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1 Introduction

For linear differential equation, it was proved in [4], [6] and [7] that ... The
purpose of this paper is toWe look at affine differential equation & = Ax,
where A € gl(d,R), from the point of view of (continuous time) dynamical
systems, or linear flows in R?. Precisely, we generalize the related results of
[4], [6] and [7] to affine differential equation.

The main subject in this paper are topological conjugacies of affine dif-
ferential equations in R?. In particular we will generalize the classical result
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2 Afline differential equation

In this section we prove that the real part of the eigenvectors determine
the exponential behavior of the solutions of a affine differential equation,
described by the Lyapunov exponents. We begin recalling some facts about
affine differential equation. Every differentiable function z : R — R? such
that #(t) = Az(t)+a for all t € R is called a solution of @(¢t) = Ax(t)+a. The
initial value problem for a linear differential equation © = Ax + a consists
in finding, for a given initial value zy € RY, a solution z(-,z() such that
x(0,z0) = .

It is well known (see, e.g., Lecture 16 of [1]) that for each initial value
problem given by (A, a) € gl(d,R) x R? and xy € R?, the solution z(-, z) is
unique and given by

t
z(t, o) = e +/ A= ads.
0

The distinct (complex) eigenvalues of A € gl(d,R) will be denoted by
W1, fho, - .., . The real versions of the generalized eigenspaces are denoted
by E(A, ) C R or simply Ej, for k=1,...,r <d.

The real Jordan form of A € gl(d,R) is denoted by J%. And more, for
any matrix A there exists a matrix T’ € Gl(d, R) such that A = T-1JET.

Note that if A =T"1JET then

t t
et 4 / eAt=9)qds = T 1eJAtT + / T 1At . T 1eTa9) T ds =
0 0

t
T 'e/A'T + / T2 Tqds.
0
Now we note that the following example will be useful. Consider B a
Jordan block of dimension n associated with the complex eigenvalue pu =
A +iv of a matrix A € gl(d,R). Then with

A —Vv 1 0
D—(V A)and[-(o 1).



for

~ ~ 2 n—1 A
D I D tD %D (i_l)lD
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I tD
D D

where
A t —sinvt
D cpsy siny .
sinvt  cosvt

That is, for yo = [y1, 21, - - -, Ym, 2m)" € E(A, u), the solution of §(t) = By(t)+

b, for every j-th component with j =1,...,m, is given by
5(t,Y0) Z ykcosut — zsinvt)+

k=j

(t — s)k—
/ At—s) Z 3 ykcosy(t s) — ZkSinl/<t - S))akd,s,

m tk_] '
zi(t,y0) = M Z 0= (zxcosvt + ygsinvt)+
k=j

(t — k—j
/ A(t—s) Z s) (zrcosv(t — s) + ypsinv(t — s))brds,
where b = [ay1, b1, ..., an, by)". For a better illustration we take m = 2. Then

y1(t,y0) = e ((yrcosvt — zsinvt) + t(yacosvt — zosinut))+

t
/ e(t=3) (yrcosv(t — ) — zsinv(t — s))ards+
0
t
= ) meosutt — ) — zsinlt = 5))aads,
0

21(t, o) = eM((z1cosvt + yisinvt) + t(zgcosvt 4 yosinvt) )+




t
/ ) (zrcosv(t — ) + yrsinv(t — s))bids+
0

t
/ A (t — 5) (z9c08v(t — 8) 4 yosinv(t — s))byds,
0

t
y2(t,yo) = €At(y2COSVt—ZQSiDVt)+/ N9 (yocosv(t— s) — zosiny (t—s) ) asds,
0

t
29(t, y0) = e’\t(z2cosut+ygsinyt)+/ N9 (zyco80(t — 5) + yosinv(t — s) ) bydss.
0
Then using mathematical software, we get

yi(t,yo) = eM(fY(t) +tg? (1)) + CY, fV, ¢¢ are bounded and C} is constant .

21(t o) = M (fE(t) + tgi (b)) + CF, f7, g7 are bounded and C7 is constant .

M fY(t) + CY, where fY is bounded and CY is constant .

Y2 (t7 ?JO)
z(t, o) = M f7(t) + CZ, where fZ is bounded and Cf is constant .

Definition 2.1 The element eq is a fized point of the affine differential equa-
tion (t) = Azx(t) + a if x(t, zo) = eo.

Proposition 2.2 Suppose A stable, that is, ReX <0 for all A € o(A). Then
i) There exists a unique fized point for i(t) = Az(t) + a,
i) For all zg € RY, ¢(t,x0) — €g if t — oo.

Proof: Since the matrix A is invertible we have 0 = Aey 4+ a has a unique
solution eg. As ey = ettey + fot A=) qds then

t
ot ) = ol = e+ e ads = cal = o0 = o)l 0
0

if t — oo. L]



Definition 2.3 Let z(-,x¢) be a solution of the affine differential equation
(t) = Az(t) + a and ey its fized point. Its Lyapunov exponent for xqy is
defined as N(xo) = lim sup,_ . 7In||z(t, zo) — eol|.

Theorem 2.4 The Lyapunov ezponent A(xo) of a solution x(-,xo) of ©(t) =
Az(t) + a satisfies A(zo) = limy_ootIn||z(t,20) — €0l = A; if and only if
Xog — € € L()\])

Proof: Recall that for any matrix A there is a matrix 7' € Gl(d, R) such that
A =T YET, where J§ is the real Jordan canonical form of A. Hence we
can consider A in the real Jordan form. Then the assertions of the theorem
follow of the solution formulas of the above example. We give an idea of
these computations in the two dimensional case. Take the above solutions

y1(t, yo), 21(t, o), y2(t, o), 22(t, yo) and note that

lytt o)l = /93 + 22+ 3 + 25 =

V(M +tg]) + T2+ (X fi +97) +CF )2+ (M f3 +CF)2+ (M f5+C5)2.

Then isolating (e*)? inside the root, the last expression can be written as

ly(£, wo) Il = V/(eX)2 £ (2).

Hence,
1 1 1 1
Sully(t, o)l = v/ = /[ + /T,

where $Iny/f(t) — 0 if t — oo.
Therefore, limy o tIn|y(t, y0)|| = A. By this computation, it is easy to
see that limt_,oo%lnHy(t,yO) — eol = A 0

With the next lemma, some of our results in affine differential equation
will be a immediate consequence of the correspondent result in the linear
context.

Lemma 2.5 Let ® the solution of the system @(t) = Az(t) + a and eq its
fized point. Then ®—eq is solution of #(t) = Ax(t), that is, £ (®(t,yo)—eo) =
A(®(¢,y0) — €o).



Proof: Note that 4(®(t,y0) — €g) = A®(t,yo) + a. On the other hand,
0 = Aeg + a. Then a = —Aeg. Hence AD(t,yy) + a = AD(t,yo) — Aey =
A(®(t,y0) — eo). [

As in case of linear differential equation (see [4]), in the following result we

characterize asymptotic and exponential stability in terms of the eigenvalue
of A.

Theorem 2.6 For an affine differential equation i(t) = Az(t) +a in R? the
following statements are equivalent:

i) The fized point ey € R? is asymptotically stable.

ii) The fized point eq € R? is exponentially stable.

iii) All Lyapunov exponents (hence all real parts of the eigenvalues) are
negative.

iv) The stable subspace L~ satisfies L~ = R%.

Proof: Take ® as solution of the system @(t) = Az(t) +a. By above lemma,
(¢, yo) —ep is a solution of the linear system #(t) = Ax(t), where z — ¢y is the
initial value of the solution ®(¢,yy) — €. Then this theorem is a immediate
consequence of Theorem 2.15 in [4]. O

Lemma 2.7 For A € gl(d,R), the solutions of ©(t) = Ax(t) + a form a
continuous dynamical system with time set R and state space M = R<.

Proof: In fact,
t
O(t,z) = z(t,2) = ez +/ A= ads
0

satisfies
i) ®(0,2) = z, for all x € R",
i) ®(u+t,x) = P(u, P(¢,z)). Note that,

t u
D(u, d(t, x)) = ez + / A=) s +/ eA=)ads.
0 0

U u-+t
/ A9 qds = / AUt =5) g ds.
0 0
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In fact, call t —s = —v then s =t +v. Henceds =dv andif s =¢t, s=u—+t
it follows that v = 0 and v = u respectively. Then, f0u+t eAutt=s)gds =
Jy e*“™adv. Therefore,

O(u+t,z) = P(u, P(t, x)).

iii) ®(¢,x) is continuous. O

3 Conjugacy in affine differential equation

In this section we study the affine differential equation @(t) = Az(t) + a,
with (A4,a) € gl(d,R) x R? from the point of view of dynamical systems,
or flows in R?. The results are similar to linear differential equations of the
form &(t) = Ax(t) (see [4], [6] and [7]).

Theorem 3.1 Consider the dynamical systems ® associated with ©(t) =
Ax(t) +a and U associated with @(t) = Bx(t) +b. Then the following state-
ments are equivalent:

(i) ® and ¥ are C* conjugate for k > 1.

(ii) ® and VU are linearly conjugate.

(iii) ® and U are affinely similar, that is, A = TBT™' and Ta = b for
some T € Gl(d,R).

Proof: We have
t t
O(t,r) = eMa +/ eA=9ads and U(t, z) = Pl +/ eBU=)pds,
0 0

and if h is a conjugacy map, then h(®(¢,z)) = W(¢, h(x)), that is, for all ¢
and all =

t t
h(etx —1—/ A ads) = ePh(z) —I—/ eBU=)bds.
0 0

First we prove that (iii) implies (ii). Note that

A=TBT "' & =TeBT™ & Tl = B! (1)



(here <= is seen by differentiating and evaluating in ¢ = 0). Then define
h:R?— RY as h(z) = T 'z. Hence

t ¢
h(eAx +/ A Yads) = T (M +/ A =9gds) =
0 0
¢ ¢
T ety 41771 / eM=9ads = P'T 1z + / T 1At =9ads =
0 0
¢ ¢
eBtTlx—i-/ P ads = eBh(x) +/ ePU=)pds.
0 0

Supposing (ii) we prove that (iii) holds. By (ii) there is a linear conjugacy h
such that for all ¢ and all z

t t
h(eAta:+/ A =9ads) = eP'h(x) +/ ePU=bds. (2)
0 0
Differentiating with respect to x, we find for all ¢
t
Dh(ez + / eAads)ett = ePDh(z).
0

Observing that h is linear, we see with T~ := Dh/(0)
T e = Dh(0)e = eP'Dh(0) = BT (3)

and hence, by (1),
A=TBT .

Inserting into (2), we find for all ¢ and all =
t t
Tl(eAtx+/ A9 qds) = eBtTlx—l—/ ePU=)pds,
0 0
which, with (3), implies for all ¢
t t t
T_l/ A9qds = BTy — T leMy +/ ePU=9bds :/ eP=)pds.
0 0 0

Then for all ¢

t t t t
eBt/ e Pohds = / eBl=9)pds = T_l/ A9 qds = T_leAt/ e Mads =
0 0 0 0
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t t t
eBiT! / e Mads = eBt/ T e Mads = eBt/ e BT ads.
0 0 0
This implies that for all ¢
e By =e BT g, ie.,b=T"a.

Similar computations prove that (i) implies (iii). Now, (ii) obviously im-

plies (i). O

Corollary 3.2 Consider &(t) = Axz(t) + a, with A € gl(d,R), and ® its
associated dynamical system. Take J% the Jordan form of A and WV its as-

sociated dynamical system. Then there is a linear conjugacy h such that
h(®(t, ) = W(t, h(x)).

Proposition 3.3 Take ®(t,x) a solution of ©(t) = Az(t) +a, A € gl(d,R).
Then the following properties are equivalents:

i) There are a norm || ||, on RY and a > 0 such that for all x € RY,
|®(t, ) — eoll, < e |z — e, for all t > 0.
ii) For every norm || - || on R? there are a > 0 and C > 0 with || ®(t, z) — eg| <

Ce ||z — eg|| for all t > 0.
i11) For every eigenvalue A of A one has ReX < 0.

Proof: The item i) implies ii) since all norms on R? are equivalents. The
item ii) are equivalent to iii) by Theorem 2.6. It remains to show that ii)
implies i). As ®(t,y9) — eo is a particular solution for #(t) = Axz(t) then

by Proposition 3.17 in [4] there exists a norm || - ||, on R? and a > 0 satis-
fying the item i). Note that here x — eq is the initial value of the solution
®(t,y0) — €o, 1. €., P(0,40) — €0 = — eq. L

Proposition 3.4 Let A, B € gl(d,R). If all eigenvalues of A and of B have
negative real parts, then the respective flows

t t
O(t,z) = eMx +/ eAYads and U(t,z) = Ptz + / eBE=5)p s
0 0

are topologically conjugate.



Proof: If A, B € gl(d,R) and if all eigenvalues of A and B have negative real
parts, then by Proposition 3.19 in [4] there exists a topological map h with
h(ettx) = eB!(h(x)). Now note that ®(¢,z) — e4 (¥(t,7) — ep) is a solution
of &(t) = Az(t) (2(t) = Bz(t)) with initial value x — e4 (z — ep) where e4
(ep) is the fixed point of &(t) = Az(t) + a ((t) = Bx(t) + b). Then

D(t,x) —es = e (z —ey) (U(t,x) — ep = P (x — ep)). (4)

Furthermore, h(e?t(x—e4)) = eBh(z—e4) = eP*(h(x —ea) +ep—ep). Then
by (4) we have h(e?t(x—e4)) = U(t, h(z—eq)+ep)—ep. But h(e(z—ey)) =
h(®(t,x)—en) then h(P(t,x)—eq) = VU(t, h(x—eq)+epg)—ep, or equivalently,

h(P(t,z) —ea) +ep =V(t,h(x —eq) +ep). (5)

Define H(z) = h(z—ea)+ep. Then by (5) we have H(®(t,z)) = V(t, H(z)).
Now, as h is bijective, continuous, invertible and h~! is continuous the
same is true to H. Therefore H is a topological conjugacy. Ll

Theorem 3.5 Suppose A and B are hyperbolic and take their associated
linear flows ® and U in RY. Then ® and ¥ are conjugate if and only if the
dimensions of the stable subspaces (and hence the dimensions of the unstable
subspaces) of A and B agree.

Proof: If A and B are hyperbolic then A and B has no eigenvalues with
null real parts, that is, every eigenvalue has no null real part. Then we can
decompose R" as R" = E5 @ EY and R" = E @& EY%, where E (E%) and
EY (E%) denote the stable and unstable subspace associated with A (B). As
the stable subspaces have the same dimension, by last proposition there is a
conjugation

H®  E — Ej.
Considering negative time there is also a conjugation

H":EY — Ej%.

Hence with the natural projections 7 : R" — K% and 7% : R® — EY we
define a topological conjugation as

H(z) = H*(r*(z)) + H*(7"(x)).
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Remark 3.6 As in case of linear differential equation, if A € gl(n,R) is
hyperbolic and B is close enough to A, then the corresponding affine flows
are topologically conjugate.
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