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RENEWAL THEORY FOR TRANSIENT MARKOV CHAINS
WITH ASYMPTOTICALLY ZERO DRIFT

DENIS DENISOV, DMITRY KORSHUNOV, AND VITALI WACHTEL

ABSTRACT. We solve the problem of asymptotic behaviour of the renewal mea-
sure (Green function) generated by a transient Lamperti’s Markov chain X,
in R, that is, when the drift of the chain tends to zero at infinity. Under
this setting, the average time spent by X, in the interval (x, z + 1] is roughly
speaking the reciprocal of the drift and tends to infinity as x grows.

For the first time we present a general approach relying on a diffusion
approximation to prove renewal theorems for Markov chains. We apply a
martingale-type technique and show that the asymptotic behaviour of the re-
newal measure heavily depends on the rate at which the drift vanishes. The
two main cases are distinguished, either the drift of the chain decreases as 1/x
or much slower than that, say as 1/z® for some « € (0, 1).

The intuition behind how the renewal measure behaves in these two cases
is totally different. While in the first case X2 /n converges weakly to a I'-
distribution and there is no law of large numbers available, in the second case
a strong law of large numbers holds true for X}L"'O‘ /m and further normal
approximation is available.

1. INTRODUCTION

Let X = {X,,,n > 0} be a time homogeneous Markov chain whose state space
is some Borel subset S of R, that is, for all x € S and Borel sets B C S,
P{X,1 € B| Xo,....Xpn-1,Xpn=2} = P{X,11€B|X,=1z}
=: P(z,B).
Standard examples of S are R, Z, R*, and ZT. In what follows we just say that X,
takes values in R keeping in mind that the corresponding transition probabilities
may be defined on some subset S of the real line only.
Denote by &(z), z € R, a random variable corresponding to the jump of the
chain at point z, that is, a random variable with distribution
P{{(z) e BY = P{X,4+1 —X,€B|X,=xz}
= P {Xi€x+ B}, BeB(R)

hereinafter the subscript x denotes the initial position of the Markov chain X,,,
that is, Xo = x. Denote the kth moment of the jump at point x by

mi(z) = E&(x).

Received by the editors July 18, 2019, and, in revised form, February 21, 2020.

2010 Mathematics Subject Classification. Primary 60K05; Secondary 60J05, 60G42.

Key words and phrases. Transient Markov chain, renewal kernel, renewal measure, Lamperti’s
problem, Green function.

7253



7254

Define the renewal (or potential) kernel @ by the equality
Q(’) = ZP”(’.)
n=0

A Markov chain X, is called transient (see Meyn and Tweedie [30, Ch. 8]) if there
exists a countable cover of R by uniformly transient sets {Bjy}. In its turn a set
B € B(R) is called uniformly transient if

supQ(y,B) < oo.
yeB

By the Markov property, this is equivalent to the condition

sup Q(y, B) < oo,

yeR
because, considering the first hitting time of B, we observe by the Markov property
that Q(z, B) < sup,cp Q(y, B) for all states x € R. If X,, is transient with respect
to the collection of intervals By = (k,k + 1], k € Z, then Q(z,B) < oo for all x
and bounded sets B and, hence, the renewal measure (Green function) generated
by the chain X,

H(B) := i]P’{Xn € B}, B e BR),

is finite for every initial distribution of the chain and bounded set B.

The main aim of the present paper is to study integral (elementary) and lo-
cal renewal theorems for the renewal measure H, that is, we find asymptotics for
H(x.,z], H(x,z + t(z)], H(z,z + h] as x — oo, where t(z) is a growing function
and x, and h are some fixed constants.

The simplest case of a transient Markov chain is just a random walk X, =
&+ -+, generated by independent identically distributed random variables &,
with positive drift, which may be equivalently defined as a spatially and temporar-
ily homogeneous Markov chain. The renewal theory for a random walk has been
intensively studied since the 1940s. The integral (elementary) renewal theorem for
a random walk with positive jumps and finite mean goes back to Feller [15] and
states that H(0,z] ~ 2/E&; as © — oo. More detailed information is available via
the local renewal theorem, which was proved for lattice random variables in [13]
and for non-lattice random variables in [5]. In the finite mean non-lattice case the
local renewal theorem gives the following sharp asymptotics H(z,x + h] — h/E&;
as ¢ — oo for any fixed h > 0. Later Blackwell extended in [6] the local renewal
theorem to the case of i.i.d. random variables with positive mean that can take
values of both signs using the important concept of what was called by Feller lad-
der heights and ladder epochs. Originally Blackwell’s proof was considered to be
quite complicated and a number of attempts were made to give an easier proof. A
rather simple proof was given by Feller and Orey [16]; see also [17]. Further studies
also considered behaviour of the remainder in the local renewal theorem; see [36]
and the references therein. In the infinite mean case the asymptotics in Blackwell’s
theorem were not sharp. In the 1960-70s a local renewal theorem was proved for
regularly varying increments of index o > 1/2; see [18] and [14]. Subsequently
there have been various improvements on these results, but the complete answer
has been obtained very recently; see [7].
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There exists a number of generalisations of the renewal theorem for various sto-
chastic processes. A natural extension is one for non-homogeneous (in time) random
walk, that is, a random walk with independent, but not necessarily identically dis-
tributed increments. Probably the first result in this direction was [9], where the
local renewal theorem was derived from the local central limit theorem for a non-
homogeneous random walk. Further extensions may be found in [27,38,41]. Re-
newal theorems for multidimensional random walks may be found in [12],[32], [19],
and the recent paper [3]; see also the references therein.

The Markov setting has mostly been considered in the literature for the case
of Markov modulated random walks; see, e.g., [2,21,22], and [40]. In this setting
one can usually use the Harris regeneration and split the process into independent
cycles. Then, the traditional setting of Blackwell’s theorem can be used.

For the results cited above, it is essential that the underlying process possesses
some independence structure. In the present paper we consider transient Markov
chains where the cycle structure is not available, which makes a reduction to Black-
well’s theorem impossible. Clearly, in order to observe some regular asymptotics
for the renewal process, we need to assume some regular behaviour of the Markov
chain at infinity. In particular, if the drift of X,,, m(z), has a positive limit at
infinity, say a, then the local renewal result, H(x,z + h] — h/a, is only known for
an asymptotically homogeneous in space Markov chain which is defined as a Markov
chain such that, for some random variable &,

(1.1) () =& as o — oo

see [23]. If there is no asymptotic homogeneity in space, then the asymptotic
behaviour of H(x,z + h] may be very different.

So, while the asymptotic behaviour of a Markov chain with asymptotically non-
zero drift is well understood, at least if it is asymptotically homogeneous, the case of
a drift vanishing at infinity is studied much less. In general, we say that a Markov
chain has asymptotically (in space) zero drift if m,(z) = E{(x) — 0 as x — oo.
The study of processes with asymptotically zero drift was initiated by Lamperti in
a series of papers [24-26]. The vanishing drift seems to be more difficult for the
analysis due to the fact that the Markov chain tends to infinity much more slowly
and one should take into account diffusion fluctuations.

An integral (elementary) renewal theorem for a transient Markov chain with
drift mq (x) asymptotically proportional to 1/z at infinity was proved in [11]; it was
shown there that then the renewal function behaves as cx? for large values of x.

Here we present for the first time a unified approach that allows us to prove
renewal theorems for general Markov chains. This is the main novelty of the present
paper. In this paper we analyse one-dimensional Markov chains, but clearly the
approach suggested below can be used in the multidimensional setting as well. Our
approach relies on the diffusion approximation; for that reason we consider Markov
chains which may be approximated by diffusion process. Then, if we have some
result of renewal-type for a diffusion process we should be able to obtain a similar
result for a Markov chain having similar asymptotic behaviour of the first two
moments of jumps. In particular, we will see in the examples below that as soon
as we have a Green function for the diffusion process we should, in principle, be
able to construct an approximation for the Green function of the Markov chain and
thus to derive a renewal theorem.
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1.1. Main results on renewal measure. Throughout we assume some weak
irreducibility of X,,, namely that there are no bounded trajectories of X,,, that is,

(1.2) limsup X,, = oc a.s.

n—r00

For any s > 0 we denote the s-truncation of the kth moment of jump at state x by

mil(@) = E{@): |6@)] < s}
For any random variables £ and n we write & <g n if P{{ > t} < P{n > t} for all
teR.

Theorem 1.1. Let X,, be such that (1.2) holds and
(1.3) m[ls(x)](w) ~ H, m[;(m)](x) —be (0,00) asx— o0
T
for some p > b/2 and an increasing level s(xz) of order o(x). Assume also that,

(1.4) P = s(v)} < py)/y

for some decreasing integrable at infinity function p(x), and
(1.5) EWIHIEW) < s(9)} <a & forally=0,
where

(1.6) EE? < o0,

Then, for every function h(x) 1 oo of order o(x), we have

H(z,x + h(zx)] ~ zh(z) asx — oco.

2u—b

Notice that both conditions (1.4) and (1.5) are met if |£(y)| <g & for all y and
for some ¢ satisfying (1.6).

In the course of the proof of this and subsequent theorems we construct a
bounded non-negative supermartingale, which also shows that X,, — oo a.s. This
convergence clearly implies that X, is transient. Transience in the case of yu > b/2
was considered under various additional conditions in a series of papers; see, e.g.,
[24, Theorem 3.1] or [31, Theorem 3.2.3].

Under slightly stronger assumptions, an integral renewal theorem was proved
in [11, Theorem 5] where it was shown that H(0,x] ~ 2%/(2u — b) as z — oo.

We now turn to the critical case p = b/2 where the properties of the chain—
particularly recurrence and transience—depend on further terms in asymptotic ex-
pansions for the moments of increments. As the next theorem shows this is also
true for the renewal function.

Theorem 1.2. Let X,, be such that (1.2) holds and that there exist m > 1, v > 0,
and an increasing level s(x) of order o(x) such that

o (z) 1 1 1 v+1+0(1)

- cooF
m[zs(m)](l,) rz zlogx rlogx...log,_yx wlogw...log(,,) T

and mE™N(z) = b > 0 as v — 0o. Assume that, for some & > 0,

(1.7) P{l¢(x)] > s(x)} = o(1/2”log* " x),
(1.8) E{lE(@)% ls(x)] < s(2)} = i(w/logm x),
(1.9) EWHIEW] < s(y)} < &,
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where §A satisfies (1.6). Then, for every function h(x) T oo of order o(x), we have
2h(x)
by

Transience in a similar setting goes back to [29, Theorem 3].

As we have mentioned above, the integral renewal theorem in the case p > b/2
was proved in [11]. The proof in that paper is based on the convergence of X2 /n
towards I'-distribution. This approach is not applicable under the conditions of
Theorem 1.2, although the convergence to I'-distribution is still valid. The reason
is that some chains with g = b/2 are null-recurrent while other are transient, but
this difference disappears in the weak limit. The only statement which can be
obtained from weak convergence here is the following lower bound:

H(0, x
lim (0, 7] = 00

T—r 00 T

H(x,z + h(z)]

rlogx...log,, )z asx — oc.

In the next theorem we consider the case where the drift decreases slower than
1/z, that is, my(x)z — oc.

Theorem 1.3. Let X, satisfy the condition (1.2) and let v be a decreasing function
such that xv(x) — oo and v'(x) = o(v?(x)). Let there exist an increasing level s(x)
of order o(1/v(x)) such that

my (@) ~ o), my@@) = be (0,00) as @ — o0,

where v is a decreasing function such that xv(z) — oo and v'(x) = o(v?(z)). As-
sume also that,

(1.10) P{EW)| > s(y)} < p(y)v(y),
(1.11) EWI{IEW)] < s(y)} <« & for ally >0,

where p(x) is a non-increasing, non-negative integrable at infinity function, and §A
satisfies (1.6). Then, for every function h(x) 1T oo of order o(1/v(z)), we have

h(zx)
v(x)

In the two examples—nearest neighbour Markov chain and diffusion process—
considered in the two subsections below it is possible to construct an appropriate
martingale which allows us to find the renewal measure in a closed form. For general
Markov chains considered in the last three theorems, this martingale approach does
not work because it is hopeless to construct such a martingale. However, it is
possible to construct almost a martingale that allows us to derive the asymptotic
behaviour of the renewal measure; it is done in Section 2.

While the asymptotic behaviour of the renewal measure on growing intervals
is derived under assumptions on regular behaviour of the first two moments only,
it seems that the local renewal theorem can be only proved for an asymptotically
homogeneous in space Markov chain. The next result gives us a tool for deriving as-
ymptotic behaviour of the renewal measure on intervals from results for sufficiently
slowly growing intervals. It requires weak convergence of jumps; see (1.1).

Theorem 1.4. Let (1.1) hold and let the family of random variables {|{(x)|, x € R}
admit an integrable majorant =, that is, E= < oo and

(1.12) |€(x)] <& E forallz eR.

H(z,x + h(z)] ~ as r — oo.
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Assume that there exist a bounded function v(z) > 0, a growing level t(x) 1 oo, and
a constant C'y < oo such that, for any t(x) 1 oo satisfying t(x) < t(x),
o) H (4 ()]
t(x)
If the limiting random variable £ is non-lattice, then v(zx)H(x,x + h| — Cyh as
x — 00, for all fired h > 0.

If the chain X, is integer valued and Z is the minimal lattice for the variable &,
then v(k)H{k} — Cg as k — <.

(1.13) — Cg  asx — oc.

Let us apply the last result to chains considered in Theorems 1.1-1.3.

Corollary 1.5. Under the conditions of Theorem 1.1, (1.1), and (1.12), we have,
for every h > 0,

2h
2u—>b

if the limiting random variable & is non-lattice, and

H(z,z+h| ~

T asx — oo,

H{k} ~

2u—bk as k — oo,

if the chain X,, is integer valued and Z is the minimal lattice for the variable &.

Corollary 1.6. Under the conditions of Theorem 1.2, (1.1), and (1.12), we have,
for every h > 0,

2h
H(z,x+h] ~ awlogaz...log(m)x as x — 00,
if the limiting random variable & is non-lattice, and
2
H{k} ~ Hklogk. cdogy ko as k — oo,

if the chain X,, is integer valued and 7 is the minimal lattice for the variable &.

Corollary 1.7. Under the conditions of Theorem 1.3, (1.1), and (1.12), we have,
for every h > 0,

h
H(zx,2+h] ~ — asx— o0,

v(z)

if the limiting random variable & is non-lattice, and

1
H{k} ~ o) as k — oo,

if the chain X, is integer valued and 7Z is the minimal lattice for the variable &.

Markov chains with asymptotically zero drift naturally appear in various areas
including branching processes, stochastic difference equations, networks, etc. In
most cases we are aware of it gives rise to the drift of order O(1/x) at infinity. We
now consider the random walk conditioned to stay positive, which represents one
of the classical examples of chains with asymptotically zero drift.

Let S,, be a random walk with independent identically distributed increments
&k, that is, S, =& + &+ ... +&,, n > 1. Let 7, be the first time when S,, started
at x is non-positive:

Ty :=min{n > 1: 2+ S5, < 0}.
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We assume that the random walk 5, is oscillating, that is,

liminf X,, = —o0, limsup X,, = oo with probability 1.

n—00 n—00
In particular, P{7, < oo} =1 for all starting points x. Let x~ denote the first weak
descending ladder height of S,,, that is, x~ = —S5;,. Let V(z) denote the renewal
function corresponding to weak descending ladder heights of our random walk:

o0
V(z) =1+ P{x; +x3 +---+ x5 <z},
k=1

where x, are independent copies of x™.
It is well known—see, e.g., Bertoin and Doney [4]—that V(z) is a harmonic
function for S, killed at leaving (0, 00). More precisely,

V(z) =E{V(z+S51);7 >1}, x>0.
This implies that Doob’s h-transform

v
(1.14) P(x,dy) :== MIP’{m + 5, edy,m, > 1}

V(z)
defines a stochastic transition kernel on R™. Let X, be the corresponding Markov
chain, which we shall call random walk conditioned to stay positive.

Example 1.8. Let E¢; = 0 and 02 := E£? € (0,00). Then the renewal measure
H of the random walk conditioned to stay positive has the following asymptotic
behaviour: for every fixed h > 0,

h
H(z,z +h] ~—r asz — o0
o
if £ is non-lattice, and
2
H{k} ~ =k ask— oo, k€Z,
o

if Z is the minimal lattice for &;.

In Section 6, we provide a proof based on Corollary 1.5. It is worth mention-
ing that the finiteness of E&? does not imply existence of second moments of X,.
Thus, this example underlines the advantage of our assumptions in terms of trun-
cated moments. Let us note that one can also prove the last result making use of
Proposition 19.3 from Spitzer [39] in the lattice case and Port and Stone [34] in the
non-lattice case, together with the well-known result on the renewal measures of
the descending and ascending ladder height processes associated with the random
walk.

For Markov chains considered in Theorems 1.1 and 1.2 one knows that X2/n
converges in distribution towards a I'-distribution. Since this convergence takes
place without centering, X,, tends to infinity diffusively slow. The influence of the
diffusion component is expressed by the fact that the renewal function grows at
rate 22/(2p — b) which is strictly greater than the reciprocal of the drift at point z.
The chains satisfying the conditions of Theorem 1.3 go to infinity much faster, and
a law of large numbers holds. More precisely, if the drift is of order z=%, o € (0, 1),
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then X1T9/n converges to a positive constant. As a result, we have the classical
form of the local renewal theorem: the rate of growth is asymptotically equivalent
to the reciprocal of the drift. We believe that Theorem 1.3 remains valid for chains
with unbounded second moments, but we do not know how to prove it.

We conclude this section by noting that Markov chains with growing second
moments can be transformed sometimes to chains with bounded second moments.
First we consider a critical branching process with immigration. Let {(p k}n k>1
be independent copies of a random variable ¢ valued in Z*. Assume that E¢ = 1
and o2 := EC? € (0,00). Let {n,},>1 be i.i.d. random variables which are also
independent of {(, x}. Assume that a := En; > 0 and En? < oo. Consider the

Markov chain
z

Zpy1 = ZCnH,k + M1, n=>0.
k=1
For this chain one has
E{Zl — Z()|ZO = k} = a,
E{(Z, — Z0)?*|Zy =k} = %k +En?.

Since the second moments of increments are linearly growing we cannot apply our
results directly to this chain. However, one can consider the chain X,, = v/Z,,, which
then satisfies the conditions of Theorem 1.1 with p = (a — 02/4)/2 and b = 02 /4.
Furthermore, the central limit theorem implies that X,, is asymptotically homoge-
neous in space and the limiting variable ¢ is normally distributed with parameters
0 and 02 /4. Then, applying Corollary 1.5, we obtain the local renewal theorem for
X,,. Performing the inverse transformation, one gets asymptotics for the renewal
function of Z,, on the intervals [k, k + h\/E) Unfortunately, our approach does
not allow us to consider shorter intervals. An integral renewal theorem for Z,, has
been obtained by Pakes [33], while Mellein [28] has proved the corresponding local
renewal theorem. Their proofs use the machinery of generating functions.

In general, if the second moments of jumps of X,, are growing as z”, 3 € (0,2),
then the jumps of X4 h /% have bounded second moments and one can try to apply
one of our theorems.

1.2. Key renewal theorem. We now turn to the renewal equation
2(B) = «(B)+ [ 2(dy) Pu. B). B e BR),
R

where z is a finite non-negative measure on R. This is more than sufficient to ensure
that

Z(B) = /R 2(du)H,(B), B e B(R),

is a unique locally finite solution to the renewal equation. The analysis of the
preceding subsection of this paper allows us to deduce the asymptotic behaviour of
the measure Z at infinity. The proof is immediate from the dominated convergence
theorem.

Theorem 1.9. Let B € B(R). Assume that, for some positive function g(x) and
forally e R,

Hy(z+ B) ~ g(z) asz— oo,
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and, for some ¢ < 00,
Hy(x+ B) < cg(xz) forallz, yeR.
If z is a finite measure, then
Z(x+ B) ~ z(R)g(z) asz— 0.

1.3. Nearest-neighbour Markov chain. To illustrate the approach and thought
beyond the results above, we consider first a nearest-neighbour (skip-free or con-
tinuous) Markov chain X,, on Z*, that is, £(x) only takes values —1, 1, and 0, with
probabilities p_ (), p4(x), and po(x) = 1 — p_(x) — p4+(x), respectively, p_(0) = 0.
Nearest-neighbour Markov chains are very useful for our purposes because in this
case one can write down an expression for the renewal measure in a closed form
and then analyse it.

For a nearest-neighbour Markov chain X,, with specific jump probabilities, p_ ()
= (1-=XA(z+XN)/2 and p.(x) = (1 + A/ (x+ AN)/2, X > —1/2 (which corre-
sponds to transience of X,,), Guivarc’h et al. [20, Theorems 42 and 43] have ob-
tained weak convergence of X2 /n to the I'y /2,2-distribution and the local renewal
theorem in that case. They used the technique of orthogonal polynomials, as in
Rosenkrantz [37], which is only available for specific Markov chains considered in
that paper.

Let

pr(k)=p+es(k) and p_(k)=p—c_(k), p<1/2

Assume that €. (k) — 0 as k — oo, that is, the case of asymptotically zero drift
and convergent second moment of jumps, ms(k) — 2p as k — oo.
We can define the renewal measure (Green function) of X,, as follows:

oo
hi’o(‘r) = ZPxo{Xn - .T}, .CCO, x G Z+'
n=0

Since we consider a Markov chain with jumps —1, 1, and 0 only, h,, () = hy(z)
for all zp < z. Below we demonstrate how to find h,,(x) in a closed form.
We first look for a function g(z, z) > 0 such that, for all z, the process

n—1

(1.15) Wo = g(@Xn) =Y X, =z}
k=0

is a martingale which happens if g satisfies the following system of equations:

9(x,0) = po(0)g(x,0) + p+(0)g(x, 1),
g(z.y) = p-(Wg(z.y—1) +po(y)g(z,y) + p+(Yg(z.y+1) —Hy==z}, y=>1.
Take g(z,0) = g(z,1) = ... = g(z,x) = 0. Then for y = = we get

@z 1) —gl,2) = gotl) = —— = — L)

p+ () p—(z) py(x)
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and, for y > x + 1,

gz, y+1) —g(z,y) = —=<(9(z,y) —g(z,y —1))

(g(z, 2 +1) — g(x, 1))

Therefore, for y > = + 1,

9(z,y) = Z(g(l’,u—kl)—g(x’u)) = LZ H p—(2)

u=x u=z z=x+1
1 ()
op (T);gm(z)’

(1.16) < .
2 11e
Then denote
. (2)
g(z,00) = lim g(z,y) =
= (2)
U=T 2= x—i—l
The sequence (1.15) is a martingale, so for all n,
n—1
g(w.10) = Bo,Wo = Eo,Wy = Eapg(z, Xp) = Eqp Y H{Xp =}
k=0
and hence
Y Po{Xp =1} = Egg(x,Xn) =gz, m0) < g(z,00) < oo
k_

Finiteness of the renewal measure implies the transience of X,,, hence X,, — oo
as n — oo a.s. Thus, we get the following explicit representation for the renewal
measure:

hao(x) = g(x,00) — g(w,20) = 1 Z H p-(2)

p+ :C u=xVrg z= :L’+1 Z)

N <:c Z Hp+(2)

u=xVrg z=I

(1.17) = Hp+‘) Z Hp z

u=xVIy 2= 1

'U
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‘We have

- p-(2) 1—e_(2)/p
7 - eXp{ZlogHe z/p}'
Assume that
2mq(x)
ma(z)

where r(z) is a differentiable decreasing function such that the quotient r'(x) /r%(z)
has a limit at infinity. The last asymptotic equivalence is equivalent to

(1.18) r(z) asz — 00,

1 —
log ——— e-(@)/p —r(x) asx — oo.
1+ei(z)/p
Fix an € > 0. Then for all sufficiently large x we can write
e (x)/p
—(1+e)r(x) < lg— < —(1—¢e)r(x).
(1) < log g < —(1-ep(

Therefore, for such x, we have the following upper bound:

u

o ) 1 iexp{ (-9 r )

p—(z) —

< 13;)/ exp{ 1—5)/ (z)dz}du,

due to the decrease of r(z). Putting

Ug(m):/;oexp{—(l—s) /Our(z)dz}du

/:C exp{—(l —9) / r(z)dz}du - _UU(&

By I'Hospital’s rule,

IN

we observe that

lim —UE(:C) = lim Ue(z)
B T T A SO e + U@ @) )
1
1= e+ limg oo 7 (7)/r2(2)
Therefore,
. 1 1
hfls;ip o (2)r(2) - < p1—c+ limg e r'(z)/r?(z)

Similarly, starting from inequalities

hoo(z) > — ui:o;exp{—(l—i-&) zu: r(z)}

( z=x+1
ST Py
> exps —(1 —¢ r(z)dz pdu,
p+($) T x
we get a lower bound
1 1
liminf Ay, (z)r(z) >

Z—00 pl4e+lim, o0 () /r2(z)
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Since € > 0 is arbitrary we conclude that

o () . ! =

x) ~ , as T — 00.
" pr(@) 1+ limy o0 1'(y) /r2(y)

In the following two examples we consider canonical drifts where 7/(y)/r?(y) has
either negative or zero limit at infinity.

Example 1.10. If e (k) ~ py/kande_(k) ~ p_/kask — oo and p 1= pyp+pu_ >
p, then (1.18) is valid with r(x) = pu/px, r'(x)/r?(x) — —p/u, and we deduce that

hag(x)  ~ T asz oo
N J—
Example 1.11. If ey (k) ~ py /E® and e_ (k) ~ p—/k™ as k — 00, p1 := piy +p— >
0, a € (0,1), then (1.18) is valid with r(z) = u/px®, 7'(z)/r*(z) — 0, and we
deduce Weibullian asymptotics for the renewal measure at infinity,
o, (2) x® 1
€T ~ —_—
o Iz ma ()
Let us note that a lower bound in Example 1.10 may be deduced from the local
limit theorem from Alexander [1, Theorem 2.4].

as r — O0.

1.4. Diffusion process. Now let us consider another Markov process allowing
solutions in closed form, a transient diffusion X; on R (or RT) with the following
generator:

d o*x) d?

We consider a regular diffusion, in the sense of properties (i)-(iii) of [35, Chapter
VIL.3]. For the transience it is sufficient to assume that the following function:

(1.19) Ulr) = /g;wexp{—/;i’j—ézidy}dv

is finite for all z. This function solves the homogeneous equation

(1.20) AU = o.

In this case X; — oo a.s. and we are interested in the continuous time analogue of
the renewal function,

H, (2, + H] ::/ P,{X, € (x,x + h]}dt.
0

It is known that the process f(X;) — f(Xo) — fg Af(Xs)ds is a local martingale.
Fix  and h. Suppose we can find a bounded function f(z) = fj »(2) such that
f(z) > 0 as z — oo and

(1.21) Af(z) = —I{z € (z,z + hl}.

Then the optional stopping theorem and a.s. convergence X; — oo as t — oo will
give us an equality

ge.°]

£(y) = E, f(Xo) = E, [ [ e Gk ] = o0,

which allows us to analyse H,,.
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So, we need to solve the ordinary differential equation (1.21). To this end,

consider
m(z) = I L ex 20) v
@ = [ e = |, mmenl ]
and then
U(z)m(z), z>x,
G.(z) = .
(=) {U(z)m(z) + [ U(v)m(dv), =z <.
We have
d U ()m(z), z2>=,
@Gm(z) B {U’(z)m(z), z <z,
and
d? _Jurz)m(x), z >,
@Gx(z) B {U"(z)m(z) —2/0%(2), z<z,

which together with (1.20) implies that
-1, <
AGx(z)Z{ ., 2o,
0, z >,
and hence the function
(1.22) f(z) = Ghalz) = Goin(z) — Ga(2)

solves (1.21). Alternatively one can notice that U(x) corresponds to the scale
function and m(x) to the speed measure and that (see [35, Chapter VII, Theorem

3.12))
AG,(2) = d <dG$(z)>
2T am) \Zau(z) )

Thus, if follows from (1.22) that for y < x,

z+h z+h v)dv
Hy(wo+h = / U (v)m(dv) =/x %.

More formally one can obtain the last equality from Corollary 3.8 and Exercise 3.20
in [35, Ch. VIL3].

If the function W (v) := U(v)/U’(v)o?(v) is long tailed at infinity—that is, for
any fixed u, W(v + u) ~ W(v) as v — oco—then we get the following local renewal
theorem for X, starting at y,
2U (z)

W}L as r — OQ.

Hy(z,z+h] ~

Assume that
(1.23) 2u(x)/o*(x) ~ r(z) asz — oo,

for some differentiable function 7(x) such that the quotient r’(z)/r?(x) has a limit
at infinity. Hence, we can apply I’'Hospital’s rule to obtain

lim —0@ gy Uiz)
z—o0 —U'(x)/r(x) a—o0 —U"(x)/r(x) + U’ (x)r' (z)/r?(z)
1
1+ limg oo v/ () /r2(z)
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Therefore, for any fixed h > 0,

2 1
et @ T im0

Note that these asymptotics do not assume existence of the limit of the variance
o?(x) at infinity, and that happens because of the very specific nature of diffusion
processes compared to Markov chains. In order to get a result for Markov chains
with growing second truncated moment of jumps, one would definitely need to
assume regular growth of that moments at infinity. It is also clear that convergence
of Markov chains to a stable law will play a role then.

Similar to nearest-neighbour Markov chains, in the following two examples we
consider canonical drifts where r’(y)/r?(y) has either negative or zero limit at in-
finity:.

Example 1.12. If u(x) ~ p/x and 0?(z) — 02 > 0 as  — oo with 2u > 02, then
(1.23) is satisfied with r(z) = 2u/0?z, 7' (x)/r*(z) — —0?/2u, and we get
2h
Hy(xl'+h] ~ ml’ as r — 0.
Example 1.13. If u(z) ~ p/x%, 1> 0, a € (0,1), and o?(x) — 0% > 0 as x — o0,
then (1.23) is satisfied with r(z) = 2u/c?x%, '(x)/r?(z) — 0, and we get

h

h
Hy(x,z+h] ~ —z% ~ — asz— 00.

Iz ()
2. PRELIMINARY BOUNDS FOR RENEWAL MEASURE ON GROWING INTERVALS

Let h(x) be an unboundedly growing function. This section is mostly devoted to
the construction of functions G}, (y) and G}, (y) such that the processes Gy, (X;,)
and G;‘:x(Xn) have drifts, roughly speaking, not less and not greater than the
limiting jump variance times I{y € [z,x 4+ h(x)]}, respectively. That allows us to
conclude upper and lower bounds for the renewal measure on the interval [z, z +
h(z)] of growing length.

Let r(x) be a decreasing differentiable function on [0, co) satisfying the condition

(2.1) r'(z) = O(r?(z)) asz — oo;

in what follows r(z) approximates the quotient Zm[ls(x)](:c) /mgs(x)](:c). We shall
impose assumptions on the truncated moments of Markov chains, and doing that
we always assume that the truncation function s(z) increases and satisfies

s(z) =o0(1/r(z)) asx — .
Define

(2.2) R(z) = /O )y, Uln) = / TR,

where U(x) is assumed finite, compare to U defined in (1.19). Clearly,

U'y) _
U'ly)
Let us fix an increasing function s(x) of order o(1/r(x)) as © — co. Due to (2.1),

)
(2.3)  r(z+y) ~r(z), Rlx+y)—R(x)—>0. and e M) ~ R

—7(y).
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as ¢ — oo uniformly for |y| < s(x). Also,

(2.4) U (x) = (rP(a) —r'(2))e "W = O3 (@) )

and, consequently,

(2.5) U"(z+y) = O(TQ(fc)e_R(x)) as © — oo uniformly for |y| < s(z).
Let

Gly) == U0)—-Ul(y) = /Oye_R(z)dz.

We start with a result showing that G(X,,) is almost a martingale provided the
quotient ngs(x)](:c) / m[;(x)](x) is asymptotically proportional to r(x).

Lemma 2.1. Let 0(y) be a non-negative bounded function. Let

(2.6)  E{W)P; €W <sy)} = o(mSYN o) /r(y) asy — .
(i) If

(2.7) P{E(y) < —s(y)} = 0 forally >0,
and
(2.8) zml(T)((yy)) > (14 0(y)r(y) for all sufficiently large y,

then there exists a y* > 0 such that
E{G(y+£&() —G(y); &) <s(y)} > 0 forally >y

(i) If
(2.9) P{E(y) > s(y)} = 0 forally >0,
and
v)]
(2.10) le(—(y) < (1—=60y)r(y) for all sufficiently large y,
)

then there emsts ay* > 0 such that
E{G(y+&(y) —Gy); &(y) = —s(y)} < 0 forally>y"
Proof. (i) Since the function G(y) is increasing,

EGy+£&(y) —Gly) = E{Gy+&w) —Gy); 1€y < s(y)},

due to the condition (2.7). Since G'(y) = e *W, G"(y) = —r(y)e *¥, and
G"(y + z) = O(r?(y))e BW as y — oo uniformly for all |z| < s(y) due to the
upper bound (2.5) on U"”" and (2.3), application of Taylor’s expansion up to the
third derivative yields that, for some v = v(z,&(x)) € [0, 1],

E{G(y +£(y) — Gly); [€W)] < s(y)}
D)6 ) + 5V ()6 )

+%E{§3(y)G”’(y+7§( s 16w < s}
=m0 — Sml P y)r(y)e 1)

+0(r2()e PIE(IE (9 6| < s(v)}) asy > .
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The sum of the first two terms on the right hand side equals
1 _ 1 _
3¢ ) = m ) = e Wm0 ),
due to the condition (2.8). The third term on the right hand side of the previous
equation is of order o(m[;(y)] (v)0(y)r(y)e ") owing to the condition (2.6). These
observations conclude the proof of (i).
(ii) Since the function G(y) is increasing,

EG(y+&(y) —Gly) < E{G(y+&W) —Gy); [EW) < s(y)},
due to the condition (2.9). The rest of the proof is very similar to part (i). O
2.1. Upper bound. Our derivation of an upper bound for the renewal measure of

Xy, is based on the Lyapunov function G}7,(y) defined below in (2.13).
For any =z and A > 0, consider a piecewise differentiable function

0, y <,
s 2(y — x), € (x,z+ hl,
1) gy =W v e o]
2h, y € (x+h,z+h+s(x+h),

2hef@thts(@th)=RW) = o > ¢ 4 h+ s(x + h),
whose derivative satisfies
(2.12) gia(y) = 2y € [z, 2+ h]} forally <az+h+s(x+h), y#z, o+h

Its integral—the function which originates from the key function (1.22) for diffusion
processes,

y
(213) Girtv) = [ a2z

is an increasing bounded function, G}*, (00) < 00, because
(2.14) Ihe(y) < oheftlathts@th)=Ry)  for all y,
and hence,

Ghip(00) < 2h / h Flathts(@+h)=R(y) g,
- QheRx(m-i-h—l—s(m-l-h))U(m)
(2.15) < 2nU(x)eREthitr(ath)s(zth)
because R is concave. As s(x) = o(1/r(z)),
Gy (00) < 2hU(z)ell@+h)+ol)
(2.16) 2hU(m)eR(:‘7)+O(l) as T — 00,

for h < s(x), due to (2.3).

The function G7 (y) is convex for y < z + h. For y > x + h, the function
G;*.(y) increases in a concave way with slope 2h at point = + h. Notice that, for
y>x+h+s(z+h)and z >0,

Ciioly+2) = Gily) = 2heREHHEEN Gy + 2) - Gly))
and, due to (2.14), for y >z + h+ s(x + h) and z <0,
Gy +2) = Gilyly) = 2reFEFRTEENG(y 4 2) — G(y)).

IN
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Therefore, for ally >z + h+ s(x + h) and z € R
(217)  Ginly+ ) —Ginly) > 2MAEHREI Gy 2) - Gly).
Further, for y € (z + h,x + h + s(z + h)],

gy +2) = 2heRWTRWTE for 2 >,

and
Ihay+2) < 2heMW—Ry+2) 41 2 < 0.

Therefore, for y € (x + h,x + h + s(z + h)],
(2.18) Gir(y+2) = Giry) > 20e™W(G(y+ 2) — G(y)).

Lemma 2.2. Assume that the conditions (2.6)—(2.8) hold. Then there exists an
x* > 0 such that, for all x > z*, y € R, h < s(x), and t € (0,h/2),
(219)  EGLy+50) - Gin) = mil@Hyel+ta+h—1).

Proof. Since the function G} (y) is zero for y < & and positive for y > x, the mean
drift of G3*, is non-negative for all y < z and the inequality (2.19) follows for this
range of y.

Since Gj*,(y) is increasing and due to (2.7),

EG . (y+8EW) — Gialy) = B{GL(y+&(y) — GiL(y); €W < s(y)} = E.

Positiveness of E for y > = + h follows from (2.17) and (2.18), by Lemma 2.1.
Thus, it remains to estimate E from below for y € [z,2 4+ h]. By Taylor’s
expansion for G*, with integral remainder term,

[50)] y+€(y) ,
B = mf o) +B{ [ g+ W) - 2ds €0 < ).
(2.20) Y
Since g;*.(z) > 0 and g;*/(2) > 0 for all z € [0, + h + s(x + h)], we obtain for all
sufficiently large = and y € [z, z + h]

y+£(y)
B> / Gy + Ey) - 2)dz; [E()| <t

y+€(y)
> Afyelortorh-hE{ [ (r+e) - s el <t}

y
= my)y e le+to+h—i)
because g;*(z) = 2 for all 2z € (x, z + h] which concludes the proof. O

Proposition 2.3. Assume that conditions of Lemma 2.2 hold. Then there exists
an x* > 0 such that, for all x > z*, h < s(x), and t € (0,h/2),

Hxz+t,x+h—t] < .

My e 4 t,0+h—t] m[zt] (y)

Proof. Consider the following decomposition:

n—1

Gro(Xn) = ) (Gp(Xis1) — Gir(Xn)) + G (Xo).-

k=0
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Since G7*

h,x

(y) is bounded by G7*

h,x

Graz(o0) = EG,(Xn)

(00), we obtain

n—1

= EG;(Xo) + Y _E[G(Xks1) — G (Xp)]
k=0
n—1

> EGI,(Xo)+ Y E{m(X},): X € (x +t,2+h — 1]},
k=0

for x > x,, by Lemma 2.2. Hence, for any n,

n—1
G7* (00) — EG;* (X
> P{Xpe(@+tx+h—1} < _’”"m( ) ’”"”"(MO) :
k=0 My ¢ g4, x+h—t] 9 (v)
Letting n to infinity we arrive at the conclusion. 0

2.2. Lower bound. We now turn to an accompanying lower bound for the renewal
measure. To this end we consider a differentiable function

0, y <,
(2.21) Ih(y) = { 2(y — 2), y € (z,z + hl,
2helt@th) =Ry > o 4 h,
whose derivative satisfies
(2.22) gn(y) < 2l{y € [z, 2+ h]} forall y > 0.

Its integral—which is similar to (2.13) originates from the key function (1.22) for
diffusion processes,

(2.23) Gial) = [ gia(e)i

is an increasing bounded function, G}, ,(o0) < oo, and
G;o(00) = h%+2re" U (2 4 h)

(2.24) > 2he@U(x + h).

For h < s(z) = o(1/r(x)),

(2.25) G; o(00) = (24 0(1)hef®U(2) asz — oo

Also define a concave function

(2.26) Ghr(y) = h? + 2he"H@th) /y ) e &gz,

Observe the inequality -

(2.27) Gh.(y) > G (y) forall y <z +h,

and equality

(2.28) G .(y) =G5 (y) forally >4 h,

Hence, for y > z + h and 2z > 0,
Ghaoly—2) =G Ly—2) < G} .(y) - G5y —2)
= G5y -Gy —2)

(2.29) = 2re®TTN(G(y) — Gy — 2)).
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Lemma 2.4. Assume that the conditions (2.6), (2.9), and (2.10) hold. Then there
exists an x* > 0 such that, for all x > 2*, y > 0, h < s(x), and t € (0,h/2),

EGZ,x(y + f(y)) - GZ,x(?J)

07 ) S T — S(ZC),
2hE{&(y):€(y) € (z —y,s(y)}, y € (x—s(x),z -],
(1+ h'r(y))m[s(y)}(y) y € (x—t,x+h+t,

BhE{|E(y)|; —s(y) <&(y) <xz+h—y}, y>x+h+t.

Proof. Since G}, (y) is increasing in y, we obtain

EGl, . (y+&) — Gh(y) < E{G} (v +&W) — G .(v); E(y) = —s(y)}
= E{G}.(y+&(y) — Gh.(v); €W <s(y)} =
due to (2.9).

Case (y < z —t). It follows from the definition of G} , that G},  (z + 2) < 2hz
for all z > 0 which yields G}, (y +2) < 2h(y — x + 4) for all y <z and z > 0.
Therefore,

(2.30) E < 2hE{E(y);: () € (x -y, s(y)]},
and the conclusion of the lemma follows for y < z — t.

Case (y € (x — t,x + h +t]). We proceed similarly to Lemma 2.2. By Taylor’s
expansion (2.20),

m“@”(y)gz o) +m3 " ()
> W) w)gi . (9) +ms ™ ()

my 1(y><hr<y> +1),

due to (2.10), (2.22), and inequality g ,(y) < 2h, for all sufficiently large y. Thus
the conclusion of the lemma follows for y € (x — ¢,z + h + t].

E

INIA

IN

Case (y > x + h +t). Since the function G(y) is concave,
Gly—2)—Gy) < 2G'(y—z) = ze BW=2) forall z > 0.
Therefore, as y — oo,
Gly—2)—G(y) < ze W1 +0(1) uniformly for all z € [0, s(y)].
Thus it follows from (2.29) that, as y — oo,
Ghaly—2) =G5y —2) < 2hzeETIROI(1 4 o(1))

< 2hz(140(1)) uniformly for all h, z € [0, s(y)]-
(2.31)

The inequality (2.27) and equality (2.28) allow us to conclude that, for y > x + h,
E = E{G;3(y+&W) - Grs(y); €W < s(y)}
+E{G}, . (y +E&(y) — Gy +E€(v); €y < s(y)}
= E{G}5(+&() - GiL); €Wl < s(y)}
+E{G} . (y+£() — Gr5(y+EW)); E(y) € [=s(y),z +h—yl}
< B{Gh.(u+EW) — Gy +£W); E(y) € [=s(y), x +h—yl},
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by the second statement of Lemma 2.1. Applying here (2.31) we deduce, for all
sufficiently large x and y > = + h,

E < 3hE{E(W)]; €(y) € [=s(y),x +h —y]}.
Combining altogether we conclude the result of the lemma for y > x+h+t. O

Proposition 2.5. Let the assumptions of Lemma 2.4 hold. Then there exists an
x* > 0 such that, for all x > z*, y >0, h < s(x), and t € (0,h/2),

G;kz,x(oo) - ]EG;kL,LB(XO) - (5(.%)
maxy ezt opni (1 + hr(y)ms @ (y)

H(z—tx+h+t] >

)

where

@ = o[ H@BEwe <) < )

san [ T HE{EW): —s(y) < £(y) <@+ h—y).
x+h+t

Proof. Consider the decomposition

n—1

G;kz,x(Xn) = Z(GZx(X]H—l) - Gz,x(Xk)) + Gz,x(XO)
k=0

We deduce from Lemma 2.4 that, for some ¢ < co and all x > =z,

EG), . (Xn)

3
|
_

=BG (Xo) + ) E(G) o (Xkt1) — G, (X))

T
= O

< EGj,(Xo)+ Y E {(1 4 (X)) mE YN (X)) Xy € (@ —ta + b+ t]}
k=0

x—1

n—1
vy [ P dyB{El)ie v < §0) < )
k=0 Y z—s(z)

+3h2[f}+ P{X, € dy}E{|{(y)]; —s(y) < &(y) <z +h—y}.
k—0 Y T Th+t

Hence, for any n,

n—l EG* (X,)—EG* (X,) — d6(x
Y P{Xpe@—twt+h+t]} > ha(Xn) ha(Xo0) [sgy)? :
k=0 MaXyc(p—ohe)(1+hr(y))my "7 (y)

Letting n to infinity we arrive at the conclusion due to the convergence G}, (Xp) —
G .(00) which in its turn follows from Lemma 2.2 together with the martingale
convergence theorem and the assumption (1.2). U

In order to get a lower bound in a closed form, we need to derive conditions
under which the term §(z) in Proposition 2.5 is of order o(G}, ,(00)) as z — oco. In
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the next result we demonstrate how to bound ¢(z) provided an appropriate upper
bound for the renewal measure is available.

Lemma 2.6. Let
(2.32) Hxz+tx+h—t] < ChUx)e™™  for some C, < oo,
and, for some random variable & with E£2 < oo,

(2.33) €E(y)| <& & forally>0.

Then §(z) = o(hU(z)ef®) as z — oco.

Proof. Let us analyse the first term in 6(x). The stochastic majorisation condition
(2.33) yields that

x—1

[ B -y <s) <sw} < [ RS €50

x—s(x) z—s(x)

Further, using the upper bound (2.32) applied to h(z) = 3t we deduce

z—t(x) s(x)/t
| H@EE o) <Y Hie (04t - ot € > nt)

—s(z) n=1
s/t
< CotU*(z)eft @) Z E{¢; € > nt}
n=1

< CotU* () @WE{E/t: € >t}
= o(U*(2)e™ @) ast, x— oo,

by the condition E¢2 < oc. Hence the first term in d(z) is of order o(h(x)U* (z)e® @)
as required. The second term in §(z) is of the same order, as follows by the same
arguments, and we conclude the proof. (]

3. ON TWO MARKOV CHAINS WITH ASYMPTOTICALLY EQUAL JUMPS

In this section, we prove a coupling that allows us to compare two Markov
chains which have asymptotically equal jumps. The following result is repeatedly
used in what follows each time we want to simplify our calculations related to the
characteristics of X,,. We formulate this result in the following general setting.

Let Y,, and Z,, be two Markov chains with jumps 7n(z) and ((z), respectively.
Denote by H;/ the renewal measure generated by the chain Y,, with initial state
Yo = y, that is,

H)Y(A) = ipy{yn € A}, AcB(R).
n=0

Lemma 3.1. Let the random variables n(z) and ((x) be constructed on the same
probability space in such a way that

(3.1) P{n(z) # ((x)} < plx)o(z) for all z,

where v(x) > 0 and p(x) > 0 are decreasing functions and p(x) > 0 is integrable at
infinity. Let also, for some ¢ < oo,

(3.2) H;/(x,Qx] < % for all y and x.
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Then, for any € > O there exists an x. such that the chains Y, and Z, may be
constructed on the same probability space in such a way that
P{Y, =Z, foralln >0} > 1-—¢
provided Zg =Yy > x-.
Proof. 1t follows from the condition (3.2) that, for all z € R,
(3.3) P{Y, >zforalln >0|Yo=y} — 1 asy— occ.

Let us construct a probability space and two sequences of independent random
fields {n,(x),z € R},,>0 and {(,(x),r € R},,>0 on this space such that

(3.4) P{n,(x) # Cu(z)} < p(x)v(x) forall z € R and n >0,
which is possible due to (3.1). Then let us define Markov chains as follows:
Yiyr = Yot maa(Ya),  Zna1 = Zn+ Gus1(Z).
Fix an € > 0. For any z,
P{Z, #Y, for some n | Yy =y}
< P{Y, < z for some n | Yy = y}
+P{Z,, #Y,, for some n,Y,, > z for all n | Yy = y}.

Owing to (3.3), there exists a y;(z) such that
P{Y, < zforsomen | Yy =y} < &/2 forally>y (2).
Given Zy =Yy > z,
P{Z, #Y,, for some n, Y,, > z for all n | Yy = y}
< P{nnt1(Ya) # Cav1(Zn), Yo = Z, for some n, Y, > z for all n | Yy = y}.

The probability on the right hand side does not exceed the following sum:

Zp{nnﬂ—l(Yn) 7é Cn-i—l(Zn)v Zn =Y, >z | Yo = y}

n=0

s/wmmm¢<@»mﬂM>
s/wmmwmﬂjum,

by the condition (3.1). The last integral tends to 0 as z — oo. Indeed, both
functions p(z) and v(x) are decreasing, hence

| @ @) < 3 pledoe) ) i

z

where ; := 271z for i > 0. Then, by the condition (3.2) on H;,

/:O p(T)’U(T)H;((]T) < PZ})(T,)TZ

z

= 2ch(:r,;)(x7; —Ti_1).
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Then decrease of the function p(z) yields
ZP(%)(% —xi—1) < / p(u)du — 0 as z — oo,
i=1 z

because p(z) is integrable. Hence,

o0
(3.5) / p(a:)v(x)H;/(dx) — 0 as z — oo uniformly for all y,
2

which implies convergence to 0 of the integral from z to co. Then the integral from
z to oo is less than /2 for a sufficiently large z = z(¢) which concludes the proof
with 2. = y1(2(g)). O

Lemma 3.2. Let the conditions of Lemma 3.1 hold. If there exist non-negative
functions h(x) and g(x) such that

(3.6) HY (z,2 + h(x)] ~ g(x) asx — oo
for any distribution of Yy and
(3.7) sgp H;(:L‘,;L‘ + h(z)] = O(g(z)) asz— oo,

then, for any distribution of Zy,
H?(z,x + h(z)] ~ g(x) asz — oo.

Proof. Let us construct {n,(z),z € R},>¢ and {(,(z),x € R},>¢ as in (3.4) and
then the Markov chains Y;, and Z,, as there.

Fix an € > 0 and let x. be delivered by the last lemma. Let 7 := min{n > 0 :
Zn > x-} and consider Y} with initial value Yy = Z,. Define

pwi=min{k >1:Y, # Z. 11}
By Lemma 3.1, P{u < oo} < e. For z > z.,
sup HyZ(a;x + h(x)]
y

T+pu—1 00
< supE, Z {Z, € (z,z+ h(x)]} +supE, Z {Z, € (z,z + h(z)]}.
Y n=r Y n=r+p

The first expectation on the right hand side is not greater than H;/ (x,z 4+ h(zx)]
because Z,, = Y,,_; between 7 and 7+ p—1. The second one possesses the following
upper bound:

E, > I{Z, € (¢.x +h(2)]} = Ey{ 3 1Z, € (za+ h(:c)]}‘,u < oo}]P’{u < o0}

n=pg n=rt+p

< sup HZ(z,z + h(z))e.

Therefore,

supHyZ(m,x+h(3:)] < -
) _

sup HY (z, + h(x),
)

which, due to assumption (3.7) implies that

(3.8) sgp HyZ(x, z + h(z)] = O(g(x)).
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For any distribution of Z; we have

H?(x, 2 + h(z)]

T+pu—1 o0

= E Y HZyc(@a+h@}+E Y [{Z, € (z,2+h(z)]}
n=r n=t-+u
T+p—1 oo

= E ) KYne(@a+h(@)}+E Y Z,€ (@,z+h()}
n=r1 n=T+p

= EH) (z,z+ h(z)]

—EEz_ i Y, € (z,z+ h(z)]} + E i {Z, € (x,z + h(x)]}.

n=u n=t-+u

According to (3.6) and (3.7), EH}, (x,x + h(x)] ~ g(x). Further, as we have scen
in the first part of the proof, for all large enough x,

E Z K{Z, € (zv,z+ h(x)]} < 5sgp HyZ(as?m + h(z)].

n=t1+p

Letting € — 0 and using (3.8), we conclude that

E Z {Z, € (z,z+ h(z)]} =o0(g(x)) asz — oc.

n=t-+p

Thus, it remains to show that

EEz, Z {Y, € (z,z+ h(z)]} = o(g(x)) asx — .

But this expectation can be bounded in the same manner:

By, S HYae(mat+h@]} < By (< oo)sup HY (2,2 +h()
n=g Yy
< esupH,) (z,x + h(z)).
]

Combining this with (3.7) we complete the proof. O

4. PROOFS OF THEOREMS 1.1, 1.2, AND 1.3

Proof of Theorem 1.1. Consider a modified Markov chain X’n on the same proba-
bility space as X,, with jumps £(x) defined as follows:

(4.1) ) = { () if [¢ ()] < s(x);

any value if |£(z)] > s(x).

If X,, does not satisfy the weak irreducibility condition (1.2), then we can increase
the value of s(x) on some set bounded above in such a way that then X,, do satisfy
(1.2). Indeed, it follows from the conditions (1.3), (1.5), and (1.6) that there exist
a sufficiently high level zg and an & > 0 such that P{&(x) > &} > ¢ for all z > z.
Then it suffices to increase s(x) on the set (—oo, x| to ensure the condition (1.2)
for X,,.
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Without loss of generality we assume that h(z) < s(x). Let us choose a function
t(xz) 1 oo of order o(h(x)) as © — oc.
Fix some ¢ > 1 and consider r(x) = ¢/(1 4 z). Then,

R(x) =clog(l1+2) and U(x)=(1+z)"/(c—1).

Therefore,

1
(4.2) Ul(z)el*®) = %

The chain X,, satisfies the condition (2.7). Fix some ¢** € (1,24/b) and define
r**(z) = ¢** /(1+4x), which ensures the condition (2.8) with § = (2p/bc**—1)/2 > 0.
The condition (2.6) is immediate from the upper bound

(4.3) E{S(y): 16(y)] < s(o)} < s(y)ms™ ()
and the relation s(y) = o(y). Also,

m[;(x)](y) — b aszx — 0,

by the conditions (1.5) and (1.6). As a result, by Proposition 2.3, as x — oo,

(e 4 t),0 + hie) — t()] < bt
’ ~ b+o(1)
2+o0(1)
——zh
S o)
owing to (2.16) and (4.2). Letting ¢** — 24/b, we get
~ 2 1
H(z+t(x),z+ h(x) —t(z)] < 2+ O(b) zh(r) asx — oo.
//L p—
Taking into account that t(x) = o(h(z)) we conclude the following upper bound
~ 2 1
(4.4) H(z,z+ h(z)] < + of )mh(az) as r — 00.

- 2u-—=»5

The chain X,, satisfies the condition (2.9). Fix some ¢* > 2u/b and define
r*(x) = ¢*/(1+z), which ensures the condition (2.10) with § = (1 —2u/bc*)/2 > 0.
Then it follows from Proposition 2.5 that, as + — oo,

- Gy ,(00) — EG;, ,(Xo) — d(x)
H(z —t(z),x + h(z) + t(z)] > b+ o(1)

h(z)=2= — §(x)

c*—1

b+o(1) '

due to (2.25) and (4.2). By the condition (1.5), the chain X,, satisfies (2.33) which

together with the upper bound (4.4) for the renewal measure generated by X,
yields the upper bound for d(x) delivered by Lemma 2.6. Therefore,

2+o0(1)

[ } oo
Sy
owing to (4.2). Letting here ¢* — 2u/b and since t(x) = o(h(x)), we finally get

~ 2+o0(1)
H(z,x + h(z)] > ST

> (2+0(1))

H(x — t(x),x + h(z) + t(x)]

zh(x) asx — 0.
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Combining this lower bound with the upper bound (4.4), we conclude that
2
2u—1b
Together with the condition (1.4) this allows us to apply Lemma 3.2 to the two

Markov chains, Z,, = X,, and Y,, = X,,, hence the same asymptotics for the renewal
measure generated by X,,. [l

H(z,x+h(z)] ~

zh(z) asx — oc.

Proof of Theorem 1.2. As in the proof of Theorem 1.1, from the very beginning we
may assume that [£(y)| < s(y) for all y which implies both (2.7) and (2.9). Without
loss of generality we assume that h(z) < s(z).
Fix ¢ > 1 and consider
1 n 1
THem)y (T +emm))log(r + emm))
c

(z + e(m)) 1og(x + e(m)) - - - 108 (1) (T + €(m)) ,

r(x) =

4.0+

where e(,,) > 0 is defined by 10g () €(m) = 1. Therefore,

R(z) = log(x +e(m)) +loglog(z + e(m))
+...+ log(m)(iﬂ + e(m)) + Clog(erl) ({E + 6(m)) —Cn

and
C l1—c
Uw) = = (g (@ +em))
which implies from (2.16) that for ¢ <y +1,
2 1
he)a(00) < +0( )h(w)xlogm Jdog,yz as @ — oo,
) c*

and from (2.25), for ¢* > v + 1,
] 2+ (
Gh(x),x(oo) > )

Repeating the arguments used in the proof of Theorem 1.1, we obtain the desired
result. U

h(m)mlogm Jdog(,yz  as x — oc.

Proof of Theorem 1.3. As in the proof of Theorem 1.1, from the very beginning we
may assume that [{(y)| < s(y) for all y which implies both (2.7) and (2.9). Without
loss of generality we assume that h(z) < s(x). Let us choose a function ¢(x) 1 oo
of order o(h(x)) as z — oo.

Fix some ¢ > 0 and consider r(z) = cv(x). Then, by 'Hospital’s rule,

U | 1
Ulxz) r(z)
Therefore, as follows from (2.16)
h(z)
. < ¢
(4.5) Ghine(0) < (240(1)) ) as r — 00,

and from (2.25)

(4.6) G e(0) = (2+ (1)) as r — o0.
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* %

Considering ¢** < 2/b and ¢* > 2/b and repeating the arguments used in the
proof of Theorem 1.1, we conclude the proof. O

5. PROOF OF THE LOCAL RENEWAL THEOREM FOR ASYMPTOTICALLY
HOMOGENEOUS MARKOV CHAINS

In this section, our purpose is to provide an approach that allows us to reduce
the proof of the asymptotic behaviour of the renewal measure on intervals to that
on sufficiently slowly growing intervals.

Lemma 5.1. Assume that there exist functions v(x) > 0 and t(x) + 0o such that,
for any t(x) 1 0o satisfying t(x) < t(x),

v(x)H(z,z + t(z)]

su < 0.
v t(x)

Then,

(5.1) supv(z)H(z,z +1] < oo.
x>1

Proof. Suppose that (5.1) fails. Then there exists a sequence z,, T co such that
apn = v(x,)H(xp, 2, + 1] = 00 as n — oc.

Since both a,, and TN(Tn) tend to infinity, there exists a sequence t,, T co such that
tn < t(x,) and t, = o(ay,) as n — oo. Let t(x) be defined as follows:

tx)=tn, xp<x<Tpii.
Clearly, t(z) < t(z) and t(z) 1 co. Then, eventually in n,

V() H(Tp, Ty + t(2,)] - V() H(p, x, + 1] __am
t(xy) - t(xy) t(xy,)
which contradicts the hypothesis. (

— 00,

Proof of Theorem 1.4. By Lemma 5.1 it follows from the assumption (1.13) that the
supremum in (5.1) is finite. In turn, it allows us to apply Helly’s Selection Theorem
to the family of measures {v(z)H (z + ), =z € R} (see, for example, Theorem 2 in
[17, Section VIIL.6]). Hence, there exists a sequence of points x,, — oo such that
the sequence of measures v(x,,)H(zx, + -) converges weakly to some measure \ as
n — oo in the standard sense of weak convergence on bounded intervals. The
following two results characterise .

Lemma 5.2. Let F' denote the distribution of £&. A weak limit \ of the sequence of
measures v(xy,)H(x, + -) satisfies the identity A = X x F.

Proof. The measure A is positive and o-finite with necessity. Fix any smooth func-
tion f(x) with a bounded support; let A > 0 be such that f(x) =0 for = ¢ [—A, A].
The weak convergence of measures means convergence of integrals

/ f(z)v(zy)H (z, + dz)

/f v(xy)H(x, + dx) —>/ f(z)A\(dx)

(5.2)
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as n — oco. On the other hand, due to the equality H(-) = P{Xy € -} + H = P(-)
we have the following representation for the left side of (5.2):
(5.3)

A A 0
/ ﬂwm%wmexm@ﬂ+/ ﬂﬂ/ Pln -4y, 2nt-da)yo(wn) H (2 +dy).
—A —A —00

Since f and v are bounded,
A

(5.4) / f@)v(z,)P{Xo € zp +da} < || fllocllvllccP{ X0 € [#r— A,z + A]} = 0
—A

as n — 0o. The second term in (5.3) is equal to

00 A
(5.5) | vt i) [ f@P i+ da).

— 00
The weak convergence P(t,t+4-) = F(-) as t — oo implies convergence of the inner
integral in (5.5):
A A
/ fx)P(xy, +y,xn +dzx) — / f(z)F(dx —y);
—A —A

here the rate of convergence can be estimated in the following way:

A
A(n,y) = /_Af(w)(P(anry?a?neras) —F(dm—y))‘

A
= | F@@E@ ) <21} - Pl y)da

A—y
SHﬂu/ P{E(n +y) < 2} — F(x)|d.

—A—y
Thus, the asymptotic homogeneity of the chain yields for every fixed C' > 0 the
uniform convergence

(5.6) sup A(n,y) — 0 asn— 0.
ye[_cvc]

In addition, by the majorisation condition (1.12), for all x € R,
P{&(zn +y) <z} —F(z)| < 2P{E> |zf}.
Hence, for all vy,

A—y
Aln,y) < wmu/' P(Z > |z|}dz

—A—y

AA[ oo P{Z > [yl — A}.

A

(5.7)

We have an estimate

o A A
/ U@MH@n+@D(KAﬂ@P@MWﬂ%ﬂM%i[Aﬂ@FW%WO‘

— o0

An =

IN

| Awgytan e, + i)

— 00
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For any fixed C' > 0, (5.6) and (5.1) imply that

C
/ A(n,y)o(zn)H(zy +dy) < sup  A(n,y) - sup(v(ay) Hlzn, — C 2, + C))
—C yE[—C,C] n

— 0 asn— oo
The remaining part of the integral can be estimated by (5.7):
limsup/ A(n, y)v(zy)H(zy, + dy)
lyl>C

n—oo
< AA)f timsup [ PE > [yl Aol o + )
n—oo Jiy|>C

Since = has finite mean, property (5.1) of the renewal measure H allows us to
choose a sufficiently large C' in order to make the ‘limsup’ as small as we please.
Therefore, A,, — 0 as n — oco. Hence, (5.5) has the same limit as the sequence of
integrals

o) A
/ v(xy)H (z, + dy) /_A f(z)F(dz — y).

Now the weak convergence to A implies that (5.5) has the limit

[ [ s@rae—y = [ s [ rae—pa

— 00

(5.8) = /_00 f(@)(F % \)(dz).

By (5.2)—(5.4) and (5.8), we conclude the identity

/_O; f(x)\(dx) = /_O:O F(2)(F % \)(dz).

Since this identity holds for every smooth function f with a bounded support, the
measures A and F'x A coincide. The proof is complete. (]

Further we use the following statement which is due to Choquet and Deny [8].

Proposition 5.3. Let F' be a distribution not concentrated at 0. Let X\ be a non-
negative measure satisfying the equality

A=AxF

and the property sup,, ., A[n,n + 1] < oo.

If F is non-lattice, then X\ is proportional to the Lebesque measure.

If F is lattice with minimal span 1 and \(R\ Z) = 0, then X\ is proportional to
the counting measure.

The concluding part of the proof of Theorem 1.4 will be carried out for the
non-lattice case. Choose any sequence of points z,, — oo such that the measure
v(xp)H(zy, + +) converges weakly to some measure A as n — oco. It follows from
Lemma 5.2 and Proposition 5.3 that then A(dz) = a - dx with some «, i.e.,

v(xp)H(xy +dx) = a-dzr asn— oo.
Then, for any A >0 and k € {0,1,2,...},
v(zy)H(xy + kA, x, + (K 4+ 1)A] — oA
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Then, there exists a sufficiently slowly growing sequence t,, T oo such that
V(xp)H (20, Ty + 5]
tn
It follows from the assumption (1.13) that a = Cjy.

We complete the proof by a routine contradiction argument. Suppose there exists
a sequence {x,} such that

(5.9) v(xn)H(xp, zy + h] /A Cgh asn — oco.

However, by Helly’s Selection Theorem and arguments above there exists a further
subsequence x,,, for which

—

v(xpn, ) H(Tp, , Tn, +h] = Cih,
which contradicts (5.9). O

6. RANDOM WALKS CONDITIONED TO STAY POSITIVE

In this section we prove Example 1.8 by showing that under the conditions
stated the random walk conditioned to stay positive satisfies all the conditions of
Corollary 1.5. We start with checking that there is a function s(x) — oo of order
o(x) such that

2
m[f(w)] ~ % and m[QS(w)] —0? as T — 00,
and (1.4) holds for some decreasing integrable at infinity function p(z).

Indeed, it is immediate from (1.14) that, for all 2 such that = — s(z) > 0,

1
V(x)

E{(V(z + &) = V(2))&1; [&1] < s(@)} +E{&; 6] > s(z)}

m[ls(x)] () :=

E{V(2 + &)1 6] < s(@)}

_ b

V(@)
1

= mE{(V(x + &) —V(z)& |61 < s(2)} +o(1/2),

by E£; = 0 and the finiteness of E£?, provided s(x)/z tends to zero sufficiently
slow. Finiteness of the second moment also implies that ladder heights have finite
expectation, so by the local renewal theorem,

(6.1) Vic+y) —V(z) — IEL— as r — 00,
X

in the non-lattice case; in the lattice case both = and y are restricted to the lat-
tice. Hence (V(x + &) — V(2))& converges a.s. to £2/Ex~ as © — oo. By (6.1),
sup, (V(z +1) — V(x)) =: ¢ < oo which yields

(6.2) V(z+y) - V()| < cv(lyl+1).
This allows us to apply the dominated convergence theorem and to infer that
E((V(r+ )~ V@) J6 Ss@) —» ook = T sz
Ex Ex
By the renewal theorem, V(x) ~ xz/Ex~ and hence

2
(6.3) m[ls(x)](x) ~ T aszo oo
x
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For the truncated second moment of jumps we have

mE@(2) = L E(V(x+ €)% 6] < s(x))

Vix)
- ﬁﬁ{w 1) - V@)E 6] < s(@)} +EE J] < s(0)}
]‘ 2. N 2
= BV + &)~ Ve 6] < s(@)} + 0+ o(0).

Since for |&;1] < s(z),

V(z+&) - V@) < ev(l+]&)E < ev(l+s(x)Ed
so that
V(z+ &) — V()

f% 0 asz— oo,

V(z)
we get, again by the dominated convergence theorem,
1
W]E{(V(w +&) = V(@) Gl <s(@)} — 0 asa — oo
Therefore,

m[;(x)](x) — 0% asz — oo.

Summarising, (1.3) holds with u = 02 and b = 02. According to the construction
of X, (1.4) is equivalent to the following upper bound:

PRV G ) ol > s@) < 22

Recalling that V (z) is increasing and asymptotically linear, it suffices to show that

Pl6y < —5(n)} + LE{&: & > s()) < 22

for some s(z) = o(x), but this is immediate from the assumption E&F < oo.
We also need to check the conditions (1.5)—(1.6) and (1.12). To check the first
one, we note that,

hence, for t < s(z) = o(x),
-t SN\ V(2 + u)
P = —P d
Gewi>niwi<ay = ([« )50 e m
< aP{l&a] >t}
and (1.5)—(1.6) follows if we take € defined by its tail as
P{€ > t} = min{1,c;P{|&| > t}},

which is square integrable because &; is so.
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P

4

Next, using once again (6.2) we obtain

(€] > 1) = (/ +[C) e
< Pl < —f}+/t (1+CVZ‘L/?_)>]P’{§1€CZU}

IN

Pler < b+ (14 377 ) Pl > 1) + Bl fal > )
< eo(P{&] >t} +E{& ;6] > t}) forall x, ¢t > 0.

The right hand side is integrable due to E£? < oo, so the condition (1.12) is satisfied
too.

Finally, the asymptotic homogeneity (1.1) is immediate from (1.14), with & = &,

because, for any fixed u € R, V(z + u)/V(z) — 1 as + — oo, and the proof is
complete.
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