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Introduction

Motivation and guideline for our work is Milnor’s treatment of Bott periodicity for or-
thogonal groups in his seminal book [Mil=64]. Milnor iteratively constructs the inclusion
chain

SO16n, D SO16n/Usn D Usy/Spy, D ng(H‘m)
(*) D) Sp% D Sp2n/U2n D) U2n/02n D) Gn (Rzn)
> SO,

of symmetric spaces and describes it from three different viewpoints:

1. iteratively as spaces of certain orthogonal complex structures;

2. as components of the midpoint locus of certain shortest geodesic arcs [Mil=6d,
Lemma 24.4], following Bott’s original ideas [Bo=hd;

3. in geometric terms using the usual representation of SO1¢, on R%" [MIE], Lemma
24.6].

Our aim is to generalize Milnor’s approach to arbitrary compact real Lie groups, still
following his philosophy. Our work is organized as follows:

In Chapter I we introduce complex structures in matrix groups as elements that
square to —Id. Making use of the algebraic properties of complex structures we slightly
generalize this notion to abstract Lie groups. If the Lie group is compact such elements
can also be described geometrically. For illustration consider the symplectic group Sp;.
This is the set of unit quaternions and hence a 3-sphere. If we look at 1 as the north
pole, then —1 is the south pole and any complex structure is the midpoint of a geodesic
arc joining these two poles and hence a point on the equatorial 2-sphere. The geometric
description of the set of complex structures as the midpoint locus of geodesic arcs from
a base point to a pole extends to pointed compact symmetric spaces. Following a
common nomenclature (see [CN=88]) these midpoint loci are called centrioles of a pointed
symmetric space.

Chapter B is about centrioles, the midpoint loci of geodesic arcs joining a base point
to a pole. Since poles are particular points in centers of pointed symmetric spaces of
compact type, we first study these centers and the shortest geodesic arcs to it. Further,
in Section Z2A, we describe all centrioles in a simply connected pointed symmetric space
of compact type in terms of its root system (Theorem and Theorem ZZ3).

In Chapter B we present an abstract approach to Milnor’s construction of (=). Instead
of an orthogonal group, we start our iteration with an arbitrary connected compact real
Lie group & and get certain inclusion chains

OPCPDOP;D ...



Introduction

Following the first two aspects of Milnor’s description, we explain our construction in
terms of complex structures and also in terms of midpoints of geodesic arcs. (Section B).
But how long are such inclusion chains at least? This question is answered in Theorem
B3: Under certain assumptions three interesting iteration steps can be preformed if one
looks at a special class of centrioles, so-called minimal ones.

To explore Milnor’s third view point, we need to start with a represented Lie group
&. It turns out that isotropy representations of hermitian and quaternionic symmetric
spaces are particularly interesting for us. We hence start our iteration with a Lie group
® that is either the complex linear isotropy group of a hermitian symmetric space S
(Section E) or the quaternionic linear isotropy group of a quaternionic symmetric space
S (Section E3A). We can describe the spaces that occur in our inclusion chain in a
geometric way, as sets of certain submanifolds of S or as special Grassmannians of certain
Lie subtriples of the Lie triple of S. This geometric insight also shows obstructions that
force the iteration procedure of Chapter B to stop at some point. As a byproduct we
get some quite uncommon realizations of certain symmetric spaces. We will explain this
in the case of projective planes. Such realizations could be interesting for the following
reason: Descriptions of classical symmetric spaces in linear algebraic terms are well
known (see [Be=&4, pp. 312 ff.]). But for exceptional symmetric spaces such realizations
seem less well understood®.

Bott’s periodicity theorem is about homotopy. The inclusion chains from Chapter B
can be related to homotopy, at least if one just looks at minimal centrioles. In Chapter B
we apply a result of Mitchell [Mif=87, Mif=R| to inclusion chains of exceptional symmetric
spaces, e€.g.

E; D E;/(S'Es) D (S'Eg)/Fy D OP;.

Using known results, we determine explicitly some higher homotopy groups of these
spaces.

Throughout our work we use certain properties of symmetric spaces and their sub-
manifolds. Some of them are very well-known, some of them are maybe less common.
To make our work more self-contained, we summarize them in Appendix @Al

1E. Cartan, Chevalley, Freudenthal and others described realizations of exceptional Lie groups and
some exceptional symmetric spaces. Rosenfeld [Bo=63, Ex=G3] also gave an outline of a description
of exceptional symmetric spaces in terms of algebraic objects, but his work seems not to be entirely
understood yet.
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1. Complex structures

A complex structure on a vector space is an automorphism that squares to —Id. Some-
times one is only interested in certain types of complex structure, e.g. orthogonal or
unitary ones. In this case one calls an element j of a matrix group & a complex structure
in & if j squares to —Id. Of course, a group & only admits complex structures if —Id
lies in &.

In this chapter we describe complex structures in Lie groups in algebraic and in geo-
metric terms. The geometric description allows to define similar elements also in pointed
symmetric spaces.

1.1. Complex structures in groups

Algebraic characterization

In order generalize the notion of a complex structure in a matrix group, we extract its
algebraic properties: For this we look at the role that —Id plays in a matrix group. Since
—Id commutes with any square matrix, it lies in the center® Z(®) of &. As —Id squares
to the identity, it is an element of order two®. Hence, in an arbitrary group & a suitable
generalization of —Id is a center element of order two:

Lemma 1.1 (Schur Lemma). Let p is an irreducible faithful representationd of & on a
finite dimensional vector space V. Then p(z) = —Id if and only if z is a center element
of order two in &.

Proof. 1f p(z) = —1d, then p(zg) = p(2)p(9) = —p(g9) = p(g)p(2) = p(gz) for all g € &.
Since p is injective, we conclude zg = gz for all g € &, so that g lies in the center of &.
Moreover, since p(z?) = p(z)p(z) = Id = p(e), we see that 2% = e, so that z has order
two.

If 2 is a center element of order two, we have p(z)? = Id. Thus p(z) is diagonalizable
with eigenvalues £1. As p is a faithful representation (i.e. injective) p(z) # Id. Hence the
(—1)-eigenspace of p(z) has at least dimension 1. Since z is in the center of & we have

p(g9)p(z) = p(gz) = p(zg) = p(2)p(g) for all g € &. Thus p(&) leaves the (—1)-eigenspace
of p(z) invariant. By irreducibility, the (—1)-eigenspace must be V and p(z) = —1d. O

2The center Z(®) of a group & is the normal subgroup of & formed by all elements of & that commute
with all elements of &.

3A group element z # e is of order two if 22 = e, the neutral element of &

4A representation p of & on V is a Lie group homomorphism from & into GL(V). It is called faithful
if it is injective, and irreducible if the only linear subspaces of V' that are invariant under the action
of p(&) are {0} and V.



1. Complex structures

Remark 1.2. As a consequence of Lemma [, a group & whose center contains more
than just one element of order two admits no faithful irreducible representation. This is
the case e.g. for the simple Lie group Spin,,.

We can now naturally extend the notion of a complex structure to abstract groups:
an element j of & is a complex structure if j squares to a center element of order two.

Geometric characterization

To consider & as a geometric object, we assume that & is a compact real Lie group®.
Endowed with bi-invariant Riemannian metrics, compact real Lie groups are examples of
symmetric spaces (see Section B3). Center elements of order two in & can be described
using the geodesic symmetries of &. We call an element 2z € & that is not the identity a
pole of &, if the geodesic symmetry s, of & at the point z coincides with s., the geodesic
symmetry of & at the identity.

Observation 1.3. Any center element z of order two in a compact real Lie group & is
a pole and vice-versa.

Proof. If z is a central element of order two, then s,.g = 2712 = 2%¢g7! = ¢! = 5.9
(see Equation BER). Conversely if z # e satisfies s, = s, then 2 = s5,.2 = 5.2 = 27}, s0
that z has order two. Since g7! = s..g = s.(9) = 29712 = 2971271, we see that z lies in

the center of &. O

We assume our compact Lie group & to be moreover connected. Then the identity
can be joined to any other point of & by a geodesic. Since geodesics in & that start at
the identity are one-parameter subgroups of & (see Equation B) we get:

Observation 1.4. Any complex structure in & is the midpoint of a geodesic arc joining
the identity to a pole and vice versa.

1.2. Poles and centrosomes: notions

Our next aim is to generalize the concept of complex structures to symmetric spaces of
compact type using their geometric description. In contrast to groups, where the identity
is an algebraically distinguished point, symmetric spaces generally do not have natural
base points. Hence the choice of a base point becomes part of the setting. This leads to
the notion of a pointed symmetric space, i.e. a tuple (P,0) consisting of a (connected)
symmetric space P and a distinguished base point o € P. A pole of (P,0) is a point
2z # o whose geodesic symmetry s, coincides with the geodesic symmetry s, of P at
the base point o. Since such points can only occur if P has a compact factor, we now
restrict our attention to compact symmetric spaces. Observation I3 shows that we can
consider poles as a generalization of center elements of order two. For pointed symmetric

SThere is also a description of complex structures in non-compact Lie groups [BE=9S].



1.2. Poles and centrosomes: notions

spaces (P, 0) of compact type there is also a notion of a center: Each symmetric space
P of compact type has an adjoint space Ad(P) (see Section [A). This is the unique
(up to isometry) symmetric space that is covered by any symmetric space that is locally
isometric to P. If we denote this covering by 7 : P — Ad(P), the center® of (P, 0) is the
set

(1.1) Z(P,0) := 7 ' (n(0)).

Notice that the adjoint space of a connected semisimple compact Lie group & with base
point e is exactly its adjoint group. In this case the above definition of a center coincides
with the usual notion of a center of a group.

Observation 1.5. Any pole of a pointed symmetric space (P, 0) of compact type lies in
the center of (P, o).

Proof. Let p be a pole of (P,0). By definition the Cartan map (see Equation [A)
identifies 0 and p. Since (' (P) is a symmetric space that is covered by P, we see that

the projection 7 of P onto the adjoint space Ad(P) must also identify o and p. Thus p
lies in Z(P,0). O

Moreover, poles have order two in the sense that they are examples of midpoints of
closed geodesics of (P, 0) :

Observation 1.6. An element z € Z(P,0) \ {0}, is a pole of (P,o) if and only if any
geodesic v in P with v(0) = o and y(ty) = z satisfies v(2ty) = o.

The analog of a complex structure in now a group is a midpoint of some geodesic arc
in a connected pointed symmetric space (P, 0) joining the base point o to a pole of (P, o).
By geographical intuition one could call such a point an equator point. But the set of
all such points is generally not connected and in literature a term from cytology is more
common™ Following Chen and Nagano [CN=88] we call the set C(P,0) of midpoints of
all geodesic arcs joining o to a chosen pole z of (P, 0) a centrosome of (P, 0). Connected
components of centrosomes are called centrioles®. Any point in a centriole will be called
a centriole point. This generalizes the notion of a complex structure. As the example
of Spin,,, shows, (P,0) can have more than one pole and therefore several centrosomes
corresponding to different poles.

6Symmetric spaces can be described using triple products (see [Cas694]). Using this algebraic descrip-
tion of P, the center of (P,0) is the set of all points in P that commute in some sense with o (see
[CosB9=T1, p. 51 f.]).

"However we should mention that the term equator is sometimes used e.g. in [He=Iq].

8In [@u=0d] we used the term centriole in a wider sense for a connected component of the set of
midpoints between the base point o and a center element (not necessary a pole) of (P, 0).






2. Centers and centrioles

Centrioles and other geometrically interesting totally geodesic submanifolds of symmet-
ric spaces have been extensively studied, in particular by Japanese geometers®. The goal
of this chapter is to give a complete description of centrioles of simply connected pointed
symmetric spaces of compact type in terms of roots (see Theorems and Z2R).

2.1. Shortest geodesics to center elements

We start our study of centrioles in a pointed symmetric space (P, 0) of compact type
with the investigation of its center Z(P,o0). In particular we describe shortest geodesic
arcs in (P, 0) joining o to an element of Z(P,0). Although the results in this section are
surely mostly folklore™, we think it is still worth to present them here, since they play
a role in our study later on.

I want to express my deep gratitude to A.L. Mare for his hints and many interesting
and very helpful discussions about the topic of this section.

Let (P,0) be a pointed symmetric space of compact type, 7 : P — Ad(P) the pro-
jection onto its adjoint space and g = € @ p its Cartan decomposition (see Section BT).
We want to study shortest geodesic arcs from the base point o to elements of Z(P, o).
In order to reduce this problem to a closed Weyl chamber we observe:

Lemma 2.1. Let z € Z(P,0) and k an element of the transvection group T(P) of P
that fizes the base point o. Then k also fixes z.

Proof. From the description of the adjoint space given in Equation AT we see that
z = g.o for some g € A = Zz(p)(J(P)). Since k lies in T(P), it commutes with g so that
k.z =k.(g.0) = g.(k.o) =g.0=z. O

For poles the result of Lemma P can be found in [CN=8R, Prop. 2.9(vi)], [Nag-88,
Prop. 1.9(6)] or [NS=41, Lemma 2.1a].
Notice that the Lie triple p can be identified with both T,P and Ty ,)Ad(P).

Lemma 2.2 (see e.g. [CosB9=T], §2 of [Nag=97] or Lemma 5.6. in [NT=93]). A geodesic y
in Ad(P) emanating from (o) closes at t = m, i.e. y(w) = w(0), if and only if its initial
direction X = (0) € p is integer™.

9see e.g. the articles of Chen, Nagano, Tanaka or Takeuchi in our bibliography. One may find further
references in theses articles

00ur investigation is very closely related to the calculation of the fundamental group of an adjoint
space (see [Ca=Z1|, [Tak=64, p. 99], [Nag-33, Nag-97] and also Corollary EZI0). Our method is quite
similar to the one in [Bu=23, p. 20].

We call an element X € g integer, if all eigenvalues of %ad(X ) are integer.
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Proof. The geodesic v can be written as y(t) = exp(tX).m(0), where exp is the ex-
ponential map from g into the transvection group T(Ad(P)) of Ad(P) (see Sections
B and B). Observe that y(7) = m(o) holds if and only if exp(7X) lies in the
isotropy group of 7(0) in T(Ad(P)). Since this isotropy group is the fix point set in
T(Ad(P)) of the conjugation with the geodesic symmetry s, of Ad(P) at the point
7(0) (see Lemma A7), we can equivalently say that exp(7X) = sz() exp(mX)Sq(o) =
exp(mAd(sx(0))X) = exp(—mX), or exp(2n.X) = e, because p is the (—1)-eigenspace of
Ad(sr(s)). Since T(Ad(P)) is center-free (Corollary B33), this condition is equivalent to
Ad(exp(2rX)) = %) = ¢. The latter holds if and only if the eigenvalues of fad(X)
are all integer. O

Since by definition a point p lies in the center of (P, 0) if and only if 7(0) = 7(p) we
get:

Corollary 2.3 (see [Ca=B0=1)). A geodesic v in P emanating from o satisfies y(w) €
Z(P,o0) if and only if ¥(0) € p is integer.

Let a be a maximal abelian subspace of p and R(P) the corresponding root system
of P. We define the center lattice I'z(P) of P in a by

(2.1) I'z(P):={X €a; exp(X).0o€ Z(P,o)},

where now exp is the exponential map from g into T(P). Using Corollary 223 we get (cf.
[Co=69-11])

(2.2) I'z(P)={X €a; a(X) € nZ for all « € R(P)}.

If we fix a Weyl chamber in a, denote by ¥ = {ay, ..., a;} the corresponding system of
fundamental roots and consider its dual basis ¥* = {af, ..., a’} (see Equation BATH), we
can express the center lattice in terms of the fundamental root system as follows

(2.3) I'z(P) = span,;(3*).

We first study the problem of shortest geodesics in a simply connected pointed sym-
metric space (P, 0) of compact type. Let g = € @ p be its Cartan decomposition.
We choose a Weyl chamber C' in some maximal abelian subspace a of p, denote by
Y = {o,...,a,} € R(P) the corresponding system of fundamental roots and by § the
corresponding highest root. Let K& be the identity component of the isotropy group of
o and let  be a geodesic emanating at o that satisfies v(ty) = z € Z(P,0). Lemma
shows that a curve ¢ := k.y with k£ € K is again a geodesic starting at o that satisfies
c(tg) = z. Thus whenever we consider a geodesic arc 7 joining o to z we can assume
that, after the action of a suitable element of &, its initial direction 7 lies in the closure
C= {22, Aja5; Aj > 0} of our chosen Weyl chamber.

Since we look at shortest geodesic arcs between the base point and a center point, we
need some information of the cut locus. Sakai [Sa=78H, p. 198] described the intersection
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Cut5(C) of the tangent cut locus™ of (P, 0) with the closed Weyl chamber C as follows:
(2.4) Cutp(C) ={X € C; §(X) =7}

To describe the intersection of the inside™ of Cuts(C) with the center lattice, we call
an element ¢ in a compact semisimple Lie algebra g extrinsically symmetric™ if

(2.5) ad(¢)? = —ad(¢)

or, equivalently, if the spectrum of ad(§) is {0, £i}. We can describe the extrinsically
symmetric elements of g that lie in p in terms of the roots system of P. Using the linear
isotropy action we can assume that our extrinsically symmetric element lies in C'. All

extrinsically symmetric elements in C' can be read off from the labelled Dynkin diagram
of P:

Lemma 2.4. A nonzero element € € C is extrinsically symmetric if and only & = o
and the coefficient h; of a; in the highest root § is 1.

Proof. Recall that the Lie algebra g is semisimple, because P is of compact type, and
has therefore trivial center. Any element ¢ € C' can hence be written as £ = Y ;L0
with non-negative coefficients ;.

Assume that £ is extrinsically symmetric and nonzero. Thus at least one of its
coefficients x; does not vanish. As the center of g is trivial, i are actually eigen-
values of ad(§). Since the spectrum of ad(€) consists only of 0 and =+i, we see that
ai(§) € {0,1} and hence z;, € {0,1}. Let 6 = >, hxoy, be the highest root. Then
1 =0(§) = >, wjar(aj) = >, hjxj, because at least on coefficient z; of £ is non-
zero and «(§) € {0, 1} for any positive root. If two coefficients of £ were 1, then §(§) > 2,
since all h; are positive integers. Therefore only one coefficient z;, of X is 1, i.e. £ = .
Since 1 = 6(§) = h;, we conclude that the coefficient of «, in the highest root must be
1.

Conversely, if § = o} and the coefficient h; = 1, then §(§) = 1. Let a be a positive
root w.r.t. C, then o = ), ¢y, where the coefficients ¢ are non-negative integers and
a() = ¢ <6(€) =1 (see Section B@). Thus ¢; € {0,1}. This shows that all eigenvalues
of ad(§) are {0, +i}. O

12The tangent cut locus of a Riemannian manifold M at a point p € M consists of all vectors X € T,M,
so that the geodesic vx emanating from p in direction X is shortest on the interval [0,1] but not
shortest on [0,1 + ¢) for any £ > 0.

13by this we mean the set {X € C; §(X) < 7}

1Our designation has the following reason: Ferus [Ee==0] has shown that, up products with affine
subspaces and Euclidean motion, any full eztrinsically symmetric submanifold of a Euclidean space,
i.e. any submanifold that is invariant under the reflections along its (affine) normal spaces, can be
realized as a connected component of an isotropy orbit of some extrinsically symmetric element X
in the Lie triple of some symmetric space of compact type (see also [EH=UH]). As abstract symmetric
spaces these spaces are also called symmetric R-spaces in literature. Following Bourbaki [Bou=1,
extrinsically symmetric elements are also known as minuscule coweights (see e.g. [MI=88, p. 158],

NGz, p. 54]).
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Remark 2.5. Kobayashi and Nagano [KNa=Gd| gave a similar characterization of ex-
trinsically symmetric elements in p using the Satake diagram of P instead of its Dynkin
diagram.

Lemma 2.6. A nonzero element mX € C NT4(P) lies inside the tangent cut locus
(i.e. 0(mX) < ) of P at o if and only if X is extrinsically symmetric. In particular
X € Cutp(C’).

Proof. Since X € C we set X = >z with ¢; € Ny (see Equation P33). As in the
proof of Lemma E4 we conclude from §(X) < 1 and X # 0 that X = «j where the

coefficient h; of a;; in ¢ is 1. By Lemma P4 the element X is extrinsically symmetric
and 6(7X) = 7. O

Corollary 2.7. Let y(t) = exp(ntX).o with X € C be a geodesic in P satisfying (1) €
Z(P,o0). Assume that v is length minimizing on [0, 1] then X is extrinsically symmetric.
In particular any element of Z(P, o) lies in the cut locus of (P, o).

Let ¥° = X U {6}. Following Sakai [Ea=78d, Ea=7=0] for each subset 2 of %° we define
Sq as the set of all X € C satisfying

(2.6) a(X)>0 if aeXny
(2.7) alX)<m if ae{d}n
(2.8) a(X)=0 if aeX\
(2.9) a(X)=7 if ae{o}\Q.

We observe that Sq is a subset of the tangent cut locus if and only if 2 does not
contain 0. The subset I := {k.(exp(X).0); k € R X € Su}, R denotes again the
identity component of the isotropy group of (P 0), is a submanifold of P [Sa=7=H, p.
199], and we have the following Lemma (see [Ba=78d, Lemma 5.1] and [Sa=78H, Lemma

S(D)):

Lemma 2.8 ([8a=r8d, Ba=T=0)). Io N I # 0 if and only if Q@ = .

Corollary 2.9. Let £ and & be two different extrinsically symmetric elements in C and
Yre and Yre the geodesics in P that start at o in direction w§, respectively w¢'. Then
2 =re(1) and 2’ = vz (1) are two different elements of the center of (P, o).

Proof. We write £ = o and ' = aj, where the coefficients of a; and ay in the highest
root are h; = h, = 1. In view of Lemma P8 it is sufficient to show that S,, = {ma;} if
h; = 1. Since ¢ ¢ {«a;}, Condition (272) is empty for Q := {;} and (E3) gives §(X) = 7.
Let X = ) . c;a} be an element of S,,. As X € C, we get ¢; > 0. By (ZH) we have
a(X) = ¢ > 0. From (Z3) we obtain a,,(X) = 0 if m # [, so that ¢,, = 0if m # [.
Finally, by (E3), we get §(X) = ¢, =, because by = 1. Thus X = 7a;. O

We summarize the last results in:
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Theorem 2.10. There is a one-to-one correspondence between Z(I5, o) and the extrinsi-
cally symmetric elements (including 0) in a closed Weyl chamber C of p. More precisely:

For any center element z of (P, 0) there exists precisely one shortest geodesic arc 7 in
P joining 7(0) = o to () = z whose initial direction % lies in C, and the element ¥ € p
15 extrinsically symmetric in g. Conversely, if £ is an extrinsically symmetric element of
C and e the corresponding geodesic emanating from o, then 7 is shortest on [0, 7| and
Ye(m) € Z(P, o).

Corollary 2.11 (see e.g. [Ca=Z1], [[ak=64], [Bu=Xd|). The cardinality of Z(P,0), this is
also the order of the fundamental group of Ad(P), is of one higher than the number of

fundamental roots in R(P) with coefficient 1 in the highest root.

Let P be an irreducible symmetric space. Then its root system R(P) is irreducible.
If R(P) is non-reduced, then it is of type (bc), [He=8, p. 475]. In this case every
fundamental root has coefficient 2 in the highest root. Among the irreducible reduced
root systems only the exceptional root systems of type eg, 4 and go have no fundamental
roots with coefficient 1 in the highest root (see Table B). Thus we get:

Corollary 2.12. Let ([N’, 0) be a simply connected irreducible pointed symmetric space
of compact type. Then Z(P,o0) = {o} if and only if R(P) is non-reduced or of type es, f4
or go.

For non simply-connected pointed symmetric spaces of compact type it still holds that
the initial direction of a shortest geodesic arc joining the base point to the center is up
to scaling extrinsically symmetric, but the converse is not true any further.

Corollary 2.13. The initial direction X := of a shortest geodesic arc v in P joining
o to a pole y(m) of (P,o0) is extrinsically symmetric.

Proof. Let 7 : P — P be the universal cover of P. We fix a point 6 € P with the property
that 7(0) = o and we lift the geodesic 7 to a geodesic in P emanating from 6. Now p
is also canonically identified with T;P and the initial direction of the lifted geodesic
is again X, i.e. the geodesic 7y in P starting at 6 in direction X satisfies 7 o 7x = 7.
Thus Ax () € Z(P,5) and 4y is shortest on [0, 7]. The claim now follows from Corollary
. O

2.2. Classification of centrioles

Recall from Chapter @ that a centriole point in a connected pointed symmetric space
(P,0) of compact type is a midpoint of a geodesic arc in P joining o to a pole of
(P,0). We denote by P(P,0) the set of all poles of (P,0). Notice that Z(P,0) = {o}
implies P(P,0) = 0, as we do not consider o as a pole of (P,0). Let g = €@ p be the
Cartan decomposition of (P, 0) and let a be a maximal abelian subspace of p. The affine
sublattice

Ip(P) = {X €a; exp(X).0o€ P(P,0)}

(2.10) = {X €aq exp(X).0€ Z(P,o0), exp(X).0 # o and exp(2X).0 = o}



2. Centers and centrioles

(see Observation [A) of the center lattice of (P, 0) in a can also described as

(2.11) Dp(P) = (rZ<P> n %MP)) \ Ty (P)

where I',(P) is the unit lattice of (P, o) defined by
(2.12) ['o(P) :={X € a; exp(X).0o =0}

We want to describe all centrioles of (P, 0). Let R be again the identity component of
the isotropy group of (P, o). If j is a centriole point of (P, 0), then, by Lemma BT, the
same is true for any point in its K-orbit. Let ~,x be a geodesic emanating from o in
direction 7X € p with the property that v,x(1) is a pole of (P, 0). After conjugation by
a suitable element of K, we can assume that X lies in our previously fixed closed Weyl
chamber C. Moreover, we suppose that 7,x is shortest on [0, %} (until the centriole
point), so that we are looking for elements X that satisfy:

1. 71X e I'p(P);
2. i X lies inside™ or on Cutp(C)™.

Remark 2.14. Since the number of such elements X is finite, centrioles are K-orbits in
P (see [CN=88, Nag-83|). Let v be any geodesic arc in P joining the base point o = 7(0)
to a centriole point j = v (%) of (P, 0). Since the whole K-orbit consists of geodesic arcs
of same length joining o to the centriole of (P, 0) containing j, the first variation formula

shows that the vector ¥ (%) is perpendicular to the tangent space of the centriole at j

(see [Ba=4d)).

It is well known that centrioles are totally geodesic (see [[CIN=88, [Nag-8y]). But Nagano
stated more, namely that centrioles are always reflective, also if P is not simply connected
(see [Nag=88, Prop. 2.12(ii), p. 62] and his reference to [CN=8R]). For completeness we
include the proof. For compact Lie groups the centrosome C(®, e) is the fix point set of
the involution g — zg~! and hence reflective. Hence we may now restrict our attention
to connected compact pointed symmetric spaces (P, 0).

Lemma 2.15 (Prop. 2.9 in [CN=88|, Theorem 3.3 in [Ch=X4]). For any pole z of (P, 0),
there exists a unique fix point free involutive isometry p, of P mapping o to z such that
the orbit space P/, with T, := {1d, p,} is a symmetric space.

Proof. (see the proof of Prop. 2.9 in [CN=RF]). The Cartan map ("' : P+ J(P), p+> s,
identifies 0 and z, because s, = s,. Since the Cartan map is a covering and its image
is again a symmetric space (see section A7), there exists a discrete subgroup I' of
the centralizer A of J(P) in T(P) such that the image of +” is isomorphic to P/T" (see
Theorem B and [Mo=84, p. 244]). As I is the deck transformation group of the covering

5By this we mean that A;7X € Cutp(C) for some A > 1.
16Cutp(C) denotes the intersection of the tangent cut locus of P in p = T, P with C.

10



2.2. Classification of centrioles

1P every nontrivial element of I" acts fix point free. Since tI’(0) = 17 (2), there must be a

unique element p, in I' with p,(0) = z. Let v be a geodesic in P satisfying v(0) = o and
v(1) = z, then v(2) = o (Observation [A). Let 7 := 55(£)57(0) be the one-parameter
subgroup of transvections along ~ (see also [Ba=9@, p. 175]), then 71 maps v(0) = o to
7(1) = z and squares to the identity, because 7y o 7| = T = 5(1)54(0) = 5250 = s2=1d .
Since p, commutes with any transvection, we get p?(0) = p.(2) = p.(11(0)) = 11 (p.(0)) =
71(11(0)) = T2(0) = 0. Hence p? is an element of I that has a fix point. Thus p? = Id.
This shows that I', := {Id, p,} is a subgroup of A that is isomorphic to Zs. Theorem
AT implies that P/T", is a symmetric space. ]

Proposition 2.16 (see Prop. 2.12(ii) in |[Nag=8y]). Centrioles of connected compact
pointed symmetric spaces are reflective. More precisely, the centrosome C,(P,0) is the
fix point set of the involutive automorphism r, := p,s,.

Proof. Let z be a pole of (P,0) and j € C,(P,0) the midpoint of a geodesic arc v in P
joining ¥(0) = o to (1) = 2. Then 4 := p, o v is again a geodesic in P and satisfies
7(0) = z and 4(1) = 0. Let 7, : P — P/T", the canonical projection, then w0y = 1, 07.
Hence 3(t) = y(t + 1). Thus r.(j) = 72 (v(3)) = = (. (v(3))) = r= (7 (=3)) =
¥ ((=3) =7(3) =4

Conversely, let j be a fix point of r,. Since p, is involutive we get p.(j) = $o(j)-
Let v be a geodesic in P satisfying 7(0) = o and v (3) = j. Then m, (v (1)) =
7. (p:(4)) = m.(s0(j)) = 7. (v (—3)). Since a geodesics in symmetric spaces are or-
bits of one-parameter groups of isometries, they close at any self-intersection. Thus
(m, 0y)(t) = (m, 0)(t + 1) and in particular (7, o v)(0) = (7, o v)(1). Hence either
v(1) = 7(0) = o or y(1) = z. The first equation implies vy(t) = (¢t + 1) and hence
i=7(3)=7(-3) = s0(j) = p-(j). This contradicts the fact that p, has no fix point.
Thus (1) = 2z and j lies in C,(P, o).

To prove that r, is an involution we actually show that s,p.s, = p.. Since p, commutes
with any transvection we get (S00:50)(SpSq) = SoP250SpSq = S0SoSpP2Sq = SpP2S¢S0S0 =
(spSq)(Sopzs,) for all points p and ¢ in P. As T(P) is generated by the products of
two geodesic symmetries, we see that s,p.s, centralizes T(P). Since p, is an involution
without fix points, the same holds true for s,p,s,. Moreover (s,p.s,)(0) = z. Lemma
T3 yields s,p.S, = p, by uniqueness. O

Remark 2.17. Let C, (P, 0) be a centrosome in (P, 0) and r, the corresponding reflection
defined in Proposition EI8, then r,(0) = z.

While the center lattice of a symmetric space P of compact type can be read off from
its root system (Equation PZ3), the same is not true for its unit lattice, e.g. for adjoint
spaces the unit lattice coincides with its center lattice. Actually, a symmetric space of
compact type is uniquely determined by its root system labelled with its multiplicities
and its unit lattice [He=78, CoBU=1]. For simply connected pointed symmetric spaces
(15, 0) of compact type the unit lattice can still be described in terms of its root system.
Following Loos (see [CasB3=L, pp. 25, 69, 77]) the unit lattice of (P, 0) is

(2.13) To(P) = span,;(R(P))

11



2. Centers and centrioles

where R(P) is the system of inverse roots w.r.t. the root system R(P) of P corresponding
to a. Let ¥ = {a,...,a,} be a fundamental root system in R(P) corresponding to a
Weyl chamber C. In view of Corollary T2 we can ignore symmetric spaces with non-
reduced root systems in our further considerations. Hence we may suppose that R(P) is
reduced. Then ¥ = {éy, ..., &, } is a fundamental root system of R(P) (see e.g. [Se=X1])

and I',(P) can be written as

(2.14) I',(P) = span,,(%).

We next want to express the vectors of the dual basis ¥* = {aj,...,a’} in the basis
¥ ={day,....,a4,} of a. As a first step we express the root vectors of ¥ in the basis ¥* :
Hj = Hy, = ), sjeag, with sj, = ap(H;) = (Hj, Hg). Since &; = 25 (see Equation

|
A7) we obtain &; = >, §;,0; with §j;, = 2%;’,?;“ =: ¢, where C' = (cj;) is the Cartan
J
matrix (see Equation BT8). Hence a} = }_, s%.dy where s%, are the entries of (C~1)7.

We conclude:

Lemma 2.18. Assume that P is an irreducible simply connected symmetric space of

compact type. Then the vector waj lies in U's(P) if and only if the j-th column of Cct
has only integer entries.

Equation 7T can be rephrased as follows: An element X lies in I'p(P) if and only if

X lies in I'z(P) but not in I',(P) and 2X lies in I',(P). Thus we get:

Lemma 2.19. Assume that P is an irreducible simply connected symmetric space of
compact type. Let X = sz c;&; be an element of FZ(P). Then X lies also in Tp(P) if
and only if the coefficients c; are all half-integers (elements of %Z), but not all integers.
In particular waj lies in FP<P) if and only if the j-th column of C~! has only half-integer
entries that are not all integers.

We can now describe all centriole points in (P, o) :

Theorem 2.20. Assume that P is an irreducible simply connected symmetric space of
compact type. There are four possible types of elements X € C' that satisfy

1. 7X € I'p(P) and
2. i X lies inside or on Cut(C) (see Footnote I on p. D),

namely:

Type I: X = aj where the coefficient of a; in the highest root is h; =1 (i.e. X is
extrinsically symmetric) and, moreover, the entries of the j-th column of_C’*l
are half-integers, but not all integers. The element %WX lies in %Cutp(C').

Type II: X = o where the coefficient of c; in the highest root is hj = 2 and, moreover,
the entries of the j-th column oiC"1 are half-integers but not all integers.
The element $wX lies on Cut(C).

12



2.2. Classification of centrioles

Type III: X = 2a; where the coefficient of o in the highest root is h; = 1 (i.e. aj is
extrinsically symmetric) and, moreover, the entries of the j-th column of C~*
are quarter-integers (elements of 37) but not all half-integers. The element

X lies on Cutp(C).

Type IV: X = o} + aj, k # j, where the coefficients of a; and ay in the highest
root are both 1, hj = hy, = 1 (X is the sum of two extrinsically symmetric
elements in C), and, moreover, the sum of the j-th and the k-th column of
C~1 has half-integer entries that are not all integers. The element %WX lies

on Cutp(C).
Conversely any element X of type I, II, III or IV satisfies the requirements 1 and 2.

Proof. The element X € C can be written as X = >z with z; > 0. Since 7X €

['p(P) the coefficients x; are non-negative integers. As 0 ¢ I'p(P) at least one coefficient
x; is non-zero. Since P is an irreducible simply connected symmetric space of compact
type, the tangent cut locus in C' is described by Equation E4. Let § = Zj hja; be the

highest root, then %WX € Cutp if and only if Zj hjz; < 2. We distinguish several cases:

1. Exactly one coefficient x; does not vanish.

a) If h; =1, there are two cases:

i) z; = 1: Then X = o}. Since X € I'p(P), Lemma P9 shows that X is
of type 1.

ii) ; = 2 : Then X = 2a}. Since X € I'p(P), Lemma 2T shows that
X = aj is of type III.

b) If hj = 2, the only possibility is z; = 1 and, by Lemma 219, X is of type II,
since X € I'p(P).

2. Exactly two coefficients z; and zj, (j # k) do not vanish. Since h;z; and hyzy, are
both greater to or equal to 1 and hjx; + hyxr < 2 we get h; = x5 = hy = x5, = 1,
so that X = o + . By Lemma 219 X is of type IV.

3. At least three coefficients z;, x5 and x; do not vanish. Since hjz;, hyx, and ki
are all at least 1, we get hjx; + hpxy + lya; > 3. This contradicts the requirement
that 17X lies inside or on Cut(C).

[]

Remark 2.21. Given a pole z of (P, 0), one gets a symmetric space P/T', by identifying
o and z (see Lemma PCTA and the original results in [CN=R88, Nag-88, Nag-97]). The
corresponding projection is 7, : P — P/T',. Any centriole in the centrosome C, (P, 0)
projects to a polar of the pointed symmetric space (P/I',, 7.(0)). A polar of (P/T,, 7. (0))
is a connected component of the set of all midpoints of closed geodesics in P /T, that
start in 7,(0), or, equivalently, a connected component of the fix point set of the geodesic
symmetry of P/T, at m,(0) (see [CN=78, CN=88, [Nag-88, Nag-92]). Poles are singleton

13
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polars (see Observation [A). Lists of polars can be found in [CN=78, CN=88]. A more
detailed case-by-case determination of these polars is described in [Nag-88] and further
proofs can be found in [Nag-97]. It might be possible to establish case-by-case a list
of all centrioles in C,(P,0) by looking at those polars of (P/T.,.(0)) that are not
projections of polars of (P,0) (see also [Bu=Sd| or [NS=UI, 1.3b]). Burns and Nagano
discovered a necessary condition in terms of roots for a vector to be the initial direction
of a shortest geodesic arc joining a base point to its polar (see [Bu=8H, Lemma 2.1, Prop.
2.2], [Nag=88, Prop. 6.5, p. 72|, [Nag=92, pp. 52 ff., in particular Prop. 2.9 and Cor. 2.13],
[Bu=93, Lemma 2.1, Prop. 2.2]). Their proofs are quite similar to the above proof of
Theorem 2207, In Theorem only geodesics whose initial direction is of type I are
shortest up to the pole. We are not aware that a complete description of all shortest
geodesics to centrioles in an irreducible simply connected pointed symmetric space of
compact type in terms of its root system has been known so far.

Remark 2.22. If X = 2aj is of type III, then j = v, x (3) = Yo () is an element of

the center of (P, 0) (Theorem EZM). One example occurs if P = SUy, and Yaz () is an
element of order four in Z(SUy,) = Z4,.

Remark 2.23. If (}5, 0) is an irreducible simply connected pointed symmetric space
of compact type that has a pole z, and if 7,x is a shortest geodesic arc in P joining
Y=x(0) = 0 to Yxx(1) = z where X lies in a fixed closed Weyl chamber C' of p, then
X is of type I. On the other hand, by Theorem PO the element X is unique up to
conjugation by the identity component of the isotropy group of (15, 0). Thus the number
of poles of (1’5, 0) can be read off from the root system of P. To admit poles, the center
of (P,0) needs to be non-trivial (see Observation [H). Therefore the root system of
P must be reduced. The number of poles of (P, 0) now coincides with the number of
center elements of order two in the connected simply connected compact simple Lie
group & that has the same root system as P. Notice that whenever the center of (P, o)
contains only one point besides o™, the center of & is isomorphic to Zs and hence
(ﬁ’,o) admits precisely one pole. Moreover, we observe that most simply connected
simple real Lie groups have either no or just one center element of order two. The only
exception is Spiny,, (n > 2) whose center is isomorphic to Zy X Zy and hence contains
three elements of order two. Thus poles of (]5, 0) are mostly unique. The exceptions
are the spaces whose the root system is of type s, with n > 2, namely P = Spiny,,
and P = Gon(R*) = SO4,/(SO4, x SO4,) with n > 2. They have three poles (see also
[CN=RR, pp. 293 {] and [Nag-8§, §2]).

We now want to show that the centrioles corresponding to two elements X and Y
mentioned in Theorem P20 that are not conjugate under the identity component & of
the isotropy group of (P, 0) are distinct. For this we use again Sakai’s description of the

tangent cut locus of (P, 0) from [8a=7Ra, Ba=78H| (see also page B). A direct consequence
of Corollary 77 is:

I7This is not astonishing. All these proofs also share common aspects with the proof of the classification
of inner involutions of a compact simple Lie group as presented e.g. in [Co=69=1, p. 121].
18this happens for the root systems of type b,., ¢, and e7, see [He=Z8, Table IV, p. 516]
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2.2. Classification of centrioles

Corollary 2.24. If a; and oy, (j # k) have both coefficient 1 in the highest root, h; =
hi = 1, then the RK-orbits of the centriole points j = Yra (%) and j' = Yrar (%) are
disjoint.

To investigate the other cases we need:
Lemma 2.25. Using the notation introduced for Lemma we have:
(1) If hy =1, then So;y = {maj};
(2) If hj = 2, then Sty = {37} ;
(3) If j # k and h; = hy = 1, then
Stayeny = {505 +apag; 13 >0, 2 >0, 25+, =7}
In particular 57(a + o) € S{ayau}-

Proof. We first observe that in all three cases Equation I is empty and that Equation
P9 reads as §(X) = w. Claim 1 has been shown in the proof of Corollary EZ9. The proof
of Claim 2 is similar: Let X € S{a].}. Since X € C we set X = > o Trag with z, > 0.
By Equation Z8 we have a;(X) > 0 and therefore z; > 0. Using Equation 28 we get
a;(X) =0if [ # j. Hence x; = 0 for [ # j. Finally, by Equation 29, 6(X) =n. If d; =1
as in (1), we get yields z; = 7 and, if d; = 2 as in (2), we obtain 2z; = 7. Therefore
X = {maj if dj = 2. To show the third claim let again X = >, zxa5 € S{q,.a,} With
x > 0. Equation @ yields x;, x; > 0 and, by Equation I8, z; = 0 if [ # j, k. Finally,
with d; = d;, = 1 Equation 29 implies §(X) = z; + x), = 7. O

Lemmata 2223 and 228 imply:

Corollary 2.26. Let X,Y € C be two different™ elements mentioned in Theorem
of type II, III or IV. Then the KR-orbits of the corresponding centriole points j := V%wx(l)

and j' := véﬂy(l) are disjoint.

Corollary 2.27. Let X € C be an element of type I and Y € C' be an element of type
II, III or IV (see Theorem EZZZD0). Then the K-orbits in P of the corresponding centriole

points j := 7$7TX(1) and j' := 1.y (1) are disjoint.

Proof. Since %ﬂ'X lies in the interior of the tangent cut locus there is € > 0 such that
V1nx realizes the distance (is shortest) between o = ’y%ﬂX(O) and 71,y (t) fort € [0,1+4¢).
Assume that there exists k € K with k.fy%ﬂx(l) = fy%ﬂy(l). Since k acts by isometries
and leaves o fix, the geodesic k.fy%,rx still realizes the distance between o = k.’y%ﬂX(O)
and k.y1.x (t) for t € [0,1+4¢). But k.fy%ﬂx(l) = fyéﬁy(l) lies in the cut locus of o, since

%ﬂ'Y lies in the tangent cut locus. A contradiction. O

We can summarize Corollaries P24, P78 and P21 as follows:

9The types of X and Y may be different or not.
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Theorem 2.28. Let 17X and 7Y be two different elements of Fp(p> N C lying ei-

ther inside or on Cutp(C) (see Footnote I on p. ID). Then the R-orbits in P of the
corresponding centriole points j = ”y%ﬂx(l) and j' := ’y%ﬂy(l) of (P,o0) are disjoint.

Remark 2.29. Theorem and Theorem show that the number of centrioles of
a simply connected pointed symmetric space (P, 0) can read off from its root system.

Remark 2.30. There may well be an isometry ¢ of P fixing o with the property that
j' = g.j, where j and j" are the centriole points of Theorem Z28. A typical situation for
this phenomenon is the following: The symmetric space P=06isa simply connected
compact simple Lie group, and g is an isometry of & induced from a non-trivial Dynkin
diagram automorphism. Then g may interchange two extrinsically symmetric elements
in the Lie algebra g = 7.6 of & that are not in the same K-Orbit. This happens e.g.
for Spin,,,. But such an isometry ¢ is never in the identity component 8 of the isotropy
group of (P, o).

For any pole z of (P,0) there exists at least one®™ centriole that consists of midpoints
of shortest geodesic arcs in P joining o to z. We call such centrioles minimal®. By
Theorem 10 an Corollary EZI3 these centrioles correspond to vectors of type 1.

Example 2.31 (R(P) of type ¢,). To study the number of poles and centrioles of a
simply connected irreducible pointed symmetric space whose root system has type ¢,
it is sufficient to look at the symplectic group Sp,, since these numbers depend only
on the root system. As the center of Sp, is isomorphic to Z,, the symplectic group
has precisely one pole, namely —Id. Any fundamental root system of type ¢, contains
only one fundamental root, namely «,., with coefficient 1 in the highest root (see Table
A, p. B3). The element o must be of type I and therefore elements of type III and
IV do not occur (see Theorem 220). The question whether there are elements of type
IT remains. Instead of inverting the Cartan matrix, we rather look at the elements

*

af,...,af_, explicitly. The Lie algebra sp, of Sp, consists of all 2r x 2 complex matrices

A B
of the form ( B 1
As maximal torus in sp, we take the set formed by those matrices where B vanishes and
A is a purely imaginary diagonal matrix. A fundamental root system is formed by the
elements a; = €; — €41 for 1 < j <r—1 and o, = 2¢,, where ¢; (z ( l()) (11) )) = d;,
the (j, j)-entry of the real diagonal r x r matrix D. The roots a;; with 1 < j <r—1 have
coefficient 2 in the highest root, while the coefficient of «, is the highest root is 1 [He=78,

pp. 463 f. and pp. 476 f.]. If we denote by E; the diagonal matrix ¢ ( Dé 0 D ) ,
-

where all entries of D; vanish except the (j, j)-entry which is 1, the corresponding dual

where A is a skew-hermitian and B a symmetric r X r matrix.

J r
basis is o = k; Epfor1 <j<r—1and o = %];Ek The geodesic in Sp, defined

20if P is simply connected precisely one
2lcompare the notion of s-size in [[an=4d]

16



2.2. Classification of centrioles

by o is 7;(t) := exp(2ta) (see Equation B1). Thus v,(7) = —Id, the only non-trivial
center element of Sp,., and v;(m) # —Id for 1 < j < — 1. Hence elements of type II do
not occur. This shows:

An irreducible simply connected pointed symmetric space (ﬁ’, 0) whose root system is
of type ¢, has exactly one pole and one centriole which is, of course, minimal.

This observation is not new, it can be found in [Bu=83] and [Nag-93, Prop. 2.23(i)].

Example 2.32 (R(P) of type ¢7). The Cartan matrix of the Dynkin diagram of type
¢7 given in Table BT on page B3 is

2 0 0 -1 0 0 0
0 2 -1 0 0 0 0
0 -1 2 -1 0 0 0
C=| -1 0 -1 2 -1 0 0
0O 0 0 -1 2 -1 0
o 0 0 0 -1 2 -1
O 0 0 0 0 —1 2
and its inverse is
124 6 23 3
2 23 4 3 2 1
436 8 6 4 2
Cl'=]16 48 12 9 6 3
236 9 L5 3
324 6 5 4 2
12 3 3223

By Theorem and we get:
A simply connected symmetric space whose root system is of type ez has two centrioles:

e o minimal centriole containing Exp, (%a?) = exp (%0‘;) .0 defined by the extrinsi-
cally symmetric element oz;

e a non-minimal centriole containing Exp, (goﬁ) = exp (goﬁ{) .0 defined by the ele-
ment o of type 1.

Example 2.33. To find an example of elements of type IV, we consider a root system
of type 04 as e.g. for P = Sping. The corresponding Dynkin diagram can be found in
Table B (p. B3). The roots ay, a3 and a4 have coefficient one in the highest root. The
Cartan matrix C' and its inverse are

2 -1 0 0 1135 3
-1 2 -1 -1 L1211
=1 o1 2 of ™=y
0 -1 0 2 1111

This shows that the elements «f, o3 and «j are of type I and of + o3, af + o and
aj + aj are of type IV.
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Remark 2.34. We have seen that all types of elements mentioned in Theorem
occur in examples.
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3. Inclusion chains of symmetric spaces

In his proof of Bott’s periodicity theorem for orthogonal groups Milnor constructed the
inclusion chain

® =S016, DO P =S046,/Us, DO P»=Us,/Spy, D P5=Go,(H™)
(31) O P= Sp2n D) P5 = Sp%/Ugn D) P6 = Uzn/Ogn D) P7 = Gn<R2n)
O Py =S50,

of symmetric spaces [Mil=69, § 24] in terms of complex structures:

Let P; be one of the two isomorphic connected components of the set of all complex
structures in SOsgy,, i.e. P = SO14,/Us,. Choose an element j; in P, and denote by
P, the set of all complex structures in P; that anticommute with j; in the sense that
J € P, satisfies jj; = —j1j. The space P; is connected (see Section B2) and isomorphic
to Ugn/Spy,- In P> we again fix a point js and consider the set of all complex structures
in P that anti-commute with js. The choice of j; and js (together with ji75) induces
a quaternionic structure on R'". The space of all complex structures in P, that anti-
commute with j, can be identified with the Grassmannian of all quaternionic subspaces
of R1%" [MAI6Y, p. 139]. This space has several connected components. The component
consisting of all half-dimensional quaternionic subspaces of R'" will be denoted by Ps.
Iterating this scheme and making prudent choices of connected components, one gets
the above inclusion chain.

Milnor showed that P, can also be described as a connected component of the set
of all shortest geodesic arcs in Py joining jj to —j; [MI=64, Lemma 24.4]. This relates
his approach with Bott’s original idea in [Ba=id].

In Section B we present an abstract version of Milnor’s construction starting with an
arbitrary compact connected Lie group &. We focus on the equivalence between certain
centrioles and some components of the set of all complex structures that ‘anti’-commute
with some chosen ones. At some steps we may, as Milnor, have to choose a connected
component. Hence there may be several inclusion chains of connected spaces starting
with the same connected compact real Lie group. In Section B we study inclusion
chains that start with a connected simple compact real Lie group and that consist only
of minimal centrioles.

3.1. Generalizing Milnor’s construction

To generalize Milnor’s construction we start with an arbitrary compact connected real
Lie group &. Assume that & has a pole z, i.e. a center element of order two (Observation
[3). We call an element j of & a z-complex structure if j2 = z or, equivalently, if j is
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3. Inclusion chains of symmetric spaces

the midpoint of a geodesic arc in & joining the identity to z (Observation [). We say
that two z-complex structures j; and j, of & z-commute®, if j1jo = 25271

We now choose a connected component P; of the set of all z-complex structures in &.
Since P is a centriole of (8, e), it is a totally geodesic conjugacy orbit of & (see Remark
ZT4) and hence a compact symmetric space.

Assume that we have constructed a totally geodesic inclusion chain

&OPD...DF

in the following way: For 2 < [ < k the space P, is a connected component of the set
of all z-complex structures of & that are contained in P,_; and that z-commute with
a fixed element j; 1 of P,_;. Let us fix a point j in P,. This point is of course a z-
complex structure of &. Assume that there is a point j € P, that z-commutes with j;
(see Assumption B33 below).

Lemma 3.1. Let v be a geodesic in Py satisfying v(0) = jx and fy(%) = j. Then
v(1) = zjk-

Proof. Since Py, is a totally geodesic submanifold of &, the curve j, L~ is a geodesic in
& starting at the identity. Hence j, '~ has the form Jr 1y = exp(2tX) for a suitable
X € g (see Equation B). Thus v(t) = jy exp(2tX) and j = 7 (3) = jrexp(X) so that
exp(X) = j.'j = 2jxj = jjr- This shows that y(1) = j, exp(2X) = jj, exp(X) exp(X) =
3 (Jgk) = 2Jk- u

Since Py is totally geodesic in &, the geodesic symmetries of Py are just the restrictions
of the geodesic symmetries of & at points of P;. The geodesic symmetry s;, of & at the
point ji is given by s;,(9) = jxg 'Jx = 2Jxg '2jk = $.;.(g), where s,;, is the geodesic
symmetry of & at the point zjj. This shows that zjj is a pole of (P, ji). The converse
of Lemma BT also holds:

Lemma 3.2. Let v be a geodesic in P, emanating from ji that satisfies v(1) = zj.
Then j := 7y (%) z-commutes with ji.

Proof. As in the proof of Lemma B, y has the form ~(t) = jx exp(2tX), so that y(1) =
Jrexp(2X) = zjx and j = v (%) = jrexp(X). Since exp(X) = zjrj we conclude from
2ik = Y(1) = jrexp(X)exp(X) = j(zjrj) that jp = jjrj. Because j is a z-complex
structure we get 2jjx = JiJ- O

We now define P, as a connected component of the set of all elements in P, that z-
commute with jj, or, equivalently, as one centriole in the centrosome C.;, (P, ji). Hence
Py11 is a totally geodesic reflective submanifold of Py (Proposition 213).

We have seen that, for a chosen point j, € P, the assumption

Assumption 3.3. The point zj;. lies in Py, or, equivalently,

221f & is faithfully and irreducibly represented, z-commutation just means anti-commutation: j;js =
—Jj1j2 (see Lemma I).

20



3.1. Generalizing Milnor’s construction

e The geodesic symmetry s, of & leaves Py, invariant.
e The geodesic symmetry s;,_, of Py_1 leaves Py invariant (k > 2).

is crucial for being able to perform another iteration step in our construction. Al-
though such an assumption is not explicitly stated in [Mi=69, §24|, Milnor’s careful
choices of connected components ensure that it is actually satisfied whenever needed.

Since one can choose any centriole in C,;, (P, ji), several inclusion chains that start
with the same Lie group & can be possible. It may be natural to restrict the attention
to minimal centrioles as Milnor. This is done in the Section B=. We finish this section
with an example of an ‘exceptional’ inclusion chain that is not entirely built by minimal
centrioles:

Example 3.4. We start with & = E;Z and we denote by z the unique center element
of E7 of order two. Example E232 shows that (E;,e) admits two centrioles, a minimal
one and a non-minimal one. As P, we take the centriole the contains j; := exp(mway).
This centriole is not minimal (see Example EZ32). We now describe the root system of
¢7 following the notations of [E=X4, p. 124]:

R(E7) = Rl (E7> U R2<E7) with
Rl(E7) = {j:(ez — Gj); 1< <j < 8} and

8 8
Rz(E7) = {%Zé‘jﬁj; szzlzl, Zsj:O},
J=1 j=1

As a fundamental root system ¥ = {ay, ..., a7} we choose with [E=E4, p. 124]:

1
= 5(—61—62—€3+€4+€5+66+67_68) and

Q; = €1 — €5 for 2§]§7

The Dynkin diagram of type e¢; can be found in Table AT, p. B3. From Section A7 we
see that the tangent space of P; at j; is isomorphic to

Pr=0n > ga

a€Rodd

where Roqq is the set of all roots a € R(E7) such that a(af) is odd. Since the coefficient
of ay in the highest root is two, a root « lies in Roqq if and only if a(aj) = £1.
One sees that these are precisely the roots containing eg with coefficient :l:%. Thus
Roda = R2(E7). Since the real dimension of p; coincides with the complex dimension

of > ga, and since all root spaces have complex dimension one, the dimension of
a€Rodd

P is precisely cardinality of Ry(E7), namely (i) = 70. Since e¢; is simple, P; is a 70-
dimensional symmetric spaces whose isometry Lie algebra is ¢;. But the only such spaces

By Eg, E7, Eg, F4q and G we denote the (up to isomorphism unique) connected and simply connected
simple compact real Lie groups whose Dynkin diagram is of type eg, ¢7, es, f4 and go respectively.
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3. Inclusion chains of symmetric spaces

are BV := E;/SUg and Ad(EV). Since the centriole of (E7,e) containing zj; is not
minimal, zj; must be a point of P; (see Example EZ32). Hence (P, j;) admits a pole and
therefore P, = EV = E;/SUs. Since the root system of P; is again of type e7 (see [He=Z8,
p. 518, p. 534]), P; contains again two centrioles, a minimal one and a non-minimal one.
From [BCO=-03, Table A.7, p. 331] we see that the minimal centriole in P;, denoted by
Py, is the symmetric space (SUg/Sp,)/Zs whose root system has type as. Let jo be a
point of P. Since P, is the only minimal centriole in (P, j;), the pointed symmetric
space (P, j2) has a pole, namely joz. The centrosome C,;, (P2, j2) contains two minimal
centrioles that correspond to the roots a; and as in the Dynkin diagram of type as (see
Table BT, p. B4). These centrioles are both isomorphic to HP? which is an adjoint
space. Thus we got the inclusion chain

(32) E; D E7/SU8 D) (SUg/Sp4>/Z2 D) HP3.

3.2. The case of minimal centrioles

In this section we continue our investigation of the construction presented in Section
B. Like Milnor we now focus on inclusion chains

&OP D..DOF

that start with a connected simple compact real Lie group and that consist only of
minimal centrioles. A question arises now: How long are such inclusion chains at least?
In this section we answer this question (Theorem B3 below).

First step

We start with a compact connected simple real Lie group & and assume that it contains
a center element z of order two. By exp we denote the exponential map from g onto &.
Let vx(t) = exp(2tX) be a shortest geodesic between e and z = yx (1) = exp(2X) (see
Equation B). Corollary T3 shows that X = 7&; where & is extrinsically symmetric in
g. The centriole Py of (&, ) that contains j; := vx (3) = exp(7&) is just the conjugacy
orbit of ji, i.e. P, = {gj1g™"; g € &}. Hence P, is the image of the equivariant map

F g>o Ad(@)fl — @, Ad(g)fl — gjlg_l.

Since j; is the midpoint of a shortest geodesic arc joining e to z, the map F is injective®.
From Section B we know that Ad(®)¢; is an irreducible hermitian symmetric space of
compact type. Since P; endowed with the submanifold metric is also a symmetric space
(because P is totally geodesic in &), the map F' is an isometry up to a scaling factor
and & acts as the transvection group on P;Z. The hermitian symmetric space P, can

24if not, j; would be a cut point of this geodesic arc and the geodesic arc could no longer be shortest
beyond j;

25This means that for any transvection of P; we can find an element of & that acts on P as this
transvection. But & does not act faithfully on P; in our case, since it has non-trivial center and any
center element acts on P; as the identity (see also Section BE)
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3.2. The case of minimal centrioles

be written as a coset space: P = &/R;, where & = {g € &; g = jigj;'} = {g €
®; Ad(9)&1 = &} As any hermitian symmetric space of compact type, P; is simply
connected.

There are two types of irreducible hermitian symmetric spaces:

e the ones whose root systems are of type ¢, which are called of tube type™
e the ones whose root systems are non-reduced and hence of type be,.

Assume that P; is not of tube type, then every fundamental root in R(P;) has coefficient
2 in the highest root [He=Z8, pp. 475 f.]. Lemma P4 together with Corollary ZZI3 show
that P, has trivial center and hence does not admit any pole. Hence zj; cannot be an
element of P; and Assumption B3 is not satisfied. Thus our iteration scheme stops.
Nevertheless, zj; is also z-complex structure in & and the corresponding centriole of
(&, ¢) is just 2P, and hence isomorphic to P,*

To continue our iteration, we henceforth assume that P; is of tube type. Looking in
the list of irreducible hermitian symmetric spaces of compact type whose root system is
of type ¢, (see [He=78, CoGU=T, BCO-3]), we get the following examples for P :

Table 3.1.: First step

L 6 | 15 | |
1 Spin,,;; SO/® with n = 4m SO, /SOy x SO, | n>5
2 SO4n; SOim, Spin4n SO4n/U2n n 2 3
3 | SUy, /I where I' < Z(SU,,) with —Id ¢ " | SU,,/S(U,, x Uy,)

4 Sp,, Sp,./Un n>2
5 E~, E;/(S'Eq)

The main result summarizing the effort of this section is:

Theorem 3.5. Let & be a compact connected simple real Lie group whose center contains
an element z of order two. Assume that the centrosome C,(®,e) contains a minimal
centriole Py that is of tube type and has higher rank, i.e. rank(Py) > 2. Then there is at
least a three step inclusion chain

ODOPDPDR

consisting of positive dimensional minimal centrioles.

26See Section BH for further explication.

2TLooking in the lists of [He=Z8], one sees that Py and zP; can always be identified by an isomorphism
of & that is induced from a Dynkin diagram automorphism of g.

2850),,, denotes the half-spin group. This group is obtained as follows: The center of Spiny,, is
isomorphic to Zs X Zy and hence contains three subgroups of order two, namely I'y = Zy x {0}, 'y =
{0} X Zg, and I's = {(0,0), (1,1)}. There is an isomorphism of Sping,, that identifies the subgroups
I'y and I‘2 of Z(Spiny,,,) that are isomorphic to I'; and I's. The half-spin group SO, is Spiny,,, /T'1 &

Spiny,,, /T's, while the special orthogonal group SOy, is Spiny,, /T's.
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3. Inclusion chains of symmetric spaces

Second step

Since (Pp,71) is an irreducible pointed hermitian symmetric space whose root system
has type ¢,, it has precisely one pole and one centriole (see Example EZ31). But it is
not entirely clear yet that this pole is actually zj;, so that (Py, j;) satisfies Assumption
B3*. The main part of this section is devoted to show that zj; is the pole of (P, j;)%.
We denote by g = ¢ ® p; the Cartan decomposition of g corresponding to &1, i.e.

b, = 8, = {Xeg ad(&H)X =0} and
pr = py, = {X €g; ad(&H)?’X =-X}.

This is of course also the Cartan decomposition of the pointed symmetric space (P, j1).
Since the root system R(P;) of P, is of type ¢,, any fundamental root system in R(P)
contains precisely one fundamental root with coefficient 1 in the corresponding highest
root. Hence there is precisely one £;-conjugacy class of extrinsically symmetric elements
in p;. Let & € py be a non-zero extrinsically symmetric element and let g = €, @ pg, be
the corresponding Cartan decomposition of g defined as in Equation B33 :

(3.4) t, = {X €g; ad(&)X =0} and
‘ pe, = {X e€g; ad(&)’X = -X}.

(3.3)

Since &, € p1, the Cartan relations imply that ad(&;)? leaves €, and p; invariant. Hence
we get an orthogonal decomposition

(3.5) g= (81 Nkt,) D (& Npg) O (p1NE,) D (P1 N pg,)-

This shows that ad(&;)? and ad(&)? commute.

Our goal is to show that & lies in Ad(®)¢; = Py, or, equivalently, that & lies in
Ad(®)&,. In this context the assumption that & is simple is important®™. We decompose
&1 according to the Cartan decomposition g = &, ®pg, as &1 = (&1)e, +(&1)p,, and observe
that (£1)p,, = —[€2, [€2, &1]]- Equation B shows that (1), € 81Mpg, and (§1)e,, € E1NE,.

Thus [51, (gl)%] — [gl, (gl)%} vanish and hence [(51),,52, (gl)%} ~0.

Lemma 3.6. ad((£1)y,,) vanishes on .

3

Proof. From 0 = ad(&)],, = ad ((€1)y, ) Ll +ad (&), ) Ll we deduce

(@), = ()],

29Thinking e.g. of P, = SOy, /Us,, we can not a priori exclude that zj; lies in another centriole of
® = Spin,,, that is isomorphic to P;. In this case P, would contain a point p so that the geodesic
symmetries of P; at p and j; coincide, while the geodesic symmetries of the ambient space & at
these points differ.

390ne could prove this case-by-case, but we prefer to provide a conceptional proof, as one would have
to pay particular attention at the case ® = Sping,, and P; = SOy, /Us, mentioned before, because
of the Dynkin diagram automorphism of dg,,.

31Tndeed, we need this assumption, because if g is semisimple but not simple, one could artificially
produce degeneracies by choosing &> in such a way that some of its components in the simple ideals
of g vanish.
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3.2. The case of minimal centrioles

By Equation B3 it is sufficient to show that ad (({1)%2) vanishes on £ N €, and on
€1 N pe,. Let X first be an element of €, N &,. Then [(51)p£2,X] = — [(51)552,)(] . The
Cartan relations show that [(51)%,)(} € pg, and [(fl)egz,X] € . Since pe, N, = {0},

we see that [(5’1)%,X} =0.
Similarly, if X € & N pe,, then again [(ﬁl)pgg,X] =— [(51)352,X:| and, by the Cartan
relations, [(gl)%,X] lies in €, and [(ﬁl)%,X} in pg,. Thus [(Sl)pQ,X} = 0. O

Lemma 3.7. (5’1)p§2 1S a non-zero extrinsically symmetric element of g.

Proof. Since the complexification of p; is the direct sum of the (+i)-eigenspaces of ad(&;),
we firstly notice that

ad(gl)hh = Ad ( (
ad(€2)|13§2 = Ad

\/
— ——
k=2
[y

" and, similarly,

’pﬁz - ’pﬁz ’

Secondly, we see that [&;,&] = [({1)%2,52} + [(fl)g§2,§2i| = [(51),%2,52} lies in pg,. Since
(§1)pe, = —[62, [€2, &a]] = [&2, [€1, &2]] we get with & € py :

(E)pe, = Ad(exp (5&)) (Ad (exp (561)) &)
(3.6) — Ad (exi( n6,) exp (5€ )pg

Since the adjoint action preserves eigenvalues, ad (({1)p52> has eigenvalues £¢ and 0.
Hence (51),%2 is a non-zero extrinsically symmetric element of g. O]
Lemma 3.8. & lies in pg,, i.e. & = (&1)pe, -

Proof. Since & is simple, the hermitian symmetric space P; is irreducible and the center
of & is 3 (&) = R&;. (see Section BH). By Lemma B8 the element (& )p,, also lies in

3 (81). Hence (&1)p,, = A& for some real scalar A. Since ad(§;) and ad ((5)%) have the

same eigenvalues, namely 47 and 0 (Lemma B™) we see that A can only be +1. But
A = —1 is impossible. O
Equation B3 shows:
Lemma 3.9. & is lies in Ad(®)&,.
We are now able to show that P; satisfies Assumption B=3:
Lemma 3.10. The element zj; lies in Py and is a pole of (Py, 1)

Proof. We only need to see that zj; lies in P;. Since, by Lemma B, & lies in Ad(&)¢;,
we get exp(27m&y) = exp(2m&;) = z (see Lemma PI). Because & € p; and P is a totally
geodesic submanifold of &, the geodesic t — exp(2t7&;) 1™ of & starting at j; is also a
geodesic in Py. Thus zj; = exp(27&;)j; lies in Py. O

32notice that exp(2tmé;)j1 = exp(tnér)j exp(—tn&;), since j1 exp(—tmé)j; " = exp(tnéy) as & € py.
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3. Inclusion chains of symmetric spaces

By Example =31 the only centriole P, of (Py, j;) is the symmetric space
Py = Inte(8R1)j2 = Ads(81)E

where jo = exp(7&s)j1 € Pi C & and Intg denotes the conjugation in &. We can also
considered P, as the quotient space®™

Py = 8,/ Ry,

where By := R, and Ry := {k € R; Adg(k)é& = &%, The corresponding Cartan
decomposition of the Lie algebra g, = € is

g2 =& Dpo

with € = £ N &, and py = £ N pg,. Since the center™ of R is isomorphic to the circle
group S' [He=Z8, p. 382], the group &, is not semisimple and the Lie algebra & splits
orthogonally (w.r.t. the Killing form of g)* into two Lie subalgebras:

(37) do = El = C(El) D %1

where & = g2 = [b1,8] = [g2, 92], the ideal in ¢, spanned by [¢1, €], is a semisimple
compact Lie algebra [He=78, p. 132]. Recall that c(€¢;) = R&; is a subspace of po = T}, P,
(Lemma BX). Thus ps splits orthogonally (w.r.t. the Killing form of g) as

(3.8) p2 =R @ po
where py = po N B, is a Lie subtriple of py. Thus we get an orthogonal decomposition
g2 = (2@ p2) © c(t1)

where £ @ py = gs.

Therefore the compact symmetric space P, is locally isomorphic to a product of
Expjjz1 (RE) = exp(RE)jp = S and P, = Exp;zl (p2) = exp(pz2)j2 and hence not of
compact type®. This has already been proved in [Nag-93, Prop. 2.23(iv)]. The Cartan
decomposition corresponding to the symmetric space P, which is of compact type is

%1:§12:?2€Bﬁ2~

33Recall that & acts almost effectively as the transvection group on the irreducible symmetric space
Py, i.e. only a finite subset of elements of & act trivially on P;. Since Adg(R1)&2 is a non-trivial
isotropy orbit of P, it is full in p;. The elements of &1 act as the identity component of the isotropy
group of j; on p;. Since the P; is strongly isotropy irreducible, the action of £, on p; is irreducible.
Hence, by the fullness of Adg (8#1)&2, any element of £; that acts as the identity on Adg(8£:)&2 also
acts as the identity on p;. But then it also acts as the identity on P;. Hence K = &, acts almost
effectively on Ps.

34Notice that £ is connected, because & is connected and P; = & /£ is simply connected.

35Recall that the Lie algebra of the center of & is ¢(f;) = R&;.

36The bi-invariance of the Killing form on g yields x(¢1, [X,Y]) = —k([X,&],Y) =0 for X,Y € ¢;.

37Exp£ ! denotes the Riemannian exponential map of P; at the point js.
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3.2. The case of minimal centrioles

Notice that P, is totally geodesic in P, and therefore totally geodesic in &, too. Thus
the subgroup £ of & generated by those elements of & that act on P, as transvections
along geodesics in P acts (almost effectively) on P, as its transvection group®™. Its Lie
algebra [ is therefore the same as the Lie algebra of the transvection group of P, i.e.
[ = [p2,p2] @ p2. By £ we denote the subgroup of & generated by those elements of
& that act on Py as transvections along geodesics in P,. This group £ is of course a
subgroup of £ and acts on P, almost effectively as its transvection group. Hence its Lie
algebra [ coincides with the one of the transvection group of P, namely [= [p2, Pa2] & Po.
Since §, is semisimple, we get €, = [Pa, Po] = [p2, p2] and therefore [ = g, and [ = gs.
This shows that the identity component of £ is the connected subgroup &; = K; of &
and that the connected component of £ is exp(g2)®™. Moreover, the isotopy subgroups
of 75 in £ and in £ have the same Lie algebra, namely £;. Hence the identity component
of these isotropy subgroups is just exp(€y). This also shows that the isotropy action of
the connected component of the stabilizer of j5 in £ fixes &;.
Using [BCO=03, Table A.7] we can continue Table B, page E3:

Table 3.2.: Second step

L % | Py | Py | |
1 Spin,,, SO/, (n = 4m) SO,,/SOy X SO, | (S'x S"3)/AZy | n>5
2 SO4n, SOﬁm, Spin4n SO4n/U2n Ugn/Spn n Z 3
3| Uy /T (T < Z(SUsy), —1d ¢ T) | SUsn/S(U, x U,.) U,

4 Sp,, Sp,,/Un, U,./SO, n>2
5 E; E;/(S'Es) (S'Eg)/Fy

Third step

Let v be the geodesic in P, emanating from j, in direction & (recall that & € ps), i.e

(3.9) 7(t) = exp(2t&1) s

(cf. Footnote B2, page E3). Since exp(27&;) = z we get y(m) = zjo and (P, j2) satisfies
Assumption B3. The geodesic v of Equation B lies entirely in the local S'-factor of P,
and the z-complex structure v(mw/2) = exp(w&;)jz2 = j1j2 of & is not very interesting for
our purposes™

As P, is a totally geodesic submanifold of Py, 7y is also a geodesic in P;. Because & is an
extrinsically symmetric element in g, 7 is also a shortest geodesic in P; between (0) = jo

38Recall from Footnote B3 that & acts almost effectively on P; as the transvection group of P;.

39exp denotes the Lie theoretic exponential map from g to &.

40To be considered as a symmetric space only, rather than a Lie group.

41Indeed, whenever we have fixed two z-complex structures j; and j; in & that z-commute, we auto-
matically have a third one, namely j;j2 (and, of course, joj1), that z-commutes with j; and jo. We
will not pay particular attention at this z-complex structure, because the corresponding centriole in
P; is a singleton. We rather look for z-complex structures in P, that z-commute with j; and js,
but are not algebraically dependent in the above sense.
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3. Inclusion chains of symmetric spaces

and y(m) = zja. Moreover, any other shortest geodesic 4 in P, between 7(0) = j, and
A(m) = zjp lies in the orbit of 7 under the action of the identity component of the
isotropy subgroup of j, of the isometry group of P; (see Example EZ31). Thus:

Observation 3.11. The distances between jo and zjs in Py and Py coincidé?.

We now want to determine all minimal centrioles in the centrosome C.;, (P, j2). By the
preceding discussion a shortest geodesic arc ¢ in Py satisfying ¢(0) = j, and ¢(7) = zjo
must lie in the orbit of v|j ), the geodesic defined in Equation B9, under the action of
the isotropy subgroup of j; in the isometry group of P;. The only geodesic arcs of this
kind that lie entirely in the S'-factor are v(=+t) for t € [0, 7]. The centrioles of (P, j2)
containing -y (i%) are actually singletons (see Footnote EIl). We therefore restrict our
attention hereafter to those shortest geodesic arcs in P, that do not lie in the circle
factor of P,.

To proceed our iteration, we need to take a closer look at the relations between the

root systems R(P;), R(P,) and R(P,).

Observation 3.12. Since & lies in py and centralizes €y, it is contained in any mazximal
abelian subspace a of ps. Thus a splits orthogonally according to Equation E3:

(310) a—= Rfl S5 d,

where & = a N Py is a mazimal abelian subspace of po. Conversely, any mazimal abelian
subspace of po has this form.

Lemma 3.13. rank(P;) = rank(FP,).

Proof. Take a maximal abelian subset a of p, and enlarge it to a maximal abelian
subspace @’ D a of pg,. Recall that pe, can be identified with the tangent space of
Ad(®)¢ = Py at the point & (see Lemma B). We have to show that @ = a. Let X be
any element of a’. Since pg, splits as pe, = P2 @ (p1 N Pe,) , the element X can be written
as X = X'+ X" with X' € py C £ and X" € p;Npg,. For any A € a the Cartan relations
yield [A, X'] € &, = & N, and [A, X"] € pyNE,. Thus 0 = [A, X] = [A, X'] + [4, X"]

implies [A, X'] = [4, X”] = 0. Since a is maximal abelian in p, we conclude X’ € a.
If we take in particular A = &, we get [£1, X”] = 0 and therefore X” € €. Hence
X" ety Nnp; ={0}. Thus X = X’ lies in a. O

We choose a fundamental root system X(P) = {aq,...,a,} in R(Py), w.r.t. a fixed
maximal abelian subspace a of py. After a suitable renumeration of the fundamental
roots we can assume that § = a;.

Lemma 3.14. If the rank r of Py is not one, then a contains an extrinsically symmetric
element &3 that is not collinear to &;.

42Guch an observation can be found in [NS=I0, Remark 3.2b] for centrioles of arbitrary irreducible
pointed symmetric spaces, where a case-by-case verification is suggested.
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3.2. The case of minimal centrioles

Proof. Observe that &; is not collinear to the root vector H, of «,. Indeed, assume
the converse, namely \¢; = H,.. Since P, is irreducible, the Dynkin diagram of P is
connected. As r > 2, there is a root in X(P;) which is joined to «, in the Dynkin
diagram (we may assume that this root is a,_;). Hence the angle between these two
roots is nonzero, i.e. (H,, H,_1) # 0, where H,_; is the root vector of a,_;. This leads
to a contradiction, because 0 # (H,, H,—1) = A&, Hy—1) = Aa,—1(&1) = A1 (o) = 0.

Let now S, be the reflection of a along the kernel of a,.. Since the orthogonal comple-
ment of this kernel is spanned by H, we see that {3 = S,.(&;) is not collinear to &. On
the other hand this reflection is an element of the Weyl group of P; and can hence be
realized as the restriction of Adg(k) to a for a suitable element k € K; (see e.g. [He=Z3)).
Thus & = Adg (k)& is extrinsically symmetric and not collinear to &;. O

For the rest of this section we assume that P; is not a rank-one symmetric space.

Lemma 3.15. For any root a € R(Py) the following three statements are equivalent:
(1) ga Nt # {0};
(i) (&) = 0;
(ii1) ga C 95.
Proof. By the superscript ‘c’ we denote complexifications. Assume that X is a non-zero
element of g, N €. Since & € a centralizes ¢, and therefore £, too, we get 0 = [&, X]| =
ia(&1)X. Thus a(&) = 0. This shows that (i) implies (ii). If «(&) vanishes, then &
centralizes g,. Thus g, C €, because, by definition, ¢ = {X € g; [, X] = 0}. Since
¢ € a and therefore ¢(8)¢ = C& C go, and because the root space decomposition of g°

is orthogonal w.r.t. a scalar product defined in Footnote B2 on page B2, we see that g,
is actually contained in g§ = €. Hence (ii) implies (iii), and (iii) implies (i) trivially. O

Corollary 3.16. Let o« € R(Py). Then a(&) # 0 if and only if g, C pS.

Proof. Since & is extrinsically symmetric we have «(§;) € {£1,0}. If a(&) # 0, then
a(&1)? = 1. Hence for all X € g, we have [&, [&, X]] = —X. Thus g, € p$. Conversely,
if go C p§, then g, N € = {0}. Lemma BT implies «(&;) # 0. O

Observation 3.17. Since (&) =0 for j € {1,...,r —1}, the corresponding root spaces
0o, are contained in €.

Lemma 3.18. The root system R(Py) of Py corresponding to a is
R(PQ) = {Oé € R(Pl), Oé(gl) = 0}

Proof. Recall that the Lie algebra of infinitesimal transvections of P, is [ = gy = €. Let

°=00D D. ga be the root space decomposition of g¢. The complexification of the
a€ER(P1)

involution o; corresponding to (Py,j;) leaves go = {X € g¢; [a, X] = {0}} invariant™.

“3Indeed, let X € g, then for all A € a we have [4,0(X)] = [-0(A),0(X)] = —c[A, X] = 0.
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3. Inclusion chains of symmetric spaces

Thus go splits as go = £y @ po. where py = p{ N gy = a® and € = £{ N go. Using Lemma
B3 and Corollary B13 we get

g =t = &S > go  and
3.11 a€R(P1), a(&1)=0
(3:11) pi = po @ > -

aeR(Pl)a 0[({‘1)7&0
Lemma BTH implies that any root a € R(P;) with a(&;) = 0 is also an element of R(F).

On the other hand the first line of Equation B0 shows that there is no room for further
roots in R(P,). O

Since a = R&; @ a where a is a maximal abelian subset of p,, there is a one-to-one
correspondence between the root system R(FP) of P, w.r.t. a and the root system R(F2)
of P, w.r.t. a, namely

o

(3.12) R(P) — R(P), ar— a:=al,™

Observation 3.19. If a € R(P,) with a(&1) = 0, then its root space lies in g5 (Lemma
BT3) and this space is also the root space of & = alz. Hence the multiplicities of a and
of & coincide, i.e. My = Myg.

Lemma 3.20. The kernel of ., is not contained in a.

Proof. In the proof of Lemma BT we have shown that H, ¢ R&;. Since the kernel of a,
is the orthogonal complement of H, in a, we see that the kernel of «,. is not contained
in the orthogonal complement of & in a. The latter space is nothing else than a. O

Observation 3.21. Since & = a}, we see that RE; C (Vi1 ker(a;).

T 1=
Lemma 3.22. X(P,) := {é, ..., &y_1} is a fundamental root system of R(P).

Proof. We denote by R*(P;) the system of positive roots in R(P;) corresponding to
%(Pr). A positive root a € RT(Pp) can be written as v = » 7| ¢ja; with non-negative
integer coefficients c¢;. It satisfies «(§;) = 0 if and only if ¢, = 0. This shows that
RY(Py) = {d = als; a € RT(P), a(&) = 0} is a positive root system in R(P,) which
is spanned by X(P;). To show that 3(P,) is a fundamental root system, we have to verify
that all elements &; of X(Py) C RT(P,) are indecomposable within R*(P). Let a and
A be two elements of R (P;) satisfying a(&;) = (&) = 0, and assume that a; = & + f.
Since (&) = a(&1) = S(&1) = 0 we see that a; = a+ (. Thus «; is not indecomposable
within RT(Py), a contradiction. O

We denote by {a7, ...,a*_,} the basis of @ that is dual to $(P,).

Lemma 3.23. &7, j # r, is the orthogonal projection of o onto a.

4 Notice that (£1) = 0 implies that o does not vanish on a since o does not vanish on a.
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3.2. The case of minimal centrioles

Proof. Let ms denote the orthogonal projection of a onto a, then o} = Wa(a;) + N&
for some real number \;. For k # r we get 0 = ar(}) = aw(ma(])) + ar(N;&1) =
ax(ma(j)) + Ajar(ay) = ar(ma(aj)). This shows the claim. O

Since 0 = (&) = (H;, &) for j # r, the root vectors Hy, ..., H,_y of ay,...,a,_1 are
contained in a. For any element A € & we have &;(A) = o;(A) = (H;, A), if j # 7, so
that H; is also the root vector of &;. i.e. H; = ]:Ij. Therefore a; and &; have the same
length and the angle between «; and o equals the angle between &; and &y if j and
k are both not r. This shows that the Dynkin diagram of the root system R(P,) can
be obtained from the Dynkin diagram of the root system R(P;) which is of type ¢, by
removing the vertex representing the unique fundamental root with coefficient 1 in the
highest root. Having a look at the Dynkin diagram of type ¢, (see Table B, p. G3) we
realize:

Lemma 3.24 (cf. also Prop. 2.23(iv) in Na-92). The root system R(P) is of type a,_;.
In particular all fundamental roots &y, ...,a._1 have coefficient 1 in the corresponding
highest root.

Observation 3.25. If X € a is extrinsically symmetric in g and X # +&;, then m3(X)
is a nonzero extrinsically symmetric element of g%,

Proof. Since X € a C ¢ and g, = [¢1, 8] is a Lie algebra, ad(X) leaves g, invariant.
The only possible eigenvalues of ad(X) on gy are i and 0, because X is extrinsically
symmetric in g, and g contains g, as a subalgebra. There is a real number ¢ such that
X = ma(X) + ¢&. Since & centralizes go C € we get ad(X)|;, = ad(ma(X))ls,. Hence
the only possible eigenvalues of ad(7s(X))|3, are ¢ and 0.

Assume that ad(m(X))lg, is the zero map. Since g, is semi-simple, its center is trivial.
Therefore m3(X) = 0 and X € R&;. But the only extrinsically symmetric elements in
R&; are ££;. Hence ad(ma(X))|s, is not the zero map, and m4(X) is nonzero. O

We next want to show the converse, namely, if X € a is extrinsically symmetric in go,
then there exists a unique real number p such that X + u&; is extrinsically symmetric
in g. After conjugation with an suitable element of exp(&;), the identity component of
the stabilizer of j, in £, we can assume that X lies in closure of the positive Weyl in a
chamber defined by the fundamental root system %(P,) of R(P;)™. Lemmata and
24 show that X = &} for some j € {2,...,7}.

Proposition 3.26. Let j € {1,....,7 — 1}. Then there is exactly one real number pu
(depending on j) such that x; = a; + péy s extrinsically symmetric in g, namely
p=—1—a.(a;).

Proof. We have to show that there is exactly one choice for p such that a(y;) € {£1,0}

for any root o € R(P,). Since &} is extrinsically symmetric in g, (Lemma BZ4), this is
true for any real value of u if a(&;) = 0 (see Lemma B8 and Equation BT2). Let a be

43i.e. the eigenvalues of ad(mg(X)) on go are 4-i and 0

46Recall that the conjugation with an element of & fixes &;.
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3. Inclusion chains of symmetric spaces

a root in R(P;) with a(&;) # 0. We can assume that « is positive w.r.t. 3(P;) and write
o= 2221 crap with ¢ > 0 and ¢, > 0. Since the coefficient of «,. in the highest root is
1, we have ¢, = 1. We now set j1 := —s — a,.(&}). With ax(a}) = ax(a;) = 6y for k # r
(see Lemma B23) we get

alx;) = «o (d;) - (s + ozr(d;)) a(&y)

- Z crou, (65) = (s + ar(65)) Z crak(&1)
= ¢+ oo () = (s +an(d))) e
= oo () - (s+ @)

Since j # r and R(P) is of type ¢, with > 2 we see that the coefficient of a; in the
highest root is 2, so that ¢; € {0, 1,2} (see the Dynkin diagram of type ¢, in Table BT).

Take o« = a,, then ¢; = 0 and we get a(x;) = —s € {£1,0}. If we take o = §, the
highest root, then ¢; = 2 and a(x;) = 2—s € {£1,0}, so that s € {1,2,3}. Hence s = 1,
or f = —1 — a,(&j), as desired. If finally ¢; = 1, then a(y;) =1-1=0. O

Corollary 3.27. If X and Y are two distinct elements of a\ {££} that are both extrin-
sically symmetric in g, then m3(X) and wa(Y') are two distinct elements which are both
extrinsically symmetric in gh.

A shortest geodesic arc y(t) = exp(2tX)j2 in P, joining v(0) = ja to y(m) = zj is also
length minimizing in P; by Observation BT1. Hence X € p, is extrinsically symmetric
in g (Corollary E13). If we assume that v does not lie in the local S'-factor of P,
then X € py \ {+&}. After a suitable conjugation with an element of exp(£;)™, we can
assume that X lies in a. Then X = 73(X) + r&;.

Since exp(&y) is also the identity component of the isotropy group of js in fﬁ, we can
suppose that m;(X) lies in the closure of the Weyl chamber in & defined by %(P,). The
element of a thus obtained is of course still extrinsically symmetric in g and 73(X) is
extrinsically symmetric in go by Observation BZ3. Hence there is some j € {1,...,r — 1}
such that m3(X) = &; (Lemma 24) and X = &} — (1 + «,(4}))§1 by Proposition B0,
The exp(ty)-orbit of X = &; — (1 + a,(4}))& is equivariantly diffeomorphic to the
exp(€z)-orbit of &3, just by forgetting the last summand —(1 + a,.(&}))&:.

Conversely, let Y € py be an extrinsically symmetric element in g,. We can again
assume that this element lies in the closure of the Weyl chamber of & defined by $(P),
so that Y = &7. By Proposition the element X = &} — (14, (&}))& is extrinsically
symmetric in g. Since P; is simply connected t — exp(2tX)js,t € [0, 7], is a shortest
geodesic arc in P; joining js to zj,. But this geodesic arc lies entirely in P, and is also
length minimizing in P,. Hence exp(7X)js is an element of a minimal centriole in the
centrosome C,;, (P, j2). Summing up:

4TRecall that exp(&;) is the identity component of the isotropy group of jp in £ and that it fixes &;.
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Proposition 3.28. The set of all minimal centrioles in the centrosome C'j,(Ps, j2) that
are not the singletons {j172} and {jaj1} is in one-to-one correspondence with the set of
all non-zero s-orbits in Py formed by elements that are extrinsically symmetric in go.

Looking again at [BCO=03, Table A.7] we can continue Table B2 by listing for P; all

possible types of extrinsically symmetric s-orbits in ps :

Table 3.3.: Third step

3.2. The case of minimal centrioles

L 8] Py P, P,
1 SO,./SOs X SO,,_» | (S x S"73)/AZ, Sn—4 n>>5
2 SOu5/ Uz Uzn/Sp, Sp,./Sp, X Sp,,_, | n >3
3 SUs,/S(U, x U,) U, SU,./S(U, x U,_)
4 Sp,,/Un U,/SO, SO, /S(0, x Op—p) | n > 2
5 E7/(SIE6) (SIE(,)/F4 @P2 = F4/Spin9
Concluding remarks
1. The inclusion chains
& D P D I O P
Sps O  Spy/Us D U3/SO3 D RBP
(3.13) SUs D G3(C% > Us > Ch
8012 D) 8012/U6 D U6/Sp3 D) HP2
E; D) E7/(SlE6) D) (SlEG)/F4 O 0/

show that the bound of three steps in Theorem B3 is optimal. Indeed, the projec-
tive planes P; are all adjoint spaces and therefore do not contain any pole. But
P always contains two isomorphic copies of P3 as centrioles.

. If P5 is not already a circle, we can continue the inclusion chain in the first line
of Table B3 by the usual inclusions of standard (d — 1)-spheres as equators in
standard d-spheres.

. Though less known, the inclusion chain E; D E;/(S'Eg) D (S'Eg)/Fy D OP, is
not entirely new. It has already been observed in [NS=T1, p. 346].

. Some of the inclusion chains in Table BEET2 also arise as subchains of the inclusion
chains in [NT=93, Table I, p. 201].

. Assume that the rank of P is odd, or, equivalently, that the rank r of P; is even.
Then one can continue the construction as follows: For Pz choose the centriole
that corresponds to the dual of some fundamental root that is in the middle of
the Dynkin diagram of ﬁg which has type a,_;. We will explain this for lines two,
three and four of Table B33:
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Inclusion chains of symmetric spaces

e In the second line we get P; = Sp,/ Sp% X Sp% and in a subsequent step we
would get Py = Sp% as a symmetric space. We could then proceed as in line
four.

e In the fourth line we obtain P3 = SO, /S(Oz x Or) and P, would be SO:.
If r is a multiple of eight, we could continue as in line two (see also [NS=41,
pp. 342ff.]). In this way we recover Milnor’s inclusion chain from Equation
B and we can guess the period eight of Bott’s periodicity for the orthogonal
and symplectic groups (see [Mi=6d|[§24]).

e In the third line of Table B33 we get P; = SU,,/S(U% X U%). One can continue
the iteration scheme as in the second step (see also [NS=II, pp. 342ff.]). This

observation in used to show the 2-periodicity of the stable homotopy groups
of the (special) unitary group (see [Boshd| and [MIEGY, § 23)).

6. Looking at [BCO=03, p. 311] we notice that the only compact simple Lie groups
that can arise as minimal centrioles in irreducible symmetric spaces are Sp,, and
SO,,. Hence lines two and four of Table B33 can be continued to the left hand side.
But U,, also appears as a minimal centriole in SU,, /S(U,, x U,). So one can also
continue the third line of Table B3 to the left hand side by including SU,, into
Ugy,.



4. Complex structures in
representations

In [Mil=69, Lemma 24.6] Milnor described his inclusion chain (see Equation Bl) also in
geometric and linear algebraic terms using the usual action of SOy, on R". This is
actually the linear isotropy representation of RP1". Following his example, we assume
that the Lie group & we start our construction with (Section B) is also suitably repre-
sented. Using this representation we describe the sets of complex structures that occur
in our construction in geometric terms. It turns out that particularly interesting groups
to consider as starting points are either complex linear isotropy groups of irreducible
hermitian symmetric spaces of compact type or quaternionic linear isotropy groups of
quaternionic symmetric spaces of compact type®™. By nature, these groups are not al-
ways connected. We hence slightly enlarge our view point, and replace the centrioles P
by certain non-connected subsets that will be denoted by €2, as in [Mil=64, §24]. Thus
we get inclusion chains

GO0 D0 D ...

The sets €, will be described in terms of certain Lie subtriples of 7,5 and sometimes
also in terms of special submanifolds. Our method is particularly inspired by [Mil=Gd,
Lemma 24.6(5-8)]. As a byproduct we get uncommon realizations of some symmetric
spaces. This will be illustrated in the case of projective planes.

4.1. Complex linear isotropy groups of hermitian
symmetric spaces

Let (S,0) be a pointed irreducible hermitian symmetric space of compact type and
g = t @ s its Cartan decomposition where s = T,S. The isotropy group of o in J(P)
contains the subgroup $) formed by all elements h of the full isotropy group of (.S, 0)
that are C-linear in the sense that they commute with the Kahler structure J of S on
s =T,S, ie hJ = Jh.

Remark 4.1. Any isometry of an irreducible hermitian symmetric space is either holo-
morphic or anti-holomorphic™. The full isotropy group of a pointed irreducible her-
mitian symmetric space S always contains involutions 7 that are anti-holomorphic, i.e.

48In the context of this work we concentrate on irreducible hermitian or quaternionic symmetric spaces
of compact type. But our results pass straight over to irreducible hermitian or quaternionic sym-
metric spaces of non-compact type.

49Gee [BzTm| for a general statement. The reason can be shortly explained: Any isometry of S would
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4. Complex structures in representations

that anti-commute with J. The connected components of the fixed space of such 7 in
S are totally real totally geodesic submanifolds. Particulary interesting are the totally
real totally geodesic submanifolds of half dimension, called real forms of S. Real forms
of irreducible hermitian symmetric spaces have independently been classified by Leung
[Ce=79H] and Takeuchi [Tak=R4] and they are deeply related with symmetric R-spaces.
The classification of real forms in particular shows that any isotropy group of a hermitian
symmetric space of compact type must contain anti-holomorphic elements. Therefore
the number of connected components of the isotropy group of S is even. Since $ con-
tains the identity component of the full isotropy group of (S,0) (see [He=Z8, p. 382]),
we conclude that $ is connected if and only if the number of connected components
of the full isotropy group of (S,0) is two. Since S is simply connected, the number of
connected components of the isometry group of S and of the isotropy group of (S, 0) co-
incide. This number has been determined in [Co=69=T1, Chap. VII, §4] for any irreducible
symmetric space of compact type and the results are presented in [Co=G9=I1, Table 10,
p. 156]. Using Loos’ table and the description of the connected components of isotropy
groups of simply connected symmetric spaces in [MZ=93, p. 324] we get the following
list of irreducible hermitian symmetric spaces of compact type with connected $) :

Table 4.1.: Irreducible hermitian symmetric spaces with connected £

| 5 | 9 | |
G:D(Cp+q) S(Up x Ug)/ Ay rq p#4q
GQ(R2n+l) SOQ X SOQn_l
Spn/Un Un/ZQ
SOun/Usn Usn/Zo n>3
E6/(Spin10 X Sl) (Spinlo X Sl)/AZ4
E;/(Eg x S1) (Ee x S1)/AZ;

Remark 4.2. Since irreducible symmetric spaces of compact type are strongly isotropy
irreducible®™, the representation of § on s is irreducible. As hermitian symmetric spaces
are inner®, § contains —Id.

We call a normal Lie subtriple m of s a normal complex Lie subtriple if its is invariant
under J. Consequently, the orthogonal complement m* of a normal complex Lie subtriple

map the Kéhler structure J on another Kahler structure on S. But, since irreducible hermitian
symmetric spaces are never hyper-kdhlerian (cf. [Besfd, Thm. 14.19, p. 399] and the classification
of hermitian symmetric spaces) the only K&hler structures on S are +J. Hence an isometry either
preserves J or maps J to —J. Recall also that the restricted holonomy group of a simply con-
nected pointed symmetric space coincides with the identity component of its isotropy group (see e.g.
[BCO=03, p. 47)).

Oi.e. the linear isotropy representations of the identity component of the full isotropy group is still
irreducible

i.e. the geodesic symmetry s, of S at o is contained in the identity component of the isotropy group
of (S,0)

5

5
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4.1. Complex linear isotropy groups of hermitian symmetric spaces

of s is again a normal complex Lie subtriple of s. Of course, s and {0} are trivial examples
of normal complex Lie subtriples of s. In view of Lemma [A8 and Section A1, a normal

complex Lie subtriple m of p corresponds to a totally complex reflective submanifold
M := Exp3(m) of S.

First step

Theorem 4.3. The set €2y of all complex structures in $ 1s in one-to-one correspondence
with

e the Grassmannian of all normal complex Lie subtriples of s;

e the Grassmannian of all complex reflective submanifolds of S containing o.

Proof. Let j be a complex structure in ), then p := jJ squares to the identity. Hence
s splits orthogonally as s = m @ m* into the fix space m and the (—1)-eigenspace m*
of p. Since the linear isometry p is the differential of an isometry of S, it preserves the
Lie triple structure. Therefore m and m* are both Lie subtriples of s. Since J and p
commute®™, m and m* are both J-invariant.

Conversely, given a normal complex Lie subtriple m of s we denote by m- its orthogonal
complement in 5. Then s = m @ mt satisfies the relations of Equation BT (see page
ED). Let p be the linear isometry of s that is Id on m and —Id on m™*, i.e. p is the
orthogonal reflection of s in m. Since m and m* are Lie triples satisfying the relations of
Equation BT, we see that p preserves the Lie triple structure, i.e. [p(X), [p(Y), p(Z)]] =
p([X, Y, Z]]) and therefore the curvature tensor R on s. Since S is a simply connected
symmetric space, p is the differential of an isometry of S that fixes o. (see Section [A).
Moreover, since m and m* are both J-invariant, we have pJ = Jp. Hence p € § and, by
construction, p? squares to the identity. Therefore j := —p.J is a complex structure in
9. Indeed, j2 = pJpJ = p?J? = —Id. [

Second step

We now fix a complex structure j; € $ and denote by p; := ji1J the corresponding
C-linear involutive orthogonal Lie triple automorphism of s and by s = m @ m™* the
corresponding eigenspace decomposition, where m is the fix space of p;. Assume that
there exists another element j € ); that anti-commutes with j;, i.e. j17 = —7jj; on s.
Then j anti-commutes with p; and therefore maps m onto m* and vice-versa.

Observation 4.4. If a complex structure j; € €2y admits another complex structure
j € Qy that anti-commutes with it, then the two eigenspaces m and m* of p; have the
same dimension.

Conversely, let j be a complex structure in €; that interchanges m and m=, then it
anti-commutes with p; and therefore with j;, too. Thus

Q= {j € s j* = —1d, jjr = —jrj}
2because pJ = jJJ = —j and Jp = JjJ = JJj = —j.
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4. Complex structures in representations

is isomorphic to the set of all complex structures in §) that map m to m*. Since j = —j !,

J is entirely determined by its action on m.
If we fix a complex structure j, € (s, we can include €y in the group $H(m) of all
C-linear orthogonal Lie triple automorphisms of the complex Lie triple m as follows:

(4.1) Nt Q= H(M),  j > jjolm.

Example 4.5 (Complex projective spaces). Let S = CP?" with base point 0 = Ceg, 41 C
C?**1 and let s be the corresponding Lie triple. The Lie triple structure of CP?" (with
the Fubini Study metric of constant holomorphic sectional curvature 4) can be written
in terms of the Riemannian metric and the complex structure J

(4.2)  [[X.Y],Z] = (X, 2)Y = (Y, 2)X — (JY, Z)JX + (JX,Z)JY +2(JX,Y)JZ

(see e.g. [OK=78, p. 511]). Any orthogonal transformation of s that commutes with
J preserves automatically the curvature tensor on s and is hence an element of the
isotropy group. If we identify s canonically with C?*, the isotropy action of $ on s
becomes the usual action of Uy, on C?". Theorem shows that ; can be identified
with the Grassmannian of all complex linear subspace of C*" (cf. also [MIEEY, §23]).
This Grassmannian has several connected components depending on the dimension of
the subspaces. Only the Grassmannian of half-dimensional subspaces of C?" is not an
adjoint space and contains precisely one pole. A complex structure j; in €2; therefore
admits another complex structure j that anti-commutes with j; if and only if the complex
subspace m of C?" corresponding to j; is half-dimensional. Take j; such that m is the
usual C" in C?", i.e. m = spang(eq, ..., e,). We now fix an element j, € £, and observe
that the map 7, takes values in U, which is identified with the unitary group of m.
We claim that n;, is surjective. Given an element f € U,, the unique element j in
that satisfies n,(j) = f is the C-linear extension of the map that coincides with j Lt
on m and with fj,' on m* 2 spanc (41, ..., €2,). Thus we get an interpretation of the
inclusion chain Uy, D G,(C?**) D U, (cf. third line of Table B3, p. B3, and [MikGY,

§23]).

4.2. Quaternionic linear isotropy groups of quaternionic
symmetric spaces

This section is inspired by the methods of [Mil=64, Lemma 24.6(5-8)]. Example I3
shows that the results in this section can actually be considered as a generalization of
[Mi=64, Lemma 24.6(5-8)].

Let (S, 0) be a pointed irreducible quaternionic symmetric space of compact type with
Cartan decomposition g = € @ s. Since S is quaternionic, the identity component K of
the full isotropy group of (S,0) can be written as & = (& x Sp;)/AZs. The group
Sp; can be considered as the group of unit quaternions and its linear isotropy action
defines a scalar multiplication by unit quaternions on s, making s a quaternionic vector
space. The Lie group K’ is the identity component of the group ) of all elements in the
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4.2. Quaternionic linear isotropy groups of quaternionic symmetric spaces

full isotropy group of o that commute with the action of all elements of Sp,, i.e. these
elements are H-linear. Since S is simply connected, $) can be considered as the set of
all quaternionic linear isometries of s that preserve the Lie triple structure. Notice that
the action of the identity component of £ on § may not be irreducible as the example of
the Grassmannian of complex two-planes shows. Since quaternionic symmetric spaces
are inner, $ contains —Id.

We now list all quaternionic symmetric spaces and we give $) in those cases where
the full isotropy group and hence the full isometry group is connected (see [Ca=69=1, p.
156]). The description of the identity components £ of the isotropy groups can be found
in [WZ93, p. 324]:

Table 4.2.: Quaternionic symmetric spaces

| S [ R(S) | R [ 9 (if 3,(S) conn.) | |
CP2 bCl P(Ul X UQ)
G2<C4) Co P(U2 X UQ)
GQ((C”JFQ) bCQ P(Un X Ug) n>3
é4(R7) bg SOg X SO4
é4(R8) 04 P(SO4 X SO4)
G4 (R4 by P(SO,, x SOy) n>3
G4(R?"+9) by SOgp11 X SOy n>?2
HP" bey P(Sp,, x Spy) Sp,, n#1
EIl = EG/(SUG X Spl) f4 (SUG/Zg X Spl)/AZ2
EVI=E:/(SOn x Spy) | (SO'y x Spy)AZ, S0,
EFIX = Eg/(E7 X Spl) f4 (E7 X Spl)AZQ E,
FI=F,/(Sp; X Spy) fa (Sps % Spy)/AZy Sps
G = GQ/SO4 do (Spl X Spl)/AZQ Spl = SUQ

First step
We now fix:

e an imaginary unit quaternion .J; € Sp,, i.e. an element J; € Sp,; that satisfies
J? = —Id%.

Further we take a complex structure j € $). Since j commutes with J;, the map p := jJ;
is an involution on s. Hence s splits orthogonally as

s=mdm’

into the fix space m and the (—1)-eigenspace m* of p. Both m and m* are Jj-invariant
subtriples of s. Let now J, be another imaginary unit quaternion in Sp, that anti-

3For our considerations the actual choice of .J; does not really matter, since the 2-sphere of all imaginary
unit quaternions in Sp, is a Sp;-conjugacy orbit. Actually, the conjugation of Sp; on the imaginary
unit quaternions is just the usual action of SO3 on the 2-sphere.
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4. Complex structures in representations

commutes with J;®, i.e. J;.J, = —J5J;. Since j still commutes with J,, p anti-commutes
with J,. Therefore J, maps m onto m* and vice-versa, i.e. J, is an isometric automor-
phism of s identifying m and m*. In particular dim(m) = dim(m*) = Zdim(s). We call
a Ji-totally complex Lie subtriple m of s self-complementary , if J; leaves m invariant
and any imaginary unit quaternion J € Sp, that anti-commutes with J; maps m onto its
orthogonal complement m* in s and vice-versa (see also [[2k=84, p. 167]). The subtriple
mt is again a self-complementary J;-totally complex Lie subtriple of s.

Conversely, let now m be a self-complementary Ji-totally complex Lie subtriple of s.
Then its orthogonal complement m* in s is again a Lie subtriple of 5. Let p be the linear
transformation of s that is the identity on m and —Id on m*. In other words p is the
orthogonal reflection of s in m. In particular p is involutive. Since m and m* are Lie
subtriples of s satisfying the relations in Equation AT, we see that p is a linear isometry
of s that preserves the Lie triple structure, i.e. [p(X),[p(Y), p(2)]] = p([X,[Y, Z]]) and
therefore the curvature tensor on s. Since S is a simply connected symmetric space, p is
the differential of an isometry of S fixing o (see again Section B). Moreover, since m
and m* are Jj-invariant, p commutes with .J;. Let now j := pJ; ', then j is a complex
structure in the isotropy group of (S, 0) that commutes with J;. But j also commutes
with any other imaginary unit quaternion .J; in Sp, that anti-commutes with J;%3. This
shows that j commutes with any element of Sp,, i.e. j € $. Together with Lemma B2
we get:

Theorem 4.6. With the above choice of Jy the space Q1 of all complex structures in $
can be identified with

e the Grassmannian of all self-complementary J,-totally complex Lie subtriples of s;
o the Grassmannian of all self-complementary totally complex reflective submanifolds

of S that contain o and whose tangent space at o is Jy-invariant.®®

Second step

We now further choose

e an imaginary unit quaternion J, € Sp; that anti-commutes with J; and we set
Js = J1 Jo%;

54 Any such .J, is orthogonal to J; if we consider Sp; as the set of unit quaternions.

%Indeed, if X € m, then J1(X) € m and J(X) as well as J;Jo(X) are in m*. Hence jJo(X) =
7pJ1J2(X) = J1J2(X) and JQ](X) = 7J2pJ1(X) = 7J2J1(X) = Jljg(X) = jJQ(X) Similarly, if
X €mt then J1(X) € mt and J2(X) as well as J;Jo(X) are in m. Hence jJo(X) = —pJiJ2(X) =
_JlJQ(X) and JQ](X) = —Jngl(X) = JQJl(X) = —J1J2(X) = jJQ(X)

56These submanifolds are complex forms of 5.

5TThe three anti-commuting imaginary unit quaternions .J;, Jo and .J3 form an orthonormal basis of the
set of imaginary quaternions. In particular any other imaginary unit quaternion in Sp; is a linear
combination them. Since conjugation by Sp; on the set of imaginary unit quaternions coincides with
the usual action of SO3 on S2, any two pairs of orthogonal imaginary unit quaternions are conjugate
within Sp;.
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4.2. Quaternionic linear isotropy groups of quaternionic symmetric spaces

e an element j; € Q.

The previously chosen j; yielded an involution p; := j;J;. As seen before, the fix space
m of p; as well as its (—1)-eigenspace m* are self-complementary J;-totally complex Lie
subtriples of s. Assume that €2y contains a complex structure j, that anti-commutes with
41. Then the involution py := j,.Jo commutes with p;. Hence m and m* split orthogonally
into Lie subtriples as

m=t®t and mt =t Pt

so that
(4.3) s=t@tortoth

The fix space t @ v+ and the (—1)-eigenspace t @ t+ of p, are self-complementary J,-
totally complex Lie subtriples of s. Since J; preserves the two subspaces t@t and t+ @ t+
and interchanges v @ v+ and t @ t+ we get

Ji(t) =t and Ji(vF) =t~

As J, preserves the two subspaces t @ t+ and t @ t* and interchanges vt @ t and t* @ t+
we see that
JQ(t) = 'CL and Jg(t) = fL.

With J; = J;Jy we conclude
Js(t) =t= and Jy(t) = ¢t

Thus the decomposition of s into common eigenspaces of p; and ps is
s=1® Ji(v) ® Jo(r) & J5(v).

The corresponding eigenvalues are summarized in the following table

I EIEACIEACIEACE
pr|+1] + - —
p2ll+] — + —

(‘£ denotes the eigenvalue +1). Since p; and ps preserve the Lie triple product of s,
one can check that

(4.4) [ oy (1), Jaa (V)] Jaa(1)] C oy (¥)

holds with {a1, ag, as,ay} = {0,1,2,3} and Jp := 1d.

A Lie subtriple p of s is called totally real if any imaginary unit quaternion in Sp,
maps p to its orthogonal complement. We call a totally real subtriple p of s full, if it is
maximal in the sense that s is the orthogonal direct sum s = p & J1(p) © Jo(p) © J3(p).
A full totally real subtriple p that satisfies Equation B4 is called (Jy, J3)-strongly totally
real.
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4. Complex structures in representations

Observation 4.7. v, v+, t and t* are isomorphic (J1, Jo)-strongly totally real subtriples

of s.

Lemma 4.8. Let p be a (Jy, Ja)-strongly totally real subtriple of s and o € {1,2,3}.
Then p @ Jo(p) is a Jy-totally complex self-complementary Lie subtriple of s.

Proof. To prove that p @ J,(p) is a Lie subtriple of s we have to show that it is invariant
under the Lie triple product. Since p and J,(p) are Lie subtriples of s, we only need to
care about the following mixed terms

(4.5) (X, Y], J(2)],  [[X, Ju(Y)], Z]
and
(4.6) [Jo(X), Ja(Y)], Z],  [[Ja(X),Y], Ju(Z)]

where XY, Z € p. Notice that (E3) follows from (E33), because J, preserves the Lie triple
product. Hence we only need to deal with Equation B5. From a well-known property of
the curvature tensor of a quaternionic Kéhler manifold (see [AIek=68|, [Tak=8d, pp. 167
f.], [Be=X3, pp. 403 f.|, [ADM=01, p. 526]) we deduce that the Lie triple product in s has
the following symmetry:

scal

(47) (14, Bl 1 (C)) = J([14, BLOD + =y

((Jt(A)a B>JS(C) - <JS(A)7 B>Jt(c))7
for all A, B, C € s, where scal denotes the scalar curvature of S, 4n is the real dimension
of S, and (r,s,t) is a cyclic permutation of (1,2,3). Since p is a totally real Lie triple,
we get with oy == «
[[X7 Y], ‘]Oél(Z)] = Jal([[X7 Y]? ZD

scal
_— J(X),Y Z) — X), Yo, (Z
iy (oK) V) (2) = (Je(X).Y) e (2)
= Ja([X, Y], Z]) C Jay (p),

where (a1, s, a3) is a cyclic permutation of (1,2, 3). This shows the first relation desired
in Equation B3. To verify the second relation of Equation B3 we use that ad(X) is skew-
symmetric and that p satisfies Equation E4. For any element V' € p we get

(X, Jaa V)], 2], Jau (V) = (X, ﬂJaz(V),z]ﬁJal(Y)D

CJag(p)

= 0

and, similarly, ([[X, Jo,(Y)],Z], Jas(V)) = 0. Since s is the orthogonal direct sum
§ =P D Jo, (p) D Jao(p) D Jas(p), we conclude that [X, Jo, (Y)], Z] C p & Ja, (p).

As J,, is a Lie triple automorphism of s, the orthogonal complement J,(p) @ Ja,(P)
of p&® J,, (p) coincides with J,,(p @ Ju, (p)). Hence p & J,, (p) is self-complementary. [
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4.2. Quaternionic linear isotropy groups of quaternionic symmetric spaces

Theorem 4.9. With the above choices the space €2y of all elements in €2y that anti-
commute with j; can be identified with the Grassmannian of all (Jy, J2)-strongly totally
real Lie subtriples of s that are contained in m.

Proof. Let j be an element of €25. As seen above, the common fix space t of the involutions
p1 = jiJh and py = jJy is a (Jy, Jo)-strongly totally real Lie subtriple of s that is
contained in m.

Conversely, let v be a (Ji, Jy)-strongly totally real Lie subtriple of s that lies in m.
Then s = v @ Ji(v) @ Jo(r) @ J3(t). Since m is a Ji-totally complex Lie subtriple of s
we get m = v @ Ji(v) and mt = Jyo(v) @ J3(r). By Lemma ER v & Jo(r) is a Jo-totally
complex self-complementary Lie subtriple of s. Let ps be the orthogonal involution of s
whose fix space is t @ Jy(t) and whose (—1)-eigenspace is Ji (vt @ Jo(t)) = Ji(v) @ J3(¢).
As in the proof of Theorem B3 we conclude that ps is a Lie triple automorphism of s
that commutes with J, and that j, := —poJs = p2J2_1 is an element of €2;. Since m
is Ji-invariant and .J, maps m onto m* and vice-versa, we see that m = v @ J; (v) and
mt = Jy(r) @ J5(r). Since py leaves m and mt invariant, it commutes with p, := jiJ;.
From ji1joJs = jiJijeds = pip2 = pep1 = JaJojiJi = —jaj1J3 we see that j; anti-
commutes with js. O

Remark 4.10. Using the construction in the proof of Theorem B one can show that
the converse implication of Lemma B8 is also true.

Third step
We further fix

e an element j, € ()

and consider the space {23 consisting of all elements in €25 that anti-commute with j5. Let
t be the totally real Lie subtriple corresponding to the choice of 75, i.e. v is the intersection
of the fix spaces of the orthogonal involutive Lie triple automorphisms p; := j;J; and
P2 := JaJo. Take now an element j3 of 23. Since j3 commutes with Ji, Jy and J3 and anti-
commutes with j; and js, the orthogonal involutive Lie triple automorphism p3 := j3.J3
of s commutes with p; and with ps. Hence p3 acts on each common eigenspace of p; and
po2. Thus the common fix space v of p; and py splits orthogonally into two Lie triples

t=1 P,

where v, is the fix space and t_ the (—1)-eigenspace of ps in t. The choice j; = jij» cor-
responds to the trivial splitting v, = v. Recall from Equation B33 that the decomposition
of g in common eigenspaces of p; and p, is 5 = tdt- B tD th with t = Ji(v), v+ = Jo(v)
and t- = Js(tr). Thus the remaining common eigenspaces of p;, py and ps are:

te = N (t:F)’
(4.8) vy = Jo(rg),
tr = Js(rs),
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4. Complex structures in representations

)

where the subscripts ‘4’ and ‘—’ indicate the eigenvalue of p3 on these spaces. Any of
these spaces is a Lie subtriple of s, because it is an intersections of Lie subtriples. As a
synopsis we list the eigenvalues (‘+’ denotes the eigenvalue £1) in a table:

vy |t T tt [ | vt t*
Ji(vo) | Ja(v) | J5(ry) Ji(ry) | Ja(ry) | J5(r-)
(49) P + + - - + + - -
p |+ - + - [+ - + —
ps |+ + - + [ -] - - -
Notice that
(4.10) s=t, DJi(v) D Jo(vo) @ J3(vy) D Ji(vy) @ Jo(vy) @ J5(eo).

Lemma 4.11. The common fix space n := v, @ Ji(v_) of p1 and ps is a (Jy, J2)-strongly
totally real Lie subtriple of s.

Proof. As an intersection of two Lie triples, the fix spaces of p; and ps respectively, n is
a Lie triple. With

(4.11) Ji(n) = Ji(vy) Do
(412) Jg(n) = Jg(t+) D Jg(t_)
(413) Jg(n) = J3(‘C+) D JQ('C_).

Equation B-10 implies that n is a full totally real Lie triple. Since p; and p3 are Lie triple
automorphisms of s, one checks using

P+ + - -
p3 |+ - — +

that n satisfies Equation B4, i.e. nis a (J1, Jo)-strongly totally real Lie subtriple of s. [

Theorem 4.12. The space Q23 can be identified with the Grassmannian of all normal
Lie subtriples vy of v with the property that v, @ Ji(v_) is a (J1, Jo)-strongly totally real
Lie subtriple of s, where v_ is the orthogonal complement of v, in .

Proof. 1f j3 is an element of ()3, then p3 := j3.J3 commutes with p; := jiJ; and ps := joJs.
We have seen above that the common fix space of these three Lie triple automorphisms
has the desired properties.

Conversely, let vy be a normal Lie subtriple of v such that n := v, @ Ji(r_) is a
(J1, Jo)-strongly totally real Lie subtriple of s. Then the Lie subtriples

s, = ndJsn) = vy d (o) D J3(ry) D Ja(ro) and

(4.14) s. = Ji(n® M) = Ji(ty) Dr. @ Sty) @ J5(t)
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4.2. Quaternionic linear isotropy groups of quaternionic symmetric spaces

are self-complementary Js-totally complex Lie subtriples of s (Lemma B—TT). We define p3
to be the orthogonal linear transformation of s defined by p3 := Id on s, and p3 := —Id
on s_. As in the proof of Theorem B8 one proves that ps is an involutive Lie triple
automorphism of s and that jz := pyJ; ' = —psJs is a complex structure in §. By
Equation B4 s splits into common eigenspaces of p;, p2 and ps. Hence p; commutes
with py and p3. Therefore j3 anti-commutes with j; and js, i.e. j3 lies in €23. O

Remark 4.13. A look at the list suggests to conjecture that this three step construction
is possible for any quaternionic symmetric space of compact type. In the case CP? one
can only choose j3 = £ 7.

Fourth step
We further fix

e an element j3 € €3,

and consider the space €14 of all elements in {23 that anti-commute with j;3. Any element
Ja in 4 anti-commutes with j7;, 7o and j3 and hence also with p;, ps and p3. Thus
Js maps t;, the common fix space of p;, p and ps, onto J3(tr_), the common (—1)-
eigenspace of py, ps and ps and vice-versa. This shows that the dimensions of v, and
t_ must coincide.

Observation 4.14 (cf. Observation B4). If the space 4 is non-empty, then ps = j3.J3
splits the common fix space t of p1 and ps into two equal dimensional normal Lie sub-
triples v4 and v_ of t.

Example 4.15 (Quaternionic projective spaces). Let S be the quaternionic projective
space HP?" with base point 0 = spang(e,,1). The corresponding Lie triple s can be
canonically identified with H?" (with scalar multiplication from the right). We choose
the imaginary unit quaternions J; and J5 as follows: .J; is the right multiplication with ¢
and J, the right multiplication with j. Similarly to the case of complex projective spaces
(see Example B3), the Lie triple product on s can be written in terms of the quaternionic
structures Jy, Jo, Js3 and the Riemannian metric (see [Be=&d, p. 406)):

[X,Y],2] = {((X,2)Y = (Y, 2)X

(4.15) +2(J1(X), YY1 (Z) + (J1(X), Z2) J1(Y) — (J1(Y), Z) J1(X)
+2(Jo(X),Y)Jo(Z) + (J2(X), Z) Jo(Y) — (Jo(Y), Z) Jo(X)
+2(J5(X), Y) J5(2) + (J3(X), Z) J5(Y) = (J3(Y), Z)J5(X)).

Using this formula one can check that
e any J;-totally complex subspace®™ of s is a Lie subtriple;

e any totally real subspace of s is a Lie subtriple;

8This is a subspace m of s that is invariant under J; with the property that Jy(m) and J3(m) are
perpendicular to m.
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e any full totally real Lie subtriple in HIP?*" is also (J;, Jo)-strongly totally real®

Any H-linear orthogonal transformation of s is automatically a Lie triple automorphism.
Using the canonical identification of s with H?", the action of $ on s becomes the usual
action of Sp,, on H*" by matrix multiplication from the left. We now fix successively:

e the complex structure j; in Sp,, such that the fix space m of p; := j;J; is the real
span of {ey, ..., €an, €11, ..., 2,0}, Where {ey, ..., ea, } is the standard basis of H?*" as
a quaternionic vector space;

e the element jy € ()5 such that the fix space t of py := joJo in m is the real span of
{ela sty 62n};

e the element j3 € ()3 such that the fix space v, of p3 := j3J5 in v is the real vector
space spanned by {eq, ..., e, }.

Fixing an element j; € ," we get a bijective map
My Q4 — O(t—i-) = Onu J = jj4|t+'

Indeed, let f be an element O(v;). The unique element j in ) that satisfies n;,(j) = f
can be constructed as follows: Let 7 be R-linear orthogonal map on tv := v, @ J3(r_) that
coincides with —j4f~! on t; and with —fj4 on J3(tr_). Since to is a totally real subspace
of s of real dimension 2n, we see that s is the H-linear span of tv. The H-linear extension
j of 7 is a H-linear orthogonal map that squares to —Id. The eigenspace decomposition
(Equation B10) shows that j interchanges the eigenspaces of p;, ps and p3 and therefore
anti-commutes with these maps. Hence j anti-commutes with j;, jo and js, i.e. j € (.

Since the linear isotropy representation of § on s in this example is the usual action
of Sp,,, on H?", our above construction is the same as Milnor’s construction in [Mil=6d,
Lemma 24.6(5-8)].

Remark 4.16. The Grassmannian of complex 2-planes is both, hermitian and quater-
nionic symmetric, but its Kahler structure is not one of the quaternionic structures.
These spaces are still pretty similar to the complex and quaternionic projective spaces,
because its curvature tensor can locally be expressed by its metric, its Kéahler and its
quaternionic structure [Ber=97, p. 42] (see also Footnote Bd). Thus one may join the
methods of Sections Bl and B2 in this case.

Uncommon realizations of symmetric spaces

The construction in this section provides rather uncommon realizations of symmetric
space. To explain this, we can look for example at the inclusion chains (see Equation

%We do not know if this still holds for full totally real Lie subtriples of s if S is an arbitrary quaternionic
symmetric space. Sebastian Klein told us that his classification of totally geodesic submanifolds in
[KT09] shows that this property is also true for the Grassmannians of complex 2-planes.

50The set 4 is not empty in this case (see [MIEBd, §24]).
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)™
S |[6=5H° > P ») P, > P
FI Sp3 D) Sp3/U3 D) U3/SOg O RPA
EII SUs D> G3(C% > Us > CBh
EVI SO/12 D) Solg/UG D) U6/8p3 > HPA
EIX E~; D) E7/(51E6) D) (SlEG)/F4 O 0P

From Table B2 we see that Sp;, SO}, and E; arise as the group $ of some pointed
quaternionic symmetric spaces whose root system has type 4. The remaining group SUs
is still the identity component of § for S = EII. The symmetric spaces P;, P, and Pj
are connected components of the spaces €2y, 25 and €23 for suitable choices of j;, j» and
J3. Theorem BT2 shows that any projective plane arises as a connected component of the
Grassmannian of certain normal Lie subtriples of particular totally real subtriples of the
Lie triple s of a symmetric space P of compact type whose root system has type ;.
Unfortunately, we do not know how to identify a priori the corresponding connected
components.

61 However, our arguments can be adopted for any inclusion chain constructed by the method described
in Section B that start with the identity component of the group of H-linear isotropies of a pointed
quaternionic symmetric space.

62EII, EVI, EIX and FII are the only symmetric spaces of compact type whose root system has
type f4 (see [He=Z3, pp. 532 ff])
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5. Applications to homotopy

5.1. Minimal centrioles and homotopy groups

Bott’s periodicity theorem is a result about (stable) homotopy groups. Already in his
original paper [Ba=hd| Bott considered sets of minimal geodesics joining certain points.
Milnor [Mi=6Y] gave a particularly geometric proof for the Bott’ periodicity theorem.
A more general investigation of the relations between centrioles and homotopy is due
to Burns [Bu=83, Bu=U7] (see also [Nag-88, p. 74]). The relation between the inclusion
chain of Equation B, the inclusion chain SUy, D Ga,(C'™) D Uy, D G, (C*") and Bott’s
periodicity theorem in connection with Milnor’s approach has also been mentioned in
[NS=U9T, p. 334] and [NT=94, 4.3a].

It seems that the most practical result in this direction for our considerations is The-
orem B below that is due to Mitchell [MIE=88, Theorem 7.1].% The advantage of
Mitchell’s theorem is that it gives an explicit upper bound for the degree of the homo-
topy groups such that Equation B2 holds. This upper bound can be directly read off
from the extended Dynkin diagram labelled with the multiplicities. Mitchell’s statement
is not only about minimal centrioles, but about extrinsically symmetric s-orbits in gen-
eral. As we have seen in Chapter B, minimal centrioles are homeomorphic to some of
these s-orbits.

In Section B2 we use Mitchell’s result and its direct corollaries together with some
known homotopy groups of exceptional Lie groups and symmetric spaces to determine
explicitly some further homotopy groups of certain exceptional Lie groups and symmetric
spaces. For example, we explore the information we get from the inclusion chain

(5.1) E; D E;/(S'Eg) D (S'Eg)/Fy D OP;.

Theorem 5.1 (Theorem 7.1 in [NGE=SS]). Let P = &/&2 be an irreducible simply
connected symmetric space of compact type. Assume that & € p = T, P is extrinsically
symmetric. Then

(5.2) Tis1(P) = m(R.€) = m(Ad(R)E) for 0<i<de—2.

The number dg is obtained as follows: Take a simple root system ¥ in R(P) such that
§ = ag for some ag € 3. Let § be the highest root corresponding to . To each path v

in the extended Dynkin diagram®™ of R(P) joining o to —6 we associate the sum d. of

63Here I owe special thanks to A.L. Mare. He made me aware of Mitchell’s result.

64® is the identity component of the isometry group of P. Then £ is connected.

65For explications see Section BEA. The extended Dynkin diagrams can be found in Table B on page
B3.
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the multiplicities of all vertices on v (including e and —6). The minimum of d., over
all such paths is de.

If P is a compact connected and simply connected simple Lie group, then the result
can already be found in [MIf=84, Prop. 2.6]. Mitchell applied his theorem to reinterpret
Bott’s periodicity theorem [Ba=hd| for the homotopy of classical Lie groups. We now
apply the above result to exceptional Lie groups and symmetric spaces. The symmetric
spaces appearing in this methods are

Table 5.1.: Symmetric s-orbits of exceptional symmetric spaces

P=6/8 | type of R(P) | Multiplicities |  &.£=Ad(R)¢ | d¢ |

E6 €6 2 EIIl = E6/(SISpin10) 10

E7 4rd 2 EVII = E7/<51E6) 14

El = E6/8p4 €6 1 Ad(@Q(H4)) 5)

EIVZEG/F4 ay 8 @PQZFII:F4/SPII19 16

EV = E7/SU8 er 1 (SUg/Sp4)/ZQ 7

EVII = E;/(S'Eq) e Moy = Moy = 8 (S'Eq)/F, 18
Mo, =M_5 =1

The description of 8.§ = Ad(R)¢ is taken from [BCO=03, p. 311], the Dynkin diagram

type of R(P) and the multiplicities can be found in [He=Z8, p. 534]. The values of d
can now be read off from the extended Dynkin diagrams given in Table BT, p. B3.

Corollary 5.2.

(5.3) mir1(Eg) = mi(Ee/(S'Spinyy)), 0<i<8§;
(5.4) Tir1(Er) = mi(Br/(S'Eg)), 0<1¢<12;
(5.5) mir1(Ee/Spy) = mi(Ad(G2(HY))), 0<i<3;
(5.6) mit1(Ee/Fq) = m(0OF), 0<i<14;
(5.7) i1 (E7/SUs) = mi((SUs/Spy) /Zs), 0<i<5;
(5.8) Ti1(Er/(S'Eg)) =2 m;((S'Eg) /F4), 0 <i < 16;

Equation BT coincides with [Bu=02, Prop. 2.4] and Equation B3R is also stated in
[Nag-88, p. 74] with reference to Burns’ thesis. Since the homotopy groups m;(M) of a
space M are the same as the homotopy group of is universal covering M for i > 2 and
as m;(My x Ms) = m;(My) X m;(Ms) we get with m;(R) =0 :

Corollary 5.3.

(5.9) Tiv1(Bg/Spy) = m;(Go(H?)), i=2,3;
(510) 7TZ'+1(E7/SU8) = Wi(SUg/Sp4), 2 S 1 S 5;
(5.11) mip1(Br/(S'Eg)) = mi(Eg /Fy), 2 <i<16.
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5.2. Higher homotopy groups of certain exceptional symmetric spaces

As a consequence the information on homotopy that we get by Theorem B from the
inclusion chain of Equation Bl is.

Corollary 5.4.

(512) 7Ti+3(E7> = 7TZ'+2(E7/<51E6)) = 7Ti+1(E6/F4) = Wi(@PQ), 1 S 1 S 10.

5.2. Higher homotopy groups of certain exceptional
symmetric spaces

Using Mitchell’s theorem (Theorem Bl) and its corollaries we want to determine explic-
itly some higher homotopy groups of certain irreducible compact exceptional symmetric
spaces. The fundamental groups of adjoint spaces have already been calculated by E.
Cartan [Ca=27] (see also [Tak=6d]). The second homotopy groups of irreducible compact
symmetric spaces that are not Lie groups can be found in [[aks64, p. 122]. The second
homotopy group of a compact connected simple non-abelian real Lie group & vanishes
(E. Cartan) and the third homotopy group of & is isomorphic to Z (Bott) (see [Mim=Ud,
p. 969]).

We first state some known results for the homotopy of the exceptional Lie groups Eg
and E7 that can be found in [MT=91, p. 363|, [MiIm=93, p. 968 - 971] and the review Zbl.
0101.39702 of [BS=h8]

Table 5.2.: Homotopy groups of E6 and E7
’ HW4—7T8‘7T9‘7T10‘7T11‘7T12‘7T13‘7T14‘7T15‘
Eg 0 Z | 0 Z | Ziz | O 0 Z
E; 0 0 0 L | Zo | Zo 0 Z

Using the methods of polars and meridians introduced by Chen and Nagano [CN=73,
Burns [Bu=1J] (see also [Bu=8H|) found relations among homotopy groups of various
symmetric spaces. Here we only list the relations of the homotopy groups of those
spaces we are interested in:

(5.13) mi1(Eg/(S'Spinyg)) = m;(S1), 1<i<5h [Bu=92, Prop. 2.3];
(5.14) Ti1(Bg/Fy) & m(S®), 1<i<14  [Bx92, Prop. 2.2];
(5.15) mi1(Er/(S'Eg)) =2 m;(S1), 1<i<7  [B=3, Prop. 2.5);
(5.16) T (OP?) 2 m(ST),  1<i<13  [B=T, Prop. 2.1].

Using the tables in [[o=62, p. 186] and [Ha=02, p. 339] we get:
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5. Applications to homotopy

Table 5.3.: Homotopy groups (continued)
’ \‘7?2‘7T3—7T6\7T7‘7T8‘7T9‘Wlo‘ﬂn‘7T12\7T13‘7T14‘7T15‘

Ee/(S'Spin,,) || Z 0

E¢/Fy4 0 0 0| 0| Z |Zo| Zo | Zos| O 0 | Zs
E,/(S'Eg) Z| 0 |00

OP? 0 0 O | Z |Zo| Zo | Zos| O 0 | Zs

In the 1960’s Conlon [Co=63, Ca=6d] described the homotopy of the exceptional sym-

metric spaces Eg/(S'Spin,,) and Eg/F,. Here we follow him up to the degrees we need
in view of Corollary B2 and B33:

(5.17) Tir1(Eg/(S'Spinyg)) = m;(S7), 2<i< 14 [CagH);
(5.18) mi(Ee/Fs) 2 m(S%), 1<i<15 [CotE);
(5.19) m16(Ee/F4) = 0. [Cazg).

Using again the tables of [[o=62, p. 186] and [Ha=02A, p. 339] we complete Table B3
for Eg/(S'Spin,,) and Eg/F, as far as we need:

Table 5.4.: Homotopy groups of EIII
’ HW2‘7T3_7T7‘77'8‘

| Ee/(S'Spiny,) [Z | 0 | Z|

Table 5.5.: Homotopy groups of EI
’ H7f2—7T8\7T9‘7T10—7T11\7T12\7T13—7T14\7T15\7T16‘
Foffa] 0 2] Z [T 0 %] 0]

The Tables B3, b4 and B4 may at least partially follow directly from the homotopy
groups of Lie groups given in [MIm-94, p. 969 -970] and the long exact sequence®™ for
the homotopy groups of coset spaces

(5.20) e = 1 (R) = i1 (B) = 111 (B/R) = ma(R) — ..

We now use Corollary B2 and B3 to continue Table B23. We first notice that Equa-
tion B can also be verified using Table B33, but gives no further information. To use
Equations B9 and B0 we need to know the homotopy of Go(H?*) = Sp,/Sp, x Sp, and
SUs/Sp,. For this we could use Bott periodicity (see [Bahd|, [Mi=6Y, §24], [MiE=R8, Cor.
7.2]):

m;(Go(H*)) Ti11(SUs/Spy) = i1 (Us/Spy)

(5.21) T112(S016/Us) 2 1,,5(S01s),  2<i<5.

112

66 A sequence As EN Ay % A is exact if the kernel of g is the image of f, ker(g) = im(f). A long
sequence ... »> A; 41 — A; = A;—1 — ... is exact if each subsequence A;1; — A; — A;_1 is exact.
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5.2. Higher homotopy groups of certain exceptional symmetric spaces

Since 7T4(8016) = 7r5(SOl6) = 7T6(8016) = (0 and 71'7(8016) =7 [IMEQE, P. 969 - 970] we
get WQ(GQ(H4)) = 7T3(G2(H4)) = 7T2<SU8/SP4> = Fg(SUg/Sp4) = 7T4(SU8/SP4) = 0 and
75(SUs/Sp,) = Z. Equations 59 and B0 imply

(5.22) m4(E/Spy) =0,

(523) 7T4<E7/SU8> = 7T5(E7/SU8) = 0.
and

(5.24) 76(E7/SUg) = Z.

Equations B22, EZ3 and BE24 can also be obtained from the long exact sequence (see
Equation B20), since m4(SUg) = 0 and 75(SUy) = Z [MIm=93, p. 969 - 970].
Applying Equation B0 to Table B33 we can continue Table B3 for E7/(S'Eg) :

Table 5.6.: Homotopy groups of EVII
’ H 79‘710‘711_712‘713‘714_715‘716‘7"17‘

(Eo/(SE) [O[Z ] 2o [Zo] O [Z]0 |

Remark 5.5. (i) Table B8 also fits with Equation B4.

(i) The homotopy groups mo(E7/(S*Es)) = m14(E7/(S'Eg)) = 0 and m0(E7/(S'Eg)) =
Z in Table B8 can also be directly read off from the long exact sequence (Equation
620).

(iii) We do not know if at least some the few remaining homotopy groups of Table B8
are new in this concreteness.
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A. Symmetric spaces

In this chapter we summarize some mostly well known aspects of the theory of symmetric
spaces and their submanifolds that we need in this work. We focus particularly on
symmetric spaces of compact type. Symmetric spaces have been extensively studied by
Elie Cartan in the 1920th. Standard references for symmetric spaces include Helgason’s
book [He=T8], Loos’ two volumes [Ca=f0=l, Co-G9=T1], Chapter 8 of Wolf’s book [Mo=R]]
and section IV(6) in Sakai’s book [8a=9d]. For submanifolds of symmetric spaces we
recommend [BCO=03]. A very readable short description of root systems can be found
in [BR=90]. Whenever no further reference is given our statement can be found in at
least one of the books mentioned above.

A.1. Basic notions and properties

A symmetric space P is a Riemannian manifold with the following property: For each
point p € P there exists an isometry s, of P, called (geodesic) symmetry of P at p, that
reverses all geodesics that start at p, i.e. s, fixes p and the derivative of s, at p is —Id on
T,P. A symmetric space that is not a compact Lie group is always assumed connected™.
If we fix a base point o € P, we call the pair (P, 0) a pointed symmetric space.

We can extend any geodesic v : (—2¢,2¢) — P to the interval (—3¢,3¢) by setting
Y(2e +1) = 5y).7(—t) and y(—2e —t) := 5,—o).(t) for t € (—¢,¢). The resulting curve
is still a geodesic. Hence all geodesics in symmetric spaces are defined entirely on R.
The Hopf-Rinow theorem implies that any two points in a (connected) symmetric space
can be joint by a geodesic.

Take now two points in a connected symmetric space and consider a geodesic arc
joining them, then the symmetry of the midpoint of this geodesic arc interchanges these
two points. Therefore connected symmetric spaces are homogeneous, i.e. the isometry
group acts transitively on them.

The universal Riemannian cover of a symmetric space is again a symmetric space.
We call a symmetric space P irreducible, if its universal cover is not the Riemannian
product of several Riemannian manifolds.

The (full) isometry group J(P) of a symmetric space P contains two interesting Lie
subgroups:

e the symmetry group &(P) of P. This is the closed subgroup of J(P) generated by
all geodesic symmetries of P,

6TWe allow a compact Lie group & (with bi-invariant metric) to be non-connected, because a Lie group
is by definition homogeneous. The geodesic symmetry s;, of & at a point h € & is then defined by
sn(g) == hg~'h (see also Section E33).
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A. Symmetric spaces

e the transvection group T(P) of P. This is the closed subgroup generated by all
products of two geodesic symmetries of P.

Generally, a transvection in P is an isometry of P that induces parallel translation along
some geodesic v, we also speak about a transvection along . To a geodesic v of P we
associate a one-parameter subgroup of transvections p; := s, (t/2) © 5,(0). We observe that
pl(y(t)) = v(t + s) and p], : TypyP — T4s) P coincides with the parallel transport
along ~. This shows that T(P) is also the closed subgroup of J(P) that is generated by
all transvections of P.

Let & be a Lie group that acts transitively and by isometries on P. We fix a base
point 0 € P and assume that the isotropy subgroup 8 = {g € &; g.0o = o} of 0 in
& is compact. Suppose moreover that there is an involution®™ o of & such that £ lies
between the identity component of the fix point set &7 of 0 and &7 itself. Let g be the
Lie algebra of & and o, the differential of ¢ at e € &. Then o, is an involution of g and
its fix point set £ is the Lie algebra of K. The eigenspace decomposition

(A.1) g=tdp

of g corresponding to o, is called the Cartan decomposition of the symmetric pair (&, K).
The space p here denotes the (—1)-eigenspace of o,. This decomposition satisfies the
Cartan relations

(A.2) ee)ce [&p)Cp and [p,p]CE

If g is semisimple™, then £ is the Lie subalgebra generated by all Lie brackets of two
elements in p, denoted £ = [p, p|.

The (—1)-eigenspace can be identified with T,P as follows: We have a &-principal
bundle

m:® — P, g~ g.o.

Its differential dr|. at the identity has kernel £ and defines an isomorphism between p
and T, P. By this isomorphism geodesics of P are images of 1-parameter subgroups whose
generator lies in p. More precisely, let X = dr(X) for some X in p, then the geodesic
vx of P emanating from o with 4(0) = X is given by

(A.3) vx(t) = exp(tX).o

where exp is the exponential map from g to &. As a consequence any geodesic loop 7 in
P is actually a closed geodesic. More precisely, if 7 is a geodesic in P with v(to) = v(t1),
then §(to) = ().

Assume now that & is the isometry group J(P) of P, or a Lie subgroup of it that
contains its identity component. Then o is the conjugation with the geodesic symmetry
s, of P at o and o, = Ad(s,). In this case we call the decomposition (B) of the isometry

68 An involution is an automorphism of order two.
69This means that the g is a direct sum of simple ideals. A Lie algebra is simple, if its only ideals are
{0} and the full Lie algebra itself.
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A.1. Basic notions and properties

Lie algebra just the Cartan decomposition of (P, 0). The Lie algebra of the transvection
group of P is the smallest subalgebra of the Lie algebra g of J(P) that contains p, namely
b, pl @ p.

The isotropy group J,(P) := {g € J(P); g.o = o} of (P,0) can be considered as
a closed subgroup of the orthogonal group of T,P = p : To an element of J,(P) we
associate its differential at the point o. The action of J,(P) on p thus obtained is called
the (linear) isotropy action on T,P, or the (linear) isotropy representation of J,(P). If
we identify T, P with p as above, this action becomes the restriction of the adjoint action:

(A.4) To(P) xp = p, (kX)X = Ade(k)X.

The orbits of the (linear) isotropy action of the identity component 8 of J,(P) are called
s-orbits. Notice that s-orbits only depend on the local isometry class of P.

In this work we mostly deal with symmetric spaces of compact type. These are compact
symmetric spaces whose universal cover is still compact. In this case its isometry group
J(P) is a semisimple compact Lie group and we see that its transvection group ¥(P)
is the identity component of J(P). The Cartan decomposition associated with (P, 0) is
orthogonal w.r.t. the Killing form k™ of g. Irreducible symmetric spaces of compact type
are also strongly isotropy irreducible. This means that the linear isotropy representation
of the identity component K of the isotropy group is still irreducible. Hence, in the
irreducible case, the non-trivial s-orbits are full submanifolds of p™ and the (identity
component) of the isotropy group acts effectively on them.

The curvature tensor’® R of a symmetric space P is parallel and its restriction R, to
T,P can be expressed using p : Let X, X5, X3 € p and Xj = dm(X;), then

(A.5) Ro(X1, X5) X3 = —[[ X1, Xy, X3] =: (X1, Xy, Xs).

The triple product r on p therefore enjoys the algebraic properties of a curvature tensor.
Endowed with this product we call the Euclidean vector space p an (orthogonal) Lie
triple™ and r a Lie triple structure. The role of (orthogonal) Lie triples in the theory
of symmetric spaces is somehow similar to the role of Lie algebras in the theory of Lie
groups. Any orthogonal Lie triple describes a symmetric space uniquely up to local
isometry.

"0The Killing from is a negative definite symmetric bilinear form on the compact Lie algebra g defined
by k(X,Y) := trace(ad(X) o ad(Y"))

li.e. these submanifolds are not contained in any proper affine subspace of p, or, in other words, p is
the linear hull of any non-trivial s-orbit.

"2For the curvature tensor we use the convention R(X,Y)Z =VxVyZ —-VyVxZ— V[X,Y}Z where
X,Y, Z are vector fields on P and V is the Levi-Civita connection of P.

73 An orthogonal Lie triple is a finite dimensional real vector space p endowed with a scalar prod-
uct and a trilinear multiplication (X,Y,Z) — R(X,Y)Z =: r(X,Y,Z) that has the algebraic
properties of a curvature tensor, namely R(X,Y)Z = —R(Y,X)Z, R(X,Y)Z + R(Y,2)X +
R(Z,X)Y =0 and (R(X,Y)Z, W) = (R(ZW)X,Y) = —(R(X, Y)W, Z) for all XY, Z W € p.
Moreover, the corresponding linear operators R(A, B) of p are derivations of the triple product,
ie. R(A,B)(R(X,Y)Z) = R(R(A,B)X,Y)Z + R(X,R(A,B)YY)Z + R(X,Y)(R(A,B)Z) for all
A B, X,Y,Z €p.

7
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A. Symmetric spaces

The full isotropy group J,(P) of a simply connected pointed symmetric space (P, o)
can be identified with the group of all orthogonal transformations that preserve the Lie
triple structure. Indeed, the differential of any isotropy is of this form. Conversely any
orthogonal transformation of p that preserves the Lie triple structure (curvature tensor)
is the differential of a local isometry of P preserving o [He=7R, pp. 200 f.]. Since Pisa
complete connected simply connected and real analytic manifold this local isometry can
be extended to a global one.

A symmetric space P is called inner if its geodesic symmetries are contained in the
identity component of its isometry group. In this case the corresponding involutions
Ad(s,) of the isometry Lie algebra are inner automorphisms. A symmetric space of
compact type is inner if and only if the ranks of its isometry Lie algebra and its isotropy
Lie algebra coincide.

A.2. Cartan maps

An interesting tool to study a symmetric space P is the corresponding Cartan map into
its symmetry group:

(A.6) P —6(P), pes,

The Cartan map is equivariant: Let g be an isometry of P, then (Z(g.p) = gs,g~' =
gu(p)g~t. If P is a compact symmetric space, then &(P) is compact, too, and we can
equip &(P) with a bi-invariant metric such that the Cartan map (B) is a Riemannian
covering™. The image of the Cartan map is a totally geodesic submanifold® of &(P)
and hence itself a symmetric space. Given a base point 0 € P, one sometimes considers
the s,-left translate of the Cartan map

(A7) PP = Z(P), prsesy,

called the pointed Cartan map. The image of the base point is the identity.

A.3. Compact Lie groups as symmetric spaces

Let & be a compact real Lie group endowed with a bi-invariant metric. Then & acts
transitively on itself by left and right translations:

L,:6—-6, g~ hg
Ry:® =6 g—ght

The geodesic symmetry of & at a point h is defined by
(A.8) sn(g) == hg 'h.

"Recall that the p is an isolated fix point of s,.
"5Because the image of +* is a connected component of the fix point set of the isometry g — g~—' of
S(P).
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A.4. Adjoint spaces

One verifies that s,(h) = h and that the differential of s, at h is —Id on 7},®.

The product of two geodesic symmetries is sp, 0 sp, = L, hyt O Ry, -1;,,. This shows that
the product & x & acts transitively and by transvections on QS by (gl, g2) — Ly, oR, _1
The isotropy group of the neutral element e in & x & is the diagonal of & x QS The
involution o, on g x g induced by the conjugation with the geodesic symmetry of & at e
just interchanges the two factors. This yields the Cartan decomposition gxg = AgbhA™g
where Ag is the diagonal and A~g, the anti-diagonal in g x g, is identified with T,&. We
further identify the anti-diagonal A~g just with g by forgetting the second entry. The
geodesic in & emanating from e with initial direction X € g is then the one-parameter
subgroup

(Ag) t— (Lexp(tX) © Rexp(—tX))e - exp(ZtX)

The adjoint action of & on its Lie algebra g can be considered as the isotropy action of
the symmetric space & at the identity.

A.4. Adjoint spaces

The set of all symmetric spaces that are locally isometric to a given symmetric space P
of compact type forms a lattice in the sense of a partially ordered set™ having a unique
(up to isometry) supremum, the universal Riemannian cover P of P, and a unique (up
to isometry) infimum, called the adjoint space (see [He=Z8, Chap. VII] and [Co-69-11])%.
Hence the adjoint space™ Ad(P) of P is characterized by the property that it is covered
by any symmetric space that is locally isometric to P. For semisimple compact connected
Lie groups the adjoint space coincides with its usual adjoint group, the group of its inner
automorphisms. In this section we want to give a geometric description of the adjoint
spaces. The group theoretic description as a coset space can be found in [He=7R, pp. 326
f.]. As a key result we use:

Theorem A.1 (p. 244 in [Wo=Rd]). If a connected symmetric space P covers another
symmetric space P', then P’ is isometric to an orbit space P/T = {T.p; p € P}*® where
' is a discrete subgroup of the centralizer A of T(P) in J(P), i.e. A = Zzp)(I(P)) :=
{g € 3(P); gh = hg for all h € T(P)}. Conversely, any such orbit space P/T" is a
symmetric space.

If P is of compact type, then A = Zgpy(J(P)) if finite. Therefore the adjoint space
of a symmetric space P of compact type is isometric to the orbit space

(A.10) Ad(P) = P/A = {Ap; pe P).

"6This action is not effective if the center of & is not trivial.

""The ordering is P > P’ if P covers P’ as a symmetric space.

"8Both spaces, the universal cover and the adjoint space of P can be constructed from the Lie triple of
P without any further information.

"also known as bottom space

80with the metric induced from P
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Notice that A is a normal subgroup of &(P). In fact, since s,%T(P)s, = T(P) we have
(5pASp)g = 5pA(5p95p)Sp = Sp(Spgsp)As, = g(s,As,) for any element g € T(P). Hence
spAs, C A. Therefore Ag :== AN GS(P) and Ag := ANT(P) = Z(Z(P)) are normal
subgroups of &(P) and T(P).

Lemma A.2. &(P) and T(P) act by isometries on P/A and the induced actions of
S(P)/Ag and T(P)/Az on Ad(P) = P/A are effective.

Proof. Since A is a normal subgroup of G(P), the action §(P)x P/A — P/A, (g, [p]) —
[gp] is well defined and by isometries®. If the actions on P/A of two elements g and h of
S(P) coincide, then mo(h~tg) = 7, i.e. h™1g is a deck transformation of the Riemannian
covering 7 : P — Ad(P). But A is the group of deck transformations of 7. Hence h™'g
is contained in ANGS(P) = Ag. Thus &(P)/Ag acts effectively on P/A. The arguments
for T(P) are similar. O

Since the Riemannian covering w : P — Ad(P) maps geodesics of P onto geodesics of
Ad(P) and since s, reverses geodesics in P through p, the coset s,Ag € &(P)/Ag can
be identified with the geodesic symmetry s, of Ad(P). Thus:

Corollary A.3 (see p. 327 in [HeZ®]). The symmetry group S(Ad(P)) and the transvec-
tion group T(AA(P)) of Ad(P) are isomorphic to &(P)/Ag and T(P)/Az = Ad(Z(P))
respectively.

The Cartan map is a Riemannian covering. Therefore the Cartan map of an adjoint
space is injective and isometric if one takes a suitable metric on &(Ad(P) = &(P)/As.
In particular, the geodesic symmetries of two distinct points in Ad(P) are different.

Let us fix a base point o € P. Since Ad(P) coincides with its image under the Cartan
map, the equivariance of the Cartan map shows that the full isotropy group of [o] = 7(0)
is {g € J(AA(P)); gsjg ' = s} and hence the fix point set of the conjugation o,
with sjy. As a consequence we get®:

Lemma A.4 (see p. 327 in [He=Z8]). The isotropy group of [o] in T(Ad(P)) is the fix
point set of the involution oy in T(AA(P)).

A.5. Totally geodesic and reflective submanifolds

Any complete connected totally geodesic submanifold® M of P is again a symmetric
space. Indeed, take an arbitrary point m € M, then the geodesic symmetry s,, of P
leaves M invariant and reverses all geodesics of M that start at m. The subgroup of J(P)

8lrecall that the projection m: P — P/A is a Riemannian covering

82 In particular the identity component of J(Ad(P)) is center-free and hence an adjoint group.

83This Lemma can also be deduced from [He=Z8, Prop. 3.5, p. 212].

84 A submanifold M of P is totally geodesic if any geodesic in M (w.r.t. the induced metric) is also a
geodesic in P. This implies that the second fundamental form of M vanishes. Therefore the parallel
transports of tangent vectors of M along any curve ¢ in M coincides with their parallel transports
along ¢ in the abient space P.
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generated by the transvections of P along geodesics in M also acts by transvections on
M. But this action is not necessarily effective™, so that this group is not the transvection
group of M, but rather a cover of it¥. There is a one-to-one correspondence between
complete connected totally geodesic submanifolds of P containing o and Lie subtriples
of p. Any complete connected totally geodesic submanifold M of P is of the form Exp, (m)
where Exp, = EXpOP denotes the Riemannian exponential map of P at o and m is a Lie
subtriple of p = T, P.

A distinguished class of totally geodesic submanifolds are reflective ones. These are
connected components of fix point sets of involutive® isometries of symmetric spaces.
Reflective submanifolds in simply connected symmetric spaces have been thoroughly
studied by Leung in a series of papers [Ce=73, Ce7A, Ce=794d, Ce=79H|. If P is simply
connected, there exists a one-to-one correspondence between reflective submanifolds M
of P containing the base point o € P and orthogonal splittings p = m @ m* of p into
two Lie subtriples satisfying

1

Y

[m, m], m*]

(A.11) ([mL, m], m]

m
m

IN 1N
3 3
3 3
Sl

IN 1N

which is given by m = T,M [Ce=Z3]. If P is a compact symmetric space, then any
orthogonal splitting p = m@m™ into two Lie subtriples satisfies the relations of Equation
BT, We call a Lie subtriple m of an orthogonal Lie triple p a normal Lie subtriple if
its orthogonal complement m* C p is again a Lie triple.

A reflective submanifold M = Exp,(m) in P is said to be self complementary if the
Lie triple m* is isomorphic to m. In this case M+ := Exp,(m™) is isomorphic to M if P
is simply connected.

The involutive isometry p of P defining M commutes with s,. Thus the automorphism
of T(P) given by the conjugation with p commutes with the automorphism o of T(P)
given by the conjugation with s, [Ce=Z3, p. 156]. Hence the classification of reflective
submanifolds in irreducible simply connected symmetric spaces of compact type is in-
timately related to the classification of commuting automorphisms of simple compact
Lie groups (see also [Nag-8§, pp. 66 ff.| and [Nag-94]) which in turn are related with
Zy X Zo-symmetric spaces classified in [BG08, Ka=09]. Another feature of a reflective
submanifold M C P is that M is extrinsically symmetric, i.e. for any point m € M

85There may be transvections of P along closed geodesics in M that leave M pointwise fix, but they
are not the identity on P.

86The Lie algebra of the group generated by transvections of P along geodesics in M coincides with
the Lie algebra of the transvection group of M, since a transvection of P; along sufficiently short
geodesic arcs in M cannot act trivially on M.

8TA Lie subtriple of a Lie triple is a linear subspace which is invariant under the Lie triple structure.

88 An isometry f is called involutive if f? := f o f is the identity.

89 As we can interchange the roles of m and m* it is sufficient to verify the first line of Equation BT
The Riemannian metric on P is induced from a bi-invariant metric on & coming from an Ad(®)-
invariant metric (.,.) on g. With respect to this metric the linear transformation ad(X), X € g, is
skew-symmetric. Let X,Y and Z be three elements of m and take W € m~. Then ([X,Y], W], Z) =
—(W,[[X,Y]Z]) = 0, because m is a Lie triple. Thus [[m,m],m*] C m*. Similarly ([[W, X],Y], Z) =
(W, X],[Y, Z]) = (W,[X, Y, Z]]) = 0 and therefore [[m*, m],m] C m" (see also [NaLZd, p. 218]).
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there exists an isometry of P which fixes m, leaves M invariant and whose differential
at m is (—Id) on the tangent space of M at m and Id on the normal space of M at m.
Actually, for complete totally geodesic submanifolds these two notions, reflective and

(extrinsically) symmetric submanifold, coincide at least if P is simply connected (see
[Nai=Rd| and [BCO=03, p. 257)).

A.6. Fine structure

Root systems

Let (P,0) be a pointed compact symmetric space, & the identity component of its
isometry group, g = £ @ p its Cartan decomposition and o, = Ad(s,) the correspond-
ing involution of g. Since P is compact, so is & (see e.g. [KNo=G3, p. 239]). Thus we
can choose an Ad(®)-invariant scalar product (.,.) on g®. Since the endomorphisms
ad(X), X € g, are skew-symmetric w.r.t. this scalar product, they are diagonalizable
with purely imaginary eigenvalues. Let us choose a maximal abelian subspace™ a of p.
Then the endomorphisms ad(X) and ad(Y") with XY € a are simultaneously diagonal-
izable. For each element « of a*, the set of all linear maps from a into R, we consider
the subspace

(A.12) 0o = {X € g% ad(A)X =ia(A)X for all A € a}

of g¢ the complexification of g, i.e. g° = g ® C = g @ ig. A non-zero element « of a* is
called a root of P (w.r.t. a) if g, # {0}. The corresponding space g, is then called the
root space of the root a. The set of all roots of P, called the root system of P, is denoted
by R(P). Notice that if « € R(P), then —a € R(P) and g_, = g.. The complexified
Lie algebra g° can be decomposed as a direct sum

(A.13) =00D > g

a€R(P)

where go == {X € g% [X,a] = {0}}. The decomposition B3 is called root space
decomposition. Tt is orthogonal w.r.t. any Ad(®)-invariant scalar product on g°®. Since
a lies in p and since the Cartan relations show that any linear transformation ad(X)?
of g with X € p preserves the Cartan decomposition, the root space decomposition fits
well with the Cartan decomposition g = €@ p : Let a be a root, then (g, ® g_o) N g is
o.-invariant and therefore splits as

(A.14) (Ba @ g-a)Ng="Et, Dpa

9Tf P is of compact type, the Lie algebra g is semisimple, and we can take (.,.) = —k, where  is the
Killing from of g.

91 Any two maximal abelian subspaces are conjugate under the linear isotropy action of the identity
component £ of the isotropy group of (P,0), so that all maximal abelian subspaces of p have the
same dimension. This dimension is called the rank of P, denoted by rank(P).

920ne can for example choose (X,Y) := (X,Y),, where (.,.). denotes the C-linear extension of (.,.).
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where £, := €N (go D g_0o) and p, == PN (ga D g_a). Of course ¢, = t_, and p, = p_,
Moreover, dim¢ g, = dimg €, = dimg p, =: m,. The number m,, is called the multiplicity
of .

Using the Ad(®)-invariant scalar product on g we can associate to any root « a root
vector H, € a defined by a(A) = i(H,, A) for A € a. By this we can define the angle
and the length between two roots: The angle Z(a, 3) between two roots o and 3 is just
the angle between H, and Hz and the length || of « is just the length of H,.

Weyl chambers

We now assume that P is irreducible and of compact type. Then g is semisimple and
R(P) is also irreducible™. The kernel ot in a of a root « is a hyperplane, called the
root hyperplane of . Notice that a is the orthogonal complement of H,. The union
of the kernels of all roots of R(P) decomposes a in different connected components, the

connected components of a\ |J a©, called Weyl chambers. Any two Weyl chambers
a€R(P)

in p are conjugate under the linear isotropy action of the identity component K of the

isotropy group of (P,0). Let us fix a Weyl chamber C. This choice provides a splitting

of R(P) into two disjoint equicardinal subsets, the set of positive roots C' given by
(A.15) RY(P):={a e R(P); a(X) > 0forall X € C}

and the set of negative roots on C' given by R™(P) := —R*(P). A Weyl chamber is a
convex simplicial cone and therefore bounded by r = rank(P) many root hyperplanes
corresponding to the positive roots ay, ..., a,.. If R(P) is not reduced™, we further assume
that %aj is not a root. The set X of these roots, is a fundamental root system, i.e. 3 is
a basis of a* and any root o € R(P) can be written as a linear combination of roots in
¥ with either only non-negative™ or non-positive integer™ coefficients.

Each fundamental root system can also be obtained in a purely algebraic way. We
first choose a positive root system R*(P) in R(P). This is a subset of R(P) enjoying
the following three properties:

e R(P)=R"(P)U(=R*(P));
e RT(P) and —R*(P) are disjoint;
e If o and f are roots in R*(P) such that o + 5 € R(P), then a + § € R*(P).

A root av in RT(P) is called indecomposable (or sometimes simple) within R*(P), if it
cannot be written as a sum of two other roots in R (P). The set of all indecomposable

BR(P) is irreducible if we cannot split it into two complementary subsets R; and Ry with the property
that a; is perpendicular to ay for any choice of oy € Ry and as € Rs.

94R(P) is called reduced, if the only roots in R(P) that are collinear with a given root a € R(P) are
+a.

9 These are precisely the positive roots.

96These are precisely the negative roots.
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roots in R*(P) is a fundamental root system and any fundamental root system arises
in this way.

The dual basis of X, denoted by ¥* = {aj, ..., a’} is defined by

* 17 =k
(.16 s

call its closure C = {X € a; X = > rjaj, x; > 0} a closed Weyl chamber. Among all
roots there is one root § = E;Zl hjaj, called the highest root w.r.t. X, with the property

that the coefficients of any other root a = Z;Zl cja; satisfy ¢; < h;. The diagrams
of the irreducible reduced fundamental root systems in Table B are indexed with the

coefficients h; of ¢.

The Weyl chamber C' can be described as € = {X € a; X =} x;0]

Dynkin diagrams

The geometry of the fundamental root system can be encoded in a graph, called the
Dynkin diagram. It is obtained as follows: The vertices (circles) represent the funda-
mental roots™. The angle Z(a;, a) between a; and oy, is represented by the number of
edges joining the vertices (circle) representing «; and «y. If o and «y, are perpendicular,
their vertices are not joined. If Z(a;, ;) = 120°, their vertices are linked by a single
edge, if Z(o, o) = 135°, their vertices are linked by a double edge. In the latter case
one further adds an arrow pointing towards the shorter root. Finally, if Z(a;, ay) is of
150 degree, the vertices are joined by a triple edge directed towards the shorter root.
The Dynkin diagram of an irreducible root system is a connected graph. It determines
the root system R(P) up to isomorphisms. Together with the multiplicities it also de-
termines the symmetric space of compact type up to local isometry (see [Br=62] and
[Nag-93, p. 67]).

Below we present the (extended) Dynkin diagrams of all irreducible reduced root
systems (see e.g. [He=78, p. 503]). The extension is obtained by adding a small circle
representing —J to the Dynkin diagram and by linking it (we indicate these links by
dashed lines) to the fundamental roots according to the rules described above. For the
classical root systems a,, b,, ¢, and 0,, and for the exceptional root systems f; and go
we take the enumeration of the fundamental roots from [He=78, Chap. X]. For ¢, e;
and eg it is more convenient for us to take the enumeration of [E=84, pp. 128 ff.|. As an
additional information we add the coefficients of each fundamental root in highest root

J.

97If R(P) is not reduced, the vertex representing a fundamental root a; with the property 2a; € R(P)
is sometimes denoted by a double circle.
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Table A.1.: Extended Dynkin diagrams of irreducible reduced root systems

—0
/o\
1.-7 1 1 " ~.1
O——0O— - —O———=0
a1 Q2 Qn—1 O
Type a,
aq 1
9 2 2 2
&%) B M
| (0% Op—1 (079
[
—04
Type b,
2 2 1
===20—- - —(O——=0
-0 a1 Qp—1 Oy,
Type ¢,
a0l 10 an—
2 2 2 2
- —O——C0 Qp2
%) | a3 Op—3
[
—od 10 an
Type 0,
_5?
[
|
a1 2
1 2 3 2 1
O O O O O
Qg a3 0y (673 Qg
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aq 2
2 3 4 3 2 1
o= ---=0 O O O O O
-0 Qy o3 Uy Qs Qg ay
Type e7
aq 3
2 4 6 5 4 3 2
O O O O O O O----0
(65) Q3 Qi (873 (875 (07%4 Qg —0
Type eg
2 3 4 2
o- - - O——C—=0—0
—0 aq (8% a3 Oy
Type f4
2 3
o- - - -0===0
—0 (0] (0%}
Type go

Cartan matrices

If R(P) is reduced, we may also encode the information of the Dynkin diagram in a
matrix C' = (¢j), called the Cartan matriz of R(P). For our convenience we introduce

the system R(P) C a of all inverse roots of R(P). The inverse root ¢ of « is defined by

H
(A.17) qi=20

T al

If R(P) is reduced, then ¥ := {d, ..., &} is a fundamental system of Rp (sce [Be=X1,
pp. 32 f.]). The coefficients of the Cartan matrix are now defined by

<Haj7 HOék>

A]_ A (G —_= 2
(A.18) cjk = aj(cy) |cue|?

The number of edges linking the vertices of o; and «;, in the Dynkin diagram is ¢;xcy;.
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A.7. Integer s-orbits

Let (P,0) be a pointed symmetric space of compact type, g = €@ p its Cartan de-
composition and o, = Ad(s,) the corresponding involution of g. We choose a maximal
abelian subspace a of p and denote by R(P) the corresponding root system. Let X € p
be a nonzero integer element, i.e. all eigenvalues of %ad(X ) are integers. We denote
by spec(ad®(X)) = {0, =1, ..., —vy} the set of eigenvalues (spectrum) of ad®(X). The
numbers v; are prefect squares. Let

(A.19) g=0 @) g
j=1

be the decomposition of g into the eigenspaces of ad(X)?, where g denotes the 0-
eigenspace and gii the (—v;)-eigenspace of ad(X)?. These eigenspaces can be described
by root spaces:

(A.20) g =0n{0® Y g and gi=gn| > g,
a€RY (P) a€RY(P)

where Ry (P) = {a € R(P); a(X) =0} and R} (P) = {a € R(P); a(X) = +/7;}.
Since X € p, the decomposition (BATY) is compatible with the Cartan decomposition
of (P,0) and we get

(A.21) b=t o> & and  p=plad pl,
j=1 J=1

where £ == ENgy, pX = pNgy, Eii = Eﬁgii and pii =P ﬂgf,i. The Cartan relations
(A=) show that ad(X) maps Ei‘; to pii and vice-versa.
Let Mx be the s-orbit of X, i.e. M* := Adg(R)X C p, where & is the identity

component of the isotropy subgroup of (P, 0). This orbit can be identified with the coset
space MX = R/Rx, where Ry := {k € & Ad(k)X = X}, by the map

The Lie algebra of fx is €x = €7 . Hence its orthogonal complement € = >~ £} in ¢
=1

can be identified with the tangent space of the coset space 8/Rx at the coset Rx. The

derivative of ¢ at Ry is the map —ad(X) : & — p. Its image m™ = > pi‘; is the tangent
=1
space of M*X C p at the point X. Hence the normal space of M* C p at X is p.

We now look at the K-equivariant map

W MY = P, Z = yzz(1),
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where yzz is the geodesic in P emanating at o with initial direction §Z. Let m be the
projection of P onto Ad(P). Since X is integer, the geodesic mo vz x in Ad(P) closes at
t = 2 (Lemma 2). Thus the image of 7o % is a polar™ of (Ad(P), (o)) and therefore
totally geodesic (see e.g. [CN=78, p. 406]). Since 7 is a Riemannian covering, the same
holds true for the image of v : it is a totally geodesic submanifold of P.

To determine the kernel of the differential of ¢ at X, we observe that the point
is the restriction to M of the map Exp, o iz, where puz denotes the scaling (scalar

multiplication) on p by the factor 7 and Exp, is the Rlemanman exponential map®™ of
P at o. For a point Y € m* we obtain by the chain rule

(A.23) | xY = dExp, |z x (gy) = J (g) ,

where J is the Jacobi field™ along the geodesic vyx in P satisfying J(0) = 0 and
J(0) =Y (see [GHL=A, Cor. 3.46, p. 146]). Since the Riemannian curvature tensor R
of P is parallel and its restriction to T,P = p is given by Equation B=3, we can describe
the Jacobi field J as follows (see e.g. [Sa=Z8d, p. 131 f.]): Decompose Y as Y =37 | Y]

with Y; € pii, then the Jacobi field J along ~vx satisfying J(0) = 0 and J(0) =Y is

n

(A.24) 0= % sin(u;t) J; (1),

where J;(t) is the parallel vector fields along vy satisfying J;(0) = Y;. In particular

(A.25) dy|xY; = Vijsin (%yj) J; <g> .

If Y, is non-zero, the parallel vector field J;(t) never vanishes. Hence the kernel of d¢|x
1s

(A.26) ker(dy[x) = > py.

vjeven

Lemma A.5. If P is simply connected and X € p integer, then the submanifold
Y(M*) = Ryzx(1) of P is reflective.

Proof. Equations A3, | and A show that the tangent space T’ 1x( (M) is

the parallel transport of sx = > p,/ , and that the normal space V. 5x(1 HY (M) is
vj odd

the parallel transport of ny :=po @ > pyj along ~vx. Since the curvature tensor of P

vj even

98This is a connected component of the set of all midpoints of closed geodesics emanating from o, or,
equivalently a connected component of the fix point set of the geodesic symmetry of Ad(P) at w(0)
(see e.g. [CN=78, CN=H)).

99This map maps a point X € p = T,P to yx(1) € P.

100A Jacobi field along a geodesic v is a vector field J along ~y satisfying V,/V.,.J = R(v,J)y where
V is the Levi-Civita connection.
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is parallel, these two subspaces of T, )P are Lie subtriples if and only if sx and ny
2

are Lie subtriples. Since o?(X) is even if and only if a(X) is even we get

sy =pN Z o and Ny =pMN gD Z o

aeR())iid(P) CZERg{,CD(P)

where RX_(P) := {a € R(P); a(X) € 2Z} and RX,(P) = {a € R(P); a(X) €
27 + 1}. The Jacobi-identity™ implies [ga, 85] C garp (Where goys = {0} if o+ 3 ¢
R(P)U{0}). Thus gy = > gaand gl :=g0® Y. @ are Lie subtriples of
QR4 (P) AERen(P)
gc SatiSfying [[gg(dd?ggild]?ggf/en] - géf/en? [[gg(dd7g§/en]7gg(dd] - gg{/en? [[ggf/envgggen]?ggiid] -
0 and [[9%4, 05 ), 925, C gX4. As p is also a Lie subtriple of g° we see that
sy = pNgXy and ny = pNgX, are Lie subtriples of p satisfying [[s¥,s¥],n*] C
n*, [[s%,n%], %] C n¥, [0¥, n¥],sY] C ¥ and [[s¥,n¥],n¥"] C s¥. The parallelism
of the curvature tensor of P shows that the corresponding relations also hold for the
subtriples T«,%Xa)w(MX) and N')/%X(l)w(MX) of Tvgx(l)P- Since P is simply connected,

the claim follows eventually by [Ce=73, Theorem 3, p. 156]. ]

A.8. Hermitian symmetric spaces

We are now concerned with hermitian symmetric spaces of compact type. These are
symmetric spaces P of compact type endowed with an almost hermitian structure™2 .J
such that the geodesic symmetries are almost complex maps™, i.e. (s,).0J = Jo(s,). for
all p € P. Hence J is invariant under &(P). Hermitian symmetric spaces of compact type
are automatically simply connected [He=Z®, p. 376]. Irreducible hermitian symmetric
spaces of compact type are characterized among all irreducible symmetric spaces of
compact type by the fact that the isotropy Lie algebra £ has a one-dimensional center
[He=7R, pp. 381 f].

Hermitian symmetric spaces of compact type arise as adjoint orbits of extrinsically
symmetric elements in their isometry Lie algebra g (see [[i=h8, pp. 165 ff.] and [Hi=]).
Adjoint orbits are s-orbits of connected compact Lie groups. Embedded in this way,
hermitian symmetric spaces of compact type are examples of extrinsically symmetric
submanifolds in Euclidean spaces [Ee=80, EH=93:

Let (P,0) be a pointed hermitian symmetric space of compact type with complex
structure J and let g = € ® p be the corresponding Cartan decomposition. Using the
identification p = T, P we consider .J, as a linear isomorphism of p. By setting J, := 0
on £, we enlarge J, to a linear map defined on g. This map is actually a derivation™

XY 2]+ [[2, X, Y] + [V, Z), X] =0

102This is a tensor field J of type (1,1) that satisfies J(J(X)) = —X and that is compatible with the
Riemannian metric, g(JX,JY) = g(X,Y).

1031t follows that J is an integrable Kihler structure (see [KNoGY, pp. 259 ff.], [He=Z8, pp. 372 ff.]).

104A derivation f of a Lie algebra g is a linear map f : g — g that satisfies f([X,Y]) = [f(X),Y] +

(X, F(Y)].

69



A. Symmetric spaces

of g. Since g is semisimple, all its derivations are inner. Thus our extended .J, can be
considered as an element of g acting on g by the adjoint representation. This yields a
map

(A.27) p:P—g 0o~ J,

By construction ad(J,) has eigenvalues +i and 0, so that J, € g is by definition ex-
trinsically symmetric. Since J is T(P)-invariant, the image of p is the adjoint orbit
Ad(%(P))J, in g. We see that p is an equivariant covering map. But since both P and
Ad(Z(P))J, are simply connected™, p is bijective and hence a $-equivariant embedding
of P into g, called the standard embedding of P.

Conversely, the orbit P C g of any non-zero extrinsically symmetric element £ under
the group of inner automorphisms of a simple compact Lie algebra g (with a scalar
product that is invariant under all inner automorphisms of g) is a hermitian symmetric
space of compact type (w.r.t. the induced metric): The orbit P is of course homogeneous,
and its tangent space p at £ is the (—1)-eigenspace of ad(£)?. Its normal space £ at &
is therefore the 0O-eigenspace of ad(§). The decomposition g = € @ p thus obtained
satisfies the Cartan relations (see Equation B3). It turns out that this is also the
Cartan decomposition™ of (P, ¢). The orthogonal reflection of g along € is the inner
automorphism €24 leaves P invariant and induces the geodesic symmetry of P at
€. Finally, ad(¢) defines a complex structure on p which coincides on p with the inner

automorphism ¢*4(3¢). One sees that the geodesic symmetries of P are holomorphic.
Hence P is a hermitian symmetric space of compact type. Moreover, the group of inner
automorphisms of g acts faithfully on P™. The Lie algebra g coincides with [p,p] & p
by the simplicity of g. Hence the group of inner automorphisms of g is the transvection
group of P. This shows: The transvection group of an irreducible hermitian symmetric
space of compact type has trivial center.

Let & be a compact connected simple real Lie group with Lie algebra g and £ an
extrinsically symmetric element of g. If the center element Exp, (7€) = exp(27) of &
is a pole of e, we can realize the hermitian symmetric space Ad(®){ as a connected
component of the set of complex structures (centriole) in & by the map Ad(g)¢ —
exp(mAd(g)§). If the center element exp(27¢) has not order 2, as it may occur e.g. if & is
SU,,, Spiny, ., or Eg, one can ‘add’ a (local) S*-factor to & and consider the exponential
image of (¢ + X) for a suitable X in the Lie algebra of the local S!-factor™. In this
way any irreducible hermitian symmetric space of compact type can be realized as a
centriole in a Lie group. This has been observed by Nagano and Tanaka (see [NT=93,
pp. 198 f.] and [NT=00, pp. 414 f.]).

There are two types of irreducible hermitian symmetric spaces (of compact type):

105 A]] hermitian symmetric spaces of compact type and all adjoint orbits in compact Lie groups are
simply connected (see e.g. [He=7d]).

106The identification of p with T¢ P as the tangent space of a submanifold of g is slightly different to the
identification of p with T P described in Section B using the principal bundle.

107Notice that this is the isotropy representation of a pointed symmetric space (&,¢e), where & is any
compact Lie group with Lie algebra g.

108This is quite similar to the construction in the third step of Section B2
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e The ones whose root system is reduced. In this case the root system has type ¢,
(see [KONV=6H, Co=6O=1]). Theorem P10 shows that P — Ad(P) is a two-fold cover.
Since the noncompact dual symmetric spaces of such hermitian symmetric spaces
can be realized as tube domains™, we call these hermitian symmetric space of
tube type .

e The ones whose root system is reduced and therefore of type be, (see [HeZZ3, p.
475]). These spaces are adjoint spaces.

A submanifold M of a hermitian symmetric space (P, J) is called complez, if for any
m € M the complex structure J,, on T}, P leaves T}, M invariant.

Lemma A.6. Let (P,0) be a pointed hermitian symmetric space and g = € & p the
corresponding Cartan decomposition. Letm be a Lie subtriple of p that is invariant under
Jo. Then the totally geodesic submanifold M := Exp,(m) of P is a complex submanifold
of P. Every complete connected complex totally geodesic submanifold M of P containing
o0 s obtained in this way.

Proof. Recall that T,M is identified with m. Let m be a point in M and let v be a
geodesic arc in M satisfying v(0) = o and (1) = m. Let g be the transvection of P
along v with g(0) = m. The differential g, of g at o coincides with the parallel translation
along v from 7(0) = o to y(1) = m. Since M is totally geodesic, g leaves M invariant
and T,,M = g.(T,M). Since J is parallel, we get J,, = g.Jog;'. Thus J,, leaves T, M
invariant. Hence M is a complex submanifold of P. Since any complete connected totally
geodesic submanifold M through o is of the form M = Exp,(T,M) the last assertion of
Lemma AT is immediate. O

We observe that a complex totally geodesic submanifold M of a hermitian symmetric
space P is again a hermitian symmetric space, because the complex structure J of P
induces a Kahler structure on M and the geodesic symmetries of M which are restrictions
of geodesic symmetries of P are holomorphic.

A submanifold M of a hermitian symmetric space P is called totally real if at any
point of M the complex structure of P maps the tangent space of M on its orthogonal
complement.

A.9. Quaternionic symmetric spaces

In this short exposition we follow Takeuchi [Tak=8d|. More about quaternionic symmet-
ric spaces can also be found in [Wo=GH] and [Be=&4, pp. 408 ff.]. Let S(H) denote the
unit sphere in the algebra H of (real) quaternions™. The 2-sphere S(S(H)) formed by

109E very hermitian symmetric space of noncompact type can be realized as a bounded symmetric domain
(see e.g. [He=7d]). Sometimes this bounded symmetric domain is equivalent to a half-space, like the
disc model of the hyperbolic plane is equivalent to its upper half-plane model.

10The underlying real vector space of H is R* which we endow with the standard scalar product.
Considering the action of S(H) on H by right multiplication, we can identify S(H) with the group
Sp; of those invertible (1 x 1)-matrices with entries in H that preserve the standard hermitian form
on H which acts from the left by usual matrix multiplication.
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the imaginary unit quaternions, i.e. those ¢ € S(H) that satisfy ¢> = —1, is an equa-
tor in the 3-sphere S(H). A quaternionic Kdhler structure on a connected Riemannian
manifold M is a parallel (w.r.t. the Levi-Civita connection) subalgebra bundle H of the
endomorphism bundle T'M @ T*M of T'M such that each point of M has a neighborhood
U so that the restriction of H to U is isomorphic (as an algebra bundle) to U x H and
the elements of U x S(H) act as linear isometries. We can describe the set S(S(H,y,))
of all elements of the fiber H,, of H over m € M that lie in S(S(H)) (under the lo-
cal trivialization above) as S(S(H,,)) = {h € H,,; h* = —Idzy}, where Idryy is the
identity transformation of T'M. A symmetric space P carrying a quaternionic Kéahler
structure H is called quaternionic symmetric, if S(H,) lies in the identity component of
the isotropy group of p € P (acting on T,,P by the linear isotropy representation). The
transvection group of a quaternionic symmetric space of compact type leaves its quater-
nionic Kéhler structure invariant ([[ak=88, Remark 3, p. 166]. The identity component
R of the isotropy group of P at p splits as a product & = & - Sp; of normal subgroups
such that & N Sp, C {£Id} = Z(Sp,), i.e. &8 = (R x Spy)/AZy. The linear isotropy
action of Sp; coincides with the action of S(H,), the set of all elements of H, that lie
in {p} x S(H) under the local trivialization of H. We therefore identity S(H,) with the
Sp; factor of the identity component of the isotropy group of P at p. Wolf [fAa=GH| has
shown that quaternionic symmetric spaces of compact type are irreducible and simply
connected.

Following Tsukada [[s=8H] and Takeuchi [T2k=8d] we call a submanifold M of a quater-
nionic symmetric space P totally complex, if for each point m in M there is an element
I, € S(S(H,,)) that leaves T, M invariant and has the following further feature: Each
h € S(3(H,,)) which is perpendicular to I,,, or, equivalently, that anti-commutes with
I1,,, maps T,, M to the normal space N,,M of M at m. The elements element I,,,, m € M,
are uniquely determined up to sign. They therefore define locally an almost complex
structure on M. If the ambient space P is moreover of compact type, then, since P has
positive scalar curvature, M is actually locally Kahler, i.e. the locally defined complex
structure is parallel (see [[s=83, p. 192]). Complete connected half-dimensional totally
geodesic totally complex submanifolds (complex forms) of quaternionic symmetric spaces
of compact type are reflective (see [[ak=R@, p. 169]). Let g = €P®p be the Cartan decom-
position of a pointed quaternionic symmetric space of compact type (P, o) and let I, be
an element of S((H,)). An I,-invariant Lie triple m of p is called I,-totally complez, if
for any J, € S(S(H,)) that is perpendicular to I, we have J,(m) is orthogonal to m.

Lemma A.7. Let (P,0) be a pointed quaternionic symmetric space and g = €S p the
corresponding Cartan decomposition and let m be an I,-totally complexr Lie subtriple of
p. Then the totally geodesic submanifold M = Exp,(m) of P is totally complex and any
complete connected totally geodesic totally complexr submanifold M of P containing o
arises in this way.

Proof. The key argument for this proof is sketched in [Tak=R@, p. 172]]. Recall that T,M
is identified with m. Let m be a point in M and let v be a geodesic arc in M satisfying
v(0) = o0 and (1) = m. Let g be the transvection of P along v with g(o) = m. The
differential g, of g at o coincides with the parallel translation along « from v(0) = o
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to v(1) = m. Since M is totally geodesic, g leaves M invariant, T,,M = g¢.(T,M) and
NwM = g.(N,M). Since parallel translation leaves H invariant, we see that I,, := g.ol,0
g is an element of H,, that squares to —Id. Moreover, every element J,,, € S(S(H,,))
that is perpendicular to I,,, has the form J,, = g, o J,o0g, ! for some J, € S(J(H,)) that
is perpendicular to I,. Hence I,,(T,,M) = T,,M and J,,,(T,,M) C N,, M. This shows
that M is totally complex. It is not difficult to see that any totally geodesic totally
complex submanifold M of P containing o can be obtained in this manner. O

Finally, a submanifold M of a quaternionic symmetric space P is said to be totally
real, if for any m € M we have S(3(H,,))T,nM C N,,,M. A Lie subtriple m of p =2 T,P
is called totally real, if S(S(H,,))m C m*, the orthogonal complement of m in p.

Lemma A.8. Let (P,0) be a pointed quaternionic symmetric space and g = €@ p the
corresponding Cartan decomposition. Let m be a totally real Lie subtriple of p, then the
totally geodesic submanifold M = Exp,(m) of P is totally real. Any complete connected
totally geodesic totally real submanifold M of P containing o arises in this way.

Proof. This proof is similar to the one of Lemma [A71. Recall that T, M is identified with
m. Let m be a point in M and let y be again a geodesic arc in M satisfying v(0) = o and
v(1) = m and g the transvection of P along v with g(0) = m. The differential g, of g at
o coincides with the parallel translation along v from «(0) = o to y(1) = m. Since M
is totally geodesic, g leaves M invariant and T,,M = g.(T,M) and N,,M = g.(N,M).
Since the transvection g leaves H invariant we see that S(S(H,,)) = g. o S(S(H,)) o g, !
Hence any element of S(S(H,,)) maps T,,, M to N,, M. This shows that M is totally real.
It is not hard to see that every any totally geodesic totally complex submanifold M of
P containing o is obtained like this. O]
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