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New Approaches for Monitoring Image Data
Yarema Okhrin , Wolfgang Schmid , and Ivan Semeniuk

Abstract— In this paper, we develop new techniques for mon-
itoring image processes under a fairly general setting with
spatially correlated pixels in the image. Monitoring and han-
dling the pixels directly is infeasible due to an extremely high
image resolution. To overcome this problem, we suggest control
charts that are based on regions of interest. The regions of
interest cover the original image which leads to a dimension
reduction. Nevertheless, the data are still high-dimensional.
We consider residual charts based on the generalized likelihood
ratio approach. Existing control statistics typically depend on the
inverse of the covariance matrix of the process, involving high
computing times and frequently generating instable results in a
high-dimensional setting. As a solution of this issue, we suggest
two further control charts that can be regarded as modifications
of the generalized likelihood ratio statistic. Within an extensive
simulation study, we compare the newly proposed control charts
using the median run length as a performance criterion.

Index Terms— Control chart, digital image processing,
high-dimensional data, median run length, regions of interest,
statistical process control.

I. INTRODUCTION

IMAGES play an increasingly important role not only in
social media but also in all phases of manufacturing,

particularly within Industry 4.0. The key objective when ana-
lyzing images is to extract meaningful and useful information
(mainly from digital images) with the aim of aggregating and
improving image data for further processing. This covers such
tasks as the storage, compression, and extraction of pictorial
information (cf. [1]), and is typically done by means of digital
image processing techniques. Since the resolution of digital
cameras has dramatically increased in recent years and the
possible applications of images are heterogeneous, a new
strand of research that tackles the analysis of image data with
statistical tools has evolved.

To build a statistical model for a sequence of images,
we assume that the pixels constituting the images can be
understood as a realization of a stochastic process. This is
attained by quantifying each pixel by its coordinates, color,
and intensity, and results in a time series of multivariate spatial
data. Numerous statistical approaches such as, e.g., Kalman
filtering, Markov random fields, hidden Markov processes,
and Bayesian approaches have recently been customized to
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model image processes. An excellent overview can be found
in, e.g., [2]. The objectives of the image analysis typically
involve the overcoming of issues with feature extraction,
image classification, image transformation, etc. Modern cam-
eras can produce images with high resolutions, involving
high-dimensional data sets. Thus, the statistical techniques to
be applied must be capable of handling and modelling large
and specifically structured data.

The key goal, both from theoretical and practical per-
spectives, is to monitor an image process over time and
detect changes, which may be indicative of faults, as soon as
possible after their occurrence. Such problems arise frequently
in many fields of application, e.g., production processes,
medicine, environmental science, etc. Nowadays, the quality
control procedures involved in production processes employ
new measurement methods that are aimed at detecting faulty
products, e.g., the sensors that take regular photos of the items
under production. Reference [3] considers the application of
quality control procedures in a 3D printing process. Issues
involving changes to the image process can also be observed
in the media and advertising industries, in which it is essential
to control the quality of printed materials, for example, their
brightness. To ensure quality, the cover of a magazine could,
for example, be checked for changes. There are also many
scenarios in medicine in which it is essential to swiftly detect
image changes, such as the early detection of tumors, vascular
changes, etc. In all these applications, those responsible for
monitoring the image process aim to detect any deviations
from what is expected to be normal as soon as possible after
their occurrence. High quality image processing results in less
defective products, prettier magazines, earlier diagnoses, etc.

An excellent overview of control charts for images is
given in [4]. Reference [5] was the first to apply control
charts to image data; their purpose was to improve the
productivity of web applications. In [6], illumination changes
through a transformation of the pixel values of the image
were taken into account. The authors constructed individual
moving-range control charts for each pixel. A disadvantage
of their approach, however, is that the correlation structure of
neighboring pixels is not taken into account. Reference [7]
combined control charts for variable data with the EWMA
control chart. Hotelling’s T 2 control chart has been widely
applied in image analysis, e.g., by [8]–[10]. References [11]
and [12] combined multivariate control charts and wavelets
to detect defects in electronic components. Reference [13]
compared a wavelet and Hotelling’s T 2 control chart with
a wavelet and a principal component approach to detect
defects in LED chips. Reference [14] utilized a spatially
exponentially weighted moving average chart to find defects in
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LCD monitors, while [15] employed a spatial x̄ chart for the
same application. In [16], a nonparametric regression method
using wavelet basis functions was developed to extract features
from grayscale image data. The extracted features were mon-
itored over time to detect out-of-control observations using a
generalized likelihood ratio control chart. In further studies,
methods of machine learning have been applied to monitor
image processes. For example, [17] applied the K-medoids
clustering algorithm for colored RGB images.

Recently, [18] proposed a deep belief network for fea-
ture extraction and timely fault detection in industrial image
processes. For the purposes of their studies, the authors built
sub-networks to extract local features from sub-images. In a
more classical setting, [19] proposed a data-driven in situ
monitoring method using a kernel density estimation-based
Hotelling’s T 2 control chart to detect unstable melting condi-
tions during the selective laser melting of zinc powder; their
method of detection was applied to thermal image streams
containing plume emission information. This approach was
further explored in [20]. Reference [21], meanwhile, presented
a profile monitoring method for image data in the context
of fused deposition modeling. A similar problem was tackled
in [22], where the authors relied on the generalized likelihood
ratio method.

This paper contributes to the current literature in many
directions. First, we assume that the pixels exhibit a spatial
dependence and that their corresponding characteristics are
not independent; this is contrary to the assumptions that are
typical in the literature. We quantify their dependency using a
spatial covariance matrix that can be flexibly set or estimated
from historical data. Second, since modern cameras produce
high-resolution images but it is not computationally feasible
to deal separately with every pixel of an image, we work with
regions of interest (ROIs), i.e., fixed geometric areas that cover
the whole image and significantly reduce the dimensionality.
The stochastic properties of the ROIs are derived, in this
paper, directly from the model for the pixels, while the shape
and size of the ROIs can be arbitrary. We go on to suggest
two alternative versions of settings with non-overlapping and
overlapping ROIs. Third, even with the implementation of
the ROIs, the final dimension of the monitored data is high
and it can be unstable and computationally demanding to
estimate the inverse covariance matrix using historical data.
Therefore, we offer three new control schemes that are based
on the generalized likelihood ratio test (GLR). The aim of the
schemes is to detect a location shift in the color of a grayscale
image. Two of the three suggested schemes are modified and
depend on the covariance matrix only, and not on its inverse.
This leads to great advantages in applications.

To summarize, this paper contributes to the field, since we:
• derive new control charts for monitoring changes in image

data;
• suggest methods that can be applied to high-resolution

images;
• take spatial correlation of pixels into account and suggest

methods for simulating such data;
• outperform the benchmark Hotelling’s T 2 control chart

using Median Run Length as a performance criterion.

The paper is structured as follows. In Section II, we provide
a brief introduction for image analysis and statistical image
analysis. We also explain the statistical model to be employed
in the rest of the paper. In Section III, we develop the control
charts and discuss the high-dimensional nature of the under-
lying problem in detail. Section IV provides a comparison
study of the procedures discussed in Section III, in which we
treat several out-of-control situations. The concluding notes
are given in Section V.

II. STATISTICAL IMAGE ANALYSIS

In this section, we briefly describe some basic concepts of
image analysis focusing on statistical image processing. More
details can be found in, e.g., [1], [2], [23], and [24].

Each 2-dimensional image can be defined as a function
f : D → W , where D ⊂ IR2 and W ⊂ IRk . Typically, D is
a rectangle. The k dimension defines the technical complexity
of the image. For a black-white image, k = 1 and W consists
of only two values, 0 and 1 (usually with 0 standing for black
and 1 for white color). Larger values of k are required to
represent color images. If we adopt the RGB (red, green,
blue) convention, then k = 3 and f (x, y) is a vector of three
individual components. For an 8-bit image, these components
take integer values between 0 and 28 − 1 = 255 (cf. [24]).
If all elements are equal to zero, then we obtain a black
image; if all are equal to 255, then the resulting image is
white. Nowadays, most high-quality images are 24-bit or
32-bit, and, thus, they involve a much wider variety of colors,
i.e., 224 or 232, respectively. To standardize the operation of
image processing on different images, their values are typically
rescaled to [0, 1]. If all the components are set to be equal,
which is equivalent to downgrading the function to k = 1,
then we obtain a grayscale image. In the following sections,
we will exclusively deal with grayscale images, though the
methodology can be directly extended to the case with color
images.

A digital image, contrary to a non-digital one, consists of
a discrete set of pixels. Every pixel is not a single point
in R2 but is, in fact, a rectangular area. Thus, in order to
process an image, it must be represented by a discrete data
structure. Formally speaking, a digital image can be obtained
from an image by sampling and quantization (e.g., [1], [24]).
More precisely, an image is defined as f (i�x, j�y) for i =
1, . . . , l, j = 1, . . . , p, where �x and �y are the geometric
length and width of the area of interest, e.g., of a pixel.
The locally constant function, f , is known as the intensity
function and its values are the intensities of the corresponding
areas/pixels. To shorten the notation, we write fi j instead of
f (i�x, j�y) and refer to a digital image simply by using the
word, “image”. An image with l rows and p columns of pixels
can be written as an array,⎡

⎢⎢⎢⎢⎣
f11 . . . f1p

f21 . . . f2p

...
. . .

...

fl1 . . . flp

⎤
⎥⎥⎥⎥⎦ .
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In practice, the size of the array can be large. The resolution of
images taken by high-end smartphones can reach 4032×3024
pixels, leading to enormous arrays.

Images taken by a camera and discretized by the intensity
function can suffer from several sources of error. These are
caused, for instance, by pure light measurement errors, various
technical issues, changes in the lighting, particles in the air,
the instability of the object, etc. Furthermore, the use of
quantization as a smoothing technique introduces additional
noise into the image. Thus, an image could be treated as
a realization of a stochastic process, in a similar manner to
the measurement error models in statistics. In the following
sections, we consider a linear error model in which only
an additive noise influences the pixel intensities, fi j . The
latter is commonly referred to as the nominal image in the
literature. In practice, the nominal image serves as the target
value of the image and is contaminated by noise caused by
the peculiarities of the production process. This results in the
observed image, Ỹi j . More precisely,

Ỹi j = fi j + εi j , i = 1, . . . , l, j = 1, . . . , p. (1)

We assume that the nominal intensities { fi j } and the error
variables {εi j } are orthogonal. Regarding the distribution of
the error terms, the current literature appears to impose a
homogeneous assumption that the random variables εi j , i =
1, . . . , l, j = 1, . . . , p are spatially independent and normally
distributed with mean 0 and variance σ 2. This is the case,
usually, when the image has been pre-processed; the error
quantities explain the deviation between the observed pixel
intensities and the smoothed values. This is obviously not a
valid assumption in many applications and is often seen to be
restrictive. The authors of [1] describe several cases where this
approach does not work (e.g., quantum-limited imaging, such
as in X-ray, nuclear-medicine imaging, etc.).

In this paper, we consider a more general model and,
thus, relax the independence assumption. We utilize the
matrix-valued normal distribution assuming certain types of
covariance matrices, as is done in spatial statistics (cf. [25]).
Consequently, the pixel intensity process is spatially corre-
lated. This approach fosters a more realistic representation of
the true data–generating process for digital images.

III. MONITORING PROCEDURES FOR

IMAGE CHARACTERISTICS

In this research paper, we develop methods for the surveil-
lance of image processes over time. These types of problems
are common in practice and arise in many fields. Modern
production processes, for instance, frequently deploy cameras
as sensors to continuously monitor quality. The objects of
interest are either the items under production or, in a more
specific case, parts created from a 3D printing process (cf. [3]).
Similarly, one can consider the printing process of magazines,
books or flyers, during which the intensity and the color of the
cover might be monitored. In medicine, screening generates
sequences of spatial or temporal images, which are reviewed
for the early detection of tumors and vascular changes.
In another example, the airspace above us can be monitored by

the military for the detection of foreign aircrafts, while down
from above, the surveillance of satellite pictures can help in the
timely detection of forest fires. Thus, the number of possible
applications for the surveillance of image processes over time
are diverse, though related research is still at an early stage.

All time series data can be modelled and analyzed in the
domains of time or frequency, thus offering two method-
ological alternatives. In this work, we focus on monitoring
procedures in the time domain only. In the frequency domain,
the time series of image characteristics would first need to
be transformed by a suitable filter, for example, wavelets, etc.
This can lead, however, to difficulties in the interpretation of
changes, in the context of the original image, that result due to
transformational process. We will not discuss the topic further
here.

The aim of any monitoring procedure is to detect a shift
in the observed process as soon as possible after its occur-
rence. Such a problem is subject to statistical process control
(SPC, cf. [26]). The most important tools in SPC are control
charts, which have been widely employed in engineering,
as well as in other fields, such as production, economics,
medicine, etc. The process of interest is mostly assumed to
be univariate and independent over time. If there is a need
to monitor several characteristics of a process, the resulting
time series is then a multivariate time series. Control charts
for multivariate processes and those that are independent over
time have been studied by various authors. The first control
chart for independent and multivariate normally distributed
random vectors was suggested by [27]. Instead of monitoring
the vector of the observations, the author suggested to consider
the scalar Mahalanobis distance between the observations and
the target mean vector. References [28] and [29] extended the
exponentially weighted moving average (EWMA) chart to
multivariate data by developing a multivariate EWMA recur-
sion. Further generalizations of the EWMA chart were then
given by, e.g., [30] and [31]. The alternative family of control
charts stem from the sequential probability ratio test (SPRT)
and are referred to as cumulative sum (CUSUM) charts. The
extension of the univariate CUSUM scheme to multivariate
data is not unique; several alternative approaches have been
developed. The direct application of the SPRT to independent
multivariate normally distributed variables results in a control
chart that is not directionally invariant (cf. [32]). This implies
that the distribution of the run length in an out-of-control
state is dependent on the direction and on the magnitude
of the change. As a result, the application of the charts
becomes very problem-driven and computationally expensive.
Several authors have, therefore, proposed control schemes that
overcome this problem, e.g., [33], [34].

Unfortunately, these approaches cannot be applied to
monitor an image process directly. Despite being capable to
monitor multivariate time series data, these charts can handle
only small- and medium-dimensional data. As image data ren-
ders ultra-high-dimensional time series containing potentially
millions of dimensions, it is necessary either to modify these
approaches or to introduce new ones.

One potential method for reducing dimensionality of the
problem is to consider aggregated characteristics of the
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image-based processes such as, e.g., entropy, spatial entropy,
and means, rather than monitoring every pixel. The infor-
mation can be aggregated spatially over pixels or in a
pixel-specific way. The disadvantage of a pixel-to-pixel analy-
sis is that it creates dramatic theoretical and computational
problems. Particularly, since we assume there are correlated
pixels within an image, such an analysis can only be successful
if the underlying covariance matrix of the pixels has a specific
structure. Otherwise, the number of parameters with respect to
the available amount of data would be huge and the analysis
would suffer from the curse of dimensionality.

Spatial-aggregation relies on sub-images, the so-called
regions of interest (ROIs), as considered in [16], [35]. These
are obtained by splitting the whole image into small areas of a
given geometric form and of either a fixed or varying size. The
local characteristics of the ROIs usually comprise measures of
location and local measures of variation in colors or intensities.
Our aim, in this paper, is to monitor such local characteristics.
The introduction of sub-images reduces the dimensionality of
the data, though it can lead to new problems. Nevertheless,
we are still faced with a high-dimensional problem and the
classical control charts for multivariate processes cannot be
applied.

In order to develop efficient control charts, the methods
for multivariate process control must be combined with the
latest findings on high-dimensional data analysis and on
spatio-temporal statistics.

A. Model
Our aim is to detect whether there has been a change

within an image process over time. Let Ỹt,i j be the true
intensity of the pixel with coordinates (i, j) at time t ≥ 1.
Since the image process may be quite complicated, in this
paper we focus on a situation where the nominal image,
defined by the intensities fi j , is fixed and does not change
over time. For instance, the image could be the template
of a book cover, as modelled on a computer or taken by a
static camera as part of the printing process. The objective
of monitoring the process is then to detect changes in the
brightness of continuously printed book covers. This implies
that the intensity fi j is constant for the given pixel (i, j)
and independent of time t . The linear error model, therefore,
becomes as follows

Ỹt,i j = fi j + εt,i j , i = 1, . . . , l, j = 1, . . . , p, (2)

where the elements Ỹt,i j constitute a matrix Ỹt. A more
general case of a non-constant nominal image, and therefore
time dependent intensity functions, is discussed in an ongoing
separate project. The quantity εt,i j denotes a noise process that
is assumed to be independent over time but not over space,
i.e., Corr(εt,i j , εs,i ′ j ′) = 0 for t �= s, but Corr(εt,i j , εt,i ′ j ′) �=
0 in general. Thus, we are working under much weaker
assumptions than are usually held in the literature, whereby
independence over space is largely assumed.

Since we are considering a shift in the location, the change
point model is defined as

X̃t =
{

Ỹt for t < τ,

Ỹt + A for t ≥ τ
(3)

for t ≥ 1 with A �= 0 and τ ∈ IN ∪ {∞}. If τ = ∞,
we determine that the image process is in control and no
change has happened. If τ < ∞, then a shift has occurred
and the image process is out of control, starting from time
point τ . {X̃t } is frequently referred to as the observed process
and {Ỹt } as the target process. Note that f is assumed to be
known and we do not need a pre-run phase to estimate it.
Although in many applications there are no natural values for
the in-control characteristics, here we can assume that there
exists a template that can be utilized as the nominal image.
The impacts of parameter estimation will be discussed in a
forthcoming paper.

Monitoring all pixels individually is a very challenging task,
since a simple modern cell phone image consists of around
four million pixels, thus, we would have to monitor a process
with four million components over time, which is not feasible
from a computational perspective. In order to reduce the
complexity of the problem, the image is partitioned into ROIs
Ii j of size h1×h2, i = 1, . . . , r1, j = 1, . . . , r2. We distinguish
between the cases of non-overlapping and overlapping ROIs.
In the first case, one can assume that l = h1 r1 and p = h2 r2,
r1, r2 ∈ IN and Ii j ∩ Ii ′ j ′ = ∅, whereas, for the second case,
l < h1 · · · r1, p < h2 r2 and Ii j ∩ Ii ′ j ′ �= ∅. ROIs often set as
squares with h1 = h2. As suggested in [35], ROIs can instead
be considered not to be of a fixed size but to represent an
increasingly nested sequence of regions, i.e., I1 ⊂ I2 ⊂ . . ..
While the methodology discussed in this paper could easily
be extended to such a setting, to simplify the exposition,
we restrict the discussion to overlapping and non-overlapping
ROIs of a fixed size.

Every ROI consists of a set of pixels and the intensities of
the pixels must be aggregated to the local characteristics of the
ROIs. Most of the proposed charts are based on characteristics
T̃t,i j of the pixel intensities within a given ROI Ii j such as the
mean, weighted mean, standard deviation, etc. We follow the
same idea as [35] and [36], who have applied a control chart
to the residual process. In these studies, the authors monitored
the mean of the pixels within every ROI using a generalized
likelihood ratio chart. It must be noted that their approach
assumes spatial independence between the pixels, though, even
in the case of a multiple linear regression, the residual process
is not independent. A detailed comparison of residual charts
and so-called modified charts is given in [37].

B. Control Charts Based on the GLR Approach

In this part of the article, we introduce some new control
procedures for image characteristics. While in most published
papers, their analysis is restricted to the characteristics of
the spatially independent residual process for the indepen-
dent ROIs, we take into account the spatial structure (thus,
the dependence) of the pixels. Consequently, we are able to
monitor the characteristics of the original image, too.

The non-overlapping ROIs are built, as in the previous
subsection, resulting in a total of r1 ·r2 ROIs. Let T̃t,i j denote a
local characteristic of the image process for the region Ii j such
as, e.g., the local mean T̃i j = X̄ t,i j = 1

|Ii j |
∑

(v,u)∈Ii j
X̃ t,vu ,

the median, the entropy of the observations lying in Ii j , etc.
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To simplify the formulas and the notation, and taking
into account the fact that there are no further constraints on
the arrays, we define Xt as the vectorized version of the
l × p matrix X̃t . Thus, Xt = (

X̃ t,11, X̃ t,21, …, X̃ t,l1, …,
X̃ t,lp

)′ = vec(X̃t ). We assume that the observed intensities
in the in-control state follow an l · p-dimensional normal
distribution Xt ∼ Nl·p(μX ,�X ) with the mean vector μX and
the covariance matrix �X . Moreover, the characteristics of the
ROIs Tt = (T̃t,11, T̃t,21, …, T̃t,r11, …, T̃t,r1r2)

′ are assumed
to follow a multivariate normal distribution with mean μ and
covariance matrix G. Note that μ is an r1 · r2-dimensional
vector and G is an (r1 · r2) × (r1 · r2)–dimensional matrix.
If T̃t,i j are means of the pixel intensities, then we can state that
E(T̃i j ) = 1

|Ii j |e
′
i j μX and V ar(T̃t,i j ) = 1

|Ii j |2 e′
i j �Xei j , where

ei j is an l · p vector of zeros and ones made by vectorization
of the l × p matrix of zeros and ones with ones on positions
corresponding to Ii j . The covariance between T̃t,i j and T̃t,i ′ j ′
is Cov(T̃t,i j , T̃t,i ′ j ′) = 1

|Ii j |2 e′
i j �Xei ′ j ′ . Thus, the elements of

μ and G can be uniquely determined from μX and �X .
We wish to emphasize that in this work we do not

assume that, for a fixed time point t , the variables T̃t,i j , i =
1, . . . , r1, j = 1, . . . , r2 are spatially independent, as has been
done in previously mentioned papers. Thus, the matrix G is
not diagonal. Furthermore, we would like to emphasize how
our work with the ROIs substantially reduces the dimension-
ality of the problem in question. For instance, if choosing
non-overlapping sub-images of size h1 = h2 = 100, an orig-
inal image containing 2000 × 2000 pixels reduces to 400
ROIs and Tt is a 400-dimensional vector. Thus, Tt is still
a high-dimensional vector, but its dimension is dramatically
smaller than that of the vector without sub-images which has
4 · 106 components. It is also worth noting that, in this paper,
T1, T2, . . . are assumed to be independent random vectors.
Note that this assumption is not fulfilled if the subject changes
or moves over time, since the assumption of identically
distributed random vectors is no longer fulfilled.

In this paper, we assume that the pixel intensities and
the characteristics of ROIs follow a multivariate normal dis-
tribution. This restricts the choice of possible quantities of
interest that we wish to control. For this reason, we have
focused on monitoring the mean behavior of a sequence of
independent multivariate normally distributed random vectors
in our simulation study. Let r = r1 ·r2. Then, the change point
model (3) can be rewritten as

Tt ∼
{
N r (μ, G), t < τ

Nr (μ + �, G), t ≥ τ,
, t ≥ 1, (4)

where � �= 0 and τ ∈ IN ∪{∞}. If τ = ∞, we determine that
the image process is in control and no change has happened.
If τ < ∞, then a shift had occured and the image process
is out of control, starting from time point τ . Several control
charts have been introduced in the literature to deal with the
problem of how to monitor the mean behavior (cf. Section III).
However, small dimensions have previously been assumed,
e.g., values between 2 and 5. In the present case, the dimension
is much higher! Furthermore, most of the charts that have
been introduced have depended on certain design parameters

(e.g., a smoothing matrix, a reference matrix, etc.) which
must be determined in advance. This dramatically complicates
the application of these methods in a high-dimensional case.
For this reason, we prefer to work with a purely data-driven
control scheme. For the change point model (4), we derive a
generalized likelihood ratio chart (e.g., [36], [38], [39]) that
will not depend on any additional design parameters.

Applying the generalized likelihood ratio procedure,
we obtain the following control statistic at time point n ≥ 1

R∗
n = max

1≤η≤n
(n − η + 1)�̂′

η,nG−1�̂η,n

with

�̂η,n = 1

n − η + 1

n∑
t=η

Tt − μ.

The detailed derivation is given in the appendix.
Sometimes, it is useful to standardize R∗

n . Since the
moments of the maximum of non-independent variables are
difficult to determine, we standardize by the moments of the
statistic without taking the maximum into account, i.e., of (n−
η + 1)�̂′

η,nG−1�̂η,n . This procedure is useful for determining
the control limits, as the control limits without standardization
can be large and beyond the values of around 3 that are
frequently employed in SPC. Note, however, that this form of
standardization still does not guarantee that the distribution of
the control statistic is independent of the covariance matrix G.
Since in the in-control case �̂η,n ∼ Nr (0, 1

n−η+1 G), it holds

that (n − η + 1)�̂′
η,nG−1�̂η,n ∼ χ2

r , and, thus, its in-control
expectation is r and its in-control variance is 2r . The modified
version of the statistic R∗

n looks as follows

Rn = max1≤η≤n(n − η + 1)�̂′
η,nG−1�̂η,n − r√

2r
.

Now, the chart gives a signal at time n ≥ 1 if Rn > CR

with a suitable constant CR , the so-called control limit.
In practice, μ and G are both unknown and they have to

be estimated by a prerun. Let us assume that a prerun of
the observed process in the in-control state is given by X =
(X1−m, . . . , X0)

′. These values can be utilized to estimate μX

and �X , for example, employing the ML estimators

μ̂X = 1

m
X ′1m and �̂X = 1

m
(X ′(Im − 1m1′

m/m)X )

where 1m = (1, . . . , 1)′ is a vector of length m and Im is the
identity matrix of size m × m. These values can be used to
obtain estimators μ̂ and Ĝ for Tn as described at the beginning
of this subsection.

Note that, to compute Rn , it is necessary to invert the
(r1 · r2) × (r1 · r2) matrix G (or Ĝ). However, ML esti-
mators will only provide suitable results if m is larger
than r1 · · · r2. In practice, this is usually not the case and,
thus, the classical sample estimators fail in a high-dimensional
context (e.g., [40]). The shrinkage approach (see [41]) provides
another potential method of estimating the covariance matrix.
This is a nonparametric estimator that works well even in a
high-dimensional case. Thus, it can be applied in situations
where the dimension r1 · r2 is of moderate size with respect
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to m. However, this approach will also fail if m is small.
In such a case, a parametric or a semiparametric method seems
to be more successful, though it is necessary to impose some
assumptions on the structure of G. Intuitively, it is reasonable
to assume that more distant observations exhibit a weaker
correlation than observations lying closer together. In this
regard, we might even consider independence starting from a
certain distance. It is also possible to make use of an isotropic
covariance matrix with an exponential or a Matern covariance
function (see [25]). In this case, the estimation of G is easier
and much more robust, since only a few parameters need to be
estimated. A further possibility, as has already been mentioned,
is to assume a matrix-variate normal distribution in the form
T̃t ∼ Nr1,r2(μ̃, B, C), where μ̃ is the matrix of mean values,
B is the matrix which describes the covariances between the
rows, and C is the matrix which describes the covariances
between the columns of T̃t (see [42]).

C. Modifications of the GLR Approach

A disadvantage of the control statistic obtained by the
GLR approach is that it is necessary to determine the inverse
matrix of G. This is a computationally-demanding task for
high dimensions. In fact, the control statistic Rn consists
of a Mahalanobis distance. [40] and [43] consider a similar
problem. Following [40], we replace the quantity (n − η +
1)�̂′

η,nG−1�̂η,n with the quantity (n−η+1)�̂′
η,n�̂η,n−tr(G),

which must be suitably normalized.
Lemma 1: Let 1 ≤ η ≤ n. Then, in the in-control state,

it holds that

E((n − η + 1)�̂′
η,n�̂η,n) = tr(G),

V ar((n − η + 1)�̂′
η,n�̂η,n) = 2 tr(G2).

Proof: Without restriction, we suppose that μ = 0.

We utilize the fact that (Tη, . . . , Tn)
d= (T1, . . . , Tn−η+1).

In order to simplify the notation, let a = n − η + 1. Then

E(
1

a

a∑
i, j=1

T′
i T j ) = 1

a
tr(E(

a∑
i, j=1

Ti T′
j )) = tr(G),

V ar(
1

a

a∑
i, j=1

T′
i T j ) = 1

a2 E(

a∑
i, j,v,l=1

T′
i T j T′

vTl ) − (tr(G))2.

If there is one index which differs from the three others, then
the expectation is 0. Thus, a non-zero contribution only results
in the event that all indices are the same or if two pairs of
indices are the same. If i = j �= v = l, we get

E(T′
i T j T′

vTl) = E(T′
i Ti )E(T′

vTv ) = (tr(G))2

and this occurs a(a − 1) times. If i = v �= j = l, we obtain

E(T′
i T j T′

vTl ) = E(T′
i T j T′

i T j ) = E(T′
j Ti T′

i T j )
= tr(E(Ti T′

i T j T′
j )) = tr(E(Ti T′

i )

= E(T j T′
j )) = tr(G2),

and the number of times that this occurs is also the same. For
i = l �= j = v, it follows that

E(T′
i T j T′

vTl) = E(T′
i T j T′

j Ti )

= tr(E(T j T′
j Ti T′

i )) = tr(G2)

and this can be observed a(a − 1) times.
Moreover, employing [44, 3.2b.10], we have

E(T′
i Ti T′

i Ti ) = 2 tr(G2) + (tr(G))2.

Thus, we get that

V ar(
1

a

a∑
i, j=1

T′
i T j ) = a(2 tr(G2) + (tr(G))2)

a2

+ a(a− 1)(tr(G))2 + 2a(a− 1)tr(G2)

a2

− (tr(G))2

= 2 tr(G2).

This leads to the new control statistic,

Mn = max1≤η≤n(n − η + 1)�̂′
η,n�̂η,n − tr(G)√

2 tr(G2)
.

The control chart signals whether the control statistic Mn

exceeds some prespecified control limit CM .
[43] provided an improvement of the approach of [40].

Applying their procedure in the present case, the control
statistic is based on

n∑
t,v=η,

t �=v

(Tt − μ)′(Tv − μ).

Note that for η = n the value of this statistic equals zero.
Lemma 2: Let 1 ≤ η ≤ n. Then, in the in-control state,

it holds that

E

⎛
⎜⎜⎝

n∑
t,v=η,

t �=v

(Tt − μ)′(Tv − μ)

⎞
⎟⎟⎠ = 0,

V ar

⎛
⎜⎜⎝

n∑
t,v=η,

t �=v

(Tt − μ)′(Tv − μ)

⎞
⎟⎟⎠

= 2(n − η + 1)(n − η) tr(G2).
Proof: Using the same argumentation as in the proof of

the former lemma, we find that

E

⎛
⎜⎜⎝

⎛
⎜⎜⎝

n∑
t,v=η,

t �=v

(Tt − μ)′(Tv − μ)

⎞
⎟⎟⎠

2⎞
⎟⎟⎠

=
n∑

t,v=η,
t �=v

n∑
j,l=η,

j �=l

E
(
(Tt − μ)′(Tv − μ)(T j − μ)′(Tl − μ)

)
.
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Now, we consider E((Tt − μ)′(Tv − μ)(T j − μ)′(Tl − μ)).
If t = j �= v = l and t = l �= v = j , then this expectation is
equal to tr(G2). This occurs 2(n − η + 1)(n − η) times. In all
other cases, the expectation is 0. Consequently,

E

⎛
⎜⎜⎝

⎛
⎜⎜⎝

n∑
t,v=η,

t �=v

(Tt − μ)′(Tv − μ)

⎞
⎟⎟⎠

2⎞
⎟⎟⎠

= 2(n − η + 1)(n − η)tr(G2).

The attempt of [43] motivates the use of the control statistic
Un = max{0,

max
1≤η≤n−1

1√
2(n − η + 1)(n − η)

∑n
t,v=η,

t �=v
(Tt − μ)′(Tv − μ)√

tr(G2)
}.

Note that in [40] and [43] the underlying statistics did not
contain a maximum as they do in our case. Thus, the results of
these authors cannot be applied to characterize the asymptotic
distribution of our control statistics.

For calculating the control statistics Mn and Un , only
O(r2

1 r2
2 ) operations are necessary, while for the determination

of Rn , an inverse matrix must be calculated, which is more
time intensive. The Gauss-Jordan elimination method requires
O(r3

1 r3
2 ) operations. Thus, these quantities can be determined

more qucikly and, consequently, they can be applied to smaller
sizes of ROIs and, therefore, to more ROIs.

A control chart gives a signal if the corresponding control
statistic exceeds a control limit, for example, Un > CU . The
run length of the chart, i.e., the number of periods until a
signal, is then defined as

RLU (CU ) = in f {n ∈ IN | Un > CU }.
The control limits are determined such that, in the in-control
state, the expectation or the median of the run length (ARL or
MRL, respectively) attains a prespecified value ξ . However,
the ARL is not a suitable choice if the distribution of the run
length is skewed or heavy-tailed. For this reason, we consider
the MRL which is robust against these features. The control
limit CU solves the equation

Median(RLU (CU )) = ξ.

We determine the control limits for the remaining two charts
similarly.

IV. SIMULATION STUDY

In order to compare the charts that are introduced, we con-
sider the in-control process to be a computer-generated image
that represents a primitive sketch of a front page of a book
or of a magazine, such as in Fig. 1. This figure defines the
nominal image in our study. The intensities of the pixels of the
further generated images are defined by the values of fi j +ai j ,
as in equations (2) and (3). We set the size of every image
to 300 × 180 pixels and every image consists of sub-images
that represent different parts of the front page, with different
color patterns. For example, a very dark stripe at the top of

Fig. 1. A computer-generated image (the actual size is 300 × 180 pixels).

the image in Fig. 1 consists of 3,420 (19 ×180) pixels and all
of these pixels in this part of the image have the same mean
intensity value fi j = 0.2. The dynamic intensities X̃ t,i j , i =
1, . . . , 300, j = 1, . . . , 180 of every pixel are assumed to
follow a normal distribution with parameters fi j and σ 2

i j .
Thus, the in-control mean values of the pixels are set as equal
to the intensity values of the nominal image. All in-control
variances σ 2

i j , i = 1, . . . , 300, j = 1, . . . , 180 equal 0.032.
Small variances and fi j within the interval [0.2; 0.8] guaran-
tee that the intensities simulated with these parameters stay
within the unit interval. We introduce the spatial correla-
tion of the pixel intensities by exploiting the Euclidean dis-
tance between the pixels and the exponential transformation.
More precisely, Corr(X̃ t,i j , X̃ t,i ′ j ′) = Corr(et,i j , et,i ′ j ′) =
0.9

√
(i ′−i)2+( j ′− j )2

for i, i ′ = 1, . . . , 300, j, j ′ = 1, . . . , 180
in the in-control situation. The constant, 0.9, was chosen due
to the aforementioned remark that neighboring pixels have a
strong positive spatial correlation.

We consider three different settings for the choice of ROIs:
a) ROIs of the size 10 × 10 pixels, resulting in 540 non-

overlapping ROIs (schematically shown in Fig. 2, top);
b) ROIs of the size 20 × 20 pixels, resulting in 135 non-

overlapping ROIs (schematically shown in Fig. 2, bottom);
c) ROIs of the size 20×20 pixels, resulting in 493 overlap-

ping ROIs (the behavior of the overlapping ROIs is sketched
in Fig. 3).

To distinguish between these three settings for the charts
based on the R control statistics, we employ superscripts,
for example, R(10), R(20), and R(20ov). The analysis can be
extended to other types of ROIs either of fixed or varying
sizes.

For every setting, we derive the mean and the covariance
matrix of the local mean T̃t,i j relying on the distributional
assumptions of the pixel intensities mentioned previously.
Next, without losing generality and to ease the computational
load, we simulate the values of T̃t,i j rather than the intensity
values X̃ t,i j of the pixels. Note that the exact distribution
of the control statistics Rn, Mn , and Un introduced in the
previous chapters is not a standard distribution. For that reason,
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Fig. 2. Top: Partitioning of the 300 × 180 pixel image in 10 × 10 ROIs.
Bottom: Partitioning of the 300 × 180 pixel image in 20 × 20 ROIs.

Fig. 3. Sketch of the overlapping for the 20 × 20 ROIs.

the control limits of the control charts are calculated using
simulations. As a calibration criterion, we set the in-control
median run length (MRL0) to equal ξ = 100. To verify
the robustness of the suggested monitoring technique for the
choice of ξ , we repeat the completed analysis for ξ = 200. The
results and the conclusions were almost identical to the find-
ings for ξ = 100; therefore, we will past them to save space.

In practice, the nonlinear equation Median(RL(C))−ξ = 0
for the control limit C is solved numerically. Here, we utilize a
adapted version of the bisection method, since this technique
does not require derivatives of the underlying function. For
each iteration of the bisection algorithm we estimate the
median using 25, 000 independent runs, i.e., 25, 000 times
we run the control chart with simulated data until there is
a signal, collecting data on the observed run lengths. The
resulting control limits are provided in Table I.

A guide for a practitioner on how to estimate the control
limit could consist of the next steps:

TABLE I

CONTROL LIMITS CALIBRATED TO ATTAIN THE MEDIAN
IN-CONTROL RUN LENGTH OF ξ = 100

a) Choose two starting values A1, A2 ∈ R in a way that
Median(RL(A1))−ξ < 0 and Median(RL(A2))−ξ > 0 with
a small number of replications (for example, 400−500). Keep
in mind that the number or replications could be different in
another type of the in-control settings (i.e., different size of
the image, size of the ROI, etc.);

b) Check the sign of Median(RL( A1+A2
2 )) − ξ . If it is > 0,

put A2 := A1+A2
2 , otherwise put A1 := A1+A2

2 ;
c) Keep performing the step b) till Median(RL( A1+A2

2 ))−ξ
equals to one of the next values −5,−4,−3, . . . , 4, 5. Simul-
taneously, increase the number of replications (for example,
to 3000−5000) to obtain a more precise result;

d) If the computed Median(RL( A1+A2
2 )) equals ξ ± 2 for

the chosen number of replications, then adopt A1+A2
2 as the

control limit.
To check the ability of the charts to signal in the out-of-

control state, we consider the following five scenarios for a
change in the mean value of the image areas:

a) The second horizontal stripe, sized 23 × 180 pixels,
becomes brighter. All pixels in this stripe are fully cov-
ered by 72 non-overlapping ROIs of the size 10 × 10
pixels. The mean value of the affected pixels changes
from fi j = 0.4, i = 1, . . . 300, j = 1, . . . 180 to
fi j + δ with δ ∈ {0.005, 0.01, . . . , 0.05}. Fig. 4 contains
the image with δ = 0.15 in its upper middle part. Based
on a purely visual inspection, this shift is the only one
that can be identified clearly, while the identification of
smaller shifts is hardly possible. In Fig. 5, the histogram
of the distribution of the out-of-control RL for the shift
δ = 0.02 is plotted to give the reader a feeling how
long it could take before the chart detected this change.
The histogram demonstrates that less than 23 observations
would be required.

b) The background area of the word “TEXT” in the
computer-generated image, sized 61 × 180 pixels,
becomes darker. The mean value of those pixels is 0.8.
The values for the intensity shifts in the mean are δ ∈
{−0.005,−0.01, . . . ,−0.05}.

c) The word “TEXT” (in which all 2, 550 pixel intensities
equal 0.2) becomes brighter. The intensity values are
shifted by δ ∈ {0.005, 0.01, . . . , 0.05}.

d) The fourth horizontal stripe in the image, sized 23 × 180
pixels, becomes darker. The intensity values are shifted
by δ ∈ {−0.005, −0.01, . . . ,−0.05}. Compared with
scenario 1, all pixels in this stripe are fully covered by
54 non-overlapping ROIs of the size 10 × 10 pixels.

e) The left half of the image gets darker. The intensity values
are shifted by δ ∈ {−0.005, −0.01, . . . ,−0.025}.

Fig. 4 illustrates the changes in scenarios a) – e). These
images visualize the shifted mean intensities fi j + ai j without
the noise component. The corresponding out-of-control MRLs,
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Fig. 4. The computer-generated images. Top: left – without change; middle
– change, type a); right – change, type b). Bottom: left – change, type c);
middle – change, type d); right – change, type e). The shifts are δ = 0.15 for
changes a) — d) and δ = 0.025 for change e).

Fig. 5. Histogram of the out-of-control RL for the R10
n chart. Case a),

δ = 0.02, 104 repetitions. The red line indicates the corresponding out-of-
control MRL.

based on the 104 repetitions, can be found in Table II and
Fig. 6. The charts are then calibrated to attain the MRL0 = 100
in the in-control state; therefore, all curves start at (0, 100).
The MRLs rapidly decrease for most types of changes and
the MRL of 20 is attained for the shift δ = 0.01. Note that a
change in intensity by 0.01 is, in fact, almost invisible to the
human eye, yet the chart manages to detect the change quickly
after the shift occurs.

While none of the charts have shown the best performance
in all scenarios, Un with the non-overlapping ROIs of the size
20 × 20 pixels has delivered the best results in three out of
five of the out-of-control scenarios. In the third out-of-control

TABLE II

OUT-OF-CONTROL MRLS OF THE CONTROL CHARTS Rn , Mn ,
AND Un FOR THE SCENARIOS DESCRIBED IN A) – E)

scenario, the Rn chart appears to be the best. In the third
scenario, the smallest number of pixels were changed when
compared with the others, which could be a possible reason
for the better performance of the Rn chart in this case. The dis-
advantage of Rn is that, contrary to Mn and Un , it depends on
the inverse of the covariance matrix. This quantity is difficult
to determine in a high-dimensional situation. Moreover, in this
paper, we do not discuss the influence of parameter estimation
on the charts; the determination of the inverse would be even
more complicated taking into account the estimation risk.
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Fig. 6. Out-of-control MRLs of the control charts Rn , Mn , and Un for the
scenarios described in a) – e).

To assess the advantages of the proposed monitoring
schemes, we choose the Hotelling’s T 2 multivariate control

TABLE III

CONTROL LIMITS OF THE HOTELLING’S T 2
n CHART WITH

THE MEDIAN IN-CONTROL RUN LENGTH OF ξ = 100

TABLE IV

OUT-OF-CONTROL MRLS OF THE HOTELLING’S T 2
n

CHART FOR THE SCENARIOS A) – E)

chart as a benchmark. We again assume that the mean vector
and the covariance matrix are known, to guarantee a fair
comparison. The standardized version of the control statistic
at time n is given by

T 2
n = (Tn − μ)′ G−1 (Tn − μ) − r√

2r
.

Note that, in the in-control case, the non-standardized control
statistic follows a χ2-square distribution with r degrees of
freedom, where r is the dimension of the vector Ti . Since
we employ the MRL as the performance measure, we cannot
utilize our knowledge of the distribution of the control statistic
T 2

n to determine the control limits and, thereby, determine
them numerically as above. The control limits for the chosen
sizes of the ROIs CH (10) , CH (20) , CH (20ov) with MRL0 = 100
are estimated using 25, 000 independent repetitions; they can
be found in Table III. The out-of-control MRLs for the
scenarios a) — e) are given in Table IV. According to the
out-of-control MRLs, our new charts perform better than the
Hotelling’s T 2 in general.

Intuitively, the ability of the charts to signal (whether the
control limit has been exceeded) depends on the choice of the
minimal size of the ROI. As is analyzed in [35], the size of
the ROI should be chosen similar to the size of the area of
the expected defect. If the size of the ROI is smaller than the
expected area of the defect, then the chart would supposedly
signal faster than in the case where the size of the ROI is larger.
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TABLE V

OUT-OF-CONTROL MRLS, MEANS AND STANDARD DEVIATIONS

FOR THE R(20) CHART IN SCENARIO A)

Fig. 7. Indexed ROIs and the corresponding in-control and estimated
mean intensities for the R(20) chart in scenario a), δ = 0.05, shifts are
in ROIs 10–18.

We believe that a similar statement could be made concerning
the number of changed pixels when the changes in the area are
no longer convex, as in the third scenario. The advantage of
overlapping ROIs is also seen in the third scenario, in which
the chart with overlapping ROIs sized 20×20 pixels performed
better than its non-overlapping same-sized counterpart.

There are many additional methods that benefit a prac-
titioner when employing monitoring techniques with image
data. Some of these are typical for monitoring in general,
i.e., change point detection, while others are more specific,
since they are used only for monitoring image processes.
We demonstrate some of these methods, applying the perfor-
mance of the control chart R(20) in the first out-of-control
situation a).

To gain more information about the distribution of the
run lengths, one could also compute its mean and standard
deviation in addition to its median, as in Table V. As can be
seen in the table, we find that for larger shifts the mean and
the median are similar while using R(20). The values of the
standard deviation, meanwhile, are large for small shifts and
become smaller with larger δ.

After the chart signals, an additional plot can be generated,
as in Fig. 7, to estimate the size of the shift in the mean
intensities of the ROIs. To this end, we ordered the ROIs from
left to right and, top to bottom, utilizing the partitioning in the
bottom of Fig. 2, and plotted their index on the horizontal
axis. The corresponding mean intensities were plotted on
the vertical axis. Black circles illustrate the in-control mean
intensities, while transparent squares indicate the estimated
mean intensities after the signal. In scenario a), the faulty area
is mostly covered by the ROIs 10 − 18 and the large resulting
changes can be seen in the plot.

Reference [35] advise that the Dice similarity coeffi-
cient (DSC) could be employed to determine how well a chart

estimates the size of the change. Since we use ROIs of a fixed
size, we compute the DSC as an assessment tool to associate
the ROIs and the area where the shift occurred. Let F denote
the area of the change. Then the DSC for the i th ROI is defined
as

DSCi = 2|F ∩ Ii |
|F | + |Ii | .

In our setting, we focus on the maximum of DSCi ’s, i.e., the
DSCmax = maxi DSCi , and, thus, the largest fraction of the
fault area covered by a single ROI. DSC equal to one implies
that the fault area is completely covered by a single ROI.
Small values of DSCi indicate that the i th ROI covers only
a small fraction of the faulty area. For the statistic R(20) and
scenario a), the maximal possible DSCmax = 2×(20×20)

23×180+20×20 =
40
227 ≈ 0.176. This motivates further research on the optimal
or dynamical choice of ROIs.

V. CONCLUSION

In this paper, we have discussed the problem of monitoring
an image process over time. Since the number of pixels
is huge, we face a high-dimensional problem and, for that
reason, methods for high-dimensional data should be applied
in particular. While many authors assume an independent
residual process, we have taken the spatial correlation structure
of the pixels into account. In order to reduce the dimensionality
of the data, we built ROIs for every image and utilized the local
statistical characteristics of those ROIs. We considered three
possible control statistics and motivated them. In an extensive
simulation study, we compare these three control designs with
each other in various out-of-control situations. The chart Un

demonstrated results that were moderately better than those
for the other two charts. The two control charts, Mn and Un ,
employ simpler control statistics that are much easier to handle
in a high-dimensional setting than Rn .

APPENDIX

DERIVATION OF THE GLR CHART

Proof: Assuming a change at position 1 ≤ η ≤ n,
the density of T1, . . . Tn is given by

fη(T1, . . . , Tn) = 1

(2π)
rn
2 (det G)

n
2

× exp

⎛
⎝−1

2

η−1∑
t=1

(Tt − μ)′G−1(Tt − μ)

− 1

2

n∑
t=η

(Tt − μ−�)′G−1(Tt − μ−�)

⎞
⎠ .

Thus,

−2 log fη(T1, . . . , Tn) = 2 log((2π)
rn
2 (det G)

n
2 )

+
η−1∑
t=1

(Tt − μ)′G−1(Tt − μ)

+
n∑

t=η

(Tt −μ−�)′G−1(Tt −μ−�).
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Setting

δ

δ�
(−2 log fη(T1, . . . , Tn))

= 2(n − η + 1)G−1� − 2
n∑

t=η

G−1(Tt − μ) = 0

leads to

�̂η,n = 1

n − η + 1

n∑
t=η

(Tt − μ) = 1

n − η + 1

n∑
t=η

Tt − μ.

Let f0 denote the density of f under the null hypothesis, e.g.,
H0 : � = 0. Consequently,

−2 log f0(T1, . . . , Tn) + 2 log max
0≤η≤n

max
�

fη(T1 . . . , Tn)

= max

{
0, max

1≤η≤n

(
n∑

t=η

(Tt − μ)′G−1(Tt − μ)

)

−
n∑

t=η

(Tt − μ − �̂η,n)
′G−1(Tt − μ − �̂η,n)

}

= max

{
0, max

1≤η≤n

(
2�̂′

η,nG−1
n∑

t=η

(Tt − μ)

− (n − η + 1)�̂′
η,nG−1�̂η,n

)}

= max
1≤η≤n

(n − η + 1)�̂′
η,nG−1�̂η,n.

Thus, the control statistic is given by

Rn = max
1≤η≤n

(n − η + 1)�̂′
η,nG−1�̂η,n.
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