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From Luttinger liquids to Luttinger droplets via higher-order bosonization identities
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We derive generalized Kronig identities expressing quadratic fermionic terms including momentum transfer
to bosonic operators and use them to obtain the exact solution for one-dimensional fermionic models with linear
dispersion in the presence of position-dependent local interactions and scattering potential. In these Luttinger
droplets, which correspond to Luttinger liquids with spatial variations or constraints, the position dependencies
of the couplings break the translational invariance of correlation functions and modify the Luttinger-liquid
interrelations between excitation velocities.
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I. INTRODUCTION

An important goal of condensed matter theory is a reliable
description of the correlated behavior of electrons which is
rooted in the Coulomb interaction between them. In one-
dimensional geometries they exhibit a special coherence at
low energies [1,2]: The dispersion can be approximately lin-
earized in the vicinity of the Fermi points ±kF as εk �
±vF (k ± kF ), so that the energy δε = vF δk of a particle-hole
excitation from k1 to k2 is a function only of the momen-
tum transfer δk = k2 − k1. By contrast, in higher dimensions
the magnitude and relative orientation of the two momenta
usually enter into δε, leading to a continuum of excitation en-
ergies for a given momentum transfer. This coherence in one
dimension is prominently featured in the Tomonaga-Luttinger
model [3,4], which is based on the approximation that one
can regard a physical electron field operator �(x) for a wire
of length L at low energies as a sum of two independent fields,

�(x) =
∑

k

eikx

√
L
Ck =

∑
k>−kF
λ=±

eiλ(kF +k)x

√
L

Cλ(kF +k), (1a)

� eikF xψR(x) + e−ikF xψL(x)√
2π

, (1b)

where the lower summations limits −kF in (1a) were re-
placed by −∞ (1b). Then ψR,L (x) = ψ1,2(∓x) and ψη(x) =
(2π/L)

1
2
∑

k e−ikxckη
are defined in terms of canonical

fermions ckη
= C±(kF +k) which correspond to the physical

fermions Ck near the two Fermi points for η = 1, 2. In the
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Tomonaga-Luttinger model the dispersion is linearized near
the Fermi points and only forward-scattering density inter-
actions between left- and right-moving fermions are kept.
The Tomonaga-Luttinger model can be solved by bosoniza-
tion [3–13], which expresses the above-mentioned coherence
of excitations into an exact mapping to bosonic degrees of
freedom (at the operator level [9,14–18], diagrammatically
using Ward identities [19–22], in a path-integral formula-
tion [23–26], or using flow equations [27]; throughout we
use Ref. [17]’s constructive finite-size bosonization approach,
which is recapped below). Bosonization has led to such re-
markable results and concepts as spin-charge separation of
elementary excitations [3,4], interaction-dependent exponents
of correlation functions [9,28–30], and the Luttinger-liquid
paradigm [13,15,31,32] which states that the relations be-
tween excitation velocities and correlation exponents of the
Tomonaga-Luttinger model remain valid even for a nonlinear
dispersion and in the presence of backward and/or Umklapp
scattering, i.e., as long as the system remains metallic and no
symmetry is broken. These topics are nowadays presented in
many reviews [1,14,15,17,33–36] and textbooks [2,24,32,37–
40]. Characteristic signatures of one-dimensional electron liq-
uids have been observed in a variety of experiments [41–55].
The theory of nonlinear dispersion terms has been of partic-
ular further interest [6,13,56–58], including refermionization
techniques which use bosonization identities in reverse to map
diagonalized bosonic systems back to free fermions [57,59–
63]. For Luttinger liquids out-of-equilibrium [64–78] nonlin-
ear dispersion effects are also essential [79–81].

The technical hallmarks of bosonization are the following.
On the one hand, a two-body density interaction term for
fermions ckη

becomes quadratic in terms of canonical bosons,
defined for q > 0 as bqη = −i

∑
k c+

k−qη
ckη

/
√nq. Here the

momentum sum runs over k = 2π
L (nk − 1

2δb) with integer
nk , and the parameter 0 � δb < 2 fixes the boundary con-
ditions, ψη(x + L/2) = eiπδbψη(x − L/2). On the other hand
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the fermionic kinetic energy also translates into free bosons
by means of the so-called Kronig identity [34,82,83],

H (1)
0η =

∑
k

k ∗
∗c+

kηckη
∗
∗, (2a)

=
∑
q>0

q b+
qηbqη + π

L
(N̂η + 1 − δb)N̂η, (2b)

where the fermionic number operator is given by [84] N̂η =∑
k

∗
∗c+

kη
ckη

∗
∗, which commutes with bqη. The normal ordering

∗
∗· · ·∗∗ is defined with respect to the state |0〉0, where |N〉0 is
an eigenstate of all c+

kη
ckη

(with eigenvalue 1 if nk � Nη and
0 otherwise). Furthermore, real-space fermionic and bosonic
fields are related by the celebrated bosonization identity
[7–9,17],

ψη(x) =
(

2π

L

) 1
2

Fη e−i 2π
L (N̂η− 1

2 δb)x e−iϕ+
η (x) e−iϕη (x), (3)

which allows the calculation of fermionic in terms of
bosonic correlation functions [9]. Here the fermionic Klein
factor Fη decreases the fermionic particle number N̂η by
1, and ϕη(x) = −∑

q>0 bqη e−iqx−aq/
√

nq. The regularization
parameter a → 0+ is needed to obtain a finite commutator
[17], [ϕη(x), ϕ+

η (x′)] = − ln[1 − e− 2π i
L (x−x′−ia)]. A final ingre-

dient to the solution of the Tomonaga-Luttinger model is
a Boguljubov transformation, which absorbs the interaction
between left- and right-moving fermions into the free bosonic
theory [3].

In the present work we will study Luttinger liquids with ad-
ditional spatial constraints, which we term Luttinger droplets.
Namely, we consider a (spinless) fermionic Hamiltonian with
linear dispersion, position-dependent local interactions V (x)
and U (x), and scattering potential W (x) (all assumed to be
real symmetric functions of x),

H =
∫

dx

L
∗
∗vF [ψ+

R (x)i∂xψR(x) − ψ+
L (x)i∂xψL(x)]

+ W (x)[nL(x) + nR(x)] + U (x)nL(x)nR(x)

+ 1

2
V (x)[nL(x)2 + nR(x)2]∗∗, (4a)

in terms of densities nR,L(x) = ψ+
R,L(x)ψR,L(x)/(2π ). With-

out W (x) and with constant V (x) and U (x), H reduces
to the usual translationally invariant Tomonaga-Luttinger
model (with local interactions). At present we only al-
low a purely linear dispersion and forward-scattering
interactions.

Note also that the scattering potential W (x) does not allow
for any backscattering between left and right movers, which
is known to be the most important scattering contribution in
Luttinger liquids with impurities [85,86]. The local nature
of the interactions means that the cutoff parameter a will
occasionally be needed to regulate ultraviolet divergences. A
related impurity model with nonlocal interaction was previ-
ously studied using flow equations [27].

FIG. 1. Wire of length L with position-dependent interaction
potential V (x) in (4), with V (x) = V (−x), sketched here for the re-
pulsive case with larger V (x) near x = 0 so that particles tend to keep
a larger distance from each other there. An additional single-particle
potential W (x) = W (−x) may also be present. (a) A general smooth
interaction potential. (b) A piecewise constant interaction potential,
i.e., with piecewise constant value V (0) inside and V (L/2) outside
a central region of width 2R, as solved explicitly in Sec. IV D 4 for
L → ∞ and finite R.

Below we will diagonalize (6) exactly for the special case

U (x) = γ [2πvF + V (x)], −1 < γ < 1, (4b)

for otherwise arbitrary V (x) > −2πvF and a constant γ . This
means that real Fourier components Vq = V−q as well as Uq=0

can be chosen freely; then γ = U0/[2πvF + V0] and Uq 
=0 =
γVq. Thus γ characterizes the relative strength of interbranch
interactions. Below we obtain the single-particle Green func-
tion for the ground state of this model, the exponents of
which will reflect the spatial dependence of the couplings.
We first derive generalized Kronig-type identities in Sec. II
(summarized in Table I), which we then use to solve a single-
flavor chiral version of (4) in Sec. III. We then proceed to the
two-flavor case in Sec. IV (summarized in Table II), with a
discussion of the similiarities and differences of the spectrum
and Green function compared to the translationally invariant
case. One representative choice of V (x) to be discussed below
involves a central region with stronger repulsion than at the
edges of the system, as shown in Fig. 1(a). An explicit eval-
uation is provided for a piecewise constant V (x) as shown in
Fig. 1(b) in Sec. IV D 4. Relations between the excitation ve-
locities and Green function exponents are discussed in Sec. V,
followed by a summary in Sec. VI.

Many results for inhomogeneous Luttinger liquids are of
course known, e.g., with barriers [85,86], impurities [87,88],
boundaries [89–92], leads [26,93], confinements [94], and
so on. Models with (effective) position-dependent Luttinger
liquid parameters or interaction potentials have also been
investigated [25,95–98]. Our goal is to provide a complemen-
tary perspective on these setups with the exact solution of
the rather flexible model (4), i.e., the Hamiltonian (4a) with
parameters from the manifold (4b), and to possibly enable
new applications, e.g., to ultradilute quantum droplets held
together by weak cohesive forces [99].
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TABLE I. Summary of fermion-boson relations from Secs. I and II. Here Bn(x) and Bm(x1, . . . , xm ) are the Bernoulli and complete Bell
polynomials, respectively, see (12).

Fermionic and bosonic fields, Number operators and Klein factors:

K (0)
qη = ∑

k
∗
∗c+

k−qηckη
∗
∗ =

⎧⎨
⎩

N̂η if nq = 0,

i√nq bqη if nq > 0,

−i
√

n−q b+
−qη if nq < 0,

(8)

ψη(x) = ( 2π

L )
1
2 ∑

k e−ikxckη = Fη√
a e−i 2π

L (N̂η− 1
2 δb )x e−iφη (x), F+

η Fη = FηF+
η = 1, [Fη, N̂η′ ] = δηη′ Fη, (3)

φη(x) = ϕσ (x) + ϕ+
σ (x) = −∑

q>0(bqσ e−iqx + b+
qσ eiqx ) e−a|q|

√
nq

= ∑
q 
=0 λq(x)K (0)

qη , λq(x) = i e−iqx−a|q|/2

nq
. (8,53)

Higher-order bosonization identities:

Kqη(λ) = ∑
k eλnk ∗

∗c+
k−qηckη

∗
∗ = ∑∞

m=0
λm

m! K (m)
qη = eλN̂η Yqη (λ)−δq0

1−e−λ , K (m)
qη = ∑

k nm
k

∗
∗c+

k−qηckη
∗
∗ = ∂mKqη (λ)

∂λm |0, (8,10a)

Yqη(λ) = ∑∞
n,r=0

1
n!r!

∑
p1,...,pn>0
p′

1,...,p′
r>0

δp1+···pn+q,p′
1+···p′

r
[
∏n

i=1
1−e−λnpi

npi
K (0)

−piη
][

∏r
j=1

e
λnp′j −1

np′j
K (0)

p′
jη

] = ∑∞
m=0

λm

m! Y (m)
qη , (10b,10c)

Y (m)
qη = ∫

dx
L eiqx

∑m
n=0

(m
n

)
Bn(K (1)

+,η(x), . . . , K (n)
+,η(x))Bm−n(K (1)

−,η(x), . . . , K (m−n)
−,η (x)), K (m)

±,η(x) = ∑
±p>0 nm−1

−p K (0)
−pηeipx, (11b)

K (m)
qη = Bm+1(N̂η+1)−Bm+1(1)

m+1 δq0 + ∑m
n=0

(m
n

) (−1)n

m+1−n Bn(−N̂η )Y (m+1−n)
qη , (11a)

K (1)
qη = ∑

k nk
∗
∗c+

k−qηckη
∗
∗ =

{∑
p>0 K (0)

−pηK (0)
pη + 1

2 (N̂η + 1)N̂η if q = 0,

1
2 (nq + 1 + 2N̂η )K (0)

qη + 1
2

∑
p( 
=0,q)K

(0)
q−pηK (0)

pη if q 
= 0.
(2,13)

II. KRONIG-TYPE IDENTITIES WITH ARBITRARY
MOMENTUM TRANSFER

A. Bosonic forms of bilinear fermionic terms

Consider a general bilinear fermionic term,

H (m)
qη =

∑
k

km ∗
∗c+

k−qηckη
∗
∗, (5a)

=
∫

dx

2π
eiqx ∗

∗ψ
+
η (x)(i∂x )mψη(x)∗∗, (5b)

for integer exponents m � 0 and momentum transfer q =
2π
L nq with integer nq; here and throughout real-space inte-

grals without indicated end points extend over the interval
[−L/2, L/2]. Arbitrary dispersion terms are included in (5a)
for q = 0, such as (2a) for m = 1. Forming the product of
(3) with its Hermitian conjugate at different positions x and
x + �, canceling the Klein factors (F+

η Fη = 1), commuting the
bosonic fields, taking a to zero, and combining exponentials,
we obtain

L

2π
ψ+

η (x)ψη(x + �)

= eπ i(δb−2N̂η )�/L eiϕ+
η (x) eiϕη (x) e−iϕ+

η (x+�) e−iϕη (x+�)

= eπ i(δb−2N̂η )�/L

1 − e2π i�/L
ei[ϕ+

η (x)−ϕ+
η (x+�)] ei[ϕη (x)−ϕη (x+�)]. (6)

A generating function of the terms in (5a) then reads

∞∑
m=0

(−i�)m

m!
H (m)

qη

=
∑

k

e−ik� ∗
∗c+

k−qηckη
∗
∗

=
∫

dx

2π
eiqx ∗

∗ψ
+
η (x)ψη(x + �)∗∗

=
∫

dx

L

eπ iδb�/L eiqx

1 − e2π i�/L
[e−2π iN̂η�/L eiϕ+

η (x)−iϕ+
η (x+�)

× eiϕη (x)−iϕη (x+�) − 1], (7)

where we summed the Taylor series of the terms (5b), inserted
relation (6), and performed the normal ordering. Taylor ex-
panding the exponentials and taking coefficients of �m on both
sides of (7) now yields H (m)

qη in terms of bosonic operators, as
discussed below. Relation (7) thus provides explicit bosonic
representations of general bilinear fermionic operators, in-
cluding (2) [100].

We also introduce operators which use the more convenient
powers of the integer nk instead of momentum k (cf. also
Table I),

Kqη(λ) =
∑

k

eλnk ∗
∗c+

k−qηckη
∗
∗ =

∞∑
m=0

λm

m!
K (m)

qη , (8a)

K (m)
qη =

∑
k

nm
k

∗
∗c+

k−qηckη
∗
∗, (8b)

K (0)
qη =

∑
k

∗
∗c+

k−qηckη
∗
∗ =

⎧⎪⎨
⎪⎩

N̂η if nq =0,

i√nq bqη if nq >0,

−i
√

n−q b+
−qη if nq <0,

(8c)

so that the terms (5a) are then given by H (m)
qη = (π/L)m∑m

n=0

(m
n

)
(−δb)m−n 2n K (n)

qη and the bosonic commutation

relations become [K (0)
−qη, K (0)

q′η′ ] = −nqδqq′δηη′ . The operators
Kqη(λ), which are operator-valued formal power series in the
(complex) indeterminate λ with coefficients K (m)

qη , obey the
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intriguing operator algebra

[K−qη(λ), Kq′η′ (λ′)] = δηη′

[
δqq′

e−λnq − eλ′nq

1 − e−λ−λ′

+ (e−λnq′ − eλ′nq )Kq′−qη(λ + λ′)
]
, (9)

which is reminiscient of affine Lie algebras [103] but not
immediately recognizable. From (7), or alternatively from (9),
the generating function (8a) becomes

Kqη(λ) = eλN̂ηYqη(λ) − δq0

1 − e−λ
, (10a)

Yqη(λ) =
∞∑

n,r=0

1

n!r!

∑
p1, . . . , pn>0
p′

1, . . . , p′
r>0

δp1+···pn+q,p′
1+···p′

r

×
[

n∏
i=1

1 − e−λnpi

npi

K (0)
−piη

][
r∏

j=1

e
λnp′j − 1

np′
j

K (0)
p′

jη

]

(10b)

=
∞∑

m=0

λm

m!
Y (m)

qη . (10c)

The coefficients K (m)
qη and Y (m)

qη of λm in these expression
are given by

K (m)
qη = Bm+1(N̂η + 1) − Bm+1(1)

m + 1
δq0

+
m∑

n=0

(
m

n

)
(−1)n

m + 1 − n
Bn(−N̂η )Y (m+1−n)

qη , (11a)

Y (m)
qη =

∫
dx

L
eiqx

m∑
n=0

(
m

n

)
Bn

(
K (1)

+,η(x), . . . , K (n)
+,η(x)

)
×Bm−n

(
K (1)

−,η(x), . . . , K (m−n)
−,η (x)

)
, (11b)

Here K (m)
±,η(x) = ∑

±p>0 nm−1
−p K (0)

−pηeipx and Bn(x) and
Bm(x1, . . . , xm) are the Bernoulli and complete Bell polyno-
mials, respectively, defined by [104]

λ eλx

eλ − 1
=

∞∑
m=0

λm

m!
Bm(x), (12a)

exp

( ∞∑
m=1

λm

m!
xm

)
=

∞∑
m=0

λm

m!
Bm(x1, . . . , xm). (12b)

The bosonic representation (10a) and (10b) for the
fermionic operator (8a), with coefficients (11a) and
(11b), can be verified as follows. We begin with (7),
multiplying it by e−π iδb�/L and setting � = iλL/(2π ), so
that its first line turns into Kqη(λ) as defined by (8a),
while its second line takes the form (10a) with Yqη(λ) =∫

dx
L eiqxeiϕ+

η (x)−iϕ+
η (x+�)eiϕη (x)−iϕη (x+�)|�= iλL

2π
. We then validate

(11b) by inserting it into (10c) and performing the sum using
(12b), which gives Yqη(λ) = ∫

dx
L eiqxeK+,η (λ,x)eK−,η (λ,x), with

K±,η(λ, x) = ∑
m�1

λm

m! K (m)
±,η(x) = ∑

±p>0K (0)
−p,ηeipx(eλn−p −

1)/n−p, i.e., K−(+),η(λ, x) = iϕ(+)
η (x) − iϕ(+)

η (x + iλL
2π

), as
required. Next we confirm (10b) by calculating its Fourier

transform as
∑

q e−iqxY (m)
qη = eK+,η (λ,x)eK−,η (λ,x), which agrees

with Yqη(λ) given above. Finally we observe that (11a) follows
from (10a) by taking coefficients of λm and employing (12a).

B. Bosonic representation of a fermionic scattering term

Generalized Kronig identities for arbitrary order m follow
from the equivalence of (8b) and (11a), with the latter in-
volving only fermionic number operators and normal-ordered
bosonic operators. As a special case, we obtain for m = 1 and
q 
= 0 the finite-q generalization of (2),

K (1)
qη =

∑
k

nk
∗
∗c+

k−qηckη
∗
∗

=
(

nq + 1

2
+ N̂η

)
K (0)

qη + 1

2

∑
p( 
=0,q)

K (0)
q−pηK (0)

pη , (13)

which can also be expressed as

H (1)
qη =

∑
k

k ∗
∗c+

k−qηckη
∗
∗ = 2π

L
K (1)

qη − πδb

L
N̂η (14a)

=
[

q

2
+ π

L
(2N̂η + 1 − δb)

]
i
√

nq bqη

− 1

2

∑
q>p>0

√
(q − p)p bq−pηbpη

+
∑
p>0

√
p(q + p) b+

pηbq+pη, (q > 0), (14b)

so as to make the modification of the momentum-diagonal
identity (2) more apparent.

III. CHIRAL LUTTINGER DROPLETS

A. Droplet model with only right movers

As a simple application of (14) and for later reference we
first consider a single species of spinless fermions with density

n(x) = 1

2π
ψ+(x)ψ (x) = 1

L

∑
q

K (0)
q e−iqx, (15)

subjected to a single-particle potential w(x) = w(−x) and
a position-dependent interaction g(x) = g(−x), with Fourier
transforms wq = ∫

w(x) e−iqxdx/L = w−q, and so on. For
simplicity we choose antiperiodic boundary conditions
(δb = 1). For a linear dispersion the Hamiltonian of such a
“chiral Luttinger droplet” is given by

Hchiral = vF

∑
k

k ∗
∗c+

k ck
∗
∗ +

∫
dx

L
w(x) ∗

∗n(x)∗∗

+ 1

2

∫
dx

L
g(x) ∗

∗n(x)2∗
∗. (16)

B. Fermionic scattering Hamiltonian for the chiral model

On the one hand, we can now express the fermionic Hamil-
tonian Hchiral in terms of bosonic operators. We define

Hbosonic
[g̃, ˆ̃w;K] = g̃0

L

∑
q>0

K (0)
−q K (0)

q

+ 1

L

∑
q 
=0

[
ˆ̃wqK (0)

q + g̃q

2

∑
p( 
=0,q)

K (0)
p K (0)

q−p

]
, (17)
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with symmetric parameters ˆ̃wq (that may contain N̂) and g̃q.
For g̃q = 2πvF δq0 + gq and ˆ̃wq = wqL + gqN̂ we find that

Hchiral = Hbosonic
[g̃, ˆ̃w;K] + g̃0

2L
N̂2 + w0N̂. (18)

On the other hand, the fermionic basis permits a full diago-
nalization as follows. Using (13) to eliminate the last term in
(17) we arrive at a fermionic scattering Hamiltonian,

Hchiral =
∑
kk′

Tkk′ ∗∗c+
k ck′

∗
∗,

Tkk′ = vF k δkk′ + wk′−k + (k + k′ )
gk′−k

4π
. (19)

We conclude that the four-fermion interaction terms in (16)
cancel, as they do in the Kronig identity (2). In terms of field
operators we obtain

Hchiral =
∫

dx ∗
∗
ψ+(x)h(x)ψ (x)

2π

∗
∗, (20a)

h(x) = g̃(x)(−is∂x ) − 1

2
isg̃′(x) + w(x), (20b)

where g̃(x) = 2πvF + g(x) as above and s = −1/(2π ).
The spectrum of the Hamiltonian (20) can be obtained in

closed form because of the linear dispersion, as shown in the
next subsection for a more general class of first-quantized
Hamiltonians h(x), which includes (20b).

C. Spectrum of an arbitrary one-dimensional Hamiltonian
with linear momentum

In this subsection we obtain the spectrum of a general one-
dimensional Hamiltonian

h = s[g̃(X )P + Pg̃(X )]/2 + w(X ) (21)

with [X, P] = i, in which the momentum P occurs linearly.
Here s is a real constant scale, and g̃(x), w(x) are real func-
tions on an interval [x1, x2], with g̃(x) > 0.

The eigenvalue equation h(x)ξ (x) = Eξ (x) is separable
because h is linear in P and thus straightforward to solve. The
normalized general solution is

ξ (x) = ei[s0(x,x0 )E−s1(x,x0 )]/s

√
g̃(x)S0

, (22)

with the abbreviations s j (x, x′) = ∫ x
x′ dy (δ j0 + δ j1w(y))/g̃(y)

and Sj = s j (x2, x1) for j = 1, 2. These eigenstates correspond
to plane waves subject to a local scale transformation induced
by the potential term, reminiscient of eikonal wave equations
or semiclassical Schrödinger equations.

We then specialize to the case that g̃(x1) = g̃(x2) and
demand ξ (x2) = ξ (x1)eπ iδb . This leads to the discrete eigen-
values E = Ek for integer nk ,

Ek = S1 − sLk

S0
, (23)

with k = 2π
L (nk − 1

2δb). Here the arbitrary scale L was in-
serted so that k formally takes on the same discrete values
as before. The corresponding eigenfunctions ξk (x) are or-
thogonal and complete, which is straightforward to show by
appealing to the plane-wave case via appropriate substitutions.

Finally, we remark that the expectation values of w(X )
and P can immediately be obtained by integration. In the

case of periodic g̃(x) a boundary term drops out and we find
〈w(X )〉 = S1/S0 = E − s〈P〉.

D. Diagonalization of the chiral model

We use the results (22) and (23) of the preceding subsection
with x1 = −x2 = L/2, x0 = 0, δb = 1, and require gq=0 >

−2πvF . This provides the diagonalization of (16), (19), and
(20) in terms of new canonical fermions, {�k, �

+
k′ } = δkk′, as

Hchiral =
∑

k

Ek
∗
∗�

+
k �k

∗
∗ ≡ Hdiagonal

[g̃,w;�]
,

Ek = ṽ(k − k̃), N̂ =
∑

k

∗
∗�

+
k �k

∗
∗ =

∑
k

∗
∗c+

k ck
∗
∗,

�k =
∫

dx√
2π

ξk (x) ψ (x), k̃ = −
∫

dx

L

2πw(x)

g̃(x)
,

ξk (x) =
√

2π ṽ e−i[r̃0 (x)k−r̃1(x)]

√
L g̃(x)

, r̃0(x) =
∫ x

0
dy

2π ṽ

g̃(y)
,

r̃1(x) = k̃ r̃0(x) +
∫ x

0
dy

2πw(y)

g̃(y)
, ṽ =

[ ∫
dx

L

2π

g̃(x)

]−1

.

(24)

Note that the renormalized dressed Fermi velocity ṽ is
given by the spatial harmonic average of the renormalized
“local” Fermi velocity vF + g(x)/(2π ) = g̃(x)/(2π ).

E. Green function for the chiral model

From the above solution it is straightforward to obtain the
time-ordered Green function for the Heisenberg operators of
the chiral field,

G(x, x′; t ) = θ (t )G>(x, x′; t ) − θ (−t )G<(x, x′; t ),

G≷(x, x′; t ) =
{−i〈ψ (x, t ) ψ+(x′, 0)〉,
−i〈ψ+(x′, 0) ψ (x, t )〉, (25)

with θ (±t ) = [1 ± sgn(t )]/2. At zero temperature in a state
with fixed particle number N we find

iG(x, x′; t ) = ṽ√
g̃(x)g̃(x′)

eiS(x,x′,t )

L
π

sinh π
L (iR(x, x′, t ) + a sgn t )

,

R(x, x′, t ) = r̃0(x) − r̃0(x′) − ṽt,

S(x, x′, t ) = r̃1(x) − r̃1(x′) + ṽk̃t − 2πN

L
R(x, x′, t ), (26)

where a → 0+ stems from a convergence factor that was
included in the momentum sum. For constant g(x) and w(x)
we recover the translationally invariant case, G(x, x′; t ) ∝
1/(x − x′ + ṽt + a sgn t ), with renormalized Fermi velocity.
Position-dependent couplings, on the other hand, may lead
to a substantial redistribution of spectral weight. The critical
behavior however remains unaffected, in the sense that the ex-
ponent of the denominator involving R(x, x′, t ) remains unity
for the chiral model.
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IV. LUTTINGER DROPLETS

A. Droplet model with with right and left movers

We now study a generalization of the two-flavor
Tomonaga-Luttinger model to position-dependent interac-
tions and scattering potentials. Such a “Luttinger droplet”
involves right- and left-moving fermions, ψR(x) = ψ1(−x)
and ψL(x) = ψ2(x) (see Introduction) with linear dispersion
in opposite directions, subject to the one-particle potential
W (x), as well as intrabranch and interbranch density interac-
tions V (x) and U (x), respectively, as given in (4). In terms of
fermions with flavor η = 1, 2 we have

H =∗
∗
∑

η

[
vF

∑
k

k c+
kηckη +

∫
dx

L
W (x)nη(x)

+ 1

2
V (x)nη(x)2

]
+

∫
dx

L
U (x)n1(−x)n2(x)∗∗, (27)

i.e., compared to (16) the couplings g(x) and w(x) were rela-
beled as V (x) and W (x), indices η were put on operators, and
the interaction term with U (x) was included.

B. Diagonalization of the Luttinger droplet model

1. Bosonic form of the Hamiltonian

Rewritten with bosonic operators this becomes

H = HTL + H ′ + H ′′,

HTL =
∑

η

{
2πvF + V0

L

[
N̂2

η

2
+

∑
q>0

K (0)
−qηK (0)

qη

]}

+ U0

L

{
N̂1N̂2 +

∑
q>0

[
K (0)

−q1K (0)
−q2 + K (0)

q1 K (0)
q2

]}
,

H ′ =
∑

η

[
W0N̂η +

∑
q 
=0

(
Wq + Vq

L
N̂η + Uq

2L
N̂η̄

)
K (0)

qη

]
,

H ′′ =
∑

η

∑
q 
=0

∑
p( 
=0,q)

K (0)
pη

[
Vq

2L
K (0)

q−pη + Uq

2L
K (0)

p−qη̄

]
. (28)

H contains a standard (i.e., translationally invariant)
Tomonaga-Luttinger model HTL involving only the zero-
momentum (space-averaged) couplings, which by itself can be
diagonalized by a Bogoljubov transformation. For position-
dependent couplings, on the other hand, also H ′ (linear in
bosons) and H ′′ (quadratic in bosons with momentum trans-
fer) are present.

2. Specialization to common spatial dependence

For simplicity we set from now on(
V (x)

U (x)

)
=

(
V0

U0

)
+

(
V

U

) ∑
q 
=0

fq cos(qx), (29)

with constant prefactors V and U and fq = Vq/V = Uq/U =
f−q for q 
= 0.

We can then simplify the momentum-offdiagonal term
H ′′ by a Bogoljubov transformation to K (0)

qσ (for q 
= 0,

σ = −σ̄ = ±, letting ησ = (3 − σ )/2, ση = 3 − 2η for η =
3 − η̄ = 1, 2),

K (0)
qσ = u K (0)

qησ
+ v K (0)

−qη̄σ
, (30a)

K (0)
qη = u K (0)

qση
− v K (0)

−qσ̄η
, (30b)

u = coshθ , v = sinhθ , which preserves the bosonic algebra,
[K (0)

−qσ , K (0)
q′σ ′] = −nqδqq′δσσ ′. The choice U/V = tanh 2θ , as-

suming |U | < V , yields

H =
∑
σ=±

(
H (0)

σ + H (1)
σ

) + H (2) + ĤN + E0,

H (0)
σ = V̄

L

∑
q>0

K (0)
−qσ K (0)

qσ +
∑
q 
=0

Ū fq

2L

∑
p( 
=0,q)

K (0)
pσ K (0)

q−pσ ,

(31)

H (1)
σ = 1

L

∑
q 
=0

ˆ̄wqσ K (0)
qσ , H (2) = V̄ ′

L

∑
q 
=0

K (0)
q+ K (0)

q− ,

ĤN = 2πvF + V0

2L

∑
η

N̂2
η + U0

L
N̂1N̂2 + W0

∑
η

N̂η,

where E0 is a constant energy shift, omitted from now on,
which diverges due to the contact interactions in H . Here and
below we use the following abbreviations and relations:

V̄ = (2πvF + V0)V − U0U

Ū
, Ū = γ̄V,

V̄ ′ = U0V − (2πvF + V0)U

Ū
,

ˆ̄wqσ = LWqe−θ + γ̄ Vq
[
u3N̂1δσ+ − v3N̂2δσ−

]
, (q 
= 0)

γ = U

V
= tanh2θ, γ̄ =

√
1 − γ 2 = sech2θ,

γ3 = u3 − v3 =
(

1 + 1

2
γ

)
(1 − γ )−

1
4 (1 + γ )−

3
4 ,

e−θ = (V − U )
1
4 (V + U )−

1
4 = (1 − γ )

1
4 (1 + γ )−

1
4 ,

2v2 = 2 sinh2θ = (1 − γ 2)−
1
2 − 1. (32)

The Hamiltonian H has thus become diagonal in the new
flavors σ except for the term H (2) in (31).

3. Specialization to interrelated interaction strengths

For simplicity we now assume that V̄ ′ = 0, i.e., that the
bare Fermi velocity vF and the strengths of the position-
averaged (V0 and U0) and position-dependent interactions (V
and U ) combine so that H (2) is absent. This corresponds to the
special case

γ = U

V
= U0

2πvF + V0
, (33)

which together with (29) is equivalent to (4b). From now on
we will thus consider vF , Vq, and γ to be chosen freely (with
V0 > −2πvF ), with the other parameters in H then being
given by

Uq = γ (2πvF δq0 + Vq), (34a)

V̄ = γ̄ (2πvF + V0), Ū = γ̄ V , V̄ ′ = 0, (34b)
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i.e., Ū fq = γ̄Vq for q 
= 0. Then for σ = ±1 each decoupled
Hamiltonian has precisely the form of the bosonic Hamilto-
nian (17) encountered in the chiral model,

H = ĤN +
∑
σ=±

Hσ ,

(35)
Hσ = H (0)

σ + H (1)
σ = Hbosonic

[ḡ, ˆ̄wσ ;Kσ ],

with effective interaction ḡq = V̄ δq0 + (1 − δq0)Ū fq, i.e.,

ḡq = γ̄ [2πvF δq0 + Vq], ḡ(x) = γ̄ [2πvF + V (x)] , (36a)

v̄ =
[ ∫

dx

L

2π

ḡ(x)

]−1

, W̄ =
∫

dx 2π v̄

L

W (x)

ḡ(x)
, (36b)

where we also introduced the renormalized Fermi velocity
v̄ and averaged one-particle potential W̄ which will emerge
below.

4. Refermionization as separately diagonalizable chiral models

We thus refermionize each Hσ , first in terms of new
fermions ψσ (x), with bosonic fields φσ (x) = ϕ+

σ (x) + ϕσ (x)
built from the K (0)

qσ analogously to (3),

ψσ (x) =
√

2π

L

∑
k

e−ikxckσ

= Fσ√
a

e−i 2π
L (N̂σ − 1

2 )x e−iφσ (x). (37)

Below we will fix the connection between the fermionic num-
ber operators N̂σ and their associated Klein factors Fσ to the
original fermions ckη

, which is not determined by the purely
bosonic Bogoljubov transformation (30).

Next each chiral-type Hamiltonian Hσ is diagonalized with
fermions �kσ according to (24),

Hσ = Hbosonic
[ḡ, ˆ̄wσ ;Kσ ] = Hdiagonal

[ḡ, ˆ̄wσ ;�σ ]
− ḡ0

2L
N̂2

σ ,

(38)
Hdiagonal

[ḡ, ˆ̄wσ ;�σ ]
= v̄

∑
k

(k − ˆ̄kσ )∗∗�
+
kσ�kσ

∗
∗,

with the two types of fermions ψσ and �σ related by

�kσ =
∫

dx√
2π

ξkσ (x) ψσ (x), (39a)

N̂σ =
∑

k

∗
∗�

+
kσ�kσ

∗
∗ =

∑
k

∗
∗c+

kσ ckσ
∗
∗, (39b)

in terms of the following functions and parameters:

ξkσ (x) =
√

2π v̄ e−i[r0(x)k−r̂1σ (x)]

√
L ḡ(x)

, (40a)

r0(x) =
∫ x

0
dy

2π v̄

ḡ(y)
= −r0(−x) , (40b)

r̂1σ (x) = ˆ̄kσ r0(x) +
∫ x

0
dy

2π ˆ̄wσ (y)

ḡ(y)
, (40c)

ˆ̄kσ = −
∫

dx

L

2π

ḡ(x)

∑
q 
=0

ˆ̄wqσ

L
e−iqx. (40d)

5. Rebosonization into canonical form with
quadratic number operator terms

Due to the linear dispersion we can rebosonize the �kσ

in terms of new canonical bosons Bqσ, which will also be
needed for the calculation of Green functions below. The
corresponding (re-)bosonization identity reads

�σ (x) = Fσ√
a

e
− 2π i

L (N̂σ − 1
2 )x+∑

q>0

ie−a|q|
√nq

[Bqσ e−iqx+B+
qσ eiqx]

, (41)

where Fσ is another Klein factor which lowers N̂σ by 1. We
note that once we fix Fσ , then Fσ is determined by (37),
(39a), and (41), although its explicit form is not needed in
the following. The transformation (41) yields

H = H� + HN −
∑

σ

(
ḡ0

2L
N̂2

σ + v̄k̄σ N̂σ

)
,

H� =
∑
σ ;k

v̄k ∗
∗�

+
kσ�kσ

∗
∗ =

∑
σ ;q>0

v̄qB+
qσ Bqσ + π

2L

∑
σ

N̂2
σ ,

(42)

We observe that even for position-dependent interactions, col-
lective bosonic excitations with linear dispersion emerge.

To complete the diagonalization of H in (42), we must still
define the new number operators N̂σ (with integer eigenval-
ues) and Klein factors Fσ in terms of the original N̂η and Fη

(which also appear in HN ). We set

N̂σ = N̂1δσ− + N̂2δσ+, (43)

which ensures that the ground state (without bosonic excita-
tions B+

qσ) remains in a sector with finite N̂1 = N̂2, because
then only the density terms (N̂2

1 + N̂2
2 ) and N̂1N̂2 appear in the

Hamiltonian. We note that no other form of N̂σ that is linear
in N̂1 and N̂2 has this feature. The corresponding Klein factors
are then given by

Fσ = F1δσ− + F2δσ+. (44)

Collecting terms, the diagonalization of the Luttinger
droplet Hamiltonian (4) is then finally complete,

H =
∑

σ ;q>0

v̄qB+
qσ Bqσ + π

2L
[vN N̂ 2 + vJ Ĵ 2] + εN̂ ,

(45)
N̂ = N̂1 + N̂2, Ĵ = N̂1 − N̂2,

in which the following parameters appear:

vN = v1 + v2, vJ = v1 − v2,

v1 = ṽF + �v, ṽF = vF + 1

2π
V0,

(46)
v2 = γ ṽF + γ3�v, �v = v̄ − γ̄ ṽF ,

ε = W̄ e−θ + W0(1 − e−θ ),

and v̄ and W̄ were defined in (36b).
Here the total and relative fermionic number operators, N̂

and Ĵ , take on integer values and commute with the two
flavors of bosonic operators. We note the ground-state value of
N̂ may shift due to the one-particle potential W (x) according
to the value ε, which also depends on the interaction via W̄ .
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TABLE II. Summary of the diagonalization of the Luttinger droplet model (δb = 1) from Sec. IV; see also Table I.

Droplet model with right and left movers:

H = ∗
∗
∑

η=1,2 [vF
∑

k k c+
kηckη + ∫

dx
L W (x)nη(x) + 1

2V (x)nη(x)2] + ∫
dx
L U (x)n1(−x)n2(x)∗∗,

(4a,27)

V (x) = V0 + V
∑

q 
=0 fq cos(qx), U (x) = U0 + U
∑

q 
=0 fq cos(qx), W (x) = W (−x). (29)

Bogoljubov transformation:

K (0)
q( 
=0)σ = u K (0)

qησ
+ v K (0)

−qη̄σ
, σ = ±, u = coshθ, v = sinhθ, γ = U

V = tanh 2θ, |U | < V, (30)

ψσ (x) = ( 2π

L )
1
2 ∑

k e−ikxckσ = Fσ√
a e−i 2π

L (N̂σ − 1
2 )x e−iφσ (x), N̂σ = ∑

k
∗
∗c+

kσ ckσ
∗
∗, (37)

H = ĤN + ∑
σ=± (H (0)

σ + H (1)
σ ) + H (2) + E0, (31)

H (0)
σ = V̄

L

∑
q>0 K (0)

−qσ K (0)
qσ + ∑

q 
=0
Ū fq
2L

∑
p( 
=0,q)K

(0)
pσ K (0)

q−pσ , H (1)
σ = 1

L

∑
q 
=0

ˆ̄wqσ K (0)
qσ , H (2) = V̄ ′

L

∑
q 
=0 K (0)

q+ K (0)
q− , (31)

ĤN = 2πvF +V0
2L

∑
η N̂2

η + U0
L N̂1N̂2 + W0

∑
η N̂η, ˆ̄wq( 
=0)σ = LWqe−θ + γ̄ Vq[u3N̂1δσ+ − v3N̂2δσ−], (31,32)

V̄ = (2πvF +V0 )V −U0U
Ū , Ū = γ̄V, V̄ ′ = U0V −(2πvF +V0 )U

Ū , γ̄ = √
1 − γ 2 = sech2θ, (32)

Assuming V̄ ′ = 0 from now on, so that H (2) is absent, and omitting E0:

γ = U
V = U0

2πvF +V0
, ḡ(x) = γ̄ [2πvF + V (x)] = γ̄

γ
U (x), v̄ = [

∫
dx
L

2π

ḡ(x) ]
−1, (33,36)

H = ĤN + ∑
σ=± Hσ , Hσ = H (0)

σ + H (1)
σ = v̄

∑
kσ (k − ˆ̄kσ )∗∗�

+
kσ �kσ

∗
∗ − ḡ0

2L N̂2
σ , (35,38)

�kσ = ∫
dx√
2π

ξkσ (x) ψσ (x), N̂σ = ∑
k

∗
∗�

+
kσ �kσ

∗
∗,

ˆ̄kσ = − ∫
dx
L

2π

ḡ(x)

∑
q 
=0

ˆ̄wqσ

L e−iqx, (39,40)

ξkσ (x) =
√

2π v̄ e−i[r0 (x)k−r̂1σ (x)]√
L ḡ(x) , r0(x) = ∫ x

0 dy 2π v̄

ḡ(y) , r̂1σ (x) = ˆ̄kσ r0(x) + ∫ x
0 dy 2π ˆ̄wσ (y)

ḡ(y) , (40)

φσ (x) = ∑
q 
=0 λq(x)K (0)

qσ = ∫
dx′
2π

λ̃(x − x′) ∗
∗ψ

+
σ (x′)ψσ (x′)∗∗ = ∑

k,k′ χk−k′ (x)∗∗�
+
kσ �k′σ

∗
∗, λ̃(x − x′) = ∑

q 
=0 λq(x)eiqx′
, (53,54)

χqσ (x) = ∫
dy λ̃(x − y) ξkσ (y)∗ ξk−qσ (y) = ∫ dy 2π v̄

L
λ̃(x−y)

ḡ(y) e−ir0 (y)q, λ̃(x) = π sgn(x) − 2π

L x. (53,55)

Rebosonization:

H = ∑
σ ;q>0 v̄qB+

qσ Bqσ + π

2L [vN N̂ 2 + vJ Ĵ 2] + εN̂ , (45)

Bqσ = 1
i
√

nq

∑
k �+

k−qσ �kσ , (q > 0), N̂ = N̂1 + N̂2, Ĵ = N̂1 − N̂2, vN ,J = (ṽF + �v) ± (γ ṽF + γ3�v), (45,46)

ṽF = vF + 1
2π

V0, �v = v̄ − γ̄ ṽF , ε = W̄ e−θ + W0(1 − e−θ ), W̄ = ∫
dx 2π v̄

L
W (x)
ḡ(x) , (36,46)

�σ (x) = Fσ√
a e

− 2π i
L (N̂σ − 1

2 )x+ ∑
q>0

ie−a|q|√nq
[Bqσ e−iqx+B+

qσ eiqx ]

, N̂σ = N̂1δσ− + N̂2δσ+, Fσ = F1δσ− + F2δσ+, (41,43,44)

φσ (x) = ∑
q χ−q(x)

∑
k′ ∗

∗�
+
k′−qσ

�k′σ
∗
∗ = χ0(x)N̂σ + i

∑
q>0 χ−q(x)

√
nqBqσ − i

∑
q>0 χq(x)

√
nqB+

qσ . (58)

We consider (45) to be the canonical form of the diag-
onalized Luttinger droplet Hamiltonian, as it is essentially
the same as that of the bosonized translationally invariant
Tomonaga-Luttinger model. Namely, both are characterized
by the renormalized Fermi velocity v̄ for collective bosonic
particle-hole excitations with linear dispersion, as well as
vN ,J for total and relative particle number changes. For the
Luttinger droplet, however, spatial dependencies enter into the
diagonalization and lead to qualitatively different behavior
for the fermionic degrees of freedom, as discussed below.
For reference, the main formulas of the diagonalization are
summarized in Table II.

C. Spectrum of the Luttinger droplet model

1. Recovery of the translationally invariant case

For position-independent potentials, the translationally in-
variant case is fully recovered by setting fq 
=0 = 0, so that
v̄ = γ̄ ṽF and �v = 0. We thus find that

W (x) = W0, V (x) = V0, U (x) = U0

⇒ H = HTL + W0N̂ , γ = U0

2πvF + V0
, (47a)

vN ,J = vF + V0 ± U0

2π
= v̄

[
1 + γ

1 − γ

]± 1
2

, (47b)

v̄ =
√(

vF + V0

2π

)2

−
(

U0

2π

)2

= γ̄

(
vF + V0

2π

)
= γ̄ ṽF , (47c)

i.e., the parameter γ of (33) only relates vF , V0, U0 to one
another, as the interactions V and U are absent for the transla-
tionally invariant case. As before, γ characterizes the relative
strength of (translationally invariant) interbranch interactions.
It is one of the characteristic properties of a Luttinger liquid
[13] that the relations

v̄ =
√

vN vJ , γ = vN − vJ
vN + vJ

, (48)

remain valid even if the dispersion in HTL is nonlinear. This
connects the excitation velocities v̄, vN , vJ as well as the
power-law exponents in the single-particle Green function,
which contain the parameter γ , as discussed below.
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2. Excitation velocities for position-dependent interactions

By contrast, for the Luttinger droplet (4) with position-
dependent interactions, the renormalized Fermi velocity v̄

depends on V (x) according to (36b), so that v̄ can be var-
ied independently from the average interaction potential V0.
Namely if v̄ 
= γ̄ ṽF in (46), i.e., if

∫
dx

2πvF + V (x)

=

∫
dx

2πvF + V0
, (49)

the three velocities v̄, vN , vJ are independent of each other
(but together determine γ ).

In the following, however, we will adopt a different per-
spective. We regard γ as given by the interactions as in (4b),

γ = U0

2πvF + V0
= U (x)

2πvF + V (x)
. (50)

Then it follows from (46) that the velocities are related by

v̄ = γ − γ̄ γ3 − (1 − γ̄ )

2(γ − γ3)
vN + γ − γ̄ γ3 + (1 − γ̄ )

2(γ − γ3)
vJ ,

(51a)

ṽF = 1 − γ3

2(γ − γ3)
vN − 1 + γ3

2(γ − γ3)
vJ , (51b)

which replaces (48).
Hence we may already conclude that the Luttinger droplet

(4) is strictly speaking not a Luttinger liquid, in the sense
that v̄ 
= √

vN vJ if (49) holds, so that the Luttinger liquid
relation (48) is violated and the linear relations (51) between
the velocities v̄, vN , vJ , ṽF hold instead.

Note also that while the canonical form of the Hamiltonian
(45) and its eigenvalues are very similar to the translationally
invariant case, their relation to the original fermions is more
complex since it was obtained from a position-dependent
canonical transformation. As a result, the position dependence
of the interaction appears in the Green function, which we
calculate next.

D. Green function for Luttinger droplet model

1. Rebosonization route to the Green function

As in the translationally invariant case, the Green func-
tion is obtained from the bosonization identity (3) and the
Bogoljubov transformation (30) but also makes use of the
refermionization (37) and the rebosonization (41). Using
φη(x) = ϕ+

η (x) + ϕη(x) = uφση
(x) + vφσ̄η

(−x), we have

ψη(x) = 1√
a

Fη e−i 2π
L (N̂η− 1

2 )x e−i[uφση(x)+vφσ̄η(−x)]. (52)

To evaluate correlation functions of this field, we need to ex-
press it in the diagonalizing fermionic basis (39a). We define

the auxiliary functions

λq(x) = i
e−iqx−a|q|/2

nq
, λ̃(x − x′) =

∑
q 
=0

λq(x)eiqx′
,

λ̃(x) = i
∑
q 
=0

e−iqx−a|q|/2

nq
= 2

∞∑
n=1

1

n
sin

2πnx

L

= π sgn(x) − 2πx

L
, (−L < x < L) (53)

in terms of which we can express the bosonic fields as

φσ (x) =
∑
q 
=0

λq(x)K (0)
qσ =

∑
q 
=0,k

λq(x)c+
k−qσ ckσ

=
∫

dx′

2π
λ̃(x − x′) ∗

∗ψ
+
σ (x′)ψσ (x′)∗∗

=
∑
k,k′

χk−k′ (x)∗∗�
+
kσ�k′σ

∗
∗. (54)

Here further auxiliary functions were introduced,

χq(x) = 2π v̄

∫
dy

L

λ̃(x − y)

ḡ(y)
e−iqr0(y)

= 2π i

qL
[e−iqr0(x) − R̄q], χ0(x) = 2π

L
r0(x), (55)

R̄q = 2

L

∫ L/2

0
dx cos(qr0(x))

= 2

L

∫ L/2

0
dr x′

0(r) cos(qr), R̄0 = 1, (56)

x0(r) = r + 2
∑
q>0

R̄q
sin qr

q
, (57)

where x0(r) is the unique inverse function of r0(x), which was
substituted in the integral in (56) and expressed in terms of R̄q

via Fourier transform in (57) for later reference.
The rebosonization relation (41) then yields

φσ (x) =
∑

q

χ−q(x)
∑

k′

∗
∗�

+
k′−qσ�k′σ

∗
∗

= χ0(x)N̂σ + iAσ (x), (58)

Aσ (x) =
∑
q>0

χ−q(x)
√

nqBqσ − H.c., (59)

finally expressing the fermionic field (52) in the diagonal
bosonic basis (45). For the Green function we also need the
time dependence of the Klein factors, which originates from
HN + H ′ in (28) and (31). This leads to a sum over K (0)

qση
which

we calculate from the inversion K (0)
qσ = ∫

dx
2π

e−iqx∂xφσ (x) (q 
=
0), namely

∑
q 
=0 VqK (0)

qσ = κ̄0N̂σ /L + iĀσ , where

Āσ =
∑
q>0

κ̄−q
√

nqBqσ − H.c., (60)

κ̄q =
∫

dx

2πL
[V (x) − V0]χ ′

q(x) = −2π ṽF

L
R̄q. (61)

Using the hyperbolic relation e∓θ (1 ± γ /2) = γ̄ (u3 ∓ v3)
and eliminating U0 with (33), the time-dependent Klein factor
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then becomes

Fη(t ) = ei(HN +H ′ )t Fη e−i(HN +H ′ )t

= Fηe−it[2π ṽF (N̂η+γ N̂η̄− 1
2 )/L+W0+γ̄ κ̄0(u3N̂η̄−v3N̂η )]

× eiγ̄ (u3Āση −v3Āσ̄η ). (62)

We evaluate the Green function in the ground state with
N̂η = N /2 = N̂σ and B+

qσ Bqσ = 0 for all q > 0, where N is
the integer closest to −ε/(2vN ),

Gη(x, x′; t ) = θ (t )G>
ηη(x, x′; t ) − θ (−t )G<

ηη(x, x′; t ), (63)

with θ (±t ) = [1 ± sgn(t )]/2. The greater and lesser Green
functions,

G≷
ηη′ (x, x′; t ) =

{−i〈ψη(x, t ) ψ+
η′ (x′, 0)〉,

−i〈ψ+
η′ (x′, 0) ψη(x, t )〉,

= δηη′G≷
ηη(x, x′; t ), (64)

are then flavor-diagonal. They are evaluated by first clear-
ing the Klein factors, inserting the Bogoljubov-transformed
bosonic fields, separating them according to the index σ , and
then expressing them with N̂σ , Bqσ , B+

qσ . This leads to

iaG≷
η (x, x′; t ) =M≷

x,x′,t Mση
(t γ̄ u3,±u, x≷, t≷, x≶, t≶)

× Mσ̄η
(−t γ̄ v3,±v,−x≷, t≷,−x≶, t≶),

(65)

with a phase factor and σ -diagonal exponential bosonic ex-
pectation values

M≷
x,x′,t = e− iπ

L [(N±1)(x−x′ )+v≷t]−ie−θ [χ0(x)−χ0(x′ )] N2 ,

Mσ (τ , ν, x, t, x′, t ′) = 〈eτ Āσ eνAσ (x,t )e−νAσ (x′,t ′ )〉σ , (66)

with x> = x, x< = x′, t> = t , x< = 0, and a velocity pa-
rameter given by v≷ = (ṽF − γ̄ κ0v

3/(2π ))(N + 1 ± 1) +
(ṽF γ+γ̄ κ0u3/(2π ))N + LW0/π − ṽF . To evaluate the re-
maining expectation value, we use the identity [17]

〈eA1 eA2 eA3〉 = e〈A1A2+A2A3+A1A3+ 1
2 (A2

1+A2
2+A2

3 )〉
, (67)

valid for linear bosonic operators A1, A2, A3 and eigenstates
of the bosonic particle numbers. We obtain

M(τ , ν, x, t, x′, t ′)

= e− 1
2 τ 2S̄[a]

0 −τν[S̄[v̄t,a]
1 (x)−S̄[v̄t ′,a]

1 (x′ )]

× e
1
2 ν2[2S̄[v̄(t ′−t ),a]

2 (x,x′ )−S̄[0,a]
2 (x,x)−S̄[0,a]

2 (x′,x′ )], (68)

where the index σ was omitted because Mσ is independent of
it, and we used the abbreviations

S̄0 =
∑
q>0

nq|κ̄q|2eiqse−aq , (69a)

S̄[s,a]
1 (y) =

∑
q>0

nqκ̄−qχq(y)eiqse−aq , (69b)

S̄[s,a]
2 (x, y) =

∑
q>0

nqχ−q(x)χq(y)eiqse−aq. (69c)

Using the explicit wave functions and the definition (56),
they evaluate to

S̄0 =
(

2π ṽF

L

)2

R̄[0,a]
1,2 , (70a)

S̄[s,a]
1 (y) = 2π ṽF

L
i
[
R̄[s,a]

0,2 − R̄[s−r0 (y),a]
0,1

]
, (70b)

S̄[s,a]
2 (x, y) = R̄[s+r0(x)−r0(y),a]

−1,0 + R̄[s,a]
−1,2

− R̄[s+r0 (x),a]
−1,1 − R̄[s−r0(y),a]

−1,1 . (70c)

Here we introduced the functions

R̄[s,a]
m,n =

∑
q>0

nm
q R̄n

qeiqse−aq, (71)

which for n 
= 0 depend on the position dependence of V (x)
through R̄q of (56). Putting (66), (68), and (70) into (65),
the calculation of the Green function is complete and can be
summarized as

G>
η (x, x′; t ) = M>

x,x′,t M(t γ̄ u3,+u, x, t, x′, 0)

× M(−t γ̄ v3,+v,−x, t,−x′, 0), (72a)

G<
η (x, x′; t ) = M<

x,x′,t M(t γ̄ u3,−u, x′, 0, x, t )

× M(−t γ̄ v3,−v,−x′, 0,−x, t ), (72b)

with the factors given by (66) and (68). We now discuss this
result for different settings, referring for simplicity only to
G>

η (x, x′; t ).

2. Recovery of the translationally invariant case

In the translationally invariant case (47) we have r0(x) = x,
due to the constant function r′

0(x) = v̄/(γ̄ ṽF ) = 1, cf. (40).
Also R̄q = δq0, so that all sums over R̄q (with q > 0) vanish.
In S̄[v̄(t ′−t ),a]

2 (x, x′) only the usual logarithmic sum

R̄[s,a]
−1,0 =

∑
q>0

eiqse−aq

nq

= − ln
[
1 − e

2π
L (is−a)

] L→∞−→ − ln

[
2π

L
(a − is)

]
(73)

survives, so that the contributions to the Green function for
L → ∞ become

M(τ, ν, x, t, x′, t ′) =
{

a

i[x − x′ − v̄(t − t ′)] + a

}ν2

. (74)

The Green function then takes the familiar power-law form

G>
η (x, x′; t ) = M>

x,x′,t

[ −ia

x− x′− v̄t − ia

]1+v2

×
[

ia

x− x′+ v̄t + ia

]v2

, (75)

with dependence on only x − x′ ± iv̄t . The interaction-
dependent exponent, v2 = (

√
vN /vJ − √

vJ /vN )2/4, de-
pends only on the velocity ratio of vN /vJ , which is a
characteristic feature of the Luttinger liquid that remains
valid even for a nonlinear dispersions [13]. Furthermore, in
the translationally invariant case without interaction we have

043336-10



FROM LUTTINGER LIQUIDS TO LUTTINGER DROPLETS … PHYSICAL REVIEW RESEARCH 2, 043336 (2020)

γ = 0 and hence v = 0, so that only the first factor with unit
exponent correctly remains in (75).

3. Weak quadratic position dependence of the interactions

Next we consider position-dependent potentials that are
regular at the origin, i.e., V (x) = V (0) + V ′′(0)x2/2 + O(x4),
which is sketched in Fig. 1(a) for the repulsive case. From (40)
we find for the function r0(x) that

r0(x) = r′
0(0) x + 1

6
r′′′

0 (0) x3 + O(x5),

r′
0(0) = 2π v̄

γ̄ [2πvF + V (0)]
≡ α, r′′

0 (0) = 0,

r′′′
0 (0) = −2π v̄V ′′(0)

γ̄ [2πvF + V (0)]2
≡ 6β. (76)

We will be interested in the asymptotic behavior of Green
functions (rather than their periodicity in L) and thus will
eventually take the limit L → ∞. We therefore consider a
weak correction to the linear behavior r′(0), i.e.,

r0(x) = αx + βx3 + O(β2x5), β = const

L2
,

x0(r) = ᾱr − β̄r3 + O(β̄2r5), ᾱ = 1

α
, β̄ = β

α4
. (77)

For the potential this means

V (x) = V (0) − 6π ṽF β

α
x2 + O

(
x4V0

L4

)
. (78)

The following choice of coefficients R̄q turn out to produce
this behavior,

R̄q = e−c|q|L/π , (79)

where c is positive dimensionless parameter, because from
(57) we find

x0(r) = r + L

π
arctan

sin 2πr
L

e2c − cos 2πr
L

, (80)

which for small |x/L| corresponds to (77) with

ᾱ = coth c, β̄ = π2

3

cosh c

sinh3 c

(
2

L

)2

, (81a)

α = tanh c, β = π2

3

sinh c

cosh3 c

(
2

L

)2

. (81b)

The functions (71) are evaluated from (79) as

R̄[s,a]
−1,n = − ln

[
1 − e

2π
L (is−a−ncL/π )

]
, (82a)

R̄[s,a]
m,n = e[− 2π

L (is−a)+2nc]m

[e− 2π
L (is−a)+2nc − 1]m+1

, (m = 0, 1). (82b)

For large L, the last logarithmic term in the exponent of
(68) then dominates, containing

S̄[s,a]
2 (x, y) = − ln

(
sinh π

L {i[s + r0(x) − r0(y)] − a}
sinh π

L {i[s + r0(x)] − a − cL/π}

× sinh π
L (is − a − cL/π )

sinh π
L {i[s − r0(y)] − a − cL/π}

)
. (83)

To leading order in x/L, x′/L, the Green function then be-
comes

G>
η (x, x′; t ) = M>

x,x′,t

[ −ia

α(x − x′) − v̄t − ia

]1+v2

×
[

ia

α(x − x′) + v̄t + ia

]v2

, (84)

i.e., translational invariance is only broken in finite-size cor-
rections.

Note that according to (84) a fermionic single-particle
perturbation near x = 0, as measured by the Green func-
tion, propagates with velocity v̄/α = v̄/r′

0(0) = γ̄ (vF +
V (0)/(2π ). This differs from the translationally invariant case
(48) with corresponding velocity γ̄ (vF + V0/(2π ) for which
only the position-averaged interaction V0 matters. For the
Luttinger droplet, the position dependence of V (x) is thus
observable in the propagation velocity described by the Green
function. This can be observed in more detail for a stronger
position dependence of V (x), as discussed in the next subsec-
tion.

We also note that the exponent v2 [expressed in terms of
γ in (32)] is no longer related only to the velocity ratio of
vN /vJ , and hence this feature of the Luttinger liquid is also
no longer present.

4. Piecewise constant interaction potential

As a minimal example which explicitly breaks the trans-
lational invariance of the Green function, we consider an
interaction potential that is piecewise constant,

V (x) =
{

V (0) if |x| < R ,

V
(

L
2

)
if |x| > R,

(85)

i.e., the particles interact differently inside a central region and
outside of it, as depicted in Fig. 1(b) for the repulsive case.
The average of this function is given by

V0 = r V (0) + (1 − r)V

(
L

2

)
, r = 2R

L
. (86)

Here r is the fraction of the central region with interaction
V (0), which tends to zero if we consider a fixed finite central
interval of width 2R but let L tend to infinity, see below. For
the potential (85) we find

v̄ = γ̄

2π

1

rs + (1 − r)s̃
, (87a)

r0(x) =
{
αx if |x| � R ,

α̃x + sgn(x)(α − α̃)R if |x| � R,
(87b)

R̄q = r
V (0) − V

(
L
2

)
2πvF + V (0)

sin nqπrα

nqπrα
, (q > 0), (87c)
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with the abbreviations

s = 1

2πvF + V (0)
, s̃ = 1

2πvF + V
(

L
2

) ,

α = r′
0(0) = s

s̃ + (s − s̃)r
, α̃ = r′

0( L
2 ) = s̃

s̃ + (s − s̃)r
.

(88)

From now on we consider only fixed finite R and let L →
∞, i.e., r → 0. The second fraction in (87c) involving the
sine function can then be replaced by unity. In this limit the
summations (71) evaluate to

R̄[s,a]
m,n =

[
r

V (0) − V
(

L
2

)
2πvF + V (0)

]n

R̄[s,a]
m,0 . (89)

The logarithmic term in S̄[s,a]
2 (x, y) then again provides the

leading term in (68) for L → ∞,

M(τ, ν, x, t, x′, t ′) =
{

a

i[r0(x) − r0(x′) − v̄(t − t ′)] + a

}ν2

.

(90)

The Green function then takes a power-law form with piece-
wise linear argument

G>
η (x, x′; t ) = M>

x,x′,t

[ −ia

r0(x) − r0(x′) − v̄t − ia

]1+v2

×
[

ia

r0(x) − r0(x′) + v̄t + ia

]v2

, (91)

with the exponent v2 given in terms of γ in (32). As listed in
(87b), in the present case r0(x) is piecewise linear in x with a
change in slope at |x| = R. Hence if x and x′ lie both inside or
both outside the central region, then the Green function is es-
sentially the same as in the case of weak position dependence
(84) or the translationally invariant case (75), respectively.
However, if only one of x and x′ is inside the central region,
then the two coordinates enter with different prefactors into
the Green function, breaking its translational invariance. The
Green function (91) and velocity relation (51) indicate that
for the interaction potential (85) the Luttinger droplet (4) is
distinguishable from the Luttinger liquid.

Moreover, the Green function (91) shows that a fermionic
single-particle perturbation created at position x will ini-
tially propagate with velocity v̄/r′

0(x) = γ̄ [vF + V (x)]/(2π ),
which is piecewise constant in the present case. As might have
been expected, the position dependence of V (x) thus translates
into a position-dependent “local” propagation velocity. Its re-
lation to the other excitation velocities of the Luttinger droplet
model will be discussed the next section.

V. TOWARD A LUTTINGER DROPLET PARADIGM

The translationally invariant Tomonaga-Luttinger model
obeys the relations (47) between excitation velocities and
Green function exponents, i.e., in our notation between v̄,
vN , vJ , and γ . In particular, the dressed Fermi velocity v̄

appears in the Green function (75) as the velocity with which
a fermion ψ+

η (x) propagates when added to the Luttinger

liquid ground state. For the Luttinger droplet model (4) (with
linear dispersion) we found different relations between the
excitation velocities and γ , as given in (51). Furthermore, the
Green functions of Sec. IV D show that a fermion ψ+

η (x),
inserted into the Luttinger droplet ground state at position
x, initially propagates with velocity v̄/r′

0(x). This behavior
was observed explicitly for a weak and piecewise constant
position dependence of the interaction potential V (x) in (84)
and (91), respectively. It can be traced to (40), where a phase
r0(x)k appears in the exponent of the eigenfunctions ξk (x) of
the refermionized model (37). We can therefore expect that a
“local” propagation velocity of fermionic perturbations,

vloc(x) = v̄

r′
0(x)

= γ̄

[
vF + V (x)

2π

]
, (92)

will appear in the Green function also for more general V (x).
Compared to the translationally invariant case this is a new
range of velocities, which we will now relate to the other
excitation velocities of the Luttinger droplet.

For this purpose we first seek to characterize the scales of
vloc(x). One way to do this uses its arithmetic and harmonic
averages over the entire system. For these we find

vloc ≡ 〈〈vloc(x)〉〉arith ≡
[ ∫

dx

L
vloc(x)

]−1

= γ̄ ṽF ,

(93a)

〈〈vloc(x)〉〉harm ≡
[ ∫

dx

L

1

vloc(x)

]−1

= v̄, (93b)

where, as above, ṽF = vF + V0/(2π ). For general V (x) these
two averages are different but coincide in the translationally
invariant case. With the excitations of the Luttinger droplet
characterized by the velocities v̄, vloc, vN , vJ , we then obtain
their interrelation from (51),

v̄ = cN (γ ) vN + cJ (γ ) vJ , (94a)

vloc = cloc
N (γ ) vN + cloc

J (γ ) vJ , (94b)

where the prefactors are given by

cN ,J (γ ) = (γ − γ̄ γ3) ∓ (1 − γ̄ )

2(γ − γ3)
, (95a)

cloc
N ,J (γ ) = γ̄

(±1 − γ3)

2(γ − γ3)
, (95b)

Furthermore, γ , which characterizes the relative strength of
interbranch interactions, determines the Green function expo-
nent v2 according to (32). The dependence of the coefficients
(95) on γ is shown in Figure 2. We note that for γ = 0, the two
branches in the Hamiltonian do not mix; in this case vN and
vJ contribute equally to v̄ and vloc equals vN . On the other
hand, for only interbranch interactions (γ → ±1), γ̄ vanishes
and hence so do vN ,J .

A preliminary physical interpretation of the velocities (93)
might be that v̄ plays the role of group velocity, as v̄q is
the energy of a bosonic excitation in (45) which involves a
nonlocal and mixed-flavor superposition of original fermions.
On the other hand, since vloc(x) plays the role of a local
phase velocity, its scale is presumably captured by the arith-
metic average vloc. Note that for the translationally invariant
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FIG. 2. Coefficients (95) in the linear relation (94) between ex-
citation velocities in the Luttinger droplet model (4) as a function of
the interaction parameter γ given by (33) and (50).

case v̄ = γ̄ ṽF , and indeed the group velocity and (position-
independent) phase velocity are both given by v̄, cf. (45), (47),
and (75).

We conclude that for the Luttinger droplet model (4)
the quantities v̄, vloc, vN , vJ , and γ are related, extending
the Luttinger liquid relations between v̄, vN , vJ , and γ to
the position-dependent case. However, it remains to clarify
how the relations (94) evolve away from the special case
(4b). Furthermore, in order to be regarded as a paradigm for
one-dimensional electronic systems with position-dependent
interactions, these relations would have to remain valid also
for weak nonlinearities in the dispersion. Both of these ques-
tions would therefore be worthwhile to address, e.g., by
perturbative methods.

VI. CONCLUSION

Using higher-order bosonization identities, i.e., Kronig-
type relations with finite momentum transfer, we solved the
Luttinger droplet model (4) for a large class of position-
dependent interactions and arbitrary one-particle potentials.
While the diagonalized Hamiltonian has the same operator
expression as for the Luttinger liquid, the relation between its

velocity parameters is not fulfilled in general, as the bosonic
excitations and particle number changes involve different av-
erages of the interaction potential over all positions. Similarly
the Green functions retain their power-law form for weak
position dependence of the interaction potential, but their ex-
ponents also no longer depend only on the ratio of excitation
velocities for particle-number changes. For weak position-
dependent interactions the Luttinger-liquid characteristics are
rather robust regarding their functional form, although the
interrelation of the dressed scales and exponents is somewhat
different. On the other hand, for an interaction potential with
different (e.g., constant) values inside or outside a central re-
gion of finite width, not only are the Luttinger-liquid velocity
relations modified, but also the Green function is no longer
translationally invariant and exhibits a position-dependent
propagation velocity of single-particle excitations. This may
mean that the group velocity of such an excitation differs
from its (position-dependent) phase velocity, in contrast to the
Luttinger liquid. We conclude that the Luttinger droplet model
has a ground state with different characteristics than the Lut-
tinger liquid. It remains to be seen how the velocity relations
obtained for (4) evolve for more general one-dimensional
models with position-dependent interactions and whether a
Luttinger droplet paradigm emerges for them. The behavior
of various correlation functions as well as the effect of spin
degrees of freedom would also be of interest in future studies
of such Luttinger droplets.
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