Quantum Topol. 11 (2020), 691-837 Quantum Topology
DOI 10.4171/QT/144 © European Mathematical Society

Homological algebra related to surfaces with boundary

Kai Cieliebak, Kenji Fukaya, and Janko Latschev

Abstract. In this article we describe an algebraic framework which can be used in three
related but different contexts: string topology, symplectic field theory, and Lagrangian
Floer theory of higher genus.

Mathematics Subject Classification (2020). 18M85, 19D55, 55P50, 53D42.

Keywords. Loop space, string topology, symplectic field theory, cyclic homology, pertur-
bative Chern—Simons theory, ribbon graph, involutive Lie bialgebra.

Contents
1 Introduction . . . .. .. ... ... 692
2 Involutive Lie bialgebras up to infinite homotopy . . . . . . .. .. .. 699
3 Obstructions . . . . . . ... e 715
4 Homotopy of morphisms . . . . .. ... ... .. ... ... .. ... 722
5 Homotopyinverse . . . . . . . . . . .. it 728
6 Canonicalmodel . . ... ... ... ... 732
7 Relation to differential Weyl algebras . . . . . . ... ... ... ... 735
8 Filtered IBLo-structures . . . . . . . . . . . . . e 743
9 Maurer—Cartanelements . . . . . . . .. ... ... 756
10 The dual cyclic bar complex of a cyclic cochain complex . . . . . . . . 761
11 The dIBL structure associated to a subcomplex . . . . . .. ... ... 781
12 The dual cyclic bar complex of acyclic DGA . . . . . ... ... ... 806
13 The dual cyclic bar complex of the de Rham complex . . . ... ... 815
A Orientations on the homology of surfaces . . . . ... ... ... ... 828

References. . . . . . . . . . e 830



692 K. Cieliebak, K. Fukaya, and J. Latschev

1. Introduction

The purpose of this article is to describe an algebraic framework which can be used
for three related but different purposes: (equivariant) string topology [16, 17, 75],
symplectic field theory [31], and Lagrangian Floer theory [32, 64] of higher
genus. It turns out that the relevant algebraic structure for all three contexts is
a homotopy version of involutive bi-Lie algebras, which we call IBLy-algebras.
This concept has its roots in such diverse fields as string field theory [81, 83, 73,
61], noncommutative geometry [1, 50], homotopy theory [76], and others. To
avoid confusion, let us emphasize right away that the algebraic structure is not a
topological field theory in the sense of Atiyah and Segal ([2, 68], see also [24, 25]).

The structure we discuss encodes the combinatorial structure of certain com-
pactifications of moduli spaces of Riemann surfaces with punctures and/or with
boundary. Informally, this relation can be described as follows. To each topologi-
cal type of a compact connected oriented surface, characterized by its genus g > 0,
the number £k > 1 of “incoming” boundary components and the number £ > 1
of “outgoing” boundary components, one associates a linear map C®* — C®¢
between tensor powers of a given vector space (satisfying certain symmetry prop-
erties). Compositions of such maps correspond to (partial) gluing of incoming
boundaries of the second to outgoing boundary components of the first map.
However, in contrast to a topological field theory, we do not require composi-
tions corresponding to the same end result of gluing to agree. Instead, the case
(k. £, g) = (1,1,0) gives rise to a boundary map p;,1,0: C — C squaring to zero,
and the cases (2, 1,0) and (1,2, 0) give rise to chain maps p,.1,0: C®? — C and
p1.2.0: C — C®? with respect to this boundary operator. In general, the operation
associated to the surface of signature (k, £, g) is a chain homotopy from the zero
map to the sum of all possible compositions resulting in genus g with k incoming
and £ outgoing boundaries.

IBL-algebras. To be more precise, we first introduce some notations (full
details appear in §2). Let R be a commutative ring which contains Q (think of
R = Qor R). Let C be a free graded module over R. Its degree shifted version
C[1] has graded pieces C[1]¥ = C**!. We consider the symmetric product

ExC = (C[1]®r--- Qr C[1])/ ~,

that is the quotient of the tensor product by the action of the symmetric group
permuting the factors with signs. Let EC be the direct sum .., ExC.

Next consider a series of R-module homomorphisms py ¢ ¢: EkC — E,C in-
dexed by triples of integers k, £ > 1, g > 0. (They will also have specific degrees,
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which we ignore in this introduction). They canonically extend to R-linear maps
ﬁk,e,gl EC — EC (see §2). We introduce the formal sum

Bi= ) PreghTETI TSR EC T — EC{AL T,
k,{>1,g>0

where EC {%, 7} denotes the space of power series in the formal variables 7, t with
coefficients in EC.

Definition 1.1. We say that (C, {p ¢, }k,¢>1,g>0) is an IBL-algebra if
fop=0.

Note that £C has both an algebra and a coalgebra structure. However, due to
the fact that both k and £ are allowed to be greater than 1, p is neither a derivation
nor a coderivation. In fact, one can show that px ¢ . is a differential operator
of degree k in the sense of graded commutative rings (see [21] and §7). The
symmetric bar complex EC then inherits a structure which is a special case of
what was called a BV o, structure in [21] (see also [1, 76]). This structure can also
be described in terms of a Weyl algebra formalism (see §7). Such a formulation
has its origin in the physics literature (see for example [56]) and in [1, 50]. The
description of symplectic field theory in [31] is of this form. The formulation in
Definition 1.1 is closer to one whose origin is in algebraic topology ([54, 72] etc.).
It is also close to the algebraic formulation of Lagrangian Floer theory in [37].

In the applications in the context of holomorphic curves that we have in mind,
one is often faced with the following situation. The principal object of interest
is geometric, for example a Lagrangian submanifold L C (W, w) in a symplectic
manifold. To analyze it, one chooses as auxilliary data a suitable almost complex
structure J, and studies J-holomorphic curves. Due to transversality issues, there
are often many additional choices that need to be made, but eventually one writes
down a chain complex with operations such as the py ¢ , described above, where
k, £ and g have the expected meaning in terms of the holomorphic curves.

Then one is faced with the task of proving independence of the algebraic
structure of all choices made. One of the standard methods is to again use
holomorphic curves to define morphisms between the algebraic structures for
two different choices, as well as chain homotopies between them. To organize
such proofs, it is therefore useful to have explicit algebraic descriptions of the
structures, the morphisms and the homotopies that arise.

The first goal of this paper is to develop the homotopy theory of IBL, algebras
from this point of view. We follow the standard approach via obstruction theory,
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which leads to fairly explicit formulas. In §2 we define IBL-algebras and their
morphisms, and discuss the defining relations from various points of view. In §3,
we prepare for the homotopy theory by identifying the obstructions to extending
certain partial structures or partial morphisms inductively. In §4 we introduce
the notion of homotopy and show that it defines an equivalence relation. We also
prove that compositions of homotopic morphisms are homotopic.

Note that it follows from the defining equation for an IBL-algebra that the
map p1,1,0: C[1] = C[1] is a boundary operator, i.e. we have p1.1,0 © p1,1,0 = 0.
Moreover, it turns out that part of any morphism §: (C, {px¢,¢}) — (C’, {p}c, ()
of IBLo-algebras is a chain map f;.1,0: (C, p1,1,0) = (C’, P/1,1,o)- In §5 we prove
the following

Theorem 1.2. Let f be a morphism of IBL~-algebras such that {11 o induces an
isomorphism on homology. If R is a field of characteristic 0, then f is a homotopy
equivalence of IBLy-algebras.

In §6 we prove that every IBL-structure can be pushed onto its homology:

Theorem 1.3. If R is a field of characteristic 0 and (C,{pk¢,¢}) is an IBL-alge-
bra over R, then there exists an IBLyo-structure on its homology H = H(C, p1,1,0)
which is homotopy equivalent to (C,{pk ¢,g})-

Weyl algebras and symplectic field theory. In §7 we discuss the relationship of
IBLo-structures with the Weyl algebra formalism which is used in the formulation
of symplectic field theory [31]. In a nutshell, the relation is as follows.

In symplectic field theory, the information on moduli spaces of holomorphic
curves in the symplectization of a contact manifold is packaged in a certain Hamil-
tonian function H, which is a formal power series in p-variables (corresponding
to positive asymptotics, or “inputs”) and # (corresponding to genus) with poly-
nomial coefficients in the g-variables (corresponding to negative asymptotics, or
“outputs”). The exactness of the symplectic form on the symplectization forces
H|,—o = 0. There is a notion of augmentation in this context, which allows one
to change the structure to also achieve H|,—o = 0. Geometrically, augmentations
arise from symplectic fillings of the given contact manifold. It is this augmented
part of symplectic field theory which is shown to be equivalent to the IBL, for-
malism described here.

Let us also mention that in [30] the Weyl algebra formalism was shown to
be equivalent to the structure of an algebra over a certain properad, at least on the
level of objects. The emergence of IBL,-operations on S ! -equivariant symplectic
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homology (which in view of [13] is essentially equivalent to symplectic field
theory) is outlined in [70].

Filtrations and Maurer—Cartan elements. For various applications one needs
the more general notion of a filtered IBL-algebra which we introduce in §8.
As is common in homotopical algebra, there is a version of the Maurer—Cartan
equation for our structure. We discuss this in §9, where we show that Maurer—
Cartan elements have many of the expected properties.

This concludes the basic part of the theory. The remaining part of the paper
gives some ideas how IBL-structures arise in algebraic and symplectic topology.

The dual cyclic bar complex of a cyclic DGA. The relation of string topology
to Hochschild cohomology (of, say, the de Rham complex) and to Chen’s iterated
integrals [19] has already been described by various authors, see e.g. [23, 49, 59,
26, 69, 35, 75]. In particular, our operator p5 1,9 is an S!-equivariant version of
the Gerstenhaber bracket [40] in that case. Our description below can be regarded
as a ‘higher genus analogue’ of it.

With de Rham cohomology in mind, let us restrict to R = R. Recall that
an As.-algebra structure on a graded R-vector space A consists of a series of
R-linear maps my: A[1]®% — A[1] for k > 1, which are assumed to satisfy the
so called Aso-relations (see §12). A cyclic Ax-algebra in addition comes with a
nondegenerate pairing (,): A ® A — R, of degree —n such that

(g (x1, -+, Xg), Xo) = (=) (g (x0, -+, Xk—1), Xx)

with suitable signs (—1)*. The notion of an A ,-algebra was introduced by Stasheft
[73] and cyclic Ao-algebras were used in a related context by Kontsevich [51].
Their relation to symplectic topology was discussed in [51, 33, 18].

We can construct a dIBL-algebra (i.e., an IBL-algebra whose only nonvan-
ishing terms are p1.1,0, P1,2,0 and p2.1,0) from a cyclic differential graded algebra
(DGA) as follows. We let B,inA be the quotient of A[1]®¥ by the Z-action which
cyclically permutes the factors with signs. In §10 and §11 we prove the following
two results.

Proposition 1.4. Let (A,({-,-),d) be a finite dimensional cyclic cochain com-
plex whose pairing has degree —n. Then the shifted dual cyclic bar complex
(BY*A)[2 — n] = Dy Hom(B,inA, R)[2 — n] carries natural operations
P1.1,0 = d, P2,1,0 and p1,2,0 which make it a dIBL-algebra.
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Theorem 1.5. The IBL-structure in Proposition 1.4 is IBL«-homotopy equivalent
to the analogous structure on the dual cyclic bar complex of the cohomology
H(A,d).

So far, the algebra structure on A was not used. In §12 we take it into account
and prove

Proposition 1.6. Ler A be a finite dimensional cyclic DGA whose pairing has
degree —n. Then its product m, gives rise to a Maurer—Cartan element m;' for
the dIBL-structure on the dual cyclic bar complex of A (completed with respect to
its canonical filtration).

We can twist the dIBL-structure of Proposition 1.4 by the Maurer—Cartan
element from Proposition 1.6 to obtain a twisted filtered dIBL-structure on the dual
cyclic bar complex (B<Y“* A)[2 — n]. Using (the filtered version of ) Theorem 1.3,
this structure can be pushed to its homology with respect to the twisted differential.
Moreover, using Theorem 1.5 and general homotopy theory of IBL,-algebras we
prove

Theorem 1.7. Let A be a finite dimensional cyclic DGA whose pairing has
degree —n, and let H = H(A,d) be its cohomology. Then there exists a
filtered IBLo-structure on (BY* H)[2 — n] which is IBLy-homotopy equivalent
to (BYY* A)[2 —n] with its twisted filtered dIBL-structure. Its homology equals the
cyclic cohomology of A.

Remark 1.8. (1) Theorem 1.7 together with its idea of proof using summation
over ribbon graphs was explained by the authors on several occasions, for example
by the second named author at the conference ‘Higher Structures in Geometry and
Physics’ in Paris 2007. At the final stage of completing this paper, the authors
found that results in [6] and [20] seem to be closely related to Theorem 1.7.

(2) The idea of using trees or ribbon trees to study algebraic structures on
Hochschild complexes has appeared already in work by many authors. The us-
age of more general graphs on surfaces in studying higher algebraic structure is
less established. Such graphs appear in Kontsevich and Soibelman [53] and in
Costello [27]. The relation between the appearance of graphs on surfaces in those
works and ours is not entirely clear to us.

The de Rham complex and string topology. Now consider the de Rham com-
plex (2(M), d) of a closed oriented manifold M. The wedge product and the
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intersection pairing f;, u A v give (M) the structure of a cyclic DGA. However,
it is not finite dimensional, so we cannot directly apply the theory in §10 and §11.
To remedy this, we introduce in §13 the subspaces B;”“"Q(M)os C B, QM)
of operators with smooth kernel and prove the following analogues of Proposi-
tion 1.4 and Theorem 1.5 (see §13 for the relevant definitions)

Proposition 1.9. Let M be a closed oriented manifold of dimension n. Then
BY*Q(M)oo[2 — n] carries the structure of a Fréchet dIBL-algebra.

Theorem 1.10. The Fréchet dIBL-structure in Proposition 1.9 is IBLy,-homo-
topy equivalent to the analogous structure on the dual cyclic bar complex of the
de Rham cohomology Har(M).

The triple intersection product m; (u,v,w) = (=1)* [, u Av A w defines an
element m) € B;yC*Q(M ) satisfying the equations of a Maurer—Cartan element.
However, mJ does not have a smooth kernel, so we cannot use it directly to twist
the Fréchet dIBL-structure. Nevertheless, we expect that by pushing the structure
onto the (finite dimensional!) de Rham cohomology Hqr(M) = H(2(M),d)
one can prove the following analogue of Theorem 1.7.

Conjecture 1.11. Let M be a closed oriented manifold of dimension n and H =
Her(M) its de Rham cohomology. Then there exists a filtered IBL-structure
on BY* H[2 — n] whose homology equals the cyclic cohomology of the de Rham
complex of M.

If M is simply connected, then the cyclic cohomology of the de Rham complex
of M is closely related to the S '-equivariant homology H ! (L M) of the free loop
space LM . More precisely, denote by A the de Rham complex Q(M ), negatively
graded such that its differential has degree —1. Then we have a commuting
diagram with exact rows

. — HC_sy2(A) — HC_(A) — HC=, ., (A) — HC_ny1(4) — -

SR I

s — HI2(pt) — HC_(A) — HI'LM) — HI'(pt) —> -+

Here the upper row is the exact sequence from Jones [47] relating cyclic homol-
ogy HC.(A), negative cyclic homology H C, (A), and periodic cyclic homology
HC, (A). The third vertical isomorphism is due to Jones [47] and the first vertical
isomorphism is due Goodwillie [41], relating HC_.(A)to H s1(PY) = R[u, ul,
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the u-localized S'-equivariant cohomology of a point. From the bottom row
we read off (see [22] for details) the isomorphism HC _.(A) =~ H ;1_1 (LM, pt)
between the cyclic homology of A, reduced with respect to the augmentation
Q(M) — Q(pt) = R, and the S'-equivariant cohomology of LM relative
to a point (viewed as a constant loop). Dually, we obtain the isomorphism
HC™™(A) = Hf_ll (LM, pt). We conjecture that under this identification the in-
volutive Lie bialgebra structure induced by the IBL,-structure in Conjecture 1.11
agrees with the string bracket and cobracket described by Chas and Sullivan
in [16, 17]. This is supposed to be a special case of such a structure on the equi-
variant loop space homology of any closed oriented manifold M, see [75, 21].

The strategy to prove Conjecture 1.11 is to mimic the proof of Theorem 1.7 in
the de Rham case. Then finite sums over basis elements get replaced by multiple
integrals involving the Green kernel associated to a Riemannian metric on M,
in a way similar to [48, 52, 34] and to perturbative Chern—Simons gauge theory
[82, 8]. The difficulty in making this rigorous arises from possible divergences at
the diagonal where some integration variables become equal. We hope to show in
future work that this problem can be resolved in a similar way as in perturbative
Chern—Simons gauge theory [3].

Remark 1.12. In this paper we are interested in S'-equivariant string topology.
There is also a non-equivariant version of string topology which has been much
better studied. Here the relevant structure on homology is that of a Batalin—
Vilkovisky (BV) algebra, and its chain level structure that of a BV «-algebra, see
e.g. [16, 78, 80]. Symplectic field theory is by construction an S!-equivariant
theory, whose non-equivariant version has not yet been fully developed.

Lagrangian Floer theory. Finally, consider an n-dimensional closed oriented
Lagrangian submanifold L of a symplectic manifold (W, w) (closed or convex
at infinity). Then holomorphic curves in W with boundary on L give rise to a
further deformation of the IBL-structure in Conjecture 1.11 associated to L.
The structure arising from holomorphic disks has been described in [35], and the
general structure (in slightly different language) in [21]. In the terminology of this
paper, it can be described as follows.

It is proved in [37, 36] that moduli spaces of holomorphic disks with boundary
on L give rise to a (filtered) cyclic Aoo-structure on its de Rham cohomology
Hgr(L). Moduli spaces of holomorpic curves of genus zero with several boundary
components should give rise to a solution of an appropriate version of Batalin—
Vilkovisky Master equation, see §12. Moreover, this data can be further enhanced
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using holomorphic curves of higher genus. We prove in §12 that Proposition 1.6
carries over to such A..-algebras, so we arrive at the following

Conjecture 1.13. Let L be an n-dimensional closed oriented Lagrangian sub-
manifold L of a symplectic manifold (W, w) (closed or convex at infinity) and
let H = Hgr(M) be its de Rham cohomology. Then there exists a filtered
IBLoo-structure on BY* H[2 — n] whose homology equals the cyclic cohomol-
ogy of the cyclic Aso-structure on H constructed in [37, 36].

Remark 1.14. Suppose that 7: W — D is an exact symplectic Lefschetz fibration
over the disk (e.g. any Stein domain W admits such a fibration) andlet Ly, ..., Ly,
be the vanishing cycles. A conjecture of Seidel ([71], see [11] for further evi-
dence for this conjecture) asserts that the symplectic homology of W equals the
Hochschild homology of a certain Ao.-category with objects Lq,...,L,. An
equivariant version of this conjecture would equate the S!-equivariant symplec-
tic homology SH (W) (reduced with respect to a point viewed as the minimum
of a defining Hamiltonian) to the reduced cyclic homology of this 4-category.
Hence the IBL 4, -structure on SH;I (W) mentioned above would follow from this
conjecture and an extension of Proposition 1.6 to suitable A-categories.

Note added in proof. Since the time we originally submitted this article for
publication, a number of related works have appeared, among them [9, 29, 44, 46,
57, 60].

Acknowledgements. We thank A. Cattaneo, E. Getzler, P. Hijek, B. Jurco,
K. Miinster, 1. Sachs, B. Vallette, and E. Volkov for stimulating discussions. We
also thank S. Baranikov, G. Drummond-Cole, A. Voronov, and the anonymous
referee for their comments about earlier versions of this paper.

2. Involutive Lie bialgebras up to infinite homotopy

In this section we define involutive Lie bialgebras up to infinite homotopy, or
briefly IBL-algebras, and morphisms among them.

Let R be a commutative ring with unit that contains Q. Let C = @, C* be
a free graded R-module.

It is convenient to introduce the degree shifted version C[1] of C by setting
C[1]¢ := C?*+!, Thus the degrees deg c in C and |c| in C[1] are related by

lc| = dege — 1.
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We introduce the k-fold symmetric product
ExC = (C[1]®r--- @rC[1])/ ~

as the quotient of the k-fold tensor product under the standard action of the
symmetric group Sy permuting the factors with signs, and the reduced symmetric
algebra

EC := @Ekc.
k>1

Note that we do not include a constant term in £C. As usual, we write the
equivalence class of c; ® - ® ¢ in ExC as ¢y ---ck.

Remark 2.1. More precisely, we set EC 1= Dy, C [1]®% /3, where J is the two-
sided ideal generated by all elements ¢ ® ¢’ — (—1)!l¢'l¢’ ® ¢. Since R contains
Q), EC is canonically isomorphic as a graded R-module to the subspace

(D C[1]®k)symm c Penet
k>1 >1

of invariant tensors under the action of the symmetric group. An inverse of the
quotient map ( D1 C [1]°3”€)bymm — EC is given by the symmetrization map

1
I(cy---ck) = =l Zs(p)cp(l) &+ ® Cp(k)-
PESK
Here the sign ¢(p) (which depends on the ¢;) is defined by the equation
Co(1) " Cp(k) = 8(,0)01 ceeCk

We extend any linear map ¢: ExC — E;C to a linear map ¢: EC — EC by
¢ :=0on E,C form < k and

Pler---cm) =D e(PIP(Co(r) -+ o) )Colk+1) -+ Cotm)
PESM
p(1)<-<p(k)
p(k+1)<--<p(m) (2 1)

£(p)
Z kl(m k)' (Cp(l) (’P(k))cp(k+1) “Cp(m)-

for m > k. Note that ¢ maps Ej;C to E;4,C for every s > 0.

Remark 2.2. The map ¢ is a differential operator of order < k and a “codif-
ferential operator” of order < ¢. In particular, ¢ is a derivation if k = 1 and a
coderivation if £ = 1.



Homological algebra related to surfaces with boundary 701
Now we consider a series of graded R-module homomorphisms
P ExC — E¢C, k>1,L>1,g>0
of degree
IPi,gl = —2d(k +g—1)—1

for some fixed integer d. Define the operator

o
Z Zﬁkl,ghkﬂ—lfk““g—z: EC{h,t} —> EC{h, 1},
k,t=1 g=0

where % and t are formal variables of degree
|h| :=2d, || =0,

and EC{h, t} denotes formal power series in these variables with coefficients
in EC.

Definition 2.3. We say that (C, {pk.¢,¢ }k,e>1,¢>0) i an IBL-algebra of degree
d if
pop=0. (2.2)

Remark 2.4. The algebra over the Frobenius properad appearing in [14] is closely
related to the IBL,-algebra. The Koszul-ness of the former in the sense of [79]
is proved in [14]. It provides a purely algebraic reasoning for this structure being
a ‘correct’ infinity version of an involutive Lie bialgebra. We however do not use
this fact in this paper.

Let us explain this definition from various angles.
(1) One can write equation (2.2) more explicitly as the sequence of equations

g+1
Z Z(pkz,ﬂzagz ° Pky 1,60 Exc =0 (2.3)
t=2—min(k,l) ki+kr=k+t

L1+l =L+t

g1+g2=g+1-t
for each triple (k, £, g) with k, £ > 1 and g > 1 —min(k, £). Indeed, equation (2.3)
is the part of the coefficient of #X T8~ 17k+t+28-2 in (2.2) mapping ExC to E,C.
Note that negative g may well appear here (see the discussion in (2) below on
the interpretation of g), while g; and g, are nonnegative and the k; and ¢; are at
least 1.



702 K. Cieliebak, K. Fukaya, and J. Latschev

More appropriately, one should view equation (2.3) as the definition of an
IBLo-structure, and the formal variables #, t are mere bookkeeping devices that
allow us to write this equation in the more concise form (2.2). Alternatively, we
could also consider equation (2.2) on the space [ [;.; ExC{h}.

(2) It is instructive to think of px ¢ , as an operation associated to a compact
connected oriented surface S ¢ o of signature (k, £, g),i.e. with k incoming and £
outgoing boundary components and of genus g. Then the coefficientk +£{+42g—2
of the formal variable 7 is the negative Euler characteristic of S ¢ .

Figure 1. On the left is a pictorial representation of ps 4 .3 by a surface with signa-
ture (5,4,3), with incoming boundaries drawn at the top and outgoing boundaries at
the bottom. The whole picture would be our graphical representation of the extension

P5.4.3: E542C — E445C.

It is also useful to think of the identity C — C as the operation associated
to a trivial cylinder. Then the extension px ¢ ¢: Ex+,C — Eg4,C corresponds
to the disjoint union of Si ¢ ¢ with r trivial cylinders. Define the genus g € Z
of a possibly disconnected surface with k incoming and £ outgoing boundary
components such that its Euler characteristic equals 2 —2g —k — ¢, so e.g. adding
a cylinder lowers the genus by one. Then the terms of the form Py, ¢, ¢, © Pk, .4.¢:
on the left hand side of (2.3) correspond to all possible gluings of (a connected
surface of signature (k1, {1, g1) union trivial cylinders) with (a connected surface
of signature (k», £,, g») union trivial cylinders) to a possibly disconnected surface
of signature (k, ¢, g).

(3) The variable #% is analogous to the 7 appearing in the SFT formalism. In the
SFT context, its grading depends on the dimension of the contact manifold (V, &)
under consideration (more precisely when dim V = 2n—1then || = 2(n—3), i.e.
d = n—3), and is related to the dimensions of the moduli spaces of holomorphic
curves used to define the operations. Its inclusion makes p homogeneous of
degree —1.

The following definition will be repeatedly used in inductive arguments.
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Definition 2.5. We define a linear order on signatures by saying (k’, ¢, g’) <
(k, £, g) if one of the following conditions holds:

ik + 0 +2¢ <k+0+2g,
ii. K +¢ +2¢'=k+{+2gandg > g,or
iii. K" +4 +2¢'=k+{+2gandg =gandk’ <k.

This choice of ordering is explained in Remark 2.7 below. The sequence of
ordered signatures starts with

(1,1,0) < (1,2,0) < (2,1,0) < (1,1,1) < (1,3,0) < (2,2,0) < (3,1,0) < --- .

(3) The preceding discussion suggests that (2.3) can be reformulated in terms
of gluing to connected surfaces. For this, let us denote by i, ¢,.¢, s Pk, .¢,,¢, the
part of the composition where exactly s of the inputs of pg, ¢, o, are outputs of

Pkit1.g1-

Lemma 2.6. Equation (2.2) is equivalent to the sequence of equations

g+1

DD (oo 05 P trg)|Ecc =0, k£=1.g=0. (24
s=1 kyi+ky=k+s

L1+Hlr=L+s

g1+g82=g+1-s

Moreover, for (k,£,g) > (1,1,0) equation (2.4) has the form

P1,1,0 © Pit.g + Phot,g ©P1,10 + Prgg =0 (2.5)

with
g+1

Pk,Z,g = Z Z(pkz,ﬂz,gz Og pkl,ﬁl,g1)|EkC,
s=1 ki+ky=k+s
L1+Lr=L+s
g1t+g2=g+1-s
(ki .¢;.81)#(1,1,0)
where Py o: ExC — E(C involves only compositions of terms pys g o+ whose

signatures satisfy (1,1,0) < (k’, ¢, g") < (k, L, g).

Remark 2.7. The order < on signatures was chosen so that (2.3) for all signatures
(k,1,g) =< (K, L,G)isequivalent to (2.4) for the same range of signatures. Other
choices are possible.
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Figure 2. A typical term in §5 4.3 03 P5.2.2: E7C — E3C, appearing on the left hand side
of equation (2.4) for (k, €, g) = (7,3,7).

Proof. Abbreviate the left-hand side of (2.4) by

g+1
Uty = Y (Prrtag5 O Pry 61| Bt ExC —> EC.
s=1 ky+kr=k+s
L1+Hlr=L+s
g1+g2=g+1-s
Note that the terms of the form P, ¢,.¢, ©5 Pk ,¢,,¢, ON the right hand side of
this definition correspond to all possible gluings of two surfaces of signatures
(k1,41,g1) and (k2, £5, g2) along s boundary loops (outgoing for the first one and
incoming for the second one) to a connected surface of signature (k, £, g). Denote
by Gk, ¢,¢ the usual extension. Then

min(k,{)—1 min(k,£)—1 g+1+r

Z 6lk—r,(—r,g—i—r = Z Z Z(ﬁkz,éz,gz Os ﬁkl,ﬁl,g1)|EkC
r=0 r=0

s=1 ki+kr,=k+s—r
Li+Hlo=L+s—r
g1t+g2=g+1—s+r

g+1

= Z Z(ﬁkz,fz,gz oﬁkl,fl,g1)|EkC-

t=2—min(k,l) ki+kr=k+t
L1+l =L+t
g1t+g2=g+1-t

Here the last equality follows by setting t = s — r and observing that

Pks 0,85 ©0 Pk 1,81 = Pk li.g1 0 Pl
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So the additional terms corresponding to s = 0 (which were not present in the
line above) appear in cancelling pairs. Since the last expression agrees with the
one in (2.3), this shows that (2.2) is equivalent to the sequence of equations

min(k,£)—1
> Gk—rt—rgtr =0, k.£>1,g>1—min(k, o), (2.6)

where summands with g + r < 0 are interpreted as 0. Clearly (2.4) implies (2.6).
The converse implication follows by induction over the order < because (2.6) is
of the form

dkt,g + Qkeg =0,

where Qp (¢ is a sum of terms qxs ¢ o With (K', €', g") < (k, £, g).
For the last statement, consider a term P, ¢, ¢, ©s Pk, ¢,.¢, appearing in equa-
tion (2.4). Denote by X, = 2—2g—k—/{ the Euler characteristic of a surface of
te’

signature (k, ¢, g). Slnce the Euler characteristic is additive and only nonpositive
Euler characteristics occur for the admissible triples, we get

+ =
Xklllagl szlzagz Xk,ﬁ,g

with all terms being nonpositive. If X, < 0 and y . < 0, then
2,42,82

(k1,€1,81), (ka,€2,82) < (k, 2, g) by deﬁnltlon of the ordering. If)( =0,

1,81
then (k1, 41, g1) = (1,1,0) and it follows that (k,, >, g2) = (k, £, g) so we find

the first term in equation (2.5). Similarly, in the case X, = 0 we find the
2,42,82
second term in equation (2.5). O

Remark 2.8. Note that the proof of Lemma 2.6 only uses property (i) in Defini-
tion 2.5. Moreover, the proof still works if in Definition 2.3 we allow all triples
(k,£,g)withk > 0,£ >0, g > 0 except the following ones:

(0,0,0), (1,0,0), (0,1,0), (0,0,1), (2,0,0), (0,2,0). 2.7)

We call such a structure a generalized IBL-structure. This structure generalizes
an IBL-structure by including many—but not all—operations without inputs
and/or without outputs; let us point out that symplectic field theory [31] does not
always define a generalized IBL-structure due to the possible presence of holo-
morphic planes with a positive puncture. The notion below of an IBL,-morphism
can be generalized in the same way, and all the theory in §2—-§6 works for these
generalized structures with the exception of the following discussion in (4).
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(4) IBL,-algebra stands for involutive bi-Lie algebra up to infinite homotopy.
To justify this terminology, recall from [17, 21] that a (graded) involutive bi-Lie
algebra consists of a graded Lie bracket . and a graded Lie cobracket § satisfying
the compatibility relation u = £(1Qu)(6R@ 1) (1+7)E£(1®1)(1®8)(1+1) (with
suitable signs and 7 (¢ ® b) = +b ® a) and the involutivity relation §u = 0. To see
how such a structure arises from an IBL,-structure, let us spell out equation (2.4)
for the first few triples (k, £, g). For (k, £, g) = (1, 1,0) we find that

P1,1,0: Cc —C

has square zero. For (k, €, g) = (2,1,0) we find that p, ;1 o is a chain map (with
respect to p1.1,0) whose square is chain homotopic to zero by the relation for
(k,2,g) = (3,1,0). It follows that

pia,b) = (=1)"ps,1,0(a, b)

defines a graded Lie bracket up to homotopy on C. Similarly, the relations for
(k,2,g) = (1,2,0) and (1, 3,0) show that

8(a) == (t®Dp1.2,0(a)

is a chain map which defines a graded Lie cobracket up to homotopy on C. Here
¢ multiplies a homogeneous element ¢ € C by (—1)/¢.
Now the relation with (k, £, g) = (1,1, 1) reads

P1,1,0 ©1 P1,1,1 +P1,1,1 ©1 P1,1,0 +P2,1,0 92 P1,2,0 =0

and yields involutivity of (u,d) up to homotopy. Finally, the relation with
(k,2,g) = (2,2,0) has the form

P1,1,0 ©1 P2,2,0 + P2,2,0 ©1 P1,1,0 + P1,2,0 ©1 P2,1,0 + P2,1,0 ©1 P1,2,0 = 0,

yielding compatibility of x and § up to homotopy. In summary, (@, §) induces the
structure of an involutive bi-Lie algebra on the homology H(C, 9).

(5) Let us consider some special cases of an IBLo-structure. If pg o = 0
whenever £ > 2 or g > 0, then (2.4) is equivalent to the sequence of equations

Z(sz,l,o o1 Pk 10)lEc =0, k=1,2,....
ki +ko=k+1

So we recover one of the standard definitions of an L.-algebra (cf. [56]). Simi-
larly, if pg ¢,¢ = 0 whenever k > 2 or g > 0 we recover the definition of a co-L o
structure.
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(6) Suppose the following finiteness condition is satisfied:

givenk > 1, g > 0and a € ExC, the term pi ¢ o (a) is nonzero for only
finitely many £ > 1.

Then we can set T = 1 above and consider p as a map of EC {#}. This condition
holds in our main examples (exact symplectic field theory and string topology,
see §7 and §13 below) and we do not know any natural examples where it is not
satisfied. However, for the general theory of IBL,-structures it would seem un-
natural to impose such a finiteness condition (e.g., it would destroy the symmetry
between inputs and outputs).

Morphisms. Next we turn to the definition of morphisms. So let (C T, {p,“:, g D
and (C~, {p;’e’ ¢ }) be two IBL,-algebras of the same degree d. To a collection
of linear maps f;: Ex,Ct — E;,C~, 1 < i < r, we associate a linear map
[100 fr: Exy otk C* = Egy 444, C™ by

f1 OO frler-ck)
1= 8(p) 1(Cpr) o)+ Sr(Cpthy £tky—y 1)+ Colh))

PESK
p(1)<-<p(ky)

p(ky -4k 1 +1)<--<p(k)

e(p)
= Z mfl (Co(1) **Cotkn) * +* Jr(Colky4-tkr_141) ** Cp(k))-
pESk ) )

(2.8)

Note that f; © f» = (—=1)1lI22l £, © f, if the f; are homogeneous of degree | f;|.
Now we consider a series of graded module homomorphisms

frog ExCT — E,C™, k,£>1,g>0
of degree
Ifx,e.| = —2d(k + g —1).

Define the operator

[ <N o]

Fi= Y D frah T TS EC T 1) — ECT(h, ),
kt=1 g=0
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where each fi ¢ o is viewed as amap ECT — E,C~ C EC™ by setting it zero
on E,,C* for m # k. Furthermore, we introduce the exponential series el with
respect to the symmetric product, i.e.

o0
Z Z fk] g o- ka g th +> gi—r Zk +> 442 gi— 2r
r=1 k; ¢ g

S i <r

(2.9)

Definition 2.9. We say that {fx ¢ ¢ }x,¢>1,¢>0 iS an IBL-morphism if

ept —pel = 0. (2.10)

Again, let us explain this definition from various angles.
(1) Equation (2.10) is equivalent to requiring that for each triple (k, £, g) with
k,£ > 1and g > 1 — min(k, £) the equation

L
1
ot
Z Z ;(fklaelsgl @"'@fkr,fr,gr)opk+,4+,g+

r=1 Ly ++Lly=L
ki+-+kr+kT=k+Lt
+= ¢t
g1t-+grtgT=g+r @2.11)

k
1 A
- Z Z ;pk_,(_,g_ ° (fkls‘elsgl @ e @ fkraersgr) = 0

r=1  ki+-+k =k
Lyt lpr ™ =0+k~
g1t tgr+g  =g+r—k~

holds as equality between maps ExCt — E;C~. Indeed, the left hand side of
equation (2.11) is the corresponding part of the coefficient of #k+8—1k+t+2¢—2
inelpt —pel.

(2) As before, one thinks of f; ¢ , as a map associated to a compact connected
oriented surface of signature (k, £, g). Then the terms

A+
(Frr.t1.60 O O Fkritrgr) O P gt o+

on the left hand side of (2.11) correspond to complete gluings of r connected
surfaces of signatures (k;, ¢;, g;) at their incoming loops to the outgoing loops
of a surface of signature (k*,£%, g™), plus an appropriate number of trivial
cylinders, to a possibly disconnected surface of signature (k, £, g) (see Figure 3
for an example).
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Figure 3. A pictorial description of a term appearing in (f1,1.2 © f2.1.1 © f3.1.0) © ﬁ;_,z,l
on the left hand side of (2.11). In the notation introduced in remark (3) we would write this
particular term as (f1,1.2 @ f2.1.1 © §3.1.0) ©0.1.1 ﬁiz,r

(3) Again, it is useful to reformulate (2.10) in terms of gluing to connected
surfaces. For this, let us denote by

At
(Fri,ere1 © O Ty brogr) Ostonnsy pk+,e+,g+

the part of the composition where precisely s; of the inputs of fi; ¢, ., are outputs
of Pi+ o+, g+s and similarly for composition with ﬁk—,g—,g—.

Lemma 2.10. Equation (2.10) is equivalent to the sequence of equations

4
1
A+
Z Z ;(fklselsgl @'”@fkraersgr)osla---ssr pk+,£+,g+
r=1 Ly ++Lr=L )

ky+otkp+kT=k+L+
grttgrtgt=g+r—L*

sptetsy =Lt
si>1

k 1
- Z Z ;pk_,ﬁ_,g— Os1smss Sr (fk1,€1,g1 OO0 fkr,zr:gr) = 0’
r=1  ky+-+kr=k
£+t by =4k~
gi+-+grtg =g+r—k~
sptets =k~
si>1

(2.12)
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for k,£ > 1 and g > 0, where the left hand side is viewed as a map from E;C™*
to E¢C~. Equation (2.12) for a fixed triple (k,{, g) has the form

ftg © P10 = Pli0 © Fhte + Rieg(FpT.p7) =0
with

Rieg(Fopt.p7)

¢
1 At
= Z Z ;(fklaelagl O -+ O fir by .gr) Osirevnsr pk+,£+,g+
r=1 l4tlp=C
ky+otky+ktT=k+Lt
gr+-+gr+gt=g+r—LT
sp+ets =Lt
si>1
(kT .t ,g)#(1,1,0)

k
1 A
- Z Z _pk_,e_,g_ Os1,esy (fklaelsgl -0 fkraeragr)’

r!
r=1 ky+-+k,=k
Lol L =0k
g1t tgrt+g =g+r—k—
si+-tsp=k~
si>1

(k™ .£7,g7)#(1,1,0)

where the expression Ry (f,pT,p~) contains only components fir 4.4 of §
with (k' t',g") < (k,L,g) and only components ﬁ,“f,,z,’g, of p* with (1,1,0) <
k', 0, g") < (k,L,g). Moreover, we have

_ 1 R I._ = -
Riceg (1:0%.07) = 33100008 g = 17Pig ©T010 + Ritg (07 97). 213)

where the expression ﬁk,g,g (f,pT,p") contains only components ﬁ,ﬂj g with
k' U.g) < (kL g)

Before giving the proof, let us introduce the following notation. For a map
F: ECH{t,h} - EC~{z, h}, we will denote by (F ), ¢, the part of the coefficient
of Ak +T&—17k+{+28=2 which corresponds to a map from E;C+ to E,C~. Then we
have for example

min(k.{)

1
(Mg = > kitis O Ofktrg (2.14)
r=1 ky+-+kr=k
€14t =t
g1+tgr=g+r—1
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Note that this can be nonzero for g > 1 — min(k, £), so in general negative g are
allowed here (recall that the genus of disconnected surfaces defined in §2 can be
negative).

Proof. We rewrite the term of the first sum in (2.11) for fixed r > 1 as

1 N
" Z(fklaelsgl O -+ O fir tyr) Osirennsr p]j—i-,z—k,g—k
et =L
ky+tky kT =k+Lt
gr+-+gr+gt=g+r—LF
sp+ts =L+
§;i >0

,
1 A
= Z o =) Z(fkl,él,gl O+ OFkyrt,r.8,1) Osteenasys p,f+’£+’g+
=1 Gt =t
ki+tk, +kt=k'+t
git-+g+gt=g'+r'—t+
sttt =0T
si>1

© Z fkr’-Hser’-Hsgr’-i-l -0 fkr’er’gr'
Cpryy oty =l—t
kpr g otk =k—k'
&1 41 ttegr=g—g +r—r’

Here we have used the commutation properties of the product © as well as the
identity

At
(fk],ﬂl,gl ORRRNO fkr,lr,gr) OS5 yeesSr—1,0 Pk+’4+’g+

_ ot
= [(kr,t1,60 © O Fhepy b 1,2r—1) Os1smssr—1 pk+,£+,g+] O fiy .-

Note that the left-hand side of this equation corresponds to all gluings to possibly
disconnected surfaces of signature (k,{, g), while the terms (fx, ¢,,6, © -+ ©
§k08,0,8,0) Ot eenssys ﬁ;’ﬁ’ﬁ on the right-hand side (where s; > 1 forall 1 <
i < r’) correspond to connected surfaces. A similar discussion applies to the
second sum in (2.11).

Abbreviate the left-hand side of (2.11) by G ¢, and the left-hand side of (2.12)
by Hg ... Then we have the relation

Gt = Hitg + ) Hi g © (eirpn g
K +k =k
U=t
g'+g"=g+1
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So clearly the sequence of equations (2.12) implies G ¢, = 0. The converse
implication follows by induction over the order < because all terms in the sum on
the right hand side of the above equation involve (k’,¢', g’) < (k, £, g). The last
statement of the lemma follows as in the proof of Lemma 2.6. O

(4) Let us spell out equation (2.11) for the first few triples (k, £, g). For
(k,2,g) = (1,1,0) we find that

f1,1,05 (C+7 p‘]‘:l,()) — (C_’ pl_’l,O)

is a chain map. The relations for (k, £, g) = (2, 1,0) resp. (1, 2, 0) show that §; 1,0
intertwines the products ;1 resp. the coproducts §* up to homotopy. In particular,
f1,1,0 induces a morphism of involutive Lie bialgebras on homology.

(5) In the special cases that px ¢, = 0 and ;¢ ¢ = 0 whenever £ > 2 (resp.
k > 2) or g > 0 we recover the definitions of L, (resp. co-L ) morphisms.

(6) As before with p, by setting T = 1 the operators { and e’ define maps
EC*{h} — EC~{h} if the following finiteness condition is satisfied:

givenk > 1, g > 0Oand a € ExC™, the term fx 4 ¢ (a) is nonzero for
only finitely many £ > 1.

Again, this condition holds in our main examples (exact symplectic field theory
and string topology).

(7) We say that an IBLoo-morphism {fx ¢ ¢} is linear if fr ¢, = 0 unless
(k,2,g) = (1,1,0). In this case its exponential is given by

o0

1
ef=>%" ;f?j,o:cl ecr > fro(en) - fno(er)
r=0 "

and equation (2.12) simplifies to

1 1
oL + e Ok
ﬁfl,l,o °Prbe = Preg © yfl,m'

Composition of morphisms. Consider now two IBL,-morphisms

Fr= i (CT b o) — (Codpreg)),
= = {frug) (CAPregd) — (C™ APipgh):

Definition 2.11. The composition § = §~ o f* of §* and §~ is the unique
IBLoo-morphism f = {fx ¢.¢}: (CT, {p;e’g}) — (C7 {pj g ¢} satisfying

ef =ef el (2.15)
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To see existence and uniqueness of f, consider the signature (k, £, g) part of
et
el e

>

— o
(el & )ke,g

k rt+r +g-1
+Z Zl Z+ + Z+ ”+'r '(fk drer @ Of e =)
=1r = _
s=max(rt,r7) g+ +k =k (f £+ + o- @fk-l- o +)

0+ +z—_=z
+ e - _
ef 4t ety k7 eth=s

8

gl +tg Fer At g =r T T g —1-s
Note also that equation (2.14) has the form

min{k,l}

(e )kﬂg—fk€g+z Z (fk1£1g1® “O fhr lrgr)»

r=2 ki+-+ky=
L1+ +(r—€
g1+-t+gr=g+r—1

where the conditions in the last summand add up to

Z(ki+€i+2gi—2):k+€+2g—2.
i=1

As r > 2, this easily implies (k;, ¢;, gi) < (k, £, g) for all i, so we can inductively
solve the equation (") ¢, = (¢' e/ )r.q.¢ fOr fx.¢.¢ to find

min{k,{}

fre = {e" ¢ g = Z Gkt O Ol ir)- (216)

r=2 ky+-+ky=
£1+ +£; _Z
g1t+t+gr=g+r—1

Here are some explanations to this definition.

1. Recall that we think of f ¢ ¢ as associated to connected Riemann surfaces
with signature (k,{,g). The first term on the right hand side of equa-
tion (2.16) describes all possible ways to obtain a (possibly disconnected)
Riemann surface of Euler characteristic 2 — 2g — k — £ as a complete gluing
of pieces corresponding to the (k, £, g). The second term then subtracts
all disconnected configurations.

2. For (k,£,g) = (1,1,0) equation (2.16) shows that f; 1,0 and the ffl,o are
related by

— +
f1,10 = f1,1,0 o f1,1,0~
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3. In the special cases that px ¢, = 0 and fx ¢ = 0 whenever £ > 2 (resp.
k > 2) or g > 0 we recover the definitions of composition of L, (resp.
c0-L ) morphisms.

4. If §* is linear, then (2.16) simplifies to

. k
fre = Efk,(,g o (f1.0%".

Indeed, if we define fi ¢ ¢ by this equation we find

o — k
E(fkl,elsgl ©-0 fkr,er,gr) o (ftl,O)O = fklselsgl -0 fkr,ersgr

and hence

( f_ef kZ & T Z Z 'k'(fkl A1,81 ©--0 fk, A, gr) (fl L, O)Gk

r=1 ky+-+k,=
L1+ +(r—€
git+-tgr=rtg—1
= (M ,t,q-

A similar discussion applies if {~ is linear. In particular, if both §* are linear
then so is their composition.

Finally, we again record a useful observation for later use.

Lemma 2.12. For (1,1,0) < (k,{, g), the component fi ¢ 4 of the composition |
of two IBLoo-morphisms T and §~ has the form

_ L _
frt.e = Frog© (fl 1, 0% + E(fl,l,o)@Z o f]tg,g + Creg (.5
with

Ck,e,g (f_a f+)

:< Z —|r+|(fk L7181 O @fk_(—,g,_—)
(k; 47 .87 )#(1,1,0) for some i

(kF.6F.g)#(1,1,0) for some j
Oconn (fk+ et (OXERNO) fk’++ ,€’+,g +)>k e

where ocony Signifies that we only keep those compositions which in the geometric

picture glue to a connected surface," and Cy ¢ ¢ (§~, f+) contains only components

f,jf,,z,’g, with (k' 0, g") < (k,L,g). Moreover, if either §~ or 1 is linear, then

Ck,e,g (i f+) =0.

1 This process is parallel to the relation between a prop and a properad as in [79, Proposi-
tion 2.1].




Homological algebra related to surfaces with boundary 715

Proof. The conditions in the first sum in (2.16) add up to

rt r-
DOt + o 428 =D+ D (ki + 47 +2g7 —2) =k +L+2g -2,

i=1 i=1

from which the first statement easily follows. The last statement follows from (4)
above. O

Remark 2.13. We leave it to the reader to check that composition of morphisms
is associative.

3. Obstructions

In this section we prove the main technical proposition underlying the homotopy
theory of IBLy-algebras (Proposition 3.1). All the results in the following three
sections will be formal consequences of this proposition.

Given free chain complexes (C,d€) and (D, d?) over R, define a boundary
operator § on Hom(E,C, E;D) by

Sp =dPp+ (—1)¥1*1pd€,

where d€ and d? are the usual extensions of d€ and dP. This operation is
a derivation of composition, in the sense that for ¢ € Hom(E, B, ExC) and
Y € Hom(E,C, E¢D) we have

$(Wop) = BY)op+ (=DHVy o (89).

Below, we always consider the case that B, C, and D are (partial) IBL,-algebras
and the boundary operators used in the definition of § are the corresponding
structure maps pi,1,0. The following proposition identifies the obstructions to
inductive extensions of partially defined IBL-structures and their morphisms.

Proposition 3.1. The following fact hold.

1. Let {pke,0: ExC — E¢C}k 1,6)<(k,L,G)} be a collection of maps that satisfy
the defining relation (2.4) for IBL-structures for all (k,£,g) < (K, L, G).
Then the expression Px1.¢ € Hom(ExC, ErC) defined in Lemma 2.6
satisfies

5PK,L,G =0.
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2. Let (C, {p,fljg}) and (D, {p,?’z’g}) be IBLy-algebras, and suppose the col-
lection of maps {fx¢,e: ExC — E¢D}k 1,0)<(K,L,G)} Satisfies the defining
relation (2.11) for IBLso-morphisms for all (k,{,g) < (K, L, G). Then the
expression Rg.1.c(f,pC.pP) € Hom(ExC, EL D) defined in Lemma 2.10
satisfies

8Rk.L.c(f.p¢.pP) =0.

3. Assume further that (B, {pf ‘ g}) is another IBLyo-algebra and the collection
9 = {Okte: ExB — E(Cl.9)<(k,L,G) also satisfies the defining rela-
tion (2.11) for morphisms for all (k,£,g) < (K, L,G). Then

1
Rg.r.6(fog.p?.pP) = Ef?,f,o o Rk.1.6(g.p%.p%)

1
+ Ri,1.6(F.p¢.pP) 0 ﬁg?,{{,o
+0Ck,1.6(f. 9),

where
Ck.L,6(f.9) € Hom(Ex B, EL D)

is the expression defined in Lemma 2.12.
For the proof we will need some more notation. For three linear maps
pi: Ex;C — Ey, C and integers 512, 513, 523 > 0 we denote by
D3 ©553,513 (P2 0515 DP1) = (P3 0555 P2) Os13,515 D1

the part of the composition p3 o p, o p; where exactly s;; of the inputs of p; are
outputs of p;. In particular, for s13 this means that this number of inputs of p3
come directly from outputs of pj, so in our graphical notation there would be 513
trivial cylinders on the middle level connecting them. The following properties
follow immediately from the definition:

133 Os (132 Os12 131) = Zﬁ3 053,513 (132 Os12 131)’

S13+s23=s
(P3 Os23 P2) os p1 = Z(ﬁ3 Os23 p2) Os513.512 P
S12+s13=s
Note in particular that, since p; og p; = (—1)!?il17i1p; oy p;, we have
P3 0,513 (P2 9515 P1) = (P30 P2) 513,515 P1)
— (_1)|P2|Ip3|(1§2 0o p3) Os12.513 1)
— (_l)lpzllpslﬁ2 00.51 (P3 0515 )
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and similarly

(D3 0523 P2) 05130 P1 = (=D)IPHIP2I(p3 00 0 p1) op,. 0 o

Applying these properties in the case where one of the p; is the boundary operator
P1,1,0, We obtain

8(p2 o5 P1) =p1,1,0 °1,0 (P2 05 P1) + P1,1,0 0,1 (P2 °5 P1)
+ (=P[5 o0 B1) 010 1o + (P2 o5 P1) 001 P1.1.0]

= (8p2) o5 p1 + (=172 pa o5 (1),
where in the last expression the genuine triple compositions (with p; 1,0 in the
middle) from both terms cancel each other.

Proof of Proposition 3.1. For the proof of (1), recall that
g+1

Pk,l,g = Z Z(pkz,fz,gz Os Pkl,él,g1)|EkC-
s=1 ki +kr=k+s
Ly+Hlr=L+s
g1+g2=g+1-s
(kiaeisgi)7é(lslso)

Moreover, in our current notation equation (2.4) can be written as

8Pkt = —Pr.t.g-

Since all terms in the definition of Pk 1 ¢ satisfy (k;, ¢, gi) < (K, L, G), using
the hypothesis we find
G+1

8PK,L,G = Z Z(Spkz,fz,gz Os Pkl,ﬁl,gl - pkz,ﬂz,gz Os Spkl,ﬁl,g1)|EkC
s=1 ki+ky=K+s
L1+r=L+s
g1+82=G+1-s
(ki seiagi)#(lalao)
G+1

== Z Z(szaez,gz 05 Py t1.g) | ErC
s=1 ki+ky=K+s
L1+L4r=L+s
g1+82=G+1—s
(ki seiagi)#(lalao)
G+1

+ Z Z(pkzsfzsgz o5 Pry 01,81 ExC
s=1 kj+kr=K+s
Li1+Lr=L+s
g1+82=G+1-s
(kiaeisgi)7é(lslso)

=:—A+ B
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Geometrically, the terms A and B both correspond to breaking up a connected
Riemann surface of signature (k, £, g) in all possible ways into three non-trivial
pieces. To show algebraically that indeed A = B, in the sum B we rename
(k2,42, g2) to (k3, 43, g3), (k1,£1,g1) to (k, £, g), and we insert the definition of
Py ¢, ¢ to rewrite it as

G+1 g+1

B = Z Z Z Zﬁksls,gs Os (ﬁkz,ﬁz,gz Ot ﬁk1,€1,g1)|EkC

s=1 k4kz=K+s t=1 k +ko=k+t

L+€3=L+s 1 +lr=L+t
g+g3=G+1-s g1tg2=g+1-t
(k3,3,23),(k,L,2)#(1,1,0)  (k;.¢;,8)#(1,1,0)
- Z Zpk3s43,g3 05 (Pka,ta.g2 Ot Pk b1,81) | ExC-

s,t>1 k1+ky+k3=K+s+t
s+1<G+2 {1+l +Llr=L+s+t
g1+82+83=G+2—s—t
(ki t;,81)#(1,1,0)

We rewrite the term in B for fixed s, ¢ as

Z Zpk3,€3,g3 523,513 (Phsta,g0 Ot Pky ,g1)-
S13+823=s ki+ko+k3=K+s+t
L1+ +Lr=L+s+t
g1+82+83=G+2—s—t
(ki Li,g:)#(1,1,0)
By the above properties of triple compositions the terms with s,3 = 0 cancel in
pairs, and renaming ¢ = s1, we obtain

B = Z Zpk3l3,g3 023,513 (Pka,a,82 Os12 Phey t1.g1)-

$12,823>1,513>0 k1+ko+k3=K+u

u:=s12+s13+523<G+2 {1 +lr+{r=L+u
g1+82+83=G+2—u

(ki Li.gi)#(1,1,0)

By similar discussion and the above associativity of triple decompositions we see
that this expression agrees with A, which proves 6Pk 1,¢ = 0.
To prove (2), recall that Rk, 1..¢ = Rk.L,c(J, pC, pD ) has the general form

1
~C
Rk.16 = Z ;(fkl,ﬁl,gl ©--0 fk,-,lr,gr) OS5 yensSr pk+,g+,g+

1 ~D
- Z ﬁpk_,e_,g_ O81,mensSr (fklaelagl -0 fkrseragr)’

where all the terms satisfy

si>1, (k6% g5 #£(1,1,0), (ki g) < (K, L,G).
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Hence, using the properties of triple compositions, the hypothesis 6y ¢¢ +
Prg = 0 forall (k,£,g), and the induction hypothesis Ry ¢, = 8fi ¢ for
(k,2,g) < (K, L,G), we find that

SRk.L.G
1 ~
= Z (r—1)! (kalselsgl ) fk29e25g2 Q-0 fkr,(r,gr) OS] seesSr ]J,S+,e+,g+
1 ~
+ Z _(fkl,fl,gl ©--0 fkr,zr,gr) Os1smss Sr 8p1€+,(+,g+

- Spk NN o OS1uensSr (fklaelagl @”'karseragr)

_Z fklll;é’l O+ O iy by .gr) Osionnns Pk+ g+t

Z (r — 1), k A—,g— OSt,sr (Riey 1,81 © Fhartangr © - O Fiy by gy )-

Now observe that the first summand contains three kinds of terms:
i. terms of the type
(i tr.g1 © O Fhrotyogr) Ostsr (B g7 O5 Bl g g1)
with s > 0 cancelling with the second sum;
ii. terms of the type
(krtrgr © O Fhyotrgy) Osionsr (Pler gy g7 00 Pl g7 g17)
which appear in cancelling pairs;
iii. terms of the type
_ﬁl?_,ﬁ_,g_ 0 (fky,t1.81 @ O Fkyty1g,) © ﬁ1€+,z+,g+

which appear with opposite sign in the forth sum.

A similar discussion applies to the forth sum, and so in total we find that
Rk 1.c = 0 as claimed.
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To prove (3), recall that

1 1
Ck.,6(f.9) = (Fook,Lc — (3@,?0) °gK,L.G —fK,L.G © (Fg?’{{"’)

1
= < Z r| /|(fk17£1:gl Q'“@fkr,zr:gr)
(ki ti.gi)=<(K,L,G)
gl ol o
*'.0;.8/)<(K.L.G)  Ocomn (Ok],¢},¢] O OBk, 00, g;,)>K’L,G’

where o¢ony signifies that we only keep those compositions which in the geometric
picture correspond to a connected end result of gluing surfaces. Note also that in

each factor fi, ¢, ¢y © *+* O fiy b5, (rESPECtivEly gir g1 o1 © =+ O Gk, 07, ,¢7,) A
least one of the signatures is different from (1, 1, 0).

Now since § is a derivation of composition, and using the hypothesis that
8fk.,e = Rie,g(f) and gk ¢.¢ = Ri,g(g) forall (k, £, g) < (K, L,G), we find
that

8Ck.L.G

1
- < 2 i Rktia D O Ok trg)

(ki Li.gi)=<(K,L,G)

*}.¢;.8/)<(K.L.G) Ocomn (k161,67 O+ O Bk/,.¢/,.¢7,)
1
+Z r|(r 1)|(fk1=£17gl Q'”@fkr,fragr)
(ki ¢;,81)=<(K,L,G)
*.0;.8/)<(K.L,G) oconn (Rl ¢,/ (8) © -+ O Qk;‘,,z;/,g,’_,)>K’L,G
= A+ B.

Next substitute the corresponding expressions for the Ry ¢ , and observe that most
of the components in 4 involving p€ have a corresponding term with opposite sign
in B. The only ones remaining are of the form

~C
( fl 1 0) r’ N4 oS],...,Sr/ (gki ,Z/l ,gi ©--0 gk,/,erx,g,/)

with all s; > 0. They appear in the summands of the form

1
(r—Dr"
where (k1, €1, g1) is the only signature different from (1, 1, 0) in the first factor. In

the claimed expression for Rg 1.6 (f o g), these terms precisely cancel the terms
in val Lo © Rk 1,6 (f) involving p¢

(Ricy,01,61(F) © (F1,1,0)°" ") oconn (OK;,01,8] O O 8K,0/,.87,)
1 1 r
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Similarly, the only terms from B involving p€ that remain after cancellation
with corresponding terms in A are those of the form

1
~C oK
(Frr,t1,81 © O Oky ty,8,) Os1enssr D7 yogr © (Fg“"’)

with all s; > 0, and they precisely cancel the contributions from

1
Rk,1,6(f) o FG?{{,O

involving pC.

Finally note that all the terms in A involving p? and all the terms in B involving
p2 also appear in Rk, 1 ¢ (f o g). Moreover, the missing pieces are again precisly
those which are supplied by the corresponding terms in Rg,r.6(f) © 270510
involving p? and the terms in 1 o Rk,1.6(f) involving p5. O

Besides these assertions, we will repeatedly make use of the following well-
known observations.

Lemma 3.2. Let e:(B,0p) — (C,d¢c) be a homotopy equivalence of chain
complexes which has a chain homotopy inverse i: (C,dc) — (B, dp) such that
ei =idc.
1. If f: (A, d4) — (B, 0p) is amap of degree D satisfying dg f —(—1)P f04=0
and ef = 0, then there exists a map H: (A, 04) — (B, 0p) of degree D + 1
suchthat f +0gH + (—1)PHd4 =0, and eH = 0.

2. Ifg: (B, dB) — (A, d4) is a map of degree D satisfying 348 —(—1)P gdp = 0
and gi = 0, then there exists a map H:(B,dp) — (A, d4) of degree D + 1
such that g + 04H + (—1)PHdp = 0and Hi = 0.

Remark 3.3. Assertion (1) says that if the (post)composition of a chain map f
with the homotopy equivalence e vanishes, then there is a chain homotopy H from
f to 0 whose composition with e also vanishes.

Assertion (2) says that if the (pre)composition of a chain map g with the
homotopy equivalence i vanishes, then there is a chain homotopy H from g to
0 whose composition with i also vanishes.

Proof. Choose any homotopy 4 satisfying

oph + hdg = ie —idp
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and set i’ = (idp —ie)h(idp —ie). Then, since ei = idc, one straightforwardly
checks that 4’ is also a homotopy between ie and idp, satisfying in addition that
eh’ = h'i = 0. Now for assertion (1), define H := 4’ f and compute that

IpH + (~)PHds + f = @l +1p)f + f=(ief —f)+ [ =0

andeH =eh'f = 0.
Similarly, for assertion (2), define H := gh’ and compute that

d4H + (—1)PHdp + g = g(dph’ + Wdp) + g =gie—g+g=0

and Hi = gh'i = 0 as required. O

4. Homotopy of morphisms

In this section we define homotopies between IBL,,-morphisms and prove some
elementary properties of this relation. We follow the approaches of [74] and [37].

Definition 4.1. Let (C, {pr ¢,¢}) and (€, {qk¢,¢ }) be IBLoo-algebras. We say that
(€, {qk,¢,¢ ) together with IBLoo-morphisms 1: C — €and g9, ¢1: € — C is apath
object for C if the following hold:

a. 1, g and & are linear morphisms (and we denote their (1, 1, 0) parts by the
same letters);

b. ggot =¢g1 01 =1idc;

c. :C[1] — €[1] and &g, &1: €[1] — C[1] are chain homotopy equivalences
(with respect to py,1,0 and q1,1,0);

d. the map g9 @ ¢;1: €[1] — C[1] ® C[1] admits a linear right inverse.
Proposition 4.2. For any IBL-algebra (C,{pi ¢ ¢}) there exists a path object €.

Proof. Define
C=CeCeacCll],

with boundary operator q;,1,0: € — € given by
q1,1,0(x0, X1, ¥) = (P1,1,0(x0), P1,1,0(x1), X1 — X0 — P1,1,0())-

We define i: C — € by ((x) = (x, x,0), and we define ¢;: € — C and ¢;: € — C
by &;(x0, X1, ) = X;.
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With these definitions it is obvious that ¢, &g and &; are chain maps, that
goot =¢10t=1idc, and that gy @ &; admits a right inverse.

To prove that ¢ o gy is homotopic to the identity of &, we define H: ¢ — € by
H(x¢, x1,y) = (0,—y,0). Then one checks that

(@1,1,0H + Hdq1,1,0)(X0. X1, y)
= (0, =p1,1,0(y), =») + (0, x0 — x1 + p1,1,0(). 0)
= (Lo g —ide)(x0, X1, ¥)-
A similar argument works for ¢ o ;.
To complete the proof, it remains to show that we can construct the higher op-
erations qx ¢,¢: Ex& — E¢Cin such a way that ¢, &g and & are IBL,-morphisms.
We proceed by induction on our linear order of the signatures (k, £, g). So

assume that qi ¢, has been constructed for all (k,¢,g) < (K,L,G), in such a
way that

1 4 szk e = Uk tgit®% ExC — E(Cforall (k,£,g) < (K,L,G),

2. L0 ig = PragiedF Ex€ — E(C forall (k, ¢, g) < (K,L,G)and
i =0,1,and

3. the operations ¢ satisfy equation (2.4) for all (k, £, g) < (K, L, G).

Define q ; ¢ +:%pk L6 K,g(? , and consider

= QK,L,G +d1,1,00k, 2,6 + 9,161,100 EKC —> ELC,

where Ok 1.c denotes the expression Pk 1 ¢ from Lemma 2.6 with p replaced
by g. Note that I is homogeneous of even degree —2d(K + G — 1) — 2. Using the
inductive assumption (3) and part (1) of Proposition 3.1, one finds that

qr,.0l = Td1,1,0 = 41,1,00k,.6 — Ok,L.641,1,0 = 0,
i.e. I' is a chain map. Moreover, it follows from assumption (1) above that

1 1
Ok.L, Gt OK = FLGLPK,L,G,

where Pk 1 ¢ is the expression from Lemma 2.6 in the p’s. We conclude that

FLLGK =

~ " " A OK
Xl = (Qk,L,¢ td1,109x, 1,6 + qK,L,qu,l,O)FL

1 1 ok |
=71 PKLG-i-Ull1ol7hr<LGK,lG +q/I/(,L,GE‘O P1,1,0

1
= FLGL(PKLGJrPnoPKLG-i—PKL GP1,1,0)

= 0.
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Applying part (2) of Lemma 3.2 with e = K,s(?K i = %lOK andg =T, we

get the existence of a map H: Ex®€ — Ep € such that

1 ok
L'+ G100 +Hdi10=0 and HFL =0.

We set

Ik...6 ‘= 9k, + H.
Then the collection {q’K’L,G, {9ke,q: (k. L, g) < (K, L,G)}} satisfies the inductive
assertions (3) and (1) above for the triple (K, L, G).

We now want to modify q% ; ; in such a way that it will also satisfy the
inductive assertion (2). To proceed, we define

1 1 @K .
= — I e qKLG pKLGF% Ex¢C— E C, i=0,1,
which are homogeneous of degree —2d(K + g — 1) — 1. These are the error terms
in (2). Now

N N 1 N
P10l + g1, P110F +<L' i qKLG pKLGK' ,OK>CI1,1,0

1
=p1,1,00i + — i l L- d1,1,00x.2.6 — OK.L.G)

+ (Pk,1,G + P1,1,0PK,L, G)K, oK

OK

1
=——g QKLG+PKLGK' ;

L
=0

by inductive assumption (2). Moreover, by (1) we have

1 1
_ ®K G)L / ©
F K' L' & qKL GK' i
So again by part (2) of Lemma 3.2 above, there exist even maps y;: Ex& — ErC,
i =0,1 of degree —2d(K + g — 1) such that

K
-pk,L.6 = 0.

" 1
Iy +p110x — Xidi,1,0 =0 and X;FLQK 0.

Choosing a right inverse p: ELC & E;C — EL€ to L,8®L ®

a linear lift y = p o (Yo ® x1): EkC — ErC such that ; =
x771t9% = 0. Now we define

. / ~ A
4K,L,G ‘= 9k,r.¢ T 91,1,0X — X91,1,0,

which is easily seen to satisfy all three inductive assumptions. |
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Remark 4.3. Note that in the inductive construction of the IBL,-structure in
the above proof we did not make use of the specific form of the chain complex
(¢, q1,1,0) satistying (a)—(d), so one could have started equally well with any other
chain model for €.

Proposition 4.4. Let C and D be IBL-algebras, and let € and D be path objects
for C and D, respectively. Let f:C — D be a morphism. Then there exists a
morphism §: € — © such that the diagram

commutes for bothi = 0andi = 1.

Proof. The proof is inductive and similar in structure to the proof of Proposi-
tion 4.2.

Step 1. We construct a chain map 1,1,0: (€.qf, o) — (.90, ) satisfying the
required relations.

Set F/ := LDfl,l,osg: ¢ — @, and note that F't€ — (Pf, 1o = 0 as required.
Similarly, To = &2 F/ —f1,1,06§ = 0,but Ty := eP F' —f;1,0¢{ # 0. One checks
that

pPiol1 — gl o =0, and Iy € =0.

Hence by part (2) of Lemma 3.2, there exists a chain homotopy E;: & — D such
that
Iy +pP1oE1 + E1q§, =0 and E;€ =0.

Choosing a right inverse to g9 @ €1:© — D & D, we construct a lift £: € — ©
of 0@ E; suchthate? o E = 0,¢P 0 E = Ey and E o€ = 0. Then
Si1,0:=F + q{),l,OE + quc,1,03 ¢— 19

is the required chain map.

Step 2. We now proceed by induction on our linear order of signatures (k, £, g). So
suppose we have already constructed maps Fx ¢,¢: Ex¢C — E,D forall (k, £, g) <
(K, L, G) such that

L. 5(P) %k 00 = Fht,g 2 (C)OF forall (k. €, g) < (K, L,G),
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2. %(8?)“%/(,13@ = fk,z,g%(t?,-c)@k for i = 0,1 and for all (k,£,g) <
(K,L,G),and

3. the defining equation (2.11) for morphisms holds for F, q€ and ¢? for all
(k. 2,2) < (K,L,G).

Consider the expression Rk 1. (S, qC,qD):EKC — E;© as defined in the
statement of Lemma 2.10. Using the inductive assumptions and part (2) of
Proposition 3.1, one proves that

aﬁl’ORK,L,G(Ss qcs qD) + RK,L,G(‘Sy qC7 qD)ellc’l’O = Oy

1
E(lD)OLRK,L,G(f,PQPD) = Rk,1.6(5. 9% q° ) (lc)ek
and

1
F(eiD)GLRK,L,G(& 0¢.q°) = Re.1.c (5.9, p ) (EC)Ok fori =0,1.

Now, as in the proof of Proposition 4.2, define

Sk.1.6 = —,(LD)QLfKLG (80 €YoK. Ex¢ — Er®,
and observe that

F := Rk 1,63, qcs qD) + aﬁl,o /I/<,L,G —SKL qu 1,0 CExC— ELD

is of odd degree and satisfies 4| o F + F3{, ; = Oand F 2;(:)®¥ = 0. Hence,
by part (1) of Lemma 3.2, we find H: Ex¢ — E;® of even degree such that

F+qD oH—Hqf =0, and H (lC)GK 0.

Then the map &}(,L’G = S’I’(’L,G + H: Eg¢€ — ELBD satisfies the conditions (1)
and (3) in the inductive assumption.
To achieve (2), consider the maps of even degree

1 1 .
L= () Tk 6 — FrL.6 350 % Ek€ — ELD, i =0,1
and compute that
1
p110 qulo—O and riF(LC)GKz(),

Hence, by part (2) of Lemma 3.2, there exist maps E;: Ex€ — Ep D of odd degree
such that

1
Fi + pEI,OEi + EinI,O = O and EiF(lC)OK = O
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With a right inverse pr: EL D @ ELD — ELD to (e2)°L @ (¢P)°L, we define a
linear extension £ = py o (Eo® E1): Ex¢ — E1D such that 7;(¢P)®L o E = E;
and E o 2;(:¢)®X = 0. Then

Sk.L.6 =Tk Lot C|1D,1,0E + EQ1C,1,05 Ex€ — ELD

has the required properties. This completes the inductive step and hence the proof
of the proposition. |

We now come to the main definition of this section.

Definition 4.5. We say that two IBLo,-morphisms fo: C — D and §;:C — D
are homotopic if for some path object © for D there exists a morphism §: C — ©
such that g9 ¢ § = fo and &1 ¢ § = f1. We call such an § a homotopy between f
and f;.

Proposition 4.6. The notion of homotopy has the following properties:

a. a homotopy between fo and f1 exists for some path object for D if and only
if it exists for all path objects for D;

b. homotopy of morphisms is an equivalence relation;

c. iffo: B — C and f1: B — C are homotopic and go: C — D and g1:C — D
are homotopic, then go © fo and g1 © f1 are homotopic.

Proof. To prove (a), suppose §: C — D is a homotopy between fo: C — D and
f1: C — D, and let ®’ be any other path object for D. Applying Proposition 4.4 to
the identity of D and the two path objects © and ©’, we obtain an IBL,-morphism
7.0 — D', Setting §’ := J ¢ §, one verifies that

SQOS/=8:~<>TI<>S=8,'<>S=f,'

as required.

We next prove (b). To see that f: C — D is homotopic to itself, consider any
path object © for D and set § := (o .

To see that the relation is symmetric, note that if (9, ¢, &9, £1) is a path object
for D, then (D, ¢, €5, €)) is also a path object, where ¢, = & and & = &.

To prove transitivity of the relation, suppose fo and f; are homotopic via a
homotopy F!: C — D! and §; and f, are homotopic via a homotopy §2: C — D2.

We define a new path object © for D as follows. As a vector space, set

D :={(d1,d2) € D' ® D%l (dy) = 2(da)}.
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We define the map 1: D — © by ((x) = (¢! (x), ?>(x)) and the maps ¢;: © — D by
co(d1,dz) := eo(dy) and €1(dy,d2) = €1(d2). To construct the structure maps
dk.¢.g» first note that the two projections 7':® — D' determine a projection
e Ex® — Ex®! @ E;©? which surjects onto P = {(g', g% € ExD' @
Ex®% 5 (D% (g") = £(e3)9%(g?)}. In particular, 7 admits a right inverse
Pk ‘Bk — Ek©.

Now we define qx ¢, ¢: Ex® — E¢D by

A 1 2
Gkt = Pe o (g g DUk pg) © Tk

Observe that, by construction, the defining relations (2.3) for qx ¢ o follow from
the defining relations of q}'c’ e and similarly the properties (a)—(d) of a path object
can be easily checked using the corresponding properties of the ©*. So we have
proven that © is a path object for D.

We now define a homotopy between fo and f, to be the morphism §:C — ©
whose component §i ¢ q: ExC — E¢® is defined as pg o (&}C,e’g ® S,%,e,g).
One straightforwardly checks that this is indeed a morphism with the required
properties, and this completes the proof of part (b).

We now prove part (c). First let : C — © be a homotopy between go and g;.
Then & ¢ fo: B — © is a homotopy between go ¢ fo and g; ¢ fo. So by part (b),
it suffices to prove the claim for go = g1 =: g.

Applying Proposition 4.4 to g:C — D, we obtain a map &: & — O with
eP o = goef. Nowlet §: B — € be a homotopy between fo and §; and set
=6 o F B — . Then from the definitions one checks that

8,~D<>53=siD<>QS<>S=g<>eiC<>S=g<>f,-,
so that ) is the required homotopy between g ¢ fo and g < f;. |

We say that an IBLo-morphism §: C — D is a homotopy equivalence if there
exists an IBL,-morphism g: D — C such that f ¢ g and g ¢ f are each homotopic
to the respective identity map. From the above discussion, we get the following
immediate consequence.

Corollary 4.7. A composition of homotopy equivalences is a homotopy equiva-
lence. In particular, homotopy equivalence is an equivalence relation.

5. Homeotopy inverse

In this section we prove Theorem 1.2, following the scheme of the corresponding
argument in [37, §4.5] in the A,-case.
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Lemma 5.1. Consider IBL-algebras (C, {p,fl,g}) and (D,{p,?l,g}), and let
(@, {qllg’e’g 1) be a path object for D. Suppose

b ={bree: ExC — E¢D}(kt,6)<(K.L,G)
satisfies (2.11) for all (k, 2, g) < (K, L, G). Then,

[Rk.1.6(e00h,pC, pP)] = [Rr.1,6(e1 0 b, pC, pP)] € H (Hom(Ex C, E D), §).

Proof. Observe that, since the ¢; are linear IBLo,-morphisms, by part (3) of
Proposition 3.1 we have

1 .
Rik.L.c(si o b,pC pP) = FE?L oRxkrc(h.p¢.qP), i=0,1

Now the two maps

E;: (HOH](EKC, ELQ), 5) —> (HOH](EKC, ELD), 8)

given by
1
Eilp) = 177" 0 ¢
are both homotopy inverses to the same map

I:(Hom(ExC, ErD),§) — (Hom(ExC, E;D), d)
given by
1
_ oL
I(W) - L'l o W’
so they induce the same map in homology. This proves the claim. O

The proof of Theorem 1.2 will be an easy consequence of the following
observation.

Proposition 5.2. Let f: D — C be an IBL-morphism such that

f1,1,00 (D, pﬁl,o) — (C, Plc,l,o)

is a quasi-isomorphism of chain complexes. Then there exists an IBLo-morphism
g: C — D such that g © § is homotopic to the identity of D.

Proof. We proceed in two steps.

Step 1. One first constructs a chain map g;,1,0: (C,plc,l,o) — (D’P?,l,o) which
is a chain homotopy inverse to f;,1,0, together with a homotopy hy,10: D — ©
between g1,1,0 © f1,1,0 and the identity of D. This is completely standard.
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Step 2. Now we proceed by induction on our linear order of signatures (k, ¢, g).
Suppose we have constructed maps gi ¢,o: ExC — E¢D and by ¢ o: ExD — E/®
forall (k,¢,g) < (K, L, G) such that

i Ledlobreg =0forall (1,1,0) < (k,€,g) < (K,L,G)and g9 0 by 10 =
idp,
i, 219 0 bieg = (90 Drg forall (k.£,g) < (K. L. G),
iii. b satisfies (2.11) for all (k, ¢, g) < (K, L, G) and
iv. g satisfies (2.11) for all (k,¢,g) < (K, L, G).

By inductive assumption (i), &9 ¢ b is the identity of D, which is clearly an
IBLoo-morphism. So by part (3) of Proposition 3.1

1
7155 [Rk.L.6(5,°.a")] = [Ri,L.6(20 © b, p?, pP)] = 0

in Hx(Hom(Ex D, ELD), §). Applying part (1) of Lemma 3.2 with

. 1 L 1 L
i = Ete tELD — EL®, e= agt? PEL® — ELD
and

f = Rxr.cb,pP. q"),

we obtain S: Ex D — E;® such that

Ri.1.6(h,pP,qP) =38

and £;62% 0 S = 0. Note that
8(i8®LoS> _ LgeLR ®6.p2. qP)
AR = k.L.c(H,p7.q
= Rg.1.6(e1 0 b,pP,p
= Rk.L.c(gof.pP.pP)

1
= Fggf,oRK,L,G(f, p”.p%)

1
+ Rk.L,6(g.p%.pP) 0 Ff?,{{,o +8Ck,L,6(9, 1),

?)

where we used part (3) of Proposition 3.1 in the last step. Since f is an IBL,-mor-
phism, we conclude that

1
[RK,L,G(g,pC,pD) o Ffﬁ{fo] — 0 € Hy(Hom(Eg D, ED), ).
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Since K,fl 1.0 is @ homotopy equivalence, this implies that

Rk.1,6(g,p¢,pP) = 6T

for some T: ExC — Ep D. Now consider

1 1
F=Toﬁf(ﬁfo+ 9110 fKLG+CKLG(gf)——8 LoS:ExD — E. D,

L)
and note that by construction we have § F = 0.

Observe also that precomposition with %f?fo induces a homotopy equiva-
lence from (Hom(ExC, Er D), 8) to (Hom(Ex D, Er D), §). In particular, there
exists G: ExC — E; D with G = 0 and

[F +Go fl 5 0] — 0 € Hy(Hom(Ex D, E; D), §)).
This in turn means that we can find H;: £ KD — Er D such that
$Hi=F+Go f1 1,0°

Since gq 6981 @ —- D& D admits aright inverse, we find alift H: Ex D — E;.®
such that ;¢ LoH = H)and £ Fed Lo H = 0. Now set

gk, =T +G and bgrc:=S+38H.

Let us check that they satisfy properties (i)—(iv) for (K, L, G). For (i), observe
that by construction

1
L _ (DL _
o(S—i—SH)—L oS+8( H)_o

71%0 1150

as required. For (ii), we check that
1
OL 5 (S +8H) = —81 Los +8H,

=(T'+G)o fl 101 L,91 1 o°fk.L.6 + Ck,L,6(9,f)
=(go f)K,L,G,
where in the last step we used Lemma 2.12. For (iii), we check that
Sbx.L.c =S = Rg,,c(h.p”.q")
as required. Similarly, for (iv) we observe that
8gk.L,6 = 8T = Rg.L.6(3.p¢.p").

This completes the induction step and hence the proof of Proposition 5.2. |
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We now conclude this section by proving Theorem 1.2. Indeed, let f: D — C
be an IBL-morphism such that f; 1 o induces an isomorphism in homology. Then
by Proposition 5.2 there exists an IBL,-morphism g: C — D such that g ¢ f is
homotopic to the identity of D. As gi,1,0 induces the inverse isomorphism in ho-
mology, we can apply Proposition 5.2 again to construct another IBL,-morphism
#: D — C such that f ¢ g is homotopic to the identity of C. Now it follows that

fefogof~f,

so that by Proposition 4.6(c) we conclude that f¢ g is also homotopic to the identity
of C. In other words, f and g are homotopy inverses of each other. This completes
the proof of Theorem 1.2.

6. Canonical model

In this section we prove the following statement, which is Theorem 1.3 from the
introduction. We assume that the ground ring R is a field containing Q.

Theorem 6.1. Suppose (C,{pk..q}) is an IBLos-algebra. Then there exist oper-
ations {qk.¢,q} on its homology H := H«(C,p1,1,0) giving it the structure of an
IBL-algebra such that there exists a homotopy equivalence §: (H,{qk ¢,g}) —
(C, Pkt })-

Proof. Fix a cycle-choosing embedding f1,1,0: H — C and a splitting C =
H @& B & A, where we identify H with its image under f1,1,0 and where B =
Imp; 1,0. Denote by 7: C — H the projection along B & A, and by i:C — C
the map which vanishes on H @ A and is equal to the inverse of p;.1,0: 4 3B on
B. Then we have 7 1,0 = idg and

p1,1,0h + hp1,1,0 = idc —f1,1,07,

so that f1,1,0: (H,q1,1,0 = 0) = (C, p1,1,0) is a chain homotopy equivalence. Now
as usual we argue by induction on our linear order of signatures (k,£,g). So
assume that we have defined qi ¢, ¢ and i ¢ for all (k,£,g) < (K, L,G) such
that

i. the q’s satisfy (2.4) for all (k, ¢, g) < (K, L, G),
ii. the g’s and the §’s satisfy (2.12) for all (k, ¢, g) < (K, L, G).
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Consider the expression ﬁK,L,G(f, q,p): EkH — EpC appearing in (2.13) of
Lemma 2.10, which contains all the terms of e'q — pel for which all appearing
indices satisfy (1,1,0) < (k, £, g) < (K, L, G), and define

1 1 ~
dK,L,G ‘= EHGL (PK,L,G Ef(ﬁfo — Rk.L.6(f.q, p))-

We claim that with this (or any other) definition the {qx ¢.¢ } (k,¢,6)<(k,L,G) satisfy
equation (2.4) for (k, £, g) = (K, L, G). Since q1,1,0 = 0, this is equivalent to the
vanishing of the quadratic expression Qg1 in the g ¢, defined as Pg, 1, from
Lemma 2.6 with p replaced by g, which does not involve qx.1..G-

As in the proof of Proposition 3.1, we use the notation (4)x ¢, to denote the
part of the coefficient of #%+&~17k+{+28=2 ipn some map

A:EH ® R{t,h} — EH ® R{t,h}
which corresponds to the part mapping Ex H to E;H. Define

EI/ = Zak,f,ghk+g_lfk+e+2g_2: EH —> EH,
(k,2,8)<(K,L,G)

and note that hypothesis (i) implies that (§'q')x¢e = O for all (k,£,g) <

VA

(K, L,G), so that the claim Ok 1,¢ = 01is equivalentto (4'q")x.1..¢ = 0.
We also define

ﬁ/ = Zﬁk,ﬂ,ghk+g_lfk+e+2g_2: EC — EC
(k,l,g)<(K,L,G)

and

o= frggh* 814262 EH — EC.
(k.t.8)=<(K,L,G)

Induction hypothesis (ii) implies that
(e"d — e =0

for all (k,€¢,g) < (K,L,G). But this, together with (4'q" )k, = 0 for all
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(k,2,g) < (K, L,G),implies

A 1 1
@3k, = 7 n®k f1 Todd) kL
1 R
= FJTOL ("4 )k.L.6
I or .

" Liye"d k1.6

1 ,
_ OLjarar f
=" (p'p'e" kL6

_ 1 er
=77 (Pl10pKLG+PKLGP110)L,f110

=0

since 7p1,1,0 = P1,1,0f1,1,0 = 0. This proves that the g’s satisfy relation (2.4) for
(k,t,g)=(K,L,G).
Now we apply part (2) of Proposition 3.1 to find that

" 1 ~
pl,l,O(EPK,L,Gf(Efo — Rk,1L.6(q, P)) = 0Rk,L,6(f,q,p) = 0.

Since - I fl Lo :Ep, H — E1,C is a chain homotopy inverse to 77, we can choose a

chain homotopy between ﬁfl,l,OqK,L,G and ﬁpK,L,Gfl’l’O — RK,L,G(f, p,q) and
denote it by fx,1.,¢. Then by construction we have

" 1 1 ~
—p1,1,0fk.L,6 + Ef?,f,o"lK,L,G - FPK,L,Gf(B{(,o + Rg,L,6(f.p.q9) =0,

which according to Lemma 2.10 proves property (ii) for the induction. |

Suppose (H,{qk,¢,¢}) is an IBL-algebra, where H = H(C,0) is the ho-
mology of some chain complex (C,d), and so inparticular q;1,0 = 0. Let
f = fi1,00H — C and 7:C — H be maps as in the above proof. Then we
get the structure of an IBL,-algebra on C by setting p; 1,0 := 0 and

_ f@ﬁ 1 Gk

Pkt,g = CIngk,

for (1,1,0) < (k,£, g). Since nf = idg and 7wp1,1,0 = P1,1,0f = O, the identities
for (C, pi,¢,¢) easily follow from those for H, and § and  are linear homotopy
equivalences inverse to each other.
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Now suppose f:(C,9¢) — (D,dP) is a chain homotopy equivalence and
suppose C has the structure of an IBLeo-algebra (C, {pf, ,}) with p{, ; = €.
By Theorem 6.1, this structure can be projected to an IBLo-structure (H, {qk,¢,¢ })

on the homology H = H(C, ) Ly (D, dP) and then lifted according to the
above discussion. So we have

Corollary 6.2. Let (C,{pk,q}) be an IBLy-algebra, (D, dP) a chain complex,
and f:(C,3°) — (D, dP) a chain homotopy equivalence. Then there exists an
IBLoo-structure {qk ¢,o } on D with q1,1,0 = 0P and a chain homotopy equivalence

of IBLoo-algebras fi g,g: (C.{pre.g}) = (D, {dk,t,g1) With f1,10 = f.

7. Relation to differential Weyl algebras

In this section we will explain the relation between the IBL,-formalism and the
formalism of differential Weyl algebras used to describe symplectic field theory
(SFT) for contact manifolds in [31].

Objects. Fix a ground ring R containing @, and fix some index set P (which
corresponds to the set of periodic orbits in SFT). Consider the Weyl algebra W of
power series in variables {p, },e» and # with coeflicients polynomial over R in
variables {q, },e». Each variable comes with an integer grading, and we assume
that
[Pyl +layl = || = 2d

for some integer d and all y € P. (In SFT, d = n — 3 for a contact manifold of
dimension 2n — 1.) W comes equipped with an associative product » in which all

variables commute according to their grading except for p, and ¢, corresponding
to the same index y, for which we have

py *qy — (_l)lpyllqquy *p)/ — Kyh

for some integers k,, > 1 (which correspond to multiplicities or periodic orbits in
SFT).
A homogeneous element H € %W of degree —1 satisfying the master equation

HxH=0 (7.1)

is called a Hamiltonian, and the pair (W, H) is called a differential Weyl algebra
of degree d. Indeed, the commutator with H is then a derivation of (W, x) of
square 0.



736 K. Cieliebak, K. Fukaya, and J. Latschev
We will impose two further restrictions on our Hamiltonians H, namely
H|p—o =0 and H;—o = 0. (7.2)

Remark 7.1. In SFT, the first condition in (7.2) is always satisfied, and the
second one can be arranged using an augmentation. Such an augmentation can
for example be obtained from any symplectic filling of the underlying contact
manifold.

Note that, under our restrictions, H can be expanded as

H=>" Hgoch® " (7.3)

k{>1,g>0

where Hy 4 ¢ is the part of the coefficient of #5~1 which has degree k in the p’s
and degree £ in the g’s.

Consider now the free R-module C generated by the elements ¢, for y € P,
and graded by the degrees deg(gy) := |qy| + 1. Then EC = @, ExC, defined
as in §2, is the non-unital commutative algebra of polynomials_in the variables
{qy}yep without constant terms. We can represent W as differential operators
acting on the left on EC {#} by the replacements

—
RN h —_—
Py Ky aCIy
Then the Hamiltonian H determines operations
] ——
Prig = h—ka,e,g: E.C — E,C. (7.4)

The fact that the coefficients of I are polynomial in the g, ’s translates into

Givenk > 1, g > 0and a € E;C, the term py ¢ ¢ (a)

7.5
is nonzero for only finitely many £ > 1. (7:2)
Conversely, H can be recovered from the operations pg ¢, by
1
Hkaeag = Z fpksesg(q)/l "'q)/k)p)/l "'pl’k' (7'6)
Yk

Proposition 7.2. Equations (7.4) and (7.6) define a one-to-one correspondence
between differential Weyl algebras satisfying (7.2) and IBLxo-algebras satisfy-
ing (7.5) (both of degree d).
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Proof. In the present context, the operator p appearing in Definition 2.3 can be
written as
h= ZHk,z,ghg—l: EC{h) — EC{n).

kJl.g
(The condition (7.5) allows us to set T = 1in p.) Itis easily checked that HxH = 0
is equivalent to p o p = 0. O

Morphisms. Next suppose (W, H™) and (W—, ™) are differential Weyl alge-
bras of the same degree d with indexing sets P* and P~. Let D denote the graded
commutative associative algebra of power series in the pT and % with coefficients
polynomial in the ¢~. By definition, a morphism between the differential Weyl
algebras is an element F € D satisfying

&
P el — eFHT) = 0. (7.7)
h
Here H* acts on e from the right by replacing each q;“ by hicyap%, and the
v
expression is to be viewed as an equality of elements of %D. Again, we impose
the additional condition that

Fl,+=0 =0 and F|;—=0 =0. (7.8)

Remark 7.3. In SFT, the first condition in (7.8) is satisfied for potentials coming
from exact cobordisms, and the second one can be arranged in the augmented case.
Moreover, the potential of a general (augmented) symplectic cobordism can also
be viewed as a morphism in the above sense by splitting off the part A = T+ —,
which gives rise to a Maurer—Cartan element in the differential Weyl algebra
associated to the negative end. The remaining part ' — A then gives a morphism
from (WF,H") to the twisted version (W™, Hy), where Hy = e™4 » H™ * 4
(compare Theorem 8.3 and the discussion surrounding it in [21]).

As with H above, we expand I as

F =Y Feegh®" (7.9)
k,t,g

_ —0
and define operators Fy ¢ ,: E;Ct — E,C~ by substituting p;L by h/cyaq%. In
Y

this way, we get maps

l — n _
fk,e,g = h_ka’e’g:EkC — E,C™. (7.10)
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satisfying the condition

givenk >1,g>0anda € E,C™,

(7.11)
fk.0,¢ (@) is nonzero for only finitely many € > 1.
Again, I can be recovered from the operations fx ¢, by
1
Freg =Y, ——fes@), a0, pi.- (7.12)
Ky w Ky
V1sees Yk ETJ’_

Proposition 7.4. Equations (7.10) and (7.12) define a one-to-one correspondence
between morphisms of differential Weyl algebras satisfying (7.8) and morphisms
of IBLyo-algebras satisfying (7.11).

Proof. Again one checks easily that equation (7.7) translates into equation (2.10)
relating the exponential of

F=> freghs "

k.t.g

and the operators p* (where again we have set r = 1). For the computation, it is
useful to observe that for any monomial Q in the ¢ we have

e'(Q) = (e" Q)|+ =0

— = — = s —
Moreover, e"Ht = e o™, and similarly H™e" = H~ oe, which follows easily
from the definitions. O

The composition F~ ¢ F* of morphisms F*+ from (W, HT) to (W, H) and
F~ from (W, H) to (W~,H™) is the morphism F from (W+,H*) to (W, ")
defined as the unique solution of

ef = (") » (" )lg=p=0.

Here the star product is with respect to the middle variables p and ¢, and one
checks that indeed I € %D as required. We leave it to the reader to check that this
agrees with composition of IBL,-morphisms.

Homotopies. For the discussion of homotopies it is convenient to extend the
definitions of Weyl algebras and morphisms between them from ordinary ground
rings R to differential graded ground rings (R, d).
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In general, a Weyl algebra W over a differential graded ring (R, d) consists of
power series in variables {p, },e» and % with coefficients polynomial over R in
variables {g, },ep, with the same grading and commutation relations as before. A
Hamiltonian in this context is now a homogeneous element He %W of degree
—1 satisfying the generalized master equation

di+H«H=0, (7.13)
where d is the differential in the ring, as well as our standing assumption
Hlp=o =0, H|,=0 =0.

We let C be the free graded R-module generated by the elements g, and E C =
D1 E x C, where the tensor products are taken over the differential graded ring
R. Representing elements of W as differential operators as before, the generalized
master equation (7.13) ensures that the operations

1 = A ~
pk,(,g = h_ka’e’g: Ekc —_— Eec,

together with the differential d on the coefficients, determine a differential d + p
on EC {h} which squares to zero.

Given differential graded Weyl algebras (W+, ) over the differential graded
ring R* and (VA\?_, H™) over the differential graded ring R~, we let D denote
the power series in the p* with coefficients polynomial over R~ in the ¢~.
A morphism between the differential graded Weyl algebras now consists of a
morphism of differential graded rings p: R* — R~ and an element G € %@
satisfying

= AP
e C(de® + H e® —eCp(Hh)) =0, (7.14)

as well as
G|p+=0 = O, G|q—=() = O

As above, this induces a morphism g from (EC*, p+) to (EC~,p™) satisfying
(d+p)e? —efd +pt) =0.

We will apply these generalizations as follows. Associated to a given ground
ring (without differential) R, we now introduce the differential graded commuta-
tive ring (R[s, ds], d) where

|s] =0, |ds|=—1, and d(s) =ds, d(ds)=0.
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Thinking of elements in R[s, ds] as polynomial functions f (s, ds) with values in
R, we have morphisms

R L5 (R[s,ds],d) <5 R, i=0,1

defined by

Jjry=r. e(f(s.ds)) = f(.0).
They satisfy ¢; o j = idg and j o ¢; ~ idg[sqs, Where a chain homotopy
H:R[s,ds] — R[s,ds] with dH + Hd = id—je; is given by the integration
map g(s) + h(s)ds > fis h(s)ds.

Now given any differential Weyl algebra (W, H) over the ring (without dif-
ferential) R generated by {p,},ep and {g,},<p, we consider the new differential
Weyl algebra (\7\7, ]ﬁ) over R|[s, ds], where W = R[s,ds] ® W = W][s, ds], and
we view H = H as an element independent of s and ds. The generalized mas-
ter equation (7.13) for H follows directly from the corresponding equation (7.1)
for H.

Note that (W[s, ds], H) corresponds to an IBL,-algebra whose underlying
R[s, ds]-module is C|[s, ds] = R][s,ds] ® C. Since we take tensor products over
R[s, ds], we have

E(Cls,ds]) = (EC)ls, ds],
so notations are not too ambiguous. Graded commutativity inserts the usual
signs when ds is moved past some g, or p,. As already mentioned before,
the differential takes the form d + p: EC[s, ds]{h} — EC]s,ds]{h}, where p is
induced from H = H as above.

Associated to the above ring morphisms

j:R — (R[s,ds],d) and e;:(R[s,ds],d) — R
there are morphisms
J: (W, H) — (W[s,ds],H) and E;:(W[s,ds], H) — (W, H)
which act as the identity on C. Explicitly, the associated power series in all three

cases is :
7 Z dy Py
yeP

and the nontrivial part comes from the action on the coefficients. Note that they are
linear morphisms of Weyl algebras, in the sense that they equal their (1, 1, 0)-terms
and satisfy

= <
e V(He' — e‘]](ﬁ) =0, e & (ﬁeE" —e%H)=0.

Moreover, E; ¢ J =idy fori =0, 1.
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Definition 7.5. We define a homotopy between two morphisms o and Iy from
(Wt H*) to (W~,H™) as a morphism G from (W, HT) to (W™ [s,ds],H™)
which on coefficients corresponds to the inclusion j: R — (R[s, ds], d), and such
that

Ef oG=F, i=01

According to our definitions, such a G is a power series in the p™ with
coeflicients polynomial in the ¢, s and ds. Therefore it can be written in the
form

G=F(q ,s, p") +dsK(g s, ph). (7.15)

It satisfies the equation
= A
0=eC(de® +H et —eCHT)
_ o FO( 956 L T (oFO
=e (1 — dsK(s)) dsa e + H (e (1 + dsK(s)))
s
<«
— ("1 + dsK(9))HT)),
which splits into the two equations

0= T (]I?ems) - e]F(s)]I(-I_Jr)
and

0 =2 <
0= e_]F(s)(a—e]F(s) — ™ (K(5)eF @) — (PO K (s)HT)
S
- e_]F(s)]K(s)(I??e]F(S) - eF(S)IP?)

= ——
— ¢ FG) (aie]F(s) — i, ]K(s)]e]F(s) — e [K(s), ]H+])
S

Note that the second equation and the fact that the H* are Hamiltonians imply
that

ai(e—“” (7 eP® — FOTT)) = 0,
N

So together with the inital condition that IF(0) is a morphism it implies the first
equation.
Summarizing the above discussion (and recalling H~ = H™), we see:

Lemma 7.6. Two Weyl algebra morphisms Fo,Fy: (W, HT) — (W™, H™) are
homotopic in the sense of Definition 7.5 if and only if there exists

G=F(g .s.,p") +dsK(g.s.p")
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such that

F(g—,0,p") =Fo(g.p"), F(g .L.pH)=Fi(g.p")

and

3 — R ——
0= g.«zﬂ’“) — [H™, K(5)]e"® — PO [K(s), HT]. (7.16)

Remark 7.7. In SFT, one works in the slightly more general context of not
necessarily augmented morphisms, and equation (7.16) is taken as the definition
of homotopy between morphisms of Weyl algebras, cf. [31, p. 629].

Now we have the following:

Proposition 7.8. Consider two differential Weyl algebras (W, H") and
(W=, H7), and denote by (CT, {p]:,e,g}) and (C~, {p,;e,g}) the corresponding
IBL-algebras, respectively. Let Fo, F1: (W, HY) — (W™, ") be Weyl alge-
bra morphisms and denote by {© = {f,(g%’g} and fV = {f](:},g} the corresponding
morphisms (CT, {p;:, g H— (C™, {p,; g }) of IBLo-algebras, respectively.

Then Fy is homotopic to Iy in the sense of Definition 7.5 if and only if §© is
homotopic to §V in the sense of Definition 4.5.

The proof uses the following lemma.

Lemma 7.9. Let (C,{pr,¢}) be an IBLx-algebra over R, and let (Cls,ds],
{Pk,t,g}) be the corresponding IBL«.-algebra over (R[s, ds], d). Let (€, {qk.e,¢},
t, &) be a path object for (C,{pk ¢,¢}). Then there exists a morphism

a={areg} (€ Aare.gr) — (Cls.ds]. {pree)).

corresponding to j: R — R[s,ds] on coefficients, which makes the following
diagram commute:

&i
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Similarly, there is a morphism

b = {bi,e.¢}: (Cls.ds]. {Pr,e.e}) —> (€ A{dreg})

corresponding to ey: R[s,ds] — R on coefficients, which makes the following
diagram commute:

c L Cls,ds] -5 ¢

]

C ¢ C

L &

Proof. CJs, ds] is not a path object for C in the sense of Definition 4.1 (they are
even defined over different rings), but still it is true that

a. j, eg and e; are linear morphisms (and we denote their (1, 1, 0) parts by the
same letters);

b. ;o j =idc and j oe; ~ idC[s,ds];

c. j:C — CJs,ds] and ¢;: C[s, ds] — C are homotopy equivalences (of chain
complexes over R with differentials p; 1,0 and d + p;,1,0, respectively);

d. the map eg @ e;: Cls, ds] — C & C admits the linear right inverse (cg, ¢1) —
co + (c1 — co)s.

So while the lemma is not a particular case of Proposition 4.4, the proof there can
be adapted to the present situation. |

Proof of Proposition7.8. If G = F(q~,s, p*) + dsK(g~,s, p*) is a homotopy
between Iy and IF; in the sense of Definition 7.5, and & is the corresponding
IBLoo-morphism from C* to C~[s, ds], then the composition § := b ¢ & is the
required morphism from C* to ¢~ with &; ¢ $ = @),

Similarly, if £ is a homotopy in the sense of Definition 4.5, then & := acf)isan
IBLy-morphism from C* to C~[s, ds] whose Weyl algebra translation satisfies
Definition 7.5. |

8. Filtered IBL ., -structures

For many applications the notion of an IBL,-structure needs to be generalized to
that of a filtered IBL-structure. In this section we define this generalization and
extend our previous results to this case. This refinement is also necessary for the
discussion of Maurer—Cartan elements in §9.
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Filtrations. A filtration on a commutative ring R is a family of additive sub-
groups { R }rer such that

RDR); DR, wheneveri < pu, U Ry, =R, and Ry R, C Ryyy.

AER
Such a filtration is equivalent to a valuation? | - ||: R — R U {oco} satisfying
0] = oo and
Il + 7" = min{ |7 [l 171} el = el + 1

for r,r’ € R. The two notions are related by
Irll =sup{d:r € Ra}, Ry ={r:|rll = A}.

The trivial filtration on a ring R is defined by the trivial valuation ||r| = 0 for all
r # 0. Another example of a filtered ring is the universal Novikov ring considered
later in this section.

Given a ring R with filtration {R)},cr, a filtration on an R-module C is a
family {Cj },er of R-linear subspaces satisfying

C >F*C > F*C whenever A <, | J F* = Cand Ry - F“C c F*HAC.
AER

Again, this is equivalent to a valuation? || - ||: C — R U {oo} satisfying
le + ¢l = min{|lc[l, "I}, Nrell = 7]l + lle|

for c,¢’ € C and r € R, where the two notions are related by
lell = sup{r:c € FACY,  FAC = {c:|lc|| = A}

If C is an R-algebra, we require in addition that FrAC - FLC c FMEC, or
equivalently, |[c - ¢’|| = ||l + lI</|l.

The completion of C with respect to F is the completion with respect to the
metric d(c, ¢) := e 1¢=¢'l j.e., the R-module

o0
[ caec jim el = oo
1—>00

i=1

C:

o0
{Zci:ci eC, #i:c ¢3’AC} <ooforall A € ]R}.

i=1

Note that C inherits a filtration from C.

2 Commonly, a valuation is required to satisfy ||7|| > 0 and |[rr’|| = |||l + ||7’||, but we will
not need these stronger conditions.

3 The filtration degree || - || should not be confused with the grading | - | on C, which plays
no role in this section.
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For example, the completion of a direct sum C = P, C k with respect to the
filtration FAC := @, C is the direct product C = [Tiso C* with the induced
filtration

F*C = {(ck) € C:cx =0 forall k < A}.

A linear map f:C — C’ between filtered R-modules is called filtered if it
satisfies

f(:}rkc) c EFA-I-KC/

for some constant K € R. In this case we call the largest such constant the
(filtration) degree of f and denote it by || f].

Filtrations on C and C’ induce filtrations on the direct sum and tensor product
by

FHC @ C) :=FC dFC,

FHC®C) = PFHC eFhC
A+Ar=A

Given several filtrations S"fC on C, we denote by C the completion with respect
to the filtration F4C := U, CT"J%C.
A filtration on C induces filtrations on the symmetric products

FHC@r - ®r C[1])/ ~:= PEF" C[1] @ --- ®@r FHC[1])/ ~
Art+tAg=A

We denote by E;C the completion of the k-fold symmetric product (C[1] ®r
.-+ ®g CJ[1])/ ~ with respect to this filtration. We now also include the case
EOC := R (where R is assumed complete).

Note that the symmetric algebra ;. ExC has two filtrations: the one in-
duced by J, and the filtration by the sets Py, E;C. We denote by EC the
completion of Py~ g E} C with respect to these two filtrations. Thus elements in
EC are infinite sums Z?il ¢; such that ¢; € F*i Ey, C with

lim max{k;, A;} = oo.
1—>00
Given amap p: ExC — E,C of finite filtration degree || p||, formula (2.1) extends
to the completion to define a map p: EC — EC.
For the remainder of this section, R will denote a complete filtered commuta-
tive ring, and C a filtered R-module.
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Filtered IBL-algebras. Consider now a collection of maps
Pkt,g: EkC — E@C, k,l,g>0

of finite filtration degrees satisfying

Pke.ell = 7. forall k, ¢, g. (8.1)

Here y > 0 is a fixed constant and

Xk,f,g =2-2g—k—¢
is the Euler characteristic of a Riemann surface of genus g with k positive and ¢
negative boundary components. Note that, in contrast to the unfiltered case, we
allow k =0and £ = 0. In §12 we will use y = 2.
Define

o0
A A ~ 1 ~
p= } :pk’g’ghk"'g_l: EC{h} — £EC{h},
k,L,g=0

where EC {4} denotes the space of power series in 4 with coefficients in EC.
To see that p is well defined, note that elements of EC{#A} are given by ¢ =
sz’glzo cz/,g/hg/ with ¢y ¢/ € EyC. Then

A i
Be) = 3 curgnh®
0'>0
g//Z_l

with

Corgr =Y Prig(ceg) € EeC.
k+g+g'—1=g"
4+ —k=t"
We need to show that for £”, g” and |cg» 4~| bounded from above only finitely
many terms can appear on the right hand side. Since k, g, g’ > 0, the relation
k+g+g —1 = g"boundsk, g, g’ interms of g”. Then the relation £ +¢'—k = ¢”

bounds £, ¢’ > 0 in terms of g”, £”. In particular, X, is bounded. So
.8

IPr.eg (o gl = kel + leegll = v, , , Hllevgl

s

bounds ||c/ ¢/ || from above in terms of £”, g” and [[cg» 4|, so by convergence of
¢ only finitely many such terms appear.
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Definition 8.1. A filtered IBL-structure of bidegree (d,y) on a filtered graded
R-module C is a collection of maps

pk,g,g:EkC — E@C, k,l,g>0

of grading degrees —2d(k + g — 1) — 1 and filtration degrees satisfying (8.1),
where the inequality is strict for the following triples (k, £, g):

(0,0,0), (1,0,0), (0,1,0), (0,0,1), (2,0,0), (0,2,0), (8.2)

such that
fof=0.

A filtered IBL-structure is called strict if pg ¢ o = O unless k, £ > 1.

We remark that the coefficient of #~2 of the EoC — EoC component of p o p
is p%,o,o' S0 po,0,0 = 0 automatically. Inductively, it follows that pg 9, = O for all
g=>0.

Remark 8.2. We do not have a conceptual interpretation of the constant y in
equation (8.1). In fact, we could absorb y by giving the variable # filtration degree

17 ]|new = 2y
and shifting the filtration on C by
l¢llnew == llcll + v

Then we obtain

”pk,e,g (xl . 'xk)hk+g_1 ”new
= IPk,e,e (X1 xp) [ +y(2k +2¢ =2+ 0)
> xyxk| +yQ—2g—k—0) +yQRk +2¢g -2+ 1)
= [|x1 - Xk [ new>
hence p: EC{h} — %EC{h} has filtration degree ||p|lnew > 0. In this paper we

will not use this filtration, but rather carry out inductional proofs explicitly by
considering connected surfaces as in the discussion preceding Definition 8.1.

Filtered IBL,-morphisms. Consider two filtered R-modules (C*, p*) and a
collection of maps

freg ExCT — EC™, k. £,g>0
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of finite filtration degrees satisfying

k.06l = Y Xt forall k. £, g, (8.3)

where the inequality is strict for the triples in (8.2). Here y > 0 is the fixed constant
from above, and again we allow k = 0 and £ = 0.

Lemma 8.3. Given (C*,p*) and fk,0,¢ as above, there exist unique collections
of maps q,fz 2 ExCT — E,C~ satisfying (8.1) such that

A

pt =47, pel =G ECH{h) — EC{h.h").

where GF is defined by

Z Z (r 1)'fk1,€1,g1 ©- kar 1.br—1,8r—1

r=1 k;l;.g;
1<i<r © qkrs Lr.gr

pkitrgi—T
Proof. Letus consider the composition p~e’ = q~, the other one being analogous.
Comparing with Lemma 2.10, we find that the map q;_, , is given by the sum

1 A
Z Z _lpk_,(_,g_ osls---ssr (fklaelsgl @ T @ fkraersgr) (84)

r>0 k] +tkyp=
Li+-+er +£——k——£
gi1+t+gr+g +tkT—r=g
1+ ts =k~
si>1
corresponding to complete gluings of r connected surfaces of signatures (k;, £;, g;)
at their outgoing ends to the ingoing ends of a connected surface of signature
(k~,€7, g7), plus an appropriate number of trivial cylinders, to obtain a connected
surface of signature (k, ¢, g).
It remains to show that the expression in (8.4) satisfies condition (8.1). Note
that for each term in this sum the Euler characteristics satisfy

r

Teig = Mg T _X;Xk,-,ei,gi'
i=
Let us write {1, ..., r} as the disjoint union / U J U K, where i € [ if and only
if (ki,¢;, g;) is one of the triples in (8.2), i € J if and only if y < 0,
itis8i
and i € K if and only if (k;,%;,gi) = (1,1,0). Let § > 0 be such that
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Ik, .¢;.0: 1l — ¥ X, > § for all i € I. Then the filtration conditions on p~
it 8i
and f imply

||qk,z,g | — )’ij,g

,
> (W g = V1 o D+ D Utisl = vz, ) (85)

i=1
z Z(”fki,(,',gi || - Vin’ei,gi) = 8|1| = 0.

iel
This shows that |/ | is uniformly bounded, where we say that a quantity is uniformly
bounded if it is bounded from above in terms of k, £, g and | q_, ¢ [|. It follows that
Z_ij,e» T g T Xt g T Zxk-,b

&
jeJ 125 iel

is uniformly bounded. Since each term 2g; + k; + £; — 2 on the left-hand side is
> 1, this provides uniform bounds on |J| as well as all the g;,k;,¢; for j € J.
Finally, the fact that each i € K contributes 1 to the sum ky + -+ + k, = k
yields a uniform bound on |K|. Hence the number of terms in the sum in (8.4)
is uniformly bounded, which proves convergence of q; , ¢ with respect to the
filtration. Inequality (8.5) shows that Utg satisfies (8.1). O

In view of the preceding lemma, the following definition makes sense.

Definition 8.4. A filtered IBL,-morphism between filtered IBL,-algebras (C *,
{P;—L ¢.¢)) is a collection of maps

Trtg: EkCT— E(C™, k., g>0
of grading degrees —2d(k + g — 1) and filtration degrees satisfying (8.3) and (8.2)
such that
ept —pel = 0. (8.6)
A filtered IBL-morphism f is called strict if fx ¢ ¢ = O unless k, £ > 1.

Note that for a strict filtered IBLo,-morphism or structure, condition (8.2) is
vacuous.

Composition of filtered IBL,-morphisms. Consider two filtered IBL,,-mor-
phisms

o= (0 (CF o D) — (Codpree).

F = i g) (Codpregh) — (€7 APy g -
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Lemma 8.5. There exists a unique filtered IBL,-morphism
F= e (CF D) — (C APiee))

satisfying
ef =el e,

We call f the composition of { and §~.

Proof. According to the discussion following Definition 2.11, the map f ¢ ¢ is
given by the sum

1
Z r+|r |(fk Z1 81 ©- ka_ f—gr_—)

ki +tk =k
! rt o(Ffy + gt O--Of + )
(1—+...+(r—_ =/ k f k Zr+ gr+
+ + - —
G oty =k ek

ng+2g.‘+2€++—r+—r_+l=g

8.7

corresponding to complete gluings of #+ connected surfaces of signatures (kl+ , £l+ ,
+) at their outgomg ends to the ingoing ends of r~ connected surfaces of signa-
tures (k;”, £;, g;") to obtain a connected surface of signature (k, £, g). In particular,

for each term in this sum the Euler characteristics satisfy

r+ r—
DIy DR S
g = k"t .g; P kit .g;

Let us write {1,...,7*} as the disjoint union /* U J* U K*, where i € I+
if and only if (ki él ,gF) is one of the triples in (8 2) i € J* if and only if
inzi + <0,andi € K* 1fand0nly1f(kl , l . 8; gt) = (1,1,0). Let§ > 0

be such that ||f A Ll - VXt g g > § for all i € I*. Then the filtration

conditions on fi imply

1% e,gll VX
>Z(||fk+Z+ A=Vt +)+Z(||fk =Vt )
i=1 0% 080
2 D Ui o gt 1 =V )+ Z(Ilfk T 7 .
iel+ ’ i 8 iel— i 8

>8(IT|+[17]) = 0.
(8.8)



Homological algebra related to surfaces with boundary 751

This shows that |/ *| and |I ~| are uniformly bounded, i.e. bounded from above in
terms of k, £, g and |[fx ¢, ¢ ||. It follows that

Z Xk+£+ ++Z X—z

jeJ*t 7 jeJ—

=4 +Zxk+€+ ++Zxk W

ielt

is uniformly bounded. Since each term 2g + kjE + Ei — 2 on the left-hand
side is > 1, this provides uniform bounds on |J +| and |J | as well as all the
g7 k3, 45 for j € J*. Finally, the fact that each i € K contributes 1 to the sum
ki +- +k,+ = k and eachi € K~ contributes 1 to the sum {1 +---+ (- = ¢
yields uniform bounds on |K*| and |K~|. Hence the number of terms in the sum
in (8.7) is uniformly bounded, which proves convergence of q; ¢ with respect to
the filtration. Inequality (8.8) shows that f ¢ , satisfies (8.3), where the inequality
is strict if /* or I~ is nonempty. If I and I~ are both empty, then either
)(k te < 0 (if J* or J~ are nonempty), or (if J* and J~ are both empty)
(ki (£, ¢F) = (1,1,0) for all i and hence (k, £, g) = (1, 1, 0) (the corresponding
connected surface is a gluing of cylinders and hence a cylinder). This shows that
fk.0,¢ also satisfies (8.2). O

Gapped filtered IBL-algebras. For the homotopy theory of filtered IBL-al-
gebras we need an additional gap condition which we now introduce. Consider a
subset G of Rx>¢ such that

1. g1,g> € G implies g1 + g2 € G;
2. 0 € G;
3. G is a discrete subset of R.

We call such G a discrete submonoid, and we will write it as
G ={Ao,A1,...}, (8.9)
where A; < A4 and A9 = 0.

Definition 8.6. We say that filtered IBL,-algebra of bidegree (d, y) is G-gapped
if the operations px ¢ o can be written as

o0
Prt,g = Zpi,g,gi ExC — E(C,
j=0
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where the filtration degrees of p,’; tg satisfy

6 el =72, ,, = €G.

and pg tg =0 for the triples (k, £, g) in (8.2). We call an IBL, algebra gapped
if it is G-gapped for some discrete submonoid G C Rxg.

We define a linear ordering on extended signatures (j, k, £, g) € N by saying
(k0,8 < (jk, L, g)ifeither j/ < j,or j/ = jand (k',0',g") < (k. L, g)
in the sense of Definition 2.5.

Remark 8.7. As with the original ordering in Definition 2.5, this is only one of
several possible choices.

Now we have the following analogue of Lemma 2.6.

Lemma 8.8. For a gapped filtered IBL-algebra (C,pky,q) the condition
pop = 0 is equivalent to p‘l),m o p‘l”l’o = 0, together with the sequence of re-
lations

Plloopke,g +pk(gop110+Plg(g +Rke,g 0

as maps from EkC to EgC for all extended signatures (j, k, ¢, g) > (0,1,1,0),
where Pk g EkC — EgC involves only compositions of terms p’ kg’ whose ex-
tended signatures satisfy (0,1,1,0) < (j',k',¢',¢g') < (j, k.2, g), and ”sz o>
MYy,

Proof. Recall that the left hand side of relation (2.4) is a sum of terms Py, ¢, ¢, s
Pk,.t,.g, Which correspond to gluings of two connected surfaces of signatures
o;i = (k;,{;, gi) along s > 1 boundary components to a connected surface of
signature o = (k,£,g). We fix j > 0 and combine all terms in this sum of
filtration degree > A; + y into one summand, which we denote by R} k0.g- Next
consider a term with

oJ oJ
||pk229£25g2 Os pkll £1,81 || = A’J T VXO'
Then
Ap T vr, A trvr, = B2 1+ B I < IBZ2 os pIL I < A; + vx_-
Since y + x = x , this implies
53 o1 o

Ajn +Aj, <A



Homological algebra related to surfaces with boundary 753

If j =0, then j; = j> = 0 and, by the last condition in Definition (8.6), o1 and o>
are none of the triples in (8.2). Thus Lemma 2.6 implies that either o1 = (1, 1, 0)
ando, =0,0orop = (1,1,0) and 07 = 0, 0r 01,07 < 0.

If j > 0, then either j;,j, < j,or j; = jand j, = 0, or j, = j and
j1 = 0. In the first case we are done, so consider the second case (the third case
is analogous). Then (j,,02) < (Jj,0) and o5 is none of the triples in (8.2). In
particular, )(62 < 0, and thus

XS A=K
[on] (o8]

23 o

If X, < 0, this yields (j1,01) < (j,0) and we are done. If y = 0, then
02

0y = (1 1, 0) and it follows that (j;,01) = (j, 0). |

For a filtered IBLo-algebra (C, {pk ¢,¢}), the composition py 1,0 © p1,1,0 may
be nonzero due to the presence of pg,1,0 Or p1,0,0- If the IBLo-algebra is strict,
then these terms are not present and we get a chain complex (C, p;,1,0)-

Homotopies of morphisms between filtered IBL-algebras. We define path
objects in the category of (gapped) filtered IBL,-structures in the same way as in
Definition 4.1, except that we require the morphisms ¢, &9 and &; to have filtration
degree 0, and in condition (c) the maps P(l),l,o and q‘l”l’o replace p;,1,0 and q1,1,0-
The proofs of the following two propositions are now completely analogous to
those of Proposition 4.2 and Proposion 4.4, using induction over the linear order
on extended signatures and Lemma 8.8. We remark that it seems difficult to carry
out these inductive constructions for non-gapped filtered IBL,-algebras; for this
reason we will define homotopies of morphisms between filtered IBL,-algebras
only in the gapped case.

Proposition 8.9. For any gapped filtered IBLoo-algebra (C,{pk ¢,¢}) there exists
a path object € that is gapped.

Proposition 8.10. Let C and D be gapped filtered IBL-algebras, and let € and
® be gapped path objects for C and D, respectively. Let f: C — D be a gapped
filtered IBLoo-morphism. Then there exists a gapped filtered IBL~,-morphism
§: € — D such that the diagram

|

o
[}

<
-

h

Z
|

commutes for bothi = 0 and i = 1.
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We define the notion of a homotopy of morphisms between gapped filtered
IBLo-algebras in the same way as in Definition 4.5. Then Proposition 4.6 and
Corollary 4.7 can be generalized to the gapped filtered case in the same way.

Now Proposition 5.2 and Theorem 6.1 have the following analogues in the
strict filtered case. (More generally, they hold for gapped filtered IBL,-algebras
with pg ¢.¢ = 0 for the triples in (8.2).)

Proposition 8.11. Let f: (C,p) — (D, q) be a strict gapped filtered IBL-mor-
phism such that f1,1,0: (C, p1,1,0)0 = (D, q1,1,0) is a chain homotopy equivalence.
Then f is a filtered IBLo-homotopy equivalence.

Theorem 8.12. Suppose (C,{pk¢,¢}) is a strict gapped filtered IBLo-algebra.
Then there exist operations {qi ¢,g} on its homology H := H(C,p1,1,0) giving
it the structure of a strict gapped filtered IBL~-algebra such that there exists a
gapped homotopy equivalence §: (H,{qk ¢,¢}) = (C,{Pkt,g})-

Remark 8.13. Proposition 8.11 continues to hold in the nonstrict gapped case
provided that {9 , ; is a chain homotopy equivalence with respect to p$ | , and
a9 1,0- and similarly for Theorem 8.12.

Filtered IBL,-algebras over the universal Novikov ring. In applications to
symplectic geometry (both to SFT and Lagrangian Floer theory), the IBL-alge-
bra that is expected to appear has coefficients in a Novikov ring and has a filtration
by energy (that is, the symplectic area of pseudo-holomorphic curves). Here we
explain the algebraic part of this story and show that various results in the previ-
ous sections have analogues in this setting. Let I be a field of characteristic 0 (for
example Q).

Definition 8.14. The universal Novikov ring A consists of formal sums

o0
a=>Y aTH, (8.10)
i=0
where a; € K, A; € R>¢ suchthat A;; > A; and lim; 0 A; = +o00. Itisa

commutative ring with the obvious sum and product. The 7 -adic valuation
lallz = inf{A;:a; # 0} € Rxo U {00}

turns Ao into a complete filtered ring. Ay is a local ring whose unique maximal
ideal A is the subset of elements (8.10) such that A; > 0 for all i with a; # 0.
Note that Ag/A+ = K.
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Let now C be a IK-vector space. Recall that the tensor product C ® x A ¢ consists
of finite sums Zf\;l x; ® aj, where x; € C and a; € Ay. In particular, it contains
finite sums

N
ZX,’T}”’.,
i=1

where x; € C and A; € Rxo. We denote by
C = 6@]}(/\0

the space of possibly infinite sums
o0
x=) xTh (8.11)
i=1

such that x; € C, A; € R, and lim; 00 A; = +00.
Hereafter in this section we shall only consider Ao-modules that are obtained
as C = C®y Ao for some C. Then C has a valuation defined by

x|z := inf{A;:a; # O},

which turns C into a complete filtered Ag-module. On such C, the notion of a
filtered IBL o -structure over A is now defined as above, with the ring R replaced
by Ao and the constant y = 0. Note that the operations p ¢, descend to the
quotient C =~ C/(A; - C) to give (6 ,Pk,,g) the structure of a generalized
IBL-algebra over Ao/ A4+ = K, which we call the reduction of (C, px¢.¢).

As above, consider a discrete sub-monoid G = {49, A1,...}, where A; < 4,44
and g = 0. Let C; (i = 1,2) be two K-vector spaces and C; = C;®Ao.
A Ay-linear map

F: C1 —> C2

is said G-gapped if there exist K-linear maps Fj: C; — C, for each A; € G such

that
F=Y TYF,

where we extend F; to C; — C, by Ay-linearity. Note that the F; are uniquely
determined by F, and a filtered IBL-algebra over A is G-gapped in the sense
of Definition 8.6 if all the operations pg ¢, are G-gapped.

We define path objects in the category of filtered IBL-structures over A in
the same way as in Definition 4.1. Then Propositions 4.2 and 4.4 have analogues
in this category.
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Thus we obtain a notion of homotopy between gapped filtered IBL,-algebras
over Ao with the same properties as in §4. Now Proposition 5.2 and Theorem 6.1
have the following analogues, which improve Proposition 8.11 and Theorem 8.12
in this setting and are proved analogously.

Proposition 8.15. Let§: (C,p) — (D, q) be a gapped filtered IBL o -morphism be-
tween gapped filtered IBL-algebras over the universal Novikov ring Ag. Suppose
that its reduction ?1,1,0: (6 ,P1.1,0) — (5, q1,1,0) is a chain homotopy equivalence.
Then § is a filtered IBL~,-homotopy equivalence.

Theorem 8.16. Suppose (C,{yk.¢}) is a gapped filtered IBL-algebra over the
universal Novikov ring No. Set H := H(C.p11,0) and H := H®Ao. Then
there exist operations {qk¢.q} on H giving it the structure of a gapped filtered
IBLo-algebra over Ao such that there exists a gapped homotopy equivalence

f: (H,{dk,e,g}) = (C.{Pk,t,g})-

The main example in this paper is the dual cyclic bar complex of a cyclic DGA,
which is discussed in §10 and §12.

9. Maurer-Cartan elements

In this section we discuss Maurer—Cartan elements and the resulting twisted
IBLo-structures. With the applications in the following sections in mind, we for-
mulate the discussion for strict filtered IBL,-algebras. However, most statements
in this section remains true if we drop the word “strict” throughout.

Let (C.p = {pr,g)) be a strict filtered IBL,-algebra of bidegree (d, y).
Consider a collection of elements

mye € E¢C, £>1,g>0

of grading degrees
|m€,g|grading = _2d(g - 1)
and filtration degrees ||my ¢ || satisfying

[megll > YA, . forall ¢, g, 9.1)

where the inequality is strict for the pairs (£, g) = (1,0) and (2,0). Define the
grading degree zero element

o 1a
mi=) myghf! € ZEC{A}.
>1
g0
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Definition 9.1. {m/ ¢}¢>1,¢>0 is a Maurer—Cartan element in (C, {px ¢ o)) if
p(e™) =0. 9.2)

Here we view m as a filtered IBLo,-morphism from the trivial IBL-algebra
0 to (C,p) whose (0,£,g) termsends 1 € R = Eo0 to my, € E,C. Then the
Maurer—Cartan equation (9.2) is just equation (8.6) for the corresponding filtered
IBLoo-morphism. In view of this observation and Lemma 8.3, the left hand side
of (9.2) converges with respect to the metric induced by the filtration.

For later reference, we record the following observation.

Lemma 9.2. Suppose that (C,{p.¢}) is a filtered dIBL-algebra, i.e. its only
nonvanishing terms are d = p1,1,0, P2,1,0 and p1 2,0, and the only nonvanishing
term in m is my o. Then the Maurer—Cartan equation (9.2) is equivalent to

dmyo + %Pz,l,o(ml,o,ml,o) =0, prao(mio)=0. 9.3)
Proof. We compute
p(e™) = (P1,1,0 + P2,1,0% + ﬁm’o)(eh—‘ml.o)
= (pl,l,o(ml,o) + %pz,l,o(ml,o,ml,o) + pl’z’o(ml’o))(h—lem)’

implying the equivalence. O

Twisted IBL-structures. The next proposition shows that a Maurer—Cartan
element gives rise to a “twisted” IBLo,-structure.

Proposition 9.3. Let {my ¢}¢>1,¢>0 be a Maurer-Cartan element in the strict
filtered IBLs-algebra (C,{pk,q}). Then there exists a unique strict filtered
IBLoo-structure {pp, . }k.e>1,g>0 on C satisfying

P

p™ = e ™p(e™): EC{hY —> EC{h). (9.4)

Proof. The map p;’, g ExC — EC is given by the sum

1.
> Do Pk (e g e g eom 9.5)
r>0  km>kl<t
C bl =k~ =b—k
g1t+t+grt+g+tkT—k-r=g
corresponding to complete gluings of r connected surfaces of signatures (0, ¢;, g;),
plus k trivial cylinders, at their outgoing ends to the ingoing ends of a connected
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surface of signature (k~, £~, g7), plus an appropriate number of trivial cylinders,
to obtain a connected surface of signature (k, £, g). In particular, for each term in
this sum the Euler characteristics satisfy

-
Xk,Z,g B Xk—,z—,g— + ;Xk,-,zi,g,-'

1=
Let us write {1,...,r} as the disjoint union / U J, where i € [ if and only if
(€;, gi) equals (1, 0) or (2,0), and i € J if and only 1f)( ' < 0. Letd > 0be

such that ||my, 4. || — Y—— dforalli € I. Asin the proof of Lemma 8.3, the

filtration conditions on p, and m imply
Ikl =7, , 281120 (9.6)

This shows that |/] is uniformly bounded, i.e. bounded from above in terms of
k.t g and |pi, g||. Then the equation for the Euler characteristics provides
uniform bounds on |J| as well as all the {;, g; for j € J. Finally, the equation
b1+ --+4 +4€ —k= = L — k provides a uniform bound on k=, which
proves convergence of pi, ¢ With respect to the filtration. Inequality (9.6) shows

that p*, ¢ satisfies (8.1). The equation ﬁ o ﬁ = 0 follows immediately from
p™ = e~™p(e™) and pop = 0. O

Remark 9.4. (1) Note that, although m contains negative powers of #, the map
ﬁ does not contain negative powers of #.

(2) In the case of filtered IBL,-algebras over the universal Novikov ring Ao,
condition (9.1) just says that mj g, mz0 =0 mod A .

Push-forward of Maurer—Cartan elements. Next consider a strict filtered
IBLoo-morphism § = {fx ¢.¢}: (C, {Pk,e,6}) — (D, {qk,e,¢}) between strict filtered
IBL-algebras and a Maurer—Cartan element {my ¢} in (C, {pk,¢,¢}). The inter-
pretation of Maurer—Cartan elements as filtered IBL,-morphisms from the trivial
IBLo-algebra and Lemma 8.5 immediately imply

Lemma 9.5. There exists a unique Maurer—Cartan element {fsmy g} in (D,

{4k, }) satisfying
ef(e™) = el*m.

We call {f+my ¢ } the push-forward of the Maurer—Cartan element {m, ¢ } under
the morphism {f ¢ ¢ }.
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Proposition 9.6. In the situation of Lemma 9.5, there exists a unique strict filtered
IBL o -morphism {fz"e’g}from (C, {p};e,g}) to (D, {q,z”:zg}) satisfying

eI = e mel(e™): EC{h) — ED{h),

Moreover, if {fi0.¢ } is a strict gapped filtered IBL-homotopy equivalence, then
SO 1S {fl?,li,g}'

Proof. As usual, we translate the equation e/ = e~ *™ef(e™.) for disconnected
surfaces into one for connected surfaces. This shows that the map

f;"e’g:EkC — E¢D

is given by the sum

1

Z rtir— |(fk1 Arer OO it —agr_—) 9.7)
O ot b=t ( :
_ + my+ Fouli sm,+ gt *)conn
Sk-Y 6=k 181 R

Zg;_+2gi_+26?_+—r+—r_+l=g

corresponding to complete gluings of 7+ connected surfaces of signatures (0, £;,

+) plus k trivial cylinders, at their outgoing ends to the ingoing ends of r~
connected surfaces of signatures (k;,{;, g;") to obtain a connected surface of
signature (k, £, g). In particular, for each term in this sum the Euler characteristics
satisfy

ke,g ZX W ++Zxk NS

i *8i ’gi

Let us set k;” := 0 and write {1,...,r*} as the disjoint union /% U J* U K¥,
where i € IjE if and only if (ki, Kl ,gi) is one of the trlples in (8.2),i € J*if
and only if y Kk gt <0,andi € K* 1fand0nly1f(kl A ,gi) = (1, 1,0).

Note that K+ = @. Let § > 0 be such that 1kt e Il — k - > § for
all i € I~ and ||m£ﬁ'gﬂ'|| 4 0.0t gt > g foralli € 1+ As 1nthepr00f0f

Lemma 8.5, the filtration conditions on § and m imply

m _ + =
liEegl = v, , = 8UITI+1I7) =0 9.8)

This shows that |/ ™| and |I~| are uniformly bounded, i.e. bounded from above
in terms of k, ¢, g and [|f, ¢ ||. Then the equation for the Euler characteristics
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provides uniform bounds on |J *| and | J ~| as well as all the k. KJ“-—L, gjﬁ for jeJ*.
Finally, the fact that each i € K~ contributes 1 to the sum {7 + --- + {,= = {
yields a uniform bound on |K~|. Hence the number of terms in the sum in (9.7)
is uniformly bounded, which proves convergence of f;', ¢ With respect to the
filtration. Inequality (9.8) shows that 7, ¢ satisfies (8.3), where the inequality
is strict if 7T or I~ is nonempty. If I™ and I~ are both empty then either

Xp, < 0 (if J* or J~ are nonempty), or (if J* and J~ are both empty)
g

(k;, €7, ¢7) = (1,1,0) for all i and hence (k, £, g) = (1, 1,0). This shows that

1
e e ¢ also satisfies (8.2). That f™ defines an IBL,-morphism now follows from

qﬁ\mefm = e_f"‘mE|ef"‘mefm = e Mgef(e™)
= eI melp(e™) = eI el (™™

_ g,

Note that

oo
1
fiiio = fiLio + Z ka—i—l,l,o(ml,o <My 0),
k=1

=F+
where the k-th term in the sum has filtration degree at least k§ > 0.

Finally, suppose that {f ¢ . } is a strict gapped filtered IBL.-homotopy equiv-
alence. Then f; ;0 is a chain homotopy equivalence. A standard spectral sequence
argument using the filtration (cf. [58, Chapter 3]) now shows that ﬂn,1,o is also a
chain homotopy equivalence. By Proposition 8.11, this implies that {f;’ e,g} is a
filtered IBL.,-homotopy equivalence. |

Gauge equivalence of Maurer—Cartan elements. We conclude this section
with a brief discussion of gauge equivalence, which will be important for geo-
metric applications in SFT and Lagrangian Floer theory.

Definition 9.7. Let m(, m; be Maurer—Cartan elements of a strict G-gapped
filtered IBLo-algebra C, and let € be a path object for C. We say my is gauge
equivalent to m; if there exists a Maurer—Cartan element 9t of € such that

(€0)+M =mp, (£1)+IM =m;.

Proposition 9.8. 1. The notion of gauge equivalence is independent of the
choice of the path object €.

2. Gauge equivalence is an equivalence relation.
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3. Letf{, g be strict G-gapped filtered IBLs-morphisms from C to D, and my,
my be Maurer—Cartan elements of C. If f is homotopic to g and my is gauge
equivalent to my, then f.my is gauge equivalent to g, my.

Using the fact that a Maurer—Cartan element is identified with a morphism
from 0, Proposition 9.8 immediately follows from the G-gapped filtered version
of Proposition 4.6.

Proposition 9.9. Let mg, my be gauge equivalent Maurer—Cartan elements of a
strict G-gapped filtered IBLoo-algebra (C,{pk ¢.¢}). Then (C,{p; ) g}) is homo-
topy equivalent to (C, {p,':‘,lz,g 1.

Proof. Let (€,{qk,¢}) be a path object and 9t be as in Definition 9.7. By
Proposition 9.6, the ¢; induce morphisms & (€, {q7, N = (C, e, ¢})> which
are homotopy equivalences since the ¢; are. The proposition now follows from the
G-gapped filtered version of Corollary 4.7. O

10. The dual cyclic bar complex of a cyclic cochain complex

In this section we show that the dual cyclic bar complex of a cyclic cochain
complex carries a natural dIBL-structure, i.e., a IBLoo-structure such that py ¢ o =
O unless (k, £, g) € {(1,1,0),(2,1,0),(1,2,0)}.

The dIBL structure on the dual cyclic bar complex. Let (4 = P, A¥ . d) be
a Z-graded cochain complex over R. We assume that dim A is finite. Let n be a
positive integer and

(.)EPatea™ —Rr
k
a nondegenerate bilinear form, which we extend by zero to the rest of A ® A.

Definition 10.1. (4, (,), d) is called a cyclic cochain complex if
(dx,y) + (=D)%E"(x,dy) =0,
(x, ) + (- b=y, ) = 0.
We define the cyclic bar complex

B A= Alll® - @ A[l]/ ~

k times
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as the quotient of the k-fold tensor product under the action of Zj by cyclic
permutations with signs. As explained in Remark 2.1, BZYCA is isomorphic to
the subspace of invariant tensors under the cyclic group action. We introduce the
dual cyclic bar complex

B A := Hom(B; 4. R),
o0

BY* A= P B A
k=1

To avoid confusion, we will denote the degree in A by deg x and the degree in
A[l] by
|x| = degx — 1.

An clement ¢ € B;”** A is homogeneous of degree D if p(x; ® -+ ® x) = 0
whenever ) |x;| # D. The coboundary operator d induces a boundary operator
on BY* 4 in the obvious way, which we denote by d:

k
(do)(x1, ..., xx) = Z(_1)|x1|+---+|xj_1Iw(xl’ s Xjm1, dXj, X1, XE ).
j=1

Note that the coboundary operator on A has degree +1, so the induced boundary
operator d on BY* 4 has degree —1.
We will now construct two operations

I»L: BCyC*A ® BCyC*A — BCyC*A,
8: chC*A — chC*A ® chC*A

of degree || = |8| = 2—n, which together with the differential d will give rise to
a dIBL-structure. It suffices to define these operations on homogeneous elements
in BY* 4 = @), B’ A, respectively

_ cyc* cyck cyc cyc
BY*A® BY* A= B "A® B2 A = (DHom(B A ® B 4. R).
k1,k2>1 k1,k2>1

Let e; be a homogeneous basis of 4 and set
ni := lei| = dege; — 1.
Let ¢’ be the dual basis of A with respect to the pairing (-, ), i.e.

(ei,e) = 5.
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We set
gij = (ei.ej), g7 :={(e'.¢’).
Note that
gij = (=DM tlgy

In the following we use Einstein’s sum convention. Then gz g/% = 8/, i.e. (g7)
is the transpose of the inverse matrix of (g;;). Note that dege; + deg el =n,so
g # 0implies thatn; +n; =n —2.1f¢; = r]‘f e; is another basis, then its dual
basis is &' = ole/ with (o}) the inverse matrix of (z}) and the pairing in the new
basis is given by

Zap = (Pa.28) = T08abTh.  8ab = 02 GapO}. (10.1a)

g = (%.6P) = 02g%0f. g% = 105"l (10.1b)
Finally, we introduce the notation

dei = Zdijej’
J

for the coboundary operator.

Lemma 10.2. The following identities hold.
de® = (—1)1d%e (10.2a)
(—)1ad® g% 4 g4’ qb = 0. (10.2b)
Proof. To prove the first equation, we compute the coefficient of e€ in de® as
(ec, de®) = (=) (dec, e?)
= (=1)"*dE (eer. e)
= (=D)"*'ag.

Since the degrees of e¢ and ¢, and hence also the degrees of e, and e, differ by
one, the first claim follows.
To prove the second claim, we again use the cyclic relation

(de? eb) = (=) 171 e? deb) = (—1)1a+m3 (e deb).
Using the first equation, we find
(de? . e?) = (=) dy' g

and
(e det) = (1) d} g™
Putting things together and noting that n, 4+ n, = n — 2, we obtain the result. O
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Anelement ¢ € B;”" A is determined by its coefficients

gpilmik = %0(31'1 P eik)
which satisfy
R
Qi iy = (_1)nlk Zj:l i) Digiy-if—q-

The boundary operator on BY* 4 acts on these coefficients by

k
T /1 P
d@)iy,...ix = Z Z(—l)n ! M di‘; Pit seoosi 1 s j 1ok -
j=1 a
Now we are ready to define a bracket and a cobracket on BY* A. For the bracket,
leto' € B A, ¢* € B) A ki ka > 0, ki + ka > 1. We define

pw(@? ¢*) € B, A

k1+k2
by
ki+ko
1@ it ey = D D DTG i iy (10.3)
ab c=1
where
c—1ki+k; c+k1—1
N=n01 itk @G D) =YY Wi+ Y M
r=1 s=c t=c
is the sign needed to move (eg4, €;,, . . ., Cictij—1>€hs Cicpp s+ ei._,) to the order
(eq.ep.€iy, ..., e,-kl+k2). Here and hereafter we put iy, 1x,4+m = im etc. Using
kil = |@'| — na one verifies
k1+k2
N2 ik ey 1:@3 D1 0) = i1 ik kg @b + 1) = 13y - Y iy
s=2

so (e, @?) picks up the correct signs under cyclic permutation to define an
element in Bgf:sz. Note that the operation u: BY*A ® BY* A — B%* A has
degree 2 — n. The independence of the basis e; follows from the transformation

law (10.1), using the equivalent definition for x; € A4

(@', @*) (X1 -+ Xk ko)
k1+ko

b 1 2
= Z Z (_l)na+7lga @ (eavxo---’xc+k1—1)(ﬂ (ebvxC-i—kl""’xC—l)'
a,b c=1

(10.4)
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This formula provides a pictorial interpretation of the operation u (see Fig-

ure 4): pu(e', 9*)(x1, ..., Xk, +k,) is obtained by inserting the canonical ele-
ment ), ,(=1)" g%%e, ® e € A ® A in all possible ways into the word
(X1,..., Xk, +k,), and applying ¢! and ¢? to the subwords demarcated by e,
and ep,.

OXetk

Figure 4. An illustration of formula (10.4) for ; which also fits into a more general graphical
approach taken below. The vertex on the left is first, the one on the right is second.

For the cobracket, note that an element
Y eBTA® B A =Hom(B, ‘A® B A, R)
is determined by the coeflicients
Vigig si1ik, = Wiy iy ) ® (e, -+~ €jp) ).

Now let ¢ € B,”" 4, k > 4. We define

S(p) e P B A B4

k1+ky=k—2
by
1 2
(8(p)i1"'ik1§jl"'jk2 . ZZ Z( 1)"+”“g bwaic'"ic—lbjc/'"jc/_1’ (105)
a,b c=1c'=1
where

n=n01, ... j1.- - Jas @i bic, )
cla ke (10.6)

= ZZT},, Nig + Z ZU},/”}Y/ + b ant

r=1s=c r’'=1s'=c'
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is the sign needed to move (ea.€i.y;.-- -, €4y, ,eb,ejc,+l,...,ejc/+k2) to the
order (eq.ep, €iy, ..., g €jy. s €.

The operation §: BY**A — BY*A ® B®Y*A also has degree 2 — n, and
independence of the basis follows from the equivalent definition in terms of x; € A

(Be)(x1 -+ Xk, @Y1+ Vky)

bk (10.7)
=) Y Y D) g(eq, X Xem1. €. Yern o Y1),

a,b c=1c¢'=1

This formula provides a pictorial interpretation of the operation § (see Figure 5):
(B¢)(x1--- Xk, ®Y1 - Vk,) is obtained by inserting the two factors of the canonical
element »__ ,(—1)" g%e, ® e, € A ® A in all possible ways into the words
X1---Xg, and y; --- yk,, and applying ¢ to the concatenated word.

Figure 5. A graphical illustration of formula (10.7) for §. The inner boundary component
is the first and is oriented clockwise, whereas the outer one is second and oriented coun-
terclockwise.

Denote by
T chC*A ® chC*A SN chC*A ® chC*A

the map permuting the factors with sign, i.e.
@y =Dy ey

whenever ¢ and i are homogeneous elements of BY* A.

Lemma 10.3. The operations § and i introduced above satisfy

Lopr=(=D)""p,
2. 78 = (=1)"38.
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Proof. The assertions can be proven by tedious but straightforward computations.
We will later see equivalent assertions within a larger “graphical calculus” (cf.
Remark 10.8), so we do not give details here. |

We will use these operations to define a dIBL-structure on BY* A. To fit with
the conventions used in § 2, we consider the degree shifted version

C := (BY*A)[2 — n].

For the shifted degrees, u has degree 2(2 — n) and § has degree 0. We define the
boundary operator
P1,1,0 ‘= d: E1C —> E1C

so that
k
i et
(P1,1,09)i; i = ZZ(—I)"I nf“di‘;<ﬂi1...i,-_1aij+1...ik- (10.8)
j=1 a

Next, we define maps
Py (chc*A)®k N (chc*A)[3 _ n]®k — C[1]®k
by
k .
Pr(c1 ® - ®cp) = (1) ILizik=Dleil o @ .o @ ¢ (10.9)
The sign can be interpreted in terms of formal variables s; . .., sx of degree n —3
as the sign for the change of order

S1C1 ***SkCl —> S1+**SkC1 "+ Ck.

The maps Py conjugate the (n — 3)-twisted action of the permutation group Sy on
(B%Y* 4)®*  given for o € S by

o - ((pl ® - ® ng) = (_1)7)+(n—3)sgn(<r)(pa(1) R ® (pa(k)’

with the usual action by signed permutations on C[1], i.e. the following diagram
commutes:
(chc*A)®k LR (chc*A)®k

Pkl Pkl
where the action of o is (n — 3)-twisted on the first line (with respect to degrees

in BY*A) and standard on the second line (with respect to degrees in C[1] =
BY* A[3 — n)).
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According to Lemma 10.3, i and § are symmetric operations on BC “Y* 4 with
respect to the (n — 3)-twisted action of the permutation group, so defining*

P2.1.0:= Propo Py ':C[1]® C[1] — C[1],
1
P12.0 = §P2 o8o P :C[1] — C[1] ® C[1],

makes these operations symmetric with respect to the usual action of permutations
on C[1]®k. Hence p,,1,0 descends to a map p»1,0: E2C — E;1C of degree
—2(n —3) — 1 and p; 2,0 descends to a map p;2,0: E1C — E,C of degree —1.
Explicitly, the operations are given by

p2.1.0(0. ¥) = (=)D, v), (10.10a)

1 —
P12.0(@)(x, ) = S (=@ (x, ). (10.10b)
The following result corresponds to Proposition 1.4 from the introduction.

Proposition 10.4. (C = (BCyC*A)[2 —n], P1,1,0,P1,2,0, p2,1,0) is a dIBL-algebra
of degree d = n — 3.

Remark 10.5. Proposition 10.4 was known among researchers in string topology,
see e.g. [15, 43].

We will prove this proposition below, after introducing an alternative point
of view on the construction of the operations. This will allow us to largely
avoid messy computations and instead concentrate on describing the underlying
organizing principles. We hope that will make the proofs in this section more
transparent.

Defining maps using ribbon graphs. As promised, we now develop the graph-
ical calculus underlying the constructions in this section. It generalizes similar
constructions of A Or L structures and homotopy equivalences among them,
which are used to construct canonical models and are based on summation over
ribbon trees (see [52] and [37, §5.4.2)).

By a ribbon graph we mean a finite connected graph I" with a cyclic ordering
of the (half-)edges incident to each vertex. Here and below we use half-edge as a
name for the edges of the first barycentric subdivision of I". We denote by d(v)

4The combinatorial factor % in the definition of p; ., which seems rather unmotivated
here, will be explained in a more general context below.
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the degree of a vertex v, i.e. the number of (half-)edges incident to v. Let the set
of vertices be decomposed as

Co(I") = CIM(IM) U CSY(T)

into interior and exterior vertices, where all exterior vertices have degree 1 (inte-
rior vertices can have degree 1 or higher). We assume that all our ribbon graphs
have at least one interior vertex.

Such a graph I' can be thickened to a compact oriented surface Xr with
boundary in a unique way (up to orientation preserving diffeomorphism) such
that ' NoXr = Cg"“(l“). See Figure 6, where interior vertices are drawn as e and
exterior vertices as o. We denote by s(b) the number of exterior vertices on the
boundary component b.

Figure 6. The surface X1 associated to a very simple ribbon graph I" with four interior and
four exterior vertices.

We assume that each graph has at least one interior vertex. Moreover, we
impose the following condition:

each boundary component of Xr contains at least one exterior vertex
of T.

The set of edges is decomposed as
C1(I') = ™) U (T

into interior and exterior edges, where an edge is called exterior if and only if it
contains an exterior vertex.

The signature of T is (k, £, g), where k = |CI"(T")| is the number of interior
vertices, £ is the number of boundary components of X, and g is its genus. For
example, the graph in Figure 6 has signature (4, 3, 0).
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An automorphism of a ribbon graph I is an automorphism of the underlying
graph which is required to preserve the cyclic ordering around vertices, but can
permute vertices and edges (and hence also boundary components). For example,
the ribbon graph in Figure 6 has a unique nontrivial automorphism (in the picture
it is given by rotation around the center by the angle ). We denote the group of
automorphisms of a ribbon graph I" by Aut(I").

We denote by RGg ¢, the set of isomorphism classes of ribbon graphs of
signature (k, £, g). Figure 7 gives some examples of such graphs, where we use
the same convention of labelling interior vertices by e and exterior vertices by o.

Figure 7. Examples of ribbon graphs from RGq 1,0, RGy 2.0, RG2.1.0, RGy,1,1 and
RG22.0.

Let us make two comments on this definition.

(1) Since all surfaces of the same signature are diffeomorphic, the set RGy ¢ ¢
can alternatively be described as follows. Fix a connected compact oriented
surface X of genus g with £ boundary components. Then RGg ¢, is the set of
isomorphism classes of (connected) graphs I' embedded in ¥ that satisfy the
following conditions:

e ' N dX consists of degree 1 vertices. We call it the set of exterior vertices
and write Cs*(T"). All the other vertices are called inferior and make up a
set ().

e Each connected component D; of X \ T is an open disk such that D; N 9%
is a (nonempty) arc.

e [' N dpX is nonempty for each boundary component dp 2.
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In this description, two graphs are isomorphic if there is an orientation preserving
diffeomorphism of ¥ mapping one to the other.

(2) Given aribbon graph I' of signature (k, £, g), let X1 be the surface obtained
from Xr by removing a small disk around each interior vertex. (In Figure 6,
these small disks are indicated by dotted circles). Viewing the £ original boundary
components as outgoing and the k new boundary components as incoming, X
is a surface of signature (k, £, g) as considered in §2. I' N X is a collection of
disjoint arcs on X starting and ending on the boundary such that every boundary
component meets some arc. Identifying X with a model surface X, each ribbon
graph of signature (k, £, g) thus induces such a collection of arcs on X

To each interior edge of our ribbon graphs we will associate a decomposable 2-
tensor 7 = T%e,®e; (using Einstein’s sum convention) which has the symmetry
property

7% = (—1)nam+=3)ba (10.11)

Remark 10.6. In this section we will only use the tensor T7%° = (—1)"2g? 1In
the following section we will introduce another such tensor.

Given a ribbon graph I' € Ry ¢, with such tensors associated to its interior
edges, we want to define a map

Fr: (C[1)®* — (C1)®".
In order to do that, we will make additional choices.

Definition 10.7. A labelling of a ribbon graph I" consists of

e anumbering of the interior vertices by 1,...,k;
e anumbering of the boundary components of Xr by 1,...,¢;
e a numbering of the (half)-edges incident to a given vertex v by 1,...,d(v),

which is compatible with the previously given cyclic ordering;

e a numbering of the exterior vertices on the b-th boundary component by
1,...,s(b), which is compatible with the cyclic order induced from the
orientation of the surface Xr.

The first two of these choices induce a (suitable equivalence class of a) choice
of ordering and orientation of the interior edges. One procedure to make a
consistent such choice will be described in Definition 11.4 below. Here we
only state that for every labelled tree with two vertices and one interior edge the
resulting orientation of that edge points from the first to the second vertex, and



772 K. Cieliebak, K. Fukaya, and J. Latschev

for every labelled graph with one interior vertex and one interior edge (which is
necessarily a loop at that vertex) the resulting orientation of the edge is such that
the first boundary component is to the left of the edge. These conventions were
already illustrated in Figures 4 and 5, where examples of contributing graphs are
drawn on their ribbon surfaces.

Now imagine basis elements eg 1), - . ., €g(s,s(»)) feed into the exterior edges
incident to each of the boundary components b. For an oriented interior edge
labelled by T%¢, ® e, label the half-edge of the starting point with e, and the
half-edge of the endpoint with e;. Then around each interior vertex v, the j-th
incident half-edge comes labelled with a basis vector ey (y, j), and we can define

(Fr(p' ® -+ ® 0¥)) p(1.1)B 1511 B.1)B L5 (0)
1 , (10.12)
= araaon, a2 T ll_[%(v,l)...a(v,d(v))),

lec! (1) veCQ (T)

nn

where the sum is over all possible ways of making the choices mentioned above,
and for each interior edge / € CI"(T") we also sum over all a;, b; ranging in the
index set of the chosen basis of A. All other coeflicients of Fr(¢' ® ---® ¢¥) are
zero. The sign exponent

n=mn+n

is determined as follows. With all the choices that we have made, we can write all
the involved basis elements ¢; in two different orders.

Edge order: 1_[ €q,; p, 1_[ €B(b,1) """ €B(b,s(b))-
teCiny(r) b=1

Note that this depends on the ordering of the interior edges, the orientation of the
interior edges, the ordering of the boundary components, and the ordering of the
vertices on each boundary component.

Vertex order: H €a(v,1) " Ca(v,d(v))-
veCl'(T)

Note that this depends on the ordering of the interior vertices, and the ordering of
the half-edges incident to each interior vertex. Now (—1)"! is defined as the sign
needed to move the edge order to the vertex order, according to the A[1]-degrees
n; = |e;| = dege; — 1. The other part of the sign exponent is determined as above
by viewing the map as a composition

C[1]®k k (chc*A)®k (chc*A)®€ _) C[1]®€
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Now 1, is the part of the sign exponent coming from the conjugation with Py and
Py asin (10.9), i.e.

k L
== 3)( Dk —v)lg"| + Y (€~ b)x"]),
v=1

b=1

where x? = eg@p.1) - egp.sby) is the word associated to the b-th boundary

component.

Remark 10.8. We now discuss some consequences of this definition, where the
second one depends on additional properties of a specific choice for 7.

1. Reversing the orientation of an interior edge yields a change in n; of
Nanp + n — 3 from replacing Tab by T ba (¢f. (10.11)), and another change
in n; of ngnp from interchanging e, and ep. Since 7, is unchanged, reversing
the orientation of an interior edge yields the total sign (—1)"~3.

2,. With the specific choice of 7% = (—1)7g?"  interchanging the order of
two adjacent interior edges leads to a sign (—1)"~2 due to the change of 7,
from interchanging the corresponding pairs of basis vectors in the edge order,
because 1, + 7 = n — 2 whenever g% =£ 0.

3. Changing the ordering of the half-edges at an interior vertex by a cyclic per-
mutation yields the same sign twice, once from the change of the coeflicient
(pg(v,l)wa(v,d(v)) in (10.12) (because ¢ € BS%ZTA), and once from the cyclic
permutation of the corresponding basis vectors ey (y,1) ** - €a(v,d(v))- S0 def-
inition (10.12) does not depend on the ordering (compatible with the cyclic
order) of the half-edges at an interior vertex.

4. Changing the ordering of the vertices on the b-th boundary component by a
cyclic permutation yields the sign obtained from the cyclic permutation of
the corresponding basis vectors egp,1) - - €g,s)).- As the sum in (10.12)
extends over all orderings (compatible with the boundary orientations) of the
exterior vertices on each boundary component, it defines a map

BinA® @By )A— B[JA®---® By A.

5. Interchanging the order of two adjacent boundary components of total
BY* A-degrees 11, t, yields a change of 11, in n; from permuting the cor-
responding basis vectors in the edge order. It also yields a change of
(n —3)(t1 + 12) in na.
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6. Interchanging the order of two adjacent interior vertices v, w yields a change
of |¢?||¢™ | in n; from swapping the corresponding basis vectors in the vertex
order. It also yields a change of (n — 3)(|¢”| + |¢™]) in 75>.

Now we define p;1,0:C[1] ® C[1] — C[1] by summation of the contributions
Fr defined in (10.12) over all graphs I' € RGy 1,0, that is graphs with two
interior vertices and exactly one interior edge connecting them. According to (1)
and (6) above, reversing the order of the interior vertices and the orientation of
the interior edge simultaneously has the effect of changing the sign exponent by
(lp'| +n —3)(J¢?| + n — 3), which gives exactly the correct sign for the standard
action of S, on C[1] ® C[1]. So p2,1,0 is symmetric in its inputs, and descends to
a map

P2,1,0: EzC —> EIC.

Similarly, we define p;2,0: C[1] — C[1]® C[1] by summation of the contributions
Fr overall graphs I' € RGj 5,9, i.e. graphs with one interior vertex and one interior
edge (which then necessarily is a loop at that vertex) Then according to (1) and (5)
above, the map takes values in the invariant part of C[1] ® C[1], which we identify
with E,C to get a map

P1,2,0: E1C —> E2C.

Explicitly, the maps just defined are given by

p2,1.0(0", 0 (x) = Y (~)PPOIFe=eETagab L, x1))0? (eh, x(2)
ab

+ cyclic permutations,

1 _
P12.0(@)(x,y) = 5 Z(_l)nhlxlﬂn Do +1a gab oo x ey y)
ab

+ cyclic permutations,

where x and y are cyclic words of elements of A, and x = x(1)x() is a splitting
compatible with the arity of the maps ¢! and 2. The cyclic permutations are
applied to the words x or both x and y, respectively. One sees that these definitions
agree with the ones previously given in terms of § and wu, cf. the discussion
leading up to (10.10). In particular, our sign considerations have validated the
symmetry properties of p» 1,0 and p; 20, which are equivalent to the assertions
of Lemma 10.3.

We are now ready to prove Proposition 10.4.
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Proof of Proposition 10.4. The maps p1,1,0, P1,2,0 and p2,1,0 extend uniquely to
maps p1,1,0 (both a derivation and a coderivation), p; 2 o (a derivation) and 21,0
(a coderivation), all defined on EC, respectively. It remains to prove that the
following maps vanish (with oy defined as in §2):

P1,1,0 1 P2,1,0 + P2,1,0 ©1 P1,1,0: E2C — E|C,

P1,1,0 °1 P1,2,0 + P1,2,0 ©1 P1,1,0: E1C — E1C,
P2,1,0 ©1 P2,1,0: E3C — E1C  (Jacobi),
P1.2.0 01 P1.2.0: E1C — E3C  (co-Jacobi),

P1,2,0 1 P2,1,0 + P2,1,0 ©1 P1,2,0: E2C — E,C  (Drinfeld),
P2,1,0 92 P1,2,0: E1C — E{C  (involutivity).

To discuss the first equation, i.e. compatibility of the bracket with the boundary
map, we write out the equation more explicitly:

P1.1,02,1,0(8, ¥)) 4 p2.1,0(P1.1,00, ¥) + (=DIEFE=Dp, | (¢, p110¥) = 0.

Let us first look at corresponding terms in the first and second summands. The
n1(p2,1,0) for the second term differs from 7;(p2,1,0) for the first term by 7,
because of the difference of degrees of the first argument of p, 1 ¢. For the same
reason, 7, of these two terms differs by n — 3. Finally, the sign exponent in the
application of p; 1,0 in these two terms differs by n, because in the second term
the differential has to be moved past the additional argument e, in the first slot.
This gives a total difference in sign exponents of

so that corresponding terms cancel.

One can similarly compare corresponding terms in the first and third sum-
mands. Here 7, is the same for both summands, but for the application of d there
is an additional contribution of |¢| — 1, in the first term (from moving d past the
part of the inputs which feeds into ¢) and an additional contribution of 7, in the
third term from moving d past the e, in the first slot. Together with the external
exponent, we again get exactly the total difference of 1 as above, meaning that
corresponding terms again cancel.

Finally, there are two more terms, one each in the second and third summands,
coming from applying the differential d to e, and ep respectively. Lumping the
arguments that feed into ¢ and ¥ together into words x and y respectively, and
ignoring the identical part of the sign coming from cyclic permutation of the
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inputs, we see that the two terms are of the form

(— ) EFO=UBHED 220 g (doy x) Y (ep. )
= (— 1)l eHD 2ab 4 g (0 x)Yr (ep. y)
and
(_1)nb/|x|+(n—3)(|¢|+1)+|¢|ga’b/¢(ea/’ xX)¥(dep, y)
— (—1)"b’|x|+("_3)(|¢|+1)+|¢|g“/b/d,§’,¢(ea/, xX)V(ep, ).

Using np = npr + 1, nor = ng + 1, and || = |x| + na + 1, we see that these terms
cancel using equation (10.2) of Lemma 10.2.

A similar discussion proves the compatibility of 11,0 and ;1 2,0.

The remaining four equations are the Jacobi, co-Jacobi, Drinfeld and invo-
lutivity relations, respectively. To prove them, we will argue by cut-and-paste
techniques on suitable ribbon graphs and their associated surfaces.

Jacobi and co-Jacobi. Writing out the Jacobi identity p, 1 001 P2,1,0 = 0 yields
the equation

p2,1,0(P2,1,0(@, V), 0) + (=)=, | (05 1,0(¥, 0). §)

+ (=)= VDY, | o(pa1.0(6, B), V) = 0.
(10.13)

The possible configurations of interior edges for these compositions are depicted
in Figure 8, where we have left off the exterior edges for clarity.

¢ 6 ¢ vy 6

Figure 8. Possible interior parts of the graph in the compositions for the Jacobi identity.

The first term in the Jacobi identity contains contributions from the first and
third graphs, the second term from the first and second graphs, and the last term
from the second and third graphs. To compare the signs of the contributions to
the first and second summand in the Jacobi identity corresponding to the first
graph in Figure 8, we (use the symmetry properties of p» ¢ to) rewrite the second
summand as

(=) =3p) | o(p. p2.1.0(¥, 0)).
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¢ v 6

.v.v.

Figure 9. Two of the compositions in the Jacobi identity that yield the same overall operation
up to sign (which corresponds to the first graph in Figure 8). As before the input boundaries
correspond to interior vertices of the graph and the blue curves to interior edges. The red
circles are the “seams” of the two possible gluings which result in this configuration, each
cutting exactly one of the interior edges. For clarity, we have left out the exterior edges,
which would give disjointly embedded lines each connecting one of the input boundaries
to one of the output boundaries.

The two possible compositions are depicted schematically in Figure 9. Consider
first the composition corresponding to the cut separating ¢ and y from 6, which
contributes to the first summand in (10.13). Reading the figure from top to bottom,
one sees that successively applying the two operations the sum of the 7;-parts of
the sign yield the correct sign to switch from the vertex order

3
1_[ €a(v,1) """ Ca(v,d(v))
v=1

to the edge order
€a1€b1€az€h5€i1 """ Cig | yrythye
where e, and e, are the labels of the left edge (connecting ¢ and v) and e,, and
ep, are attached to the ends of the right edge (connecting v and 6).
On the other hand, consider the other possible cut. The 7;-part of the sign for
the first operation now corresponds to moving from the above vertex order to

€a(1,1) """ Ca(l,k;+1)€ar€by€y(1) """ €y (k| +ka+1)>

where e, (;) are the labels of the intermediate exterior vertices created in the cutting
process. Moving e, ep, to the front yields an extra sign of |¢|(n —2), and then the
n1-part of the sign for applying the second operation yields the reordering into

€ar€b>€a1€b,€i1 """ Cigy yrythse

Comparing this with the previous outcome, we need an additional exponent of
n — 2 to exchange ey, ep, with eq,ep,. So the difference in the n;-component of
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the sign is |¢|(n —2) + (n — 2). The sum of the 7,-terms for the two operations in
the first case is

(n=3)pl + (. =3)(p| + [¥|+2—n) = (n=3)[y],

and in the second case it is

(n=3)(pl + ¥ .

In total, the difference in sign exponent of the two ways of producing this output
is (also taking into account the “external sign” of the second term)

|pl(n =2) +n -2+ (n—3)|¢| +|p|+n—-3=1,
~————

difference in 7 difference in 7o

so these terms cancel. Similar discussions apply to the other pairs of terms, and
also to the co-Jacobi identity.

Figure 10. Possible interior parts of the graph in the compositions for the Drinfeld identity.
The right hand graph comes in four flavours, depending on the orientation of the edges,
yielding the four terms in $>.1.0 o1 P1.2.0, which also appear in py 2.0 © p2.1.0. The left
hand term represents the self-cancelling part of p1 2.0 o p2.1.0-

Drinfeld. We next prove the Drinfeld compatibility between bracket and co-
bracket. Using the common short hand notation p1 2,04 = ¢1) ® ¢(2) etc, it takes
the explicit form

0 =p1,2,0 ©P2,1,0(¢. V)
+ (=DIPOIH 360y @ pr1.0(b2). V)
+ (_1)(I¢(2)|+n—3)(IWI+n—3)p2’l’0(¢(1)’ V) ® b
+ (_1)(|¢|+n—3)(|w|+n—3)+|¢<1>|+n—3w(l) ® p2.1.0(V2), D)
+ (=D, 0. V) © Yoy

This time, the possible interior parts of the underlying graphs are shown in
Figure 10. Let us consider the configuration in Figure 11, which contributes to



Homological algebra related to surfaces with boundary 779

“\‘,.

Figure 11. A possible configuration of interior edges (again in blue) appearing in the
Drinfeld compatibility equation and the two gluings that give rise to it (seams in red).

both p1,2,0 © p2,1,0(¢, ¥) and ¢1) ® p2,1,0(¢(2), ¥). The n;-part of the sign of the
composition pq,2,0 © P2,1,0(¢, ¥) (the horizontal cut) corresponds to moving from
the vertex order

2
1_[ €a(v,1) """ Ca(v,d(v))
v=1

to the edge order
2

€a1€b€az€h; l_[ €B(b,1) """ €B(b,s(b))>
b=1

and the n,-part of the sign exponent is simply (n — 3)(|¢| + #1), where #; is the
total BY* A-degree of the first output (which turns out to be |¢(1)| from the second
point of view).

Let us now consider the vertical cut, which corresponds to (— 1)|¢“)|+"_3¢(1) ®
p2.1,0(¢2), ¥). The ny part of the sign for p;,2,0(¢) corresponds to moving from
the above vertex order to

€ar€br€B(1,1) " €B(1,s(1) €y (1) """ €y (r)Ca(2,1) """ Ca(2,d(2))>
and the 1, part of the sign of the p, 1 o-part of the operation allows one to move
this to
€ar€br€B(1,1) " €B(1,5(1))€a1 €61 €B(2,1) *** €B(2,5(2))-
To get to the same order as in the first case, we need to move e, e, to the front,

yielding an extra contribution to the sign exponent of (n —2)(|¢(1)| +n —2). This
time, the n,-part of the sign exponent equals (n —3)(|¢1)| + |¢(2)|). Together with
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the “external sign,” the total difference in sign exponents is

n—2+¢wln —2)+ (n—=3)(¢| + o)) +Idw| +n -3 =1,

difference in 1 difference in 7o

because |¢| = |¢p1)| + |¢2)| + 2 —n. Hence the two contributions cancel. Similar
discussions apply to the other three terms involving the second graph in Figure 10.

To complete the proof of Drinfeld compatibility, it remains to discuss the
contributions of the first graph in Figure 10. In Figure 12, we show the two
possible gluings which yield this configuration, this time with the numbering
of vertices and the orientations of the edges included. The latter are chosen so
that the outer boundary component is the first output in both cases. Notice that
here the difference in sign comes solely from changing the order of the edges and
changing the orientation of one of them, which according to points (2¢) and (1) in
the discussion of signs above yield sign exponents of n —2 and n — 3, respectively,
for a total difference of 1 as needed for cancellation.

Figure 12. The two ways of obtaining the same output from the first graph in Figure 11,
with orientations of edges given.

Involutivity. The involutivity relation follows from an analogous argument, but
this time applied to the underlying graph depicted in Figure 13, which gives rise to
a genus one surface. Here the orientation of the first edge determines the order of
the outputs of the first operation, which by our conventions forces the orientation
of the second edge. Again, switching the order of the edges forces the reversal of
one of the edge orientations for consistency.

This concludes our proof of Proposition 10.4. O
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Figure 13. The graph corresponding to the composition in the involutivity relation.

In the above proof we used only rather elementary graphs from our “graphical
calculus.” General ribbon graphs will make their appearance in the following
section.

11. The dIBL structure associated to a subcomplex

In this section we relate the dIBL structure associated to (4, (-,-),d) to that of
suitable subcomplexes B C A having the same homology. Our main result of this
section states that the dIBL-structure on such a subcomplex is IBLs,-homotopy
equivalent to the original one. We closely follow [52, §6.4].

Let (4, (-,-),d) be as above, i.e.

(dx, y) + (DM, dy) =0, (x,y) = =(=DFPIy, x). (1L.1)

Let B C A be a subcomplex such that the restriction of (-, -) to B is nondegenerate.
This means that B is the image of a projection I1: A — A satisfying T1?> = IT and

d =dI, (Ilx,y) = {x, [1y). (11.2)

We assume in addition the existence of a chain homotopy G: A* — A*~! such
that
dG 4+ Gd =Tl —id, (Gx,y) = (-1)*(x, Gy). (11.3)

Note that conditions (11.3) imply conditions (11.2). It follows that the inclusion
i:B — A and the projection I1: A — B are chain homotopy inverses of each
other, in particular they induce isomorphisms on cohomology. We will be mostly
interested in the case that B is isomorphic to the cohomology of (4, d), which is
possible due to the following

Lemma 11.1. There exists a subcomplex B C kerd C A satisfying condi-
tions (11.2) and (11.3) such that

kerd =Imd & B.
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Proof. The proof is a straightforward exercise in linear algebra. Note first that the
orthogonal complements with respect to (, ) satisfy

(Imd)* =kerd, (kerd): =Imd.
We will construct subspaces B C kerd and C C A with the following properties:
A=kerd ®C, kerd =Imd® B, C LB&®C. (11.4)

Given such subspaces, it follows from kerd L Imd that B L Imd & C. Let
IT: A — A be the orthogonal projection onto B and define G: A — A with respect
to the decomposition A = Imd & B & C by

G(dz,b,c) :=(0,0,—z2), c,zeC, beB.

Then it is easy to verify that I1 and G satisfy conditions (11.2) and (11.3).
Subspaces B, C satisfying (11.4) can be constructed directly. A more concep-
tual argument is based on the following

Claim 1. There exist linear operators
Ak s A"k ke,
such that (-,-) := (-, *-) is a positive definite inner product on A and
% = (=K AR AR

To construct *, suppose first k < /2. Pick any metric (-, -) on A¥. It induces
an isomorphism
AR — A9*, y— ().

Similarly, (-, -) induces an isomorphism
J AR ARy oy ().
Denote by (-, -) the induced metric on A” ¥ via the isomorphism
171 4"% — 4,

ie.
(x,y):=U"Ux, 17 y), x,yeAk
Define * on A¥ @ A"* by

% = J_II: Ak _ An—k’ % = (—l)k(n_k)+n_31_l.]: An—k _ Ak.
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Then %2 = (—1)k®=K)+7id on A*. For x, y € A¥ we compute
(x,xy) = (x,J 7 y) = (JI T y)(x) = Uy)(x) = (x, ).
(ex,xx y) = (DO fx, y) = (yox) = (0.0) = (09) = ().

Thus (-, -) = (-, *-}, so * has the desired properties.

For n even and k = n/2 we distinguish two cases. If k is even, then (-, ) is
symmetric on A* and there exists a basis (e;) of A* with (e;,e;) = +6;;; then
xe; = +e; has the desired properties. If k is odd, then (-, -) is symplectic on A¥
and there exists a symplectic basis (e;, f;) of A¥ with (e;,e;) = 0 = (f;, f;) and
(ei. fj) = =0i;; then xe; := fi, *f; := —e; has the desired properties. This
proves the claim. Note that so far we have not used the operator d.

From the claim the lemma follows by standard Hodge theory arguments. De-
fine the adjoint operator d*: AK*1 — Ak of 4 by

(d*x,y) = (x,dy), xe At ye Ak

It follows that
d* = 4 x dx: AFT1 5 Ak

and
(d*x,y) = £(x,d*y), xe AT ye A"k,

Define the Laplace operator A := dd™* + d*d and
B :=ker A =kerd Nkerd*, C :=Imd".

Then the decomposition A = Imd & B & C is orthogonal with respect to (-, )
and satisfies (11.4). Note that the operator G is explicitly given by

G =—d*A™' = —A"1g%,

where A~! is zero on B and the inverse of A on Imd & C. This concludes the
proof of Lemma 11.1. O

Given a choice of basis ¢; of 4 and the dual basis e’, we set
G = (Ge?, eb).

Then we have G?#° # 0 only if n, + np, = n — 3. Moreover, from (11.3) and
Definition 10.1 one deduces the symmetry properties

Gb = (—1)nam+n=3Gab, (11.5)
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Lemma 11.2. The equation dG + Gd = Il — id translates into the identity
4G 4 (—1)1df, G = (~1)1 g — (— 1) g, (11.6)

where in the first term on the right hand side the bar signifies that we take the
inner product of the images in the subcomplex, i.e.

g% = (Ile?, Teb).
Proof. We do a straightforward computation:
(dGe,eb) = (=1)¢l(Ge?, deb) = (1)1t db(Ged, ety = d}, G
(since we need |e?| = |ep| for the term to be nonzero) and
(Gde®, by = (—=1)14d%(Ge? &) = (—1)14d % G*?.
Now multiplying the equation
((dG + Gd)e?, eb) = (TTe?, eb) — (9, e)
by (—1)"= gives the claim. O

Now we return to (A4, (-,-),d) and a subcomplex B C A satisfying con-
ditions (11.2) and (11.3). We denote the induced structures on B by d B and
(-,-). They again satisfy condition (11.1). Therefore, Proposition 10.4 equips
(B9Y* B)[2 — n] with a dIBL algebra structure.

The next theorem, which corresponds to Theorem 1.5 from the introduction,
is the main result of this section.

Theorem 11.3. There exists an IBL.-homotopy equivalence
f: (BY*A)[2 —n] — (BY*B)[2 —n]

such that §1.1,0: (BY* A)[2—n] — (B9 B)[2—n] is the map induced by the dual
of the inclusion i: B — A.

Proof. We provide two proofs of Theorem 11.3. We first give a short proof. Take
a chain map j: A — B which is orthogonal with respect to the inner product and
isaleftinversetoi: B — A. Setgy,1,0 1= j*: (BY*B)[2—n] - (BY*A)[2—n]
and g ¢¢ := 0for (k. £, g) # (1,1,0). It is easy to see from the definition that
this defines an IBLyo-morphism (BY*B)[2 — n] — (B%Y*A)[2 — n] such that
g1.1,0 induces an isomorphism on homology. Therefore, by Theorem 1.2, it has
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a homotopy inverse §. We can arrange §,1,0 = i* by choosing ;1,0 this way in
the first step of the proof of Proposition 5.2. Let us emphasize that the same proof
does not work in the opposite direction, with the inclusion i in place of j. This
explains the appearance of the nontrivial terms fi ¢ ¢ in the second proof.

We next discuss another proof of Theorem 11.3, which will occupy most
of the remainder of this section. This proof provides an explicit description
of the map f. We think this explicit description is interesting because of its
relation to perturbative Chern—Simons theory, as we explain in §13 during the
discussion of Conjecture 1.11. Also, it is likely to be useful for the generalization
of Theorem 11.3 to the case when A has infinite dimension.

We will construct § by summation over general ribbon graphs. Similar con-
structions using ribbon trees are well known, see e.g. [52] and [37, §5.4.2].

Since the G* satisfy the symmetry relation (10.11), we can apply the proce-
dure described in the previous section to associate a map

i (BY* A2 — n])®* — (BY* B[2 — n])®*
to any ribbon graph I' € RGy ¢ , via the formula (10.12), i.e.

1 k
Urle' ®-®¢)55 50

— 1 arbe TT v (11.7)
= 0 Aut(D)[ ], d(v) Z(_l)"( [To* H‘Pa(v,n---a(u,d(v»)’

teCi™(r) veCH(I)

with the conventions as before. Recall that in this definition we sum over all
labellings of I" in the sense of Definition 10.7.

The signs also depend on choices of an ordering and orientations for the
interior edges. We will now specify these in such a way that expression (11.7)
becomes independent of these additional choices.

Given a ribbon graph I' € RGy ¢ o, we have its associated ribbon surface
>, which is already determined by the subgraph I,y C I' of interior edges.
Collapsing the boundary components of Xr to points results in a closed oriented
surface ip of genus g, which comes with a cell decomposition whose vertices and
edges correspond to the vertices and edges of I'iy¢, and whose 2-cells correspond
bijectively to the boundary components of Xr. Denote by I';r, the dual graph,
whose vertices correspond to the boundary components of X and whose edges
are transverse to those of Tjy.

Choose a maximal tree T C Ty, which will have k — 1 edges, and a maximal
tree T* C T, disjoint from 7', which will have £ — 1 edges. Denote by I'" C Ty

int

the subgraph of edges from 7 and of edges dual to those of T*. The graph T'jy
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has exactly 2g further edges. When added to I/, each one of them determines a
unique cycle in Iy C X, and these cycles form a basis for H;(XZr).

Definition 11.4 (ordering and orientation of edges). In formula (11.7), we allow
any ordering and orientation of interior edges which arises from choices of 7' and
T* according to the following rules.

e Theoriented edges ey, . .., ex—; are the edges of T', oriented away from vertex
1 and numbered such that e; ends at vertex k + 1 — i. In other words, they
are numbered in decreasing order of the vertex they point to.

e We orient the edges of T* away from the first boundary component and
label them in increasing order of the boundary component they point to,
so that ey ., points to the boundary component s. The oriented edges
€k, . ..,ek+¢— are obtained as the dual edges to the e/, oriented so that the
pair {e", e; } defines the orientation of the surface Xr.

o Finally we choose the order and orientation of the remaining edges ex¢—1,
.. .s€kt+14+2¢—2 compatible with the symplectic structure on H;(Xr) corre-
sponding to the intersection pairing.

Figure 14. For this particular graph I' € RG2 3 9, the choices of trees T' (in red) and 7* (in
green) are unique (exterior edges were omitted for clarity). We also show the numbering
and orientation of the interior edges resulting from the given numbering of interior vertices
and boundary components.

Of course, the orientations and order of the edges obtained in this way depend
on the choices of the trees 7' and 7*. Note that for g = 0 the tree T* is uniquely
determined by the choice of 7', and that the conventions here agree with those
used for the graphs in RG; ;0 and RG 5 ¢ in the definition of p5 1,0 and p1.2.0.
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Lemma 11.5. Let T, T € RGy ¢,¢ correspond to the same graph, with the num-
berings of the interior vertices and boundary components differing by permuta-
tions 0 € Sy and t© € Sy, respectively. Consider pairs of maximal trees (T, T*)
and (T, T*) as above corresponding to T and T, respectively, and their induced
orderings and orientations of edges. Let r be the number of edges whose orienta-
tions differ in the two conventions, and let p € Sk ¢425—> denote the permutation
realizing the relabelling of the edges. Then

sgn(o) sgn(z) sgn(p) = (="

This lemma is proved in Appendix A, where our convention for the orientation
and ordering of the interior edges is reinterpreted in terms of orientations on the
singular chain complex of a surface.

The symmetry properties (1)—(6) described in Remark 10.8 also apply to fr,
with the exception of (2, ), which is replaced by

2. With the specific choice of T%? = G@, interchanging the order of two
adjacent edges leads to a sign (—1)"~3 from interchanging the corresponding
pairs of basis vectors in the edge order, because 1, + 1, = n — 3 whenever
G £ 0.

It follows from Lemma 11.5 (with T' = T but different pairs of trees) and
the symmetry properties (1) and (2¢) that the expression for fr is independent
of the choice of maximal trees (7, T*) used to write down (11.7). We define
fretg: (BY*A[B3 —n])® — (BY*B[3 —n])®* as

fetg = D" fr. (11.8)

I'eRGg ¢, ¢

The symmetry property (4) ensures that f; ¢ , indeed lands in (B<Y“* B[3 — n])®¢,
i.e., each tensor factor in the output is cyclically symmetric. It follows from
Lemma 11.5 (with 0 = id and 7 a transposition) and the symmetry properties (5)
and (2¢) that fi ¢ , actually lands in the invariant subspace (under the action of the
symmetric group Sy) of (BY* B[3—n])®*. Similarly, it follows from Lemma 11.5
(with o a transposition and 7 = id) and the symmetry properties (6) and (2¢) that
fr.c.¢ descends to the quotient Ex BY* A of (BY* A[3 — n])®* under the action
of Si. We now define

fk,(,g =mo fk,(,g ol: EkBCyC*A N EZBCyC*B,

where as in Remark 2.1 the map 7: Ex BY* A — (B<Y* A[3 —n])®* is the inverse
of the projection
m: (BY*A[3 — n])®* — ExBY* 4,
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given by

I(cy k) = % D ep)eom) ® -+ ® ot
" peSk
and similarly 77: (BS* B[3 —n])®¢ — E;BY°*B is the projection to the quotient.
Note that, since fi ¢ is symmetric in the inputs, the symmetrization and the
factor 1/k! in I are actually unneccesary and will not appear in formulae below.
Note also that we try to distinguish in the notation between f and f.

Remark 11.6. The global sign (—1)"73 in definition (11.8) will be needed for
the signs to work out at the end of the proof of Claim 5 below (and similarly for
Claim 6). We do not have a conceptual explanation for this sign.

We claim that f = {fx ¢} is the required IBLo.-homotopy equivalence. To
understand this, we first note that RGy 1 o consists of trees 7, with only one interior
vertex and r > 1 exterior vertices, and that each such tree induces the map

fr.: BRY " A[3 —n] — B*B[3 —n]
which is dual to the inclusion. It follows that the map

frio =Y fr,: BY*A[3 —n] — BY*B[3 —n]
.

is induced by the dual of the inclusion B — A and hence a chain homotopy
equivalence. It remains to prove that f = {fx ¢ ¢} is an IBLs morphism, since
then it follows from Theorem 1.2 that f is a homotopy equivalence.

To prove that assertion, we start by considering the difference

fr op1,1,0 — q1,1,0 © T

for a fixed graph I' € RGg ¢, o, where for clarity we denote the restriction of the
boundary operator p; 1,0 to the subcomplex by q;,1,0.

Claim 2. All the terms of q1.1,0 © fr appear in fr o p1 1,0 with the same sign.

Here and below, we use the notation a(v) = (a(v,1),...,a(v,d(v)) and
B(b) = (B(b,1),...,B(b,s(b)) for the indices associated to an interior vertex v or
a boundary component b, respectively.

Proof of Claim 2. To prove the claim, consider an exterior edge in I' € RGy ¢
going from vertex i to boundary component j. In (fropi.1.0) (¢, . ... ¢*) B(1):...8(0)

.....
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this contributes
,b i
=D Y DTG [T s dan @oiraara I | Caw):
v<i v>i
where a(i) = («’(i), a(i, r)a’(i)), and the sign exponents are as follows:

e the external sign exponent, coming from the application of p; 1,9, is ¢ =
> u<i (9”1 + (1 = 3)) + Nari)-
e 11 = 11 + 12, where 1, is the sign exponent corresponding to the permutation

[ Teacen [ Teswy — [ [ e
t b v

and 7, is given by

(n=3)( Dk = v)le"| + (k= i)+ D (L= b)la]).
v b

In the corresponding term in (41,10 © fr)(¢!, ..., ¢k)5(1);m;3(4), we assume that
the considered edge corresponds to the point numbered s on the jth boundary
component and write S(;j) = (B'(j)B(J,s)B”(j)). The the sign exponents are as
follows:

e the external sign exponent, coming from the application of 411,90, is

e=Y (1" + (n=3)) + ng(j).-
b<j

e 11 = 11 + 12, where 1, is the sign exponent corresponding to the permutation

l_[ €a;Ch; H €B(b)CP (j)€aP”(j) H €B(b)
t

b<j b>j
— l_[ €a(v)€a’(i)€ala’ (i) l_[ €a(v)
v<i v>i

and 7, is given by

(n=3)( Dk = v)lg*l + D (L= b)x’| + (¢ —j)).
v b

To compare the n;-part to the previous one, imagine bringing e, to the front,
replacing it by e ) = ep(j,s), and moving it back to its place. Doing this on
both sides relates the second permutation to the first permutation, so we have

n1(G1,1,0 © fr) — m(r © P1,1,0)
= =3k +L=2)+ D Xl +np0) + D 18"+ 1w,

b<j v<i
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where the first summand reflects the fact that the number of edges of I is (k +£{—2)
mod 2. Combining this with

n2(fr o Pr,1,0) = M2(@11,0 0 fr) = (n = 3)((k —i) — (£ = j))

and

e(fr o p1,1,0) — €(@1,1,0 © fr)
= (=D =3+ Y 18"+ ey — (G = D0 =3) + 311+ nge)).

v<i b<j
we conclude that the total sign exponents are congruent modulo 2, proving
Claim 2. A

In the remaining terms in fr o py,1 0 the differential d is applied to one of the
labels at an interior vertex coming from an interior edge.

Claim 3. Given a graph I and an interior edge e, of I', the contributions coming
from the differential acting on the two ends of the edge e, have the correct relative
signs to combine to yield the left hand side of (11.6).

Proof of Claim 3. In the proof of this claim, one needs to consider two cases:
either the edge e, connects two different vertices, or it is a loop. We will treat the
second case in detail, the first case is handled the same way.

So assume e;, € CI"Y(T) is a loop at the ith vertex leaving the vertex as the
half-edge numbered r; and coming back as the half-edge r, > r; (the other case
r, < rq could be handled similarly). Then the relevant terms come from

(D', . P 0y a0
= (DY DTGP T 0bw ®1.1.00)ai) [ [ 2ow)-
t

v<i v>i
where the sign exponents are as follows:
e the external exponentise = Y, _.(J¢"| + (n — 3)).

e 1) = 11 + 12, where 7, is the sign of the permutation moving
[Teares, [ Teswry — [ ] eaty- (11.9)
t b v

and 17, is given by

(n=3)( Dk = v)le"| + (k= i)+ Y (L= b)la]).
v b
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Freezing all other coefficients, the two relevant terms here are

b r<ry NaG.r / ]
Z(_l)n H G l_[(Pz(v)(_l)z <ri e )dgto(ptlx/(i)a’a’/(i)a(i,rz)d”/(i) H‘Pg(u)

ag, t v<i v>i
— +Zr rq Ma(,r ’b b [
=Y ()" Mainga G TG [ 0w Phrwaar e | [ 2om
a’ t#£to v<i v>i
and
b Zr r o(i,r b’ ]
D DTG P [ [ b (—D&r=ra "y, Poriyatir e )ba ) [Teew
bto t v<i v>i
+2r<ry Na i,r b v b i
= Z(—l)" Lr<ry Ttin) b, G H G l_[<P5(u)¢fxf(i)aa//(i)ba//f(i) Hﬁf’g(u)’
.4 t#to v<i v>i

where we renamed the variables for better comparison. For the purposes of
computing 11, the degrees 14, ) differ by one in the two expressions, because in
the first setting « (i, r») = b but in the second setting « (i, r,) = b’. Imagine doing
the permutation (11.9) in stages,

1_[ €a, €b, 1_[ eg) — 1_[ Ca(v)€a’ (i)€aiy €br, o’ (i) € (i) 1_[ Ca(v) = 1_[ Ca(v)-

t b v<i v>1 v

The first stage will give the same sign in both cases, because 1q,, + 7p,, =n —3
for both. The difference in the second stage will be

Z ntx(i,r)-

ri<r<ry

In total, we get a difference in sign exponent of 7, (because «(i,r;) = a in the
second case), which is exactly what is needed to produce the right hand side
of (11.6). This finishes the proof of the Claim 3 when ey, is a loop, the other
case being similar. A

Claim 3 motivates the following definition.
Definition 11.7. Given an edge ¢ € C{"(T), we define maps fi¢, and f, by a

formula analogous to (11.7), with the following modifications:

e to the edge e we associate (—1)™ g (for f{<) resp. (—1)" g9 (for S in
place of G?, with g% defined in Lemma 11.2;

o the sign n gets replaced by n + (n — 3)(fp — k), where e = e, in the chosen
ordering of the edges.
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This choice of sign makes the definition independent of the ordering of the
edges. Interchanging e with an adjacent edge does not change 7; (because the basis
vectors assigned to the edge e have total degree n —2, while those associated to the
other edges have total degree n —3), but it yields sign (—1)" 2 from replacing ¢, by
tot1. So symmetry property (2¢ ) still holds and Lemma 11.5 yields independence
of the pair of trees (7, T*) defining the edge ordering.

Summing over all interior edges e € C,! ('), we get maps

fi=) ffe and fili=) 0 fi.
eeCiny(r) eeCiny(r)
respectively. In analogy to (11.8), we sum over graphs I' € RGy ¢ ¢ to define maps
Blie =CD"2> A4 and §, = (D" A (11.10)
FERGk.g.g FERGk.g.g

respectively.
To prove Theorem 11.3, it remains to prove equations (2.12) for each triple
(k, £, g). This is the content of the following sequence of claims.

Claim 4. With the definitions above, for each I" € RGy 4., we have
f =t = fropri0—d1100fr,
and so in particular

n id P .
froe = Tk = Thtg ©P1,1,0 — 01,1,0 © Frbg (11.11)

forall (k,2,g) > (1,1,0).

Claim 5. We have

I A A
frt.e = 91,20 © fre—1,6 + 92,1,0 ©2 frt+1,6—1
1 R
t5 D G210001 Glrtig O fintoen)- (11.12)
ki1+kr=k
L1+Lr=0+1
g1+82=8

Claim 6. We have

ld A A
fro.g =Fk—1,6,6 ©P2,1,0 + fi+1,6,6-1 92 P1,2,0

! .

+5 D lktis Ol te) o1 oo (11.13)
k1+ka=k+1
0 +2=t
g1+82=¢
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Proof of Claim 4. Claim 4 essentially follows from Claims 2 and 3. By Claim 2,
the right hand side is the sum of terms where the differential d is applied to both
ends of each interior edge. In view of Claim 3 we can apply Lemma 11.2 to convert
it instead into the sum of terms where a particular interior edge is labelled with
either (—1)"« g of (—1)"« g which correspond to the terms on the left hand
side. It remains to check that the signs match.

Solet I' € RGy ¢ o be given and suppose the edge e in I" runs from vertex i to
vertex j (the case of aloop is treated similarly). For definiteness we assumei < j,
and for simplicity we also assume that the corresponding half-edges come first in
the respective orders at these vertices. Since by Claim 3 the relative signs of the
two terms corresponding to these two half-edges are correct, we just consider the
term coming from the half-edge at vertex i. The relevant term in fr oy 1 o is then
of the form

D fr@@l .. p110@ s - @) paye B0

= (=1)° Z(—l)nl+n2 1_[ Garbr (1_[ ¢g(v)>(p1,1,0§0i)a(i) 1_[ 902(1,)

t v<i v>i
withe =" _;(|l¢"| + (n — 3)), n: the sign for permuting
[ Teaes [[eswy — [ ] eaw:
t b v
and

me = =3)( Ytk =v)lg"| + (k =) + Y (L= b)Ix"]).
v b

In flid (and fFH) we have to replace e,(;,1) by a basis element whose degree is
smaller by 1. One easily checks that this changes 7y by (fo—1)(n—3)+>_,; |¢"].
At the same time, 7, changes by (k—i)(n—3), since for flid we compute 1, with the
arguments @', ..., ¢*. Together with the external sign &, the total sign difference
is (#o + k)(n — 3), which exactly fits the extra sign added in the definition of flid.
This proves of Claim 4. A

Proof of Claim 5. We start with an explanation of the combinatorial factors.
Throughout this discussion, we use the notation [ for the graphs with a marked
edge e appearing in f}g g and f}z e and I' or 'y and I, for the graphs appearing
in the expressions on the right hand side of (11.12).

Remark 11.8 (automorphisms). A term associated to an edge e of a ribbon graph
I' € RGg ¢,, appears in f}? (¢ With the combinatorial coefficient

1
01 Aut(T)| T, d(v)°
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In order to avoid considerations of how automorphisms of graphs behave under
gluings, it is convenient to consider labelled ribbon graphs, i.e., ribbon graphs
together with a labelling in the sense of Definition 10.7. Since a labelled graph
has no automorphisms preserving the labelling, the automorphism group of an
unlabelled graph T acts freely on its labellings. So in the sum over all labellings
of a graph I each isomorphism class of labelled graphs appears | Aut(T")]| times,
and we can replace the sum

1
2 | Aut(T))| 2

feRGk_g_g labellings of r

in the definition of f ¢, by the sum over all isomorphism classes of labelled
ribbon graphs of signature (k, £, g) without the factor 1/| Aut(I")|. This is what
we will do in the following discussion.

For a graph e RGy ¢,¢ with distinguished edge e as above we now consider
the new ribbon graph I' obtained by cutting e into two halfs and viewing their
endpoints as new exterior vertices v/, v” € I'. We have three distinct cases.

i. The dual edge e* connects distinct boundary components (e itself could be a
loop, or it could connect distinct vertices). In this case, I" is necessarily still
connected and I' € RGy ¢—; 4, and the contribution to flg will correspond to
atermin qi 2,0 © fx,¢—1,¢. See Figure 15.

Figure 15. On the left we have an example of a graph e RG3 5.0 with a marked edge e
and its dual edge e* (dotted) as in case (i), both drawn on the ribbon surface X . On the
right one sees the graph I' € RG> 1o obtained from cutting open e, with its ribbon surface.
The dotted line connects the new exterior vertices which will be reconnected by an edge in
the corresponding term in g 2.0 © f2.1.0.

ii. The dual edge ¢* is a loop connecting some boundary component to itself,
and T is still connected. Then I' € RGy ¢41,,—1 and the contribution to flg
will correspond to a term in 4,10 © fk,¢+1,¢—1. See Figure 16.
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Figure 16. On the left we have an example of a graph e RG3, 1,1 with a marked edge e
and its dual edge e* (dotted) as in case (ii), both drawn on the ribbon surface Y. On the
right one sees the graph I' € RG3 > o obtained from cutting open e, with its ribbon surface.
The dotted line connects the new exterior vertices which will be reconnected by an edge in
the corresponding term in q2.1.0 © f3.2.0.

iii. The dual edge ¢* is a loop connecting some boundary component to itself,
and ' = T'; [] T2 is disconnected. This time the contribution to fg will
correspond to a term in §z,1,0 © (fx, ¢;,¢, © fko,t2,4,) fOr suitable (k;, £;, g;)
corresponding to our two graphs I';. See Figure 17.

We now discuss the combinatorial factors 13!1'11)17d(v)‘ Consider first a composi-
tion frv o fr corresponding to a complete gluing of the interior vertices of T’ to
the boundary components of I'. Recall that in the definition of fr we sum over
all labellings of I', and similarly for fr-. Thus each term in the map f; corre-
sponding to a graph I" obtained by gluing I" and T appears £! ]_[ﬁ,/:l d’(w) times
in fr/ o fr. Combining this with the combinatorial factors of fr and fr/, we see
that each term in f5 appears with the correct combinatorial factor

! )(m ]k_[ d/(w)) — !

1
(zln’;zl d(v))(mn’;’zl d'w)’ N o2, OTr_ dw)

The same discussion also applies to an incomplete gluing where one of the maps,
say fr, is replaced by an extended map fr. To see this, let us again abbreviate
C := B%Y*A[2 — n] and consider a map f: C[1]®%1 — C[1]®%1. Its extension to
amap f:C[1]® — C[1]®¢, with k = k; + r and £ = £; + r for some r > 1, is
defined by

f(C1,...,Ck)
4!
= Z_l' Z Z Zf(f(c(,(l) ® - ® Co(ky)) (11.14)

o‘ESk1 o TESEIJ‘ PES, & Co(k1+p(1)) DORRREE ® Co(ky +p(r)))'
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Figure 17. On the top we have an example of a graph ' € RGy4.3.0 with a marked edge e
and its dual edge e* (dotted) as in case (iii), both drawn on the ribbon surface . On the
bottom one sees the graphs I'1 € RGj 2,0 and I'> € RG3 5 o obtained from cutting open
e, with their ribbon surfaces. The dotted line connects the new exterior vertices which will
be reconnected by an edge in the corresponding term in q2.1.0 © (f1.2.0 ® f3.2.0)-

Here S, denotes the set of (p,r)-shuffles, i.e., permutations 0 € S,4, with
o(l) < --- <o(p)ando(p +1) < --- < a(p + r). Since the number of

(p,r)-shufflesis |S, | = (” :”), the combinatorial factor can be written as

4! 1 1

W B r!(f) - |Sr||SZ1,r|‘

When considered as a map into the quotient under permutations £,C = C[1]®/ ~,
the averaging over t € S, , and p € S, in the definition of f can be dropped and
we recover our earlier definition (2.1). Now we apply the extension (11.14) to
the map fr associated to a ribbon graph I' € RGg, ¢, ¢. Then the resulting map
fr: C[1]®% — C[1]®¢ descends to the quotient Ex C and lands in the invariant part
of C[1]®¢, a property it shares with the map fr itself. Moreover, the combinatorial
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factors in the definition of fr and in (11.14) combine to the combinatorial factor
for fr:
(;)(@) -
OTTEL d)/ N OTIEL, d(v)

Using this, we see that in the composition fr/o fp corresponding to an incomplete
gluing each term in f; appears with the correct combinatorial factor

1 1 : 1
- a11sh))=—s—.
(e! [T d(v))(z/! [ d/(w))( bl:[l ) O Ty=, d(v)
Here s(b) is the number of vertices on the b-th boundary component of X and
we have used the fact that £ — £; = k — k; factors in ]_[’12:1 d’(w) combine with
]_[’;‘=1 d(v) to give 1—[1521 d(v) in the denominator, while the remaining £, terms
cancel ]_[f)l:1 s(b). A similar (in fact, easier) argument applies in the case of an
incomplete gluing of the type fp/ o .

Consider now a gluing of two labelled graphs T, T”. Suppose that each interior
vertex of I is glued to a boundary component of ", but some boundary compo-
nents of I' may remain free. Such a gluing is described uniquely in terms of the
following gluing data:

e aninjective map A: {1,...,k'} = {1,...,£} suchthatd’(v) = s(A(v)) for all
v=1,..., k', where d’(v) is the degree of the vertex v of I'" and s(b) is the
number of vertices on the »-th boundary component of I';

e for each v = 1,...,k" a bijection ¢,:{1,...,d'(v)} — {1,...,5(A(v))}
preserving the cyclic orders.

Note that the resulting ribbon graph I'#I"" naturally inherits a labelling from those
of T and I. Moreover, different gluing data give rise to different isomorphism
classes of labelled graphs T'#I. This shows that the sums over isomorphism
classes of labelled graphs on both sides in Claim 5 agree without further com-
binatorial factors due to automorphisms.

The preceding considerations show that in all three cases the combinatorial
factors of the corresponding terms on both sides of (11.12) match. Here the
additional factor 1/2 in case (iii) is due to the fact that for each split graph
I' = I'y I T, the two terms fr, O fr, and fr, © fr, of the right-hand side of (11.12)
correspond to the same term on the left-hand side. This finishes the discussion of
combinatorial factors.

Signs. We now discuss the signs involved in formula (11.12), starting with
case (i) above. So let [ e RGg ¢, be given and assume for simplicity that
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the special edge e = ey, separates the boundary components labelled 1 and 2
and is dual to the first edge of T*. According to our edge ordering conventions

Figure 18. The relevant situation for the term of 1 5,0 o fT in case (i) for which the signs
discussed. We have drawn the edge e = ¢/, in blue and the dual edge e* dotted in red. We
only show the endpoints of e (which could also coincide), since the remaining part of the
graph T’ is irrelevant to the discussion.

in Definition 11.4 we then have ty = k. As a consequence, the sign of the
corresponding term in f,? g according to Definition 11.7 is just the “usual” sign

(—=1)MGED+n2G™ | \where n, (f7) is the sign of the permutation
[Tewen [Teswr — [ ] eaw
t b v
and

k 12
ma(™ = =3 ( Yk =)l + D (L= b)lx"]).
v=1 b=1

To understand the signs in the corresponding term in q;,2,0°fk,¢—1,¢. let I as before
be the graph obtained from r by cutting e;, in half and adding exterior vertices at
the new end points. We can assume that the resulting new boundary component
is labelled 1, and all other boundary components have their labelling decreased
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by 1, and that the trees 7(I") and 7*(T") agree with T(T) and T*(T) \ ey Then
n1(fr) is the sign of the permutation

( 1_[ eazebt)eﬂ’(l) 1_[ ep) — 1_[ Ca(v)
t#to b>3 v
where (1) is the vector of labels at the new first boundary component, and 17 (q)
is the sign of the permutation
€a;,€hy, €B(1)€B(2) — €B’(1)-

Since permuting eq,  ep, past the other pairs of edge elements does not introduce
signs (because 74, + 15,, = n — 2 and the sum equals n — 3 for all other edges),
we see that the sum of these terms matches n; (f).

Denoting by X € B%*B the element associated to the new first boundary
component of I', we have

k
ma(fr) = (1= 3)( Yotk = v)le"| + (€ = DIF| + Y (€ - )"
v=1

b>3

and
n2(q) = (n —3)|x"].

Since |%| = |x'| + |x2| +n — 2, we see that their sum also matches 1, (f™7), so the
two terms appear on both sides with the same sign.

T -1 C O b+l (=041

44

Figure 19. The assumptions for the term of §2.1.0 o (fr, ® Fr,) in case (iii). Again we
have drawn the edge e = ¢, but not the remaining parts of the graphs I'; and I'.
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Finally we discuss case (iii), leaving the slightly easier case (ii) to the reader.
Here we start again with I' € RGy . ¢» and assume that cutting e = e, results in
graphs I'1 € RGy, ¢, ¢, and I'; € RGy, ¢, o,. For simplicity, we also assume that
the vertices of I'y are labelled 1, ..., k; and the boundary components it inherits
from T have labels 1,...,£; — 1, with the new one being the last component
(labelled £ ), whereas the new boundary component of I'; is its first (again labelled
£1), followed by the inherited boundary components labelled ¢; + 1,...,¢ =
{1+, —1. Note that e, will necessarily belong to 7. For convenience we assume
that e;, ends at vertex k1 + 1 € I', C f‘, so that according to our conventions in
Definition 11.4 we have tp = k. In particular, the sign of this term in f}z tg
according to Definition 11.7 is n; + 2 + (n — 3)(k + k»), where n; and 7, are
standard as before.

The corresponding term in gz,1,0 © (fr, ® fr,) involves the following signs.
Denoting by B’(£1) and B”(£1) the vectors of labels occuring at the new boundary
components of I'; and I',, respectively, the 1, -parts of the signs of 41,0, fr, and
Jr, are respectively the signs of the permutations

€a;,€hy (L) — €B/(€1)CB" (L)

[Teaes, ( [1 eﬁ(b))eﬂ/(el) — [ et

tecin(ry) b<t, v<ki

( Heatebt)eﬁ”(el) l_[eﬂ(b) - l_[e(x(v)-

tGClim(Fz) b>{ v>ki+1

and

To understand the difference in the n;-part of the sign on both sides, we write the
permutation corresponding to 74 (fg) in stages, as

[ Tearer, [T es
t b

)
- eatebz( l_[eatebt)eato by, l_[eﬂ(b)
b

teCin(r,) recin(ry)
)
? €a;€p, 1_[ €a;€p, ( 1_[ eﬂ(b))eato by, 1_[ €g)
teCi () teC™(I'y) b<ty b=t

(3)
- €a; €p; 1_[ €a; €p; ( 1_[ eﬂ(b))eﬂ’(fl)eﬂ”(h) 1_[ €p(d)
teCin(Iy) reCin(ry) b<ty b>4;
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(€))
- eazebz( Hea(v))eﬁ”(el) Heﬂ(b)

tECim(Fz) v<k b>{,
)
- ea(v)( Heatebt)eﬂ”(fl) Heﬂ(b)
v<ki teCiny(Ty) b>{y

(©)
— €a(v)-

v

The sign exponents are as follows:

e in(l)itis (n—3)(£y—1)(ky+£;) for moving the edges of 7*(I";) and H;(T)
past the edges of I'y;

e in (2)itis (n —2) Y,y |x?| for moving the edge e;, past these boundary
components;

e in (3) it is simply 71(q);
e in (4) it is simply 11 (fr,);

e in (5)itis (n —3)(ka + £2) }_, <k, |l@”| for moving the edges of I, past the
inputs of fr,, and

e in (6) it is simply 11 (fT,).
Here the sign exponent in (1) may require some explanation. Recall that according
to Definition 11.4 the interior edges are ordered as follows: edges in 75 (in reverse
order), e;, = eg,, edges in T; (in reverse order), edges dual to 7", edges dual to
T, and finally the remaining edges generating Hy(Xp). Since the sign exponent
of the variables on e;, is » — 2 and the sign exponents on all other edges are
n—3, and the edges generating H;(X) appear in pairs and thus do not contribute
to the sign, the sign exponent for moving the edges in I', to the first position
(in the correct order) comes from moving 7, past 77 and T, hence equals
(n —3)(£y — 1)(k1 + £1). Note that for i = 1, 2 the orientations and orderings of
the edges in I'; induced by the trees 7;, T;* according to Definition 11.4 (oriented
away from the first vertex resp. boundary component) agree with those induced by
the trees 7, T* in I" because e;, was assumed to end at the first vertex ky + 1 of I'>.
Had e;, ended at a different vertex k; + s, then the total change in sign comparing
T (I") with T'(I";) would contribute a sign exponent (n — 3)(s — 1), which would
cancel with the same change in the extra sign in Definition 11.7.

In total, the difference in sign exponents for 7; is

(1= 3)((€2 = D1+ €0) + 31?1+ (e + €)Y lo"l) + Y1)

b<{, v<ki b<{,
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Let us denote by xf‘ and xél the terms at the new boundary components of fr,

and fr, (or equivalently, the inputs of q2,1,0). Replacing }_, _; |¢”| using the
relation

S+ + G+ e —3) =Y [¢?] mod 2,
b<£1 USkl

the preceding sign exponent can be rewritten as

(1=3)(ka Y1071+ (C2 + D Y2 ¥+ Lo = (k1 4+ €0) + D7 ).
v<k; b<{ b<{
(11.15)

Next we note that
n2(q) = (n— 3|},
m(fr) = =3 Ytk —v)le’| + 3t = b)lx?)),

v<ki b<{
ma(fra) = (0 =3)( 2tk =0)lg"| + (€= )5 + I (€ = b)lx?]).
v>ki b>{

It follows (using |x%1| = |x{Zl | + |x§1 | + n — 2) that the total sign difference in 7,
can be written as

(1 =3)(ka 319"+ (= 1) Y 1P| + Lol ). (11.16)
v=<kj b<{;
Comparing with (11.15), we see that this cancels the first three terms there, so we
get a total sign difference in 1y + 1 of

(n=3)(ky + £1) + Y |x°).

b<£1

Finally, note that the external sign of 4,1,0 (from moving q.1,0 past the outputs
x',...,x%171) contributes (n — 3)(£; — 1) + Y,y [x”| and the extra sign of §!
contributes (n — 3)(k + k») to exponents. We conclude that the total difference in
sign exponents in the two terms is

(n—=3)y —1+k+ky+ki+4£1)=(n-3).

Now recall that the definition (11.8) of fi ¢ . in terms of the fr involves a global
sign (—1)"73, and similarly for the definition (11.10) of ka,]Z,g‘ Since in (11.12)
the last term is quadratic in f and all other terms are linear, this cancels the sign
difference that we just computed. This concludes the proof of Claim 5. A
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Proof of Claim 6. The proof of Claim 6 is analogous to that of Claim 5. This time,
given a graph e RGy ¢,¢ with a marked edge e, the graph I' (or more precisely
its ribbon surface Xr) is obtained by cutting out a neighborhood of the edge e
in X4 and collapsing each resulting new “boundary” component to a new vertex.
Again there are three cases to consider.

i. If the edge e connects different vertices, then the resulting graph I' €
RGy_1,¢,¢ is obtained simply by collapsing the edge e in I". Here the contri-
bution to fifﬁi corresponds to a term in fx—1,¢,¢ © P2,1,0. See Figure 20.

Figure 20. On the top we have the graph Te RGy4 3.0 from Figure 17 with the same marked
edge e, which now corresponds to case (i) in Claim 6, both drawn on the ribbon surface
. On the bottom one sees the graph I' € RG3 3,0 obtained by contracting e, drawn on
its ribbon surface. The dotted circle marks the new vertex which receives the output from
p2.1.0 in the corresponding term in f3.3.0 © P2.1.0-

ii. If the edge e is a loop at a vertex v in [ such that \ {v, e} is connected, then
the graph I' € RGy; ¢,¢—1 is obtained by deleting e and splitting the vertex
v into two new vertices v’, v” € T whose incident half-edges correspond to
the two (ordered) collections of half-edges of [ incident to v which form
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the complement of e. The contribution to fiffi will correspond to a term in
fk+1.6.g—1 © P1,2,0. See Figure 21.

Figure 21. On the left we have the graph Te RG3, 1,1 with a marked edge e as in Figure 16,
which now corresponds to case (ii) in Claim 6, drawn on its ribbon surface 4. On the
right one sees the resulting graph I' € RGy 1,0 obtained by removing e and splitting its
vertex, drawn on its ribbon surface. The dotted circles mark the new vertices which receive
the output from p; 5 ¢ in the corresponding term in f4.1.0 © $1.2.0.

iii. If the edge e is a loop at a vertex v in I' such that removing v from T \ e
disconnects the remaining graph, then I' = I'; U I'; is disconnected, and the
contribution to fifd will correspond to a term in (fx, ¢, .¢; © fkr.tr.05) © P1,2,0-

See Figure 22.
As the discussion of combinatorial factors and signs follows the lines of argument
used in Claim 5, we leave the remaining details to the reader. A
This concludes the proof of Claims 2—6, and thus of Theorem 11.3. O

The filtration on the dual cyclic bar complex. Consider a cyclic cochain
complex (A4, (-,-), d) as in §10. The space

BOYC* 4 — @Bzyc*A
k>1
carries a natural filtration by the subspaces
SrAchc*A — @B;yC*A.
k>A
Its completion with respect to this filtration,

B4 = [ BE** 4 = Hom(B%° A, R),
k>1
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Figure 22. On the top we have a graph e RG3 3,0 with a marked edge e corresponding
to case (iii) in Case 5, both drawn on the ribbon surface £. On the bottom one sees the
resulting graphs I'1 € RG»,1,0 and I'; € RGy 2 o obtained by removing e and splitting
its vertex, drawn on their ribbon surfaces. The dotted circles mark the new vertices which
receive the output from p1 2 o in the corresponding term in (f2.1,0 ® §2.2.0) © f1.2.0.

inherits a filtration by the subspaces
FABYF A 1= {p € B/Cy—c?élxmBlc(ycA =0forallk < A}.

Recall that the operations pi,1,0, P2.1,0, P1,2,0 defining the dIBL structure and
the operations fi ¢ ¢ in Theorem 11.3 are defined by summation over certain
ribbon graphs. Consider a ribbon graph I' with &k interior vertices of degrees
d(1),...,d(k) and s = s(1) 4+ --- + s(£) exterior vertices distributed on the ¢
boundary components of the corresponding ribbon surface X. Then the number
of exterior edges equals s and the number of interior edges equals (d —s)/2, where
d = d() + --- 4+ d(k) (since each interior edge meets precisely two interior
vertices). It follows that

2-2g—L=x(2) = () = |CoH+1C%I - IC,

d—s
= 1Chl = ks = 2
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SO fk,¢,¢ has filtration degree
ikl =s—d =22 -2g—k—) =2y, .

Similarly, px ¢, has filtration degree |pr el = 2Xk,e,g for (k,¢, g) equal to
(1,1,0), (2,1,0) or (1,2,0). Thus the operations p ¢, and f ¢ ¢ are filtered in
the sense of Definitions 8.1 and 8.4 with y = 2. Note that they are INp-gapped
in the sense of Definition 8.6 for the discrete submonoid Ny = {0,1,2,...} C
Rso, where all the higher terms p/ﬁ,z, < and f/];,z, < vanish for j > 1. Hence
Proposition 10.4, Theorem 11.3 and Proposition 8.11 imply the following result.

Corollary 11.9. The operations pi1,1,0,P1,2,0, P2,1,0 in Proposition 10.4 induce
on C = B9 A2 — n] a strict Wo-gapped filtered IBL-structure of bidegree
d,y) = (n—3,2). Moreover, the operations i ¢ o in Theorem 11.3 induce a
strict No-gapped filtered IBLo-homotopy equivalence between BY* A[2 —n] and
BY*B[2 — n].

This corollary will be the basis for our discussion of Maurer—Cartan elements
in the following section.

12. The dual cyclic bar complex of a cyclic DGA

In this section we show that for a cyclic DGA the dIBL-structure on its dual
cyclic bar complex comes with a natural Maurer—Cartan element. This gives
rise to a twisted dIBL-structure on the dual cyclic bar complex, and thus to a
twisted IBLo-structure on its homology. In this way, we prove Proposition 1.6
and Theorem 1.7 from the introduction.

We begin by considering cyclic As-structures.

Definition 12.1. Let (4, (-,-),d) be a cyclic cochain complex with pairing of
degree —n and set my := d. A series of operations

my: A[1]%% — A[1], k=2

of degree 1 is said to define a cyclic Aoo Structure on (4, (-,-),d) if foreachr € N
the following holds:

r+1-¢

Yo Y D e My Xepgon) LX) =0, (12.1)

k+l=r+1 c=1
k4>1
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where * = degx; 4+ ---+degx.—1 +c¢—1, and
(me (e, xg), Xo) = (=1)™ {mpe (xo, X1, -+, Xg—1), Xk). (12.2)
where ** = (degxo + 1)(degx; + --- + degxg + k).

Remark 12.2. We will refer to a cyclic Axo-algebra (4, (-, ), {mg}) withmg =0
for k > 3 asacyclic DGA. Note that, as usual, to go from m, to a multiplication on
A which makes it a differential graded algebra in the usual sense involves adding
signs; see (13.1) below for a possible convention.

For operations my: A[1]®% — A[1] we define

mf:A[E*D R

by>
m,':(xo,xl,--- xk) = (=D 2 (g (x0, -+ ) Xk—1), Xk ). (12.3)
Then my satisfies (12.2) if and only if m; € B;”7 4. In this case we obtain an
element
mt = mf € C:=BY* 42— n]. (12.4)
k>2

Note that m* is homogeneous of degree n — 3 in BY* 4 and so it has degree
2(n — 3) when viewed as an element of E.C = é[l] = mB — n]. Moreover,
mt =3 k>2 m,j' has filtration degree at least 3 with respect to the degree k in
BZYC*A, so it satisfies the grading and filtration conditions for a Maurer—Cartan
element in the filtered dIBL-algebra (of bidegree (n — 3, 2))

(C = BY"A[2 — n], p1,1,0, P1,2,0, P2.1,0)

from Corollary 11.9.

Proposition 12.3. Let {my }i>» satisfy (12.2) of Definition 12.1. Then it satis-
fies (12.1) if and only if

1
promt + 592,1,0(m+,m+) =0

in E\IC.

5 The global sign (—1)"~?2 is inserted to make Proposition 12.3 below true. We do not have
a conceptual explanation for this.
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Proof. Consider k > 2 and any element ¢ € B, A, and set r := k + £. Since

|m*| = n — 3, the relation (10.10) between p2.1,0 and p yields

p20(mf @) = (—1)"Pumf, ¢).
The formula (10.4) for u then yields

,
p210(myf @) (X1, .. X)) = Y (=) bi(xe, ..., Xem1),

c=1
with
br(x1,...,xr)
= Y (=pyratmaltetba =S g @b F ey, Xk ) (ens Xatts - Xr)
a,b

and the sign

ve = (|x1| + -+ [xe—1 D (x| + -+ + |x7]). (12.5)
Abbreviating x := (x1,...,x,) and using the symmetries of m,f and (-, -), we

compute
m;:(ea,x) = (—1)"“|x|m2'(x, eq)
= (=12 (my (x), eq)

= (—1)nalxl+n=2+na(xl+D+1

= (=173 eq, m(x)).

eq, M (x))

Using the relation

Z g“b (eq,z)ep =z
a,b

we obtain

D (DM (eq x)ep = mye ().

a,b
Next note that in the formula for b; we have the relations n, = n, + (n —2) =
(Jx] +n—=3) + (n —2) = |x| + 1 (mod 2), so the term 7;|x| is even and can be
dropped from the sign exponent. Inserting the previous formula, we obtain

br(x1, ..., xr) = ¢p(mp (X1, ..\ Xk)s Xkt 15 -+ X)),
and therefore

p2,0(mf @) (x1. ..., xp)

d 12.6
= Z(_l)vcgb(mk(xm---axc+k—1)7xc+ka---axc—l)- ( )

c=1
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Let us now insert ¢ = mZ with £ > 2 in this formula and consider a summand
with 1 < ¢ < £. Then x, appears in the argument of m[ and we can rewrite the
summand as

(—1)"“m2' (M (Xes e ooy Xeak—1)s Xeads v s Xee1)
= (—1)*m2'(x1, M (X oo Xeak—1)s Xeddr o - s Xr)
= (—D*" 2 (mp(x1, . Mg (Xes oo vy Xeake1)s Xeqs - - s Xr—1)s Xr)

with
* = Ve + (|x1] 4+ -+ [xe—1 D(xe| + -+ (x| + 1) = [x1] + -+ + [xc—1]

as in Definition 12.1. For £ + 1 < ¢ < k + £ we obtain a similar expression with
the roles of m; and my interchanged. It follows that

1
Epz,l,o(er, mH)(xq, ..., %)

1
:Z Epz,l,o(m;—:amz_)(xb---,Xr)

k+L=r
k4>2

r—~{
. (—1)"_2< DD D (e mp(Xe e Xegga1). ,xr—l),xr>.
k+i=r c=1
kA4>2

Note that the last sum contains all terms appearing in (12.1) with k&, £ > 2. The
missing terms appear in

(=" 2promi; (1.0 Xp)

.
=(—1)"2 Z(—l)le [Htlxe— |mj’_1 (X1,....dxc,...Xp)

c=1

r—1
- Z(—l)lxl|+m+|xc_ll(mr—1(xl, coosmp(xe), .. Xr21), X))
c=1

+ (=Dt (LX), dxy)

r—1
= (my oy (o)) + YD g (M (), 1), Xy )
c=1

Here in the last equation we have used the relation (dx, y) = —(—1)*(x, dy).
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Combining the preceding equations, we obtain
n—2 + 1 + 1
(=1 (Pl,l,om + Epz,l,o(m ,m ))(Xl,-'-,xr)

r—{
:< DD D (MK Xeg o), ,xr—l),xr>
k+i=r c=1
k,£>1

and Proposition 12.3 follows. |

Let (4, (-,-),m) be a cyclic A-algebra. Proposition 12.3 implies that the
twisted differential p‘l‘fto: C—-_C,

+
pT0(9) i=P1,1,00 + P2.1,0(m™, @)

squares to zero. For ¢ € Bz_y:f Aandr = k+4, k > 1, the component of p‘l“,to(go)

in Bfff A is given explicitly by

.
+
PTo(@ (1, x) = D (=D (Mg (Ko -+ Xepk—1)s Xeths - - -+ Xem1),

c=1

12.7)

with the sign exponent v, defined in (12.5). (According to (12.6) this formula
holds for k > 2, and one easily verifies that it also holds for k = 1.) Note
that the differential p‘l‘fto depends only on the Ao-operations my and not on the

pairing (-, -).

Remark 12.4. In the case of a cyclic DGA (i.e. my = 0 for k > 3), formula (12.7)
shows that the twisted differential PTI,O is dual to the Hochschild differential on
Connes’ cyclic complex (see [55]), so its homology equals Connes’ version of
cyclic cohomology. The precise relation to the definitions of cyclic cohomology
appearing in the literature in the A..-case (such as [39, 53, 77]) will be discussed
elsewhere.

Let (A4, (-,-), m) be a cyclic Ax-algebra. As above, let

(C = BY*A[2 — n], p1.1.0, P1.2,0, P2.1.0)

be the filtered IBL-algebra of bidegree (n—3, 2) from Corollary 11.9. According to
Proposition 12.3, the degree 2(n —3) element m™* € E;C = C[1] = BY*A[3—n]
satisfies the first part of the Maurer—Cartan equation (9.3) in Lemma 9.2. Let us
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consider the second part of the Maurer—Cartan equation, p; 2 o(m™*) = 0. Using
the relation ), g“beb = e%, we compute for ki, kr > 1,k =k; + ko +1> 3:

S(mI)(x1 - Xk, ® Y1+ Viy)
ki ko

= Z Z Z (_l)na-’_ngabm]_:(ea’xC’ LIRS 7xc—l’ eb7 )’c’, e ey )’c’—l)

a,b c=1c¢'=1
ki k2

= Z Z Z(_l)na+n+n_2<eaimk(x67 e 1x(,‘—lyea7 y(,‘/7 e 1yC/—1))7

c=1c¢'=1 a

where 7 is given by (10.6). This expression does not vanish for a general cyclic
Aso-algebra, so p12.0(m*) = 0 does not hold in general. However, pl,z,o(m;:)
vanishes for degree reasons if k < 2, so in view of Lemma 9.2, Proposition 9.3
and Remark 12.4 we conclude:

Proposition 12.5. If (A, (,),m; = d,my) is a cyclic DGA, then m; defines a
Maurer—Cartan element in the filtered dIBL-algebra (C = BY* A[2—n], p1,1.0 =
d,p1,2,0,P2,1,0)- It induces a twisted filtered dIBL-structure

+
p™2 = {p1,1,0 + P2,1,0(MF ). P1.2,0. P2,1,0}
on C whose homology equals Connes’ version of cyclic cohomology of (A, d, m,).
Proposition 12.5, that is the case of a DGA, will suffice for the purposes of

this paper. More generally, the preceding computation shows that p; 5,0(m™) = 0
holds if the my, are “traceless” in the sense that

Z(ea,mk(xl, e Xk €T X 1 Xk k) =0 (12.8)

a

for all x; and all ky,k» > 1,k = k1 + k» + 1 > 3. Then we have

Proposition 12.6. If (A, (,), {my}) is a cyclic Ax-algebra satisfying (12.8), then
the same conclusion as in Proposition 12.5 holds with m; replaced by m™.

The actual condition we need is weaker:

Definition 12.7. A solution of the genus zero master equation for a cyclic A
algebra (4, (, ), {my}72 ) is a sequence of elements m(*é) € E¢(B9Y* A)[2 — n] for
£ =1,2,... such that

. ma) coincides with m* defined by (12.4), and
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o the following Batalin—Vilkovisky master equation is satisfied for all £:
¢
+ 44 + 1 o + o+
Pr10mg) + pl,Z,O(m(g_l)) + 5 sz,l,o(m(,-), m(g_,-ﬂ)) = 0. (12.9)
i=1

We remark that in the “traceless” case the master equation (12.9) is satisfied
withmf) =0 fori > 1.

Remark 12.8. (1) See Barannikov and Kontsevich [7], Baranikov [4, 5], Costello
[28], and Kontsevich and Soibelman [53] for related results (the latter two authors
also study the case of higher genus). The authors thank B. Vallette for a remark
which is closely related to this point.

(2) In the context of symplectic field theory, equation (12.9) corresponds to
equation (16) in [21] and to equation (44) in [31]. It also coincides with the genus
zero case of equation (5.5) in [5].

(3) The relation between the “traceless” property and equation (12.9) has
appeared in [6, Theorem 5].

(4) As will be discussed elsewhere, the second term mz;) of the solution of
the genus zero master equation is related to the Hodge to de Rham degeneration
in Lagrangian Floer theory; see [53]. The role of the solution of the genus
zero master equation in Lagrangian Floer theory is discussed at the end of the
introduction; see also Remark 12.13.

It is straightforward to check that equation (12.9) is equivalent to the condition
that mt = {m&)}g’;l is a Maurer—Cartan element of the dIBL-algebra (C =
BY* A2 — n],p1,1,0,P1,2.0,P2,1,0), SO we have the following generalization of
Proposition 12.5:

Proposition 12.9. Let (A, (-,-), {mg}22 ;) be a cyclic Axo-algebra with a solution
of the genus zero master equation {m&)}z’il. Then m™ = {m&)}z’il defines a
Maurer—Cartan element of (C = BY* A[2 — n], p1,1,0, P1,2,0 P2,1,0)-

Now we go back to our earlier situation of a cyclic DGA and consider
the induced structure on cohomology. Let (A4, (,),d, my) be a cyclic DGA
and H = H(A,d) its cohomology. The inner product descends to coho-
mology, so by Corollary 11.9 it induces an INyg-gapped filtered IBL-structure
{d1.1,0 = 0,91,2,0,92.1,0} on BY* H[2 — n]. Moreover, due to Lemma 11.1 and
Corollary 11.9 (with B = H), there exists a filtered IBL-homotopy equivalence

f: (BY* A)[2 — n] —> (BSY*H)[2 — n]
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such that f1,1,0: m[Z —n] — B/Cy-c*\H[2 — n] is the map induced by the dual
of the inclusion i: H =~ B — A from Lemma 11.1. According to Lemma 9.5,
the Maurer—Cartan element m;” on BY* A[2 — n] from Proposition 12.5 can be
pushed forward via f to a Maurer—Cartan element f,mJ on BY*H[2 — n]. By
Proposition 9.3, this induces a twisted filtered IBL-structure
+
g7 = {QEZZ 102,1,01421,20

on BYY* H[2 — n]. By Proposition 9.6, this structure is homotopy equivalent to
the twisted filtered dIBL-structure p‘“; = {d + p2,1,0(mF, ), 12,0, 2,10} ON
BY* A[2—n] in Proposition 12.5. The situation of Proposition 12.9 can be handled
in the same way.

Thus we have proved the following theorem, whose first part corresponds to
Theorem 1.7 in the introduction.

Theorem 12.10. (a) Let
(4, (). d, ma)

be a cyclic DGA with cohomology H = H(A, d). Then BY* H[2 — n] carries an
No-gapped filtered IBL-structure which is homotopy equivalent to the twisted
filtered dIBL-structure pm; on BY* A2 — n] in Proposition 12.5. In particular,
its homology equals Connes’ version of cyclic cohomology of (A, d, m,).

(b) More generally, let
(A, () Amedesy)

be a cyclic Axo-algebra with a solution of the genus zero master equation {m&) Yoo

and cohomology H = H(A,my). Then BY*H[2 — n] carries a filtered

IBL-structure which is homotopy equivalent to the twisted filtered IBLo-struc-
m+ CyC*

ture p™ on BY* A[2 —n].

Remark 12.11. The construction in § 10 gives the following explicit description of
the Maurer—Cartan element f,m; on BY* H[2 —n], where H is the cohomology
of a cyclic DGA. Denote by RGI?;,(,g the set of isomorphism classes of ribbon
graphs of signature (k, £, g) all of whose interior vertices are trivalent. Then

o0

(famee =Y > nr € E((BY*H)[2—n],

k=1rerG} , ,

where the numbers

1 1 12 {
nl—w(xl...xSl ®..‘®x1...xse)
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for x;’ € H are defined as in §10 using the following assignments (compare
Figure 23).

e To the j-th exterior vertex on dp X we assign le? .

e To each interior vertex of I we assign m} .

e To each interior edge we assign the element dual to the map x® y — (Gx, y).

There is a similar description in the case of a cyclic A algebra with a solution
of the genus zero master equation.

Figure 23. An example of a configuration contributing to (f m; )3.0.

Remark 12.12. The existence of a filtered IBL -structure on BY* H[2 — n] in
Theorem 12.10 (a) also follows from [6, Theorem 2] by using Remark 12.8 and
Proposition 9.3.

Remark 12.13. Letmy be a cyclic filtered A algebra A defined over the universal
Novikov ring Ao with ground field K (see [36, introduction] for its definition). We
decompose the differential as

mp =my +my

where m; ; =0 mod A4 and m, is induced from a IK-linear map C — C. Here
C is a IK-vector space and C = C ®kAg. We do not assume my = 0, but we do
assume mg = 0 mod A 4 (see [37, 36]).
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We define m* by using mg, & > 1, and my 4 in the same way as in (12.4).
Let m(*é) be a solution of the genus zero master equation. We assume m(*é) =0
mod Ay for ¢ > 2. It is easy to see that mj; = m™ together with mf,,
£ > 2, defines a Maurer—Cartan element of the filtered dIBL-algebra obtained
from (C, (-,-), m;)®x Ao.

We consider H := H(C,m;). (Note that H is in general different from the
homology of (C,m;), even in the case my = 0.) Now we apply Theorem 11.3 to
obtain a twisted filtered IBL o -structure on BY°H .

13. The dual cyclic bar complex of the de Rham complex

In this section we prove Proposition 1.9 and Theorem 1.10 from the introduction
and discuss Conjecture 1.11. Throughout this section, we work over the ring
R=R.

Fréchet IBL,-algebras. We start by recalling some basic facts about Fréchet
spaces, see e.g. [66]. A Fréchet space X is a topological vector space whose
topology is defined by a countable family of semi-norms || - ||;, i € N, such that
X is complete with respect to the metric

o0

dist(x,y) = > 27"

i=1

x — yll;
L+ lx =yl

The basic example is the space C*°(M, R) of smooth functions on a closed
manifold M with the semi-norms || f ||x = maxas |D¥ f|, where D¥ f is the total
k-th covariant derivative with respect to some connection. In the same way the
space (M) of smooth differential forms also becomes a Fréchet space.
According to [67], (M) belongs to a special class of Fréchet spaces called
nuclear spaces and two Fréchet spaces X, Y have a natural tensor product

X®Y

as a Fréchet space in case they are nuclear spaces. It is defined as a suitable
completion of the algebraic tensor product X ® Y and characterized by the
usual universal property. For two closed manifolds M, N the canonical inclusion
QM)RRQ(N) C Q(M x N) (via the wedge product of differential forms) induces
an isomorphism

QM)RQN) = QM x N).
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Consider now a graded Fréchet space C = @ ., C* and define the degree shifted
space C[1] as usual. The action of the symmetric group permuting the factors of
the algebraic tensor product C[1] ® --- ® C[1] extends to the completion, so we
can define the completed symmetric product

ExC Cc C[1]®---&C1]

as the (closed) subspace invariant under the action of the symmetric group with
the usual signs (cf. Remark 2.1). We set

EC = @F:kc.
k>1

Note that the meaning of EkC and EC in this section differs from that in §8.
Consider a series of continuous linear maps

pk,(,g:E\kC — E@C, k{4>1,¢g>0

of degree
Ppkegl = —2d(k +g—1)—1

for some fixed integer d and define the operator

Tr"qg

o0
Z PrghiTe 1kt +26=2. fo(p 1) — EC{h, 1)

as before.

Definition 13.1. We say that (C, {px ¢, }k,¢>1,g>0) i a Fréchet IBLy-algebra of
degree d if

= 3
(o)
b= 3
I
o

The notions of Fréchet IBL,-morphisms and homotopies are defined in the
obvious way, requiring all maps to be continuous linear maps between completed
symmetric products. All the results in §§ 2-9 carry over to the Fréchet case.

Remark 13.2. If C is finite dimensional (or more generally, filtered with finite
dimensional quotient spaces), then a Fréchet IBLy-structure on C is just an
IBL o -structure in the sense of Definition 2.3.
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The de Rham complex. Let M be a closed oriented manifold of dimension »
and (2(M), d, A) its de Rham complex. Here d is the exterior differential and A
the wedge product on differential forms. Together with integration over M this is
almost a cyclic DGA in the sense of Remark 12.2, since we can define a “cyclic
Aso-structure” with inner product of degree —n and with my = 0 for k > 3 by
setting

my(u) = du, (13.1a)
my(u, v) 1= (—=1)%8%y A v, (13.1b)
(u,v) := (—1)deg"/u AD. (13.1c)

M

We want to apply the arguments of §10 and §11 to this situation. However, the
de Rham complex is infinite dimensional and the pairing in (13.1) is not perfect.
In fact, the dual to the space of smooth forms is the space of currents. In the
following we will explain a method to overcome this difficulty. In the rest of this
section, we will omit some sign computations.

Definition 13.3. A homomorphism

e: QM ® - ®@ QM)[1] — R

k times

is said to have smooth kernel if there exists a smooth differential form £, on
M* = M x ---x M such that for u; € Q(M) we have

go(u1®---®uk)=/(u1x---xuk)/\ﬁ(p (13.2)
Mk

where x: Q(M) ® Q(M) — Q(M?) is the exterior wedge product. We call &,
the kernel of ¢. We write B;Q2(M ) for the subspace of such ¢. We set

BY"Q(M)os := BfQ(M)os N B QM)

and
chC*Q(M)oo = @B;yC*Q(M)OO.
k>1

Note that the condition for an element of B} Q(M ) to belong to B, Q(M )
is equivalent to an appropriate symmetry of the kernel with respect to cyclic
permutation of variables.
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Lemma 13.4. The differential p 1.0: BzyC*Q(M ) — BzyC*SZ(M ) induced by
my = d preserves the subspace BY*Q(M ) C B;yC*Q(M).

Proof. For ¢ € B"*Q(M) with kernel &, we compute

PLLO@) 1 ® - @up) = Y +eur @ - du; ® - @ ug)

1
=/Z:I:(u1 Xeeeduyp X oo X Uug) A Ry
YL
= j:/(ul XX Ug) Ad Ry,
Mk
so +d R, is a kernel for p;,1,0(¢). O

We next define a completion of the algebraic tensor products B;yC*Q(M oo ®
B,;**Q(M)os. Note that the assignment ¢ > £, defines a canonical inclusion

BYQ(M)s C Q(MF). (13.3)
This induces an inclusion of the algebraic tensor product
BY7Q(M)oo ® B Q(M)oo C QUM*TE). (13.4)
By the discussion above, the completed tensor product
BY* QM) oo® B QM )oo
as Fréchet spaces equals the closure of the image of the inclusion (13.4) with
respect to the C *° topology. We define the completed tensor product among three

or more B;”“*Q(M)so’s in the same way.

As above, we introduce the completed symmetric product
En(BY*Q(M)oo[2 — n])
= ( P B 2UM)oo[3 - 1)@ ... @B QM )oo[3 — n])/~ .

By Remark 2.1, we can identify this quotient with the subspace of elements in
B;TC* QM)oo® ... ® B, Q(M)co that are invariant under the action of the sym-
metric group on m elements (with appropriate signs). In this way it is canoni-
cally embedded into Q(M¥1++km) The following result corresponds to Propo-
sition 1.9 from the introduction.
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Proposition 13.5. B,iyc* Q(M)o[2—n] carries the structure of a Fréchet dIBL-al-
gebra of degree n — 3.

Proof. We will give here the proof modulo signs, and postpone the discussion of
signs to Remark 13.9 below.

Consider ¢ € B;TCJ:IQ(M oo, ¥ € B;ZC:ISZ(M )oo With kernels £, Ky,. Let

k := ki + k, and consider M**! with coordinates (t,x1,...,x%). We define
p2,1,0(¢.¥) € B"Q(M) by the analogue of equation (10.4):

p2,1,0(0, ¥) (U1 ---ug)

k
= Z:I:/R(p(t,xl,...,xkl)/\ﬁw(t,xklﬂ,...,xk)
=1 4 rk+1 Aer1 (X)) A= Aue(xg)  (13.5)

k
= Z:I:/R(p(t,xc+1,...,xc+kl) /\ﬁ1/,(l‘,xc+kl+1,...,xc)

=1 4 rk+1 Aup(x1) A Aug(xg)
For 1 < ¢ < k we define I.: M*¥*1 — M*+2 by

IC(tsxly-'-sxk) = (tsxc‘-f—ls---7-xc+k17[7-xc+k]+17-'-1xc)-

Let
Pry,: Q(M*T) — Q(MF)

be integration along the fiber associated to the projection Prj: M k1 Mk
forgetting the first component. Then the preceding computation shows that
p2,1,0(¢, ¥) has kernel

k
> £ Pry [F(Ry x Ry). (13.6)
c=1
We have thus defined
P2,1,0: BY* QM) oo ® BY*Q(M)oo —> B QUM ).

By (13.6) this operator extends to the completion BY*Q(M )o@ BY*Q(M ) oo.
Next consider ¢ € B;yC*Q(M)OO with kernel Ry. For k1 + k> = k —2 we
consider M*~! with coordinates (¢, x1, ..., Xkys V1s- -5 Vky). We define

P1.2,0(0) € D B QRM) 00 @B QUM oo
k1+ky=k—2
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by the analogue of equation (10.7):

P1,2,0(@) (U1 Ug, @ V1 Vk,)

ki k2
= Z Z :I:/Rw(t,xcﬂ,...,xc,t,yc/+1,...,yc/)
e=Le=1 i Aur(X1) A Ay (X)) AT A A Ok (Vky)-
(13.7)

For1 <c <kjand 1 <c’ <k, we define I /.4, ,: MK~1 — M* by

Teor (8, X0, 0o Xk s V1o oo Vi) o= (L Xeq 1o on Xeu By Vet o oo Yer)-

Then the preceding computation shows that p; » o(¢) has kernel

Z Z Z £ Prjy 17 g, ko R (13.8)

ki +hko=k—2c=1c'=1

It is straightforward to check that this is indeed the kernel of an element of
BY*Q(M)0o®BY*Q(M)o. Note that we need to take the completion here
because the kernel defined by (13.8) is not a finite sum of exterior products.

The proof of the dIBL-relations is now analogous to the proof of Proposi-
tion 10.4 and is omitted. O

The inner product in (13.1) induces one on de Rham cohomology Hgr(M).
The de Rham cohomology thus becomes a cyclic cochain complex with trivial
differential. Since Hgr(M) is finite dimensional, we can apply Proposition 10.4
to obtain an /B L-structure on B<Y** Hyr(M)[2 — n]. Note that this structure does
not use the cup product or higher products on Hqr(M).

For the remainder of this section, let us now fix a Riemannian metric on M.
We identify Hgqr(M) with the space H (M) of harmonic forms, and denote by
i:H(M) — Q(M) the inclusion. Then we have the following analogue of
Theorem 11.3 for the de Rham complex, which corresponds to Theorem 1.10
from the introduction.

Theorem 13.6. There exists a Fréchet IBLoo-morphism
§: BY*Q(M)oo[2 — n] —> BY* Har(M)[2 — n]

such that §1,1,0: BY*Q(M)oo[2 — n] — BY* Har(M)[2 — n] is the map induced
by the dual of the inclusion i: Hir(M) = H(M) — Q(M).
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Proof. We use the same notation as in the proof of Theorem 11.3. Consider a
ribbon graph I' € RGy ¢ .. We want to define

s BT QM ) oo - B B QM)
cyc*

— B Hgr(M) ® -+ ® By Har(M).

S¢

(13.9)

The idea is to replace G in §11 by the Green kernel and summation over the basis
by integration. We then define (13.9) by a formula similar to (11.7) as follows.

Let G(x,y) € Q" (M x M) be the kernel of the Green operator G: Q(M) —
QM),

Gu)(x) = / G(x.y) Au(y)

yeEM

(with respect to the fixed metric) satisfying
doG+God=TI1-id

where I1: Q(M) — H (M) is the orthogonal projection onto the harmonic forms.
(G is called the propagator in [3].)
Now let

¢’ € By @M)oo, v=1,...k

be given with kernels 8Y(x1,...,Xz0)) € QUM d@)) These kernels will play

a similar role as ¢}, in §10 and §11. Let o ---of, € B, Hir(M),
b

7 associated to the exterior

..... id(v)
b =1,...,£ be given in terms of harmonic forms «

edges of T.

We denote by Flag(I") the set of flags (or half-edges) of ", where a flag is a pair
f = (v,]) consisting of an interior vertex and an (interior or exterior) edge with
v € [. Suppose that we are given a labelling of I and an ordering and orientations
of the interior edges in the sense of Definitions 10.7 and 11.4. Given these data,
we can unambiguously associate flags

e f(¢,1)and f(z,2) to the initial and end point of each interior edge ¢;

e f(v,1),..., f(v,d(v))to the ordered half-edges around each interior vertex
v;

e f(b,1),..., f(b,s(b)) tothe ordered exterior edges ending on each boundary
component b.
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To each flag f we associate a variable xy which runs over M. Then we set
frip' ® - ® o) (] Sy ®"'®“f"'“f@))

= —1 n G 4
/ (=D l_[ (Xf 1) Xf(2.2) ¢ sb)

(e )eM (™) 1€Cin () [T8 Crwny. - Xrwao) [T [T Gren).
veC2 (I b=1i=1
(13.10)
with appropriate signs (—1)7.

At this point, we could proceed to prove that (13.10) defines an IBL,-mor-
phism in a way similar to the proof of Theorem 11.3, using Stokes’ theorem. Here
we take a shortcut using finite dimensional approximations and reduce the proof
to Theorem 11.3 itself, as we will now explain.

The fixed Riemannian metric on M induces the Laplace operator A and the
Hodge star operator * on (M ). For a positive number E, we denote by Qg (M)
the finite dimensional subspace of €2(M) that is generated by eigenforms of A with
eigenvalue < E. The differential d and the Hodge star operator preserve Qg (M),
so the pairing (, ) is nondegenerate on Q2 g (M ). Therefore, by Proposition 10.4 we
obtain the structure of a dIBL-algebra on

Cg:= BCyC*QE(M)[Z — n].

We denote it by p1.1,0.£, §2,1,0.E, P1,2,0:£ - To compare this structure to the Fréchet
dIBL-structure on
Coo = BY*Q(M)[2 — 1],

we need the following

Lemma 13.7. There exist canonical restriction and extension maps

rest

BY*Qp (M) 25 BY*Q(M)o =5 BY*Qp (M)
satisfying rest o ext = id.

Proof. The restriction map is just dual to the inclusion Qg (M) — Q(M). To
define the extension map, we fix a basis {¢;} of Qg (M) of pure degree. As
in §10, we denote by {e’} be the dual basis with respect to the pairing (-, -), i.e.
(ei,e’) = &7, and we set g/ := (¢!, e/). Thento ¢ € B* Qg (M) we associate

the collection of real numbers

gpil-"ik = 90(31'1 PRI eik)
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and the smooth kernel

Rp(X1, ..., x¢) 1= Z(pil...ike“ (x1) - - - €™ (xg).

I 5eees ix

By formula (13.2), this defines an extension of ¢ to B,in*SZ(M )oo- To check the
identity rest o ext = id, we compute for u;,...,ux € QEg:

/(ul><---><uk)/\ﬁ,,J

= Yy [ 00wl () ()
I 5eees ix Mk
= Z:I:goil...,k(ul,e ) - (ug, e'%)
I 5eees ik
= :l:go(Z(ul,eil)eil,. , Z(uk,eik)eik>
i1 ix
= Fo1,...,ux),
where in the last equation we have used } _; (u;, elye; = u;. A

Using this lemma, we associate to a map f: E;Co — E;Cy its restriction
fE as the composition

ext f rest

fE: ExCg — E}Co — E;Coo — E;Cg.

Lemma 13.8. The operators p1,1,0.E, §2.1,0:E, P1,2,0.E on Cg are the restrictions
of the operators 91,10, P2,1,0, P1,2,0 on Ceo.

Proof. The operator p; 1,0, is clearly the restriction of py ;0 because both are
induced by m;. Let us check that p; ;0. is the restriction of py 1,0 (the case
of p12,0:z and py 2, is analogous). Consider ¢ € By Qg(M) and ¥ €

ki+1
B;ZCJ:IQ g(M). We define their kernels as above and denote their extensions by
the same letters. Then for k = k1 + k1 and uq, ..., ux € Qg we compute, using

the definitions (13.5) and (10.4):
p2,1,0(0, ¥)(uy -« -ug)

k
= Z:I:/ﬁ,p(t,xl,...,xkl) /\.ﬁw([,xkl+1,...,xk)
=1 it Atet1(x1) A Ate(Xk)
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k
= Z Z :I:(pail'"ikl wbik1+1"'ik

c=1 a,biitmix
Uet1(X1) -+ ue(xg)

M Ae(t)e' (x1) -1 (x, el (1)e 11 (xgey 1) -+ - €% (xi)

k
b . .
= Z Zi(pail"'ikl wbik1+1"'ikga (uC-‘rlyell) (qu elk>

c=1 a,b,il ,...,ik

k
§ § b
:I:ga go(ea, Uct+l, .- uc+k1)1ﬂ(eb, uC—l—kl-l—lv cees uC)
a,b

c=1

= £p2,1,0,E (@, V) (uy -~ ug).

This proves Lemma 13.8 up to signs. Now we remark that the signs in (13.5)
and (13.7) are not yet defined. So we define the signs there so that Lemma 13.8
holds with signs. A

Remark 13.9. Before completing the proof of Theorem 13.6, let us complete the
sign part of the proof of Proposition 13.5. It is easy to see from the definition that
Cg C Cg for E < E’ and the restrictions of p5 1,0:£/, P1,2,0:£’ to Cg coincide
with p2 1,0,£, P1,2,0;£. Therefore, they define operators on the union | Jz Ck.
Then formulas (13.5), (13.7) imply that they further extend continuously to the
closure Co of | Jz CE with respect to the C*° topology. These are the operators
in Proposition 13.5. Now the signs work out because they do on Cg for each
finite £. The same remark applies to the rest of the proof of Theorem 13.6.

Now we return to the proof of Theorem 13.6. Denote by Q2 (M) the direct sum
of the eigenspaces of A to positive eigenvalues. By the Hodge theorem, Q4 (M) =
Imd ®Imd*andd:Imd* — Imd, d*:Imd — Imd* are isomorphisms. So we
can choose a basis {e;, f;} of Q4 (M) satisfying

Ae,-:)&,-ei, Af,'=kifi, df, = ¢, de,-=0

by picking a basis {e;} for Imd and setting

1
fi=d e (13.11)

Here d* = — % d *. Then we can choose the Green operator G so that

Glyamy =0, G(e) = fi., G(fi) =ei. (13.12)
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On the other hand, we have
(ei,ej) = /dfl Nej = :|:/fl /\dej =0. (13.13)
M M
Similarly, (13.11) implies (f;, f;) = 0 and
1 *
(ei, f;) :/dﬁ Afi= :I:T/fi/\dd ei = £(fi.ej)
M 7 i

if \; = Aj, and (e;, f;) = 0 otherwise. We set

bij = (e,-,f,-) = :I:(fi,e‘,-). (13.14)
Let (h"/) be the inverse matrix of (h;;). Then the propagator is given by
G(x.y) =Y b7 fi(x) A f; (1) (13.15)

ij
where the sign depends only on the degrees of f;, f;.
We restrict G in (13.12) to Qg (M) and obtain an operator Gg. We use it
in the proof of Theorem 11.3 to obtain an IBLy-morphism {fr.g} from Cg to
BEY*H(M).

Lemma 13.10. The restriction of the operator fr defined by (13.10) to Cg
coincides with fT.g.

Proof. Using (13.12), (13.13), (13.14), and (13.15) it is easy to see that the
operators coincide up to sign. Now we define the sign in (13.10) so that they
coincide with sign. A

It is easy to see that the maps fr g are compatible with the inclusions Cg C
CE’. So they define an IBL,-morphism on the union | Jz Cg. Now (13.10) and
Lemma 13.10 imply that this morphism extends to the closure Co, with respect
to the C*° topology, and the proof of Theorem 13.6 is complete. |

String topology and Conjecture 1.11. Now we would like to proceed as in §12:
twist the Fréchet dIBL-structure on BY*Q(M )oo[2 — n] by the Maurer—Cartan
element m} arising from the product m, in (13.1), and use Theorem 13.6 to push
the twisted IBLyo-structure onto BY* Hygr(M)[2 — n]. However, there is one
difficulty in doing so. As in §12, the product my(u,v) = (—1)%€¥%y A v gives
rise to an element

mi € B Q(M).
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defined by

my (u, v, w) := (=" my(u,v), w) = (—1)n—2Hdegy / UAVAW.

M

However, m;” does not have a smooth kernel. In fact, its Schwartz kernel is the
current represented by the triple diagonal

Ay ={(x,x,x):x e M} C M>.

So we cannot use m; directly to twist the Fréchet dIBL-structure on the space
BY*Q(M)oo[2 — n]. On the other hand, we may try to formally apply the map
in Theorem 13.6 to e‘“; and then show that this defines a twisted IBL,-structure
on BYY* Hir(M)o[2 — n]. For this, we need to consider the integrals (13.10) for
trees T all of whose interior vertices are trivalent and with inputs ¢¥ = mj for
allv =1,...,k (see Remark 12.11). Then the 8" appearing in the formula must
be the current Ajs. Hence in place of the second product of the right hand side
of (13.10) (involving the kernels K”) we restrict to the submanifold

{Xfw1) = Xfw2) = Xf3 forallv e CRu(T)}

and perform the integration of the other differential forms (the Green kernels and
the harmonic forms) over this submanifold. This integral is very similar to those
appearing in perturbative Chern—Simons gauge theory [82, 8]. The difficulty with
this integral comes from the singularity of the propagator G(x, y) at the diagonal
x = y. We believe that one can resolve this problem by using a real version of the
Fulton—-MacPherson compactification [38] in a similar way as in [3]. As a result,
one should obtain Conjecture 1.11 from the introduction:

there exists an IBLoo-structure on BY* Har (M )[2—n] whose homology
equals Connes’ version of cyclic cohomology of the de Rham complex
of M.

Lagrangian Floer theory and Conjecture 1.13. We expect that the ideas of this
paper can be applied to study Lagrangian Floer theory of arbitrary genus and with
an arbitrary number of boundary components in the following way. Let L be an
n-dimensional closed Lagrangian submanifold of a symplectic manifold (X, w),
and J be an almost complex structure on X compatible with w. For fixed integers
g>0,£>1andsy,...,s¢ > 1 and a relative homology class 8 € H,(X, L;7Z)
we consider (X, ? u) such that
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e Y is a compact oriented Riemann surface of genus g with £ boundary com-
ponents;

o Z=(Z1,...,Z¢), where Z, = (zp1,...,2p,) is a vector of s distinct points
in counterclockwise order on the b-th boundary component 9, % == S! of X;

e u:(X,0¥) — (X,L) is a J-holomorphic map representing the relative
homology class .

.....

There is a natural evaluation map

ev = (evi,...,eve): Mgi(sy,..s0)(B) —> L x - x L3¢,

.....

Integrating the pullback of differential forms under the evaluation map over the
moduli space (using an appropriate version of the virtual fundamental chain
technique) should give rise to an element

Mgs(s1 .50 (B) € Bs|” S(L)2—n] ® - ® By S(L)[2 —n],

where S(L) is a suitable cochain complex realizing the cohomology of L. Let A
be the universal Novikov ring of formal power series in the variable 7" introduced
in §8. The elements mg,(, ... 5,)(B) should then combine to elements

.....

where E; denotes the completed symmetric product with respect to the two natural
filtrations on BY*S(L)[2 —n] ® Ao. The boundary degenerations of the moduli
spaces Mg (s, ,....s,) (B) suggest that

1 A~
mi= ) mgh¢ ! € 2 E(BYS(L)2—n] ® Ao)ih)
gl

satisfies the Maurer—Cartan equation
ple™ =0

for an IBLoo-structure p on BY*S(L). Here the structure p is expected to be
obtained in a way similar to Conjecture 1.11, that is, first using the boundary
operator and Poincaré duality only and then deforming it by the effect of constant
maps such as the cup product.
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We hope to work this out by taking for S(L) de Rham complex (L) and
using the results of this section as follows. Recall from Proposition 13.5 that the
subcomplex BY*Q(L)oo[2 — n] € BY*Q(L)[2 — n] of homomorphisms with
smooth kernel carries a natural Fréchet dIBL-structure. However, the elements
mg ¢ do not have smooth kernel and thus cannot be viewed as a Maurer—Cartan
element on this Fréchet dIBL-algebra. The idea is now to use the construction
in Conjecture 1.11 to push forward the m, , to a Maurer—Cartan element on
BY* Her(L)[2 —n] ® Ay. It should give rise to a twisted filtered IBLo-structure
on BY* Hyr (L)[2—n]®A ¢ whose homology equals the cyclic cohomology of the
cyclic Aso-structure on Hgr (L) constructed in [37, 36]. Moreover, its reduction
at T = 0 should equal the filtered IBLy-structure on B<Y* Hqr(L)[2 — n] in
Conjecture 1.11, and Conjecture 1.13 from the introduction should follow.

Appendix A. Orientations on the homology of surfaces

In this appendix, we present a procedure to order and orient the interior edges
of a labelled ribbon graph in terms of orientations on the singular chain complex
of the associated surface. Relating this to the procedure using spanning trees in
Definition 11.4, we prove Lemma 11.5 from §10.

Consider a ribbon graph I with k interior vertices vy, ..., vx and m interior
edges eq, ..., e;,. We denote by X the surface with boundary associated to I", and
by . the closed connected oriented surface (of genus g) obtained by gluing disks
to the £ boundary components of ¥. Note that

2-2g =)= (D) +L=y(T)+L=k—m+ L.

We view I as a graph on $. The ribbon condition implies that S\ T is the union
of £ disks whose closures we denote by f1, ..., f¢. So we have a cell complex

C2:<f17---af€)gcl z(el,...,em)gcoz (Vk, ...v1) (A.1)

(say, with Q-coefficients) computing the homology of S, We pick complements
Vi of ker d; in C; and H; of Im d; 1 in ker d;, so that the complex becomes

ad 9
Co=Vo®Hy—>Cr=Vi®H ®Imds — Co=Imd; ® Hy. (A.2)

Note that d;: V; — Imd; are isomorphisms and the H; are isomorphic to the
homology groups of ¥. Now equation (A.1) determines an orientation of C =
Co @ C1 ® C; once we choose a labelling of T in the sense of Definition 10.7, i.e.,



Homological algebra related to surfaces with boundary 829

i. an ordering vy, ..., vg of the interior vertices,
ii. and ordering and orientations of the interior edges,
iii. an ordering of the boundary components.

More precisely, given these choices we orient the chain groups as follows:

i’. an oriented basis vy, ..., v; of Cy is given by the interior vertices in reverse
order;
ii’. an oriented basis e1, ..., e, of C is given by the oriented interior edges in

their given order;

iii’. an oriented basis f1, ..., f; of C, is given by the 2-cells, oriented according
to the orientation of ¥ and ordered according to the ordering of the boundary
components.

We arbitrarily orient V7, V, and equip Im 91, Im d, with the induced orientations
via the isomorphisms 0;:V; — Imd;. These orientations together with the
orientation of C induce via (A.2) an orientation on H = Hy & Hi & H,. This
orientation does not depend on the chosen orientations on Vi, V5, but it does
depend on the order of the direct summands in (A.2).

On the other hand, the homology H is canonically oriented. We set

Ho:= (vi +---+wv), Hy:={(fi+-+ fi)

and give H; =~ Q¢ the symplectic orientation induced by the intersection form.
We define the sign exponent 73(I") (mod 2) as O if the two orientations of H
coincide, and 1 if not. Here we always consider the labelling data (i)—(iii) as part
of I'.

Remark A.1. To a ribbon graph T" we can associate its dual graph T lying on
the same closed surface S by exchanging vertices and faces. The edges of T are
canonically oriented by requiring that the intersection number of each edge of
I" with the corresponding edge of T is +1. The dual graph to T is T with the
orientation of all edges reversed, which has the same sign as I" if and only if the
number of edges is even. Thus the sign of T' cannot always be equal to the sign
of I'. Is there a simple criterion to decide when the signs agree. Is this duality
good for anything?

Orientation via spanning trees. An orientation on the chain group C =
Co ® C; @ C; associated to a labelled ribbon graph I' can be specified via the
construction in Definition 11.4, which we first recall.
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Choose a maximal tree T C Ty. It will have k — 1 edges, which we orient
away from vertex 1 and label in decreasing order such that the i-th edge ends
at vertex kK + 1 —i. Next choose a maximal tree 7* C I}, disjoint from 7. It
will have £ — 1 edges, which we orient away from the first boundary component
and label in increasing order such that the edge e;, ., points to the boundary
component s. The oriented edges e, . .., ex+¢—» are obtained as the dual edges to
the e, oriented so that the pair {e", e;} defines the orientation of the surface Xr.
The remaining 2g edges of ['iy; edges determine a basis for H; (f)p) and we choose
their order and orientation compatible with the symplectic structure on H; (1)
corresponding to the intersection pairing.

It follows from these conventions that for s = 2, ..., £ the edge exs—» occurs
with a minus sign in df;, and fori = 1,...,k — 1 the vertex v; 1 occurs with a
plus sign in de;. So they specify compatible bases of V; and Im d; given by

Co=V2® Hy=(—fa,....— fo) ® (1),
Ci=VieoH &Imo, = <€k_1, .. .,€1) ® H P <€k, . ,€k+(_2>,
Co=1Imd; & Hyp = (vg,...,v2) D (v1).
Since the resulting orientations (— f>,...,—f¢, f1) = (f1,..., fe) of C, and
(vk,...,va,v1) of Cyp agree with the orientation conventions above, the corre-
sponding sign is n3 = 0.
Lemma 11.5 from §10 immediately follows from this because the operations

e changing the orientation of an interior edge,

e interchanging the order of two adjacent interior edges,

¢ interchanging the order of two adjacent interior vertices,

e interchanging the order of two adjacent boundary components

all change 13 by 1.
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