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We derive generalized Kronig identities expressing quadratic fermionic terms including momentum transfer
to bosonic operators and use them to obtain the exact solution for one-dimensional fermionic models with linear
dispersion in the presence of position-dependent local interactions and scattering potential. In these Luttinger
droplets, which correspond to Luttinger liquids with spatial variations or constraints, the position dependencies
of the couplings break the translational invariance of correlation functions and modify the Luttinger-liquid

interrelations between excitation velocities.
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I. INTRODUCTION

An important goal of condensed matter theory is a reliable
description of the correlated behavior of electrons which is
rooted in the Coulomb interaction between them. In one-
dimensional geometries they exhibit a special coherence at
low energies [1,2]: The dispersion can be approximately lin-
earized in the vicinity of the Fermi points +kr as € =~
Fvr(k £ kr), so that the energy de = vpdk of a particle-hole
excitation from k; to kp is a function only of the momen-
tum transfer §k = k, — k;. By contrast, in higher dimensions
the magnitude and relative orientation of the two momenta
usually enter into €, leading to a continuum of excitation en-
ergies for a given momentum transfer. This coherence in one
dimension is prominently featured in the Tomonaga-Luttinger
model [3,4], which is based on the approximation that one
can regard a physical electron field operator W(x) for a wire
of length L at low energies as a sum of two independent fields,

Z eikx Z ei)\(kp+k)x
Y(x) = —C = ———Crke+h)> (1a)
VL v VL F

~ MY + ey (x) (1b)

V2
where the lower summations limits —kr in (la) were re-
placed by —oo (1b). Then g, (x) = ¥, ,(Fx) and ¥, (x) =
Qm /L)% > e‘”‘)‘ck,7 are defined in terms of canonical

ferm%ons Cpy = Calhep+h) Which.corr.espond to the physical
fermions C; near the two Fermi points for n = 1, 2. In the
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Tomonaga-Luttinger model the dispersion is linearized near
the Fermi points and only forward-scattering density inter-
actions between left- and right-moving fermions are kept.
The Tomonaga-Luttinger model can be solved by bosoniza-
tion [3-13], which expresses the above-mentioned coherence
of excitations into an exact mapping to bosonic degrees of
freedom (at the operator level [9,14-18], diagrammatically
using Ward identities [19-22], in a path-integral formula-
tion [23-26], or using flow equations [27]; throughout we
use Ref. [17]’s constructive finite-size bosonization approach,
which is recapped below). Bosonization has led to such re-
markable results and concepts as spin-charge separation of
elementary excitations [3,4], interaction-dependent exponents
of correlation functions [9,28-30], and the Luttinger-liquid
paradigm [13,15,31,32] which states that the relations be-
tween excitation velocities and correlation exponents of the
Tomonaga-Luttinger model remain valid even for a nonlinear
dispersion and in the presence of backward and/or Umklapp
scattering, i.e., as long as the system remains metallic and no
symmetry is broken. These topics are nowadays presented in
many reviews [1,14,15,17,33-36] and textbooks [2,24,32,37—
40]. Characteristic signatures of one-dimensional electron liq-
uids have been observed in a variety of experiments [41-55].
The theory of nonlinear dispersion terms has been of partic-
ular further interest [6,13,56-58], including refermionization
techniques which use bosonization identities in reverse to map
diagonalized bosonic systems back to free fermions [57,59—
63]. For Luttinger liquids out-of-equilibrium [64—78] nonlin-
ear dispersion effects are also essential [79-81].

The technical hallmarks of bosonization are the following.
On the one hand, a two-body density interaction term for
fermions Cry becomes quadratic in terms of canonical bosons,

defined for ¢ > 0 as b, = —i Y, ¢ ¢, /. /M. Here the

momentum sum runs over k = 2T”(nk — %81,) with integer
ng, and the parameter 0 < §, < 2 fixes the boundary con-
ditions, ¥, (x + L/2) = e ¥, (x — L/2). On the other hand
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the fermionic kinetic energy also translates into free bosons
by means of the so-called Kronig identity [34,82,83],

Hy) =Y kichent (2a)
k
+ T 5 &
= quqan,’ + Z(N,7 +1—=38,)N,, (2b)
q>0

where the fermionic number operator is given by [84] 1\7,7 =
Dk Ick*nckn:, which commutes with b,,. The normal ordering
¥...% is defined with respect to the state |0)o, where |N)¢ is
an eigenstate of all Cljrzckn (with eigenvalue 1 if n; < N, and
0 otherwise). Furthermore, real-space fermionic and bosonic
fields are related by the celebrated bosonization identity

[7-9,171,

1
'ﬁn(x) — <2Tﬂ> 2Fn e*izfﬂ(ﬁ’n*%&y)x Pt e*iw,,(x)’ 3)

which allows the calculation of fermionic in terms of
bosonic correlation functions [9]. Here the fermionic Klein
factor F, decreases the fermionic particle number ]\7,, by
1, and ¢, (x) = — Zq>0 b,, e’iqx’“q/\/n_q. The regularization
parameter a — 0% is needed to obtain a finite commutator
[17], [(pﬂ (x), <pn+(x’)] = —In[l — e’%o"xl”'“)]. A final ingre-
dient to the solution of the Tomonaga-Luttinger model is
a Boguljubov transformation, which absorbs the interaction
between left- and right-moving fermions into the free bosonic
theory [3].

In the present work we will study Luttinger liquids with ad-
ditional spatial constraints, which we term Luttinger droplets.
Namely, we consider a (spinless) fermionic Hamiltonian with
linear dispersion, position-dependent local interactions V (x)
and U(x), and scattering potential W (x) (all assumed to be
real symmetric functions of x),

dx * + . + :
H = /T*UF[wR (X)i0xYrp(x) — Y (x)idx iy (x)]
+ W) np(x) + ng(x)] + U (x)ng (x)ng(x)

1
+§wmmvf+@uﬁg (4a)

in terms of densities ng . (x) = Vg, (X)¥p , (x)/(27). With-
out W(x) and with constant V(x) and U(x), H reduces
to the usual translationally invariant Tomonaga-Luttinger
model (with local interactions). At present we only al-
low a purely linear dispersion and forward-scattering
interactions.

Note also that the scattering potential W (x) does not allow
for any backscattering between left and right movers, which
is known to be the most important scattering contribution in
Luttinger liquids with impurities [85,86]. The local nature
of the interactions means that the cutoff parameter a will
occasionally be needed to regulate ultraviolet divergences. A
related impurity model with nonlocal interaction was previ-
ously studied using flow equations [27].

(o555

(a) V(x)
| |
-L/2 L/2
| | | |
-L/2 -R R L/2

FIG. 1. Wire of length L with position-dependent interaction
potential V (x) in (4), with V (x) = V(—x), sketched here for the re-
pulsive case with larger V (x) near x = 0 so that particles tend to keep
a larger distance from each other there. An additional single-particle
potential W (x) = W (—x) may also be present. (a) A general smooth
interaction potential. (b) A piecewise constant interaction potential,
i.e., with piecewise constant value V (0) inside and V (L/2) outside
a central region of width 2R, as solved explicitly in Sec. IV D 4 for
L — o0 and finite R.

Below we will diagonalize (6) exactly for the special case

Ux) =y 2rvr + V()]

for otherwise arbitrary V (x) > —2mvp and a constant y. This
means that real Fourier components V, = V_, as well as U,—o
can be chosen freely; then y = Up/[2mvr + Vo] and U,»o =
yV,. Thus y characterizes the relative strength of interbranch
interactions. Below we obtain the single-particle Green func-
tion for the ground state of this model, the exponents of
which will reflect the spatial dependence of the couplings.
We first derive generalized Kronig-type identities in Sec. II
(summarized in Table I), which we then use to solve a single-
flavor chiral version of (4) in Sec. III. We then proceed to the
two-flavor case in Sec. IV (summarized in Table II), with a
discussion of the similiarities and differences of the spectrum
and Green function compared to the translationally invariant
case. One representative choice of V (x) to be discussed below
involves a central region with stronger repulsion than at the
edges of the system, as shown in Fig. 1(a). An explicit eval-
uation is provided for a piecewise constant V (x) as shown in
Fig. 1(b) in Sec. IV D 4. Relations between the excitation ve-
locities and Green function exponents are discussed in Sec. V,
followed by a summary in Sec. VI.

Many results for inhomogeneous Luttinger liquids are of
course known, e.g., with barriers [85,86], impurities [87,88],
boundaries [89-92], leads [26,93], confinements [94], and
so on. Models with (effective) position-dependent Luttinger
liquid parameters or interaction potentials have also been
investigated [25,95-98]. Our goal is to provide a complemen-
tary perspective on these setups with the exact solution of
the rather flexible model (4), i.e., the Hamiltonian (4a) with
parameters from the manifold (4b), and to possibly enable
new applications, e.g., to ultradilute quantum droplets held
together by weak cohesive forces [99].

—-1<y<l, (4b)
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TABLE I. Summary of fermion-boson relations from Secs. I and II. Here B, (x) and B,,(xi, ...

polynomials, respectively, see (12).

, X,,) are the Bernoulli and complete Bell

Fermionic and bosonic fields, Number operators and Klein factors:

N, ifn, =0,
K;g) = Zk :C:—qnckn: = l\/rTq bqr] lfn‘i > 0’ (8)
—i /N, bfqn ifn, <0,
1 . 27 0 . N
wn(x) _ (2%)2 Zk e—zkxck” — % e—t%(Nyr%Bb)x e—td)n(x) F+Fn — F F+ =1, [Fr)’ Nﬂ/] — STIW/F 3)
—igx zxe"" o—igx—alql/2
Gy(0) = 0, (1) + @f () = = X o (byoe ™ + bl @) TE = 3 Lo A KR A (x) = i (8,53)
Higher-order bosonization identities:
ny * " m My, 1), m m ok * 0" Ky (1)
an(}‘) = Zk A CI:— qnclm* = Zf 0 );nv K( ) = %’ K;n) = Zk ny *C;—qnckq* = a){jrnﬂ |O’ (8,108)
—An, ,/ 0 * I’ 0 "
qn()‘) Zn r=0 pn! rv 21’1 ~~~~~ 1’7>0 8m+ Pn+q,p’l+-~~p,[n i , EP)/"I l_[j 1 "p’ ](, :,] - Zm 0 ml Yq(,] )7 (IObsloc)
p ..... P> J
Yo = [45em 3y (3)BuKL, (0, K 0B (KL (), KETP)), K00 = 2, o, KE) e, (11b)
K = 7,,,“(%;2]-3,“.(1)5[10 + 30 (1) S B, (— R Y, (11a)
©) g 4 1 e
K = micl et = Koty + 28y + DR, =0 (2,13)
an *Tk—gn Tknx 1 1 0) . 4
301+ 1+ 28K + 5 30 KiZmKy) iq #0.
II. KRONIG-TYPE IDENTITIES WITH ARBITRARY _ d_x S O (1 0)
MOMENTUM TRANSFER 2T * 7 n *
A. Bosonic forms of bilinear fermionic terms _ / d_x eTiE/L pigx [e—zml\?ne/L T
Consider a general bilinear fermionic term, L 1— e2mit/L
ip, (X)—ip, (x+£) __
Hyy' = 2 K2l g’ (50 ermE =L @

d
_ / T @), W (5b)

for integer exponents m > 0 and momentum transfer g =
J

2T n, with integer n,; here and throughout real-space inte-
grals without indicated end points extend over the interval
[—L/2, L/2]. Arbitrary dispersion terms are included in (5a)
for ¢ =0, such as (2a) for m = 1. Forming the product of
(3) with its Hermitian conjugate at different positions x and
x + £, canceling the Klein factors (F,;’F,] = 1), commuting the
bosonic fields, taking a to zero, and combining exponentials,
we obtain

L +
U+ O
m(éb 2N,,)E/L i (x) 1<pn(x) l(ﬂ,f(x-‘rf)e—i(ﬂr,(x-‘rf)

g”i(ab—ZNn)i/L .
= Wel[%(x) @ +-0)] l[‘/’n(x) (ﬂ,](x+£)] ©)
— e

A generating function of the terms in (5a) then reads

00 L o\m
Z (—if) £
m! an

m=0

_ —ikl x _+
- Z - qnckn*
k

where we summed the Taylor series of the terms (5b), inserted
relation (6), and performed the normal ordering. Taylor ex-
panding the exponentials and taking coefficients of £ on both
sides of (7) now yields H, (’,;‘) in terms of bosonic operators, as
discussed below. Relation (7) thus provides explicit bosonic
representations of general bilinear fermionic operators, in-
cluding (2) [100].

We also introduce operators which use the more convenient
powers of the integer n; instead of momentum k (cf. also
Table I),

[e.¢]

A" (m)
> K (82)

m=0

— Ank * +
an()‘) - Ze *Che— qnckn* -
k

K9 = "n tel et (8b)
k

A

N, ifng=0,
iﬁ bqn ifn,>0, (&)
—i/igb*,, ifn, <0,

) _ _
an Z Ck qnckrz* -

so that the terms (5a) are then given by H ('”) = (7 /L)"
> 0( )( o) 2" K(") and the bosonic commutatlon
relations become [K(,Oq),], K;%),] =

K, (%), which are operator-valued formal power series in the

(complex) indeterminate A with coefficients K, obey the

—n48448,y. The operators
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intriguing operator algebra
_ e)»’n,,

—An,
’ € !
[K_g,(2), Kq,,], M) =6,y |:8qq/1—_

— e~

+ (e — MK, qn(AH’)], ©)

which is reminiscient of affine Lie algebras [103] but not
immediately recognizable. From (7), or alternatively from (9),
the generating function (8a) becomes

Y, (L) — 840

Kqﬂ()\) = 1 — o , (10a)
=1
qn()‘) W Z 5p+ Pntq,Py+p)
nr=0"""p .., Pu>0
Piooes P.>0
L - eM 1
- S O) R 2 ()!
X |:l_[ n. pm:| |:l_[ n. Kp’,rz:|
i=1 pi j=1 j
(10b)
X am
= Ly<m> (10c)
 fan
= m!

The coefficients K" and Y% of A™ in these expression
are given by

xom _ Brot @y +1) = B ()

an m-+1

+Z< )m+1

m

Yo' = / "”‘Z() WKL), - K (0))

X B (KD (1), ...

840

Vl

B, (—N,) Y17 (11a)

K" 0)), (11b)

Here K{)(x) =Y., on",'K ) e and B,(x) and
B, (x1, .. xm) are the Bernoulh and complete Bell polyno-
mials, respectively, defined by [104]

AX
he - Z m(x)’
exp (Z am x) Z EB,,,(xl, e oxm). (12D)

m=1

(12a)

The bosonic representation (10a) and (10b) for the
fermionic operator (8a), with coefficients (1la) and
(11b), can be verified as follows. We begin with (7),
multiplying it by e %L and setting £ = iAL/(2m), so
that its first line turns into K, (4) as defined by (8a),
while its second line takes the form (10a) with Y,,(X) =
[ &l T OTITH) i, ()i, (x| se. We then validate
(11b) by inserting it into (10c) and performlng the sum using
(12b), which gives Y,(A) = [%ei#eKenD)ek-nC) " with

KiyOoux) =Y ,0 BEI ) =Y 4, oK) e sz(e*mp _
D/n_p, ie. K_(1),(hx) =ipiDx) —ip{Hx + %), as
required. Next we confirm (10b) by calculatmg its Fourier

transform as Y e YW= Kra0)K-0(¥) " \which agrees
with ¥, (1) given above. Finally we observe that (11a) follows
from (10a) by taking coefficients of A and employing (12a).

B. Bosonic representation of a fermionic scattering term

Generalized Kronig identities for arbitrary order m follow
from the equivalence of (8b) and (11a), with the latter in-
volving only fermionic number operators and normal-ordered
bosonic operators. As a special case, we obtain for m = 1 and
q # 0 the finite-g generalization of (2),

(1) _
an Ck qnckn*

ng+1 KO 4 © g
=< ) +N> 5 ZKq pKpy s (13)
P(F#0,9)
which can also be expressed as
2 7T8p A
1 — (1)
Hy,' = Zk i anClns = Tan - TN’? (14a)
q | T .
= [E + Z(ZN" +1- 8b):| i\/fig by,
1
) Z V(@@= pIpby_pby,
q>p>0
+ 2 VP Pb by (@ >0), (14b)
p>0

so as to make the modification of the momentum-diagonal
identity (2) more apparent.

III. CHIRAL LUTTINGER DROPLETS

A. Droplet model with only right movers

As a simple application of (14) and for later reference we
first consider a single species of spinless fermions with density

1 1 )
() =yt @ =7 Y K, (15)
q

subjected to a single-particle potential w(x) = w(—x) and
a position-dependent interaction g(x) = g(—x), with Fourier
transforms w, = [w(x)e “*dx/L = w_,, and so on. For
simplicity we choose antiperiodic boundary conditions
(8, = 1). For a linear dispersion the Hamiltonian of such a
“chiral Luttinger droplet” is given by

dx
Hasea = v kil + [ T ineo:
k

- % / dfx g(x) En(x)*r. (16)

B. Fermionic scattering Hamiltonian for the chiral model

On the one hand, we can now express the fermionic Hamil-
tonian Hepiry in terms of bosonic operators. We define

Hbosomc _ go ZK(O)K(O)

B®Kl ~ -q%4
q>0
1 . z
5 KO 4q (0) 5 (0)
+Z2[quq Ty > KUK P]’ an
970 P(F#0,9)
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with symmetric parameters ﬁJq (that may contain N) and 8y
For g, = 2w vpd,0 + g, and i, = w,L + g,N we find that
coni 80 A
Hehiral = fﬁzo;n;éc] + ZN >+ wol. (18)
On the other hand, the fermionic basis permits a full diago-
nalization as follows. Using (13) to eliminate the last term in
(17) we arrive at a fermionic scattering Hamiltonian,
Henirat = Taae 556 €t
k'
Tiw = vrk S + wp— + (k + k’)gk/—_k-
4

We conclude that the four-fermion interaction terms in (16)
cancel, as they do in the Kronig identity (2). In terms of field
operators we obtain

*
Hhiral = /dx*

1
h(x) = g(x)(—isd;) — Eisg"(X) + w(x),

19)

+
14 (X)ZS)W)C)I’ (20a)

(20b)

where g(x) = 2w vp + g(x) as above and s = —1/(2m).

The spectrum of the Hamiltonian (20) can be obtained in
closed form because of the linear dispersion, as shown in the
next subsection for a more general class of first-quantized
Hamiltonians 4(x), which includes (20b).

C. Spectrum of an arbitrary one-dimensional Hamiltonian
with linear momentum

In this subsection we obtain the spectrum of a general one-
dimensional Hamiltonian

h = s[gX)P + Pg(X)]/2 + w(X) 21)

with [X, P] =i, in which the momentum P occurs linearly.
Here s is a real constant scale, and g(x), w(x) are real func-
tions on an interval [xy, x,], with g(x) > 0.

The eigenvalue equation h(x)é(x) = E£(x) is separable
because 4 is linear in P and thus straightforward to solve. The
normalized general solution is

150, x0)E—s1(x,x0)]/s

A/8(x)So

with the abbreviations s;(x, x') = fxx dy (§jo + 61w (y))/&Y)
and §; = s;(x2, x1) for j = 1, 2. These eigenstates correspond
to plane waves subject to a local scale transformation induced
by the potential term, reminiscient of eikonal wave equations
or semiclassical Schrédinger equations.

We then specialize to the case that g(x;) = g(x») and
demand &(x;) = £(x;)e™. This leads to the discrete eigen-
values E = E for integer ny,

S]—SLk
Be=—%5—

with k = 2T”(nk - %(Sb). Here the arbitrary scale L was in-
serted so that k formally takes on the same discrete values
as before. The corresponding eigenfunctions &;(x) are or-
thogonal and complete, which is straightforward to show by
appealing to the plane-wave case via appropriate substitutions.

Finally, we remark that the expectation values of w(X)
and P can immediately be obtained by integration. In the

E(x) = (22)

, (23)

case of periodic g(x) a boundary term drops out and we find
(w(X)) = 81/S0 = E — s(P).

D. Diagonalization of the chiral model

We use the results (22) and (23) of the preceding subsection
with x; = —x» =L/2, x9o =0, 8, = 1, and require g,—o >
—2mvgp. This provides the diagonalization of (16), (19), and
(20) in terms of new canonical fermions, {E,, &} = S, as

_ m+rm % _ pydiagonal

Hchiral - ZEkI“k “k: = H[g,w;E] s
k

Ey =70k —k), N= E BfEr = E ol
k k

- _ dx :_ d_x 2w w(x)
uk—/mmx)w(x), = [ T2

/2D e—i[?o(x)k—h )] /x 27D

= s 7 = d _—,

5ix) Lz 0= e
3 - Y 2mw(y) [ dx 27 r
=k d N i

N1 r°(x)+fo Yoy 0 ? L 70

(24)

Note that the renormalized dressed Fermi velocity ¥ is
given by the spatial harmonic average of the renormalized
“local” Fermi velocity vp + g(x)/(2m) = g(x)/(2m).

E. Green function for the chiral model
From the above solution it is straightforward to obtain the
time-ordered Green function for the Heisenberg operators of
the chiral field,
G(x,x5t) = ()G (x, x;t) — 0(=1)G~(x, x'; 1),
—i{y (x, ) YT, 0)),

2 oty —
G en = {—iw*(x’, 0) Y (x, 1), @

with 6(£t) = [1 £ sgn(?)]/2. At zero temperature in a state
with fixed particle number N we find

~ eiS(x,x’,l)

VE)Z() £ sinh Z(iR(x, x', 1) + asgnt)’

R(x,x', t) = Fo(x) — Fo(x') — 1t

iG(x,x'st) =

, 5 -, - 2N ,
S, x', 1) =71 (x) — 7 (X)) + vkt — TR(x,x 1), (26)

where a — 01 stems from a convergence factor that was
included in the momentum sum. For constant g(x) and w(x)
we recover the translationally invariant case, G(x,x;t)
1/(x — x' + 0t + asgnt), with renormalized Fermi velocity.
Position-dependent couplings, on the other hand, may lead
to a substantial redistribution of spectral weight. The critical
behavior however remains unaffected, in the sense that the ex-
ponent of the denominator involving R(x, x’, t) remains unity
for the chiral model.
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IV. LUTTINGER DROPLETS
A. Droplet model with with right and left movers

We now study a generalization of the two-flavor
Tomonaga-Luttinger model to position-dependent interac-
tions and scattering potentials. Such a “Luttinger droplet”
involves right- and left-moving fermions, ¥(x) = ¥,(—x)
and v, (x) = ¥,(x) (see Introduction) with linear dispersion
in opposite directions, subject to the one-particle potential
W (x), as well as intrabranch and interbranch density interac-
tions V (x) and U (x), respectively, as given in (4). In terms of
fermions with flavor n = 1, 2 we have

dx
H =" Z [UF ch,jnckn + / - Wm )
k

n
1 5 dx N
RV @me | + / T U@momer, @)

i.e., compared to (16) the couplings g(x) and w(x) were rela-
beled as V (x) and W (x), indices n were put on operators, and
the interaction term with U (x) was included.

B. Diagonalization of the Luttinger droplet model
1. Bosonic form of the Hamiltonian

Rewritten with bosonic operators this becomes

H=Hn+H +H’,

Hn = Z { |:7 + ZK—quqn

n g>0
Uo 0 K ©0) - (0)
+— N1N2+Z (" q2+Kq1Kq2] ;
q>0
V Uq N )
"= Z[W°N+§§( o+ 51 K|

U
0) 0) 9 - (0)
SO D DL TSR SUN RED

n q#0 p(#0.9)

H contains a standard (i.e., translationally invariant)
Tomonaga-Luttinger model Hyp involving only the zero-
momentum (space-averaged) couplings, which by itself can be
diagonalized by a Bogoljubov transformation. For position-
dependent couplings, on the other hand, also H' (linear in
bosons) and H” (quadratic in bosons with momentum trans-
fer) are present.

2. Specialization to common spatial dependence

For simplicity we set from now on

V(x) V
(U(fo) - (u?)) ( )qu cos(qx),  (29)

q7#0

with constant prefactors V and U and f, =V,/V =U,/U =
f-gforq #0.

We can then simplify the momentum-offdiagonal term
H” by a Bogoljubov transformation to K\ (for g # 0,

=, letting n, = (3—0)/2, 0, =3 —2n for n =

KO =uk® +vK©). | (30a)
KO =uKS —v KE‘Z;(., , (30b)

u = coshf, v = sinhf, which preserves the bosonic algebra,
(Ko K<°>] = —1,8,4855- The choice U/V = tanh26, as-

suming |U | <V, yields

H=> (H"+H")+H® + Ay + Eo,

o=%
v oy
(O 0) £(0) q (0) z-(0)
HYO =2 3 KOG K+ 5 D KoK
q>0 q#0 P(F#0.9)
(31)
1 \%
1 _— o (0) 2) _ (0) x-(0)
H =1 Y Ky, HY = T D KUK,
q#0 q#0
A 2mvr + Vp ~2 Uy ~ ~ N
Hy = TZN’] + TN1N2+W()ZN s

n

where Ej is a constant energy shift, omitted from now on,
which diverges due to the contact interactions in H. Here and
below we use the following abbreviations and relations:

v Qmrvr + Vo)V — UgU _

= — 5 U = _V,
0 Y
v UV — Qmvr + Vo)U
U 9
N . —0 — 3 X3 3 X7
Bgo = LWy + 7 V[’ N85 — v*Na8,_], (g #0)
U
y=v= tanh20, 7 =+/1 — y? = sech26,
1
yy=u —v' = <1+ V)(l—y) (A4y)7i

= (VU VAU T == p)i(l ),
202 = 2sinh%0 = (1 — y3) "2 — 1. (32)

The Hamiltonian H has thus become diagonal in the new
flavors o except for the term H® in (31).

3. Specialization to interrelated interaction strengths

For simplicity we now assume that V' = 0, i.e., that the
bare Fermi velocity vr and the strengths of the position-
averaged (Vp and Ujp) and position-dependent interactions (V
and U) combine so that H® is absent. This corresponds to the
special case

y = v - L’ (33)
\% 2nvr + Wy
which together with (29) is equivalent to (4b). From now on
we will thus consider vr, V,, and y to be chosen freely (with
Vo > —2mvp), with the other parameters in H then being
given by

=y Crvpd +V,),
=y Qrvr + W),

(34a)

U=7V,V =0, (34b)
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ie., Uf, = yV, for g # 0. Then for 0 = +£1 each decoupled
Hamiltonian has precisely the form of the bosonic Hamilto-
nian (17) encountered in the chiral model,

H=Hy+ ) H,

o=+
0 1) _ gb (35)
0sonic
Hy = HO + HY = g
with effective interaction g, = V8,0 + (1 — 8,0)U f, i.e.,
8 =V [2mvrde + Vgl 8(x) =y [2mvr +V(x)], (36a)
dx 27 7' [dx2md W
D:[ _x__”} W:/ * m}__(x), (36b)
L ) L )

where we also introduced the renormalized Fermi velocity
v and averaged one-particle potential W which will emerge
below.

4. Refermionization as separately diagonalizable chiral models

We thus refermionize each H,, first in terms of new

fermions v (x), with bosonic fields ¢, (x) = ¢ (x) + ¢, (x)
built from the Kq(g) analogously to (3),
[2m ik
Yo (x) = T Ze o Cho
k
— i e*i%(ﬁo*%)x e 1P (%) 37)

N
Below we will fix the connection between the fermionic num-
ber operators N, and their associated Klein factors F, to the
original fermions c,, , which is not determined by the purely
bosonic Bogoljubov transformation (30).

Next each chiral-type Hamiltonian H,, is diagonalized with
fermions Ey, according to (24),

bosonic diagonal gO 2
Ho =Hg g,k =Hga,z, 57 Vo
(38)
dld onal xmt o
[gug;J 2, —Uz(k k ) u;(:uko,*,
with the two types of fermions v, and &, related by
dx
Bio = | == bk (X) ¥, (x), (39a)
o= [ et
NG = Z*:z_a Ek(r* Z ck(rcka*’ (39b)
k
in terms of the following functions and parameters:
/27 e~ o@k=ris (0]
€ (x) = = (40a)
VL gx)
* o270
rox) = | dy —— = —ro(—x), (40b)
o &)
2 * 2 ﬁ)a
o =Fon+ [y ZEED L o)
gy
2 dx 2 -
ky = — / ki w‘f 24 p-ig (40d)
L 3x)

40

5. Rebosonization into canonical form with
quadratic number operator terms

Due to the linear dispersion we can rebosonize the Eg,
in terms of new canonical bosons qu which will also be
needed for the calculation of Green functions below. The
corresponding (re-)bosonization identity reads

.F ZTI(NU 2)X+Z’e “‘q‘[B e—u/)u+B+ lliv]
NG ’
where 7, is another Klein factor which lowers N, by 1. We
note that once we fix F_, then F_ is determined by (37),

(39a), and (41), although its explicit form is not needed in
the following. The transformation (41) yields

H:H5+HN—Z(§zNz+ka>

a

HE = ZDkIEZaEkU* - Z Uquano + Y ZNg’

ok 0;g>0

[1]

o (x) = (41)

(42)

We observe that even for position-dependent interactions, col-
lective bosonic excitations with linear dispersion emerge.

To complete the diagonalization of H in (42), we must still
define the new number operators N, (with integer eigenval-
ues) and Klein factors F, in terms of the original N, and F,
(which also appear in Hy). We set

Na = Nl&rf + N28G+7 (43)
which ensures that the ground state (without bosonic excita-

tions B+) remains in a sector with finite N; = N,, because

then only the density terms (N 24N 7) and N1N2 appear in the
Hamiltonian. We note that no other form of N, that is linear
in N; and N, has this feature. The corresponding Klein factors
are then given by

F, =F8,_ + Fyd,.. (44)

Collecting terms, the diagonalization of the Luttinger
droplet Hamiltonian (4) is then finally complete,

H= Z 9B, B, + —[vN./\/2 + 7T+ €N,

0;q>0
R . ) L . (45)
N=N+N,, J=N —N,

in which the following parameters appear:
VN =V F v, Vg =V — Uy,
v =UF + Av, U =vp + —W,
2
(46)

vy = YUr +y3Av, Av=0-—yip

e=We™ ' +Wo(1 —e™?),

and v and W were defined in (36b).

Here the total and relative fermionic number operators, N
and j , take on integer values and commute with the two
flavors of bosonic operators. We note the ground-state value of
N may shift due to the one-particle potential W (x) according
to the value €, which also depends on the interaction via W.
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TABLE II. Summary of the diagonalization of the Luttinger droplet model (8, = 1) from Sec. IV; see also Table 1.

Droplet model with right and left movers:

4a,27
=Y [or Sk e+ [ Wm0 + 3V om0 + [ U@ (—om (7, (42.27)
V)=V +V Zq,+o facos(gx), Ux)=Uy+U Z(Hﬁo facos(gx), W(x)=W(—x). (29)
Bogoljubov transformation:
Ko, =uk® +vK ). . o==£  u=coshd, wv=sinhd, y=2Y=tnh20, [U|<V, (30)
1//0()6) = (ZTTF)7 Zk e_ikxcka = % e_i%(ﬁn_%)x e_id)U(X)’ NG = k :C]:rackoi’ (37)
H=Hy+Y, _i(H(°’+H“))+H(2)+E0 (€29)
_ vV ©0) ©0) _ 1 & _v (0) £-(0)
H(O) - Zq>0 K—quég) + Zq:,éo 2L Zp(#Oq (O)Kq po? Hél) — L Zq#o wqu(;g), H® = Zq#O Kq+K G
Hy = Z%20 5 N2+ 2NN, + Wo 3o, Ny g = IWge™” + 7 V[N 8oy — 0308, ], (31.32)

vV = (27TUF+V<_))V UpU UpV —Qrvp +Vo)U -
T s

U=ypV, V’:%, 7 = /1 — y? = sech26, (32)

Assuming V' = 0 from now on, so that H® is absent, and omitting Ey:

y=Y=mte B0=7Rrur+VEI=LU®, b=[[% 2] (33.36)
H=HAy+Y, .H,, H, =HO+HV=0Y, (k—k)E}E, *—LN2, (35,38)
Eio fméka(x)lﬁ @, No=3318080 k=—[F gz(f) 240 wL" e (39,40
0 e*l[r X)k—F1 (0] ) ) 7Ty
1o (x) = YELWL TN () = [y o (x) = ko ro(x) + fydy 2R (40)
b0 (X) = 310 AgK = JE = X)W OO, ;= Y Xk OB By e A —x) = D g0 Fg ()€, (53,54)
Xao () = [AYA(x = ¥) E10 (V) Ermgo () = [ 2222 '\(;&” e~ J(x) = m sgn(x) — Zx. (53,55)
Rebosonization:
H=Y, ,9BLB,, + LN +v77°]+eN, (45)
B, = J',q S B By (> 0), N=M+8, J=N—N, vvs =0+ Av) % (yTr + p3A0), (45,46)
U =vr+ Vo, Av=0—p0r, e=We ' +Wo(1—e"), W= [&2mD Vgg;, (36,46)
—@(Na——>x+2’f By e B ) .
2, () = Zze T Ry = NiSe + Kobos, F, = Fi8,- 4 Fyd,s, (41,43.44)
¢G(x) = Zq X—q(x) Zk’ IE;—(]J Ek’gi = X()(X)N,, + i Zq>0 X—q(x)\/%Bqa - iZq>0 X‘I(x)\/%B;—U' (58)
We consider (45) to be the canonical form of the diag- Voo 4 U 1 +1

. . S .. . 0 o _|1+v
onalized Luttinger droplet Hamiltonian, as it is essentially VN, = VUF + > = v[l :| , (47b)
the same as that of the bosonized translationally invariant T R
Tomonaga-Luttinger model. Namely, both are characterized 2 2

. : 0 : . _ Vo Uy

by the renormalized Fermi velocity v for collective bosonic V= vt — | — | —
particle-hole excitations with linear dispersion, as well as 2 T
var, 7 for total and relative particle number changes. For the _ Vo o
Luttinger droplet, however, spatial dependencies enter into the =y(vr+ 2 ) SV (47¢c)

diagonalization and lead to qualitatively different behavior
for the fermionic degrees of freedom, as discussed below.
For reference, the main formulas of the diagonalization are
summarized in Table II.

C. Spectrum of the Luttinger droplet model
1. Recovery of the translationally invariant case

For position-independent potentials, the translationally in-
variant case is fully recovered by setting f,.0 = 0, so that
v = 70F and Av = 0. We thus find that

Wkx)=W, Vx)=W, Uk)=U
. Uo
H=H WoN, = — 47
= . + Wo 14 2vr + Ve (47a)

i.e., the parameter y of (33) only relates vg, Vj, Uy to one
another, as the interactions V and U are absent for the transla-
tionally invariant case. As before, y characterizes the relative
strength of (translationally invariant) interbranch interactions.
It is one of the characteristic properties of a Luttinger liquid
[13] that the relations

_ / UN — V7
v = VNV ., ]/ = — 48
N J UN—}—UJ ( )

remain valid even if the dispersion in Hry, is nonlinear. This
connects the excitation velocities v, var, vy as well as the
power-law exponents in the single-particle Green function,
which contain the parameter y, as discussed below.
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2. Excitation velocities for position-dependent interactions

By contrast, for the Luttinger droplet (4) with position-
dependent interactions, the renormalized Fermi velocity v
depends on V(x) according to (36b), so that ¥ can be var-
ied independently from the average interaction potential V.
Namely if v # 7 0f in (46), i.e., if

f dx » f dx 49)
2mvp 4+ V(x) 2vp + Vo'

the three velocities v, var, v7 are independent of each other
(but together determine y).

In the following, however, we will adopt a different per-
spective. We regard y as given by the interactions as in (4b),

U U
)= 0 _ (x) ‘ (50)
2nvr +Vp 2mvp +V(x)

Then it follows from (46) that the velocities are related by

5 y—vyns—U—=7) y—yvn+A-9)

— UN V7,
2(y —v3) 2(y —7»3) 7
(51a)
SR e < PR e b LI (51b)
F = - s
2(y —v3) 20—y 7
which replaces (48).

Hence we may already conclude that the Luttinger droplet
(4) is strictly speaking not a Luttinger liquid, in the sense
that v # ,/uyv7 if (49) holds, so that the Luttinger liquid
relation (48) is violated and the linear relations (51) between
the velocities v, var, v7, U hold instead.

Note also that while the canonical form of the Hamiltonian
(45) and its eigenvalues are very similar to the translationally
invariant case, their relation to the original fermions is more
complex since it was obtained from a position-dependent
canonical transformation. As a result, the position dependence
of the interaction appears in the Green function, which we
calculate next.

D. Green function for Luttinger droplet model
1. Rebosonization route to the Green function

As in the translationally invariant case, the Green func-
tion is obtained from the bosonization identity (3) and the
Bogoljubov transformation (30) but also makes use of the
refermionization (37) and the rebosonization (41). Using

¢y (x) = @,F(x) + ¢, (x) = udpy, (x) + v5, (—x), we have
1 =27 (AT 1 o
— =T (Ny—7)x ,—iluge, (X)+vds,(—x)]
w,,(x)—%Fne L M=) v . (52)

To evaluate correlation functions of this field, we need to ex-
press it in the diagonalizing fermionic basis (39a). We define

the auxiliary functions

e igx—alql/2 . _,
Ag(x) =i C A —x) =) ag(0e
! 970
e~iax=aldl/2 =1 27 nx
Ax) = =2) —si
(x) = ZZ Z " sin 2
q#0 n=1

= 7 sgn(x) — 27£—x (—L <x <L) (53)

in terms of which we can express the bosonic fields as

P (1) = D AOKWY = Y A, x)ei ¢
q#0 q#0.k
dx, Y IN Kot I\
= EMX — X)W, )Y, (X
=Y Xk IEL Byl (54)
k,k'

Here further auxiliary functions were introduced,

dy 7 .
Xg(x) = 2nvf Y —(x Y) e~ iar®)
L gy
i 2
= LI SR o) = T, (69)
S 2 [
R, = —/ dx cos(gro(x))
L Jo
2 (L2 _
= —/ drxy(rycos(gr), Ro=1, (56)
L Jo
0 =r+2) R, singr. (57)

q>0

where x((r) is the unique inverse function of ry(x), which was
substituted in the integral in (56) and expressed in terms of R,
via Fourier transform in (57) for later reference.

The rebosonization relation (41) then yields

o (x) = ZX (x)Z*:; o
= xo(X)N, + iA, (x), (58)
Ae(¥) = x_g()/ngB,, — He., (59)
q>0

finally expressing the fermionic field (52) in the diagonal
bosonic basis (45). For the Green function we also need the
time dependence of the Klein factors, which originates from
Hy + H’in (28) and (31). This leads to a sum over K;gz which

we calculate from the inversion K = & om0 g,y (x) (g #
0), namely >, _, VqKqS) = koN, /L + iA,, where

Ay =) k_g\yngB,, —Hec., (60)
q>0
dx 2 -
Ry = f S V) = Vol = =R, (6D

Using the hyperbolic relation eT/(1 4y /2) = yu® Fv?)
and eliminating U, with (33), the time-dependent Klein factor
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then becomes
__ i(Hy+H")t —i(Hy+H')t
Fn (t)=e Fn e

_ FnefiIIan),.-(N,,vLyNﬁf%)/L+Wg+}7/€g(u31\7ﬁ7v31\7,,)]

x el}’(u Agy —v° Aa,,) (62)

We evaluate the Green function in the ground state with
N, =N/2=N, and B}, B,, =0 for all g > 0, where N is
the integer closest to —e /(2var),

G, (x, x1) = 0(1)G, (x, x31) — (=G, (x, X51),  (63)

with 0(%t) = [1 £ sgn(#)]/2. The greater and lesser Green
functions,

G=, (x,x';t) =

n’

{—iupn(x, DY, ', 0)),
—i{Yr,y (. 0) ¥, (x, 1)),
= 8,y G5, (x, x's1), (64)

are then flavor-diagonal. They are evaluated by first clear-
ing the Klein factors, inserting the Bogoljubov-transformed
bosonic fields, separating them according to the index o, and
then expressing them with N, B B+ This leads to

q0°

G2 . 2 3
iaGs (x, x'st) =MZ, M, (tyuw’, £u, x5, t>, x<, 1<)

-3
X M(—,n(—tyv , T, —Xz,lz, —x§,t§),

(65)

with a phase factor and o-diagonal exponential bosonic ex-
pectation values

M2, = ¢ FINEDG—Y)+vztl=ie™ [xom)—xo() ¥

.XXI

A _ o4l
(erA,, evA,,(x,t)e VA (x',t ))

M()'(T’nyat’x7t)= g (66)

with x. =x, x. =x/, t. =t, x. =0, and a velocity pa-
rameter given by v> = (Ur — i3/ RT))N + 1+ 1)+
(Ory+ykou’ /e )N + LWy /7 — vp. To evaluate the re-
maining expectation value, we use the identity [17]

(eAneAzeAs) —

valid for linear bosonic operators A, Ay, A3z and eigenstates
of the bosonic particle numbers. We obtain

1
A1 Ay +ArA3+A A+ 5 (A2 A2 A2
6(]2 2A3+A1A3+5 (A +HA; 3)), (67)

M(t,v,x,t,x',t)

1 ola Slvt.a clotal (s
— o2 US IS 0=5 )

% e%vz [2§£ﬁ(1 —1),a] (X,X’)*S‘%O'”J (x,x)figo"” (x’,x’)] (68)

where the index o was omitted because M,, is independent of
it, and we used the abbreviations

S,
q>0

PN =Y ngkgxg (e, (69b)
q>0

S‘gs’a] (x,y) = anx—q(x))(q(y)eiqseia% (69c¢)
q>0

Using the explicit wave functions and the definition (56),

they evaluate to
- 27'[ 'ljF 2 _[0 ]
SO = ( L > R],’za ’

27rvp

(70a)

SP o) = = ilRys = Ry M) (700)
Sl al()C y) = [»Y+r0(x) ro(y).al —i—RlS ,al
_R[_étrlo(X),a] _ R[i;rlo(y).u]_ (70c)
Here we introduced the functions
RE;‘L:Z] = Zn;”RZeiqse_“q, (71)

q>0

which for n # 0 depend on the position dependence of V (x)
through Rq of (56). Putting (66), (68), and (70) into (65),
the calculation of the Green function is complete and can be
summarized as

G, (x, xit) = M7, tM(tyu +u, x,t,x',0)
xM(—t)"/v* +v, —x,t,—x',0), (72a)
Gy (x, xXit) = M, ,M(t)/u —u,x',0,x,1)
x M(—typv3, —v, —=x', 0, —x, 1),  (72b)

with the factors given by (66) and (68). We now discuss this
result for different settings, referring for simplicity only to
G; (x, x5 1).

2. Recovery of the translationally invariant case

In the translationally invariant case (47) we have ry(x) = x,
due to the constant function 7j(x) = v/(y¥r) = 1, cf. (40).
Also R, = 8,0, so that all sums over R, (with ¢ > 0) vanish.

In S‘g’(ﬂ_’)’“] (x, x') only the usual logarithmic sum

el o=

pls.al __
Ry =) "
q>0 4

27 (s — 2
—1In [1 — eT(”_”)] % [Tn(a - iS):| (73)

survives, so that the contributions to the Green function for
L — oo become
2

} . (4

a
ix—x—v@—1t)]+a
The Green function then takes the familiar power-law form

2

G>( t) —ia Hv
x,x5t) = R
M x—x'—vt—ia

M(z,v,x,t,x',t') = {

. U2
ia
X | ———— . (75)
x—x'4+vt+ia
with dependence on only x —x’ 4+ ivf. The interaction-
dependent exponent, v> = (JVun /vy — V7 UN)? /4, de-
pends only on the velocity ratio of var/vy, which is a
characteristic feature of the Luttinger liquid that remains

valid even for a nonlinear dispersions [13]. Furthermore, in
the translationally invariant case without interaction we have
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y = 0 and hence v = 0, so that only the first factor with unit
exponent correctly remains in (75).

3. Weak quadratic position dependence of the interactions

Next we consider position-dependent potentials that are
regular at the origin, i.e., V(x) = V(0) + V"(0)x?/2 + O(x*),
which is sketched in Fig. 1(a) for the repulsive case. From (40)
we find for the function ry(x) that

1
ro(x) = rj(0)x + gr(’)”(O)x3 + 0@),

O = a0 =0

o = ey + vy
275V (0)
r(0) = _ =68, (76)

y[2mvp +V(0)]

We will be interested in the asymptotic behavior of Green
functions (rather than their periodicity in L) and thus will
eventually take the limit L — oco. We therefore consider a
weak correction to the linear behavior r/(0), i.e.,

3 2 5 const
ro(x) = ax + Bx” + O(B~x7), ,3:7,
- 2.3 225 . o _ P
xo(r)=ar—prr+ 0B r), a=—-, p=—. (1)
o o
For the potential this means
61 v V.
V) =vo) - 0P 0()‘—40) (78)
o L

The following choice of coefficients R, turn out to produce
this behavior,

Rq — e*CIq\L/ﬂ’ (79)

where ¢ is positive dimensionless parameter, because from
(57) we find

in 2zr

sin & %0
e — cos 2L’ (80)

L
xo(r) = r + — arctan
T L

which for small |x/L| corresponds to (77) with

_ m2coshe 2\
& = cothe, =—— | -1, 8la
P 3 sinh3c<L> (81a)
tnh 5 72 sinhe (2)2 &1b)
o = tanhc, =——(-).
3 cosh®c\ L
The functions (71) are evaluated from (79) as
R = —n[1 — T Gsmanel/m], (822)

[— 2% (is—a)+2nclm
Rls-al — e’

m,n

[872%(is7a)+2nc s ;. (m=0,1). (82b)

For large L, the last logarithmic term in the exponent of
(68) then dominates, containing

sinh 7 {i[s + ro(x) — ro(y)] — a}
sinh 7{i[s + ro(x)] —a — cL/m}

$ ) =~In <
sinh 7-(is —a — cL/m)

X — , . (83)
sinh 7{i[s — ro(y)] —a — cL/n})

To leading order in x/L, x'/L, the Green function then be-
comes

—ia 1402
G, (x, x5t) =M, —
Nalx —x')—0vt —ia

2

. v
x[ G } , (84)
a(x —x')+ vt +ia

i.e., translational invariance is only broken in finite-size cor-
rections.

Note that according to (84) a fermionic single-particle
perturbation near x = 0, as measured by the Green func-
tion, propagates with velocity ¥/a = v/r)(0) =y (vr +
V(0)/(2m). This differs from the translationally invariant case
(48) with corresponding velocity 7 (vr + Vy/(2) for which
only the position-averaged interaction V; matters. For the
Luttinger droplet, the position dependence of V(x) is thus
observable in the propagation velocity described by the Green
function. This can be observed in more detail for a stronger
position dependence of V (x), as discussed in the next subsec-
tion.

We also note that the exponent v? [expressed in terms of
y in (32)] is no longer related only to the velocity ratio of
var/v7, and hence this feature of the Luttinger liquid is also
no longer present.

4. Piecewise constant interaction potential

As a minimal example which explicitly breaks the trans-
lational invariance of the Green function, we consider an
interaction potential that is piecewise constant,

V() if|x| <R,
V(%) iflx| >R,
i.e., the particles interact differently inside a central region and

outside of it, as depicted in Fig. 1(b) for the repulsive case.
The average of this function is given by

Vi) = { (85)

L 2R
V():rV(O)+(l—r)V(—>, F=— (86)

2 L
Here r is the fraction of the central region with interaction
V(0), which tends to zero if we consider a fixed finite central
interval of width 2R but let L tend to infinity, see below. For
the potential (85) we find

y 1

V= —-—F ", (87a)
2rrs+ (1 —r)s
ax if [x] <R,
ro(x) =9 _ - . (87b)
ax + sgn(x)(e¢ —&)R  if [x| > R,
_ V(0)— V(%) si
R, =rLO (5) TR (g > 0), (87c)

2rvp +V(0) nymra
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with the abbreviations
1 . 1
S= S oy ST A (LY
2mvp +V(0) 2nvp + V(%)
5
54+ (s —3r
(83)

N

a =ry(0) = m,

|~
~

a = ry(

From now on we consider only fixed finite R and let L —
00, i.e., r = 0. The second fraction in (87c) involving the
sine function can then be replaced by unity. In this limit the
summations (71) evaluate to

_ voy-v(%) .
Rbval = | p ————222 | Rlvel, 89
m.n [r 2op +V(0) | 1m0 (89

The logarithmic term in S‘[;'“](x, y) then again provides the
leading term in (68) for L — oo,

2

/N — a v
M(t,v,x,t,x',1") = {i[m(x) —ro(x') = 0(t — )] +a} '

(90)

The Green function then takes a power-law form with piece-
wise linear argument

2

—ia 14+v
ro(x) — ro(x’) — vt — ia

2

G, (x, x5t) = M;’x,’t[

x [ S ] .o
ro(x) — ro(x’) + vt + ia

with the exponent v? given in terms of y in (32). As listed in
(87b), in the present case ry(x) is piecewise linear in x with a
change in slope at |x| = R. Hence if x and x’ lie both inside or
both outside the central region, then the Green function is es-
sentially the same as in the case of weak position dependence
(84) or the translationally invariant case (75), respectively.
However, if only one of x and x’ is inside the central region,
then the two coordinates enter with different prefactors into
the Green function, breaking its translational invariance. The
Green function (91) and velocity relation (51) indicate that
for the interaction potential (85) the Luttinger droplet (4) is
distinguishable from the Luttinger liquid.

Moreover, the Green function (91) shows that a fermionic
single-particle perturbation created at position x will ini-
tially propagate with velocity v/ry(x) = y[vr + V(x)1/(2n),
which is piecewise constant in the present case. As might have
been expected, the position dependence of V (x) thus translates
into a position-dependent “local” propagation velocity. Its re-
lation to the other excitation velocities of the Luttinger droplet
model will be discussed the next section.

V. TOWARD A LUTTINGER DROPLET PARADIGM

The translationally invariant Tomonaga-Luttinger model
obeys the relations (47) between excitation velocities and
Green function exponents, i.e., in our notation between v,
var, V7, and y. In particular, the dressed Fermi velocity v
appears in the Green function (75) as the velocity with which
a fermion w;r (x) propagates when added to the Luttinger

liquid ground state. For the Luttinger droplet model (4) (with
linear dispersion) we found different relations between the
excitation velocities and y, as given in (51). Furthermore, the
Green functions of Sec. IVD show that a fermion wn* x),
inserted into the Luttinger droplet ground state at position
x, initially propagates with velocity v/r{(x). This behavior
was observed explicitly for a weak and piecewise constant
position dependence of the interaction potential V (x) in (84)
and (91), respectively. It can be traced to (40), where a phase
ro(x)k appears in the exponent of the eigenfunctions & (x) of
the refermionized model (37). We can therefore expect that a
“local” propagation velocity of fermionic perturbations,

Vo) = = y[vF " @] ©2)
ro(x) 21
will appear in the Green function also for more general V (x).
Compared to the translationally invariant case this is a new
range of velocities, which we will now relate to the other
excitation velocities of the Luttinger droplet.
For this purpose we first seek to characterize the scales of
v'°°(x). One way to do this uses its arithmetic and harmonic
averages over the entire system. For these we find

—1
[Fiw] =

(93a)
dx 1 ! .
|:/f vloc(x):| =1,

where, as above, Ur = vp + Vy/(2m). For general V (x) these
two averages are different but coincide in the translationally
invariant case. With the excitations of the Luttinger droplet
characterized by the velocities 7, v'°¢, var, v.7, we then obtain
their interrelation from (51),

W = ((vloc(x)>>arith

(X)) ) harm = (93b)

v=cn(y)vv +eg(y)vg, (94a)
v = RE) o + () vgs (94b)
where the prefactors are given by

(y—vr)Fd-7)

eng(y) = L2 Y (95a)
2(y —v3)
_ (£l —p3)

Ci(\)fc,J(V) =7 T—Vj) (95b)

Furthermore, y, which characterizes the relative strength of
interbranch interactions, determines the Green function expo-
nent v? according to (32). The dependence of the coefficients
(95) on y is shown in Figure 2. We note that for y = 0, the two
branches in the Hamiltonian do not mix; in this case v and
v contribute equally to ¥ and v!°° equals var. On the other
hand, for only interbranch interactions (y — =1), y vanishes
and hence so do vpr, 7.

A preliminary physical interpretation of the velocities (93)
might be that v plays the role of group velocity, as vg is
the energy of a bosonic excitation in (45) which involves a
nonlocal and mixed-flavor superposition of original fermions.
On the other hand, since v'°(x) plays the role of a local
phase velocity, its scale is presumably captured by the arith-
metic average v'°c. Note that for the translationally invariant
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Y

FIG. 2. Coefficients (95) in the linear relation (94) between ex-
citation velocities in the Luttinger droplet model (4) as a function of
the interaction parameter y given by (33) and (50).

case ¥ = ¥ ¥f, and indeed the group velocity and (position-
independent) phase velocity are both given by v, cf. (45), (47),
and (75).

We conclude that for the Luttinger droplet model (4)
the quantities D, v, v, vz, and y are related, extending
the Luttinger liquid relations between v, var, vz, and y to
the position-dependent case. However, it remains to clarify
how the relations (94) evolve away from the special case
(4b). Furthermore, in order to be regarded as a paradigm for
one-dimensional electronic systems with position-dependent
interactions, these relations would have to remain valid also
for weak nonlinearities in the dispersion. Both of these ques-
tions would therefore be worthwhile to address, e.g., by
perturbative methods.

VI. CONCLUSION

Using higher-order bosonization identities, i.e., Kronig-
type relations with finite momentum transfer, we solved the
Luttinger droplet model (4) for a large class of position-
dependent interactions and arbitrary one-particle potentials.
While the diagonalized Hamiltonian has the same operator
expression as for the Luttinger liquid, the relation between its

velocity parameters is not fulfilled in general, as the bosonic
excitations and particle number changes involve different av-
erages of the interaction potential over all positions. Similarly
the Green functions retain their power-law form for weak
position dependence of the interaction potential, but their ex-
ponents also no longer depend only on the ratio of excitation
velocities for particle-number changes. For weak position-
dependent interactions the Luttinger-liquid characteristics are
rather robust regarding their functional form, although the
interrelation of the dressed scales and exponents is somewhat
different. On the other hand, for an interaction potential with
different (e.g., constant) values inside or outside a central re-
gion of finite width, not only are the Luttinger-liquid velocity
relations modified, but also the Green function is no longer
translationally invariant and exhibits a position-dependent
propagation velocity of single-particle excitations. This may
mean that the group velocity of such an excitation differs
from its (position-dependent) phase velocity, in contrast to the
Luttinger liquid. We conclude that the Luttinger droplet model
has a ground state with different characteristics than the Lut-
tinger liquid. It remains to be seen how the velocity relations
obtained for (4) evolve for more general one-dimensional
models with position-dependent interactions and whether a
Luttinger droplet paradigm emerges for them. The behavior
of various correlation functions as well as the effect of spin
degrees of freedom would also be of interest in future studies
of such Luttinger droplets.
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