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We see that

for 0 < b < bg ~ 0.405

fOl‘b0<b<b1=L

\/2—1

1= m(b) > r(b) > TLf(b)
1= m(b) = r(b) > rLf(b)

1=rg(d) = r(b) =rpp(b) forbd>b;.

Therefore, if b > by, we have r(b) = 1 and the desta-
bilizing uncertainty for p = r(b) can be chosen to be
a constant, real function. For 0 < b < by a desta-
bilizing function for p = r(b) can be found which is
piecewise constant with two switches. This destabi-
lizing uncertainty is adapted to the system dynamics.

Faster switchings may even stabilize a system, compare
e.g. Bellman et al. (1986). 0O

The next example shows that the stability radius r
need not depend on the system parameters in a mono-
tone way, and may actually be positive only on bounded
parameter sets.

Example 10. Consider the system
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V? = {v:R — V*, measurable}, V* = [—p, p]

for p > 0,

which is equation (4) with an added diagonal term

0

=1
a_4.

<a 2) z. For the following computations we use

Eigenvalue computations result in the stability ra-
dius rg as

(b)_{o for0<b<i Y<h
EYE L -y for k< b< 1,

Computations for the radius rz; are similar to the ones

shown in the previous example. rr,(b) has a unique

maxmum at {0.77,0.67) and decreases along the line
1(17 17
s(F-basdr i

To compute the Lyapunov exponents note that the

a

0
Denote by So(7) = Sa(7, S0, Ae + A(v)) the solution

matrix A, = commutes with all matrices.
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of the projected system, then we obtain

Av,z;a) = lim sup % / ST(T)(A(v) + Aa)Sa(T)dT

t
= limsup -1; /SZ(T)AGSQ(T)AGSQ(T)CIT-F
t—oo
0

t

limsup%/Sg(‘r)A(v)Sa(T)dr
t—co
0

=a+ AMv,z),

where A(v, z) are the Lyapunov exponents of (4). Hence
k(p;a) = a + &(p) and r(b;a) = min{p > 0, x(p,b) >
—a}.

For the value a = % the three stability radii are
shown in Figure 2.

Figure 2. Stability radii of the system (7).
Note that the maxima (in b) of the radii are differ-
ent, and they are attained at different b-values. O

The next two examples show that the stability radi
need not be continuous in parameters of the system.
In particular, a jump from 0 to co is possible.

~Example 11. Consider the system

(8)
5= 1+ a 0 4 0 2 -
- 0 l+a -2 0
v € VP = {v:R — V?, measurable}, V* = [-p, p].
This system satisfies the conditions of Corollary 5, and
hence
0 for a>-1
(@) ={ 2

00 for a<-1.
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B(1)
-1

x(p) = a = L(Bo — p)

Using ¥(t) = > 0, we obtain

and therefore
0
"nt(yo) = { L

Note that the projection onto P! of the linearized sys-

tem does not satisfy the Lie algebra rank condition

(3). However, the Lyapunov exponents of (17) are com-

puted explicitly and x(p) is attained at a constant un-

certainty v(t) = —p. Thus Theorem 14 remains valid.
For the parameter settings (15) we obtain

Bo <4
Bo > 4.

if Bo <
L—-cx if By >

R MR

0 if
Bo—4 if

Comparing the nonlinear stability radius with (16) we
make the following observation if y° = (0, L) is symp-
totically stable: The radius r,.(y°) coincides with the
p-value for which y(—p) = y°, and the stable manifold
of y(—p) becomes the center manifold of y°. In other
words, the left boundary of the ‘bistability’ region col-
lides at p = rn.(y°) with the singular point y°. For
Bo = 4.0, p = 1.0 the maximal spectral interval of (14)
at y° hence contains zero in its interior.

rae(y°) = {
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