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Abstract

In this thesis, we consider the stochastic Cahn-Hilliard-Cook and (mass conserving) Allen—
Cahn equation in the physically relevant space dimensions. Both of these equations serve as
phenomenological model for the phase separation and subsequent coarsening of a two-component
mixture. In our studies, we focus on the almost final stage of the evolution, when after an initial
spinodal decomposition or nucleation the mixture is well-separated, and the dynamics is given
by the motion of an interface on a metastable slow manifold. In the one-dimensional setting, the
slow manifold is parametrized by the zeros of a profile having a finite number of transitions from
one pure phase into the other. In higher space dimensions for very late stages of separation,
the transition between phases occurs in a small neighborhood of an almost spherical interface.
Here, the metastable manifold consists of translations of a droplet state with a fixed size.

We derive the effective equation on the slow manifold via an orthogonal projection for a
relatively small noise and small atomistic interaction length. Thus, the underlying infinite-
dimensional system can be described to very high accuracy by a finite-dimensional stochastic
ordinary differential equation. We will see that the thermal fluctuations dominate the dynamics.
This is quite different to the deterministic case, where at this stage the evolution is exponentially
slow in the atomistic interaction length.

We analyze the stochastic stability and show that solutions stay close to the slow manifold for
a very long time with high probability. Crucial for the stability analysis are spectral estimates
of the linearization around the energetically favorable states.
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CHAPTER 1

Introduction

1.1 The Cahn—Hilliard and Allen—Cahn equation

In this thesis, we study a specific class of reaction-diffusion equations (models A and B in the
theory of dynamics of critical phenomena, cf. [HH77]), which serve as phenomenological models
for phase separation and subsequent coarsening of a two-component mixture. The current state
of the mixture can be described by an order parameter u(¢,x) depending on space and time
and taking its values in [—1,1]. The values u = £1 correspond to the pure phases of the two
components, while a value u € (—1, 1) stands for mixtures of the two phases. Typical examples
are the phase transition in an ice-water system at zero temperature (Allen—-Cahn) and the phase
separation of binary metal alloys (Cahn—Hilliard). In both scenarios, the sample prefers to be
in the pure phases +1. In order to describe such physical systems, it is natural to take the
potential energy

[ Flu(a)) s,

where F(-) denotes a symmetric double-well potential with the global minima attained at +1.
A typical example is the quartic potential F'(u) = %(u2 —1)? (see Figure , but most properties
are independent of the particular choice of F.

L
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Figure 1.1.: The potential F(u) = 3 (u* — 1)?

This description, however, is purely local, and to overcome the possibility of rough transitions
between pure phases, one needs to introduce a surface term

62
/§|Vu(3:)\2dm.

The parameter € > 0 is a small atomistic interaction length that describes the typical width of a
transition between two different phases. Hence, our model is depicted by the energy landscape
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given by the Ginzburg—Landau—Wilson free energy functional

2
To(u) = /(;\Vu(x)|2+F(u(az))> dz.

In order to derive an equation for the phase field parameter u, it is assumed that the underlying
system relaxes rapidly towards configurations that are energetically favorable for the potential J¢,
and the dynamics is governed by a gradient flow structure, i.e.,
d  0J:(u)
%“ T
This corresponds to the L2-gradient flow of the energy functional J.(u).
The two-component mixture described by this model is contained in a bounded Lipschitz
domain © C R?. Here, we allow for the physically relevant space dimensions d = 1 (referred to

= Au — F'(u).

as one-dimensional case) and d € {2,3} (the higher-dimensional cases). It is natural to assume
a no-flux condition, that is, at no time can mass leave or enter the domain. This leads to the
Allen—Cahn equation subjected to Neumann boundary conditions

{8t u(t,z) = 2Au(t,x) — F'(u(t,z)), z€Q,t >0

(AC)
Opu(t,z) = 0, x €, t > 0.

This equation was first introduced by Samuel M. Allen and John W. Cahn [ACT79]. One key
feature of the Allen—Cahn equation is that the total mass in the system is not preserved, as one

i/ﬁu(t,x) do = —/QF’(u(t,a;))dx.

To enforce mass conservation, one could add a correction and obtain the following non-local
version of the Allen—Cahn equation

has by Green’s identity

1
it
Opu(t,z) = 0, x e, t>D0.

ru(t,r) = 2Au(t,z) — F'(u(t,z)) + /QF’(u(t, z))de, z€Q,t>0

(mAC)

Here, || denotes the area of the bounded domain 2 and the added mean value of the
function F’(u) takes care of the mass constraint. Another way to guarantee mass conservation is
to choose a different topology for which one considers the gradient flow of the Ginzburg-Landau
energy J.. In fact, choosing the space L3, the subspace of L? consisting of functions with mean
zero, leads to . If one takes the space H, ! the subspace of the Sobolev space H ™! with
zero average, equipped with the inner product

<U7U>H61 = <(—A)_1/2’U,, (_A)_1/20>L27

we arrive at the Cahn—Hilliard equation, which was postulated earlier in the 1950s by J. Cahn
and J. Hilliard [CH58], [Cah59]

{ Oult,x) = —A (2Au(t,z) — F'(u(t,z))), z€Q,t>0

(CH)
Opu(t,z) = Oy Au(t,x) =0, xr e, t>0.

As mentioned, one striking difference between the Allen—Cahn equation and the Cahn—Hilliard
equation is that preserves the total mass [, u(t,z)dz in the system, while this is not
true for . A mathematical difference lies in the fact that the Cahn—Hilliard equation is a
fourth-order equation and thus does not allow for comparison principles, which are a useful tool
in the study of the Allen—Cahn equation. In this work, we do not rely on maximum principles,
and hence, the general results work for both equations.
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1.2 The concept of slow manifolds and heuristics

The theory of slow manifolds is an important tool in the study of dynamical systems. It gives
a practical method to reduce the degrees of freedom in a model and often results in considerable
simplifications. For example, in this thesis, we start with an infinite-dimensional stochastic
partial differential equation (SPDE) and end up with a finite-dimensional stochastic ordinary
differential equation (SDE) describing the motion of interfaces on a metastable manifold. In
some models of interest, there is a separation of time scales between some quantities that relax
very quickly to an essentially static value, while others change more slowly and can be sensitive
to perturbations. The term ,,slow manifold“ describes the space in which these slower quantities
vary after a possible fast initial transient has died out. This concept is similar to the theory of
center manifolds, but slow manifolds only provide an approximation.

Let us give a non-rigorous description on constructing a finite-dimensional slow manifold
for the Cahn—Hilliard and Allen—Cahn equation. Due to the gradient flow structure of these
equations, the preferable states of the dynamics are given by the minimizers of the energy
functional J.. First, we take a look at the one-dimensional case on the whole line R with & scaled
out, i.e., in this case, the energy landscape is described by the functional

J(u) = /R <;u/(x)2+F(u(aﬁ))> da.

Obviously, the pure phases u = +1 are global minimizers, but—due to mass conservation
for and @—a non-homogeneous material never reaches this perfect configura-
tion. Thus, we search for minimizers under the constraint that there exists at least one
transition from —1 to +1. For this purpose, we demand that u is increasing and satisfies
lim, 1o u(x) = £1. Using these boundary conditions and the monotonicity, one can then
write

Iw) = [ (50@P + Flu(@)) do

5 [ (v@ 2n<>0 2R @) a2 [ Fw

In the case of the classical potential F'(u) = %(u2 —1)2, we obtain cq = 2\[ This energy level
is attained if, and only if, u solves the first-order equation
u'(z) —/2F(u(x)) = 0 VzeR, lim wu(x) = +1. (1.1)

T—r 00

Since equation (1.1)) and the energy J are invariant under translations, we can also assume that
the profile u is centered at u(0) = 0. If the potential F' is sufficiently smooth, there exists a
unique solution u(z), z € R, expressed implicitly by

u\x
o /0 varm
For the quartic double-well potential, we obtain the solution u(z) = tanh(x/v/2). Due to the
translation invariance of , we can define the one-parameter family of solutions {u¢ Yeer,
where uf(z) = u(z — €) is a translate of the normalized solution. By our construction,
the function u¢ is an energetically favorable profile for the energy functional J that jumps
from —1 to +1 in a small neighborhood around the zero ¢. One key feature of the profiles ué
(and their derivatives) is that they converge exponentially fast to +1 (and 0, respectively),
and thus, almost all the energy is concentrated near £. Moreover, due to the symmetry of the
potential F', we observe that —u solves equation , but the transition goes from +1 to —1.




4 1. Introduction

Under the same constraint of having exactly one phase transition from —1 to 41, the minimizers
of the functional J. in the e-dependent case are given by a rescaled version of the profiles u,

With the exponential decay of ué, we also see that the phase transition occurs in a vicinity

i.e.,

of £ of width e, and thus, the typical length of an interface is of order . In order to generate
profiles with a fixed number N of transitions from —1 to +1, and vice versa, that occur at
some zeros &1, ..., &N, one can essentially sum up these energy minimizers with alternating sign
(see Figure . If the zeros are well separated, we expect these configurations to be almost
stationary as they solve the PDE up to exponentially small terms.

Figure 1.2.: A typical multi-kink profile with an approx. energy of 4 - ¢

In the higher dimensional cases, we can think of the domain 2 being split into subdomains I'
and I'_, where an energetically optimal configuration is close to the pure phasesu = +1oru = —1
with boundaries e-localized about an interface I'c(t) between I'S. For the Cahn-Hilliard equation,
as € tends to zero, the front I'c(t) moves at least locally up to time-scales of order 1 according
to the geometric evolution law (cf. [Peg89, [Sto96l [ABC94])

dp

v==~b [} , MS
dnlre (MS)
where
Ap = 0, x e Q\T(¢t),
a—'u =0, x € 01,
dn

uw=ceaK, xel(t).

Here, a and b are constants, K denotes the mean curvature of I'(t) at z, [fl—‘;] is the jump of
the normal derivative ‘é—’; across I'(t), and v is the normal component of the velocity of I'(¢).
Equation is referred to as Mullins—Sekerka problem. For corresponding results on the
Allen—Cahn equation, we refer to [ESS92, [DMS95] and the references therein. We observe that
a sphere, or more generally a surface consisting of a finite number of non-overlapping spheres
contained in €2, is an equilibrium to the Mullins—Sekerka problem. This suggests that one should

investigate bounded radial solutions to the stationary problem

Au—F'(u) =0, zeRL (1.2)
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In fact, if U(x) = U*(|z|) is such a function, then the shifted radial component U,(s) = U*(s+p)
satisfies

v+ =y )y = o

P s P P :

Therefore, as p — 0o, we can expect that U, tends to the one-dimensional heteroclinic given
by . Moreover, away from the interface, we expect that U, is close to one of the roots
of F'. With a perturbation argument based on this observation, Nicholas D. Alikakos and
Giorgio Fusco [AF98] proved the existence of radial solutions to (1.2). For the rescaled problem,
this leads to a droplet like state ug’p that jumps from somewhere near —1 to near 1 in a thin
layer of width € around the sphere of radius p and center &.

So far, we have seen on a heuristic level that energetically favorable configurations can be
described by a finite-dimensional shape variable—the positions {&;};=1,. n of the kinks in the
one-dimensional setting, centers and radii (&, p;)i=1,..n of droplets in the higher dimensional
cases. It is fruitful to interpret these states as finite-dimensional (smooth) manifold. For a
set @ C RY of admissible parameters, we denote the corresponding profile by u¢, i.e., we
write

Mz{unge(')}.

By the gradient flow structure of the Allen-Cahn and Cahn—Hilliard equation, solutions will be
drawn rapidly to a small neighborhood of the manifold M, and then the configuration remains
almost static. In the deterministic case, the kinks or droplets move exponentially slow in the
atomistic interaction length & until two of them come too close and annihilate in a fast motion
(also known as Ostwald ripening). During this stage of the evolution, the total area, where
transitions between the pure phases occur, decreases, and thus the domain, where the solution
is constant, increases—thereby leading to a decay of energy. This phase of the dynamics is
referred to as coarsening.

In the final stage, there will be only one kink or one droplet left. Due to mass conservation,
the position of the last remaining kink or the size of the last droplet is fixed. Thus the one-
dimensional kink does not move. As almost all the energy is stored in the interfacial region, the
droplet moves slowly towards the boundary of the domain, where a semicircular shape can be
obtained and thus a shortening of the perimeter.

Throughout this thesis, we will focus on a fixed number of transition layers in the one-
dimensional case. Therefore, we study the dynamics locally in time, i.e., as long as the transition
layers are well separated. After a breakdown, the number of transition layers has decreased
(by two if they annihilate and by one if they hit the boundary), and one could restart the
analysis on a lower-dimensional slow manifold. In higher space dimensions, we concentrate on
the motion of a single droplet inside the domain and sufficiently far away from the boundary.
We do not study the ,fast* annihilation in this thesis.

1.3 The stochastic equations

In this thesis, we study the later stage of the evolution—after spinodal decomposition or
nucleation—when the two-component mixture is already well-separated, and domains of pure
phases have formed. To capture a more interesting behavior for the interface motion and
motivated by thermal fluctuations in the material, we introduce an additional noise term and
study its influence on the dynamics.

As described above, in the deterministic case, one observes a rapid phase separation followed
by a very slow dynamics on the slow manifold M. In the one-dimensional case, for instance, the
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(in €) exponentially slow motion of the kinks was established both for the Allen-Cahn equation
by Carr and Pego [CP89, [CP90] as well as for the Cahn-Hilliard equation by Bates and Xun
[BX94, BX95]. In the stochastic setting, however, the strong decay of energy will still lead to
a fast phase separation, but there is almost no influence of this energy on the slow manifold.
Hence, the thermal fluctuations—although tiny—do have an impact on the dynamics. The
kinks or droplets will move randomly and annihilate once they come too close. We will see that
the interface positions essentially behave like on M projected Brownian motions, which are
coupled through the mass constraint. In this sense, one expects that the additional noise term
significantly accelerates the coarsening procedure.

The stochastic forcing is given by the derivative of a Q-Wiener process. Throughout our
analysis, we will assume that the covariance operator Q is trace-class. The motivation of this
choice lies in the fact that the proofs of our main stability results rely heavily on sufficient
smoothness of the solutions and Itd formula. Therefore, we need the Wiener process to be
sufficiently smooth in space, too. We expect the results to remain valid for singular noise,
although the region of stochastic stability might decrease. We give an approach towards treating
rougher noise in Section

1.4 Bibliographical notes

The deterministic Cahn—Hilliard equation was proposed by J. Cahn and J. Hilliard |[CH58,
Cahh9] as a simple model for the phase separation of a binary alloy at a fixed temperature. It
was extended first by H. Cook [Coo70] in the 1970s to incorporate thermal fluctuations in the
form of additive white noise. See also [Lan71]. Since then, there have been many developments,
and we give a brief overview of the literature. We refer to [CH58, [Cah61, [EZ86 [Fif91, BF93] and
the references therein for a more physical description, the derivation, and further discussions.

The existence and uniqueness of solutions to the stochastic problem are well-understood. It
was first studied by Da Prato and Debussche in [DPD96], where the nonlinearity is given by a
polynomial of odd degree with positive leading term and the problem is posed on rectangular
domains. Here, the stochastic forcing is given by a space-time white noise. In [CWO01], the
author proved the existence of solutions and its density. For a trace-class Wiener process, the
existence was analyzed in [EMO91].

Our analysis focuses on the later stages of the evolution when the binary alloy is already
well-separated and domains of pure phases have formed. For an analysis of earlier stages, see, for
example, [Bat90, BF93, BMPWO05, BGW10, BSW16|. In [BMPWO05], for instance, the authors
showed that for a solution starting at a homogeneous state, the probability of staying near a
certain finite-dimensional space of patterns is high as long the solution stays within a certain
distance of the homogeneous state.

Bates and Xun [BX94] [BX95] offered a detailed analysis of the slow evolution of patterns for
the one-dimensional Cahn-Hilliard equation. Building on the construction of a slow manifold
due to Carr and Pego [CP89], the authors proved the existence of metastable patterns and
analyzed the equations governing their motion. They studied the dynamics of an equilibrium
having finitely many transitions layers and showed that the kinks move exponentially slow in
the atomistic interaction length €. In the stochastic case, the motion of kinks was studied
in [ABK12]. Relying on the same deterministic slow manifold as Bates and Xun, the authors
proved that with high probability solutions stay in a small tube around this manifold consisting
of muli-kink profiles. Opposed to the exponentially slow motion of the kinks in the deterministic
case, the stochastic terms dominate the dynamics.
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In the higher-dimensional cases, the interface is expected to move like a Hele-Shaw or Mullins—
Sekerka problem (see equation (MS)), where circular-shaped droplets are stable stationary
solutions for the dynamics. This was first suggested by formal analysis of Pego [Peg89] and
later supported rigorously in [ABC94| [Sto96] in the sharp interface limit. In [ABK18], formal
derivation suggested a stochastic Hele-Shaw problem in the limit € — 0 for a noise strength
of order €. There it was also shown that for small noise the dynamics is well approximated
by a deterministic Hele-Shaw problem. See also [BYZ19] for singular noise. The dynamics of
the interface in the sharp interface limit was also studied in [YZ19], but without obtaining an
equation on the interface. Only in the case of radial symmetric interfaces, one obtains the full
Hele—Shaw problem.

In [AF98, IAFKO04], the motion of a single spherical droplet or bubble for the deterministic
Cahn—Hilliard equation inside a smooth domain was analyzed, and it was shown that the droplet
moves (in &) exponentially slow towards the closest point at the boundary. Via energy methods
and a careful analysis of the spectrum, in [ABF98]|, the authors established slow motion for
models described by the energy landscape J.. For a detailed analysis of the spectrum of the
linearized Cahn-Hilliard operator, see [AF94]. Otto and Reznikoff [OR07] also presented a
general framework for slow motion in systems given as a gradient flow.

The Allen-Cahn equation was first introduced by S. Allen and J. Cahn in [ACT79]. As well as
the Cahn—Hilliard equation, it serves as a phenomenological model to describe phase separation
and essentially behaves in the same way, but without mass conservation.

The dynamics of the one-dimensional equation is well-understood. J. Carr and R. Pego [CP89,
CP90] provided a detailed analysis of the slow evolution of patterns of the singularly perturbed
Ginzburg-Landau equation. They proved the existence and persistence of metastable patterns
and analyzed the equations governing their exponentially slow motion. These metastable states
have been characterized in terms of the global unstable manifolds of equilibria. The idea of
the metastable manifold of multi-kink configurations due to Carr and Pego [CP89] led to many
further investigations. For a complete picture of the dynamics, including annihilation, we refer
to the nice work of X. Chen [Che04].

Heavily based on maximum principles, the first rigorous works on the stochastic problem can
be found in [Fun95, BDMP95]. Here, the sharp interface limit for a single-kink configuration is
studied. See also [BB98]. In [Sha00], the author proved for a sufficiently small noise strength the
convergence of solutions to the one-dimensional stochastic Allen—Cahn equation to the noise-free
problem. In recent years, the evolution of a multi-kink profile was analyzed; however, only the
invariant measure was considered [Webl10, OWW14]. In [Webl4], a martingale representation
for the interfaces was given, and the effect of annihilation was studied in more detail.

In the space dimensions two and three, the Allen—Cahn equation has also been treated in
the literature. As we mentioned earlier, in the higher-dimensional cases the interfaces form a
(d — 1)-dimensional surface. For the deterministic equation, the motion of the fronts according
to a mean curvature flow in the sharp interface limit ¢ — 0 was established in |Che92]. This
was extended by Funaki [Fun99] to the stochastic equation for a noise that is constant in space
and smoothened in time. The nonlocal version of the Allen—Cahn equation, i.e., the lack of
mass conservation is taken care of by a nonlocal term, was first studied in [RS92]. Here, the
authors analyzed the final stage of the evolution, where a single droplet moves to the boundary
of the domain. They established a stable set of solutions corresponding to small semicircular
droplets intersecting the boundary and moving towards a point of locally maximal curvature.
Further works in this regard are [ACF00Q, BJ14]. In the stochastic case, the motion of a single
boundary droplet was studied in [ABBK15].




8 1. Introduction

1.5 Organization of the thesis

In this work, we analyze the motion of interfaces for the stochastic Cahn—Hilliard and
Allen—Cahn equation in the relevant space dimensions d = 1 and d = 2,3. The two- and
three-dimensional problem is referred to as higher-dimensional cases and the analysis can
be carried out almost analogously in these higher-dimensional cases. We focus on the later
stages of the evolution when the dynamics is in first approximation given by the motion on
a finite-dimensional metastable slow manifold. So far in the stochastic case, only the motion
of multi-kink configurations for the one-dimensional Cahn—Hilliard equation has been carried
out in [ABK12], and we extend the picture in this work to the stochastic Allen-Cahn equation
in the space dimensions d = 1,2 and 3, as well as the stochastic Cahn—Hilliard equation in
the higher-dimensional cases. Building on preliminary works on the deterministic equations
for the construction of a slow manifold, we analyze the stochastic ODE governing the motion
of interfaces and show stability of the deterministic slow manifold for long times under small
stochastic perturbations.

In Chapter [2| we establish the mathematical framework of this thesis. For a general infinite-
dimensional stochastic system and some finite-dimensional slow manifold M, we first compute
the effective dynamics on M. Here, to make the computation feasible, we assume that an
1t6 diffusion gives the motion on the slow manifold. Via orthogonal projection, we define the
so-called Fermi coordinates in a small neighborhood of M and use them to derive the effective
dynamics. In the second part, we analyze the stochastic stability of the slow manifold. Based on
a method introduced in [ABK12, [ABBK15], we present a general guideline to achieve stochastic
stability. Crucial for our analysis are spectral properties of linearized operators. We need that
eigenfunctions not tangential to the manifold have negative eigenvalues uniformly bounded
away from zero.

The methods are applied to the stochastic Cahn—Hilliard equation in higher space dimensions
in Chapter [3. Here, we rely on the existence of a deterministic slow manifold that consists
of translations of a single-droplet state, which was constructed in [AF98]. We show that
sufficiently close to the manifold, the motion of the droplet’s center is approximately given
by the projection of the Wiener process onto the tangent space of the slow manifold. As the
dominating terms for the dynamics are not small in € but in the radius of the bubble, we expect
that the motion is influenced by the mass. Stochastic stability is derived after an extensive
study of the linearization of the Cahn—Hilliard operator around a droplet state. Here, it is quite
useful that the H~!-bounds correspond to the L?-theory of the linearized Allen-Cahn operator.
In more detail, we prove that a weighted H'-distance of a solution to the slow manifold stays
small with high probability up to time scales that are polynomial in ¢e~!. We conclude the
analysis of the Cahn—Hilliard equation by extending the stability result to general nonlinearities
that have at most polynomial growth at infinity.

To complete the picture in higher space dimensions, we study the stochastic mass conserving
Allen—Cahn equation afterwards in Chapter [4} In our analysis, we can rely on the results from
Chapter[3]on the Cahn—Hilliard equation. In fact, we consider the same slow manifold of droplet
states. We state the exact stochastic equation for the droplet’s motion and analyze it thereafter
in terms of €. Compared to the exponentially slow motion in the deterministic case, it comes as
no surprise that the additional noise dominates the dynamics and the motion of the droplet
behaves like a projected Wiener process. Moreover, we first prove stochastic stability in L?
and then extend the stability result to H', which we need to control the nonlinearity in the
stochastic ODE governing the motion of the droplet’s center.
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Finally, Chapter [5]is devoted to the one-dimensional stochastic Allen—-Cahn equation. We
treat the classical Allen—Cahn equation, as well as the nonlocal version, which preserves the
total mass. To construct a slow manifold of multi-kink configurations having NV + 1 transitions
from —1 <> +1 (cf. Figure @, we start with the profiles ug given by rescaled versions of the
heteroclinic ((1.1)). The key feature of these profiles is that they decay exponentially to +1.
Also, all the derivatives converge exponentially fast to zero. With this observation, we can
essentially define a multi-kink configuration by summing up such profiles with an alternating
sign. Here, our construction of the slow manifold differs slightly from the construction in the
deterministic case due to Carr and Pego [CP89, [CP90]. In their work, the alternating profiles
were carefully glued together via a cut-off function. With that, the authors gained better control
of the exponentially small error, which is crucial since exponentially small terms dominate the
dynamics. In our stochastic case, however, the dynamics is dominated by the noise, and hence,
we do not need to take care of these exponentially small terms.

Due to mass conservation, the dimension of the slow manifold is reduced by one in the
nonlocal case. This phenomenon can also be observed on the level of the stochastic ODE
governing the motion of the kinks. While for the classical Allen—Cahn equation the kinks behave
like independent Brownian motions until they come too close and annihilate, the motion for the
mass conserving case is—as one would expect—coupled through the mass constraint.

With the method introduced in Chapter [2, we prove stability in L?. In order to control the
nonlinear terms in the stochastic ODE, we extend the stability result to L*. The advantage of
working only in Lebesgue spaces is that we do not need to assume additional spatial regularity
of the Wiener process. This is quite different to the higher-dimensional cases. Ultimately, we
treat general nonlinearities given by polynomials of odd degree 2p — 1 with positive leading
term. Here, we extend the stability result to L?”.







CHAPTER 2

General setting & Metatheorems

In this chapter, we consider the mathematical framework of this thesis and develop toolboxes,
which will be used throughout this work. We assume that solutions to some (infinite-dimensional)
stochastic PDE are well approximated by some ansatz functions u”, which are collected in a finite-
dimensional slow manifold M (Deﬁnition parametrized by some shape variable h € O c RV,
Under a suitable coordinate frame (Fermi coordinates, Definition [2.2), we derive the effective
dynamics on M in Section [2.2) cf. Theorem [2.6. In Section [2.3, we are concerned with
establishing stochastic stability, i.e., our objective is to show that solutions stay close to the
slow manifold for very long times under small stochastic perturbations. The typical time scale
for stochastic stability should be much longer than the one we expect the shape variable h
to move. Motivated by [ABBK15, [ABK12], we use It6 formula to estimate the differential of
the squared residual error ||u — u"||?. Crucial for the analysis are bounds on the linearization
at any ansatz function u” € M orthogonal to the tangent space of M and good control of
the nonlinear terms (Metatheorems . The main result on stochastic stability is presented
in Theorem Since our method is decisively based on the application of It6 formula, we
have to assume that solutions to the stochastic PDE are sufficiently smooth, and thus, we
need the stochastic forcing to be sufficiently smooth, too. Throughout this work, we will hence
focus on trace-class Wiener processes. In the final Section we remark on how to deal with
space-time white noise given by the derivative of a cylindrical Wiener process. We expect that
our method is still applicable, but the region of validity for the results on stochastic stability

might decrease.

2.1 Assumptions on SPDEs and slow manifolds

In the general setting of this chapter, we consider an infinite-dimensional stochastic system
in some Hilbert space H given by the following SPDE

du = A*(u)dt +dW, = Ludt + F°(u) dt + dW,. (2.1)

Here, A® denotes a nonlinear differential operator, which might depend on some parameter € > 0.
We split A® into its linear part £° and remaining nonlinear terms F¢. Moreover, let W, be
a Q.-Wiener process in the underlying Hilbert space H, where Q. is a symmetric operator
and (eg)ren forms a complete H-orthonormal basis of eigenfunctions with corresponding eigen-
values a%, ie., Q.er = a%ek. It is well known that W is given as the following Fourier series,
cf. Da Prato and Zabzcyck [DPZ92b],
Wo(t) = Y awBr(t)er()
keN

for a family of independent R-valued standard Brownian motions {fy(t) }xen. For the sake of
simplicity, we drop all dependencies on the parameter € in the remainder (as already carried
out with aj and ey in the construction of the Wiener process).

11
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We assume that solutions to are unique and define a sufficiently smooth stochastic
process in H. See, for instance, Appendix [C]for details on existence, uniqueness, and regularity
of solutions to the stochastic Cahn—Hilliard equation. Moreover, we assume that solutions to the
stochastic PDE can be approximated via some ansatz functions u”(t,z) := u(t, z; h) for
some time-dependent coordinate h € RY indexing the position on the slow manifold. The justifi-
cation of this approximation can be inferred either from numerical simulations or known proper-
ties of the deterministic counterpart of , e.g., symmetry properties or given shape dynamics,

h

see [CG18]. We collect all ansatz functions u” in a slow manifold M.

Definition 2.1 (Slow Manifold).
For some set @ C RY of admissible parameters, we define the slow manifold

M = {uh:he(’)}.

We assume that the map h — u" defines a C3- parametrization of M. We denote the j-th
partial derivative of u” with respect to hj by u ; second and third derivatives, accordingly.
Furthermore, we suppose that M is non- degenerate and defines an N-dimensional manifold.

In order to derive the effective dynamics on the slow manifold, we introduce the concept of Fermi
coordinates in a small tubular neighborhood of M. This concept was first used in [CP89, [Fun95].
If the solution w is sufficiently close to the slow manifold, we find a unique h € O such that
dist(u, M) = infpeo |lu — u”|| = ||u — u"||. Differentiating the map ®(h) = %|ju — u"||? with
respect to all variables h;, we also see that

<u—uhu>—0 Vi=1,...,N.

ThlS can be interpreted as the vector v = u — uh being orthogonal to the tangent space of M
in u”. The Hessian matrix of the map ®,

(Ho(h));; = {ul',uj) — (u—u",ufy),

is closely related to the first fundamental form P of the manifold M defined by Pj; = (ul, u?).

9%y
Since the vectors u?, i =1,...,N, form a basis of the tangent space T,»M, we can find
for any w € T,nM a vector a = (ai,...,ay) such that w = 3 a;u?. Thus we obtain

‘wHQ Z OZZOé] z? j - OCTPOZ,
1,j=1
and therefore, the fundamental form P is positive definite. If the distance |Ju —u”| is sufficiently
small, we see that the Hessian Hg(h) is positive definite as well, and hence, ® only obtains
minima close to the slow manifold M.

Definition 2.2 (Fermi coordinates).
Let u(t) be the unique solution to (2.1)). We define the pair of coordinates (h(t),v(t)) € O x H
such that

u(t) = u"® + o), W' o)) =0 for i=1,...,N, (2.2)

as Fermi coordinates or tubular coordinates of u(t).
For some fixed point u(t), minimizing the function ® always leads to a pair (h(t),v(t)) satisfying

Definition @ unless u"(®) hits the boundary of M. In order to guarantee that the Fermi
coordinates h(t) and v(t) depend smoothly on ¢, we need to assure local uniqueness.
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u(t) = v(t) + u

M

Figure 2.1.: Splitting of the solution v into its tangential and orthogonal part

Therefore, we work in a sufficiently small tubular neighborhood of M such that the projec-
tion is well-defined. For local uniqueness of the Fermi coordinates, we refer to Theorem 3.8
of [DH94]. This is a standard result in differential geometry.

Later in Subsection [2.2.2, we present another method to ensure that the Fermi coordinates are
locally well-defined. There we will see that—under Lipschitz conditions on the coefficients—local
solutions to the stochastic ODE governing the motion of the shape variable h naturally lead to
tubular coordinates in a small neighborhood of M.

Remark 2.3 (Approximation of the tangent space).

In some applications, however, it is useful to approximate the tangent space 7,..M by the
span of some functions E,QL for k € {1,..., N} (see Definition . Due to slow motion, for
instance, the residual A(u") is typically very small, and thus, by differentiating with respect
to hy, we expect that DA(uh)uZ is small as well. Therefore, the functions uz can be seen as good
approximations of the eigenfunctions corresponding to the small eigenvalues of DA(u"), the
linearization of A at the ansatz function «”. In some applications, the exact eigenfunctions E,?
are known, and it is more convenient to work with them. For example, in the stability analysis,
we need that eigenvalues corresponding to eigenfunctions orthogonal to the tangent space are
negative and uniformly bounded away from zero. See Section [2.3 for more details. For this

reason, we define an approximation of the tangent space 7, M.

Definition 2.4 (Approximate tangent space).
For k € {1,..., N}, the functions EJ denote approzimations of the tangent vectors ull € Tyn M.
We assume that they satisfy the following properties:

i) the map O > h— E € H is smooth (at least C?). We denote the partial derivative of E}
with respect to h; by E,’g,j, and second derivatives E]’g,ij, accordingly.

ii) the linear space spanned by the functions E{L, . ,EJ}{, is non-degenerate, that is,

dimspan{EZh D= 1,...,N} =N VYheO.

iii) the function E,’; serves as a good approximation of the function uZ, where u” is given by
Definition i.e., the quantity ||[E — ull|| is very small.
In this case, the pair (h(t),v(t)) € O x H such that
u(t) = u® +o(t), (EM o) =0 for k=1,...,N (2.3)

will also be referred to as Fermi coordinates of u(t).
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In the remainder, we suppose that the shape variable h performs an N-dimensional diffusion

process given by
dh = b(h,v)dt + (o(h,v),dW), (2.4)

for some vector field b: O x H — RY and some diffusion o : O x H — H" (cf. Theorem @
for the exact formulas). This assumption will make the computations in the following section
feasible. Later in Lemma [2.8, we justify this ansatz and comment on why it is not restrictive
for h being a diffusion process.

2.2 Effective dynamics along the slow manifold

The main aim of this paragraph is to identify the drift term b: @ — RY and the diffu-
sion o : O — HY of the It6 diffusion , which might also depend on the normal component v,
such that u” is a good approximation of the solution u, cf. and . Since the following
calculation is based on the application of It6 formula, we will assume that the Wiener process
is trace-class, that is,

tracey (Q) = Zai =7 < 00.
keN
In the derivation of the effective dynamics, we rely on the approximation of the tangent space
given by Definition @ and the general Fermi coordinates . See also Remark @ The
adaption to the originally postulated Fermi coordinates of Definition is straightforward. We
use the It0 formula to differentiate with respect to t and obtain

du_du+zu dhj + - Zuwdh dh;.
J=1 1,j=1

Taking the inner product of this equation with the functions EQ in the Hilbert space H yields
forany k=1,...,N

N N
(Eg,du) = (B, dv) + > (Ep,ul)dh; + = Z (Eg,uly) dh; dh;. (2.5)
j=1 i,j=1
Similarly, by multiplying equation (2.1]) with E,};, we obtain
(B}, du) = (B A(u" +v)) dt + (B}, dW). (2.6)

In the following lemma, we deal with computing the product dh; dh; for a diffusion process h
satisfying (2.4)). The proof is quite standard and, for example, can be found in [ABBK15]. For
the sake of completeness, we state the proof here in detail.

Lemma 2.5. Let h be given by the diffusion process (2.4). Then, for any i,j € {1,...,N}, it
holds true that
dh;dh; = (Quo;i(h),o;(h))dt.

Proof. Since dW dt = 0 and dtdt = 0, it is sufficient to consider the term (o;, dW)(c;,dW).
Using the series expansion of W together with dS(t) dB;(t) = o dt, we obtain by Parceval’s

identity
(o, dW) (o, dW) = Y agag (o4, ex)(oy, er) dBy. dfy
k,leN
= Zaz(ai,ek>(aj,ek>dt = (Qoj,05) dt. O

keN
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As a next step, we combine equations (2.5) and (2.6 and utilize Lemma This yields directly
that

N N
1
> (B, uf) —<E,’;,dv>—§ > (ER, ul;)(Qai, 05) di
j=1 ij=1 (2.7)

+ (Bl A(u" + v)) dt + (B}, dW).
We need to eliminate the term involving the differential dv. We apply the 1t6 formula to the
orthogonality condition (ER, v) = 0 and arrive at
(Bl'dv) = — <dE,’;, v) — (dE}, dv)
1N

= Z Ek ]7 2 Z <E£Lﬂj, ’U> dhl Clh]
j=1 ij=1
N N
1 (2.8)
Z El?]? dv 2 Z <E1}€Z7ij, d'U> dh; dhj
j=1 ij=1
N 1 N N
= Z E/w? 3 Z <E1}gl,ij7 v)(Qoy,05) dt — Z<Ei?,j’ dv) dhj.

Note that third—order differentials are always zero and were therefore neglected in the previous
calculation. We utilize now that dv = du — du” by definition of the Fermi coordinates (h,v),
and the fact that dW dt = 0 and dt dt = 0. We derive

N N N
=N (ER;,dv)ydh; = = (Bp ;. du)dh; + Y (Ep;, du”) dh;

. . (2.9)
= — Z(Eﬁj, Qoj)dt + Z <E2’j,u?><Qai, oj)dt.
j=1 3,j=1
By plugging into , we obtain
N N
(B, dvy = = > (Ep;,v)dhj+ Z [E,”, ul'y — ;<E,ﬁ;ij,v>} (Qoi,05)dt — > (B}, Qo) dt
j=1 i,j=1 J=1
This implies together with
Mo 1
S~ [ t) — (o] = 3 (2B 0) — (Bl - Mb)@
= "’j:; (2.10)
+ > (B}, Qo) dt + (B, A(u" + v)) dt + (E, dW).
j=1

With the intention of simplifying the notation for the following computations, we write the left-
hand side of (2.10) as A(h,v) - dh, where the matrix A(h,v) is given by

Apj(h,v) = (B, ul) — (B}, v).

Moreover, in order to solve equation for dh and thereby obtain the exact formula for the
ansatz , we need to assume that the matrix A(h,v) is invertible, which is an assumption
on the parametrization of the slow manifold M, the approximate tangent vectors E,if, and the
smallness of v in ‘H. For a later analysis of the stochastic ODE governing the motion of h,
it is also convenient to have estimates on the inverse matrix. We summarize this in our first
metatheorem.
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Definition & Metatheorem 1 (The matrix A(h,v) and invertibility).
We define the matriz A(h,v) € RV*N by

Apj(h,v) = <E,Z,u§") — <E£L,j,v>.
As long as the solution u to the stochastic PDE (2.1) lies in a small tubular neighborhood

of M, given by ||v|| being sufficiently small and u* € M, we assume that the matriz A(h,v) is
invertible. Along with the invertibility of A(h,v), we need estimates of the inverse A=1(h,v).

Plugging the diffusion process ([2.4]) into equation (2.10) yields directly that the diffusion term
o is given by

N
Z Akj(h, 1}) Uj(h) = E]}CZ
j=1
For the drift term b we obtain
N
1
ZAkJ h U Z l: Eklj’ (Ellﬂl,jﬂuil>_§<ElfgLvuZ> <Qai70j>

1
N
Z Ek]7QGJ <El}clﬁ"4(uh+v)>

Using the invertibility of A(h,v), we finally obtain expressions for b and o.

Theorem 2.6 (Effective dynamics on M).

Suppose that the solution u to can be decomposed into the Fermi coordinates and
that h is given by the diffusion process . Then, under the assumptions of Metatheorem
the drift b and diffusion o are given by

or(h) = iAm-(h,v)_lEZh (2.11)
=1
and
N N
be(h) = > Api(h,v) " YE!, A" +0)) + Y Avi(h,0) ™1 > (B}, Qo)
= =t 7 (2.12)
1
+ 30 Anlho) ™ 3Bl ) — (Elyal) - (BN )| Qo).

i,5,k=1
Remark 2.7. The first summand in is the only term that would survive in the deter-
ministic case. All the other terms appear due to stochastic calculus. Therefore, as we will see
later, we need estimates of higher order derivatives that, in general, were not considered in the
literature treating the deterministic problems. The assumption of A being a diffusion process
was advantageous in the previous calculation since we could control the nonlinear terms dh; dh;
appearing due to It6 calculus (cf. Lemma .

The ansatz combined with equations (2.11) and (2.12) gives the exact stochastic equation
for the motion along the manifold M. Based on the different kind of models, it would be useful
to approximate this equation in terms of the parameter €. This will be carried out in more detail
for the Cahn—Hilliard and Allen-Cahn equation in subsequent chapters. See also Section [2.2.3
for a comparison to the dynamics given by the projection onto the tangent space of the slow
manifold M.
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To complete the picture of the exact dynamics, we give the stochastic PDE for the ,normal“
component v. Note that both b and o, as well as the matrix A, depend on v. Differentiating
v =u — u” leads with Ito calculus to

N
dv = du—du" = .A(u)dt—i—dW—Zu;‘dhj—— Z uly dh; dh;

i=1 N wI=t (2.13)
= A(u" +v)dt + dW — Zu dhj — = Zu?j@a@-,aﬁdt.
J=1 t,j=1

2.2.1 Justification of diffusion

In the ansatz (2.4]), we made the assumption that h is given by an N-dimensional diffusion
process

dh = b(h,v)dt+ (o(h,v),dW).
The following lemma shows that this ansatz is indeed justifiable.

Lemma 2.8 (Justification of diffusion).

Consider the pair of functions (h,v) as solutions to the system given by and the
ansatz , where b and o are given by and . Furthermore, assume that Metathe-
orem |1| holds true, i.e., the matriz A(h,v) is invertible for all times, and that the initial

condition u(0) = u"®) 4 v(0) satisfies (v(0), E,};(O)) =0 forallk=1,...,N.
Then, u = u" + v solves ([2.1)) with <E,?,v> =0fork=1,...,N.

Proof. In order to show that u = u” 4 v solves (2.1)), one basically reverses the calculation
of this section that lead to the definitions (2.11) and (2.12) of the coefficients o and b. The
orthogonality condition follows from d(E},v) = 0 for all k € {1,..., N} and the assumption

that (v(0), EZ(O)) = 0. In more detail, we have
d(Ep,v) = (B, dv) + (dE},v) + (dE}, dv)
= (E}, dv) + (dE},v) + (dE}, du) — (dE}, du®)
= (A(u), Ef) dt + (Bl dW) + 3 [(Bpj,v) — (uf}, Bl dhy
J

1
+ 3318 = gl B — (Bl Qoo+ B Q).

First of all, we extract the dW—terms and see that

(20

By =Y [l B = (B0 oj = B =Y Aoy == 0.
J J

Secondly, we consider the drift term:

1
Z [2<Elg,ij7v> - <E1}537U?> -

i?j

(uly B (@) + Y (B, 00)

J

(Wl B = (B, 0)] b == 0.

— [\3‘)—‘

+ (A(u" +v), E}) — Z

This completes the proof that A is indeed a semimartingale. O
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2.2.2 Local existence of the Fermi coordinates

We can use Lemma 2.8/ to show that the Fermi coordinates from Definition [2.4] are well-defined.
For u being the unique solution to (2.1)) and h € O, we define

b(h) == b(h,u —u") and &(h) = o(h,u—u").

As long as |lu — u"|| is sufficiently small, we typically have that b and & are locally Lipschitz
continuous in h. In fact, by the explicit formulas of Theorem @, we see that the functions b
and & depend on various derivatives of the approximate tangent vectors Elh and the ansatz
function u”, the operator A, and the inverse of the matrix A(h,u — u”). If these quantities—
for ||u — u”|| sufficiently small—depend smoothly on h, one can easily derive the Lipschitz
continuity of b and &. For a detailed analysis, we refer to subsequent applications.

Using the Lipschitz continuity of the coefficients, we then find a unique local solution to
the SDE (cf. Appendix Theorem

dh = b(h)dt + (5(h),dW).

By defining v = u—u”, Lemmal@limplies that the pair (h,v) indeed defines tubular coordinates
in a small neighborhood of M.

Remark 2.9. Note that if the curvature of the manifold M is large, the orthogonal projection
onto M might result in a different (non-continuous) curve h. With the method presented
here, we obtain a unique smooth curve that defines admissible Fermi coordinates but does not
necessarily minimize the distance to M.

2.2.3 Projection onto the slow manifold

We can interpret the effective dynamics given by Theorem [2.6 in terms of the projection
onto the slow manifold M. We denote the tangent space of M at w € M by T, M. Moreover,
let Py, : H — TwM be the projection of the Hilbert space H onto T, M, which is well-defined
as T, M is a finite-dimensional and thus closed subspace of H. For u being a solution to the
stochastic PDE

du = A(u)dt +dW = Ludt + F(u)dt + dW,

we compare the effective equations derived in Theorem [2.6 with the flow on M generated by
the projection onto the slow manifold, that is,

dw = P, A(w)dt+ P, odW. (2.14)

To make the following computations easier, we represent the flow on M as a Stratonovich
SDE (cf. Appendix Remark . In Definition @7 we assumed that the slow manifold M
can be described by a single smooth chart O > h o ul € M. Note that thereby the tangent
space T, M at u” is given by the span of the functions u?, the partial derivatives of v with
respect to h;. Thus for z € H, the projection onto T M is given by P rz = N (z,ul) uf

= (3
Writing the solution of (2.14) as w = u"®), we obtain

N N o N _
Zu?odhi =dw = Z(A(uh),u?) ul! dt—i—Z(uﬁZodW> ull.
i=1 i=1 i=1

We denote by S(h) the induced metric of M on O C R, i.e., S(h) = ((u} u’_?>)NxN.

i L
Note that the matrix S(h) is invertible, since the functions uf span the tangent space.




2.3. Stochastic stability 19

Solving for dh, we find that
- N —_ - - N _ —
dhy =" SoH) (AP, ufydt+ " SRl 0 dWV). (2.15)
j=1 j=1

Equation gives the exact dynamics of the projection onto the slow manifold M. Redoing
the derivation that led to the full effective dynamics given in Theorem in the Stratonovich
sense, it is easily seen that we obtain a similar version of , which also depends on the
normal component v, namely

N N
dhy =Y A (b o) (A + ), ulf) dt + > AN b o) (ull 0 dW). (2.16)
j=1 i=1
Here, the induced metric S(h) is replaced by the matrix A(h,v) = (<u’,§,u§‘) - <u2j,v>)NxN.
Also, note that most of the terms appearing in the definition of the drift term b arise
from It6—Stratonovich corrections. To make the comparison between the full dynamics and the
exact projection more vivid, we stated the full dynamics without any approximation of
the tangent space (cf. Remark . By setting the normal component v = 0 in equation ,
we obtain exactly the projection onto the slow manifold M. Hence, up to times where
the normal component v stays sufficiently small and the Fermi coordinates are uniquely defined,
we expect that the effective dynamics of the shape variable h is well approximated by the flow
on M generated by the projection onto the tangent space. In fact, by choosing an even smaller
time scale, we observe that is dominated by the projection of the Wiener process onto
the slow manifold. See Sections [3.2.4 and for details regarding the stochastic Cahn-Hilliard
and Allen—Cahn equation.

2.3 Stochastic stability

In the preceding section, we have seen that—for defining a coordinate system around M,
invertibility of the matrix A(h,v), deriving the exact equation on M, and so on—it is crucial that
the residual error ||v(t)|| stays small for very long times. Therefore, we deal with establishing
stochastic stability. Since we computed the stochastic equation for the shape variable h in
Theorem @, we aim to show that the error of approximation v = u — u” stays small for
long times with high probability. Motivated by the stability analysis of the one-dimensional
Cahn-Hilliard and two-dimensional Allen-Cahn equation in [ABBK15, [ABK12], we introduce a
useful method based on a stochastic differential inequality of the type

dljo]* < [K. — acllol]?] dt + {On(lo]). dW) (2.17)

for some e-dependent constants a., K. > 0. Recall that also the Wiener process W depends on
the small parameter €. To be more precise, we will use the notation of (2.17) for the following
inequality in integral form:

\\v(t)\\2+as/0 lo(s)][* ds < Hv(O)H2+Ket+/O (On([[v(s)]]), AW (s))-

In the remainder of this section, we present a general guideline to establish such an inequality
and, once derived, show how to use to prove stochastic stability (Theorem . Recall
that by , the stochastic PDE for the residual v = u—u” is given by
N 1N
dv = [A@h) + Aho + N ()] db+dW Sl dh; — 5 > uly(Qoi o) dt. (2.18)
j=1 ij=1
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Here, we expanded A(u” + v) via Taylor expansion into a residual term A(u"), the lineariza-
tion A" at an ansatz function u" € M, and remaining nonlinear terms of higher order N (v),
i.e.,

A = Lo+ DF(w"v and N"(v) = F(u" 4 v) — Fu") — DF(u")v,

where DF denotes the Fréchet derivative of F.
For the purpose of obtaining the inequality (2.17), let us start by giving a stochastic differen-

tial equation for ||v||? = |lu — u"||?. With Itd calculus, we observe that

d||lv||> = 2(v, dv) + (dv, dv).
Plugging (2.18)) into this relation, we obtain

N N
(dv, dv) = { - > o, dW) +dW, = 3 ufi (o, dW) + )
=t =t (2.19)

N
= trace(Q) dt — 2 Z (ul', Qoj) dt + Z (ul u )(Qoi, o) dt,
i,j=1 h,j=1

and

(v,dv) = [(Ahv v) + <Nh(v),v>} dt + (A(u™),v) dt

N 1 N (2.20)
Zu v) dh; iy Z( ug, v)(Qoi, o) dt + (v, dW).
j=1 ij=1

In our first metatheorem towards establishing stability, we deal with the main contribution
to the estimate (2.17), namely the linearization (A"v,v) and the nonlinear part (N"(v),v).
Essential for the following main estimate is a negative upper bound on the quadratic form
(Assumption and good control of the nonlinearity (Assumption . Due to slow motion,
the residual term A(u") is typically very small (Assumption .

After that, we will carry out ideas to control the remaining terms of (dv, dv) (Metatheorem
and (v, dv) (Metatheorem [4).

Metatheorem 2 (Main estimate).
As long as ||v]| < Re for some sufficiently small R. > 0 and u € M, there exist ac,C: > 0
such that

(A(ul +v),v) < —ac|jv]]? + C.. (2.21)

Idea of the proof. We give an idea on how to derive this estimate (cf. Assumptions E
For more details, we refer to its application to our models in later chapters.
Recall that,

A" +v) = A@W™) + A + N (v).

In the first step, we need to control the quadratic form <Ahv, v) for v orthogonal to the space
spanned by the functions E for i € {1,..., N}. Note that span{E"} is a good approximation
of the tangent space T,»M of M at u”, and thus, we need a good negative upper bound to
show stability. Let us record this upper bound in the first Assumption

Assumption 2.1 (Bound of the quadratic form).
Forv L span{E! : i=1,...,N}, we find a. > 0 depending on e such that

(A, v) < —ac|v|?. (2.22)
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In upcoming applications, the linearization A" will often be a symmetric, selfadjoint operator
with compact resolvent. In this case, it is useful to know the eigenvalues of A"v = —\v and
its corresponding eigenspaces. If for instance, for v orthogonal to span{Eih ci=1,...,N},
the eigenvalues are bounded from below by some constant a. > 0, the estimate would
follow automatically.

Many times though, we only know that the space spanned by the functions E! is close
to an eigenspace. Essentially, the functions Ezh are good approximations of uf spanning the
tangent space of M at u and typically, due to slow motion, A(u") is exponentially small.
Thus, differentiating A(u") with respect to h;, suggests that the quantity A"ul* is exponentially
small as well. In this sense, we can think of u? being good approximations to the eigenspace
corresponding to very small eigenvalues, and hence the functions E{‘ are good approximations
of that space as well (cf. Remark . The following lemma deals with bounding the quadratic
form in such scenarios.

Lemma 2.10. Let A" be a symmetric operator and assume that for some normalized ¢ € H
with || A™p|| = B there exists A > 0 such that for all v with v L 1

(Al vy < =\||v))?.
Then, for w € H with |(w, )| = d§||w|| for some > 0, it holds true that
(Alw, w) < =Aw|® + (A% + 268 + 628) [lw]®.

Proof. Without loss of generality, let w € ‘H be normalized with (w, 1) = § > 0.
By defining @ := w — 0%, one readily verifies that (w,1) = 0. By assumption, we thus obtain
(AMp, ) < —\||w||?. Furthermore, we easily compute

[@]* = (w =6, w =) = [[w]* = 26(w, ) + *||[Y[|* = 1 - %
Using the symmetry of A" yields
(Arw,w) = (AMb, ) + 20(w, AMp) 4 62 (Alp, )
< A[@]2 4208 + 028 = =X+ N5+ 268 + 628 O

After we have dealt with the linearization A", we need to control the nonlinearity N (v). By
Assumption @, we have a good negative term —a||v||? from the quadratic form. Depending
on the given linear operator A", we might as well be able to gain good terms from a brute-force
estimate of (A"v,v).

To make clear what is meant by a brute-force estimate, consider the following example:

In H = L?, we consider the Laplace operator A" = A with Neumann boundary conditions.
Integration by parts yields for the quadratic form

(Av,v)y = —||Vo|32. < 0,

which is potentially a good negative term for our analysis. In the general case, let us use the

notation
,brute-force*

(A, v) < —K 40 (v) + Cel|v]|?,
where we collect all ,,good* estimates in a positive function K 4n, which depends on the given
linear operator A". For more clarity, we refer to the stability sections of subsequent chapters.
In order to control the nonlinear term, our objective is to absorb as much as possible into the
negative terms —ac||v||* and —K 4n (v).




22 2. General setting & Metatheorems

Usually, as estimating (N (v),v) (Sobolev embedding, Agmon’s inequality, interpolation in-
equalities, and so on) involves products of the good terms and the norm || - || itself, we need to
assume that ||v|| is sufficiently small. Assumption summarizes our strategy.

Assumption 2.2 (Control of the nonlinearity).
We find e-dependent constants R.,C- >0 and 0 < X\ < 1 such that for ||v|| < R. and u" € M

N (), v) < Aac|[v]|> + M 4n (v) + Ce.

In order to establish an estimate of the type (2.21), it remains to bound the residual term. As
we have mentioned before, due to slow motion and construction of the ansatz functions u”, the
residual error A(u") is typically very small.

Assumption 2.3 (The residual error).
For R. and C. as in Assumptions and [2.3, we have for all h € O and e > 0 sufficiently
small

C

h Ce
AW < 2,

and thus,
C
(A, 0) < 22l < .
€

By combining Assumptions and [2.3we obtain the essential estimate from Metatheorem [2]
namely

(A" +v),0) = (A@WM),v) + (A", 0) + (NP (v),v) < —ac|v]|? + C-.

This completes the brief guideline on how to establish Metatheorem [2 For more details, we
refer to the stability sections of subsequent chapters. O

It remains to bound the remaining terms of the stochastic differential d|[v|>. We begin with
the It correction (dv, dv), which due to (2.19) is given by

N N
(dv,dv) = trace(Q)dt — 2 Z (ul', Qo;) dt + Z <u?,u?)<Qai,oj> dt.
5,5=1 t,j=1
As these terms arise from an Itd correction, the estimate will obviously depend on the given
noise strength 7. Note that for the induced norm of Q as an operator on ‘H we always have
that (cf. Appendix Definition @ and the proof thereafter)

m = [Qll) < trace(Q) = no.

Via the Cauchy-Schwarz inequality, it would be sufficient to have bounds on the gradient V,u”
with respect to the h-variables and the diffusion o in order to control (dv,dv). Estimating the
gradient ||V,u"|| in terms of € does not pose a problem, as we construct u” explicitly. In ,
we showed that ¢ depends on the normalized functions E and the inverse of the matrix A(h,v).
Therefore, we need to establish bounds on ||A~!|| (Metatheorem . The following metatheorem
deals with bounding the Itd correction term.

Metatheorem 3 (Control of (dv, dv)).
For some A, > 0, which depends on the norms of Vyu" and o, we have

[(dv, dv)| < Acno.




2.3. Stochastic stability 23

As a next step, we estimate the remaining terms of (v, dv), which were not analyzed yet by
Metatheorems [2 and [3| These terms are by (2.20) and the ansatz (2.4)

N N
(v, dut) + (v, W) = = S (ull ) dh; % Sl 0)(Qor, o) dit + (v, V)
. = = N (2.23)
1
Z vy dt— 5 S (uly, 0){(Qov, o) dit + <U—Z<u ) (h,v), dW ).
Jj=1 1,j=1 Jj=1

Out of these remaining terms, the second and third summand can be estimated easily, as they
only contain derivatives of u”, the diffusion o, and the error of approximation v, which is
anyways assumed to be small. In order to control the first summand, we need to bound the drift
term b(h,v) appearing in the derivation of dh. Recall that by (2.12),

N
:ZA;1<Ez‘ha (u" +v) +ZAM12 ”LJ’QUJ
i=1

+AZ A ! |:2<EZ]]€7 > <Ezhj7 > ;<Eh’ ]k>:| <Q0j,0'k>.

Assumption 2.4 (The drift b).
We find K? > 0 depending on ¢ such that for ||v|| < R. and h € O

Ib(h, v)|l < K2.

Remark 2.11. Depending on the given operator A, smallness of v in ‘H might not be sufficient
to control (E, A(u" 4 v)) appearing in the drift term b. To handle this term and hence have
the SDE well-defined, we often need that v is additionally bounded in a suitably chosen
normed space. Thereby, we also have to show stochastic stability in that space. We give an
idea on how to deal with this at the end of this section. Moreover, if we choose our coordinate
system in such a way that Elh = uﬁ’, i.e., we do not rely on approximations of the tangent space,

then we are not concerned in bounding the drift b, since the prefactor (u?,v) in (2.23) vanishes.

With a bound of the drift term b at hand, one can easily estimate the remainder of (v, dv). This
leads to the last metatheorem we have to formulate.

Metatheorem 4 (Remainder of (v,dv)).
We find Be,ce > 0 such that for ||[v|| < R and u" € M

(v, du) + (v,dW) < Bergo + (O(ce||v])), dW).
For the formulation of Metatheorem [4] we used the standard O-notation. As we frequently rely
on this notation throughout this work, we give the definition below.
Definition 2.12 (O-notation).

(i) We say that a scalar term f(e) is O(g(e)) if there exists a constant C' > 0 and g9 > 0
such that f(g) < Cyg(e) for 0 < € < &p.

(ii) For a function f(e) taking its values in a normed space (H, ||-||%), we write f(g) = Ox(g(g))

if |[f(e)lln = Olg(e)).
(iii) Exponentially small terms will be denoted by O(exp) or Oy (exp), respectively.




24 2. General setting & Metatheorems

Finally, we combine the estimates of Metatheorems to obtain a stochastic differential
inequality of the type (2.17).

Theorem 2.13 (Stochastic differential inequality).
There exist e—dependent constants ae,c., R > 0 and K.(ng) depending on ng such that
for ||v]] < R; and h € O,

dv]? < [Ko(m0) = acl|o]]?] dt + (O(ec]jol)), dW).
Based on this estimate, we formulate the main theorem on stochastic stability. Here we follow
Section 3.2 of [ABBK15].

Theorem 2.14 (Stochastic Stability).
Define the stopping time

o= it {t €[0T Am] < (0] > R},

where the deterministic cut-off Ty satisfies T. = e~ for any fized large M > 0 and 19 denotes
the exit time from O, the set of admissible parameters. Assume that for t < 7*

dlo®)? < [K.(m0) = aclo@®]2] dt + (e o)) aw), (2.24)
where the constants are given in Theorem|2.15. Furthermore, assume that for some k > 0

K (m0) + c2m . o _ Ke(mo) +cim

Then, the probability P(t* < T. A 1p) is smaller than any power of €, as € tends to 0.

To demonstrate the interplay between all the constants appearing in Theorem we state
the proof from [ABBKI5] in full detail.

Proof. Integrating ([2.24) yields for all ¢t < 7*

lv(®)]1* + a- /Otllv(S)Hst < ||v(0)||2+Ks(no)t+/ot<(9(cs||v||)7dW>-

Since the stopping time 7* is deterministically bounded, we use that by the optional stop-
ping theorem for martingales stopped stochastic integrals still have mean zero (cf. Appendix
Theorem [B.16)). So we obtain

E[lo()||? +asE/OT lo(s)II*ds < [lv(0)]|* + Ke(m0) T, (2.25)

where we utilized that 7* < T, by definition. We extend this to higher powers using It6 calculus.
We will denote all constants depending explicitly on p only by C. For p > 2 we derive

- 1 _
dilol* = pllol*~2 dllv]* + Sp(p — Do~ dllv]|*d||]*

A

Pl dllo]> + Ccm o]~ di
P2 [Ke(mo) — acllvl]?] dt + Oy o]~ dt + pllolPP~>(O(cljol)). W)

IN

—pac|jo|* dt + C [Ke(no) + c2mi | [v]|*~2 dt + pllv]|*"2(O(cc|lv]l), W),

where we used that d|jv]|?d||v||? < Cc2m|jv||? by ([2:24) and Lemma [2.5]




2.3. Stochastic stability 25

Hence, for all integers p > 2 provided ¢t < 7%, we derive by integrating

o617 -+ pa [ llo(s) 177 s

< o)1 +C [+ ] [ o7 ds-+p [ (OGealulr),am.
Thus, by applying the optional stopping theorem to stochastic 1ntegrals we obtain
Bl < O +C [Kelm) + B [ u(s)2-2as (226)

and

*

T 1
oo [T I ds < SO +C [Kelm) + ] B [T s (220
For a simpler notation, let us define

Ka(”O) + C3771

q = q(e.no,m) = o
Using that K.(n9) < arq, we obtain inductively
1 (226
Lo L) + 0 [t + 2] & [ ol as

= Lo+ ok [ u(olr2as

(2.27

|/\E

1 1 _ ™ _
];Hv(0)||2p+0q2;||v(0)H2” 2+Cq2asE/0 lo(s)|[P~* ds

IN

IN

Co o) + Co Yk [ (o) ds

5 o2yt + oot Ilo(O)I + K.T| < CqP + Cacg'T:.
Chebychev’s inequality finally yields
P(r* < T: Amo) = P(|lo(7") || > Re) < RZZPE[jo(r)||*

p
< CR;zp [¢° + agP’T.] = C (R2> + Ca, (é) T..

Since by assumption q/R? = O(e"), the statement is proved by choosing p sufficiently large. [J

In upcoming applications, it is necessary to extend the stability result to other spaces in order
to show that the stochastic ODE governing the motion of the shape variable h is well-defined
(cf. Remark [2.11)). Let us take a normed space (K, || - [|x) and assume that # is not continuously
embedded into C, .i.e., smallness in ‘H does not imply smallness in /. In this scenario, we can
try to use that we already proved stochastic stability in H in Theorem i.e., [|v]|y stays
small for polynomial times in e~ with very high probability. Hence, if we apply the previous
method to estimate the stochastic differential d||v||%-, our estimates can depend on the H-norm
of v, which then can be bounded in terms of the radius R. given by Theorem To be more
precise, define for some r. > 0 the stopping time

mic(re) = inf {t € [0,T- Amo] : (@)l > Re or [Po(®)]c > re}.
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Up to times t < 7xc(r:), our objective is to establish a stochastic differential inequality of the
type
ol < [Relm.nc) — a: [ollR] dt + (O [lolx). ).

Then, we can essentially proceed in the same way as in Theorem to show stochastic stability
in K. Note that the constants f(g, ae, and ¢ may now depend on the H-radius R.. Moreover,
since elements of /C are typically more regular than those in H, we need to assume additional
regularity of solutions to the SPDE , and therefore, we also need to have a higher spatial
regularity of the Wiener process W. That is why the constant K. depends not only on the
noise strength 7y, but also on 7 taking care of the additional regularity. For instance, if the
norm in K is given by || - | = ||S¥/? - || for some selfadjoint operator S, we naturally have to
assume that
N = trace(Ql/QSQl/z) = Z a%HSl/QekH% < o0.
keN

For more details, we refer to the application to the stochastic Cahn—Hilliard and Allen—Cahn
equation in subsequent chapters.

2.4 Singular noise

The method introduced in Section [2.3 relied heavily on the It6 formula, and hence, we
needed to assume sufficient smoothness of the stochastic forcing. Although not part of the
upcoming applications to the stochastic Cahn—Hilliard and Allen—Cahn equation, we present
an approach towards treating rougher noise. For instance, we could drop the assumption that
the covariance operator Q is trace-class and consider a cylindrical Wiener process W, that
is, we allow for @ = I and consider space-time white noise. First, we define the stochastic
convolution W, by

t
We(t) = /0 e~ =L aw,.

In this definition, the family {ew}tzo denotes a C’-semigroup generated by the linear op-
erator £ (cf. Appendix . Note that W, is the unique mild solution to the linear equa-
tion du = Lu + dW. In addition, under suitable assumptions on the semigroup, the stochastic
convolution enjoys good regularity properties (LP-regularity, Holder continuity, and so on).
Moreover, since W is sufficiently small in € and £ a stable operator, we expect that the stochastic
convolution W, remains small for large time scales. For more details on the topic of regularity,
we refer to [DPZ92al, [ DPL9g].

In order to prove stochastic stability, we have to control the residual error v = u — u”,
where u” € M denote the ansatz functions in the slow manifold M. Due to the lack of regularity,
we cannot apply the It6 formula directly to v. Motivated by [DPD96, BYZ19], we consider
instead the difference Z := u — v — W, which has better regularity properties and serves as
good approximation of v as W, is expected to be small. Combining the estimates of Z and the
stochastic convolution Wy, one then obtains control of the residual term u — u”. One easily
computes that the process Z satisfies

HZ = LZ+ AW) + DFW) [Z2 + W]+ N, Z + W) — o’
~ LNZ + DF(uMWe + N (W, 2+ W) — g

For simplicity of presentation, we dropped the term A(u") as it typically is very small due to
slow motion.
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Applying It6’s formula yields

%dHZHZ = (L"Z, Z2) + (DF(u")We, Z) + (N (u", 2 + Wp), Z) — (du", Z) + %(dZ,dZ>.

Note that we need the Itd corrections due to u”. The task at hand is to achieve a similar

stochastic differential inequality to the one of Theorem For the first term involving the
linearized operator £" we can rely on the spectral analysis (cf. Assumption . Note that we do
not have Z 1 T, M, but since the stochastic convolution is typically small, the quadratic form is
manageable. For example, one could use Lemma [2.10] to establish the spectral estimate plus some
small error depending on W,. Similarly, using the smallness of the stochastic convolution and a
uniform bound on DF (uh), the second summand is feasible. Opposed to the previous setting in
Section the nonlinearity N (uh, Z + W¢) does not only depend on the new variable Z, but
also on the stochastic convolution W,. Hence, we obtain additional terms that need a careful
analysis. Naturally, this will influence the radius for which we can prove stochastic stability.
Finally, one has to handle the term (du”, Z) and the It6 correction (dZ,dZ). Typically, these
do not pose a problem. For example, with Q@ = I we see that

(dZ,dZ)| = [(du, du")| ~ [lo(h)||* dt,

where 0 = A~!(h)Vu" was defined in Theorem @ Equation (2.11). Because of the special
structure of the covariance operator, some of the inner products can therefore be computed
explicitly.

Following the aforementioned steps, one could treat a more singular noise. We expect
that—compared to the smoother cases we study in subsequent chapters—a rougher noise will
decrease the region of validity for the results on stochastic stability.







CHAPTER 3

Motion of a single bubble for the stochastic Cahn—Hilliard equation

In this chapter, we apply the methods from the preceding general framework to the
stochastic Cahn—Hilliard equation (also known as Cahn-Hilliard—-Cook equation) posed on
a bounded smooth domain Q C R¢, where we allow for the space dimensions d = 2 and d = 3:

o = —AE?Au— F'(u) + W(z,t), ze€Q,

{Onu = Oy Au = 0, x € 0f.

The Cahn—Hilliard equation serves as phenomenological model for the phase separation and
subsequent coarsening of binary alloys. Proposed by John W. Cahn and John E. Hilliard

in JCH58, [Cahf9] at a fixed temperature, it was extended by H. Cook [Coo70] in order to
incorporate thermal fluctuations in the form of an additive noise. Here, ¢ > 0 is a small positive

(CH)

parameter measuring the relative importance of surface energy compared to the bulk free
energy, and 0, denotes the exterior normal derivative to the boundary 0€2. The potential F'
is assumed smooth with two equal nondegenerate minima at v = +1. A typical example is
F(u) = (u* — 1)%. For simplicity, we focus on this example in many results. Section is
devoted to a general class of potentials with at most polynomial growth at infinity.

The stochastic forcing is given by an additive white in time noise 9;W. As our methods
rely on It6’s formula, we assume that the Wiener process is sufficiently smooth in space, and
moreover, sufficiently small in €, so that it does not destroy the typical patterns in the solutions.
The existence and uniqueness of solutions is well-studied (see for example [DPD96, [CW01] and
Appendix |C]) and we always assume that, for a given initial condition, we have a unique solution.
In addition, as we assume the noise to be smooth in space, the solution is regular in space, too.

A key property of the deterministic Cahn-Hilliard equation is that it forms a gradient
flow in the H'-topology with respect to the Ginzburg-Landau-Wilson energy functional

82
T(u) = /Q <2Wv]2+F(u)> dz. (3.1)

For that reason, one can expect that, for ¢ < 1, solutions to stay mostly near u = —1
and u = 41, the stable minima of F(u). Therefore, the typical initial condition evolves into
a layered function in space. Because of this, as soon as this initial stage is completed, we
can think of © being split into subdomains on which wu. (-, t) takes approximately the constant
values —1 and 1, with boundaries e-localized about an interface I';(¢). The interface is expected
to move according to a Hele-Shaw or Mullins—Sekerka problem, where circular shaped droplets
are stable stationary solutions of the dynamics.

In our results, we focus on the almost final stage, where the interface is already a single
spherical bubble or droplet inside the domain, and thus, the only possible dynamics is given by
the translation of the droplet, at least as long as the droplet stays away from the boundary.

An earlier version on results of this chapter was published in [BS20].

29
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Assumptions on spaces and noise

We fix the underlying space H () with scalar product (-,-) and norm || - ||. The standard
scalar product in L?(€2) is denoted by (-, -) or (-,-) 2. Moreover, we use || - ||o for the supremum
norm in C° or L. As the Cahn-Hilliard equation preserves the total mass, we also consider
the subspace H; () of the Sobolev space H~!(Q2) with zero average. Recall that the inner
product in Hj 1(Q) is given by

(W o1 = ((=8)7724, (-2) ")

where —A is the self-adjoint positive operator defined on L3(Q2) = {¢ € L*(Q?) : [, ¢dz =0} by
the negative Laplacian with Neumann boundary conditions. The stochastic forcing is given by an

L2’

additive white in time noise ;W , where W denotes a Q-Wiener process.

Definition 3.1 (The Wiener process).
Let W be a Q-Wiener process in the underlying Hilbert space H (), Q a symmetric operator
and (eg)ren an orthonormal basis with corresponding eigenvalues a% such that
Qer = aiey and W(t) = Z Bk (t)er,
keN

for a sequence of independent real-valued standard Brownian motions {3 ()}, ¢y, cf. Da Prato
and Zabzcyck [DPZ92b].

Although we dropped the index ¢ in the definition of the Wiener process W for the sake of
simplicity, we assume that W, and thus the covariance operator Q, depends on . As our
analysis relies heavily on the application of 1t6’s formula, we have to assume that the Wiener
process W is sufficiently regular in space. Moreover, we need to guarantee mass conservation
of solutions to . In the remainder of this chapter, we rely on the following regularity
assumptions of the Wiener process W.

Assumption 3.2 (Regularity of the Wiener process).
We assume that the process W takes its values in Hy L that is, it satisfies

/W(t,:r) de =0 forall t > 0.
Q

Furthermore, we suppose that for some constant ¢ > 0

1) Q1) < c62  and  2) Y afllerllin < o2,

keN
where we need the technical condition 6. < 7/*+34/2. Here, || - |1 is defined as
1/2
el = (/ 2| Ve(x)]* + e(x)de) : (3.2)
Q

Note that condition 2) also implies that

tracey-1(Q) = Zaz < o2
keN
The first assumption on the norm of Q as an operator in H™' implies that the strength of
the noise is bounded by O(d:), while the second one assures additional spatial reqularity of the
noise. Also, note that the weighted norm || - || g1 is equivalent to the standard H'-norm with
e-dependent constants.
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Later in Section|3.5.1, we extend our analysis to a more general class of nonlinearities. In the
three-dimensional case, we need to assume even more reqularity of the Wiener process, namely,

3) D aillexlly < cp? < oo,
keN

where we define for some n > 0
1/2
lelly = ("lAellza + llelF) -
The exact sizes of p. and n will be fixed in Section|3.3.1].

Remark 3.3. We observe that W is a Q-Wiener process in L? if, and only if, W is a
(=A)~1/2Q(—A)~Y2-Wiener process in H~!. Since the eigenvalues of (—A)~! behave asymp-
totically like k=2/¢, it is easy to check that the condition of Q being trace-class in H~! includes
space-time white noise in spatial dimension d = 1, but in our higher dimensional cases space-time
white noise is exactly the borderline regularity that we cannot treat.

3.1 The slow manifold

In this section, we collect some important results from the study of the deterministic Cahn—
Hilliard equation in higher space dimensions by N. Alikakos and G. Fusco [AF98|, which we need
throughout this chapter. In our analysis, we rely on the same deterministic slow manifold M?*
consisting of droplets with fixed radius p > 0. The droplet state is given by almost stationary
solutions to (Proposition . Since the constructed bubble fails the equation or the
boundary conditions by an exponentially small term, we have to take care of this deficiency
with an exponentially small correction (Theorem [3.7)). The slow manifold is then given in Defi-
nition Afterwards in Section we discuss the spectrum of the linearized Cahn-Hilliard
and Allen—Cahn operator, which is crucial for the stability analysis.

3.1.1 Construction of the droplet state

Supported by the works of Stoth [Sto96] and Alikakos, Bates & Chen [ABC94|] on the
deterministic problem, the front I'c(t) separating the pure phases moves in the sharp interface
limit ¢ — 0 according to the geometric evolution law

dp
v==> {} , MS
dnlre (M3)
where
Ap = 0, x e Q\T(t),
Oppe = 0, x € 010,

uw = cecaK, xeT(t).

The problem (MS) is referred to as Mullins-Sekerka problem. Here, a and b are constants,

K denotes the mean curvature of I'(t) at z, [fl’;] is the jump of the normal derivative ‘;—’;

across I'(t), and v is the normal component of the velocity of I'(¢). It is easy to check that a
sphere, or more generally a surface consisting of a finite number of non-overlapping spheres
contained in €2, is an equilibrium to the Mullins—Sekerka problem. This suggests that it is
fruitful to search for bounded radial stationary solutions to the Cahn-Hilliard equation on the
whole space RY, i.e.,

—A [EgAu — F’(u)] =0, zcR%
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Due to Liouville’s theorem a function v € C%(R?) is such a solution if, and only if, it is radial
and satisfies for some constant ¢ € R

e2Au—F'(u) = 0, zeRL

The following proposition concerns the existence of such radial solutions to the rescaled problem
Au—F'(u) = o. For a detailed proof, we refer to [AF98], Proposition 2.1.

Proposition 3.4 (The droplet, [AF98], Proposition 2.1).
There exist a number p > 0 and smooth functions o : (p,00) = R, U* : [0,00) X (p,00) = R,
such that o(p) and u(zx, p) = U*(|z|, p) satisfy for each p € (p,00) the equation

Au(z,p) — F' (u(z,p)) = o(p), zeR™L (3.3)
Moreover, U*(r, p) is increasing in r and
i) o(p) = Cp~" +0O(p™?),
i) U*(p,p) = O(p™"),
i) 1+U*(0,p) = O(p™1),
i) Jim U*(r,p) = a(p), where a(p) denotes the root near 1 of the equation F'(u)+o(p) = 0,

v) alp) = U*(r,p) = O(e7 =) v > p w(p) == (F"(a(p)))"/?,
and similar exponential estimates hold for the derivative of U* with respect to r.

A transformation to polar or spherical coordinates yields for the shifted radial component
UP(s) :==U*(s+ p,p) the ODE
d—1
p+s
With Proposition [3.4 i), we observe that o(p) tends to zero, as p — oo. Together with the
properties ii), iii), and iv), we observe that U” converges for p — oo to the unique bounded
solution to the heteroclinic ODE

U-F(U) =0, UW0) =0, Ultoo) ==+1.

Ur + Ul — F'(UP) = o(p), —p<s<oc. (3.4)

Moreover, away from the interface we can expect U” to be close to one of the roots of F’.
Essentially, the proof of Proposition is a perturbation argument based on this observation.
Furthermore, we see that—provided we are sufficiently far away from the center of the bubble—
one can approximate the radial component U* in terms of the heteroclinic ODE connecting
the stable roots of F'. For a detailed proof of this statement, we refer to Proposition 2.4
in [AF98].

Lemma 3.5 (Asymptotic expansion w.r.t. the heteroclinic, [AF98], Proposition 2.4).
Let U be the unique solution to U" — F'(U) = 0 subject to the boundary conditions U(0) = 0
and limg_, 4o U(s) = +1. Then, there exists a constant C > 0 such that

i) o'(p) = Cp2+0(p~?)
i) U*(r,p) = U(r —p) + Cp~ ' V(r —p,p) + O(p~%) for r—p > —Cp
iii) Uy(r,p) = =U'(r —p) + Cp=2Vy(r — p,p) + O(p~?) for r—p > —Cp,

where V' is a bounded function and the subindex denotes differentiation with respect to p.
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For a fixed radius p > p > 0 of the droplets and a fixed minimal distance § > 0 from the
boundary of the domain, we define for e < 1 and £ € Q,45 = {£ : d(&,08) > p + J} the rescaled
and translated droplet state ué : Q@ — R by

13 _ * ’.’IZ‘-&’ p_a§
us(z) = U (E S ), x € Q, (3.5)

where the number af is chosen to be zero at some fixed &y € Q2,45 and is determined for generic
§ € Q,45 by imposing that the mass of uf is constant on Q,p5, ie.,

/uﬁdx = /ufo dz V€€ Q. (3.6)
Q Q

For example, we choose & to be a point of maximal distance from the boundary 9€2. We could
also fix a small mass and then determine the radius p > 0 such that the droplet centered at &y has
exactly that mass. An argument based on Proposition shows that a¢ and its derivatives with
respect to & for i = 1,...,d are all exponentially small. It is only an exponentially small effect
of the boundary. For more details, we refer to Lemma 3.1 in [AF98].

Lemma 3.6 ([AF98], Lemma 3.1).
The number af is uniquely determined by the condition (3.6) and the assumption a%® = 0.

Moreover,
0 < af < Ce e/ (3.7)

where d¢ = d(£,00) — p and v. = 1/(”—“£ ), with v defined in Proposition v).

€
Similar exponential estimates hold for derivatives of a¢ with respect to &, i =1,....,d.

Note that by Proposition Ig i) the root near 1 of the equation F’(u) — a(@) = 0 is given
by 1 — ﬁ F"(1)~! + O(e?). Therefore, we have

2= P (1 _ ﬁF”(u*l + 0(52)) — F'(1) + Oe).
This shows that the estimate indeed leads to an exponentially small correction term af.
In the remainder of this chapter, we will denote such exponentially small terms by O(exp)
(cf. Definition . In fact, we do not need the exact asymptotics of the exponentially small
terms, since our results are dominated by the noise strength d., which is polynomial in €. Clearly,
this is quite different to the deterministic setting. In that case, the dynamics is given by the
exponentially slow motion of the droplet and hence, a more careful analysis of these terms is
needed.

By virtue of Proposition @, the droplet state u¢ is an almost stationary solution to the
Cahn—Hilliard equation in the sense that it fails to satisfy the equation, or the boundary
conditions, by terms which are exponentially small. Moreover, it jumps from somewhere near —1
to near 41 in a thin layer of size of order € around the circle of radius p and center &.

In order to fix the Neumann boundary conditions, we introduce a small perturbation v such
that @€ = ué + v satisfies the boundary conditions anaf = &]Aﬂf = 0. By virtue of Theorem 5.1
in [AF98], this can be done in such a way that £(u® +v%) € spam{ulg o= 1,...,d}. We
can interpret this as the manifold consisting of the functions u¢ + v¢ for £ € 2,45 being an
approximate invariant manifold for the Cahn—Hilliard equation. In fact, we will collect all
translates of @¢ in a slow manifold (Definition [3.8), but let us first state the aforementioned
result in the following theorem:
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Theorem 3.7 ([AF98], Theorem 5.1).
Assume that p > 0 is such that Q, = {£ € Q : d(§,00Q) > p} is non-empty and let 6 > 0 be a fized
small number. Then, there is an g9 > 0 such that for any 0 < € < gq there exist C'-functions

Emteli(Q), & =(,..., &) eRr?
defined in Q,15 and such that [ v&dx = 0, for which
(i) [[v* oo = Olexp)  and (i) |[¢*] = O(exp).

Similar exponential estimates hold for the derivatives of v¢ and ¢ with respect to &.
Moreover, the function @ = ué 4+ v¢ satisfies the boundary conditions in (CH) and

d
L) = 3 i,
i=1
where L() = —A(e2A — F'(1)) denotes the Cahn—Hilliard operator and uf the derivatives
of u¢ with respect to & fori=1,...,d.

Motivated by Theorem we can finally define the slow manifold M, consisting of translates
of 4t = uf + of.

Definition 3.8 (The slow manifold).
For a fixed radius p > p > 0 of the droplets with p given by Proposition [3.4, and centers
in Q,5 ={£:d(§00) > p+ 0} for some fixed small 6 > 0, we define the slow manifold

M, = {fﬁ = ub + 08 : €€Qp+5}7

where u¢ denotes the droplet state defined by (3.5) and v¢ the exponentially small perturbation
defined in Theorem [3.71

By smoothness of the functions u¢ and v, the map ¢ — @ defines a C3-parametrization of the
slow manifold M. For i,j € {1,...,d}, we denote the partial derivatives of @¢ with respect to
the variable &; by ﬁ§ = 0O, @€, and second derivatives ﬂfj = 0O, 0k, @€, accordingly. Moreover, the
matrix (<a§, ﬁﬁ))” is invertible (cf. Theorem 3.6 in [AFKO04]). See also the proof of Lemma
Thus, M, defines a nondegenerate d-dimensional manifold.

3.1.2 Spectral estimates for the linearized operators

An essential point (cf. Assumption in deriving stochastic stability is the spectral
properties of the linearized Cahn-Hilliard operator in H~!. We consider the linearization at
any droplet state in our slow manifold, and it is crucial that eigenfunctions not tangential
to the manifold have negative eigenvalues uniformly bounded away from zero, while all other
eigenvalues have eigenfunctions tangential to the manifold. The main spectral result is given
in Theorem and we comment on the derivation of the eigenfunctions corresponding to the
exponentially small eigenvalues afterwards. Essentially, up to an exponentially small error, these
eigenfunctions stem from the translation of the droplet and we will use them to approximate
the tangent space of M, and define the Fermi coordinates.

Besides, we will see that the spectrum of the linearized mass conserving Allen—Cahn

operator plays an important role in the analysis. Here, we give the main spectral result
in Theorem [3.12]
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The Cahn—Hilliard operator on H;'(Q)

For i€ € M p» we study the linearized Cahn-Hilliard operator
£ = —A (A - F(i))

as an operator on H; 1(Q) in more detail. The droplet is stable for the dynamics and hence, the
exponentially small eigenvalues of £¢ stem (up to an exponentially small error) from translations
of the droplet. Crucial for the stability analysis (see Section is the spectral gap, which
as we will see depends on the space dimension d. For its consequences on the stability results
see Remark The spectrum of £¢ was analyzed in [AF94] and we cite the full result
below.

Theorem 3.9 (The linearized Cahn-Hilliard operator, [AF94]).
Let d € {2,3} and @* € M,,.

(i) The operator LS can be extended to a self-adjoint operator on Ho_l.
Moreover, —L¢ is bounded from below.

(i1) Let /\f < )\g < )\g < ... be the eigenvalues of

L& = —A (EQM - F”(aﬁm) = -\, z€Q,
0 OAY
— = —-=0 € 09.
on on ’ o

Then, there exist g > 0 and a constant C' > 0 such that for 0 < € < gq the following

estimates hold true:
|)\§\ = O(exp) and )\§+1 > Ot

1) In the d-dimensional subspace corresponding to the exponentially small eigenvalues
i) In the d-di jonal sub U¢ ding to th tiall 1l ei [
Xﬁ, e ,/\2, there is an H™'-orthonormal basis d)f, . ,1/)5 such that
d ~&

u
U =Y af L+ Ofexp), i =1,....4d, (38)
=1 gl

where the matriz (afj) is mon-singular and a smooth function of £&. Moreover, 1/15 is a

smooth function of & and
W51l = O™, i) =1,....d, (3.9)
where wij denotes the derivative of wf with respect to ;.

Remark 3.10 (Dependence on the space dimension).

Thus far, the spectral gap in Theorem (ii) depends decisively on the space dimension d. This
heavily influences our analysis of stochastic stability, and any improvement in this result will
yield a better region of stability in the three-dimensional setting. Basically, the smaller spectral
gap will weaken the estimate of Metatheorem [2 and, due to the Sobolev embeddings used for the
proof, reduce the maximal radius R, of the tubular neighborhood around the slow manifold that
we can treat. This directly influences the main stability result of Theorem and will only
allow for a smaller noise strength. In fact, we have seen the dependence of the noise strength on
the space dimension d already in Assumption @, where we assumed that 8. < e7/2+34/2_ For
the exact interplay between the spectral gap and stochastic stability, we refer to Section
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As we will need the statement in more detail later, we comment briefly on the proof of (iii).
The main ingredient is the following theorem.

Theorem 3.11 ([HS84]).
Let A be a self-adjoint operator on a Hilbert space H, I a compact interval in R, and {41, ..., YN}
linearly independent normalized elements in D(A). Additionally, suppose that

(i) For somee’ >0 and pj €1, j=1,...,N, we have
A = pjj+r; with |rj]| < €.

(i) There is a number a > 0 such that I is a-isolated in the spectrum of A, i.e.,
(@A) N (I +(=a,a)) = 0.

Then, we obtain

d(EaF) = sSup d(gO,F) S e
9B, |pll=1 ay/ Amin

where
E = Span{¢1> cee 7¢N}>

F = closed subspace associated to the eigenvalues in o(A) N1,

Amin = smallest eigenvalue of the matriz (i, ¥5)); iy n-

For the application to the linearized Cahn—Hilliard operator, we set

~§ s
E = Span{ ’ 4 } and [ = {_Ceic/sgceic/g} )
las agl

for some constants ¢, C' > 0 fitting with the estimate of the exponentially small eigenvalues in

Theorem @(u) Also, note that the functions ﬂf are linearly independent, since the matrix
<uf,u§)”:17m7d is invertible (cf. [AFK04], Theorem 3.6).

Obviously, we have o(A) NI = {/\ﬁ, e )\g} and, as according to Theorem @(n) the spectral
gap is of order €%, the interval T is e%isolated in the spectrum of the linearized Cahn-Hilliard

operator. Furthermore, we have by Theorem

~ d 8
¢ Y < i+ Sy | =
L i gH T EH (Z + ¢ u; ) = O(exp).

Since the matrix ((u; i, 5}) approaches a non-singular limit as ¢ tends to zero, we also obtain

that the smallest eigenvalue is uniformly bounded away from zero. For i € {1,...,d}, let wf be
the eigenvector associated to the eigenvalue )\f and define F' := span{wf, e ,¢§}. With that,
Theorem is finally applicable and yields

d(E,F) == sup d(p,F) = O(exp).
PEE,[lpll=1

Hence, by definition of the distance d, we have for some a € R?

s d

é = Zakw,§+(’)(exp), j=1,....,d.
K
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By taking the inner product with the orthonormal basis @bf, we can solve for the coefficients
and obtain directly that

i d i
2,‘ = > (Wi i gHWk + O(exp). (3.10)

k=1

I
Provided that ¢ > 0 and the radius p of the droplet are sufficiently small, the matrix B(§) defined
by B;;(§) = <77Z)l, j> is invertible. In more detail, relation (3.10)) together with the orthonormal
basis {wi }i=1,.. 4 implies (ignoring exponentially small terms)

d d
= (> Br(©)vi Y. By(©)vf) = ZB;“ ) By () (w5, v5) = (BT B) . (3.11)
k=1 /=1

v

k=1
Therefore, invertibility of B is equivalent to the invertibility of the matrix defined by (u 5, §>
which is crucial for the non-degeneracy of the slow manifold M, (see also Lemma [3.14).
Thus, we have wf € E+ O(exp) as
ﬂE
Ps = ZH || B;; || 6” +O(exp), i=1,....d (3.12)

The mass conserving Allen—Cahn operator on L32(£2)

By defining the projection Pu :=u — |Q|™! [, udx onto L3(Q) = {f € L*(Q) : [, f(z) dx = 0},
we obtain for v € H !

<££U’U>H61 = (2Av — F"(@%)v,Pv) 2 = (P[e*Av — F"(a%)v],v) 2
1
= (2Av — F"(@%)v + o F" (@8 vdz,v)2 = (A%v,0) 2.
Therefore, it is fruitful to study the eigenvalue problem for the mass conserving Allen—Cahn
equation on L%(2) linearized at the droplet state @ € M,

A = 20 = FI@ )W+ o7 | F'@ )W = —pw, z e,

IQI (3.13)
o =0, x € 0f.

The main spectral result concerning the eigenvalue problem ([3.13) is the following theorem. This
result can be found in [ABF9S], with @¢ replaced by uf. Since the difference ¢ — u¢ is exponen-
tially small, the theorem follows from an easy perturbation argument.

Theorem 3.12 (The linearized Allen-Cahn operator, [ABF98], Proposition 2.2).
Let @f € M, and /ﬁ < ,ug < ... be the eigenvalues of (3.13). Then, there exist g > 0 and a
constant C > 0 such that for O <e<egg

,uﬁ, ,,ufl = O(exp) and MEIH > Ce2.

The d-dimensional space W& spanned by the eigenfunctions corresponding to the exponen-
tially small eigenvalues /ﬁ, . 7M§ can be represented by W& = span{wf, ,wg}, where the
normalized eigenfunctions wf are estimated by

Jof

. H =
(2 ~
la|
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3.2 Motion along the slow manifold

In this section, we follow the general approach presented in Section and give the effective
equation on the slow manifold M. Afterwards, we analyze the ODE governing the motion of the
droplet’s center in terms of € being small. We show that the droplet moves in first approximation
according to the projection of the Wiener process onto the slow manifold (cf. Section .
Moreover, since the dominating terms for the dynamics are not small in € but in the inverse
radius p~!
droplets move faster.

, we expect that the size of the bubble influences the speed of motion, i.e., smaller

3.2.1 The new coordinate system

In order to derive the effective dynamics, we first have to introduce a coordinate system in a
small tubular neighborhood of the slow manifold M, (Fermi coordinates, see Definition [2.2).
A minor technical difficulty is that the eigenfunctions wf, ce ,wg of the linearization £¢ do not
span the tangent space at a given point @¢ on the slow manifold. But, as the difference to
the true tangent space spanned by the partial derivatives ﬂ%, e ,ﬂfl is exponentially small, we
can use them as an approximate tangent space to project onto the manifold (cf. Remark @
The following proposition (see [AF98], Proposition 7.1) concerns the existence of a small tubular
neighborhood in H~! of radius O(e'™) around M, where the projection is well defined.

We do not give a proof, as we do not need the statement in this generality. The uniqueness of
the Fermi coordinates can also be inferred from the local existence of the system governing the

motion of the droplet’s center £ (cf. Section [2.2.2).

Proposition 3.13 (Fermi coordinates, [AF98], Proposition 7.1).
Let @, M, and Q, be as in Theorem . Then, for n > 1, the condition

inf |ju—a| < &, (3.14)
£€Qp+26

implies the existence of unique § € Qy45 and v € HO_1 such that
w=a+v, (¢} =0 Vi=1,...,d, (3.15)

where the eigenfunctions wf, e ,wg are given by Theoremlﬁ (iii). Moreover, the map u — (§,v)
defined by (3.15) is smooth together with its inverse.

Let u(t) be a solution of (CH). We call the coordinates (£(t),v(t)) defined in Proposition [3.13
the Fermi coordinates of u(t) (cf. Definition [2.2)).

3.2.2 The exact stochastic equation for the droplet’s motion

With the new coordinate frame at hand, we are now equipped with all necessary tools to give
the exact stochastic equation on the slow manifold M,. Following the guideline from Chapter
we first have to show that the matrix A(¢,v) € R¥? from Definition & Metatheorem || is
invertible, as long as ||v|| stays sufficiently small. Then, the effective dynamics was established
in Theorem and we can rely on these formulas for the drift and diffusion. Note that in the
computation of the effective dynamics we rely on an approximation of the tangent space Tze M,
by the exact eigenfunctions wf (cf. Remark Iﬁ) While this is not crucial for the stochastic
ODE and its approximation in terms of €, it helps with the stability analysis in Section as
we can apply the spectral estimates directly.
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Lemma 3.14 (Invertibility of the matrix A).
For i € M, and wf, i=1,...,d, given by Theorem Iﬁ(m), consider the matriz A(€,v) € R¥*4
defined by

Aj(§,0) = Bij — Rij(v) = (W, 5) — (0,95 ).

Then, as long as ||v]| < Ce'™ for some 0 < & < gy and some small k > 0, the matriz A(£,v) is
invertible. Moreover, for p < 1 and some Co > 0, its inverse A~1(£,v) is given by

A& v) = Colpm P 1+ 07T,

Proof. By [AFKO04, Theorem 3.6], we have for a specific constant Cyp > 0 that
(@5, a8) = C2pe6; 4+ O(p* 1) + Oep™) + O(exp). (3.16)

R
Therefore, <~§ ~§> defines for small p an almost diagonal, invertible matrix of order O(1) in e.

Moreover, we see that HuEH2 C2p? 4+ O(p?*~1). In (3.11), we proved the relation

(@, i) = (BT B)ij + O(exp), (3.17)
such that invertibility of B can be derived from the invertibility of the matrix ((uf, ug))”
On the other hand, the assumption on |[v|| and ||¢; ;|| = O(e™1) yields

(v, 97,0 < Cllolllvf,ll <

From this, we see directly that A(&,v) is invertible for ¢ sufficiently small.

Using the relations and , we obtain B = Cop®2 1+ O( p3/ 2=1). Let us now consider
the decomposition A(&,v) = Cop¥?(Iy — E), where Iy denotes the identity matrix and E is a
small perturbation thereof of order O(p®~1). Then, one has by Taylor expansion (or geometric

series)
A(g,v)_l = Cy 1 —d/2( E)—l 1 —d/QZEk
keN
_ C'O_lp*d/Q(Id%—E—i— (’)(pzd’z)) _ Co—lpfd/2 Id—i-O(pd/%l).
With this estimate, the lemma is proved. ]

Provided the matrix A is invertible, we gave the equation of the full dynamics in Theorem
Under the assumption that ¢ performs a d-dimensional diffusion process

d¢ = b(&v)dt + (o(&,v),dW), (3.18)

the drift term b : RY x H~1(Q) — R? and the diffusion o : R x H=1(Q) — (H~1(22))? are then
given by the expressions

d
or(&0) = DAL €)Y (3.19)
=1
and
d d
be(6,) = DA OLW +a), 45) + 30 AL () D(QW5;. 05)
= = g (3.20)
- z AZHE) (3,550 — (WS ) — 35, 55))] (Qof, o).

i,5,k=1
Note that we justified this ansatz in Lemma
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3.2.3 Bounds on the SDE

In the present section, we give bounds on the SDE governing the motion of the droplet’s
center &, which we need later in Section [3.3] to show stochastic stability. Recall that in
Assumption E we defined a weighted H'-norm | - || ;1 by

1/2
loll = ([ Vol +0%dz) (.21)
: Q

Obviously, this norm is equivalent to the usual H'-norm with e-dependent constants and we
always have that
[l < g and  [[Vollge < e Hvllgs.

Moreover, by the Poincaré inequality we obtain for the H ~'-norm
[oll-1 < flvllez < [olla-

For the purpose of defining tubular coordinates (Proposition and invertibility of the
matrix A(¢,v) (Lemma [3.14)), we needed an H ~!-radius of order O(¢'*) for some x > 0. Since
it is not sufficient to control the nonlinear terms in the drift term b only by means of the
H~!-norm, we work in a small tubular neighborhood of M, defined by |v|| m2 being sufficiently
small. By virtue of the above mentioned Poincaré inequality, an H!-radius of order O(g!**)
suffices to have the coordinate frame, and thus the SDE, well-defined.

Definition 3.15. For some small k > 0, we define a tubular neighborhood of the slow
manifold M, by
= {a@ +v i £€ Qs Io)m < e}

As long as @€ + v lies in I'—i.e., as long as the coordinate system is well-defined—we
give bounds on the stochastic ODE. Later, when we analyze the SDE in more detail, we will
use an even smaller tubular neighborhood, where solutions stay inside for a very long time. Let
us start with estimating the diffusion term o (&, v).

Lemma 3.16. Let @6 +v €T andr € {1,...,d}. We obtain
0r(€,0) = Gy o™ 25 + Oy (0771,
where Cy > 0 is the constant from Lemma [3.14.

Proof. By (3.19)), we have

d

or(&0) = DA OY
i=1
The claim follows directly from the estimate of the inverse A~! in Lemma and the
eigenfunctions ’QZ)S being normalized in H L. O

To complete the estimates on the stochastic ODE, it remains to bound the drift term b(&, v)
defined by (3.20). Note that only here we need to assume smallness in H! in order to handle
the nonlinear terms.

Lemma 3.17. Let ¢ +v € T. We obtain
b(&,v)| = O(> 4238 1 e7152),
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Proof. Via Taylor expansion we obtain
(L(v+a%),05) = (L), 45) + (L, 45) + (NS (v),45),

where N¢(v) collects the remaining nonlinear terms and is given by N¢(v) = A(3afv? + v3).
By Theorem we have ||£(@¢)]|oo = O(exp) and (LSv, ¢f) =0,as L5 L wf due to invariance
of the operator £¢. Using that @ is uniformly bounded and HszHOO = O(e7 1) (see the estimates
in Lemma , Nirenberg’s inequality implies for the nonlinear terms

V)0 = | [ (3302 + %) da
Ce [|lol2z + oll3s]
Ce™ vl + ol =21 vol 227]

Ce™ vl + e~ ¥foll3y | < Ce2md/243,

IN

(3.22)

IN

IN

where we interpolated the L3-norm between L? and H'.

As a next step, we analyze the terms in that appear due to It6 calculus and thus depend
on the noise strength J.. We utilize that Hi/JfJH =0(h by and the bound on o from
Lemma ie., |lo]] = O(1) in e. This yields via the Cauchy-Schwarz inequality

Qe o) < l1QllLg—) 145,

For the remaining terms, we use that ||¢fjk|| = 0(e%/?), ||11§|| = (1), and ||ﬂfj|| = O /?).
Heuristically, the H~'-norm eliminates one derivative and, for example, the H~'-norm of second
derivatives of @¢ behaves like first derivatives in L?. Since Vgﬂg is O(e7!) on a set of order ¢,

one then obtains that ||ﬁf]|| = O(e~Y2). For the detailed proof we refer to Lemma [3.34. Using

a-illojllp < edZe™h.

these estimates yields

v, 95 ] < Molla 105l < e 2050 @S, a9 < e, and (v, 5| < cs7V2,

Note that by Lemma and Assumption @ on the noise strength (Qo;,0;) < C62. By
Lemma the matrix A~! is bounded by a constant and thus the claim is verified. O

3.2.4 Approximate stochastic ODE for the droplet’s motion

We investigate the stochastic ODE for the droplet’s motion in more detail. We show that
the dynamics of the center £ is in first approximation given by the projection of the Wiener
process onto M, (Theorem . Moreover, we will see that smaller droplets move faster
than larger ones (Remark . We observe that, under the assumptions of Lemma and
the postulated noise strength 8. < e7/2134/2 the deterministic term Z.A;il (L(a¢ +v), @/Jf) is
dominating the dynamics. Therefore, we will adept the HZl-radius for the analysis of the SDE.
For this purpose, we define a neighborhood of the manifold M, by

M= i o €€ Qe ol < e 279%. ). (3.23)

Note that by Assumption @ we have IV C I and thus the coordinate system (3.15) is well-
defined in IV. While I is the set where the SDE is well-defined, T" is a smaller neighborhood
of M, from which with high probability solutions do not exit for long times unless the droplet
reaches the boundary of Q (see Section [3.3). First, let us proof that (up to a small error)
the motion of the droplet’s center £ is given by the projection of the Wiener process onto the
tangent space of M, at @€ (cf. Section .
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Lemma 3.18. As long as @ +v € I, we have
d
g, = S as, 0 dW) + Oy1(e727%2) dt + (O (e7%/79265,), 0 W),
i=1

where the matriz S is given by S;; = <ﬂf,ﬁ§)
Proof. By redoing the computation of Section [2.2] that led to the explicit formula for the effective
dynamics in Theorem [2.6 in the Stratonovich sense, and thereby leaving out Itd correction
terms, we obtain ; .
g, = Y AZNL(ES + ), ) dt + >0 AN YE 0 dW).
i=1 i=1
By using the bound (3.22) from the proof of Lemma [3.17, we immediately derive

d
S AZML@ +v),95) < CeT! [HUH%{; —|—g_d/2HvH'§{51:| < Ce 2452,
i=1

and hence

d
& = Op-1(e727962) dt + 3 A (Y5, 0 dW).
i=1
For shorthand notation, we define the vectors ¢¢ = (wf, ,wfl) and 85115 = (ﬂ,ﬁ, ,ﬁfl).
With that definition, the matrix S is then given by <8€ﬂ5 , (95715 ). Moreover, using the notation
of Lemma we denote the matrix consisting of all inner products of ¥¢ and 8565 by
B = (4%, 0¢u%), and the small perturbation R(v) thereof by R(v) = (0¢1b%, v). By definition, we
have A = B — R(v). Also, note that in I' we have |R(v)| = O(¢~3/2=%/25,). With Lemma @
we derive

A7 = B4 O(IBT'R()BTY) = B!+ 0(e73/24%,),
Moreover, the relations (3.11) and (3.12) together imply
B¢ = B! BTt + O(exp) = (B'B)'0:i* + O(exp) = S716¢a* + O(exp). O

We use Lemma to show that the expected distance between the exact solution &(t) and the
projection h(t) of the Wiener process W onto M, stays small up to times of order O(e+d+t5-2)
for some £ > 0. After we formulated and proved the approximation result, we will see that we
have to choose ¢ > 2 + d to obtain a reasonable error estimate. This time scale does not quite
correspond to the times when the droplet reaches the boundary. Basically, any improvement
of the stability region increases the time scales we can treat. Also, note that the projection
h(t) of the Wiener process onto M, is given by the Stratonovich SDE (cf. Section

Ty

d
dh, = Zsrz‘(fl)*l(ﬂ?,oolW>7 where  S,;i(h) = (al, al). (3.24)
i1

Theorem 3.19. Let {(t) be the solution to (3.18) and h(t) the projection of the Wiener
process W onto the tangent space Tynwy M, given by (3.24). Then, for any £ > 0 there exists a
constant C > 0 such that

E sup |E(t) — h(t)| < Ceb 4 Ce™ /2426,

0<t<e2+d+e572 a7

where T denotes the first exit time from T".
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To prove the approximation result, we first have to show that the map h +— 3, S,.;(h)~'al is

Lipschitz continuous. Also, we compute the Lipschitz constant explicitly.

Lemma 3.20. Let h,h € Qyi5. Then, we have for any r € {1,...,d}

d 7 —_
S Seh) il — Spa(R) M| < ee V2 h— R

Proof. We compute Op, Syi(h) = (@, @) + (P, @l ) and thus, using the estimates HuEH =0(1)

T

and Hﬂka = O(e~Y/?) from Lemma [3.34, we obtain |D,S(h)| = O(¢~/?). This shows that the
derivative of the inverse can be estimated by

|DLSTL(R)| = [S7H(DRS)STY = O™V,

where we utilized that S~' = Cp~¢ [I + (’)(pdil)} by (3.16]). Therefore, with the estimates
from Lemma [3.34 we obtain

9 p\=1xh _ ST, p\—1xh ~1/2
ph (S Thal) = =+ Su(h) g, = O,

The claim follows now directly by utilizing that

(2

_ . 1 _ - _ _
Spi(h)\al — Spi(h) Ll = / Dy, (Sm-(h +s(h— h))la’?“(h")) (h — h)ds. O
0

Proof of Theorem [3.19. Let £, h € Q,y5 and r € {1,...,d}. For simplicity of presentation, we
define the maps
w(h) = S5 (Wi and A& h) = 7:(€) = 7(h).

By Lemma [3.18, we obtain for ¢ < 7
t
E(t) = ho(t) < ce 24624 + / (A(E, h) + O(e~¥/2-/25.) o ).
0

For the application of the Burkholder—Davis—Gundy inequality, we need the martingale property
of the stochastic integral. Hence, we transform the Stratonovich integral into an It6 integral.
We write

/t(A(g,h)+O(g3/2d/25 o dIV) / 1(6) = I(h)ds + /t<A(§,h)+O(a3/2d/255),dW),
0 0

where I collects all It6-Stratonovich correction terms. By the definition (3.20) of the drift
term b, one easily verifies that these are given by

Z A { wk> W}Jgk’ Z>_7<¢k’ zj>] Z’ J )+ ZA w’ ]>

1,3,k=1 4,j=1

In this expression, all terms depending on v arise from the It6 correction of the (9(6_3/2_d/255)—
term. Moreover, since the correction I(£) contains exactly the terms of the drift b without the
critical term ; A (L (v + @S, z/Jf), which needed a careful analysis of the nonlinear terms, we
can use the estimate of Lemma and obtain |I(£)] = O(e7162) uniformly in &.

So far, this shows

E sup [&(t)—h(t)] < Ce > %2T+E sup
0<t<TAT 0<t<TAT

/O t<A(§, h)+0(5*3/2*d/25€),dw>‘. (3.25)
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By Burkholder’s inequality (cf. Appendix Theorem and the Lipschitz continuity of 7 from
Lemma with Lipschitz constant of order £~/2, we estimate the martingale term as follows:

E sup

t
| aiem + o5, aw)|
0<t<TAT JO

T 1/2
< CE /0 U (Ae) + O 5,), 0 (A(e. )+ O(22,)) >ds]

TAT 1/2
CE /0 e7182|€(s) — h(s) > + e 2263 |¢(s) — h(s)| + e 37452 ds]

IN

TNAT 1/2
CE / e7102|¢(s) — h(s)? + 37452 ds]
0

IA

< Ce V25, TV2E sup  |€(s) — h(s)| + Ce™3/274/2621/2
0<t<TAr

< PP R qup  [€(s) — h(s)| + Ce /226,
0<t<TAT

In the last step, we utilized that T' < ce?T9+5-2 for some sufficiently small ¢ > 0. Combined
with (3.25), this yields

E sup |&(t) — he(t)] < Ce 27962 T + Ce V225, < Cet + e V225, O
0<t<TAT

According to Theorem the motion of the droplet’s center & is up to times of order 2+4+¢§5-2
governed by the projection of the Wiener process W onto the slow manifold M ,, where the error—
for a sufficiently large noise strength—can be estimated by €. Let us briefly explain which choices
of £ lead to a meaningful error estimate. Again by the Burkholder-Davis—Gundy inequality, we

obtain for h being the projection defined by (3.24)
E sup \h(t)] ~ elTd/2+t/2,

0<t<e2tdtes?
In order to achieve a reasonable error estimate in Theorem we need ef < !+ 4/2+/2 o
equivalently ¢ > 2 + d. Hence, the proper time scale in Theorem is 54+2d5€_ 2 and the
droplet is expected to move by the order of 21, Clearly, this is quite far away from the
time scale on which the droplet reaches the boundary of the domain . On a heuristic level,
this corresponds to a time scale of order O(82), since the process h has to cover a distance
of O(1). This deficiency is based on the dominating deterministic term stemming from the
estimate of Lemma While this bound decisively relies on the smallness of v in HZ, are the
terms of the projected dynamics in independent of v and—in the case of a space-time
white noise—essentially constant in time. Hence, any improvement of the stability region will
decrease the influence of the dominating deterministic term and thereby increase the time scale

where the dynamics is well approximated by the projection of the Wiener process onto the slow
manifold M,,.

Remark 3.21. We have seen that the droplet’s motion is approximated by the projection onto
the slow manifold M,. Let us discuss the matrix S ~! and its consequences for the dynamics in
more detail. By , for a sufficiently small radius p the matrix S~! is almost diagonal in p
and we have

ST = G [la+ 0" )]
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With ||0¢ié|| = Cop¥? + O(p?~'/2) and the approximation result of Theorem , we thus
obtain that the motion of the droplet’s center is in first approximation given by

de(t) ~ (Og-1(p~¥?), 0 dW).

By Lemma we observe that all error terms are small in . Therefore, as long as v stays
sufficiently small, we expect that smaller droplets move faster.

3.3 Stochastic Stability

In this paragraph, we show that solutions stay close to the slow manifold M, in H, L for very
long times. Here, it is convenient to work in the weighted Sobolev space H! | as it can be linked
to the linearized Cahn—Hilliard operator (cf. Lemma . Moreover, it allows us to handle
the nonlinear terms. In our stability analysis, we follow the method from the works of Bates
and Xun (cf. [BX94] [BX95]) for the one-dimensional deterministic Cahn-Hilliard equation very
closely. This method was also adapted to discuss stability of fronts in the one-dimensional
stochastic version in [ABK12]. For @ € M, we define the functional

A(v) = /Q S|Vl + f (@) do = (L5, 0) 1. (3.26)

The following lemma deals with establishing an important estimate between the functional A.
and the Hsl—norm defined earlier in . The proof heavily relies on the spectral gaps of
Theorems and [3.12. Especially, any improvement of the spectral gap for the Cahn—Hilliard
operator in three space dimensions will improve the following lemma and thereby the stability
region of our main stability result in Theorem [3.23.

Lemma 3.22. Suppose that § € Q,45 and v L wf fori=1,...,d, where the eigenfunctions 1/1§
are given by Theorem (iii). Then, for some constants c1,co > 0 independent of €, it holds
true that

[olfF = Olexp) < e1e7?Ac(v) < coe™ VL5013

Proof. By Theorem we have
Aclw) = (~L0,0) 1 = (—ACv,0)zz > C ol + Ofexp),

where A$ denotes the linearized Allen-Cahn operator. Here, the exponentially small term arises
from the fact that ||1/Jf — w;||z2 = O(exp) for i € {1,...,d}, where w; are the eigenfunctions
of A¢ corresponding to the d exponentially small eigenvalues. Applying Lemma shows that
we have to introduce the O(exp)-term.

Let v € (0,1). Using that v is orthogonal to constants, we obtain

Ac(v) > C(1 = 7)e*|[v[l72 + O(exp) + (=A%, v)
> O(1 = 1) v]22 + Olexp) + 12|Vl — YI1F () o 0]122-
In this inequality, we choose v = ce? for some sufficiently small constant ¢ > 0. This choice
immediately yields that A-(v) > c£?||v]|%, + O(exp).

It remains to show that
A(v) < et L8]

We complete {wf, .. ,1/12} to an orthonormal H~'-basis of eigenfunctions of the operator —L¢,
ie., —ngf = )\ﬂ/)f . Note that Theorem @ implies Agy1 > ae?! for some constant a > 0.
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Asv L wiﬁ fori=1,...,d, we have v = 3772 ;.4 akiﬁg for some aj € R and thus compute
Ae(v) = <*E£U,U>HO—1 = < ST s, Oék?/)i>
k>d+1 k>d+1
1 1 14
= Y i< X ol = Sl < e, O
k>d+1 A+l p>d41 d+1

We can now formulate the main stability result.

Theorem 3.23 (H!-Stability).
Define the stopping time

=it {t€ 0,1 1 €(1) ¢ Qpys o A(o(t)) > 02}

with a deterministic cut-off T, = 9 for any large ¢ > 0. We set 7 = I if none of the conditions
are fulfilled for all times t € [0,T;]. Furthermore, assume that the initial condition v(0) satisfies
for some constant ¢ > 0

A-(v(0)) < 2.
Then, for any £ > 0 there exists Cy > 0 such that
]P’(Ag(v(T*)) > 53‘“61_d) < Oyt
Therefore, the probability that the solution exits the tube I without the droplet reaching the

boundary of Q before time T is smaller than any power of €.

Proof. In the proof, we follow Section 3.6 of [ABK12] and the general framework and proof
of Theorem closely. We bound powers of A.(v) and, based on an induction argument,
estimate the expectation EA.(v(7*))P for arbitrary large integers p. To close the argument, we
use Chebyshev’s inequality.

First, we derive with It6 calculus

dA.(v) = d{(—L%v,v) = 2(—L5,dv) + (—L dv, dv) + dR, (3.27)
with

dR = / v? 7 (a8)dat dz 4 = / V2 (a0 (dad) dx—i—/ 20 f"(a¢)dv dab da. (3.28)

The terms in R appear as A.(v) depends on 5 via f'(@¢). For the equation of the normal
component v recall (2.13)), with £(@¢) = 3 c O(exp) by Theorem

dv = (Zcﬁuﬁ—i—ﬁ% + N (@8, ))dt—i—dW z:ufdg7 — quU QJ], Z) (3.29)
J

Plugging this into (3.28) we obtain

dR:Z/qﬂf"( )ii§ d by (€ dt+2/ F7(@)is dz (o, dW)
+33 5 o) dr Qo) dt+2/ F ()it A (Qor, o) di

+2Z of"(@)asas dz (Qoy, o) dt + 23" | vf"(@f)as Qo dx dt.
> J s @S b Qo i/ﬂ J
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To control the term dR, we use the estimates ||ﬂ§Hoo = 0™, ||u Joo = O(e72),

and ||ﬂ§|] 12 = O(e~/?), which we prove later in Lemma Moreover, as ¢ is uniformly
bounded, we can bound the nonlinearity f and its derivatives uniformly by a constant. By the
estimates of Lemma, the drift term b is estimated by

b©)| = 0 (7102 + 7 [Jold +e 2 |oll3n])-
Also, note that by definition [[v||z2 < [|v[[1. We obtain
4R = O (ol + e Wollg)5? + < 2ol + <2l ) di -+ {Ln, dW),

where IR is defined by

Ip = Z/Qv?f”(af)aﬁ dzo;j.
J

With Lemma and A.(v(t)) < 62¢'? for t < 7%, we obtain
e ollF202 + e P lollfry + e R 0l + e ol o2 + e o) 62
< 062 (e A(v) + e B A(0) ) + CA(v) (572 A ()2 + 67024, (v)?)
< C6? (573*51(552 4T T/23A 25 877/273d(5§) .
We have 6. < £7/2+34/2 by Assumption [3.2| and thus the term in the bracket is bounded by O(1).

Therefore, for t < 7*
dR = O(62)dt + (Ir,dW).

As a next step, we analyze the remaining terms in (3.27). With (3.29) we arrive at
dA:(v) —dR = 2(—Lv, L(@€ + v)) dt — 2 Z<—£fv, @) by (&) dt
j
- Z v, @5;)(Qoy, 05) dt + tracey -1 (—QY/2LEQY?) dt

+Z — L84S, a5) (Qay, o) dt+z —L8G5, Qo) dt

+ 2<7E5v,dW ) +23 (L8, 5 (o, dW).
J
By Theorem @, we have L£(af) = Do Ciuf, where the coefficients ¢; and its derivatives ¢; ;
with respect to any &; are all exponentially small. Differentiating L(@¢) with respect to &j
yields £§ﬂ§ =2 ci,juf + ciufj = O(exp). Since L& defines a self-adjoint operator on Hj ',
we obtain

(—L8,a5) = (v, —L8[a5]) = O(exp)|v]|

and by the same argument, the inner products (— £§u£ uf) and (— L’gﬁf, Qo;) are exponentially

7,7 J
small as well. Therefore, most of the terms in are exponentially small. Moreover, by
Cauchy—Schwarz and Young’s inequality together Wlth the estimate Hu || = O(e1/?) from

Lemma [3.33] we obtain
(=L, 5,)(Qor, 05)| < CO2e™ || L8] g1 < e ' O2|| L] 31 + CZ,

Y ’Lj

Next, we study the term
(—L50, L(T +v)) = —[|L50[|F-1 + O(exp)||LE0]| -1 + (~LE0, NE(v)).
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In order to control the nonlinearity, we interpolate the LP-norms between L? and H' and obtain
by Nirenberg’s inequality
INS()]l-1 = [13350% + 0% 12 < efloll7a + lv]lFe
2—d/2 d/2 _ _ _
< el Vol + el IVolige < el + ce ol

Here, we used that by definition of the Hl-norm ||v||;2 < H”HHsl and [|[Vv|[z2 < 571””“&;-
Thus, we obtain

(=L, L(a +v)) = — [ L50][F -1 + Oexp) [ Lo -1 + (—L0, V¥ (v))
< ISl e [ ol + e olid] 1ol + Ofex)
< —%Hﬁvn%ﬁ + e[ 2 ol gy + e o) B ] L5 0] + Ofexp).
In the last step, we utilized that by Lemma [3.22
ollfy < ere?Ac(v) < epe” VL5070

For ¢t < 7* we have

E_d_l/QHUHHg +€—3d/2—1/2HUH%{El < ce_d_3/2./45(v)1/2 +C€—3d/2—5/2A8(,U)
< €_d_3/2(55 + 5_3d/2_5/25€2 < g2t/ | (09/2+3d)2
and therefore, we showed that
1
2(—L%, L(7* 4+ v)) < —§||E£UH%_1 — e AL (v) + O(exp). (3.30)

Here, we utilized that ||£%v]|%,_, > ce? "' A.(v) by Lemma Finally, we have to bound the
trace of —Q/2£6Q1/2, Using the uniform bound on f’(ﬂé), we obtain

trace(—QY/2£8QY?) = Zaz(—ﬁgek,ew = Zai/ 2 Ver|? + f(a)ef dx
keN keN 79

< czaz/ SVer2 + tde = O Y afexlZy < Co2.
keN 7@ kEN

In the last inequality, we made use of the proposed regularity of the Wiener process W in
Assumption Combining all the estimates yields

dA(v) = C82dt — Bucfv\@_I —i—csd_l.Ae(v)} dt + (1, dW), (3.31)

where
I = —=2L%+2) (L, @)0;+ Iz with Iz =0(e"||v]3).
j

As before, we have (—Lv, 11§>Jj = O(exp) and therefore, we can bound I as follows:
(I,QI) = O(exp) + 4(— L%, QI) + 4(L v, QL) + (I, QlR)
< O(exp) + Ce™ ' &2||vl|Fa [|£50]| -1 + COZ[| Lo F-1 + Ce 26 |[v]|3
< O(exp) + C82|| L]

In the last step, we used that by Lemma and the assumption J. < £7/2+34/2 on the noise
strength

e vl < ceTPA(0)? < e T IA) | L00)F < eeTETHG|L0])1P < eI L0].
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We can now bound powers of A.(v). With It6 calculus we obtain for any p > 2
1 -1
A = A dAW) £ P A ) A()?
1
< CO2A(v)P~tdt — §||£5v]ﬁ{,1¢4€(v)p’1 dt — ae® 1 AL (v)P dt

+ A (0)P I, dW) + 1%1,48(@)?*%1, of) dt.

Taking integrals up to the stopping time 7* < T, and using that the expectation of a stopped
stochastic integral is zero since the stopping time is deterministically bounded, we obtain for
any p > 2

1 1 (7 ™
“EA(u(r")P + SE / Ac(0)P Y| L)% dt + ac®E / A (v)P dt
0 0

b
< ;Ae(v(o))erCégE [ Ay a
0
+ O(exp) E / A (0)P~2dt + C62E / A ()| LE0]|2, -, dt.
0 0

Inductively, we see that

;EAE(U(T*))M ;]E/ A (0)P Y| L8012 dt+a5d_1E/ A (v)P dt
0 0

< f;@ggd)’” A (v(0)) 4+ C (58261751)”_1 [E /07* | £L50]|%,—1 dt + IE/OT* A (v) dt] .
We utiliz; now that by
EA(v(r*)) + ;E/O ||£§v|2dt+a5d_1IE/0T* A(v)dt < A(0(0)) + C5°T.
and obtain

;IEAE(v(T*))p—i-;E/T A€(v)p*1u£€v||§,,1dt+aad*1E/T A (v} dt
0 0

IN

C (21 T 0y (£e0) Ao)) + (2670) S (o)
=2

IN

C (2 1+ 1)

In the last step, we have to assume that the initial condition is sufficiently close to the slow
manifold such that A.(v(0)) < 62. So far, we have proved that for any p > 2

EA.(v(r*))P < C (5§gl—d)” [1+11.
Finally, we use this to show that the probability that v leaves the slow tube I before a time
T. =¢77 (i.e., 7" = T;) is very small. With Chebyshev’s inequality we obtain

P(A(v(*)) > 52 rel~d) P

IN

EA. (v(r"))" (8277 1)
§2el-d \P _
C(w) [1+e7)

= 0o 1479,

IN

Now, choosing p large enough concludes the proof. O




50 3. Motion of a single bubble for the stochastic Cahn—Hilliard equation

Remark 3.24. By Lemma [3.22] we compute that for t < 7*
@) < ce 2 A(o(t)) < eI TUGET.

Hence, by the stability result of Theorem we can guarantee that @¢(t) 4 v(t) stays in T”
(defined by ) for very long times unless the droplet hits the boundary. In that case, one
needs to introduce a new slow manifold to study the motion along the boundary. For the mass
conserving stochastic Allen—Cahn equation, the motion of almost semicircular droplets along
the boundary was analyzed in [ABBK15]. We expect a similar behavior for the Cahn-Hilliard
equation.

3.3.1 Extension to a general class of nonlinearites

In the preceding stability analysis, we treated for simplicity only the standard quartic
potential. The aim of this section is to extend the result to more general nonlinearities. Recall
that the critical nonlinear term is given by

N&(v) = —=AFS(v) with FS(v) == F'(af) — F'(@* + v) + F"(a4)v. (3.32)
In the sequel, we will always assume that the potential F' is such that
|F¢(v)| < ¢ (|v\2 + |v|p) for some p > 2. (3.33)

That is, it behaves quadratically for small values of v and has at most polynomial growth.
A typical example is F being a polynomial of degree p+ 1. Essential for controlling the stochastic
ODE governing the motion of a single droplet is a bound on (N¢(v), wf ) (see Lemma m for
the quartic case). Under the assumption , we obtain

(V@) 05)] < [l | FE@)lze < e ([ollFen + 10l ) - (3.34)

where we used Hoélder’s inequality and ||¢f|| 2 = O(71/2) by Lemma m Hence, we observe
that the nonlinear term is manageable, if we establish control of the normal component v in L?P.
However, the fourth-order Cahn—Hilliard operator prohibits us from proving stochastic stability
directly in L?’. To apply the method used in the proof of Theorem it is desirable to
have the embedding H'(Q) < L?’(2) at hand. By Sobolev embedding, however, this depends
heavily on the space dimension d and the growth parameter p. We start with analyzing the
cases, where this embedding holds true. These are d = 2 and arbitrary p > 2, or d = 3 and
p < 3. Hence, it is the higher powers in the three-dimensional setting which need a more careful
analysis. For now, let us focus on the former case. Here, the statement of Theorem still
remains valid.

Theorem 3.25 (Extension to general nonlinearities I).
Assume that (3.33) holds true with p € (2,00) for d =2, and p € (2,3] for d = 3. For A.(v)
defined by (3.26)), consider the exit time

= inf {t€ [0, 1] () ¢ Qs or A(v(t) > 6271}
Furthermore, assume that the initial condition v(0) satisfies for some constant ¢ > 0
A-(v(0)) < 2.
Then, for any £ > 0 there exists Cy > 0 such that
P(A(v(r) > 627! ~1) < Cpet.
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Proof. First, we observe that Lemma [3.22]is not affected by the change to a general nonlinearity.
Moreover, most of the estimates in the proof of Theorem [3.23 remain valid. The difference lies
only in the terms involving the drift term b(¢), since these depend on the nonlinearity N¢(v).
We define the parameter
p—1
0 = 0(p,d) = ——d

and note that by the assumptions on (d,p) we always have 0 < § < 1. The constant 6 is chosen
in such a way that by the Gagliardo—Nirenberg interpolation inequality

—0 0
lollzze < Cllolz° 1 Voll7.
Together with (3.34), this furnishes the estimate
_ 2(1-6 0 1-6 0
(NE@), )] < e 2 [lolZs ™ IV olE + 1ol = Vol ]
< ™2 |2l fy + e ol ]

where we utilized ||Vv||j2 < 5_1||v||H51 by definition of the norm in H!. With the estimates
from Lemma [3.17 this shows

B = 0 (7402 + 72 [ |3 + e ll]) -

The bound on b was used twice in the proof of Theorem [3.23. First, we needed to control the
term

T = V2 (@)@ da by (€).
1 ;/Q j i

For t < 7%, we have by Lemma [3.22| the estimate [v|| g1 < 06_1,4;/2(1)) < e 1/2=d/2517R/% pq

hence,

T4 |

IN

e ulZalbl < c==262ul[3s + ce Y2 o4y + =S 2 ]2

6552 {5—3—d53—n + 6—29—7/2—26[652—25 + 6—p(0+1/2+d/2)—5/2—d55—m(p+2)/2} .

AN

Under the assumption 0. < ¢7/2+34/2_ the bracket is bounded by O(1). For the first two
summands this can be verified readily, for the third term we obtain (ignoring the small term

in K) e POH1/24d/2)=5/2-d5p < p(3+d—0)=5/2—d _ (p=2)(3+d—0)+T/2+d~20

Clearly, since p > 2 and d — 26 > 0, this term is smaller than 1. In consequence, we established
|T\| = O(62), which fits exactly in the proof of Theorem

The second and last term involving the nonlinearity is (—L£%v, N¢(v)). Here, we obtain by
interpolating L* and L? between L? and H!

(—L50, NE@) < L5l [FE @)1 < ell £l o]l + o] ]

2—d/2 d/2 1-0)—d/2 0+d/2
ellCollg-1 ol IVollfs + ol =2 o) 25°]
|| L8]] -1 |:5_d/2H'U||§{£1 + 6_p9_d/2||v||}17{51]

—d— —pl—d— —1
el Lol [T 2 ol gy + e 2 o]

IN A

IA

In the last step, we utilized that by Lemma |3.22
V)13 — Olexp) < ce?A:(v) < e | L8||70,

With help of the same estimate, we can bound the term in the bracket for ¢t < 7*.
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Similarly to the term 77, it is easily verified that it is bounded by a positive power of € and
thus we can establish the same estimate as in (3.30), namely

2(—L5, L(a* +v)) < —%HﬁgvH%_l — ae? LA (v) + O(exp).

Hence, we are in the setting of the proof of Theorem and can follow it verbatim. O

Finally, we treat the remaining cases that are not covered by Theorem In the three-
dimensional setting, we have for any p an embedding H?(2) < LP(£2) and thus, it is sufficient to
prove stochastic stability in H?. However, the bounds on the linearized Cahn-Hilliard operator
in H? are not sufficient to show stability. Therefore, we have to introduce a weighted space
to assure good spectral properties. For this purpose, we endow the space H2(f) with the
norm

lelly = "I A@lZe + [l -

The corresponding inner product will be denoted by (-,-),,. Here, n > 0 is a constant which
will be fixed later. Note that in Theorem [3.9 we established the spectral properties of the
linearization in H ! and thus, it is a natural choice to consider this space. For establishing
stochastic stability, we follow the method introduced in Section [2.3. First, we have to bound
the stochastic differential (cf. Theorem

d||v]|727 = 2(v,dv)y + (dv, dv),.

The following lemma deals with bounding the quadratic form (L£%v, v)y for v being orthogonal
to the exact eigenfunctions 1/)5 corresponding to the d = 3 exponentially small eigenvalues of the
linearized Cahn-Hilliard operator £év = —e2A2v + Af/(@é)v (cf. Theorem . Recall that the
spectral gap in the three-dimensional case is only of order €2, as opposed to € in the case d = 2.
Any improvement here will of course improve the following results.

Lemma 3.26. Letd=3,1n>38, andv Lg—1 span{z/fﬂbg, wg}, where wf denote the eigenfunc-
tions associated to the exponentially small eigenvalues from Theorem[3.9. Then, we obtain

1
(£80,0)y < =32 1A%0F2 — ce®olff-1 — ceollFz — et Vo).

Proof. Let v1,72,73 > 0 with >, v; = 1. First, we notice that
(L0, 0) -1 = (E2Av — f(@)v,0) 2 < —&2||Vo[[F2 + c|[v]| T,

where we performed integration by parts and used that @¢ is uniformly bounded.
By the main spectral estimates from Theorems [3.9] and we derive
(L0, 0) g1 < —eme?|[v][F-r — evee®|ol|Fe — 73| VollF2 + evsllv] 72

(3.35)
< —ce?|ol[Fo1 — e?||v]|72 — | Vol 7,

where we fixed 73 &~ €2 and 71, 2 = 1/2 — O(e?) accordingly, and absorbed the positive L?-term
into its negative counterpart. We use these negative terms to control the H? inner product

eT(A%v, —e2 A% + Af/(@f)v) = —*T||A%v||2; + 577/ A% Af'(@)vde.
Q
Expanding the Laplacian of f/(a)v yields
Af'(@)v = 2f" (@) Vas Vo + f'(af)Av + [f”’(aé)waﬁy? + f”(aﬁ)Aaf] v.
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For the term linear in Vv we obtain

1
5’7/ A% (@) VuVudr < e H A% 2| Vol 2 < 162—"_77”A2’UH%2 + eV 2s,
Q

where we utilized Young's inequality and ||Vi||o = O(¢™!) by Lemma For the term
involving Av we similarly find that

1
1 [ A% () Avds < A%l < JeHIARIR + O ol
Q
The last term is bounded by

377/ A%y [ (@) Va2 + (@) A vdz < e 2| A% o ]|o] 2
Q

1
< LA + e 0 lull s
In order to absorb the preceding estimates into the good terms from inequality (3.35), we need
to assume that n > 8. d
As the next step, we bound the inner product with the nonlinearity N%(v) = —AF&(v)

defined by (3.32). For a sufficiently small radius in v with respect to the HZ-norm,
we can absorb the nonlinearity completely in the negative terms from the estimate of

Lemma [3.26]

Lemma 3.27. Let d = 3 and assume that ||Av| 2 < c£2. Then, it holds true that

WE),v)y < ee® A% + ce™2||ollZs + " Vo 7.

Proof. By assumption (3.33) and the Gagliardo-Nirenberg interpolation inequality, we obtain

W), )1 = (FE@),0)ze < efolls + ol ] < eflAolze + Av]5a"] o]

In the study of the inner product (A%v, N*(v)) 2, we will only treat the critical quadratic term
in more detail. The analysis of higher powers can be carried out analogously and does not
influence the result. For the sake of simplicity, we will also denote the prefactor of v2, which is
a smooth and bounded function in the variable @¢, by g. With that, let us estimate the inner
product (A2?v, —Ag(@¢)v?),. Expanding the Laplacian of g(@)v? yields
Ag(a)e? = [g"(a)|Vat 2 + g/ (@) Aat| v? + [4g/ (@) Vi + 29(a)]| vV + 29(a) Vo2
=T+ 1>+ 1Ts.
The first term can be estimated by

< e A2, + 2O Aol o] -

&)1, A%0)| < e[ A% e o]} < eI A%s + e o4

Here, we used that by the Gagliardo—Nirenberg interpolation inequality ||v||;+ < ||vHi/28||Av||i/28.
For the second and third term, we obtain in a similar fashion

£")(Ta, A%0)] < ™ o]l al| Vell o[ A0l 2 < e A3 + 27| Aol | Vo2,

and
7|73, A%)] < e[ VolBa A%l e < el Ao 2]| A% =
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By combining the estimates from Lemmata and we achieved the main estimate for
proving stochastic stability (compare to Metatheorem .

Corollary 3.28. Letd=3,1n1>8, andv Ly span{z/zf,wg, g} with ||v]],; < ce?+1/2,
Under these assumptions, we obtain

(L@ +v), )y < —c?||o]2.

Proof. This is a direct consequence of the estimates in Lemmata and noting that
vl < ce|A%v| 2 by Poincaré’s inequality. O

Following the guideline from Section @, it remains to estimate the remainder of (v, dv),
(Metatheorem [4) and the It6 correction (dv,dv), (Metatheorem [3). Since we are working in a
weighted H?-space, we have to propose additional spatial regularity of the Wiener process W.
We assume in this case additionally that (cf. Assumption

p? = e"trace;2(QY2A2QY?) + tracey-1(Q) = ZazHekH% < 0. (3.36)
keN

Note that our final stability result will thus depend on p..
Lemma 3.29. Under the assumptions of Corollary|[3.28, we have
(v, di), = [C€2+77HA2UHL2 + ce?||v]|2s 4 e P pd 4 e FN2 2|
+ (01" )| Av| ), dW) 1.

Proof. By It0’s formula and the exact stochastic ODE (3.18) governing the motion of the
droplet’s center of Section we derive

(v,dii), = Z(v,ﬂ§>n [bi(f,v) dt + (0;(&,v), dW>H—1:| + Z(v,ﬂfj)n(Qai,aj)H_l dt. (3.37)
7 ]
We start with estimating the inner products in H?(Q2). For the second summand in (3.37),
which does not involve the differential d¢, we obtain

(A%, @) 12][(Qoi, 05 1| < e P2 A% 2 < e A%]|7 + a0l

where we used that ||ﬂ§j||L2 = 0(¢73/?) by Lemma [3.33 and 19l a1y < p2.
With Lemma and the assumption (3.33) on F*(v), we see that the drift term b(,v) can
be bounded by

b(&,v)| < ee™ 2+ [(FE(), ) e] < ce™tp2 4+ et (JolFa + [vIIE) -
Hence, we derive
e(A%, @) || < eI A%] 1 [0+ [[0lI3e + ol

< A3 + ™5 [of + [loll + [o]%)]

A

e M| A%][3; + ce"Ppl + e | Av|Fa + A0 o3
In a similar fashion, the martingale term is estimated by

e AV, ATE) 12 (03, dW ) g1 = (Opr—1 ("2 Av| ), dW) 1.
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Finally, we turn to the inner products in H _1(9). By Theorems @ and [3.11] -, the relative
distance of vectors in span{wﬁ, ... ,wg} and span{ﬁl, Y} d} is exponentially small. Therefore,
for some a € R3,

(@) g1 = Y ai(¥§v) g + Oexp) @ g1 o] mr = Olexp).
J

Since this is the prefactor of the first summand in (3.37) and the drift b and diffusion o are

uniformly bounded by a polynomial in ¢!,

(v, -1 [bi(€,v) dE + (04(€,0), AW ) -1 | = Olexp) dt + (O(exp), dW) -1
The second summand in (3.37) is estimated by
(v, 1) -1 (Qoi, o) g dt = O(e ™2 p2)|[vl -1 dt = O(/27122) di,

Y 1]

we immediately obtain

where we utilized that by assumptlon o]l -1 < |Jv]ly < ce®+1/2 together with Hu || =0(e71/2),
o]l = O(1), and || Q|| -1y < PZ. 0

Lemma 3.30. Let p? be the noise strength defined by (3.36). We have
(dv,dv), = O("75/2p2) dt.

Proof. First, we obtain
(dv, dv) g1 = (dW,dW) g1 + Y (5,55 g1 (04, Qo) g dt — > (165, Qo) 1 dt
1,J 1]
= [tracery—1(Q) + O(|Qll 1) dt = Op2) .
Secondly, the H2-term gives
e(dAv, dAv) 2 = eN(dAW,dAW) 2 + € > (Ads, ATS) 2 (07, Qoj) 1 dt
]

— 8772 Au dAW L2 <O'j,dW>H—1

= O(e" 55§+5§+52” 5p2) dt,
where we utilized that by series expansion of W = Y~ a8k (t)ex
NN, dAW ) 12 (07, dW) g1 = "> (AT, Aer) 2 a0, ex) g1 dt
keN
< | AT g2 pellollyr dt < "2t D)

Finally, we estimated every single term for the stochastic differential d||v||,, and thereby furnished
the analogue of the main inequality of Theorem namely

Theorem 3.31. Letd=3,1n>8, and v Ly span{ibf,wg, ng}
As long as ||v|,; < €272, we have

dlv]? = |=cevl2 + cs" ot + ep2] dt + (O(|[v]), W)y

[
With that, we are in the setting of the main stability result of Theorem and can prove that
the weighted H2-norm of the distance to the slow manifold stays indeed small for very long
times with high probability.
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Theorem 3.32 (Extension to general nonlinearities II).
For n > 8 define the stopping time

= inf {t€0,72] 1 €(8) € Qs or o)y > ce*H2)
with T. = =N for any fized large N > 0. For some 0 < v < 1, suppose that
[o(O)ly < ve*2.

Moreover, suppose that for some very small k > 0 the noise strength satisfies

pe < €3+77/2+/i.

Then, the probability P(t* < T) is smaller than any power of €, as € tends to zero.

Proof. We can apply the general result of Theorem In fact, with K. = O(£"°p2 + p?),
ac = ce?, and R? = ce* we obtain
K. —11 4

—6—n 2 2K
< ce 4+ ce Pt < e O
GSRE = Pe Pe =

3.4 Estimates

In this final section, we give all the estimates that were needed throughout the analysis of
the stochastic Cahn—Hilliard equation. Compared to the deterministic counterpart, we need to
bound higher order derivatives, which arise due to It6 calculus. We start with the estimates
with respect to the L?- and L*°-norm.

Lemma 3.33. Fori=1,....,d, let ¢f be the orthonormal basis from Theorem and ¢ the
bubble as constructed in Theorem[3.7. Further subindices will denote partial derivatives with
respect to &. The following estimates hold true

”fLEHLQ = (9(5*1/2)7 ||1/}§||L2 _ 0(871/2),
[ile = OE2), and ||9;]12 = O(2).
Moreover, in L* we find that

Hﬂ§||oo =0, HﬁfjHoo =0E™?), and Wf.HOO — 0.

Proof. First, we observe that by Theorem it suffices to analyze the partial derivatives of u¢,
since the correction term v¢ and all its derivatives are exponentially small. By Lemmata @
and [3.6] we have

out  _,9U* or _,0U* da* [6_1U,<r—p

or
o6 ~° aron Tt opoe ) w(”] g, TOl®),  (3:38)

where we defined r = |z — ¢| and utilized that the partial derivatives of a® with respect to &
for i =1,...,d are all exponentially small (cf. Lemma . We use the radial geometry of the
problem and the fact that U’ localizes around the boundary of the bubble. For some small § > 0,

£

we consider the ring Q5 == {:r : ‘|x — &l - p‘ < (5} . We compute

_ 2 2 . 2
5—2/ U’<T p) (87’) dx§5_2/ U (7"’)) Az
Qs € 0&; Qs €

< 08‘1/ U'(n)*(en+p)*Hdn < de‘le‘lf U'(n)*dn < Ce™ .
[n|<é/e R
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On the set Q \ Qs we utilize |U’(n)| < ce~°" and derive

N2 2
oV (20) (5) ar < e mmnai = ot
O\Qs %

Combined with (3.38]) this shows ||11§||L2 = O(e7'/?) for any j € {1,...,d}.
With help of the relation (3.38), we can also estimate the uniform norm of ﬂ§ Note that
the heteroclinic U is given as solution to U” — F'(U) = 0, which is equivalent to the equation

U’ = +/2F(U). Hence, we obtain

[6§]loo = e MU oo +O(1) = e sup \/2F(z) + O(1).
ze(—1,1)

Estimating the second order derivatives of ¢ can be carried out analogously. By definition (3.8)
of the eigenfunction ¢f, we see that

76
3 < CHVU 22 < Cp/2.-1/2
I¥flle < Ot < O

where we used the previous bound on the L?-norm and that ||Vaé| = c¢p¥? + O(p?=1/?)

by |JAFK04, Theorem 3.6]. Moreover, we compute

@ ||| ey o af sl e oy | Mgl _ N llze + llu e
(oA T AT [ - [
L

With the preceding estimates, it is readily verified that this term is of order @(e~3/2). Finally,
by the definition in Theorem [3.9] we derive

HU 2 - - _ _
i jlze < Z 10;a5,] ”’f TR 32) < CeTV2N 19508, + O(e7/%) = O(e73/%), (3.39)
U, k
where we used that the matrix (aii) does depend smoothly on & and is non-singular. Since
|]11§Hoo = O(¢71), the uniform bound of wij is easily verified. O

We conclude our analysis of the stochastic Cahn-Hilliard equation with giving all the necessary
bounds on derivatives of the droplet state @¢ and the eigenfunctions 1/Jf in H~! that were used
throughout this chapter. Heuristically, the H ~!'-norm eliminates one derivative and it remains
to control the ,antiderivate“ in L?. Hence, we can rely on the estimates of Lemma @ in the
following result.

Lemma 3.34. Under the same assumptions as in Lemma|3.33, we have

a5l = o), 5,1l = O™,
a5l = O, and 45 = O(*?).

Proof. First, we note that the bound Hw || = O(e7!) was established in Theorem 6.1 in [AF9S],
and secondly, Hﬁ§H = cp?? + O(p*+1/2) holds true by Theorem 3.6 in [AFKO04].

By a characterization of the dual space H ! (cf. [Eval0 Section 5.9, Theorem 1]), we find
for g € H™! functions fi,..., f4 € L? such that

_ of % 2 _ . / 2
9=V-I=3 oe, T on, and |[lg|" = ginvf.f Q\f\ dz.
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Using the relation ﬂ§ = 0p,uf + O(exp) and choosing fj = 0y,us, we have
517 = 118;51> + Olexp) < IIfill72 + Olexp) = O(=™),
where we utilized that || f;||;2 = O(¢~"/?) by Lemma @ The same argument yields
[ jell < i llze < ee™2, O




CHAPTER 4

Droplet motion for the mass conserving stochastic Allen—Cahn equation

Mathematically closely related to the stochastic Cahn—Hilliard equation is the mass conserving
version of the stochastic Allen—Cahn equation

1 .
Qulz,t) = 2Au(z,t) — flu(z, ) + M/Qf(u(x,t))dx S W (), zeQ,

6ﬂ“($,ﬂ =0, x € 89, (SA(D
u(z,0) = up(z), x € Q.

As in the previous chapter, we are again concerned with the higher dimensional cases and
hence, Q C R? is a sufficiently smooth bounded domain of area ||, where we allow for the
space dimensions d = 2 and d = 3. Moreover, f denotes the derivative of the smooth double
well potential F' that we introduced in Chapter |3|for the Cahn—Hilliard equation. For simplicity,
we will only focus on the standard quartic potential F(u) = (u* — 1), although most of the
results hold for a very general class of nonlinearities. Similarly to the extension to general
nonlinearites in Section for the Cahn—Hilliard equation, only the precise formulation
of the stability result and the condition on the noise strength do change depending on the
growth of F' at oco. The stochastic forcing is given by an additive white in time noise 0;IW.
Similarly to Definition @, W is given by a Q-Wiener process in the Hilbert space L?((2),
i.e.,
Qer = ojer,  and  W(t) = > awfBu(t)ex,

keN
where (eg)gen is an orthonormal basis with corresponding eigenvalues o and {SB}ren is a
family of independent real-valued standard Brownian motions. To guarantee that solutions
to (SAC) preserve the total mass, we have to assume that the Wiener process takes its values
in LZ. Moreover, as our method is based on the application of Itd formula, we assume that W
is sufficiently smooth, that is, Q is trace-class. Throughout our analysis, we assume that the
Wiener process W enjoys the following regularity properties:

Assumption 4.1 (Regularity of the Wiener process).
The process W satisfies

/W(t,x) dz =0 forany t > 0.
Q
Furthermore, we assume that

trace(Q) = Za% — 1y < oo and trace(—QY2AQY?) = ZazHVekH%Q =: 12 < 00.
keN keN

Recall that for the induced L? operator norm of Q@ we always have that || Q| < trace(Q) = no.
Also, note that ey, is normalized in L?, but not in H'.

99
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The deterministic Allen—Cahn equation forms a gradient flow with respect to the same energy
functional J. defined by as the Cahn-Hilliard equation, but with respect to the L3-topology
as opposed to H~'. Therefore, we can expect a very similar behavior. In fact, in our analysis
we will rely on the same slow manifold of droplets.

The aim of this chapter is to analyze the motion of a single droplet for the mass conserving
stochastic Allen—Cahn equation in the interior of the set {2. We can build on the analysis for the
Cahn—Hilliard equation. Moreover, in the stability analysis we will follow [ABBK15], where the
slow motion of a semicircular droplet along the boundary 92 was studied. In this article, the
two-dimensional case was analyzed, while in our analysis we will include a three-dimensional
domain.

4.1 The slow manifold M,

In this section, we briefly collect some results from Chapter [3] that will be used throughout
the remainder of our study of the Allen—Cahn equation. In the construction of a slow manifold,
we follow the analysis of Section for the deterministic Cahn-Hilliard equation, which is based
on the work of Alikakos and Fusco [AF98]. In Proposition we established for a fixed radius
p > p > 0 the existence of a radial solution U*(|z|, p) to the problem

Au— f(u) = o(p), zeR%L

For a fixed small minimal distance § > 0 of the droplets to the boundary 0f2, let £ be in the
set Qp15 = {€ : d(§,090) > p+ 6}. Analogously to Definition (3.5)), we define the rescaled and
translated function u¢ : Q — R by

ut(x) = U* (\az—§7p—a§) .

9 9

In this definition, we have to introduce a small correction term af in order to assure that
each droplet state u¢ has exactly the same mass. Note that by Lemma @ the correction a$
and its derivatives with respect to §;, i = 1,...,d, are all exponentially small. In the absence
of noise, the droplet state u¢ is by construction an almost stationary solution to the Cahn—
Hilliard equation. Let us show that this also holds true for the mass conserving Allen—-Cahn
equation.

Lemma 4.1 (Almost stationary solution to (SAC)).
Let § € Q,y5. We obtain
1

2 Aq6 3
eAus — f(us) + —
1]

/Qf(ug)dx = O(exp) in Q, and 8u® = Oexp) on IQ.

Proof. First, we observe that Proposition implies anu5 = O(exp).
By the definition of u¢, we immediately see that e2Aué — f(uf) = o(2 —at ). On the other hand,

€

we have by Green’s identity

1 1 —af
= 3 _ 2 2Adr— P
’Q‘/Qf(u)dx Q) Qe Aus dz a( . )

2 3 — —a
- = 8ud5’—a<p a>:_0<p a>+(’)(exp).

‘Q’ o0 On 3 €

Hence, the droplet state ué is up to exponentially small terms a stationary solution to (SAC). O
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Further properties of the bubble u¢ were collected in Proposition and Lemma By virtue
of Lemma the droplet fails to satisfy the boundary condition of by an exponentially
small term. In order to fix this, we have to add an exponentially small correction v¢. Here,
we rely on the same correction term v¢ that was used to fix the boundary condition for the
Cahn—Hilliard equation in Theorem @ In that case, the function @ := u¢ + v¢ also satisfies
the boundary condition 8,]A715 = 0, which is not necessary for our purpose. By a slight adaption
of the proof of Theorem [3.7 (see [AF98], Theorem 5.1 for details), we expect that one could
introduce a more fitting correction term. For convenience, we omit the technical details. Recall
that v¢ and its derivatives with respect to & are all exponentially small (cf. Proposition @
Also, note that [, v*(z) dz = 0 and thus, the mass is not influenced.

Similarly to Definition [3.8, provided the distance of the droplet’s center £ to the boundary
of ) is at least p + 0 for some small 6 > 0, we define the set of all translates of the droplet
@® == u® +v* as the slow manifold M.

Definition 4.2 (The slow manifold).
For a fixed radius p > p > 0 and a minimal distance § > 0 of the droplets to the boundary 9f2,
we define the slow (C3-) manifold

M, = {a€ = uf 40t e Q).

Here, u¢ denotes the droplet state constructed in Proposition @ and v¢ is an exponentially
small correction glven by Theorem [3.7| . For i,5 € {1,...,d}, we denote the partial derivatives by

=0, @, and u = 0, 0%, @8, respectively. Also, note that M p is nondegenerate and defines a
d dlmenswnal mamfold

To conclude our collection of important results, we consider the eigenvalue problem for the
mass conserving Allen-Cahn equation linearized at a droplet state @& € M p- Recall that it
is crucial for the stability analysis that eigenvalues associated to eigenvectors orthogonal to
the tangent space of M, are negative and uniformly bounded away from zero. Moreover, the
droplet is stable for the dynamics and the d exponentially small eigenvalues correspond to
translations of 4. We gave the main spectral result already in Theorem but repeat it
for completeness. Note that here the spectral gap is independent of the space dimension, as
opposed to the linearized Cahn-Hilliard operator in H 1.

Theorem 4.3 (The linearized Allen—Cahn operator, [ABF98], Proposition 2.2).
Let @f € M, and pp < pp < pz < ... be the eigenvalues of

Lo = E2Ap— f'(a ‘Q’/f Jpde = —pp,  x €L,
877 Y = 07 x € 0f).
There exists eg > 0 such that for 0 < e < &g
f1, ... ptg = Oexp) and  pge > Ce2.
The d-dimensional space W& spanned by the eigenfunctions corresponding to the exponen-
tially small eigenvalues can be represented by W& = span {wf, cee wg} and the normalized
etgenfunctions wf satisfy
ué
wf - 2 = O(exp) Vi=1,...d. (4.1)
’ui L2
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4.2 The stochastic ODE for the droplet’s motion

Here, we give the exact SDE on the slow manifold M, and analyze it in terms of ¢ > 0 being
small. Following Chapter [2| we first have to establish a coordinate system in a small tubular
neighborhood of M, (Definition @), and then show the invertibility of the matrix A(&,v)
from Definition & Metatheorem The next lemma deals with defining a pair of Fermi
coordinates in a tubular neighborhood of M,. The coordinate system does not rely on the

exact eigenfunctions wf given by Theorem {4.3, but on the exact tangent space of the slow

manifold M, (cf. Remark [2.3).

Lemma 4.4 (Fermi coordinates, [ABF98|, Lemma 2.4).
Let a > 0 be a sufficiently small number. Then, the condition

inf |lu— a2 < ac'/?
£€Q 125

implies the existence of a unique § € 0,15 such that

~£ _ . ~C

u— 0|2 = inf ||u—a°|2.

O U

Moreover, € is a smooth function of u and (u — aﬁ,a§> =0 forie{l,...,d}.

We analyze the matrix A(§,v) from Definition & Metatheorem |1| and its inverse, which plays
an important role in the derivation of the stochastic ODE governing the droplet’s motion. In
our case, the matrix A(,v) is defined by Ay; = <ﬂ,§,ﬁ§> - (ﬂij,v).

Lemma 4.5 (Invertibility of the matrix A(,v)).

Let ¢ € M,. Then, we obtain

(@, a5) = Xe~ 0+ O(1),
where X = [ U'(y)2dy for U being the heteroclinic defined in Lemma .

Moreover, as long as |[v|| 2 < €2 for some k > 5/2, the matriz A is invertible with

Alg, )™ = X lely + O(F3/2).
Proof. The estimate of the inner product <ﬂi, ﬁ§> follows from the definition of ué, Proposi-
tion v), and the exponential estimates of v¢ and its derivatives (see also Lemma [3.33 or the

proof of Lemma [4.8)).
The analysis of the inverse matrix can be carried out similarly to the proof of Lemma via an

argument involving the geometric series. In more detail, with the L?-estimates of Lemma [3.33

—3/2|

we obtain |<ﬂij,v>\ <ce |v]| 72 and thus,

A= xe! [Id — (’)(671/2\\v|])} .
Since ||v|| ;2 < €872 for k > 5/2, we can invert the matrix A and obtain
AT = X7 Iy + O o])] = X lely+ O(F37?), 0
Finally, we give the rigorous dynamics governing the motion of the droplet’s center &. Recall

that by Theorem [2.6] and the justification in Lemma, the exact SDE in the new coordinate
frame for the droplet’s motion is given by the It6 diffusion

dg = b(&) dt + (0 (), dW),
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with
or(€) = YAt (4.2)

and

br(€) = D" AN, A@@ +v)) + YA D (a5, Qo)
7 i i

1 1
-1 ~ ~ - & -
+ Z AL [2<u§jk7v> - <uz§j7ui> - 2<uf,u§k>] (Qoj,o%)-
i?j?k
Analysis of the SDE

In order to analyze the SDE in terms of ¢ > 0 and to show stochastic stability later in
Section [4.3, we need to bound the diffusion (4.2)) and the drift term (4.3)). Since we cannot
control the cubic nonlinearity in L?, we need to assume additional smallness in H'. In the
following analysis, we consider the maximal radius such that the Fermi coordinates, and thus

the stochastic ODE, are well defined. In our main stability result (Theorem 4.20)), we have to
consider a smaller neighborhood of the slow manifold.

Lemma 4.6. Assume that £ € Q45 and ||v|| 2 < "2 for some k > 5/2. Then, we obtain
or(6) = X7 eul + Op2(e772).

Proof. This is a direct consequence of the definition (4.2)) of o and the bound on the inverse of
the matrix A in Lemma [4.5 O

As a next step, let us split the diffusion process £ into a purely deterministic part and remaining
terms A(&, v), which only arise due to the presence of noise. We write

d¢, = ZA;;@,A(@& +0)) dt + dA, (&, v),

where A, can be computed easily from the expressions (4.2)) and (4.3]). Also, note that most of
the terms in A(, v) stem from It6 correction terms. The following lemma gives a bound on the
deterministic part. This is the only term where we need to work in H'.

Lemma 4.7. Let £ € Q5. Moreover, for some k > 5/2 and fized small & > 0 assume that
vl 2 < €872 and | V|| 2 < ¥=472%/9. We have

|<£(ﬂ§ +v),ﬂ§)| -0 (Emin{k—5/2,3kz—7—d—n}> '

Proof. By Lemma we have £(@¢) = O(exp). For the nonlinear terms we obtain

W), i) = /Q (302 + %) @ dz < Ofaf o [10]32 + [0]13s ]

< G ol + ol IVel 2] < €0 4 cethoTrn,

where we utilized that ||ﬂf oo = O(e7!) by Lemma and interpolated the L3-norm between L?
and H' via Nirenberg’s inequality. It remains to control the term involving the linearization
(L0, @) = (0, £5[a5)) = (v, Aaf — f(a)a)
< o, AG) + Clloll el 2 < CF2 4 a2 < O
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Here, we used that £¢ defines a selfadjoint operator on L3(2) and that v is orthogonal to
constants. Moreover, we utilized Aﬂf = Aguf + O(exp) by definition of u¢ and the exponential
bounds on the correction terms a® and v¢. This shows that ||Aﬂf\|Lz = O(¢75/%) (see also
Lemma . U

Before we analyze the terms in 4,, we establish a better estimate of the scalar product
(Octs, 052&5 ) than with the Cauchy-Schwarz inequality, which would yield O(¢~2). We show
that the inner product is even exponentially small.

Lemma 4.8. Let £ € Q,.5 and i,j,k € {1,...,d}. The following estimate holds true
(@, )| = Ofexp).

Proof. For simplicity of presentation, we present only the case d =2 and i = j = k.

The other cases work essentially in the same way. One always ends up with the product of a
radial function with odd powers of sine and cosine. In spherical coordinates though, the number
of different cases is tedious and we omit the details.

Since ¢ lies in Q,5, the ball B, 5/5(§) is completely contained in 2. By Proposition @(V),

we know that ﬁ,i, fcik = O(exp) on Q\ B,,;5/2(§). Therefore, it remains to compute the inner
product on the ball B, 5/5(£). Recall that we defined ut(z) = U*(r/e, (p — a%)/e), where we
set r := |z — £|. Differentiating u® with respect to & yields

—af\ o
up(z) = e 'U; (Z £-z ) 2T+ O(exp),

3

where we utilized that the partial derivatives of the correction term a¢ are exponentially small
(cf. Lemma [3.6)). Similarly, we obtain for the second derivative

—af Or \ 2 —at\ o2
§ _ 2 rep-a) (o g (T p—a) O
ukk(x) - Ull (5 c ) <a£k> +e€ Ul <87 c > 8251{1 + O(exp)

—af\ / or\2 —af\ 1 or \?
2 rp—a r 1 77x p—a
Ull <€ - ) <a£k> — & Ul < s - > ; <]. + <6£k> ) "‘O(GXP)

We define cs(p) = cos(p) for k =1, and cs(p) = sin(p) for k = 2. By a transformation to polar
coordinates, we obtain

_q¢ —aé
(272 (27)
s /2(6) e ¢ e ¢
21 p+6/2 oo (T p—af\ ., a
T e
e €
since f027r cs?(¢) dp = 0. Similarly, one computes
2
1 —at 3
/ Lys(r pza (6r> n <<97") du
Byys2(§) T € € O Ok
21 p+6/2 rop—d 2 ;
= Ux| - drdo =
/ / (E E ) (ese) + es(p) ) drdyp

Combined we derived

™| =3

(W, ul) 20y = <uikaui>L2(Q\BP+5/2(§)) + O(exp) = O(exp).
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Note that we neglected the correction term v¢ in our calculations. Since v¢ and all its derivatives
with respect to & are exponentially small, the effect of this additional term is hidden in the
O(exp)-term. O

With this estimate at hand, we can finally analyze the term dA,(&,v). Here, it is sufficient to
control v in L2, but since A collects all the terms stemming from stochastics, the estimate will
obviously depend on the noise strength 79 (cf. Assumption |4.1)).

Lemma 4.9. Assume that £ € Q,5 and ||v||z2 < &2 for k > 5/2. Then, we obtain

dA (&, v) = X722(@,, Qub) dt + O(F 2 2ng) dt + (X e @l + Op2(F73/%), dw).

Proof. With (4.2)) and ( we see that

1, ¢ .
= 24 z £ Quhat+ Y AT 0) — (@8 ) - 5(a.26)] (Qojon) de
NN
+ ZA s, dw).
The claim follows now directly from the estimates of Lemmata and O

In order to approximate the full effective dynamics of the droplet’s center &, we combine the
estimate of d A, with the estimate of Lemma

Theorem 4.10 (Approximation of the effective dynamics).
Let £ € Qpps. As long as ||[v||2 < €872 and || Vvl|p2 < eb=472/d
small k > 0, we have

de, = X7 2e2(as,, Qus) dt + X~ te (af, dW)
+ O(z’;‘k 5/2770 + 8min{k—l/2,3k—5—d—n}) dt + <OL2 (Ek_3/2),dW>,
where X = [ U'(y)*dy for U being the heteroclinic defined in Lemma .

for some k > 5/2 and some

Remark 4.11. Analogously to Lemma we see that the motion of the droplet is in first
approximation given by the projection of the Wiener process onto the tangent space of M,
at ¢, plus a small error term dR given by Theorem i.e., we obtain

¢, = > S M as,0dW) + dR,

where the matrix S corresponds to the first fundamental form of the manifold M, and is given
by Sij = (5, ii5).

’L’ j

4.3 Stochastic Stability

In this section, we investigate the stochastic stability with respect to various norms. Here,
we follow the method introduced in Section [2.3 very closely. In order to be able to define the
Fermi coordinates (cf. Lemma and thus to establish the effective dynamics, we first need
to show that the L2-norm of v stays sufficiently small for very long times. For controlling the
nonlinear terms in the stochastic ODE, we extend the stability result afterwards to the space H_,
a weighted Sobolev space that was also used in [ABBK15] and already introduced in the stability
analysis for the stochastic Cahn—Hilliard equation in Section
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4.3.1 Stability in L?
Recall that the normal component v = u — @ satisfies by ([2.13)

1
dv = [O(exp) + L0+ NE(v)] dt +dW — 3" dg; — 5 5,(Qoy, 0j) dt.
i .7

Using the spectral estimates of Theorem we can bound the quadratic form orthogonal to the
tangent space of M, spanned by the derivatives ﬂf (see Assumption.

Lemma 4.12. Suppose that v L ﬂf fori=1,...,d. Then, we obtain
(L8v,v) < —C2||v]|22 + O(exp).

Proof. The statement follows directly from the spectral estimates of Theorem [4.3 combined

6
with Theorem [2.10} since (v, w;) = (v, w; — Hlf—gH) = O(exp)||v||. O
s

Recall (3.2), where for f € H'(2) we defined the weighted norm

/
1l = (1913 + 1712) " (4.4)

Note that H! is equivalent to the Sobolev space H' and we always have || f||;1 < 5_1||f||H€1.
As long as ||v||z2 stays sufficiently small, we can give the main estimate for showing stability
(Metatheorem , namely a negative upper bound on (£(ué + v),v). Compared to the analysis
of the stochastic ODE governing the droplet’s motion in Section (.2, we have to work in a
smaller neighborhood of the slow manifold M,.

Theorem 4.13. As long as £ € Q,45 and ||[v||p2 < €72 for k > 4+ d/2, we obtain for some

constant ¢ > 0
(L(T +v),0) < —ce2o]2e.

Proof. In the two-dimensional case, we follow [ABBKI15, p.15]. First, we extend the estimate
of Lemma to H!. For v € (0,1), we obtain
(L50,0) < =72 Vo2 + A (W))lloo 0] 72 — O =7)e?|[v]Z.-

Note that the extra term vanishes as v is orthogonal to constants. We use now that f’(uf) is
uniformly bounded and fix v = 2. This yields

(L, v) < —coe?||v||%.
For the nonlinear terms, we obtain via the Gagliardo—Nirenberg inequality
N (v),0) < Cllolfa < Cllvlmilolliz < Ce™HollmslvllZe-
As long as ||v||z2 < ce3, we have
(L(u® +v),0) < =CE|lv||fy < —C2|vf72
In the three-dimensional case, we obtain by Gagliardo—Nirenberg and Young’s inequality
3/2 113/2 _
VE@),v) < Cllvllgs < CllolFllol7 < el + e llollg

< c?|lullf +ce?ulfe < CfullF,

where we used that by assumption ||v]| 2 < ce™/2. O
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By Metatheorems [3| and [4] it remains to control the remaining terms for d||v||?>. These are
of order O(ng): Lemmata [4.5 and |4.6 imply that ||o||.2 = O(c'/?). By using the estimates
of Lemma [3.33], we obtain with the Cauchnychwarz inequality

<d’U, dv> == trace dt + Z Z’ ,] QU'L, O’] dt - 2 Z 17 QO-Z

< (770 +X€*10n151/2€1/2 +Ce 1?2 77151/2> dt = O(no) dt.

and
*Z iy, 0)(Qoi, 05) dt < Ce™®|jv||lme' /e 2 dt < Ce¥ 5P dt.

We summarize all the previous estimates in the following theorem, which is of the same type as
Theorem in the general framework.

Theorem 4.14. As long as £ € Q,15 and ||v||p2 < ce*=2 for some k > 4 + d/2, we obtain

dlo]> < [~CeolFz + Cmo| dt + 2(v,dW).

With this stochastic differential inequality at hand, we can finally show that solutions to the mass
conserving stochastic Allen-Cahn equation (SAC) stay close (in L?) to the slow manifold M,
for very long times with high probability.

Theorem 4.15 (L?-stability).
Let d € {2,3} and k > 4+ d/2. For a solution u =i + v to (SAC) with £ € Q45 and v L ﬂ§
forall j € {1,...,d} consider the exit time

= inf{te 0,7 Am] ;o) > &2},
with a deterministic cut-off To = e~ N for any fized large N > 0 and 1o the exit time from Qpis.
Furthermore, suppose that for some 0 < v <1 and some k > 0 very small
[0(0)| < ve*™ and o < CFE

Then, the probability P (7* A 79 < T:) is smaller than any power of €, as € tends to 0. And thus,
for very large time scales the solution stays close to the slow manifold M, with high probability.

Proof. The statement follows directly from Theorem and the general stability result of
Theorem [2.14] O

4.3.2 Stability in H!

We use the long-time stability in L? to extend the stability result to H! defined by (4.4). Since
Theorem provides us with a good control of ||v]|, it remains to show that | Vv|| stays small
for long times. For this purpose, we consider the following relation

d||Vo|? = 2(Vv,dVv) + (Vdv, Vdv) = —2(Av,dv) + (Vdv, Vdv),

where we integrated once by part as v satisfies Neumann boundary conditions. By series
expansion of W we obtain

(Vi VW) (o5, dW) = Y o} (Viif, Ver)(oi, ex) dt < S || Ver|ar||Vas]||lo] dt
keN keN
< m"ng |Vt |llos]| di < Omy"ne/*e™3/2M dt < C(e*mo + o) .
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This yields
(Vdv, Vo) = (VAW,VAW) =23 (ViEf, VAW ) (o, dW) + Y (ViEf, Vi) (Qoi, o)
‘ & (4.5)
< {772 +C(e %00 +m2) + 06_3/26_3/277161/281/2} dt = O(e*no + n2) dt.
Next, we consider the term —(Av,dv). With (Av, 1) = 0 we obtain

—(Av,dv) = — (Av,e2Av) dt — (Av, f(@€) — (@ +v)) dt — (Av,dW — 3" @ (o;, dW))
+ (A, > bi(€) QZ (Qay,0j) + Olexp)) dt =: Ty +To + Ty + Ty.

We easily see that 77 = —&2||Av||? dt, which is a good term for our analysis. For the martingale
term 713 we derive

T3 = Y (Av, @) {0y, dW) — (Av,dW) = = (Vv, Vi) (o, dW) + (Vo,dVIV)

= (Op2(e7HVoll), dW) + (02| Vol|), dW).

The term T} involves the drift term b(§), which by Theorem [4.10 can only be bounded up to a
stopping time.

Definition 4.16. For some given large deterministic 7. > 0, small x > 0, and k > 4 4 d/2 we
define the stopping time

o= inf {t e [0, T AT) : [[oll > 72 or [ Vul|pe > eF/AY

Theorem implies that up to the stopping time 7. the drift term b is uniformly bounded
by supg<i<. [b(§)] < cno + ce®=1/2. This yields for t < 7.

Ty = O ([ + 1] | Av]])

It remains to control the term 75 involving the nonlinearity. First, let us note that integration
by parts yields ||[Vv||2, = —(Av,v) < ||Av]|p2]|v||1z2, and that |[v]|g1 < ¢||Vv|[z2 by Poincaré’s
inequality, since v has mean zero. Moreover, Nirenberg’s inequality gives

ollps < cuvul V7ol 951,

By using the L?-bound from Theorem we obtain for ¢t < 7,

Ty = (Av, —v + 3(i)20 + 302 + o) dt (||Vv|2 —/ V(3(i)20 + 302 + o¥) Vi dx) dt
Q

= (HWH? (3( f)2+6afv+3v2)yvu|2dx—/(6@%+3u2)(vafvu)dx) dt
< (||wu2+ce Hol3a[IVoll + e~ Mol Vo] ) dt

< (IIV0l? + ce ol 2|l G IV oll + e oll[ Vo] ) dt

< (10l + e~ o ][22 Vo | H42 4 ce~ o] || Vo)) dt

< (ol Av] + cs™[lo] /24| Av| V244 4 e~ o] [3/2 | Av|[/2) dt

< (G0l + el + = 5 o) B )

< (1 e Av||? + =0 + 552“‘??“““) d




4.3. Stochastic Stability 69

We observe that W =2k—06 +42(k6__c)l+d > 2k — 6 and thus

1
T < <252||Av|2—|—662k_6) dt.

Combining the estimates of 171, ..., Ty with (4.5)), we derive
d|Vo|? = — 2| Av|?dt + O 0 + 302 + e 2 + ) dt
+ (O H[Vol]), dW) +{O(|[Vol]), aW),

where we utilized Young’s inequality for 75. For the final step, we use that by an argu-
ment based on Poincaré’s inequality ||[Vov| < ¢o||/Av|, and derive the following estimate
of d||Vul|?.

(4.6)

Lemma 4.17. Ifk > 4+d/2 and t < 7., with 7. given by Deﬁm’tion the following relation
holds true:

d||Vo||? + coe?|| Vo> dt = Tedt + (Ze, dW) + (., dVIV), (4.7)
where
. = O 04 3N + e %0y 4+ 12) (4.8)
and
1Z:17: = OE2(IVol?), [¥]7: = O(Vol). (4.9)

For establishing long-time stability in H', we follow Section 3.4 of [ABBK15]. Under the
assumptions of Lemma we estimate for any p > 2 the p-th moment of || V|3, (see also
the proof of Theorem [2.14). By It6 calculus we obtain

_ _ 2
d| Vol = pllvll 2 dIVols +pp — DIVl [dIvol?]

Let us briefly comment on the estimate of the Itd correction term. Relation (4.7]) implies that

2
(Vo2 = (2., QZ:) db + (o, AQUL) dt + 2(Ze, dW)(T., VW), (4.10)
and by series expansion, we see that

(Ze, dW) (U, dVW) = > i (Ze, e) (e, Vey) dt
keN

< > allellI Vel Zell el dt < N ZllPellv/monz < | Ze[*no + | < |[*ne-
keN

Therefore, by the Cauchy—Schwarz inequality, we derive

2
[dIvol3a]" < C (112200 + [ 0<]Pns] dt. (4.11)
By plugging (4.7), (4.11), and (4.9) into the relation (4.10]), we derive the following lemma by

integrating.

Lemma 4.18. Under the assumptions of Lemma[{.17, the following estimate holds true for
any p>1
E|Vo(r)|% + cp? Ay < [Vo(O)|% +C [Te + 7m0+ m2] Ay,

where the stopping time 7. is given by Definition|4.16 and A, is defined as

A, = E/O IVu(s) %% ds.
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For the sake of simplicity, we define a, = Ce2 e+ ey + 12| and assume that the noise
strength is small enough such that a; < 1. Note that by the definition of I'c we thus also
need Ce?*=8 < 1, which is true by assumption as k > 44 d/2. Applying Lemma we obtain
inductively

Ap < Ce2|Vu(O)|Is + CacAp-y < Ce™2(|Vo(0 )H + Cace 2| Vo(O)|[757% + a2 Ay

< ... < 05_2Za§_i\|Vv( % 4+ Cal™t Ay
=2

Note that Lemma [4.17 implies for ¢t < 7.
t
E/ IVu(s)72ds < Ce Tl + 7% Vo(0)l|72 < aT: + 72| Vo(0)[ 2.
0

Therefore, if we assume that [[Vv(0)||3. < a., we derive for a constant C' depending on p

p
Ay < Ce23" a7 Vo(0)||% + Cal T < c[ —2+T5] a’. (4.12)
i=1

Lemma 4.19. Let k > 4+ d/2 and 7. be as defined in Definition @ Also, assume that
Ce4e2ng+m < Ce?70 and [|[Vo(0)]2: < ac < 1.
Then, for any p > 1 it holds true that
E||Vo(r.)| 7 < Ce?[e72+ T.] af

Proof. Lemma@ and imply
E|Vo(r)| 75 < [Vo(0)7 +C [Te + 7m0 +m2) Ay
IVo(0)[| 75 + Ce*ac Ay
||VU(O)H?Q + Ce%a, [E’Z + TE] al~!
< Cal + Ce*T.al. O

IN

With the help of Lemma we can finally prove stability.

Theorem 4.20 (H!-Stability).
For k> 4+ d/2 and some small k > 0, consider the exit time 7. given by Deﬁm’tion i.e.,

7. = inf {t €0, Te Aol : o)z > €572 or [|[Vu(t)|2 > ek_4_2“/d},
where T. = =N for fized large N > 0. Also, suppose that for some v € (0,1)
[0(0)l| > < we™? and | Vo(0)] L2 < veh Tt
In addition, assume for the squared noise strength that
o < Ce=25  gnd py < k6t

Then, the probability P(1. < T A 19) is smaller than any power of €, as € tends to 0.

Proof. We have
P(r. < T Amo) < P([u(r)llpe > &%) + P (|Vo(r)|| 2 > eh4-2/4).
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With the L?-result of Theorem @, we find for any ¢ > 1 a constant Cy > 0 such that
P(HU(TE)H > ak*Q) < Cpet.
Moreover, by Lemma we derive with Chebychev’s inequality
P(IVe(re)z2 > ef47200) < Cem2 42D g 9o (r) |
Ce—2p(k—4-2r/d) 22 [5‘2 —|—T5} a?
- C (672k+8+4n/da8)p {1 T €2Ta]
- C (6—2k+6+4n/d F5>p [1 + 52T5] ‘

With the definition (4.8)) of I'. and the assumptions on the noise strength, we see that

IN

5—2k+6+4n/d r. < C€—2k+6+4n/d(€2k—6 +5_37I(2) +8_2770 +772) < 84H/d.
Now, choosing p large enough yields the result. O
Due to the scaling of the radii in Theorem we can finally rephrase the main stability result
in terms of the Hl-norm, which is given by (4.4)).

Corollary 4.21. Under the assumptions of Theorem [4.20 and for any sufficiently large C > v
and any N € N, there exists a constant Cny > 0 such that

P (o) < C27 vie[0,e7N]) > 1-Cne.







CHAPTER b

Multiple kinks for the Allen—Cahn equation in one space dimension

In this chapter, we study the stochastic Allen-Cahn equation (AC) together with its mass
conserving modification (mAC) posed on an one-dimensional domain and introduce an additive
spatially smooth and white in time noise ;W

{atu:52um—f(u)+8tﬂf, 0<z<1,t>0 (AC)

uz = 0, x € {0,1}.
Here, 0 < ¢ < 1 is a small parameter measuring the typical width of a phase transition,

and f = F’ is the derivative of a double well potential F. We assume that F € C3(R) is a
smooth, even potential satisfying

(S1) F(u) >0 and F(u) =0 if, and only if, v = £1,
(S2) F’ has three zeros {0,+1} and F”(0) < 0, F”(£1) > 0,
(S3) F' is symmetric: F(u) = F(—u) Yu > 0.

The standard example is F(u) = (1 —«?)? and thus f(u) = u® — u. As before for the
simplicity of some arguments, we focus for the most part of this chapter on this standard quartic
potential, although the results remain valid for potentials satisfying the conditions (S1)—(S3). In
Section we treat a more general class of nonlinearities given by polynomials of odd degree
with positive leading order term.

For the moment, let us assume that fo W(t,z)dz =0 for all t > 0, i.e., in a Fourier series
expansion there is no noise on the constant mode. In contrast to the Cahn Hilliard equation,
does not preserve mass as

8t/01u(t,x)d:v:6 / Uy dT — /f dx—l—/ Wit z)d /f ) d.

Throughout our analysis, we will therefore separately consider the mass conserving Allen—Cahn

equation (mAC)

1

8tu:52um—f(u)+/ flu)dx + O, W, 0<z<1l,t>0
0

uy = 0, xz € {0,1},

(mAC)

where we added the integral of f over the interval (0,1) to guarantee the conservation of mass.

For the remainder of this chapter, we introduce the following notation. We denote the
standard inner product in L?(0,1) by (-, -), i.e., {f, g fo z) dz, and the L2-norm by || -
Other scalar products and norms appearlng in subsequent sectlons will be endowed with a
subindex. Moreover, we denote the Allen—Cahn operator by

E(@b) = 527/}9636 - f(i/))

73
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As in our previous applications in higher space dimensions, we consider for a given ansatz function
u" (defined later in Definition [5.5) the Taylor expansion of £ around u”

L+ ) = L)+ LM + N (),

where we define the linearization £ of £ at the ansatz function v/ and the remaining nonlinear
terms N (v) by

LM = DLW = ppe — [y and N*() = f(uP) = f(u" + ) + [ (u").

In the prototypical case of the quartic potential, this leads to £M) = %9y, + ¢ — 3(uh)2w
and N"(¢) = —3ulyp? — 3.

In the case of the mass conserving Allen—-Cahn equation, we have to assume that the Wiener
process W has mean zero. Furthermore, we need that solutions to both and are
sufficiently smooth in space and hence, we need that the stochastic forcing 0;W is sufficiently
smooth in space, too. In the remainder of this chapter, we will assume that W is given by a
O-Wiener process satisfying the following regularity properties.

Assumption 5.1 (Regularity of the Wiener process W).
Let W be a Q-Wiener process in the underlying Hilbert space L*(S), Q a symmetric operator
and (ex)ken an orthonormal basis with corresponding eigenvalues az such that

Qer, = ojer,  and  W(t) = Y oB(t)ex,
keN
for a sequence of independent real-valued standard Brownian motions {B(t)}cn-
We assume that the Q-Wiener process W satisfies

tracer2(Q) = Z a2 =1y < 0.
keN
Moreover, in the case of the mass conserving Allen—Cahn equation , we suppose that W
takes its values in L3(Q), that is,

1
/ W(t,x)dz = 0 for all t > 0.
0

Note that our results will thus depend on the squared noise strength 79, which also depends on the
parameter € > (. The exact size of ng will be fixed in subsequent sections.

5.1 Construction of the slow manifold

In this section, we construct the fundamental building block for our analysis, the slow
manifolds M and M,,. Our construction of the slow manifolds is different to [CP89], which is
the deterministic case. Opposed to this work, we do not introduce a cut-off function to glue
together the profiles connecting the stable phases +1. With this cut-off function, the authors
took extra care of the exponentially small error away from the interface positions, which is
crucial as the motion of the kinks is dominated by exponentially small terms. In our stochastic
case, however, the (polynomial in €) noise strength dominates and hence, we are not concerned
with these exponentially small terms. The main idea in our construction goes as follows:

We start with a stationary solution U to on the whole line R, centered at 0 and
connecting the stable phases —1 and +1 (Definition . Using the exponential decay of U
(Proposition [5.3), we introduce a rescaled version in the domain [0, 1] in order to construct
an ansatz function u”, which jumps from 41 to F1 in an O(e)-neighborhood of the zeros h;

(Definition [5.5)).
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Throughout our analysis, we fix the number N + 1 of transitions. The presented results hold
up to times, where the distance between two neighboring interfaces gets too small and we thus
cannot exclude the possibility of a collapse of two interfaces. This behavior of the stochastic
equation was not studied in full detail yet. In the deterministic case, we refer to the nice work
by X. Chen, [Che04]. For some ideas in the stochastic case, see the doctoral thesis of Weber
[Webl14]. Essentially, after an annihilation the number of transitions is reduced to N — 1 and
we can restart our analysis on a lower-dimensional slow manifold.

Definition 5.2 (The heteroclinic).
Let U be the unique, increasing solution to
U’"—fU) =0, U@ =0, lim U(z) = +1. (5.1)

In the prototypical case f(u) = u®

— u, we have the explicit solution U(x) = tanh(%).
The function U is the heteroclinic of the ODE connecting the stable points —1 and +1. For a
later discussion of the spectrum of the linearized Allen—Cahn operator, we need some relations
between the heteroclinic U and the potential F'. We observe that if U is a solution to ,
then
U2
O <2I - F(U)> = Uy (Use — F/(U)) = 0.

From the boundary condition U(0) = 0, we conclude that solving equation is equivalent
to solving the first-order ODE

Uy, = +\/2F(U), U(0) =0, lim U(x) = £1. (5.2)

z—+o00

By the assumptions on the potential F, we see that v/F is C' and hence, the solution to
is unique. Moreover, we observe that all derivatives of U can be expressed as a function of U.
For instance, we have U” = F'(U), U®) = F"(U)\/2F(U), and so on. Also note that, due
to the symmetry of F', the mirrored function —U solves the same differential equation, but
transits from U(—o0) = +1 to U(+o0) = —1. For some fine properties of U, we refer to the
work of Carr and Pego [CP89], which is based on |[CGS84]. Crucial for the construction of a
slow manifold (cf. Definition is that the heteroclinic U together with its derivatives decay
exponentially fast. The following proposition can be shown via phase plane analysis. For a
proof we refer to [AFS96].

Proposition 5.3 (Exponential decay of U).
Let U(x), x € R, be the heteroclinic defined by (5.1). There exist constants ¢,C > 0 such that
forx >0

1FU(Fz)| < Ce™, |U'(xx)| < Cee™ ™, and |U"(£x)| < Ccle™ .

For £ € R, we define a translated and rescaled version of U by

U(z; €, £1) = iU<$_§>. (5.3)
€

One easily verifies that U(-; &, £1) is a solution to the rescaled ODE &2 U, — f(U) = 0,

centered at U(&;&,+1) = 0 and going from F1 to +1. Due to the exponential decay of the

heteroclinic, the rescaled profile U(x;&,+1) is exponentially close to the states +1, if x is at

least O(e!™)-away from the zero &.
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Lemma 5.4. Let £ > 0 and 0 < € < 9. Then, uniformly for x > & +¢'7%,
U(z; €, +£1) = £1 4 O(exp)

and, uniformly for x < € —e'=",

Ua; € +1) = F1+ O(exp).

Similar exponential estimates hold for the derivatives of U(-; &, £1).

Proof. By Proposition and monotonicity of U, we obtain for x > ¢ + !
U(z; €, +1) > U(e™™) > 1 —Cexp(—ce™™).

The other cases work in the same way. O

Motivated by this lemma, we can construct for h € (0,1)¥*! with hy < hy < ... < hyy1
profiles u” : [0,1] — R such that »” jumps from +1 to F1 in a small neighborhood around h; of
size O(e). Locally around h;, we assume that

uh(x) ~ U(z; h;, (—1)“‘1).

If the distance between two neighboring interfaces and the distance to the boundary is bounded
from below by e'~* for some small x > 0, we assured in Lemmathat each profile U(z; h;, £1)
reaches +1 up to an exponentially small error. Thus, we can essentially define u” as the sum of
profiles given by . This leads to the following definition.

Definition 5.5 (The profile u").
Fixing p = £" for k > 0 very small, we define the set €1, of admissible interface positions in the
interval (0,1) by

Qp = {hERN—i-l 0 < hy < ... < hyyr <1, ma)]\([+1]hj+1—hj| > E/p},
] e

where hy := —hy and hyyo =2 — hyy1. For x € (0,1) and h € Q,, we define

N+1

(@) = > U (w5 by, (<17 + Bu(a),
j=1
where the normalization function Sy (z) satisfies Sy (x) = % + O(exp) (cf. Remark .

Note that the positions hg and hyo were introduced to bound the distance of the interface
positions from the boundary 0 and 1. Moreover, it is straightforward to check that the set €, is
convex.

Remark 5.6. Let us comment on why we needed to add the normalization term Sy (x) in the
definition of u”. Due to symmetry, we can assume that the multi-kink profile starts in the
phase u"(0) = —1. Depending on the parity of the number of transitions, we have to add a
constant to assure this. As h; > ¢/p, we obtain by Lemma inzx=0

Z U <O; h;, (—l)jH) = Z (—l)j + O(exp) = -1+ BT E— + O(exp).
=1 =1

Therefore, we have to add the correction ((—1)Y —1)+O(exp) to obtain u”(0) = —1. Moreover,
we need to assure that u” satisfies Neumann boundary conditions.
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Figure 5.1.: The profile u”

By Lemma @, the derivative of U(z; hj, 1) is exponentially small at « € {0,1}. Hence, in
order to correct the boundary condition, we additionally have to add a function of order O(exp).

Before we finally define the slow manifolds for the (mass conserving) Allen-Cahn equation (Defini-
h

tion , we collect some properties of the multi-kink configurations u".
Proposition 5.7 (Properties of u").

The function u™ is an almost stationary solution to (AC) in the sense that it fails the equation
by an exponentially small error, that is,

2l — f(u") = Ofexp),  uli(0), u(1) = 0. (5.4)

€ xrx

Fori,j € {1,...,N 41}, we denote the partial derivatives of u" with respect to the h—variables

by ult = 8hiuh, u?] = 8hi8hjuh, and third derivatives accordingly. We have

, , —h
ub(a) = U'(ai huy (~171) 4 Ofexp) = (1) 0" () + Ofexp). (55
Furthermore, the following estimates hold true in L2(0,1):
(uf ulf) = Xe™165; + Olexp), lufsll = OE2)d;5 + O(exp),
<ullgknuz> = O(exp)v and ”uzkkH = 0(5_5/2)7

where X == [p U'(y)*dy. In L>(0,1), we have
[u'oe = OQ1)  and  |u}fec = O(™H).

Proof. By Lemma [5.4| we derive for |z — h;| <e/p
u"(x) = Ule; by (=1 + 3 U5 hy, (1)) + EL 4 O(exp)

JF#i
= Ules b, (<)) 4+ 317+ 301+ S+ Ofexp)
Jj<i Jj>i

= Ul; hi, (1)) + 1+ G2 2CDT UL, CURSL 4 O(exp)

= Ul(x; h, (=1)7) 4+ O(exp).
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As U(+; hi, (—1)i*1) solves e2U" — f(U) = 0, we verified (5.4)) locally around each h;.
Lemma implies that O(e!l~)-away from the interface

ul', = O(exp) and f(u") = f(£1 + O(exp)) = O(exp).

Equation (5.5) follows directly from Definition [5.5, (5.3) and Lemma[5.4. By Lemma [5.4, we

also see that U'(z; h;, (—1)"*!) is exponentially small for |z — h;| > ¢/p and thus we obtain

(ult, u?) = O(exp) for i # j. Moreover, the same argument implies that higher derivatives with

respect to different positions h; and h; are exponentially small. The L*°-bounds follow directly
from the definition of u” and (5.5). The L?-norm of ul! is given by

1 —h 2
k)2 = 5—2/0 U (“’”8’“> dz + O(exp)

(1=hg)/e
= 671/ U'(y)*dy + O(exp) = 571/ U'(y)?* dy + O(exp).
—hi/e R

In the last step, we used that h € Q, and |U(x)| < ce~*l by Proposition Thus, we obtain

—hy/e -1/p —1/p
/ U'(y)?dy < / U'(y)?dy < C/ e W dy = O(exp),

—0o0 —00 —00

and with the same argument

/ U'(y)*dy = O(exp).
(1—h) /e

Analogously, the n-th derivative with respect to hj is then estimated by
1 — ha\ 2
o P = = [ o (‘”6‘”) dz + O(exp)
0
= 6_2"+1/ U™ (y)2dy + O(exp) = O(e~2H).
R

The mixed term can be estimated as follows:
1 _h _
(U, up) = 5_3/ U’ (m . k) U’ (1‘ ghk> dz + O(exp)
0
(1—hg)/e

— 2 [ L. U@ @) de + Olexp)

() e (-
2 € €

We finally introduce approximate slow manifolds for the stochastic (mass conserving) Allen—

+ O(exp) = O(exp). O

Cahn equation. The second manifold will play an important role in the study of the mass
conserving Allen-Cahn equation (mAC]), while the first one will be used for the analysis of (AC])
without this constraint.

Definition 5.8 (Slow manifolds).
For Q, and u” given by Definition we define the approzximate slow manifold by

M = {uh : hEQp}.

Fixing a mass p € (—1,1), we define the mass conserving approximate manifold by

M, = {uhGM : /Oluh(a:)dx = u}.
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Note that we have a global chart for M. Later, we will see that this also holds true for M, as
it is the manifold M intersected by a vector space of codimension 1 (see Lemma [5.9).

We have to compute the tangent vectors for M and M, since we need them later in
Definition @ to define a coordinate system around the slow manifolds (see also Definition
in the general framework). We immediately see that the tangent space of the slow manifold M
at u" with h € 1, is given by

T M :span{u? D1 = 1,...,N+1}.

With Proposition E one checks readily that the tangent vectors ulh have essentially (up
to an exponentially small error) disjoint support and therefore, 7,.M is non-degenerate
and has full dimension N + 1. For the second manifold M, we will see in the following
lemma that, due to mass conservation, it is possible to reduce the parameter space 2, by one
dimension.

Lemma 5.9. There is a smooth map hn41 : RY — R such that
ut e M, = h=(hna1(6) €Q, with €= (hy, ..., hN).
Moreover, the partial derivatives of hyy1 with respect to h;, i = 1,..., N, are given by

Ohn 41
Oh;

= (=) 4 O(exp).

Proof. In the mass conserving case, the set of admissible positions in 2, is the zero set of the
smooth map €, 3> h — f01 ul(x) dz — p. Proposition implies that
1 —h
U’ (“TM) dz
€

1 1
Onnss [ (@) do = [ ey (@) da = Ofexp) + ()M [
0 0 0
= O(exp) + (-1 {U (1; hn+1, (—1)N> -U (0; hn+1, (—I)Nﬂ
= 2(—=1)N*! 4+ O(exp).
In the last step, we used that h lies in ©, and thus by Lemma

U (15 by, (~1)Y) = 14 O(exp) and U (05 hyya, (~1)V) = =14 O(exp).

By the implicit function theorem, we can then write hy41 as a smooth function of the first NV
interface positions (hi,...,hyx). We compute

1 Ohnia 1 ~ oh
0 = ahllu’ = / U?d{l}—'— N+1 u?\f—i-l d.’L‘ — 2(_1)1+O(exp) +2(_1)N+1ﬂ’
0 oh; 0 Ohy
and therefore, the partial derivative of hyy1 with respect to h; is given by
a}ézz_l = (—1)N7 4 O(exp). ]

Motivated by Lemma we define
5 = (517-‘-7§N) = (hl,...,hN)

and consider hyi1 = hnt1(€) as a function of . We can then write
My = {ut i hea,} with A, = {(Ehvi(©) e, : g0V} (5.6)

In the sequel, we denote the elements of M, by ué. As before, we denote the partial derivatives
of u¢ with respect to & by uf, and higher derivatives accordingly.
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The tangent space of the mass conserving manifold M, at ué is given by
TueMy, = span {u§ = ul' + (~1)" "l + Olexp) : 7 = 1,..., N}

Here, we used that by the chain rule and Lemma [5.9
ut _ oul n Ohni1 oul _ oul b (—1)N—
0&; oh; Oh;  Ohni1 oh; Ohn11

This is a linear combination of tangent vectors of M. Since the functions u/ span an (N + 1)-
dimensional space and the transformation matrix converting these functions into {ug, e 7ui,}
has full rank N, we immediately obtain that the tangent space 7,,M, is non-degenerate as

+ O(exp).

well.

5.2 The linearized Allen—Cahn operator

Important for the stability of the slow manifolds are spectral estimates concerning the lineariza-
tion of the Allen—Cahn operator at a multi-kink configuration. In more detail, for v orthogonal
to the tangent space of M,, we aim to bound the quadratic form (LM, v) (compare to As-
sumption . First, we consider the singular Sturm-Liouville problem

Ly =y" = f(U)y = —\y (5.7)
in L?(R), where U is the heteroclinic solution defined by (5.1)). Note that the ODE (5.1)) directly
implies that U’ is an eigenfunction of L corresponding to the eigenvalue zero. As U’ > 0, we
also know that zero must be the largest eigenvalue. The following description of the spectral
behavior of L orthogonal to U’ is taken from [OR07], Proposition 3.2.

Lemma 5.10 (Spectral gap of the Allen-Cahn operator, [OR07], Proposition 3.2).
There exists a constant Ao > 0 such that if v € H'(R) satisfies

Do) =0 or (i) / o()U"(s)ds = 0,
R
then it holds true that

<LU,U>L2(R) = /

[ [P = FUE)(s)?] ds < Aollolliage)

In case of the toy problem f(u) = u® — u, we have \g = 3/2 (cf. [AFS96]). After some
lengthy calculation, one can show that in this case Uv/U’ serves as an eigenfunction of
corresponding to the eigenvalue —\g. The eigenfunction U+v/U’ has exactly one zero and
hence it corresponds to the second largest eigenvalue. As lim|,_,o (1 — 3U 2) = -2, we also
know by a standard argument for Schrodinger operators that the essential spectrum lies in
the interval (—oo, —2]. For more details on the spectrum of Schrédinger operators, we refer
to [HS96]. The standard arguments for Sturm—Liouville problems can be found in [Wal98].

For the study of the spectral gap of the linearized Allen—Cahn operator in Theorem
we need to ensure that the constant \g is bounded by the supremum of the function f’ over the
interval (—1,1).

Assumption 5.11.
Let Ao be the constant from Lemmal5.10. We assume that Ao < supge(_1,1) f(x).

As mentioned, the function v = U/ U’ serves as an eigenfunction to the quartic potential F
corresponding to Ao = 3/2 < 2 = sup,¢(_11) f'(z). By evaluating the quadratic form (Lv,v) in
the general case, one gets a sufficient condition for Assumption [5.11]
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Lemma 5.12. Let F' be a smooth even double well satisfying the conditions (S1)-(S3). Moreover,

suppose that
13 1 s2F'(s)? 2
2 /!
—s°F"(s)+ ———=——~—ds < = sup F"(x).
/,1 2 8 F(S) 3 z€(—1,1)

Then, Assumption|5.11 holds true.

Proof. Let v := U\/U, where U is defined by (5.1). With the relations U”(z) = F'(U(x))
and U'(z) = /2F(U(z)) (see the comment after Definition , one computes that

2 1/ 2 1/ ! 1 277/ U2F/(U)2 /
/vx+F (U)o de = / UFU)' + F/(0)00 + = U
R R
(5.8)
1 2F'(s)? 13 1s2F'(s)?
— _ F// F// 2 Sid — / e 2F// - ds.
/_1 sF(s) + F"(s)s” + SF(s) s . 3° (s)+ s F(s) s

In the last step, we utilized that the potential F, and thus F”, is a symmetric function.
Therefore, the integral of the antisymmetric function sF”(s) vanishes. Since v(0) = 0, we have
by Lemma [5.10

1 2
/v§+F”(U)v2 dz > Xoflo||? = AO/ U2 dz = )\0/ de = 2o, (5.9)
R R ~1
Combining (5.8)) and (5.9) immediately yields the assertion of the lemma. O

Instead of testing with the function UvU’, we can evaluate the eigenvalue problem ([5.7)) in
terms of general functions having exactly one zero at z = 0. If existent, we can compute
the second eigenvalue explicitly. This will provide us with a necessary condition for Assump-

tion G111

Lemma 5.13. Assume that the eigenvalue problem (5.7)) possesses a second eigenvalue Ao > 0.
Then, Ay s given by

1. 1o f(z)?
= —f' (%1 -1 .
Ao = f(ED + g lim, F(z)
In particular, Assumption|5.11 can only hold true if
. f@)? /
xl_lgl Fl) < Af'(£1).

Proof. Let v(x) be the eigenfunction associated to the eigenvalue —\g. Since we can always
assume that v attains its only zero at z = 0, we can represent v as v = g(U)vU’ for some
smooth, nonnegative function g satisfying g(0) = 0. Plugging v into (5.7]), we obtain

Nov = Lo = ¢ (U)U)? + 2 ()T PV~ 2g(U)T") (")

| =

+ ~g(U)(U)2U" — fU)g(U) (U2,

~ N

Multiplying this equation by (U’ )_1/ 2 yields

VAN "
)+ 590 3~ 90 O)
1 f)? 1

= 29"(U)F(U) +2¢'(U) f(U) = 9(U) FO) 9O U).

Mg(U) = " (O)U' + 29/ @)U = 190) .
5.10
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In the last step, we utilized the relations U’ = /2F(U), U"” = f(U), and U" = f/(U)U".

By assumptions (S1) and (S2) on the potential F', we observe that F'(+1) = f(+1) = 0. Hence,
in the limit x — 400, we derive from (/5.10)

fl@)? 1

Nog(E1) = —g(1) lim s~ 39D D).

Dividing by g(#1) # 0 concludes the proof. O

With the spectral gap of Lemma [5.10 at hand, we consider the linearization of the Allen—Cahn
operator at a multi-kink state u” € M. The following theorem gives a bound on the quadratic

form orthogonal to the tangent space T, M. Essentially, up to exponentially small terms, the
h
i
the zero h;. Hence, it is sufficient to study the quadratic form locally around each h;. After
rescaling, we essentially arrive at the setting of Theorem and the spectral gap of order

O(1) is transferred to our problem.

support of the tangent vectors w." is concentrated in a small neighborhood of width ¢ around

Theorem 5.14 (Spectral gap for (AC)).
Let u" € M and suppose that Assumption|5.11 holds true. Moreover, assume that v L u? for
anyi=1,...,N + 1. Then, for A\g given in Lemma|5.10, we have

(o) = (<500 + 0 ol

Proof. Since the minimal distance between the interfaces h; is bounded from below by ¢/p and
the heteroclinic solution U goes exponentially fast to 1 (Proposition, we find 0 < J; < %5 /p
such that u" = +1 4+ O(exp) on R := [0,1] \ U Bs. (h;). On the set R we have

(£ )y = —* [ 02— [ P&+ OCexp) ol
< 1) ol Eaqr) + Olexp) )

which is strictly negative as f'(+1) > 0.

It remains to control the quadratic form on each Bg_(h;) and, without loss of generality, we
may shift it to h; = 0. Note that u”(z) = U(%’“) + O(exp) on the set Bs_(h;) by Proposition
Defining o(x) := v(ex), we obtain for h; =0

O O
(L0125, = =2 [ V@2 de— [P UE)u(@) e+ Olexp)olam,y

9 [%/° 2 oefe 2 2
el [ e a= [ ween®ay| + ol

_ [_ /65/6 ' (y)? dy — /65/5 F'(U)o(y)* dy

—dc /e —dc /e

+ O(eXP)HUH%?(BJE)

= &(L0,0)12(B,, ) + O(GXP)HUH%%B(;E)- (5.11)

Here, L denotes the singular Sturm—Liouville operator defined by . After rescaling, we
essentially have to bound the quadratic form (Lo, ) on the interval (—d./e,d./e) =: D, which
is a set of length of order O(p~!) = O(¢7*). To compare with the spectrum on the whole
line, we define a cut-off function ¢ € C°(D,) such that 0 < ¢ <1land p =1 on {f'(U) < C}
for some Ao < C < sup_j ., f'(z). This is the only point where we need Assumption
As |D:| = O(p~1), we can also assume that uniformly |¢,| < Cp and |p..| < Cp?.
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We obtain

<LUUL2D)— /E /6
-/ i / (1— )2 - / G f (V) — /D (A= W)
§/~22/sof v—C/l—

=~ [ e+ [ rwientr2 | soxvxgow/ - [ (=gt
= (L0, ) 12 (w) —/ ﬁQ(sosox)mL/ v %—0/5(1—%0 )o?

< —%Ao ©* 5 —/ (0P2)a +/ %5 — (1= ¢*)* + O(exp)
D. D.
1
< (—2>\o + O(p2)> / 2 — (C - )\0)/ (1—¢p )172 + O(exp)
€ DE
1 -
< (—2)\0 + (’)(p2)> H’UH%Q(DE) + O(exp). (5.12)

Note that the exponentially small terms arise from the fact that ¢? is not exactly orthogonal
to U’, but the error is exponentially small as

/g(wf))-U’ = /Ef)U'—/Dg(l—gp)f)U’

e
=< /_551)(96)U'(36/5) - /Dfl — @)U’ = Oexp) +@<e"p)/ A=)

€

Thus, by Lemma [2.10 we have

Eov,o0) = = [ (@0 + [ 7OV < ~5h0 [ 0+ Olex).

Now, we observe that

5020y = [ view)de = &7t [ (@ dy = e olaga, ),
€ 65

and therefore, combining (5.11) and (5.12)) yields
<£hUaU>L2(355) = 5<L575>L2(Bés/s) + O(GXP)HUH%2(356)

1 -
. (_ZAO N o(pZ)) 151325, + Olexp)l|v]32s,

1
= (=32 + 0 Iolisqa,, + Olesplelsca, i

As a next step, we analyze the spectral gap in the mass conserving case. For this purpose, we
denote by P be the projection of L? onto the linear subspace L2 = {f € L? : fol f(x)dx = 0}.
Motivated by

(PL"Pu,v) 2 = (LMPv, Pv) . = (LM, v>Lg for v € L3,

we observe that it is sufficient to consider the same operator £ as for the classical Allen-Cahn
equation, but restricted to the subspace L3 of L? containing functions with mean zero. This
constraint leads to a subspace of codimension 1,

L ={ver?: (1) =0} =1+ = PL?,
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and therefore, we need to control the quadratic form on this subspace. First, we will formulate
the problem in general and only after that consider the special case for the mass conserving
Allen—Cahn equation. The following theorem deals with establishing a spectral gap on a subspace
of codimension 1. We show that, under a suitable angle condition, the Rayleigh quotient can be
bounded from above. This yields a bound on the spectral gap.

Theorem 5.15 (Spectral gap on subspaces).
Consider a self-adjoint operator L on a Hilbert space H with an orthonormal basis of eigenfunc-
tions Lfi = A\pfr and assume that

(52)\1,...,)\N+1Z—(5>—)\Z)\N+22... (5.13)
for some 0 < 6 < A. Foru € H, we define

. N
> _(fiu) fi+ i

L
U = eEH : (f,u)y =0 and F, =
{1 (f,u) = 0} o) 2=
Then,
i) there exists an N-dimensional subspace U of u™ such that

|(Lh,R)| < §||h||> Vhel.

it) the condition |cos < (Fy,u)| > /d/X\ implies that for h L wu, f1,..., fN+1

(Lh,h) 6 — Acos? J(Fy,u)
|h]|2 = cos2 F(Fy,u)+1"

Proof. First, we construct an N-dimensional subspace corresponding to the small eigenvalues
in the interval [—¢,0]. For ¢ = 1,..., N define
<fi7 ’U,)

i = fi+c with ¢ = —————. 5.14
g f N+ o) (5.14)

Obviously, we have g1, ...,gn € span{fi,..., fnvt+1} and g1,...,gn L u by the definition of the
constant ¢;. It is also straightforward to check that the functions g; span an N-dimensional
space. This yields directly

—5||h|*> < (Lh,h) < &||h|? for h € span{gi,...,gn} = U.

Define V :=span{gi, ..., gy} Nut =span{u, g1, ..., gv}*+. For h € V we can then write
N+1
h=> oifi+r, with r L f; Vi=1,...,N+1. (5.15)
i=1
We have r,h L g; for any j =1,..., N and thereby
N+1
Z (673 <fiagj> = 0 (516)
i=1
With (5.14) and f; L f; for i # j, we easily compute that
1 0 -+ 0 ¢
0o . = 0
(fiogi)ij = | e RVX(N+D),
. . T 0
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The kernel of this matrix is one-dimensional and spanned by a vector § € RN*! with 8; = —¢;
for 1 <¢ < N and By+1 = 1. By , « lies in the kernel and we can rewrite as
N+1
h = 'yZﬂifi—i-r =v-F,+r, veR
i=1

Since h € V C ut, we have 0 = (h,u) = y(F,,u) + (r,u). This implies immediately that

2 (nw)? 712 || |*
<Fu,u)2 N (Fu,u>2'

Y

Thus, we compute
(Ch,h)y SR a(Lf, fi) + (Lryr) 63 ad = Afr|?
Il VI Full? + [l = PIEP A )P
(5”“’2HF“H2 _ )\> HT”Q (5'17)
VB = AllrllP oy Full® = Allr| (Fu,u)?
R (12 R [ e Vo [ TR VP 4 [l )12

At this point, we need the angle condition

cos J(Fy,u) = m > m

to guarantee that the numerator is negative. Under this assumption, we can continue estimat-

ing ((5.17) and derive

NN
(Lh, h) - (Fy,u)? § — Acos? A(Fy,u) .
Il = lulPEal® o T cos? S(Fuw)
(Fu, u)?

Finally, we can apply Theorem [5.15 to analyze the spectrum of the linearized mass conserving
Allen—Cahn operator. Recall that it is crucial to have a good negative upper bound of the
quadratic form orthogonal to the tangent space. We show that in this case the spectral gap is
of order . This is quite different to the spectral gap for the Allen—Cahn equation without
the mass constraint, which by Theorem [5.14 is of order O(1).

Theorem 5.16 (Spectral gap for (mAC]).
Let v € L3(0,1) with v L uf fori=1,...,N. Then, we have

(L50,v) < (=Xoe + Olexp)) [lv]1?,

where \g is the same constant as in Theorem 5.12.

Proof. In the notation of Theorem we take u = 1 € L%(0,1) such that L3 = span{u}*,
and f; = u? Furthermore, we compute

oy [t _ T N
(fi1) = /0 Wl () de = (’)(exp)—l—/o U'(2: hy, (1)) da = 2(—1) + O(exp).

With F,, defined as before in Theorem this yields

1 N+1

. 2 N4 o

<qu> =
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We have || fi|| = O(¢~'/2) by Proposition [5.7|and thus || F,|| = (N + 1) - O(¢~'/?). Combined we
obtain

cos L(Fy,u) = O(?).
By Proposition @, we have L(u") = O(exp). Differentiating with respect to h; yields

Ehu? = O(exp) and hence, the first N + 1 eigenvalues are exponentially small. This shows
that we can choose 6 = O(exp). Plugging this observation into Theorem yields

(LEv,v) < d — Aoe

W S Tte < —Xoe + Ofexp). O

For the classical Allen—-Cahn equation we established a spectral gap of order 1, whereas due to
mass conservation the gap shrinks to O(e) for . As we will see later in Theorems m
and this heavily influences the maximal radius and noise strength that we can treat in our
stability analysis.

5.3 Analysis of the stochastic ODE

In this section, we give the stochastic ODEs governing the motion of the kinks for both cases.
We show that for the non-massconserving Allen—Cahn equation the N 4 1 interfaces move—up
to the time scale where a collision is likely to occur—independently according to Brownian
motions projected onto the slow manifold. This is quite different to the mass-conserving case
where (as one would expect) the dynamics is coupled through the mass constraint.

Before we analyze the stochastic ODEs for the interface motion, we have to introduce the
new coordinate frame (Fermi coordinates, see Definition , in which we derive the differential
equations for the shape variable h and the normal component v. Due to Theorems [5.14{ and
we established good control of the quadratic form orthogonal to the tangent space T M,
or T¢M,,, respectively. Therefore, we do not need any approximations thereof. This leads to
the following definition of the Fermi coordinates.

Definition 5.17 (Fermi coordinates).
Let u(t) be the solution to (AC). For a fixed time ¢ > 0, we define the pair of coordinates
(h(t),v(t)) € Q, x L*(0,1) such that

u(t) =u" +u(t), v(t) L ThpM,

as the Fermi coordinates of u(t).

In case of the mass conserving equation , the definition works analogously. One only has
to replace the set of admissible interface positions €2, by the set A, (given by ) and the
slow manifold M by its mass conserving counterpart M,.

Later in Lemma, and Remark we show that sufficiently close to the manifold M,
the Fermi coordinates are well-defined. For now, we assume that ¢ is sufficiently small such that
the coordinate system is well-defined. We start with deriving the effective equations for h and v.
In Chapter we computed that h is a diffusion process given by

dh = b(h,v)dt + (o(h,v),dW), (5.18)

where (cf. (2.11) and (2.12))
or(h,v) = ZA;;IU? (5.19)
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and

ZA (u" + v) +ZAle ZJ,QO']

1
r YA { w0} - <uzn¢>—-2@¢uﬁw}<gqﬁow.

1,5,k

(5.20)

Note that, for the sake of simplicity, we expressed everything with respect to the coordinate h,
although we introduced the coordinate £ for the mass conserving equation. An essential point in
the computation of the SDE is the invertibility of the matrix A (cf. Definition and Metatheorem
given by

Akj(h7 1)) = <U27 U% - <uzj7 U)'

5.3.1 Analysis of the stochastic ODE for (AC)

We start with the non-massconserving case. Here, we will see that A and its inverse are—up to
exponentially small terms in [|v|—diagonal matrices.

Lemma 5.18. For h € €, consider the matriz A € RNVADX(NH) defined by
Akj = <UZ, u?) - <qua U>'

We obtain
Agj = [Xe™ + O |o]l] 01y + Oexp) o]

Moreover, as long as ||v|| < ce'/**™ for some m > 0, the inverse A~' is given by
A7 = [X_ls + (’)(z—:Hm)} Ini1 + O(exp),
where X is the constant given in Proposition [5.7

Proof. We obtain (uf,u J> Xe 18, + O(exp) and ||ukj|| = O(¢73/?)8y; + O(exp) by Pro-

position Thus, the bound on Ay; follows directly by applying the Cauchy—Schwarz inequality.
Using geometric series, this yields for ||v|| sufficiently small

-1
A7 =[x O P)llell] g + Olexp)

-1
X7l (14020l Tnga + Olexp)
= [l + O(E™™)] Tvs1 + Olexp). O

Before we continue analyzing the stochastic ODE, let us first show that the coordinate frame
around M given by Definition is well-defined. We prove that, as long as the matrix A is
invertible, i.e., ||| < /2™, and the nonlinearity is bounded, i.e., v € L*, the coefficients b
and o defined by and are Lipschitz continuous with respect to h. Note that we
will only compute the Lipschitz constant for o explicitly, as we need it for the analysis of the
stochastic ODE.

Lemma 5.19 (Lipschitz continuity of b and o).
Let hyh € Q,. Ifv € L0,1) with |[v]|g2 < /2T for some m > 0, there exist constants C' > 0
and Ce > 0 (depending on € and ||v||fa) such that

lo(h,v) — o(h,v)| < Ce™V2h—h| and ||b(h,v) — b(h,v)|| < Celh— h). (5.21)
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Proof. Note that in the following computation the pair (h,v) does not denote the Fermi
coordinate defined in Definition and therefore, v does not depend on h. We start with
estimating the derivative of the inverse A~!(h,v). By construction of u”, the matrix A(h,v) is
smooth in A and we compute

ey = DI )~ ),
which by Proposition is exponentially small unless ¢ = 7 = k. In the latter case, we have
Oy Ak = 2l ul) — (b, v) = Ofexp) + O(=2|Ju]).
By virtue of DA™t = —A7 (D, A) A~ and A~ = O(e) (cf. Lemma @, this yields
DA™ = O 2poll) = O(=™).
Recall that o(h,v) = A~! - 9yu”. Differentiating with respect to h yields
Djo = DA topul + A_lc‘?%uh

and thus, by the previous bound on D, A~! and Proposition |IDpo(h,v)|| = O(e1/?),
Since the set €2, of admissible interface positions is convex, we have

_ 1 _ _
o(h,v) —o(h,v) = /0 Dpo(h+ s(h — h),v)ds

and with that we easily obtain ([5.21)).

In order to derive the Lipschitz continuity of b, one can analogously verify that b(h,v) is
differentiable with respect to h and the derivative is bounded. Note that only here we need the
condition v € L* to control the nonlinearity (N"(v),v) appearing in the definition of b.
The careful analysis of the Lipschitz constant can be carried out after some lengthy calculation.
We omit the details here. O

Remark 5.20. We can use the Lipschitz continuity of the coefficients to show that the Fermi
coordinates given by Definition are locally well defined (see Section . Let u be the
unique solution to (AC). Since the multi-kink profiles u" define smooth functions in h, we
see that by Lemma the maps h + b(h,u — u) and h +— o(h,u — u?) are locally Lipschitz
continuous. Thus, we find—as long as h(t) lies in Q, and u — u” is sufficiently small—a unique
solution h(t) to with v replaced by u —u”. Defining v(t) = u(t) — u® leads to a uniquely
defined pair (h,v) that satisfies the Definition of the Fermi coordinates. We refer to
Lemma for the general proof.

As the matrix A and its inverse are (up to exponentially small terms) diagonal matrices, we can
show that the stochastic ODE in the non-massconserving case essentially decouples fully. We
split equation into its deterministic part and a remainder A, where we collect all terms
depending on stochastics, i.e., we write

dh, = 3" ANl L(u +v)) dt + dAD, (5.22)
where by (5.19) and (5.20)
) 1 1
S Ay dAY) = > (up;, Qo) dt + {2<U?jk,v> — (ugj, ult) — §<UZ’U%> (Qoi,05)dt
j j ij (5.23)
+ (ull, dW).
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The following lemma deals with estimating the process A in terms of e. We see that—up to lower
order terms—the k-th component of A does only depend on the derivatives with respect to hy
and hence it decouples. Moreover, its dominating term is of order O(1ny).

Lemma 5.21. As long as ||[v(t)|| < e/**™ for some m > 0, we have
dAW = A (uly, Qulty dt + At (ult, dW) + O(e™ng) dt + (Op2(Y/*T™), dW).
Moreover, the dominating term can be estimated by

A (uf, Qupty dt + At (ull, dW) = O(1o) dt + (Opz2(e"/?), dW).

Proof. Lemma @ and imply directly that
op(h,v) = [X e + O(E"™)] ult + O(exp).
With [[u”|| = O(e='/?) (cf. Proposition , this yields ||o|| = O(e'/?). The Cauchy-Schwarz
inequality implies for the remaining terms of
(s, Q)| < Nl 1@l logll < Ce™noe/? = el

and
(uls, v)(Qoi, 05)| < Ce™™2||u|nget/?e/? = Ce™/ g |Jo]].

Moreover by Proposition [5.7} the terms involving inner products of first and second derivatives

of u" are exponentially small. Plugging these estimates into (5.23) yields
S Ak dAY) = (., Qo) dt + (uff, dW) + O™ ™g) + O(exp).
J

By using Lemma [5.18, we obtain
AW = AG! [y, Qov) di + (uf + Olexp), dW) + O™+ ™) dt + Olexp) ]
= A/Z]?WZk, Qult) dt + At (ul + O(exp), dW) + O(e™ng) dt + O(exp) dt. O

As a next step, we investigate the deterministic part. As we cannot control the nonlinear-
ity in terms of the L?-norm, we additionally assume smallness of v in L*. In the stability
result of Section @, the maximal L-radius that we can treat is of order !/4+m/2=% for
small k > 0.

Lemma 5.22. Let m > 0 and k > 0 be very small. For h € Q, andv L uzh,i =1,....,N+1,
assume that ||v]| < /%™ and ||v||pa < e/4T™/2=5 . Then, we have

ZAM ul, L(u" 4 v)) < Ce?mii=2x,

Proof. Expanding £ yields £(u"+v) = L(u")+ L +N"(v). We observe that £(u") = O(exp)
by Proposition E Differentiating with respect to h; yields Ehu? = O(exp) and hence,
(Lho,ul) = (v, LMul]) = O(exp), since L" is self-adjoint. The remaining nonlinear term is
estimated by

w%mmz/&ﬂthﬁms&*WWme

< Gt [[l)? + IpolllolFa] < 22,

where we interpolated the L3-term by Hoélder’s inequality. Applying Lemma [5.18 concludes the
proof. O
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We can finally show that, up to times of order O(en, 1), the motion of the kinks is approximately
given by the projection of the Wiener process onto the slow manifold M (see Section ,
that is, for k =1,...,N +1

B 1 -
=T (ull, o dW). (5.24)
lugl®

At times of order O(en, 1) the droplet is expected to move by the magnitude of £ and hence,
we treat the relevant time scale in our analysis, since we have to assure that the distance
between two kinks is at least £ (cf. Remark . For a sufficiently large noise strength, the
stochastic effects dominate the dynamics and hence, as expected, the approximation by the
purely stochastic process is better for a larger noise strength 7y. In our main stability result (see
Theorem the maximal strength we can treat is of order e'+2™m.

Theorem 5.23 (Approximation of the exact dynamics).
Let h(t) be a solution to (5.18) and h(t) be a solution to (5.24). For m > 0 and small k > 0,
define the stopping time

7 = inf {tZO : h(t) ¢Qp or ||’U” > 51/2+m or HU||L4 > 61/4+m/2_5}.
Then, forT < cenal AT, we obtain

E sup |h(t) —h(t)] < Ce+ Ce¥mH2 2yt
0<t<T

Proof. For notational convenience, we define for h, h € €1, the maps

uh

Yr(h) = W and  A(h,h) = ~.(h) — v (h).
By (5.18]), (5.19), and Lemma we derive for t < T
N t
he(t) — he(t) < / br(s) + I, ds+/ (h,h) + O™l daw).
0

Here, I (ﬁ) collects all the terms that appear after a conversion of the Stratonovich SDE ([5.24)
into an It6 SDE. This is important, as we need the stochastic integral to be a martingale. These
Ito-Stratonovich correction terms are essentially identical to the terms in , where we set
v = 0 and replace the matrix A(h,v) by Sy;(h) = A(h,0) = <uk, ]> In more detall one easily
computes that

= 325 S0t Q00 + 3085 [l ) = a0, 0 )

7.77

- Srr < Upp, Qur> + O(exp) = 0(770)
Here, we utilized that Sm —~ (u h ) X~ 'e6,; + O(exp) by Proposition E and, as v = 0,

- T’ ? ’L
or(h,0) =35, 1uh S " 4+ O(exp). Moreover, the inner product of first derivatives with
second derlvatlves of ul is exponentially small due to Proposition
In Lemmata and we established an L*°-bound for b up to the stopping time 7, namely,

sup [b] < c(no + 2T
0<t<r

Combining this with the bound of the Ito-Stratonovich correction term I yields

E sup |he(t) — he(t)] < clng+ 2™ =29 + B sup \/ (h.F) + Oyl dW)|.
0<t<T 0<t<T
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By Burkholder’s inequality and Lipschitz continuity of v with Lipschitz constant of order O(s~1/2)
(cf. Lemma [5.19), the martingale term is estimated by

t -
E sup | / (A(h,B) + O+l )|
o<t<T ' Jo

1/2
< CE /O T(A(h, h) + O™ ™) ul, Q(A(h, h) + O ™) ul')) ds]

- 1/2
— CE /0 " (A, R, QA R)) + O ™) (Qul, Alh, ) + O+ ul Quff>]

1/2

IN

-7 ) N
CE / 770|’A(h, h)HQ + El/2+m7]0HA(ha h)” + E1+2m770
0

-7 1/2
CE | [ mollAth, B + 127y,
0

IN

IN

- 1/2
CE / noe * Ilh(s) — }NL(S)H2 ds + €1+2m770T]
0

Cny/*e 2T E sup ||h(t) — h(t)||? + Ce¥/2ma/* T2,
0<t<T

IN

With the assumption T' < ceny ! this implies

_ 2m+1-2k 1/24m, 1/2p1/2
E sup [h(t) — h(t)| < c0FE )T e T T
0<t<T 1 — i/ 2e—1/21/2

< Ce+ CPmr2=2rp sl O

Remark 5.24. In the definition of admissible parameters €2, we had to assume that the distance
between two interfaces is bounded from below by O(s'~). Since Eh(eng ') = h(0) + O(e),
the interface positions h(t) might have moved by order ¢ and thus, a collision of two interfaces
can occur, which we cannot treat in our analysis. Therefore, up to the relevant time, the motion
of the kinks behaves approximately like a Wiener process projected onto the slow manifold.
After a breakdown of two interfaces, we can restart our analysis on a lower-dimensional slow
manifold, where the number of kinks is reduced by two.

5.3.2 Analysis of the stochastic ODE for (mAC)

To conclude our study of the kink motion, we analyze the mass conserving Allen—Cahn equa-
tion. Recall that in this case, due to mass conservation, we reduced the parameter space 2,
via hyt1 = hnt1(€) by one dimension and therefore obtain by chain rule and Lemma @

up = uf + (=) Fuly; + Ofexp). (5.25)

Remark 5.25. Analogously to Remark we can verify that the Fermi coordinates (&, v)
around M, are locally well-defined (cf. Definition |5.17). The crucial point is that the maps
€ b€ u—ub) and & — o(&,u — uf) are sufficiently smooth. In Lemma we proved
the local Lipschitz continuity of the corresponding maps in the non-massconserving case. In
fact, let us show that these maps are even smoother. By the expressions in and ,
o and b depend on ¢ via various derivatives of u¢ (up to the third order). Note that also the
matrix A only depends on derivatives of u¢. Hence, if the profiles u¢ are sufficiently smooth, the
smoothness is directly inherited to the coefficients of the stochastic ODE and we then obtain a
unique local solution to d€é = b(&,u — ué) dt + (o(&,u — uf), dW).
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In our construction of the slow manifold, we summed up rescaled and translated solutions to
the ODE U” — F'(U) = 0, which is equivalent to solving

U —/2F(U) = 0.
1

In the toy case F(u) = j(u? — 1)?, one obtains the solution tanh(%), which is of course
C®°-smooth. Later in Section 5.6, we consider potentials F' that are given by polynomials.
Due to the smoothness of F' in that case, we can also conclude that the heteroclinic U is C°.
Thereby, we see that the multi-kink configuration u¢ is sufficiently smooth with respect to &,
which shows that the aforementioned maps are at least C'-functions. For details on how to
obtain the well-definedness of the Fermi coordinates, we refer to Remark and Section [2.2.2]

Just like in the analysis of , we first show the invertibiliy of the matrix A. To start with, we
consider the submatrix Si; = <ui, u§>, which does not depend on v. Due to the coupling through
the mass constraint, the matrix S and its inverse are no longer diagonal. As we will see, this has
an impact on the stochastic ODE governing the motion of the kinks.

Lemma 5.26. For u* € M,, and j,k € {1,..., N} we have
Sy = (uf,uf) = Xe™! [0 + (~1)FH] + O(exp),
where X is the constant given in Proposition [5.7
Proof. With Proposition and the chain rule (5.25), we compute
(uf ) = (uf + (DN Fulyr,uf + (DN Tul )
= il 8 + (—=1)FH [[uf I + Olexp) = Xe! [%» + (—1)k+ﬂ'] +O(exp). O

With the structure of the matrix at hand, we can easily invert S.

Lemma 5.27. Let ué € M,,. The matriz S is invertible with

1 4
-1 k 1
Skj = 8/)( |:5k] + m(—l) It +O(6Xp)
Proof. We have (ignoring exponentially small terms)
al 1 al k 1 !
o-1 _ R A A N SR AR Y 2 o o
szJSjl - Z[‘Skj"‘( 1) j} 5JI+N+1( 1)’
7j=1 7=1
= Gt g (R (e Bt =gy O
PON+1 N+1

Finally, we show that—as long as ||v|| stays sufficiently small—the full matrix A({,v) given
by Definition (1] is invertible. With that, the coefficients of the It6 diffusion ([5.18) (with h
replaced by ) are well-defined and we can continue to study the dynamics of kinks for the mass
conserving Allen—Cahn equation in more detail.

Lemma 5.28. Consider the matriz Ay;(§,v) = Sk; — <uij, v), where S is given by Lemma .

Then, as long as ||v|| < e/**™ for some m > 0, A is invertible with

A7l = ST o(emh.
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Proof. For a small perturbation S(v), given by Si;(v) = <uij, v), of the matrix S we compute
via geometric series

AT = (S-S = [y - 578w s

=Y [s7'sw)] 57 = 57+ 3 [$7IS(w)] 87 = 87+ oY),
JjeN j=1
where we used that S(v) = O(e=%/2||v||) and the sum converges for |jv|| < e¥/2*™, O

We continue with estimating the deterministic part of (5.18). Similarly to Lemma we
have to assume smallness of the normal component v in L? and L? to control the nonlinearity.
In the following lemma, we consider the radii for which we show stochastic stability later in

Sections [5.4] and [5.5

Lemma 5.29. Letm > 0,( € Ay, andv L uf fori=1,...,N. Also, assume that ||v| < &3/%>t™

and ||v||pa < €3/4F™/2=5 Then, we obtain

(uf, L(ué +v)) < Ce2tIm=2,

Proof. We follow the proof of Lemma Only for the nonlinearity we have to take the
different radii into account. By Hélder’s inequality we obtain

W), uf) < Ce PP + [lollds] < Gt [l + lolllol3a) < ce22m=2 O
In order to analyze the SDE governing the motion of kinks, it is more convenient to rewrite (5.18)
in the Stratonovich sense. By leaving out It6 corrections, Lemmata and imply

& = > AL +v),uf)dt + > AN, 0 dW)
= Y SMLE o), uf) de+ Y S uf, 0 dW) + O™ dt + (O (/7™), 0 dW)

= X7t (L(uf +v),us) dt + X te (uS, o dW)

1 U s o) i(—l)i+1u§>dt+7(_l)rg év:( s, 0 dW)
X(N +1) ot g X(N+1) =

+ OET3™) dt + (O 12(27™), 0 dW).

The first two summands (depending only on %) are similar to the non-massconserving case,
but—due to the mass constraint—we obtain additional terms, which do not only depend on
the position &, but rather on all positions (£1,...,&x). To give a better understanding of this
equation—especially of the additional terms—Ilet us express it in the original h-coordinates.
Recall that by chain rule uf = ul' + (=1)" "} | + O(exp). Thus we compute (ignoring
exponentially small terms)

13 (=" al i+1, & h N h (‘UHNHN h )" al i+1, h
1 T l
Ut N ;(—1) up = uy + (=17 Tugy g + TN ET N + N+l ; u;
N
_ . h no [(EDVHIN Ny . (2D i+1, h
= u, + (—1)"up 4 N1 (1) t N1 ;(—1)2 u;
R Gt DV " TN 1)yl = b (=" = _q)itlyh 5.96

1= 1
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Plugging this into the Stratonovich SDE yields
dér = |lup |72 (L +v),up) dt + [[u |72 ()}, 0 dW)

T Al 17 e e Y g e WY
(N +1) 2 Z T v e

+ OET™) dt + (O 12(27™), 0 dW).

We observe that all the terms appearing in this formula are up to an exponentially small error
the right-hand side of the equation for dh (see (5.22)) and (5.23) with A(h,v) a diagonal matrix).

Thus, we have
(G VA SE
d¢, ~ dhy, + ——— —1)"""dh,. 5.27

6 = it gy 2 (D) (5.21)
Therefore, the kink motion for the mass conserving Allen—Cahn equation is approximately
given by the independent motion of the position h,, which is moving according to the non-
massconserving case, plus a weighted motion of all interface positions (hy, ... ,hny1) that
guarantees the conservation of mass.

Remark 5.30. In Theorem we proved that up to times of order en, ! the interface
positions h(t) behave approximately like the projection of the Wiener process onto the slow
manifold M. Using that dh, ~ |ul||~2(ul’,odW) and plugging this into (5.27), we obtain
heuristically
& = > S Huf, 0 dW), (5.28)
7

where we essentially used the identity . Since the matrix S is given by S,; = (ug, uf>,
we expect that also the dynamics for the mass conserving Allen—Cahn equation behaves
approximately like the projection of the Wiener process onto M,,. Analogously to Theorem
we could make this rigorous and estimate the error for a given time scale. Opposed to the
previous analysis of , we cannot quite reach a good error estimate up the relevant time
scale of order O(en, 1), which corresponds to the time that a kink is likely to move by the
order of € (see Remark . Basically, this deficiency stems from the worse spectral gap in
Theorem which leads to a smaller maximal noise strength that we can treat in our stability
analysis. See Theorem where we can allow only for 79 < e¥+2™~* and Theorem [2.14]
for the interplay between the spectral gap and the noise strength. For a reasonable result, we
need that the error, which is linear in the time scale T, is smaller than the magnitude of the
process &, which grows like Tg1 /2 Note that we encountered this problem also in the analysis
of the Cahn—Hilliard equation in higher space dimension (cf. Theorem and the comment
thereafter). In the case of the mass-conserving Allen-Cahn equation, we expect the following
result to hold true but omit the details.

Conjecture 5.31. Let £(t) be the solution to (5.18) with b and ¢ given by (5.20) and (5.19)
and h replaced by £. Furthermore, let £(¢) be the projection of the Wiener process W onto the
mass conserving manifold M, given by (5.28). For m > 0 and small £ > 0, define the exit time

T = inf {t >0:&¢ A, or ()| > g3/2+m o lo(t)|| e > E3/4+m/2—m}

Then, for T, < cano_l A T, we obtain

E sup [¢(t) = &(t)] < e [no+ 2 T
0<t<T:
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Remark 5.32. In the proof of the analogous result in Theorem [5.23] it was crucial to explicitly
know the Lipschitz constant of the map ¢ — o(&,v) provided v is sufficiently small. In
establishing the Lipschitz continuity (Lemma , we relied on the convexity of the set of
admissible interface positions. While this is straightforward for the set 2,, this is not quite true
in the mass conserving case, where the set of admissible positions is given by

Ap = { (& hv(9) €9 €€ 0,11V}

By Lemma hyn 1 is explicitly given by

N

hN+1(h1, ey hN) = Z(—l)Nﬁihi + c(,u) + O(exp),
=1

where we have to introduce a constant ¢(u) depending only on the mass p. With this expression,
one readily computes that hy 1 (E+NE—E)) = hny1(6)F A1 (E—E)+O(exp) for any &, & € RV
and A € (0,1). Combined with the convexity of €, this shows that the set A, is not exactly
convex, but the error is exponentially small. We obtain the following result:

hyh€ Ay = A+ (1—Nhe Ay VAe(0,1).

With this property at hand, we expect to gain the Lipschitz constant in the mass conserving
case. For some of the technical details, see the proof of Lemma [5.19

5.4 Stability in 12

We discuss stochastic stability in L?, both for and . In our analysis, we follow the
guideline of Section very closely. Note that this is not sufficient for the analysis of the SDE,
where we additionally assumed that v is small in L*. Hence, we extend the stability result to
L* afterwards in Section @ Recall that the motion orthogonal to the slow manifold is given

by (see (2.13))
1
dv = [L(u") + L+ NP ()] dt +dW — 3 uldh; - 5 > uly{Qoi, o) dt.
J

1,J
Our aim is first to establish a bound of d||v||? = 2(v,dv) + (dv,dv) of the same type as in
Theorem and then apply the main stability result of Theorem
5.4.1 L[?-Stability for (AC)

We start with the analysis of without mass conservation. Crucial for establishing stochastic
stability is the following theorem, which relies on the spectral gap derived in Theorem [5.14. As
long as the L?-norm of the normal component v stays sufficiently small, the nonlinear term
does not destroy the spectral estimate.

Theorem 5.33. Let u" € M andv L ul, i =1,...,N + 1. Assume that ||[v| < &'/>*™ for
some m > 0. Then, for Ao the constant given in the spectral bound of Theorem[5.1], we obtain

1
<£hv —i—J\/h(v), v) < —5/\0 HvH2

Proof. Let v L ul* ¥i=1,...,N + 1. By the main spectral result of Theorem we have

<Ehv,v> < —>\0Hv|]2.
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Therefore, for v1,v2 > 0 with 1 + 2 = 1, we compute

1 1
<£hv,v> < —71>\0||v|]2+7252/0 vmvdx—kvg/o f’(uh)Ude

(5.29)
—mollol® = e¥y2llva |l + 2l £/ (")l o< o).
By Gagliardo—Nirenberg and Young'‘s inequality we obtain
th,v:/?) 1203 — vt < 3w < C|lvg||M?||v]?/?
N (), v) lvll7: [[oz [ l]l (5.30)

€2l al|? + Ce =235 2 u] V3 0] 2,
where we interpolated the L3-norm between H'! and L?. Combining and yields
(Lo + N (w),0) < —dollo]® + [allf (") + Ce P, o] 2] o]
= [“20 + 7220 + 2l /() [0 + Ce=2395 2 ]| 2] o).

IA

Fixing 4o = €, we obtain for ||v|| < e'/?+™

(o + N(w),0) < [“Do+e™ (do+ 1 W) loo) +Ce™] o] 0

As a next step, we need to analyze the remaining terms of d||v||>. We show that, provided ||v||
is sufficiently small, they are of order O(nyp).

Lemma 5.34. Under the same assumptions as in Theorem [5.33, we obtain
1
(L"), v)dt — = (ufy, 0)(Qoy, 05) dt + (dv, dv) = O(np) dt.

2 <
Z7.]

Proof. We have £(u") = O(exp) and, as ||v]| < !/?2+™,

(W, v)(Qai,05) < e |ju||noet/ 22 = O(e™ ).

For the Itd correction term (dv, dv) we see that
(dv,dv) = nodt+2[ u;, j> — 2<Qu],o])} dt = O(no) dt.
7-]
Here, we utlhzed that [Jul| = O(e~1/?), Hu || =0E3?) (Proposition, and ||o;|| = O(e/?)
(Lemma [5.21). O

Combining the estimates of Theorem and Lemma we fully estimated the stochastic
differential d||v||?>. This provides us with the following result, which is essential for proving
stability in L? (see Theorem [2.13)).

Corollary 5.35. Letu" € M. Ifv Lul fori=1,...,N+1 and ||Jv|| < €/>*™ for some m > 0,

we obtain 1
ol < |=3hollol* + Om)]| dé + 20, )

We can finally show that the L?-norm of v stays small for very long times under small stochastic
perturbations. Since the following stability results can only hold as long as h(t) € Q,, we define
the first exit time from the open set €2, by

- {t > 0: ht) ¢ Qp}. (5.31)
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Note that we have seen in Remark that at times of order O(eny 1) the interface po-
sitions are likely to move by the magnitude of ¢ and thus exit the set of admissible posi-
tions €,. This suggests that—if stability holds— the exit time 7y is with high probability of
order O(eng ).

Theorem 5.36 (L2-Stability for (AC)).
For m > 0 define the stopping time
= inf {t €0, Amo) ¢ [o(t)]| > /2,

where the deterministic cut-off satisfies T. = e ™ for fized large M > 0 and Ty is given by
(5.31). Also, assume that for some v € (0,1)

[o(0)]| < ve'/2*™ and ny < T

Then, the probability P(t* < T. A 1g) is smaller than any power of €, as € tends to zero.

Proof. The statement follows directly by combining the estimate of Corollary with the
general stability result of Theorem [2.14] O

5.4.2 L2-Stability for (mAC)

As a next step, we study the L?-stability for the mass conserving Allen-Cahn equation. For the
most part, we can rely on the results of the preceding section. The main difference lies in the
fact that the spectral gap is only of order O(e) opposed to an O(1)-gap in the previous case.
For that reason, we need to adept the proofs slightly.

Theorem 5.37. Let u® € M, and v L uf, i=1,...,N. Then, as long as |[v|| < 3/?t™ for
some m > 0, we have

1
(LS + NE(v),v) < —55/\0 |v)1?,

with Ao independent of € given by Theorem[5.1].

Proof. We can follow the proof of Theorem [5.33] closely, but have to take into account that by
Theorem @ the spectral gap is of order O(e). Moreover, the additional term in the equation
vanishes, as v is orthogonal to constants. Therefore, using the adapted version of and
the same interpolation as in , we derive

(L0 + NE(0),0) < [ =205 + 72202 + 7ol /()| oo + Ce™2/ 295 2 0] /3] [lv]|2.

In order to absorb the term involving the L°°-bound of the derivative of f into the negative

term of order O(e), we choose y2 < —¢. This choice implies for the last term

1
AP
_ 1
Ce 2373 |y |47 < Jhoe = o]l < e

for some sufficiently small constant ¢ > 0. Hence, as long as ||v| < €3/2*™ for some m > 0, we
obtain

1
(Lo + NE(v),v) < —5edollof” O

In the same way as in Lemma (just exchange h with £ and use the same estimates), we
see that the remaining terms can be bounded by O(np). This leads to the following estimate
for d||v]|?.
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Corollary 5.38. Let u® € M,,. Ifv L uf, i=1,...,N, and ||[v|]| < €3/*t™ for some m >0,
we have )
dllv]|? < —§A05||vu2 +O(no)| dt + 2(v,dW).

With Corollary at hand, we can establish a stability result in the mass conserving
case. Due to the worse spectral gap, the maximal noise strength that we can treat gets
smaller.

Theorem 5.39 (L2-Stability for (mAC]).
For m > 0 define the stopping time

7% = inf {t €10, T: Ao = Jo(®)|| > 63/2+m},

where T, = eM for fived large M > 0 and 79 denotes the first exit time from A,. Also, assume
that for some v € (0,1)

lv(0)]] < ve¥?™ and ny < 42

Then, the probability P(t* < Te A 1g) is smaller than any power of €, as € tends to zero.

Proof. Once again, the assertion follows directly by combining the estimate of Corollary
with the general stability result of Theorem [2.14 O

5.5 Stability in L*

For controlling the stochastic ODE of the interface positions, we need to establish bounds
on the nonlinear term

(N (w), ult) = /1 (3uhv2 - v3) ult dz.

0

Since smallness in L? is not sufficient, we will prove that the L*-norm of v stays small for very
long times with high probability. In our analysis, we rely on the results of the preceding section.
There, we established stochastic stability in L? and hence, all constants which appear in the

following computations may depend on ||v| ;2 which—provided the assumptions of Theorem [5.36]

hold true—is smaller than £'/2+™ for polynomial times in e~!.

5.5.1 L-Stability for (AC)

We begin with the classical Allen-Cahn equation (AC|) without mass conservation. By the 1t
formula we have

1 1
Zd||v\|i4 = <v3,dv>+3/ v (dv)? dz.
0

Again, recall that by
dv = |L(u") + LM+ N ()| dt + dW hihy — 2§ 0l (Qoy o)) dt
v = [ (u") + LM + (v)} + _zj:Uj J_§Z“ij< 0i,05) dt.

ihj

First, let us estimate the It6 correction term fol v%(dv)? da.

Lemma 5.40. Let h € Q,. We obtain

1
/ VX (dv)2de = O(no)l[v]? dt.
0
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Proof. Using the relation for dv we see that
1 1 1
trace(Q) / v? dx — 2 Z/ v2(u§?, Qo) da dt + Z/ 02 (ult, u?}(Qai, oj)dxdt
0 - 0 — JO
J 0.

< mollv® dt + =2l g ||ol® dt + ce T e P 2 o]® dt = O(mo)[o]]* dt,

where we utilized the estimates of Proposition E for the derivatives of u” together with the
bound on the diffusion ¢ by Lemma [5.21 O

As a next step, we study the critical term (v3, dv). Note that we focus for simplicity only on the
toy problem f(u) = u? —u. Later in Section we extend our analysis to general nonlinearities
given by polynomials of odd degree. Expanding dv yields

1 1
(W3, dv) = (L(uh),v®) dt + {:‘2/ V304 da dt + / (1 - 3(uh)2) vt da dt
0 0

1 1
- / 3uP® da dt — / W8 dz dt 4 (v3,dW) — (v3, du™)
0 0

1 1
_ _352/ v%gdmdt—||v||g6dt+<£(uh),v3>dt+/ (1-3(u")?) o* dadt
0 0
1
- / 3ul® da dt 4 (03, dW) — (v3, du™).
0

We see that the good (negative) terms for our analysis are given by —|[v[|%s and, due to
integration by parts,

1 1 3 1 3
52/ Vg dr = f352/ vl dr — ”52/ (v1)o)2dz = —2&2](v?)a|%
0 0 4 Jo 4
Our strategy is to absorb as much as possible of the remaining terms into these negative ones,
while also using that we can control the L?-norm by the preceding stability result. We begin

h

with analyzing the dominant term. Since u” is uniformly bounded, we obtain by interpolating

the L*-norm between the good terms

1 1 Agmon
[ (130t ar < Ol < Cle?los [ 020 ol o

Young |
< g2 1P i + e ¥ ol

Holder1 o 99 —2/3)1,.13 (532)
e L
L + gl + e ol
Similarly, we estimate the L®-term
[ 30t < Bl < llolillo?l S elols o2 32121

T L + e ol
= S0Pl + e olalol (5.3

LTS + e ol ol

R e L )
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Combining the previous estimates we derived so far
1 1
(0, dv) < = S0 G dt = 5[0l d + ee™ Yo 4 e/ 7] dt
+ (0%, dW) — (03, du).

Note that we used £(u") = O(exp) and thus (L(u"),v3) < O(exp) + O(exp)|[v[|Ss by Hélder’s
inequality. Finally, we estimate (v3, du®) given by

(W3, duMy = Z( )dh + - Z v uU )(Qoi,04) dt
J (2]
For the second summand we have

3

(v*,uls)(Qoy, 05) < ||0|| e [v]le™ e’ 2/

B 2 2 R 2 ol 2
YL L + e P o 2 (5.34)
T e T R T
LI + g ol + e ool
In addition to the specified inequalities, we used that ||u || = O(e=%/?) by Proposition E

and |0 = O(¢'/?) by Lemma E

We conclude by analyzing the term involving the stochastic differential dh. Recall that by
dhj = bj(h,v)dt + (o;(h, v) dW), where b and o are given by and (5.19), respectively.
The diffusion term of (v3, u;j ") dh; can be estimated as follows:

(%, uf) (o, dW) = (O(|uf|lzellosl|v]|7s), dW)
= (O™ ||v]|2a), aW)
= (02 o]l[[v]|Fa), dW).

Estimating the drift of (v3, u?) dhj is trickier, as we have to bound b as well. We have seen in

Lemmata and that we can bound b up to a stopping time. As long as ||v(t)|| < e'/2t™
for some m > 0, we obtain

h h
[bj| = O(mo) + O(e) [N (v), uj)l,
where the inner product involving the nonlinearity can be estimated by
1
(N (v), u?> = /0 (3uhv2 — 03> ult dz
h h 2 h 3
[ | oo [l | oo 10l + llug | o= ([0 25

ceHoll* + e ol [lvllZs.

VARVAY

This yields [b;| < O(no) + cl|v]|* + ¢|[v]|[|v]|34, and we obtain

[(0*, )lbg] < e Mpllvl|Fs + ce ™2 olPllollEs + ce T2 ool Zalloll e
Holder 3/2 _ _ 9/2
S ez~ nollol*2 (0] 757 + cs= 2o l2[vll3s + e ol P2 o] % (5.35)
gl
< gllvllke +es” Ying ol + e o]t + e o
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Finally, we estimated every term of d||v||7,. Thus far, our estimates depend on the L?-norm
of v. Under the assumptions of Theorem i.e., a small noise strength 1y and a suitable
initial condition v(0), we can bound ||v||z2 by an e-dependent constant for long time scales. In
more detail, we obtain the following result.

Theorem 5.41. As long as ||v]| < /2™ and ng < 2™ for some m > 0, we have

1 1
2dllvlze < | =5lvlpe + e dt+ (O™ ol7a + [[vlle), dW).

Proof. For the proof, one essentially follows the preceding estimates and uses that by Hdélder’s

inequality
1 1 1
olize < lollllolize < Slol* + Slvllze < Sllvlze + et

Moreover, let us denote by K. (||v||) all terms appearing in the previous estimates of the stochastic
differential d||v||7 ., which only depend on ||v||. By Lemma and the estimates (5.32), (5.33),

(5.34), and (5.35), these terms are given by
K ([[v]}) = C (6_4/5HU||8/5 + e 30)B3 4 e fu)? +€_2HUII4) o]
_ _4/3 4/3
+ (0 + g + =3 o2

By the assumptions on 79 and ||v||, one easily computes that K_(|[v]|) < ¥/||v||? < e'+?m.
Note that the dominating term in K.(||v||) is arising from estimate (5.32). O

With this inequality at hand, we can apply the main stability theorem [2.14 of Chapter 2. Bear
in mind that in the derivation of Theorem [5.41| we presented only one technique and thus, we
cannot guarantee the optimality of the radii.

Theorem 5.42 (L*-Stability for (AC)).
For m > 0 and small k > 0, consider the stopping time

= inf{te [0, Am]: @) > 2 or o) > e
where T. = =M for any fized large M > 0 and 19 denotes the first exit time from Q,.
Also, assume that for some v € (0,1)

10(0)|| < ve¥*™  and  |v(0)|| e < vellAtm/2on

and that for the squared noise strength

Then, the probability P(* < T. A1) is smaller than any power of €, as € tends to zero.

Proof. The estimate of the diffusion term in Theorem does not quite fit in the setting of
the general stability result of Theorem For this term, we obtain up to the stopping time 7*

e [[ollFa + llolfa < cemintm AR )3,

By setting x(t) = [|v(¢)||24 and utilizing this estimate together with Theorem one then
obtains
do(t) < [Ko(no) — aca(t)?] dt + (O(ca(t)), dW),
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where a. = 3, K.(n0) = O(e*™1), and c. = O (gmin{m, 1/44+m/2=x})

With this stochastic differential inequality, we are back in the setting of Theorem Note
that we now have to adept the radius due to the substitution. For the result with respect to x
we have to consider RZ, where R, = g!/4tm/2=x

With that, one readily verifies that

is the given L*-radius in the definition of 7*.

K.(no) + ¢2m

_ 4K
o.R1 = O(e™).

So far, this shows that P(|[v(7*)||a > €'/4F™/27%) is smaller than any power of e. By the
L?-result of Theorem and the basic inequality

P(r. < ToAmo) < P([lo(r)] > e/2m) + P ([lo(r)||ps > e/ Hm/2)

the proof is complete. O

5.5.2 L*-Stability for (mAC)

We conclude this section with establishing stochastic L*-stability in the mass conserving
case (MAC). As usual, we start with an analogy to the stochastic differential inequality in
Theorem Due to the different radius R. and the noise strength 7y of the L?-stability result
of Theorem we have to adept the e-dependent constants.

3/2+m

Corollary 5.43. As long as ||v|| < e and ny < e*2™ for some m > 0, we have

1 1
2lllvlize < =5 lvllza +ce™™ | dt+ (O™ [ollz + [[v]I7a), dW).

Proof. The derivation leading to Theorem does not change in the mass conserving case,
since all quantities can be estimated in the same way. One easily verifies that the dominating
term in K.(||v||) remains the same and thus

Ke(|loll) < es™/PJlo)l'™/5 < /585 )2 < o], ]

With the estimate from Corollary we can again rely on the general theorem to derive
stochastic stability.

Theorem 5.44 (L*-Stability for (mAC]).

For m > 0 and small kK > 0, consider the stopping time
% — inf {t S [O7T€/\7_0] . ||’U(t)|| > 63/2+m or ||U(t)||L4 > 63/4+m/2—n}’

where T, = M for fized large M > 0 and 79 denotes the first exit time from the set of
admissible positions A,. Also, assume that for some v € (0,1)

lv(0)] < pe3/2+m  nd v(0)|| 2 < pe3/Atm/2—x

and that the squared noise strength satisfies ng < e*+2m.

Then, the probability P(t* < T, A1) is smaller than any power of €, as € tends to zero.

Proof. Here, we can essentially follow the pr(2)of of Theorem Using the adapted versions of
the constants, one then also obtains % = O(e**). The statement follows now from the
corresponding L?-result in Theorem [5.39. 0
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5.6 Extension to general nonlinearites

In the preceding stability analysis, we assumed that f is the derivative of the standard
quartic double-well potential F'(u) = %
the spectral analysis apply for a broader class of nonlinearities, we extend the results. In this
section, we assume that the nonlinearity f = F” is given by a polynomial of odd degree with
positive leading coefficient, that is,

2p—2
_ 2p—1 k
f(x) = agp1z + Z apx for p e N, ag,—1 >0, and ay,...,a2,—2 € R. (5.36)
k=1

(u? —1)2. As the construction of the slow manifold and

Crucial for the analysis and well-definedness of the stochastic ODE governing the interface

motion are bounds on the nonlinearity
2p—2

Nt (w) = fuh) = f +0) + fwv = —agy 10?1 + Z cpo”. (5.37)
k=2

Obviously, we can find a positive constant C' such that pointwise
WE@) < C (o + o).

Hence, in order to control N (v) in L', it is sufficient to control the L?’-norm of v. Note
that for our argument it is important that we have an even power (see Subsections m
and . Let us first show that the L?-stability result of Theorem still holds true for this
class of nonlinearities. Essential for our technique of proof was the estimate of Theorem [5.33]
namely

1
(LM + N (v),0) < —§>\0HvH2,

for some A9 > 0 and v orthogonal to the tangent space of M at w". In the proof of this
bound, we needed the estimate (N"(v),v) < C||v||3;. Note that this is the only term, which is
influenced by the change of the nonlinearity. Let us briefly show that this still holds true in the
general case and thus the L2-result of Theorem remains valid.

Lemma 5.45. Let f be the odd polynomial given by and N"(v) the nonlinearity defined
by . Then, we have
N (v),0) < Cllvl3s.
Proof. By we find ¢, ..., c2p—3 € R such that
2p—3
N (v) = —agy_ 10?771 + (Z ckvk) v.
k=1

Let C > 0 be such that

2p—3 1
‘ > Ckvk‘ < —agp—10* 2 + Clol.
2
k=1
Then, we obtain
1 2p—3 1 1
<Nh(”)av> = / —a2p—1’l}2p+ Z ek | v?da < / _§a2p—1v2p+0\v]3dzc < CHvHis- 0
0 k=1 0

Therewith, we are in the setting of the preceding section and can follow the proof that first led
to the inequality for d||v||? of Corollary and then to the L2-stability result of Theorem m
Hence, the following result is furnished in the general case.




104 5. Multiple kinks for the Allen—Cahn equation in one space dimension

Corollary 5.46 (L2-Stability for general nonlinearities).
For m > 0 define the stopping time

o = inf{te [0, T Am] : o) >V},

where T. = ¢=M for fized large M > 0 and 9 denotes the first exit time from Q, defined
in (5.31). Also, assume that for some v € (0,1)

[v(0)|| < ve/?™ and ny < 1M

Then, the probability P(t* < T. A 1p) is smaller than any power of €, as € tends to zero.

Similarly to the analysis of the quartic potential, we use the long-time stability in L? to extend
the stability result to L?. Recall that by Theorem [5.39 our optimal radius with respect to the
L%mnorm is given by R. = /2™ for a squared noise strength of order O(e'*2m). We have seen

in Theorem that the radius in the L*-setting scales like R;/ 2, while we can rely on the same
noise strength 79. In the general case, we expect that the optimal L?P-radius should behave
like R;/ P Essential for deriving stochastic stability in L?” is the following theorem. Here, we
will assume p > 3, since we already proved the result in L? and L.

Theorem 5.47. Let p > 3. Furthermore, assume that ng < e'*2™ and ||v|| 2 < e/>*™ for
some m > 0. Then, we obtain for a constant c, > 0 depending only on p

2 1, 2 I ap—2
Ay < e[~ SI01E2, — DUl — 2IOP)IP + 7]+ (),

where
_ 4p—2 — 2
16132 < e (o3 + Mol + e~ ol) ol

Proof. Here, we follow the method that led to Theorem |5.41| very closely. By 1t6 formula we
obtain

1 1
ool = @)+ 2= 1) [ 0w e

Similarly to Lemma we see that

b oo, 52 2p—2 o G202 4p—2 2-2/p i 112
/0 v P (dv) e < Collvllze = < Cnollol7=T vl < dllollpi = +eng ™ lloll
where we used Holder’s inequality to interpolate the L??~2-norm. Also note that by assump-

tion 7](2]_2/ P < 1. We continue with the critical terms. By expansion of dv we have

1
(P~ dv) = 52/ P Yy, dedt + WP f(u) — fu +v)) dt
0
— (7L L)) dt — (0P dul) + (0P dW).
Integration by parts yields for the first term

(I T, 2p — 1 1 2p—1
2 [0, = —@p- 1) [0t = T [ () = <), 2,
0 0 p 0 p

which is a good term for our analysis. We choose ¢ > 0 such that
) = fu" +v) < —agy vt + cv.

We obtain
_ 4p—2 2
P71 fW") = " 4 v)) < —agpa |l + cllvll 7,
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Hence, this estimate furnished another good negative L*?~2-term. We estimate the L?P-term
further and absorb as much as possible into the negative terms. By Agmon’s and Young’s
inequality we derive

1/2 2 — 2p/3 4p/3
o2 < [ 1Pkl do < BRI R < cc?o i+ el ol 5

We interpolate the Lebesgue spaces between L2 and L*~2. With Holder’s inequality we obtain

2 3p—2 2 (p—2)(2p—1)
2p/3 1/3 2 1 4p/3 3 3T -1
|20 < ol ol P20 and (ol P < o)l 27 o)l 22

Combining the interpolation estimates and using Young’s inequality yields

p—5 (2p—1)(3p—5)
- 2p/3). 14p/3 - e
el il < ee Q/SHUHB” vl et
4p—2 4=t =1 4p—2 —4 2l T2
< ellol ¥ + e T ol = cllol % + e ol o]

s~ 1 —1
We observe that by the assumption on ||v||;2 we always have ~Ag vl LSP P =]

So far, we have shown that
[ e (0P ) - 4 0)) < ~ORN@? - Ol + Ol
By Proposition [5.7| we see that £(u") = O(exp) and thus
(WP L(u")) = O(exp)|[vl|;fi s + Olexp).

Next, we control the term (v?~1, du") given by

Z< - 1’ j>dh’ +5 Z . 1 1]><Q017UJ> t
J 1,J

For the second term, we obtain

_ 2p—1
(W2~ ul ) Qo o) < ee ™ Pmg|ol|Z s < e 20 0P oo 0] o
_ 1/2 2
< e V200?13 uvu’;épu olPor s
_o/3 4/3, 12p/3; AR
< e 0P 3 + ey ||vu;;£ [l (5.38)
2 2 72/3 4/3 =3 B Cp=n) 31)(35 =
< c2|oP |2 + ce oll357° ol 1y s
_ p—1
< ce?||o?|2p + cllo] 5% + ce T T 2.

Here, the prefactor of the L?-norm is smaller than 1 as ny < e' 2™,

We have established in Lemmata |5.21 and that, as long as |[v]| < e/2*™ the drift term b
of dh is bounded by

bl = O(10) + O(e) [N (v), uf).

Since N*(v) is a polynomial in v of degree 2p — 1 with uniformly bounded coefficients, we find
a constant C' > 0 such that |N"(v)| < C(|v|*~! + 1) and therefore

b| < Cio + CeY2 |||, + CeV/2.,
This leads to the following estimate
_ _ 2p—1 - 2p—1 2p—1
[P )b < Clnoe™ 2 + 1)|lol| ity + Ce™ 2ol 5,0 o]l 7.

The first summand on the right-hand side can be treated identical to ([5.38)).
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For the second one, we obtain via Holder’s and Young’s inequality

1720 120—=1 i 2p—1 1/2 Ce-LCp-5)
Cce™ vl i ol e < Ce™ / HUHZP 2HUHL4p 5

< ol % + e VPP = ol % + e oD o

And once again, by assumption the prefactor of the L?-term is smaller than 1.
Let us summarize all the estimates we achieved so far. For a constant C, depending only on p,
we proved that

dllol%, < Cp [lloll% — 21@P)al? + [ol32] de -+ @+ @2 ul)o, dW)

4p—2 — — h
Cp [~ 411013, — 3ol 2 — 2N (7)1 + 0l32] dt + (021 + (%L, ulyor, aw),

IN

In the last step, we utilized that by Holder’s and Young’s inequality

2p—1 4p—2
W7 < lvllcellvlifts < Solls + $llvl 2

It remains to control the diffusion

Y = v+ (0P uf)o;.

We have
4p—2 -1 . h - ~1 . h
[¥ill72 = vl e + 2@ ul) (0~ o) + (0P~ ul)? (o172
4p—2 2p—2
< Clollfnze < CllvP % vl

2p—2
< ClloP [l llollfap vl 20"
p(p— 3)
C Il 5" o] 7T [Ell*

(2172(1)(117) 3) pt1
C (1P llmlloll st ol ) (o],

IN

IN

2p—1)(p—3) 1
P 1 p—1 =
< (el + e ollo 2t Il ) o,

— 4Ap—2 —
< (eello? |2+ Mol 3% + M ll?) (10l 25,

This concludes the proof. O

With help of Theorem we can prove the long-time stability for general nonlinearities.
The following theorem verifies that the maximal radius in L?? is indeed given by R;/ P where
R. denotes the L?-radius. This leads to a generalization of the result we obtained in Theo-
rem

Theorem 5.48 (L?P-stability for general nonlinearities).
Form >0, small Kk > 0, and p > 3, consider the stopping time

= inf {t€ [0, TLAm) ¢ [o@)] > eV or [[u(®)] g2 > /AR (5.39)
where T. = e~ for fived large M > 0. Moreover, assume that for some v € (0,1)
l(O)]] < ve'/2™ and  |[v(0)| g2 < ve/FPEMPTE,
1+2m.

and that for the squared noise strength ng < &
Then, the probability P(t* < T. A1) is smaller than any power of €, as € tends to zero.
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Proof. The estlmate of the diffusion term ¢ in Theorem [5.47| does not quite fit in the settlng
of Theorem In order to apply this theorem, we have to bound positive powers of ||v]|% Top
In the sequel, we will use C for a positive constant depending only on p and ¢. For ¢ > 2 we
obtain

2 2 1 2 2)
o] = 2pgllol 2V dlle]| 2, + 4pq(q — Dol 202 [alo),]”

2p(g—1) 4p—2
< Ollol 7" | =301, — $IvllE2 — 2N @P)all + Ilo]?] dt (5.40)
2 2) 2 1)
+ Cmollol 72 [l dt + Cllol 7~ (w, dw).

By the estimate of 1 we have for ¢t < 7*
nollvl7 )2 < Crollvllza ™ (ello? 3 + Mol + e lvlf?)
< C™ ol Y (0P 30 + Il B + 1)) -
All those terms are by a magnitude of €2 smaller than their counterparts in . This yields
dl[vl25 < ~Cllvl|?8 dt + Cllo)| 2|0l 75 dt + Cllo)| 359D (1, aw)

L = L2 L2
2(g—1 2(g—1)
< —Clol|75 dt + C |l dt + Clo ]| 359 (v, dW).

From here, we can follow the proof of Theorem [2.14l Inductively we obtain with o = g'+?™

Ellv(r*) |5 < Cal[l+T.].
By assumption on the L?-radius R., we have a/RP = O(¢") and the argument can be closed

via Chebyshev’s inequality. O

Remark 5.49. In the analysis of the stochastic ODE governing the motion of kinks, we had to
control the L?P-norm only in Lemma when we dealt with bounding the full operator £(u"+v).
Let 7* be the stopping time defined by ([5.39). For ¢ < 7* we obtain

<Nh(U)>U> < Cg_1||j\fh(v)‘|L1 05—1 |:HUHLQP+HUH%2:| < €1+2m—2n'

This is—as one would expect by the scaling of the radius—exactly the same estimate as in
Lemma Hence, the analysis of the stochastic ODE remains unaffected by the more general
nonlinearity f.

So far, we studied the general case for the stochastic Allen—Cahn equation. The mass conserving
version can be treated in a similar fashion. The scaling between the L?-radius R. and the
radius with respect to the L?P-norm follows the same rule as before. Therefore, we expect the
following result to hold true, but omit the details here.

Conjecture 5.50 (L*-Stability for (mAC]).

For m > 0 consider the stopping time
= inf{t€ [0, T Am] : )] > ™ or [Ju(t)]|ps > &3/ HmIPRY,
where T. = ¢=M for fixed large M > 0. Suppose that for some v € (0, 1)
lo(O)I < ve®™, [lo(0)|| s < ve®2FMPTEand gy < £

Then, the probability P(7* < T. A 79) is smaller than any power of ¢, as e tends to zero.







APPENDIX A

Basic tools

This chapter is a brief collection of estimates from basic calculus, PDE theory, and functional
analysis that were frequently used throughout this thesis. These can be found for example
in [Brelll [EvalQ]. For a collection of basic tools and inequalities from stochastic analysis, see
the following chapter, Appendix

We start with one of the basic tools from calculus, namely Young’s inequality for prod-
ucts. It can be used to prove Holder’s inequality. In our work, it is widely used to es-
timate products of different norms by the sum of the same terms with adequately scaled
powers.

Theorem A.1 (Young’s inequality).
If a,b > 0 and p,q > 0 such that 1% + % =1, then
al bl

ab < — + —.
b q

Proof. The map x — exp(z) is convex and consequently,

ab = exp (% log(a?) + %log(bq)> < %exp (log(a?)) + %exp (log(b?)) = % + %. O

If we set a := (ep)'/Pa and b := (ep)~'/Pb, we obtain a scaled version of Young’s inequal-
ity, also called ,,Young’s inequality with £“, which allows us to weight the factors differ-
ently.

Corollary A.2 (Young’s inequality with ¢).
If a,b >0, >0, and p,q > 0 such that %—l—% =1, then

(pe)' 1
q

ab < ea? + be.

In the following theorems, we state some important tools from the theory of Sobolev spaces.
One of the fundamental inequalities is the Poincaré inequality.

Theorem A.3 (Poincaré inequality).
Let Q be a bounded, connected and open subset of R% with C-boundary and p € [1,00).
There exists a constant C' = C(d,p, Q) > 0 such that for every f € WHP(Q)

IR < OV ooy

Proof. For a proof see [EvalQ] Theorem 1 in Section 5.8. O
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A prominent role in our study play inclusions between different Sobolev spaces. Given the
space WFP(Q) of (weakly) differentiable functions, whose first k& weak derivatives are in LP, the
Sobolev embedding theorem is concerned with the question on when there exist continuous
inclusions Wk c Whe,

Theorem A.4 (Sobolev embedding).
Let Q C R be a bounded Lipschitz domain. Suppose that k> £ and 1 < p < q < oo are such

that 1k e,

p d q d

Then, we have the continuous embedding W*P(2) ¢ Wh4(Q). In the special case k =1 and £ = 0,
this yields WP () C LP" (), where p* is the Sobolev conjugate of p given by p* = dp/(d — p).

Proof. The special case k = 1,¢ = 0 is a direct consequence of the Sobolev—Nirenberg—Gagliardo
inequality. For the general case see [EvalQ], Chapter 5.6, Theorem 6. O

Next is the Gagliardo—Nirenberg interpolation inequality, which interpolates the LP-norm of a
weak derivative.

Theorem A.5 (Gagliardo—Nirenberg interpolation inequality).
Let Q C R be a bounded Lipschitz domain and 1 < ¢,r < oo and m € N be such that for j € N

and j/m < a <1
1 (1 m) 1-a
S=s4(-—=)a+ .
p d q
There exists a constant C > 0 such that for u € W™ (2) N L4(2)

||Dj’LL||LP(Q) < CH“H;E(QQ) ||UH%V7””(Q)'

Proof. The statement was originally proved by L. Nirenberg [Nir59, p.125]. Some applications
can be found in [Brell]. O

An important special case of this estimate is Ladyzhenskaya’s inequality, which is concerned with
bounding the L*-norm of a function in terms of the L?- and H'-norm.

Corollary A.6 (Ladyzhenskaya’s inequality).
For d € {2,3} let Q C R? be a bounded Lipschitz domain and u € HZ(Y). There exists a
constant C > 0 such that for d = 2

1/2 1/2
lull s < Cllull o2 llull}r.

In the three-dimensional case, one obtains

1/4 3/4
lull s < Cllull 5! ull3y.

Agmon’s inequality is concerned with controlling the uniform norm of a Sobolev function by

means of the Sobolev spaces H®. For a proof, we refer to the original work of S. Agmon [Agm10|
Lemma 13.2].

Theorem A.7 (Agmon’s inequality).
Let Q C R? and s; < % < s9. If0< @ <1 and g = 0s1+ (1 —0)s2, we have for any u € H%2(Q)

lull o) < Cllullfro @ el o)
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The final results concern fractional Sobolev spaces W*P(Q) (see [DNPV12] for an overview).
For QcR% 0<s<1and1<p< oo we define

WP (Q) = {u € 17(Q) : W € I7(Q x Q)} ,

endowed with the norm

1/p
u(x) —u(y) P
fulhwsioy = (oo + [ [ M= azay)

Similarly to the classical Sobolev spaces, we have the following interpolation inequality for
fractional Sobolev spaces.

Theorem A.8 (Interpolation inequality).
Let 0 < s1 <s9<1andl <py,p1 <oo. Moreover, let 0 < 6 < 1 be such that

1 0 1-46
s =0s1+(1—-0)sy and - = —+
p b1 b2

Then we have WP () C W#oPo(QQ) N W*PL(Q) and

lullwsr < Cllullfysrm [lulliy

We conclude this chapter with a result on fractional embedding. The fractional Sobolev

space WP () is continuously embedded into L%(Q) for any g € [p, p*], where p* = di’; > is the

fractional critical exponent.

Theorem A.9 (Fractional embedding).
Let Q C R? be an open set of class C%' with bounded boundary. Let s € (0,1) and p € [1,00)

such that sp < d. Then, there exists a positive constant C = C(d,p,s,Q) such that for any
u € WP(Q) and any q € [p, p*|

[ullpa)y < Cllullwseq),

where p* = dp/(d — sp) is the fractional critical exponent. If, in addition, the set Q is bounded,
then the space W*P(Q) is continuously embedded into L1(Y) for any q € [1,p*].







APPENDIX B

Preliminaries from stochastic analysis

We collect some important definitions and theorems from stochastic analysis. In the first part,
we give the definitions of a Q-Wiener process and stochastic integration. Thereafter, we discuss
semigroups and stochastic differential equations. Under Lipschitz conditions we state a result on
existence and uniqueness of solutions. Throughout these sections, we mainly follow [DPZ92b).
The final part is devoted to some inequalities from stochastic analysis.

B.1 O-Wiener processes and stochastic integration

Throughout this section, H and K denote separable Hilbert spaces, L(#,K) the space
of all bounded linear operators from H to K, and HS(H, K) all Hilbert—Schmidt operators
from H to K. Moreover, we fix an abstract probability space (2, F,P) together with a
filtration {F}se(0,17-

Definition B.1 (Q-Wiener process).
We call an H-valued stochastic process {W(t)}+>0 a Q- Wiener process, if

e W(0) =0 (P-almost sure),
e W has P-almost sure continuous trajectories,
e The increments of W are independent, i.e., the random variables
W(t1), Witz) =W(t1), ..., W(tn) = W(tn-1)
are independent for any choice n € Nand 0 <t <ty < ... <t,,

e The increments are Gaussian with W (t) — W(s) ~ N (0, (t — s)Q) for all 0 < s < ¢.

Crucial for our analysis are covariance operators that are of trace-class.

Definition B.2 (Trace-class operators).
A non-negative operator Q € L(H) is of trace-class, if for an orthonormal basis {ej }ren of H

trace(Q) = Z(Qek,ek>y < 0o0.

keN

Let u € H with ||u]| = 1. By completing v to an orthonormal basis of H we see that
(Qu,u) < trace(Q) and thus we always have [|Q|lL) = SUDyep, |u)=1(Qu,u) < trace(Q).
Also, note that every trace-class operator is compact and therefore, by the spectral theorem
for compact operators, there exists a basis of eigenfunctions {ey}ren and eigenvalues oz%,
ie., Qer = azek.
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Theorem B.3 (Series expansion).
Let Q be a trace-class operator with orthonormal basis of eigenfunctions {ey}ren and eigen-
values {az}keN. If W is a Q-Wiener process, then it is given by the series expansion

W(t) = > oaxBr(t)er

keN

for a family {B}ren of independent real-valued standard Brownian motions.

We continue with the definition of the stochastic integral with respect to a Q-Wiener process
for a broad class of stochastic processes. We start with defining the integral for elementary
processes and then, extend it via completion and localization to a more general class of stochastic
processes.

Definition B.4 (Elementary Processes).
We call a stochastic process ®(t), t € [0,T] elementary if thereexist 0 =to < ... < t, =T, n €N
and F;, ,-measurable random variables ®j : 2 — L(H, K) such that for any ¢ € [0, T]

D(t) = Y PrXty_y0) ()
P

In the sequel, we denote the space L2([0,7] x Q, HS(Q'/?(H),K)) by L.

Definition B.5 (Stochastic integral for elementary processes).
Let ® € L1 be an elementary process. We define the K-valued stochastic integral

/OT O(s)dW(s) = Zn: Oy (W (tg) — W(tp_1)).
k=1

Via It6 isometry, the map induced by the stochastic integral is (for elementary processes) an
isometry between the spaces L7 and L%(Q, K).

Proposition B.6 (It6 isometry).
If ® € L1 is an elementary process, then

IEH/OTQ)(S) dW(s)H’QC —E (/OT“@(S) 0 Q2|2 d3> .

We extend the stochastic integral via approximation by elementary processes to a broader class
of stochastic processes. If X is a predictable process in L7, then there exists a sequence of
elementary processes { X, }nen such that X,, — X in Lp. Hence, the stochastic integral can be
defined on the subset N2(0,T) C Ly of predictable processes, i.e.,

N2(0,T) = {CID :[0,T] x @ — HS(QY2(H),K) : ® € Ly and ® is predictable}.

Via localization the stochastic integral can be extended further to the linear space Ny, (0,T)
given by

Nw(0,T) = {<I> [0, 7] x Q — HS(QY?(H),K) : ® is predictable

T
and IP’</ [|®(s) 0 QV2||3gds < oo) = 1}.
0
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An important role in the study of stochastic differential equations plays Itd’s formula. We
give conditions on a function F : [0,7] x K — R under which F(t, X (¢)) has a stochastic
differential provided that X has a stochastic differential. The extension to R"-valued functions
is straightforward and omitted.

Theorem B.7 (It6 formula).

Let Q be a symmetric non-negative trace-class operator on a separable Hilbert space H and
{W(#) }iepo,r) @ Q-Wiener process on a filtered probability space (2, F,{Fi}ieo,r),P). Assume
that a stochastic process X (t), 0 <t < T, is given by

X(t) = X(0)+/0t\1'(s) d8+/0t<1>(s) A (s),

where X (0) is a Fo-measurable K-valued random variable, ¥(s) is a K-valued Fg-measurable
process with

T
/ |W(s)|[xds < oo P-almost sure,
0

and ® € Nyw(0,T). Furthermore, assume that a function F : [0,T] x K — R is such that F
is continuous and its Fréchet derivatives Fy, Fy,, Fy, are continuous and bounded on bounded
subsets of [0,T] x K. Then, the following Ité formula holds true P-almost sure for all t € [0,T]

F.X(0) = FOX0) + [[(Fo.X(6). 26 AW ()
+ /Ot Fi(s,X(s)) 4+ (Fy(s, X (5)), ¥(s)) ds

+ ;/Ot trace (Fya (s, X (5))(@(5)Q"/%)(9(5) Q%)) ds.

B.2 Semigroups and stochastic PDEs

Here, we give the definition of a mild solution to a stochastic PDE. First, we recall some
basic definitions from semigroup theory. For more details we refer to [BB67, [Paz83| [Yos80)].

Definition B.8 (Cp-semigroup).
A family S(t) € L(K), t > 0, of bounded linear operators is called Cy-semigroup if

e S(0)=1
o S(t+s) = S(t)S(s) Vt,s>0
o limy .o+ S(t)z =2 Vrek

Definition B.9 (Infinitesimal generator of a semigroup).
Let S(t) be a Cp-semigroup. The linear operator A with domain

D(A) = {CE e K : lim S(t):;c—a; exists}

t—0t
defined by
Ap — lim 20z -2
t—0+ t

is called infinitesimal generator of the semigroup S(t).
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We can now give a meaning to the stochastic PDE

(B.1)

dX(t) = (AX(t)+ F(t, X (1)) dt + B(t, X (t)) dW (¢)
X(0) = X

Here, A: D(A) C K — K is the generator of a Cy-semigroup, W (t) denotes a Q-Wiener process,
and the initial condition X is assumed to be an Fy-measurable K-valued random variable. The
coefficients F' and B are in general given by nonlinear maps

F:Qx[0,T] x C([0,T],K) = K and B:Qx[0,T] x C([0,T],K) — HS(QY?(H), K).

Definition B.10 (Mild solution).
A stochastic process X () on a filtered probability space (2, F, {F }ic[0,7], P) and adapted to
the filtration {F}icpo 7y is called a mild solution to (B.1), if

P ( / NIX @l dt < oo) ~ 1,

T
P(( [ IR XO) e+ 1B X O s om0 < oo> -1,
and for all ¢t < T (P-almost sure)
X(t) = S(t)Xo—i—/OtS(t—s)F(s,X(s))ds—i—/OtS(t—s)B(s,X(s))dW(s).

Remark B.11 (Conversion into a Stratonovich integral).

By Ito formula (Theorem [B.7), the chain rule does not hold true for stochastic differentials.
One way to overcome this problem is to define the stochastic integral in a different way, namely
the Stratonovich integral. Let X (¢) be a mild solution of and @ : [0,T] x K — L(H,K) a
sufficiently smooth operator. Then, one can make sense of the following definition:

/tCI)(s,X(s)) o dW = /t@)(s,X(s))dW—i—;/ttrace(QDgé(s,X(s))B(s,X(s))ds.
0 0 0

For a more detailed prescription and exact conditions we refer to [TN04]. Basically, the It6
correction term is absorbed into the definition of the Stratonovich integral. The price one has
to pay though is that the Stratonovich integral no longer is a martingale.

Under certain measurability and Lipschitz conditions on the coefficients ' and B, one can show
that there exists a unique solution to (B.1). We assume that the following conditions hold
true:

(S1) F and B are jointly measurable, and for every 0 < ¢ < T they are measurable with
respect to the product field F; ® G; on Q x C([0,T7], K), where G; is a o-field generated by
cylinders with basis over [0, ¢].

(S2) There exists a constant ¢ > 0 such that for all x € C([0,T7],K)

[1F(w,t, @)k + | B(w, t, 2)lus(oizy 6y < ¢ <1+ sup Hfr(t)\/c>-
0<t<T

(S3) For all z,y € C([0,T],K) there exists a constant C' > 0 such that

1Bt 2) = Flw,ty)lic + [ Blw, b 2) = Blw,ty)lus(orzu.0 < ¢ sup_ll2(s) = y(s)lx.
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Theorem B.12 (Existence and uniqueness).
Let F and B satisfy (S1)-(S3). Then (B.1) has an unique continuous mild solution. Moreover,
z’fIEHXonKp < 0o for some p > 1, then the solution X (t) satisfies

2
E sup | X(s)[# < oo
0<s<T

In the case p =1, we have to assume that S(t) is a pseudo-contraction semigroup, that is,
a semigroup such that for some o > 0 we have [|S(t)| 1) < exp(at) for any t > 0.

B.3 Basic tools from stochastic analysis

We close this brief review of stochastic analysis with some basic tools that were used
throughout this work.

Theorem B.13 (Chebyshev’s inequality, [Tch67]).
Let (Q, F,P) be a probability space and X : Q@ — Rg a random variable. Then, for any R >0
and 0 < p < o0

E[X?]

P(X > R) < —

Proof.

E[X?] = / XPdAP > / XPdP > / RPAP = RPP(X > R). O]
Q {w:X(w)>R} {w: X (w)>R}

The following theorem introduces the Burkholder-Davis—Gundy inequality, which deals with
bounding the expectation of the supremum of a local martingale up to a stopping time. Note
that the stochastic integral defined in Section [B.1 is a (local) martingale. We take care of this
special case in Corollary where the constant is explicitly given. We denote the quadratic
variation of a stochastic process { X (t) };cjo,r) by [X]i, that is,

[X]t = lim Z X(tp_1))?,

\P||—>0

where || P|| is the mesh size over partitions of the interval [0,¢]. The following inequality was
first proved in [BDGT72].

Theorem B.14 (Burkholder-Davis—Gundy inequality).
Let X be a local martingale with Xg = 0 and 7 an F-stopping time. Then, for any 1 < p < oo,
there exist positive constants c,, Cp such that the following inequality holds

P

B [[X]?] <E <sup\Xs|> < GE[[X]P7].
s<Tt

Corollary B.15 (Burkholder-Davis—Gundy for stochastic integrals).

Forp>1 and ®(t) € HS(QY?(H),K), t € [0, T], we have

# 2p T 1/2)2 .
E sup H/o <I>(s)dVV(s)H’C < GE /0 |®(s) 0o Qs ds |

0<s<T

2

2
where the constant C), is explicitly given by Cp, = (p(2p — 1))? (%) "
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Finally, we state Doob’s optional sampling theorem in a for the purpose of this work abbreviated
version. Basically, properties of martingales generalize to stopping times. For a proof we refer
to [Kle06].

Theorem B.16 (Doob’s optional stopping theorem).
Let {X:}+>0 be a martingale with respect to the filtration {Fi}i>0. Suppose that T is a stopping
time such that there exists a positive integer N with 7(w) < N for all w € Q. Then, X, is
integrable, and satisfies

EX, = EX,.




APPENDIX C

Existence, uniqueness and regularity of solutions to the stochastic
Cahn—Hilliard equation

This chapter is devoted to establishing existence, uniqueness and regularity of solutions to
the stochastic Cahn—Hilliard and Allen—Cahn equation in the relevant space dimensions. Here,
we will only treat the stochastic Cahn—Hilliard equation in the three-dimensional case, but the
adaption to other space dimensions or the Allen—Cahn equation is straightforward. Moreover,
for simplicity, the parameter € > 0 is scaled out and thus we consider € = 1. We state some
results from [DPD96]. For more details on the stochastic Cahn-Hilliard equation, we refer
to [CWO01, [EM91] and for a general overview to [DPZ96, DPZ92b, [GP93| [Zab89].

Let us start by introducing some notation. For a smooth bounded domain 2 C R? we
consider L?(2) with the standard norm || - || and inner product (-,-). The subspace of functions
with mean zero is denoted by

Li(Q) = {ue L3(Q) : m(u) = ‘Sln/gu(x) dr = O}.

For u € L?(Q), the projection onto L3(Q) is denoted by @ = u —m(u). On L3(Q) we define the
linear unbounded operator A by

0

Au = —Au, we D(A) = {u€H2(Q) o= o}.
n

The operator A is self-adjoint, positive and has a compact resolvent. Furthermore, there
exists an orthonormal basis in L?(2) of eigenfunctions {e}reny with corresponding eigen-
values

0:)\0<)\1§)\2§...§)\k—>00.

Also, note that the function eg is constant and equal to \Q\_1/2. For s € R and u = Zj ajej,
we define the fractional power A%/2 by

2, . 2
A3y = Z)\j/ aje;
JEN
with domain H® := D(A%/?) = {u = Yjen e 1 Y ey Ajed < oo}, We endow H® with the
seminorm and semiscalar product

luls = |A%2ul|, (u,v)s = (A%2u, A3/ %)

and the norm 1/2
lulls = (Jul? + m(w)?) "

In this setting, the stochastic Cahn—Hilliard equation is then given by
du = [—AQu - Af(u)} dt +dW, u(0) = wup. (CH)
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For simplicity of presentation, we will always assume that f(u) = u3—u in the sequel. In [DPD96],
polynomials of odd degree with positive leading coefficient were treated. Moreover, W denotes
a Q-Wiener process and is given by the series expansion

W(t) = > owBe(t) fr,
keN

where { fx }ren forms an orthonormal basis of eigenfunctions of Q, i.e., Qfy = a2 fx, and {B }ren
is a family of independent real-valued standard Brownian motions. Define the stochastic
convolution

t
Wa(t) = / e~ (=94 Q7 (),
0
which is the unique solution to the linear problem
du+ A%udt = dW,
u(0) = 0.
Note that, in the case of a cylindrical Wiener process, W4 has an a-Holder continuous version
for any exponent o € [0,1/8). For a smoother noise, i.e., trace(A'~?Q) < oo for some § > 0,

VW4 has an a-Holder continuous version for any exponent o € [0,0/4).
If u(t) is a solution to (CH), one easily obtains that v(t) = u(t) — Wy(t) is a solution to

{$+A2v+Af(v+WA) =0, (C.1)

v(0) = wup.

First, let us show that solutions to , or equivalently , are unique. Crucial for
establishing uniqueness is the differentiability of the {~'-norm. Lemma 2.1 in [DPD96] gives a
criteria for achieving that. A proof of an easier version can be found for example in [Eval0l
Section 5.9, Theorem 3].

Lemma C.1. Let u € L*([0,T); H~1) N L*([0,T] x Q) be such that
A7 90 = wy +wy  with wy € L2([0,T); H™Y) and wy € LY3([0,T] x Q).
If the map t — m(u(t)) is continuous, then u € C([0,T); H™Y) and O|u|®, = 2{u, A~ du).

With the help of this lemma, one can finally prove uniqueness of solutions to (C.1). The main
idea is to apply Gronwall’s lemma to the difference of two solutions.

Theorem C.2. Let ug € H~'. Then, there exists at most one solution to (CH) that lies
in L2([0, T); 1Y) N LA([0, T] x €2).

Proof. Let u,v € L?([0,T]; H') N LA([0,T] x Q) be solutions to (C.1) and define z :=u — v.
Then, z solves

Opz+ A%z + Af(u+Wa) — Af(v+Wa) = 0,
Z(O) = Uup — vy = 0.

Note that the conservation of mass obviously implies that m(z(t)) = 0 for all £ > 0. More-
over, Az € L*([0,T]);H~!) and, by the regularity of W4 and f being a cubic polynomial,
flu4+Wy) = flv+Wa) € L¥3([0,T] x Q). Hence, Lemma is applicable and yields

Olz|2] = 20z, A7 0z) = =222 + 2(f(v + W) — 2f (v + 2 + Wa), 2).
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For the last term we obtain via Holder’s inequality

(Fo+Wa) = fo+ 2+ Wa),2) = 1212 — [|2I|L, —/QZQ(U+WA)2+Z3(U+WA)<1:U

IN

1 1
2 4 2 2
2l = 5lelba = 5 | 2200+ Wa)da.
We now use |[z]|2, < |z|-1]2[1 < 3|2/, + |2[} and derive

Oelzl2y < =20z +2l|2]72 < 1224

Applying Gronwall’s lemma yields |z|2; = 0, and thus uniqueness. O

As a next step, we investigate the existence of solutions. Under certain regularity assumptions
on the @Q-Wiener process W and the initial condition ug, the solution of is constructed via
Galerkin approximation. For this purpose, we denote for m € N the orthogonal projection on
span{eg,...,en} by P, and set vy, := Ppv and W' := P,,,W4. The Galerkin approximation
of is then given by

{8t Um + Ava + PmAf('Um + W/T) = Oa

vm(0) = Ppup. (©2)

We state the first result on existence for a cylindrical Wiener process, that is @ = I, and an
initial value in H~! (cf. [DPD96], Section 2.1). Note that it is clear that Theorem |C.3 still holds
true if we replace the cylindrical Wiener process by smoother noise.

Theorem C.3. Assume that Q = I and g is Fo-measurable with values in H~'. Then, there
exists a unique solution u(t) of the Cahn—Hilliard equation (CH) with u € C([0,T]; H™1).

Proof. By taking the semiscalar product of (C.2|) with v,,, we obtain
1 _
SOuvm 1+ [om [+ (P f (vm + WE), ) = 0. (C.3)

Since the projection P, is selfadjoint, the last term is given by

(P f(vm + WA, 0m) = (f(vm + WH),0m + W) = (f(vm + WZ'), m(vm) + WZ').

In our toy case f(x) = 2% — x, we have for all z € R

z- flz) > %(#—1) and [f(z)] < 2(|z]® + 1).
This implies that

(FCom + W), v+ WE) > o + WEL: — 510,

and, by Holder’s and Young’s inequality,
(f(om + WZ), m(vm) + W)
< 2 [ o+ WE (m(wm) + WD) da+2 [ (fm(om)] + W) da

IN

2lvm + W IFa (121 m(wm)] + [WH |2 ) + 20 m(vm)| + 20204 W7| s

IN

1
gllom + WL+ e (Imm)l* + W7 +1).
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Plugging these two estimates into (C.3) yields
1 1
SOl ol lom + WIS < ¢ (I + IWF L +1). (©4)

We observe that m (v, (t)) = m(Ppuo) = m(up) for all ¢ > 0. Moreover, by the Holder regularity
of the stochastic convolution W4, we see that |[W}*|| 4 is uniformly bounded. Hence, we
conclude that the right-hand side of is uniformly bounded and thus the sequence (v, )men
is bounded in L>®([0, T]; H~1), L2([0,T]; H'), and L*([0,T] x 2). This implies that

Avy, € L2((0,T);H™Y  and  f(vp + WT) € LY3(0,T] x Q).

The spaces L2([0, T]; 7 ") and L¥3([0,T] x Q) are both embedded into L*/3([0, T]; #~2) and
therefore, we derive that vy, = —A%vy, — PrAf(vy + W) lies in L¥3([0,T); H~4). By a
classical compactness argument (cf. |[Aub63]), it can be inferred that (v,,) has a subsequence,
which is strongly convergent in L2([0,T]; H") to a function v € L2([0, T]; H') N L*([0,T] x Q).
This shows that
A7 o € L2([0,T); 1Y) + LA([0,T] x Q),

and by Lemma @ we conclude that v is continuous with values in #~'. Since we already know
that solutions to are unique, the whole sequence (v, )men converges to v. O

In our applications, we typically need more regularity of solutions to (CH). To establish that,
we automatically have to assume that the noise is even smoother, namely trace(AQ) < oo. Note
that this condition also implies that the covariance operator Q is of trace-class. We define the
functional J(u) by

J(u) = /Q<;|Vv|2+F(u)) dz,

where F' denotes the primitive of f vanishing at zero. It is well known that J(u) is a Lyapunov

, %J(u(t)) < 0 for a solution u(t).

In Section 2.3 of [DPD96], this was extended to the stochastic case. Therewith, one can prove

functional for the deterministic Cahn—Hilliard equation, i.e.

H!-regularity of solutions provided the initial value lies in H'.

Theorem C.4. Suppose that trace(AQ) < oo. Furthermore, assume that ug € H' is
Fo-measurable and EJ (ug) < oo. Then, u € C([0,T]; H') and

EJ(u(t)) < efrace(Q)t (IEJ(U(O)) + trace(AQ) trace(Q) + C’) )

Proof. For u, defined by u,, = vy, + WJ' we have
where P,,W(t) = >/t ik (t) fr. Applying It formula yields

dJ (um) = (Ju(tm), PrndW) + (Jy(tm), —A%Um — Py Af (um)) dt + Strace(Jyu(um) P Q) dt,
(C.5)

where J,, and J,,, denote derivatives of the functional J. We have J,,(u,) = Aup, + f(un) and

therefore
(Ju(um), —A?u,, — PrAf(um)) = —|Aupm + f(um)\% (C.6)

For the second derivative one computes Jy (um) = A + f'(uy,) and thus

trace(Jyy (Um ) Pn Q) = trace(AP,Q) + Z ai/ I/ () f7 da.
k=0 7%
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The eigenfunctions fi can be expressed as a product of sines and cosines times a constant, which
only depends on |2|. Therefore, we find a constant ¢ such that || fx||z~ < ¢. Hence we obtain

’/Qf’(“m)fl?dx‘ < Cz/g\f/(um)\dx < 302/Q]um\2dx+02

C/ um|*dz + C < C/ F(up)dz 4+ C < J(um) +C.
Q 9)

IN

Here we used that |f/(x)| < 322+ 1 and F(z) > az* — b for some positive constants a,b. So far
we have shown that

trace(Jyy (um) PrnQ) < trace(AP,,Q) + trace(Pp, Q)(J (um) + C). (C.7)
Relations (C.5), (C.6), and (C.7) together with E(Jy,(u,), P dW) = 0 now imply
d 1
—EJ () = E(Jy(tm), =A%t — PrAf(um)) + itrace(Juu(um)PmQ)

i < trace(AP,, Q) + trace( P, Q)(EJ (um,) + C)
< trace(Q)EJ (upm,) + trace(AQ) + C trace(Q).
Applying Gronwall’s inequality yields
EJ (um(t)) < efrace(Q)t (EJ(um(O)) + trace(AQ) trace(Q) + C) .

If EJ(up) < oo, the claim is verified via lower semicontinuity. O

Remark C.5 (Local existence).

The preceding results provided us with a global solution to the stochastic Cahn—Hilliard equation.
For the purpose of our work though, local solutions are sufficient. Let us—on a heuristic level—
show that for an initial value ug € H? we find a positive time tg > 0 such that the solution
lies in L>°([0, %], H?). We expect that it is possible to show global existence, but the technical
details are rather delicate. Also, note that it is straightforward to extend this local result to
fractional Sobolev spaces of higher order. Similarly to the proof of Theorem [C.3 we obtain

1
5@\1}]% + 0|3 + (A%, Af (v + Wa)) = 0. (C.8)
Critical for bounding the inner product is the term (A%v, Av3). Integration by parts yields
(A%, Av3) = 3/ v AvA%v dz — 6/ v|Vo|? A% dx
Q Q
= —3/ v? |V Av|? dz —1—6/ vVo(VAv)Avdr — 6/ v|Vo2 A% dz
Q Q Q

—3/ 1)2|VAU|2dm+c/ |VU|2|AU|2dx—6/ v|Vu|* A%y dx
2 Jo Q Q

IN

IN

1 1
3 [IVollS + vl + Plg [IVollse < elvly + 5 [of3.

In (C.8), we set x(t) = |v(t)|3. With the bound on the crucial term, this provides us with an
estimate of the type
2'(t) < C(z(t)P + 1)

for some constant p > 0. Hence, by a comparison principle, we find a positive time ¢ty > 0
(depending on p) such that solutions of (C.8|) persist at least up to the time tg and satisfy

sup |v(t)]2 < C.
te[0,to0]
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