323|(Cw Ezdl
S23|Cuw S23|Cuw
~ 2
w1
0 E 21
S23|Co S23|Cy 1 040
0 — ker(1 —o403)g ——— © @© @
w v wi
} 523|(Cw Ezdl
o S23|Cu
|
|
* H
2 2
w1 w1
2cq EO 2cq
553|Cu ( 853|Cu 853|Cu
0'40'3,1) 1—0’403
0O—— ) ® D D
wi 0 wi
2dy S23|Cw  E21
S23|Cuw S23|Cuw
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where one finds the orange arrow again. Due to commutativity, the latter must be given
by the identity matrix 1. Altogether, considering diagram again, the purple arrow
is represented by the matrix s, as claimed.

The other cases work completely analogously, and this completes the proof. O

We have thus finished the proof of Theorem |3.22.

To end with, let us reflect on the meaning of the results and on the applicability to further
cases:

In this section, we have shown that the considerations of Section can — with a little
effort, but without serious difficulties — be adapted to more general situations.

Although we have only proved Theorem [3.22 for two parameters, a corresponding state-
ment is proved analogously for more than two parameters: For example, in the case of three
parameters ¢, d and e, we would need to require that (¢, d) and (d, e) satisfy condition
(and hence automatically (c, e) satisfies this condition).

Condition (L |) was chosen in such a way that results from Section could be reused
in the computations, and such that the geometry of the hyperbolae and sectors involved
is still reasonable to describe. However, we expect other cases to be treatable with these
methods. Under different assumptions on the parameters, just as in our cases, one needs
to choose suitable sectors in the domain and target, compute the enhanced Fourier—Sato
transform of exponentials on these sectors and describe the global picture by means of
short exact sequences.
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Appendix A.

Sheaves on locally closed subsets

Let X always be a nonempty and connected good topological space. Denote by k a field
and by kyx the constant sheaf with stalk k on X. In this appendix, we will clarify some
properties of sheaves supported on locally compact subsets and prove some statements
used in the thesis.

Let us start with a lemma. An important fact following directly from the behaviour of
the six operations on sheaves in the presence of a Cartesian square is the following.

Lemma A.1. (i) Let j: Z — X be a homeomorphism onto a locally closed subspace.
Then we have a natural isomorphism j~1jy ~ 1dpb i ,)-

(ii) Leth: X =Y bea homeomorphism with inverse h:Y — X. Then we have a natural
isomorphism of functors h™ ~ hy.

Proof. The first statement follows from the Cartesian diagram

Z:

Z

= N

}

and [21], Proposition 2.6.7]. (Note that j~! and j, are exact.)
For the second statement, we note that h='h; ~ idpy(k,) by (i). Moreover, we have
hoh = idx, and hence

Wt~ h Y (hoh), ~ (R h)h =~ h.

O

Recall that, for a sheaf 7 € Mod(kx) and a locally closed subset Z C X with inclusion
j: Z < X, we set Fz := jij 'F. Recall moreover that we write kz instead of (kx)z.
The stalk of kz is k at any point of Z and 0 at any point of X ~ Z. For locally closed
sets Z,7Z1,7Zy C X and a continuous map f: Y — X, one has f'ky ~ kf-1(z) and
kz, @ kz, ~kz nz, (see e.g. |21, Chapter II]).
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A.1. Morphisms

It is well-known that Homy , (kx,kx) =~ k (this follows easily from |21, Proposition 2.3.10],
for example), where we write for short Homy, instead of Homyjqek,). Concretely, every
endomorphism of the constant sheaf kx is given by multiplication with an element a € k
on global sections kx (X) ~ k.

For sheaves of the form kz, where Z is open or closed, one can describe quite explicitly
the morphisms between them, and the (rather strict) conditions under which nontrivial
morphisms exist.

Lemma A.2. Let A, B C X be closed and let U,V C X be open subsets. Assume moreover
that A, B,U,V are nonempty and connected. Then
k if BCA,

0 otherwise

HOka (kA, kB) ~ {

and

k ifUCV,

Homy, (kyr, ky) ~ {0 otherwise

Proof. The first assertion is proved as follows: Denote by b: B — X the embedding. Note
that b is proper and hence by ~ b,. Let B C A. Then

Homy, (ka,kp) ~ Homy, (ka, bkp) ~ Homy, (b_lkA,kB) ~ Homy , (kp,kg) ~ k.
On the other hand, if B ¢ A, we have

Homy , (ka,kp) = T'(X;Ta(kp)) = I'(B;Tanp(kp)) =~ ker (kp(B) — kp(B \ A))

by [21), (2.3.16), (2.3.20), Proposition 2.3.9 (i) and (2.3.14)]. By our assumption, B \ A
is not empty. We know that kp(B) ~ k (which can be interpreted as the vector space of
constant functions B — k). Similarly, kp(B ~\ A) is the vector space of locally constant
functions B ~ A — k, and the morphism kp(B) — kpg(B ~ A) is just restriction of
functions. Therefore, the morphism is not zero and hence its kernel vanishes (since its
domain is one-dimensional), as claimed.

Next, we prove the second assertion: Denote by u: U — X the embedding. Note that
u' ~ u~! since u is an open embedding. Let U C V. Then

HOInkX (kU, kv) ~ HOHlkX (u;kU, kv) >~ HOInkU (kU, u_lkv) ~ HOInkU (kU, kU) ~ k.
In contrast, if U € V, we get
Hoka (kU7 kv) ~ F(X, FU(kV)) >~ kv(U)

by |21, (2.3.16) and Proposition 2.3.9 (i)] and the definition of I'y(ky ). Since the functor
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I'(U; e) taking sections on U is left exact, we have a short exact sequence
0— kv(U) — kx(U) — kX\V(U).

We claim that the last morphism in this sequence is injective: We know that kx(U) ~ k
(constant functions on U) and that kx. v (U) ~ kx. v (U \ V) (see |21, Proposition 2.3.6
(iv)]) is the vector space of locally constant functions on U\ V. Hence the argument works
as above. Consequently, ky (U) ~ 0. O

Under the assumptions of this lemma, there is a canonical (nontrivial) morphism k4 —
kp for B C A closed and kyy — ky for U C V open, defined by the identity on kg and kg,
respectively. This morphism is identified with the element 1 € k, which gives a canonical
choice for the isomorphisms Homy , (ka,kp) ~ k and Homy  (ky, ky) =~ k in these cases.
The morphism given by a € k then induces multiplication by a on stalks (at points of B
or U, or the zero morphism if one of the stalks is trivial).

If Homy, (kz,,kz,) ~ k, Homy, (kz,,kz,) ~ k and Homy, (kz,,kz,) ~ k, then —
under the identifications from above — the composition is given by multiplication. Note,
however, that it can happen that Homy, (kz,,kz,) ~ k and Homy, (kz,,kz,) ~ k, but
Homy, (kz,,kz,) ~ 0, in which case the composition is the zero morphism, of course.
(This occurs, for instance, if Z; C Z5 is open and Z3 C Zs is closed, but Z1 N Z3 = @.)

Example A.3. It is possible to describe the morphisms from Lemma[A.2]more intuitively
and explicitly: Let X = C be the complex plane and B C X a closed ball. Then kp can be
described as follows: It suffices to define the sections of the sheaf on open balls W (since
these form a basis of the topology). We have

k f BAW #02,

0 otherwise,

kp(W) = {

and restriction morphisms are identities k — k or zero morphisms k — 0 and 0 — 0.

Now let By, By be two closed balls with B; C By. The canonical morphism kg, — kp,
is defined on sections by the identity k — k if kp, (W) = kp, (W) = k and zero morphisms
otherwise. (Again, it suffices to define a morphism on open balls W)

The fact that there is no nontrivial morphism f: kp, — kp, can be seen in the follow-
ing way: Assume f(W) is nontrivial for some open ball W, ie. f(W): k = kg, (W) —
kp,(W) = k is multiplication by some element a € k. Then consider a smaller ball
W' c W with W' N By = @ but W N By # @. Since a morphism of sheaves must be
compatible with restrictions, we get a commutative diagram

k = kBl(W) 2 kBQ(W) =k

! J

0=kp, (W) —2 kg, (W) =k,

and this is clearly only commutative if a = 0.
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Similar considerations can be made with sheaves of the form kg for an open ball U,
which is defined on open balls W by

k it WCU.

0 otherwise.

ky(W) = {

As a consequence of Lemma we have the following statement about morphisms of
exponential enhanced sheaves (as introduced in Definition [1.3]).

Lemma A.4. Let Zy,Z> C X be locally closed and connected. Let U C X be open with
Z1,Z2 C U and let o, 07,05, 05: U — R be continuous functions with ¢ (x) > ¢ ()
for any x € Zy and 3 (z) > @, (x) for any € Z>. Then

+o + -
P11 B>y Po PPy
E ) ~k

Homy . (E21|X Zo| X

if one of the following two conditions is satisfied:
(i) Zs is a closed subset of Z1, and we have gpf > QDQL, ©] >y and p; < cp; on Zs.
(ii) Zy is an open subset of Zs, and we have (pf > Lp;, p] =@y and ] < (,0;_ on 2.

Proof. We only prove (i). Since all the sheaves have support contained in Z; x R and
extension by zero is fully faithful, we can assume X = Z; without loss of generality.
Consider the inclusion

j:(ZQXR)ﬂ{—QOJSt}‘%ZQXR.

We write for short Y := (Zy x R) N {—p5 < t}. One then has

o o
PP P2 PYry
Homy (EX‘X ,E ) ~ Homy, . (k

Za|X k

(ot <t<—or p PRz R)n{—0f <t<—p7})

1
= Hoka (] k{—cpf§t<—tpl_}’ k(Zg xR)ﬂ{—go%’St<—cp2_})

~ Homy,, (k(
~ k.

ZoxR)N{—pF <t<—p] 1’ k(22 xR)N{—¢F §t<—<p2_})

The second isomorphism follows by adjunction since j is a closed embedding and hence
j1 = j«. By our assumptions, the sets (Za x R)N{—p3 <t < —¢; } and (Za xR)N{—p3 <
t < —p5 } are nonempty and connected, and the first is an open subset of the second. We
then obtain the last isomorphism by Lemma O

A.2. Convolution

Recall the convolution product on DP(kxyr): One sets

F&G:=Ru(q ' Foq'0)
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A.2. Convolution

with the maps u, g1, q2: X x R? — X x R given by p(x,t1,t2) = (z,t1 +t2), q1(x, t1,t2) =
(x,t1) and ga(z, t1,t2) = (z,t2). Recall moreover that we write {t > f} := {(z,t) € X xR |
z e Ut > f(x)} for f: U — R a continuous function.

We will need the following result. In the context of ind-sheaves on bordered spaces, a
similar statement can be found in |6, Lemma 4.2.3]. We will give a proof for enhanced
sheaves here.

Lemma A.5. Let Uy,Us C X be open and let f: Uy — R, g: Uy — R be continuous
functions. Denote by f+ g: Uy NUs — R,z — f(x) + g(x) the sum of the restrictions.
Then there are isomorphisms in DP(Kxxr)

(i) kp>ry @ Ky = K> p1g)-
(1) K<y ® Kpizgy = 0.

Proof. First, we show that k> ~ k>0 é k¢—py: We have

k10) © Kpi=p) = Rpskpr, 2001

Consider the commutative diagram

{t1 >0,ty = f} —— X x R?

I s
{t>f} —2— X xR,
which shows that Ruiy = j1Rs). (The extension by zero functors i) and j are exact and
we usually do not write them.) Note that s is a homeomorphism and therefore
Kps0p @ Kpmpy = SRS 501,- 1) = Kpis )

as claimed. .
Next, we note that ky—ry ® kyy—gy >~ kg;—r1 4 This is proved similarly to the above,
considering the commutative diagram

{tlzf,tgzg}(#)Xsz
is ' lﬂ
{t=f+g} —— X xR,

where again s is a homeomorphism.

Finally, we prove that ks> ® k{;>0) =~ k{4>0): From the commutative square

{t1 >0, >0} —— X x R?

I J

{t>00 —7 X xR
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we see that .
ki>0y ® k03 ~ Runkr, >0,6,>01 ~ JiRsikt,>0,4,>0}-

Now Rsikyy,>0,1,>07 = s1Kyy,>0,1,>0} since the stalks of the cohomologies are

(Rs1k(120,6250) (p oy = He({t1 > 0,82 > 0} kg1 50,200 41 )

~He({t1 > 0,t2 > 0} K(amp.ty 20,2041 +t2=a})
~H ({z =pt1 > 0,t3 > 0,11 + 15 = a}; k)

for any p € X, a > 0 and any [ € Z (cf. Lemma and the cohomology with compact
support of a compact interval vanishes for [ # 0. Since s is proper and the inverse image
of the constant sheaf is constant, we get

kii>0) ® Kooy = 5457 'Kps0) = Kisoy,

where the last isomorphism follows from the fact that by definition of direct and inverse im-
ages (sxs k(>0 (U) = (57 ko)) (571 (U)) = kpzoy(s(s7H(U))) = k=03 (U) (because
s(s71(U)) is again U and in particular open).

This proves (i), using associativity and commutativity of convolution.

For the proof of (ii), it suffices to show that kg>oy ® kii<oy =~ 0. We have

kii<oy @ kp0y = Rk, <o0,0,>0)

and the stalks of its cohomologies all vanish since
(R'uikpty<0.50)) oy = He({z =p,t1 0,82 2 0,11 + 12 = a} k)

for any (p,a) € X xR and any [ € Z (by a chain of isomorphisms as above), and we know
that cohomology with compacts support of a closed half-line is zero (cf. Lemma .
O

A.3. Gluing

A well-known construction is the gluing of sheaves defined on the elements of an open
covering via isomorphisms on the intersections satisfying cocycle conditions (which ensure
compatibility on triple intersections). In general, this does not work for closed coverings
unless they are finite.

With the following lemma, we describe such a gluing in the special case of four closed
sectors, a situation which often occurs in this work. The necessary gluing data consists
only of four isomorphisms, and the cocycle conditions reduce to a single assumption on
their composition.

Lemma A.6. Given 0y € R/4Z and R € Rsq, let S, := {z € C | |2|] < R,argz €
(00 + (k= 1)%,00 + k3] for z # 0}, k € Z/AZ, be four closed sectors (all of which contain
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A.3. Gluing

the origin), and denote by Sk 11 := Sk N Sk41 their intersections. For any k € Z/AZ, let
Fi € Mod(kc) be a sheaf on C supported orﬂ S and let

Ok . (fk)8k7k+1 ;> (fk+1)sk,k+l

be an isomorphism of sheaves satisfying cqo30901 = id(}'l){o} (where the left hand side

denotes the composition of the induced isomorphisms oy: (Fi)roy — (Frs1){op)- Then
there exists a sheaf F on C, unique up to unique isomorphism, supported on UkeZ/4Z Sk,

together with isomorphisms ay: Fs, — Fr such that (for the induced morphisms on
Skk+1) one has a1 0 a; ' = oy

Proof. We glue successively the sheaves Fi. If B C A C C are closed subsets and G is a
sheaf on C, we will denote by “can” the morphism G4 — Gp obtained by tensoring the
canonical morphism kg — kp (given by the element 1 € k, cf. Lemma |A.2]) with G.

(1) Glue Fig from F; and Fo:
First of all, define Fi2 to be a sheaf fitting into the short exact sequence

oiocan—can

0— Fio — F1DF2 (F2)s,, — 0. (A.1)
This sheaf is isomorphic to F; and F5 on S; and Ss, respectively, since applying the
functor (e)g, to (A.1) yields the first line of the commutative diagram

ojocan—id
0 —— (]:12)5‘1 — D (]:2)512 L) (]:2)512 —0

idlal_l lgl—l (A.2)

can—id

id,can
( ) fl@(f1)512—><]:1)512*>0

0 F1

and hence yields an isomorphism (Fi2)s, ~ F1 (exactness of the lower row is easily
checked), and similarly for (Fi2)s,.

(2) Glue Fio3 from Fio and Fs:
For the next step of the gluing, we remark that the following diagram gives a gluing
isomorphism:

0 —— (-7:12)5‘23 N (]:1){0} D (f2)523 m ('FQ){O} 0

~ 0'200'1l0'2 \LUQ (AS)

can,id id—can
0 —— (F)sas s (Fy) oy @ (Fs)sas ——= (Fa) oy —— O

(The first row of this diagram is obtained from (A.1) by applying (e)s,;.) The
isomorphism £ can also be obtained by applying the functor (e)g,, to the isomorphism
(Fi2)s, ~ F2 and composing with o.

"By “F is supported on S” we mean supp F C S (not necessarily equality).
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Appendix A. Sheaves on locally closed subsets

We then define Fi23 as the sheaf fitting into the exact sequence

ocan—can

0 — Fraz3 — F12 @ F3 (F3)855 — 0. (A.4)

(3) Glue F from Fio3 and Fy:
The last gluing isomorphism (on S4 N (S1 U Se U S3) = Sy1 U S34) is obtained from
the diagram

0 —— (f123)541US34 — (f1)541 @ (}.3)534 M) (f3){0} 0

I
| —1

Y~ gy lUS lo’g
3

(can,id) can—can
0 —— (f4)541U534 (Fa)sy @ (F4)534 (-F4){0} — 0,

noting that its first line is isomorphic to the sequence (A.4) after applying (e)s,,0uSs,-
Note also that the condition o40302017 = id is necessary here for the diagram to
commute.

Now, define F by the short exact sequence

yocan—can

00— F — Flo3D Fu (]:4)341U534 — 0.

(4) Construct the isomorphisms ay:
We have already constructed isomorphisms (Fi2)s, ~ F1 and (Fi2)s, =~ F2 above.
Starting from these, one can in a similar manner obtain isomorphisms (Fi23)s, =~ Fi
for k € {1,2,3} and finally Fg, ~ Fj for k € Z/4Z. As an exemplary case, let us
explain the construction of the isomorphism (Fj23)s, =~ F1. Denote by 8: (Fi2)s, —
Fi the isomorphism constructed in diagram .

One can apply the functor (e)g, to ({A.4) and there is a commutative diagram with
exact rows

ocan—id
0 —— (Fi23)s, — (F12)s, © (F3)10) Locand, (F3)goy — 0

i: ,Blafloagl lafloagl
0 —— (F1) ——— A1 @ (F)gy ———— (F1)op — O,

We obtain the dashed isomorphism as soon as we have checked that the square on
the right commutes, i.e. that cano g = 01_1 o 02_1 o £ ocan. To see this, consider the
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A.3. Gluing

commutative diagram whose central part is induced by (A.3])

oi1ocan—id

0 —— (F12)S1 — fl S (fQ)Slg (‘7:2)512 —0

o1—id
0 — (Fi2)ioy — (F)qoy @ (Fa)jop ——— (Fa)gop —— 0
5 092001 |02 g2
0 —— (F3)qoy — (F3)10 @ (F3)p0p —— (F3)q0p —— 0
-1 1 1 1| -1 -1 1 -1

01 02 01 02 |01 T2 01 O3
v v

~ ~

0 —— (Fi)goy —— (F)ioy @ (F)joy — (F1)jop — 0.

Consequently, the morphism o 1o oy 1o & ocan completes a morphism of short exact
sequences

0—— (Jr12)S1 — ~Fl @ (IZ)SR m) (J:Q)Sm —0

oy 1\Lcan lafl

0 —— (F)oy — (F){oy © (Fi)poy — (Fi)jop —— 0,

and so does cano 3 (this is clear considering (A.2)). Since such a morphism is unique,
equality follows.

Once all the Fg, ~ Fj have been determined, one can check that the induced tran-
sition morphisms are again the o from the data we started with.

(5) Uniqueness:
It remains to show that F is unique up to unique isomorphism. Assume that F’ is
another sheaf satisfying the properties of being isomorphic to Fj on Sy, with transition
morphisms given by the o;. Then one can construct an isomorphism F ~ F’ from
the given isomorphisms Fg, ~ Fj, =~ fgk. This is again done by means of morphisms
of short exact sequences. For example, the diagram

0 —— Fs,us, — Fs, @ Fo, Fsio 0
0 félUSQ ‘Fél @ féQ élz 0

produces an isomorphism on S7 U Sy extending those on S; and S3. In this manner,
one finally obtains the global isomorphism.

This isomorphism is unique (with the property that it extends the given isomorphisms
on the Si) since it induces isomorphisms of the short exact sequences involved in the

construction, and there the dashed isomorphism is unique.
O
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Appendix A. Sheaves on locally closed subsets

Note that the lemma holds completely analogously if we drop the condition |z| < R in
the definition of Sy (i.e. if we consider sectors of infinite radius), if we do not assume the
sectors to be right-angled, or if we assume the Fj to be sheaves on S; x R rather than
sheaves on Sy (as we do in our considerations with enhanced sheaves).
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Appendix B.
Topology of intersections

In this appendix, we give the details on the study of the topological spaces with which we
were concerned in Section [3.3.3 and Section 3.4.2.

B.1. Cohomology with compact support

Let us first fix some notation: For a topological space X, we will denote by H;(X) (resp.
HY(X)) its singular homology (resp. cohomology) groups. The singular homology and
cohomology with coefficients in k will be denoted by H;(X; k) and HY(X; k), respectively.
Similarly, relative homology of a pair (X, A) is denoted by H;(X, A) and H;(X, A; k), and
accordingly for cohomology. The cohomology with compact support can be defined by

H{(X;k) == limp  H'(X,X \ K;k).
KCX
K compact
If X is compact, this implies H.(X; k) ~ H (X; k).
It is well-known that the cohomology sends disjoint unions to products, and in particular
for finite disjoint unions one has

H.(X UY;k) ~ H.(X;k) @ H (Y k).

It is important to keep in mind that in general cohomology with compact support is not
invariant under homotopy equivalences (in contrast to ordinary cohomology), but only
under homeomorphisms.

The first lemma we need is a statement about the compactly supported cohomology of
certain regions between two graphs of functions.

Lemma B.1. Let I C R be a closed interval and let f,g: I — R be continuous functions
with g(z) > f(x) for any x € 1. Set G := {(z,y) € R? |z € I, f(z) <y < g(z)} C R2
Then the following holds:
(i) If I = [a,00) for some a € R, one has
H.(G;k) ~0

foranyl € Z.
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Appendix B. Topology of intersections

(i) If I =R, one has
k ifl=1,
0 otherwise.

HL(G; k) ~ {

(11t) If I = [a,b] for some a,b € R with a < b and f(z) < g(x) for x € (a,b), one has
HU(G N A{pik) = 0
for any | € Z, where p = (b, f(b)).

Now let I C R be any (open or closed, bounded or unbounded) interval and let d € RU{oco}
with f(x) <d for any x € I. Set E:= {(z,y) € R? |z € I, f(x) <y < d} CR%

(iv) One has
H.(E;k) ~0

foranyl € Z.

Proof. By definition of compactly supported cohomology and the universal coefficient the-
orem, one has

H{(X:k)~  lim  H'(X,X \ K;k)
KCX
K compact

~ lim Homg (Hi(X, X N\ K),k). (B.1)
KCX
K compact

We first prove (i). It suffices to consider compact sets of the form C' = ([a, b] x R)NG since
any compact subset of G is contained in one of this form. Precisely, if pr;: R? — R is the
projection onto the first component and K C G is compact, set b := max{pr;(p) | p € K}.
Note that C' is indeed bounded and hence compact because f has a minimum and g has a
maximum on the closed interval [a, b)].

In order to compute H;(G, G \ C), we apply the long exact sequence in homology

=0 =0 =0
— ————
R HQ(G) — H2(G7G AN C) — Hl(G AN C) — Hl(G) — Hl(G,G AN C)
— Ho(G N C) - Ho(G) - Hy(G,G~C) =0
—_——— ——

-7 =z
and the fact that both G and G \ C are contractible (they are clearly homotopy equivalent
to a half-line), i.e. they have non-vanishing homologies only in degree 0 and the map Z — Z
in the long exact sequence above is the identity. We conclude that H;(G,G ~. C) ~ 0 for

any [. Hence, by (B.1), the assertion follows.

The proof of (ii) is similar. Here, we can consider compact sets of the form C =
([=b,b] x R) N G, since any compact K C G is contained in one of this form, setting
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B.1. Cohomology with compact support

b := max{|pr;(p)| | p € K}. Again, G is contractible. The space G \ C consists of two
contractible connected components and hence the long exact sequence is

=0 =0 =0
A HQ(G) — HQ(G,G N C) — Hl(G AN C) — Hl(G) — Hl(G,G\ C)
— HQ(G N C) — H()(G) — Ho(G,G ~N C) — 0,
— ~——

—72 =7

where the map Z? — Z is given by addition. Therefore, we get H1(G,G \ C) ~ Z and
H;(G,G~ C) ~0 for any | # 1 and any C of the form above. Then the assertion follows.

We prove (iii) in the same manner: Note first that G is homeomorphic to a closed square
or a closed triangle (depending on whether f(a) = g(a) and f(b) = g(b)), hence contractible
(and so is G \ {p}). Let us assume that G is such a square or triangle. Any compact set
K C G~ {p} is contained in one of the form C = G \ B, where B, is an open ball of
sufficiently small radius around p. Then G \ C is still star-shaped, hence contractible and
the long exact sequence in homology is as in (i), with G replaced by G \ {p}.

Finally, to prove (iv), it suffices to consider C' = ([—b,b] X (—o0,c]) N E with b :=
max{|pr(p)| | p € K} and ¢ := max{pry(p) | p € K} for any compact K C E. Here,
pry: R? — R is the projection onto the second component. Note that ¢ < d. Since E and
E ~ C are homotopy equivalent to a rectangle {(x,y) € R? | x € I,s < y < d} € R? (for
any s < d) and hence contractible, the long exact sequence in homology is the same as for
(1), with G replaced by E. This concludes the proof. O

Compactly supported cohomology is also related to the proper direct image functor. Let
X be a good topological space and ayx: X — {pt} the unique map to the one-point space.
For F € Mod(kx), one defines cohomology with compact support with values in F as

H.(X; F) := Rlax F.
We have the following well-known results.
Lemma B.2. Let f: X = Y be a morphism of good topological spaces and | € 7Z.

(i) (21, Proposition 2.5.2]) Let F € Mod(kx). For anyy € Y, there is an isomorphism
(RIAF)y = HL(f ' W); Flp-1y)-
(ii) Let j: X' — X be an injective continuous map and G € Mod(kx/). Then
He(X301G) ~ H(X'; G).

(11i) Let X be a locally contractible space. Then cohomology with values in the constant
sheaf is isomorphic to the usual (singular) cohomology, i.e.

He(X; kx) = Hy (X5 k).
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Proof. Statement (ii) is an easy consequence of the definition: Denote by ax: X — {pt}
and ax/: X' — {pt} the unique maps. It is clear that ay, = ax o j. Hence

H.(X;516) ~ Rlax1jiG ~ Rlaxn G ~ HL(X";G).

Part (iii) follows from the classical fact that for locally contractible spaces singular
cohomology agrees with sheaf cohomology of the constant sheaf, and this holds also in
the case of cohomology with appropriate (e.g. compact) supports (see |2, Chapter III], for
example). O

B.2. Hyperbolae and right-angled sectors

In this and the following section, we investigate the intersections of hyperbolic regions and
sectors occuring in our computations of the Fourier—Laplace transform. Let us recall that
a hyperbola in standard form is described by an equation

2 2
N S
a? b?

for positive real numbers a and b. It is not difficult to determine vertices and asymptotes:
The vertices of the hyperbola are at the points (fa,0). The asymptotes are lines through
the origin of slope :I:g.

B.2.1. Hyperbolae and sectors

In Section [3.3.3] an important step is the determination of the cohomology with compact
support of a topological space X C R? which is given as the intersection of the hyperbolic
region defined by
SRR W DO S g (B.2)
271 2077 7 2c '
and the right-angled sector given by
w1 Cc1W2 — Con

> -
T2 S w22 EE

where ¢ = ¢1 + icp € C with ¢; > 0 is fixed and w = w; + iy € C, £ € R are parameters.

The parameters w and f influence the exact shape of the hyperbolic region as well as
the relative position of hyperbola and sector. Since the geometry of the hyperbolic region
highly depends on the sign of the right-hand side of (B.2), we distinguish two cases. Let

us write for short x(w,?) :=f + Re % uw?.
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B.2. Hyperbolae and right-angled sectors

S

Figure B.1.: The case (i, %) < 0: A sketch of the two situations in which the intersection
of hyperbolic region and sector can have a compact connected component.

Case 1: x(w,1) <0
In this case, (B.2) can be written as
ef? 2 ‘ 2

a2 22> 1,
Coar(@, D) 2 2r(w,d) LT

which describes the region outside the two branches of a hyperbola and therefore consists
of two connected components (see Fig.|3.1| (a), p. . Independently of the position of the
sector, its intersection with the upper component of the hyperbolic region will always be
an epigraph of the form introduced in Lemma@ (iv), and hence its compactly supported
cohomology vanishes. If the sector intersects only the upper branch of the hyperbola, we
therefore have H.(X'; k) ~ 0 for any .

If the sector intersects in addition the lower branch of the hyperbola, X has a second
connected component, and the latter is compact and convex, hence contractible. Therefore,
writing X = EUC with E the epigraph and C the compact component, we have H.(X; k) ~
H.(C; k) ~ HY(C; k), so H(X; k) ~ k and H.(X; k) ~ 0 for | # 0.

The conditions under which an intersection of the sector with the lower branch of the
hyperbola occurs can be formulated as follows (see also Fig.|B.1): Either the sector’s corner
is in the left half-plane and at least as low as the lower vertex of the hyperbola, in symbols:
0 0111)2 — ngl —261/@(’(1), f)

w1
— <0 d —= = - < —
oq - M R EE

or the corner of the sector is in the right half-plane and is low enough for the sector to
intersect the lower branch of the hyperbola, in symbols:

w1 c1W9 — Co —2c1k(w, T) c w1\ 2
— >0 and —_—“F - < — 1+ (> i

1 |e|? - |c|? —2k(w,t) \ 1

Doing some arithmetic, these conditions can be rewritten as follows: In the case f <
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—Re 4 o w?, there is a compact connected component in X if and only if

2
- w
w1 <0 and gy —cow; <0 and > ——L
201
or

wy >0 and ¢y —copun <0 and > 0.

Case 2: x(w,t) >0
Here, (B.2) reads as

and describes the region between the two branches of a (possibly degenerate) hyperbola
(see Fig. (b) and (c), p. p3).

Again, the 1ntersect10n of hyperbolic region and sector can consist of one (unbounded) or
two (one unbounded and one compact) connected component. The unbounded component
is (up to rotation by 90 degrees) always of the form treated in Lemma [B.1] (i) and hence
does not contribute to the compactly supported cohomology of X. On the other hand,
the compact component is contractible and hence (in case it exists) HO(X;k) ~ k and
HL(X;k) ~ 0 for [ # 1.

Such a compact connected component exists if and only if the following is the case (cf.
Fig. : The corner of the sector lies to the right of the hyperbola’s right vertex and low
enough such that the sector intersects the lower part of the hyperbola’s right branch, in
symbols:

@ > 2/’%(’(1),7,{) and 0111)2 — CQ’LDl S _ 2615(11),{) C% v @ 2 1
1 1 |e|? |c|? 2k(w, 1) \ &1

P <

Figure B.2.: The case s(w,f) > 0: A sketch of a situation in which the intersection of
hyperbolic region and sector has a compact connected component.

This can be shown to be equivalent to

w; >0 and f< (c1iby — co1)?  and  cjby — coy <0 and £ >0,

2¢1]c)?
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which is therefore the condition for the existence of a compact connected component in X
in the case t > — Re iuﬁz.
We will write for short

L 2
w) = — clwy — CQw
Ne(w) 201|C‘2( 1W2 2w1)
f C, and te that > _Redtuw? > -4 g Re L2 — 1
or w € C, and we note that —n.(w) > —Re gow > —5g; since —ne(w) + Re 5ow = 0

Putting the two cases together, we get the following result for the cohomology with
compact support of X
HL (k) ~0 ifl+#£0

and

§i
IA
A
|
hS
5
&

Hg(X;k) o {k if c1g — cor; < 0 and —<p;*:c(

0, otherwise,
where the functions ¢}, ¢;.: C — R are defined by

w2 .
ot (w) i= 7o ifw <0,
e 0 ifw >0

and

_ Re in if w; <0,
Pre(w) = .
Ne(w) if w1 > 0.

One easily verifies that these functions are continuous.

Considerations with a sector which is not a translation of the first quadrant (as in the
cases just discussed) but of the second, third and fourth quadrant are completely analogous
and yield similar results.

B.2.2. Hyperbolae and half-lines

Another important region coming from Section is the intersection of the hyperbolic
region with horizontal and vertical half-lines (i.e. with the borders between the sectors
considered above). The determination of its compactly supported cohomology is analogous
to the previous section.

Horizontal half-line Let us consider the space defined as the intersection ) of the hyper-
bolic region given by (as above)
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and the horizontal half-line given by

w1 C1w2 — CaW
>, Tp=m o
c1 lc|
As soon as this intersection is nonempty, ) is compact and contractible. The conditions
for a nonempty intersection are as follows:

If x(w,f) < 0, the absolute value of z2 must be big enough in order to intersect the
upper or lower branch of the hyperbola. More precisely, if w; < 0, it must be at least the
absolute value of the hyperbola’s vertices’ distance from the origin, i.e.

1o — coW —2c1k(w, t
W, <0 and 12221_ 127)’
lc| c]
or, if w1 > 0, it must be at least as high as the points on the hyperbola with x; = 5“611, ie.

Cc1W2 — Cotq

w; >0 and
]2

. SN
> —2c1k(w, t) 14 clv (@ .
|c|? —2rk(w,t) \ a1

These conditions are equivalent to asking that

2
1

&«

w; <0 and > —

[\
iy

c

or
w; >0 and £>0.

If (w,t) > 0, the intersection is nonempty if and only if the half-line intersects the right
branch of the hyperbola, i.e. if and only if

@ S 2&(’@,{) 1+ |C‘2v V 6171)2 —ngl 2 '
¢ 1 2¢1k(w, 1) |e|?
Cc1Wa—CaWi )

(The right-hand side is the x;-value of the point on the right branch with xo = o2

This condition is equivalent to asking that either w; < 0 or

w; >0 and £>0.
In conclusion, we obtain
HL (k) ~0 if1#0

and

7710 otherwise.
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B.2. Hyperbolae and right-angled sectors

Vertical half-line Let us now compute the compactly supported cohomology of the space
defined as the intersection ) of the hyperbolic region given by (as above)

—x] — —x5 < k(w,t
and the vertical half-line given by
Wy C1g — W1
T= o, T
c1 c]

This intersection may consist of one (unbounded) or two (one unbounded and one com-
pact contractible) connected component. The unbounded component is of the form as in
Lemma E (1) and therefore does not contribute to the compactly supported cohomology.
The conditions for the existence of a compact connected component in the intersection are
as follows:

If x(w,f) < 0, the starting point of the half-line must be low enough to intersect the
hyperbola’s lower branch, i.e.

clw2—02w1< 2c1k(w, f) c1 wy\ 2 .
=TT e \a ’

and this condition is equivalent to asking that

6111)2 - 6211)1 S 0 and f Z 0.

If k(w,f) > 0, the starting point of the half-line must have an x-value whose absolute
value is greater than the one of the hyperbola’s vertices, and the xo-value must be small
enough to intersect the lower part of one of the branches, i.e.

2/&(’[1),7?) and 0111]2 — CQ’IIJl § _ 261/%(’[1),{) C% V @ 2 1 :
c1 |c|? |c|? 2k(w, t) \ c1

and this is equivalent to

w1

C1

t < —ne(w) and ey —cowy <0 and £>0.

(Note that we do not have to ask w; # 0 separately since Re -t and n.(w) coincide for
w; = 0 and hence there are no possible values for £.)

We conclude that
HL (k) ~0 if1#0

and

HU

C

V1) = {k if cyaby — ety < 0 and 0 < § < —no(w),

0 otherwise.
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Appendix B. Topology of intersections

B.3. Hyperbolae and more general sectors

B.3.1. Hyperbolae and sectors

In Section [3.4.2 we work with two fixed parameters ¢ = ¢ + ica,d = di + idy € C*
with ¢; > 0, cg > 0, di > ¢1 and c1ds — cod; > 0. The main step there is to compute
the cohomology with compact support of the space X defined as the intersection of the
hyperbolic region given by

di 5 |dJ? ,

~ 1 2
iy Bl Y, B.
5 21 2d1x2_t+Re2dw (B.3)

and the sector defined by

d1o — do w diwo — dod
(crds — cady) (@ _ w|> > eidy (x _ d11> oz MR (m)

Again, W = W +iwy € C and £ € R are parameters for this space. Note that this includes
the case of Section |B.2 for c1ds — cody = 0.

The sector described by (B.4) has its corner at the point (5—11, %), and its borders

are a horizontal half-line to the right and a half-line with (negative) slope m := —
(or a vertical half-line if ¢;dy — cody = 0) unbounded from above.

The region (B.3) is bounded by a hyperbola centered at the origin with asymptotes of
slope p4 = :I:. An easy algebraic manipulation shows that

cidy
c1dz—cady

m2_ 2 — c1di(crdy + cady) + codi(crdy — cody) -0
H- (c1dz — cadr)2]d]? ’

so the non-horizontal border of the sector is steeper than the hyperbola’s decreasing asymp-
tote.
In order to determine the conditions on w and f for nontrivial compactly supported

cohomology of X, we distinguish two cases, since the geometry of the hyperbolic region
highly depends on the right-hand side of (B.3).

Case 1: { < —Re 55w

In this case, the unbounded connected component of X is always an epigraph as described
in Lemma E (iv) and as such does not contribute to H.(X'; k). If a nonempty second
connected component exists, it is compact and contractible and therefore produces a non-
trivial first cohomology group with compact support. Similarly to the considerations in
Section this happens if and only if the sector is low enough such that it intersects
the lower branch of the hyperbola. One finds that the conditions for this are

%2

w; <0 and dywg —cow; <0 and 52—%
1
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B.3. Hyperbolae and more general sectors

Figure B.3.: The case f < — Re %luvﬁ: A sketch of the two situations in which the intersec-
tion of hyperbolic region and sector can have a compact connected component.
The third situation is impossible due to the slope of the half-line bounding
the sector.

or
w; >0 and diwg —dow; <0 and fZ 0.

A situation as shown in the rightmost picture of Fig. cannot occur since the hyperbola
is never as steep as the sector’s border.

Case 2: { > — Re 55w?
This case is a bit more complicated: The condition under which a compact connected
component of X’ exists is as follows (cf. Fig. [B.4):

The non-horizontal border of the sector must intersect
the right branch of the hyperbola in two distinct points.

Making this more explicit requires a little effort: The right branch of the hyperbola is

described by
|d? 2 (. .
Tl = \/d—%IE%—Fd—I t—i—Reﬁw? s
and the border of the sector is the part of the line

_Cld2 — cody o diwg — dotny ﬁ
c1dy 2 |d[? dy’

T =
where x1 < %1. Equating the two right-hand sides and taking the square yields a quadratic
equation for xo whose discriminant is positive whenever

(crubg — ety )?
(C%dl — C%dl + 26102d2) '

t < 5 (B.5)

The two solutions for the values of x9 and the corresponding values :vfc can then explicitly

be computed using the quadratic formula, and we are interested in the conditions under
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Appendix B. Topology of intersections

Figure B.4.: The case { > — Re ﬁaﬂ: The intersection of hyperbolic region and sector has
a compact connected component if and only if the sector intersects the lower
part of the right branch in such a way that the intersection is disconnected
(with one compact and one unbounded component).

which 0 < xli < %11. (In particular, this is only possible if w; > 0.) This is the case if and
only if, in addition to the above, we require

2
(crde — cody)y > —(c1dy + codo)wy and £ > —2(616’3 _dlc2d1)uv)% "ol c_1 oy Wy Wa
(B.6)
and
g —cow; <0 and £>0. (B.7)

The conditions for the existence of a compact connected component in X in the case
{ > — Re 55w? are therefore given by w; > 0 and (B.5)—(B.7).

The second condition in is, however, obsolete, as we will show now: We subtract

the right-hand side from — Re %fd)Q = — 2|61£|2 (dlu';% —dlfd)% +2dyw2) and, after expanding

and factoring, obtain
|c[*dy =2 €1 Wy
(c1dg — cady) L e1dy — cady

B di ((crdr + coda) by + (c1da — 02d1)11)2)2
- 2‘d‘2(01d2 — 02d1)2 .

1
_Reﬁwz"_Q '11)2

This is clearly non-negative. If (c1d; + cado)n # —(c1dy — cady)e, it is even strictly
positive, and hence the second condition in can be neglected in view of the first and

the global assumption > — Re ﬁu’;z.

In order to put the two cases together, it is useful to know the following. We will ab-

breviate 9
(crwa — cown)

C(w) = _Q(C%dl — C%dl + 20102612)’
so the right-hand side of (B.5) is —((w).
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B.3. Hyperbolae and more general sectors

Lemma B.3. The following comparisons hold:
(i) —Re g70% <0 if iy > 0 and Ly <y < by,
(ii) —Re 5510* < —((w) for any w € C.

Proof. (i) First, note that the condition required is only possible if ds # 0 (since do = 0
would also imply ¢o = 0).
One obtains
1, 1
2d - 2|d?

1

(d]_’llv}% —dlw% +2d211)]_'UV]2) = _W

((dyb1 + dotvo)? — |d|*w3)

by completing the square. It is non-positive if and only if (dju + dowz)? > |d|?w3.
In the given situation, we have we > 0 and diw; + dewe > 0, so the condition is
dywy + dowy > |d|ws. This is satisfied since

do(dyiy + dotby) = dodyby + day > daaby + dis = |d|?y > do|d|iiy
(using that detiq > dywe and |d| > d2).

(ii) This part is shown in the proof of Lemma [3.26.
O

Part (i) of the preceding lemma states that the “interesting region” for w is not really
the whole half-plane described by djwo — dow < 0, but only the set

d
Y; = {w eC ‘wg < min (Cﬁwl, ﬁwl) } :
C1 dl

Knowing this, one obtains the following description of the cohomology with compact sup-
port of X:
HL(X;k)~0 ifl#0

and
k ifwe Y, and —f(w) << —o (),

0 otherwise,

HO(X; k) ~ {

with the functions ¥, 1, : C — R given by

w2 . .
ot (w) = 2q. 1w <0,
' 0 ifwg >0
and

v (w) = Re w?  if (c1dy — cody)wa < —(c1dy + cada) iy,
' C(w) if (Cldg — Cle)wz > —(Cldl + CQdQ)’LZJl.

It is easily checked that these functions are continuous. Let us check that ¥ (w) < ¥, (w)
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Appendix B. Topology of intersections

-2 0<t<—((w)
_ Wy
2d1
_c di+cods
’ c1do—cad

Figure B.5.: An illustration of the regions in the complex plane (with variable w) and the
corresponding values of £ for which the cohomology H?(X;k) is nontrivial.
The green line is horizontal in the case cidy — cod; = 0, and one of the three
regions vanishes.

for any w € Y;. Clearly, ¢ < 0 (cf. the proof of Lemma [3.26| to see that the denominator
2

of € is positive), and we also have ;Tll > Re Q—Idw (as in Section |B.2.1| with the parameter
¢). The only thing which is not obvious is therefore the fact that Re 2—1(1102 <0ifw >0
and (c1dy — cady)we < —(c1dy + cada)wi. We show this as in the proof of Lemma @ (i):
In the region concerned, both we and djw; + dows < 0 are non-positive (one can easily
show that the green line in Fig. E is steeper than the line with slope —%). Therefore,
we need to show that djw; + dews > |d|wy, which works as in the proof above.

B.3.2. Hyperbolae and half-lines

As in Section [B.2.2] one is also interested in the spaces given as the intersection of the
hyperbolic region (B.3) with the half-lines bounding the sector (B.4).

Horizontal half-line The considerations for the intersection ) of the hyperbolic region

(B.3) with the horizontal half-line

" >@ " _dlwg—dzwl
1 = dl ; 2 — |d’2
are completely analogous to the one in Section and yield
HL (k) ~0 ifl#0

and
k if £ > —f (W),

0 otherwise.

HY(V; k) ~ {
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B.3. Hyperbolae and more general sectors

Non-horizontal half-line The intersection ) of the hyperbolic region (B.3) with the non-
horizontal border of the sector (B.4) given by

d1we — doty w1 d1we — doty
(c1da — cady) (962 - W) = —cdx <$1 — d1> , T2 > T

is a space whose cohomology with compact support is described as follows:

As in all the previous cases, noncompact connected components do not contribute to the
compactly supported cohomology groups.

Ift < —Re ﬁuﬁZ, the intersection has a compact connected component if and only the
half-line’s starting point is low enough to intersect the lower branch of the hyperbola.

Ift> —Re 2—1duv)2, then Y has a compact connected component if and only if the half-line
intersects the hyperbola’s right branch in two distinct points (see Section .

The result (also similar to Section is:

HL (k) ~0 ifl#£0

and
k if c;i9 — o <0 and 0 < t < *C(Uv)),

0 otherwise.

HY(V; k) ~ {
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List of notations

1

arg z

C

(CX

C

can

Dx

D"(Dx)

DEO](DX)

D (kx)

DP(Iky)

EP(Ikx)

Efx

EP g PeT

Z1xX'=7|x

oo~

B By’

i

Lx

an identity matrix.

the argument of a complex number z # 0.

the complex plane equipped with the Euclidean topology.
the set of complex units, C* = C \ {0}.

the set of parameters for a D-module of pure Gaussian type, a finite (and

nonempty) subset of C*.
a canonical morphism.

the sheaf of linear partial differential operators with holomorphic coeffi-

cients on X.

the derived category of left Dx-modules, see Section

the full subcategory of DP(Dy) of objects with holonomic cohomologies.
the derived category of sheaves of k-vector spaces on X.

the derived category of ind-sheaves on X.

the category of enhanced ind-sheaves on X, see Section @

an exponential D-module, see Definition

exponential enhanced sheaves, see Definition

exponential enhanced ind-sheaves, see Definition

the inclusion 7: C x R < P x R.

the natural embedding from sheaves to ind-sheaves tx: Db(kX) —
DP(Iky).
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List of notations

MOdhol(DX)
P

T

R

Te

r

r
SingSupp(M)
Sol%

+ %

®, &

CcC

<s, <¢

[a,b] CR/27Z
(f,9)

f*g

flg, flg
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the field of complex numbers, k = C.
the constant sheaf with stalk k on X.

the object “lig” kii>q) € EP(Ikx).

a—ro0

the functors of Fourier-Laplace and enhanced Fourier-Sato transform,

see Section

the category of holonomic left Dx-modules.

the complex projective line equipped with the analytic topology (= the

Riemann sphere).

the projection X x R — X or the real number 7, representing an angle
of 180°.

the two-point compactification of the real line, R = R U {—o00, +00}.

the rank of the regular part R, associated to ¢ € C'in the Levelt—Turrittin

decomposition of a D-module of pure Gaussian type C.

the sum of the ranks r., i.e. r = ) ..
ceC

the family of the ranks 7., i.e. r = (r¢)cec-

the singular support of the D-module M.

the enhanced solution functor, see Theorem m

the convolution product for enhanced ind-sheaves and enhanced sheaves.
“is a relatively compact subset of”.

a certain order relation on the parameter set C', see Notation

the image of the interval [a,b] C R under the projection R — R/27Z.

the morphism A — B @ C given by f: A — B and g: A — C through
the universal property of the product.

the morphism A@® B — C given by f: A — C and +g: B — C through

the universal property of the coproduct.

the morphism A@® B — C ® D given as the direct sum of f: A — C and
g: B—D.
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