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Abstract

We investigate the emergence of rigid polycrystalline structures from atomistic
particle systems. The atomic interaction is governed by a suitably normalized pair
interaction energy, where the ‘sticky disk’ interaction potential models the atoms
as hard spheres that interact when they are tangential. The discrete energy is frame
invariant and no underlying reference lattice on the atomistic configurations is as-
sumed. By means of I'-convergence, we characterize the asymptotic behavior of
configurations with finite surface energy scaling in the infinite particle limit. The
effective continuum theory is described in terms of a piecewise constant field delin-
eating the local orientation and micro-translation of the configuration. The limiting
energy is local and concentrated on the grain boundaries, that is, on the boundaries of
the zones where the underlying microscopic configuration has constant parameters.
The corresponding surface energy density depends on the relative orientation of the
two grains, their microscopic translation misfit, and the normal to the interface. We
further provide a fine analysis of the surface energies at grain boundaries both for
vacuum-—solid and solid—solid phase transitions. The latter relies fundamentally on
a structure result for grain boundaries showing that, due to the extremely brittle
setup, interpolating boundary layers near cracks are energetically not favorable.

1. Introduction

Most inorganic solids in nature are polycrystals. They are composed of mi-
croscopic crystallites (grains) of varying size and orientation in which the atoms
are arranged in a periodic, crystalline pattern. In spite of their ubiquity, it remains
poorly understood why in these materials such highly regular structures develop
at the microscale. The core challenge is to investigate the phenomenon of crystal-
lization, that is, the tendency of atoms to self-assemble into a crystal structure. An
ultimate solution would be to understand this as a consequence of the interatomic
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interactions, where such interactions are determined by the laws of quantum me-
chanics.

In view of the current state of research, however, the crystallization question
seems out of reach in this generality. It is thus necessary to consider reduced models
and to study simplified theories which, however, retain essential features of the
interatomic interactions. We follow this route by restricting to zero temperature
and by describing our system in the frame of Molecular Mechanics [1,30,37] as a
classical system of particles, whose interaction is given in terms of an empirical pair
interaction potential. Moreover, we consider planar rather than three-dimensional
models. Given a configuration X = {x1,...,xy} C R? consisting of a finite
number of particles, their configurational energy £ (X) takes the form

1
£00 = ; Voair (1% — x;1),
i#]

where Vpair : [0, +00) — R denotes the pair potential. (The factor 1/2 accounts for
double counting.) Such potentials typically are repulsive for close-by atoms while
two atoms at larger distances (yet still in their interaction range) exert attractive
forces on each other. The latter favors the formation of clusters, whereas the short-
range repulsion guarantees that the atoms keep a minimal distance.

Notably, even for commonly used models such as the Lennard—Jones potential,
the crystallization problem is still open beyond the one-dimensional setting. (In one
dimension, the situation is considerably easier: crystallization at zero temperature
for Lennard—Jones interactions is shown in [31]. Recent results for positive temper-
ature including an analysis of boundary layers are obtained in [34,35]. For results
on dimers we refer to [6,29].) The first rigorous results for a two-dimensional sys-
tem were achieved in [32,33,43]; see also the recent paper [18]. For the very special
choice of the ‘Heitmann—Radin sticky disk’ interaction potential

+oo if r <1,
Viticky (r) = 4 =1 if r =1, (1.1)
0 if r>1,

it was shown in [33] that ground states, that is, minimizers under the cardinality
constraint #X = N, crystallize: they are subsets of the triangular lattice. The
potential Vicky is pictured schematically in Fig. 1.

On the one hand, it draws its motivation from being the most basic choice of
a potential featuring the properties discussed above. On the other hand, it models
extremely brittle materials and might be viewed as an ‘infinitely brittle’ limit-
ing model for more generic interaction potentials, in which the hard core radius,
the equlibrium distance, and the interaction range coincide. Slightly more general
potentials are discussed in [43] which, however, do not allow for soft elastic inter-
actions either. Still only partial results are available for more general potentials or
higher dimensions, see [7] for a recent survey. Most noteworthy, [21,47] in two and
[24] in three dimensions prove that crystalline structures have optimal bulk energy
scaling and crystals are ground states subject to their own boundary conditions.
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Fig. 1. The interaction potential Vticky

Such conditions, however, are insufficient, respectively, prohibitive in view of our
goal to investigate the emergence of polycrystals. For this task, it is indispensable
to both work at the surface energy scale, which is much finer than the bulk scaling,
and to allow for free boundary conditions.

The ground states of sticky disk potentials in two dimensions are by now very
well understood, and not only on the atomic microscale. In [3] the macroscopic
shape was identified as being the Wulff shape of an associated crystalline perimeter
functional. Fine properties and surface fluctuations were investigated in [45] and
quantified in terms of an N3/4 law (see the comment below (1.2)). Sharp constants
for this law were then established in [17] and the uniqueness of ground states was
characterized in [19]. We also mention extensions to other crystals [16,40,42] and
dimers [26,27]. By way of contrast, in dimension three or higher the recent results
[11,39,41] characterize optimal energy configurations within classes of lattices and
are in this sense conditional to crystallization.

The main objective of our contribution is to advance our understanding of (mi-
croscopic) crystallization and formation of macroscopic clusters beyond ground
states and single crystals. Indeed, all of the aforementioned results ultimately rely
on the emergence of a single crystal which is supported on a unique periodic struc-
ture. Restricting our analysis to the basic Heitmann—Radin sticky disk potential
(1.1), we succeed in deriving a rather complete picture on the formation of general
polycrystals by considering the I'-limit for the interaction energy in the surface
energy regime in the infinite particle limit. (We refer to [8,14] for an exhaustive
treatment of I"-convergence.) The first relevant steps in this direction were obtained
in [20], where the authors prove a compactness result for polycrystals and iden-
tify the I'-limit in the case of a single crystal limiting configuration. In the present
work, we prove a full I"-convergence result and provide a limiting continuum model
consisting of grains that are characterized by a rotation and, in addition, a micro-
translation. We also analyze in depth the surface energy of grain boundaries both
for vacuum—solid and solid—solid phase transitions.

We proceed to describe our particle model in more detail. The minimal energy
of a configuration Xy = {x1,...,xy} C R2 of N particles has been determined
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already in [32]:
min{€(Xn): #Xy = N} = —[3N — V12N — 3| ~ —=3N + O(¥'N). (1.2

The leading order term —3 N comes from N —O(+/N) atoms in the bulk, each having
six neighbors. The lower order term ~ /N is due to missing neighbors of a number
O(\/ﬁ ) of atoms at the boundary and is thus a surface energy. (The aforementioned
N3/*law quantifies the surprisingly large possible deviations of ground states from
the macroscopic Wulff shape which involve a number of ~ N3/4 > /N particles.)

As polycrystals will not be ground states in general, but rather metastable states
with surface energy contributions from atoms at individual grain boundaries, we
proceed to address the class of all configurations at the finite surface energy scaling,
that is, we consider Xy C R2, #Xy = N, with bounded normalized energy

E(XnN)+ 3N 1
Ij/ﬁ_’_ = Zﬁ Z <6+ Z Vsticky(|x_y|)>

xeXy veXy\{x}

as N — oo. Here, we have subtracted the minimal energy —3 per particle times
the number of particles and rescaled with \/ﬁ .

The diameter of an N-particle configuration Xy with energy given in (1.2) is
~ \/ﬁ . To obtain configurations which are contained in a bounded domain, we
therefore rescale the configuration by a factor ¢ := 1/ /N, that is, X s = eXpn.
We then study the asymptotics of the energy E.(X,) where the energy functional
E, is defined on finite point sets X C R? by

E0=3 Y e(or 2 v (“22)). (13)

xeX yeX\{x}

This will allow us to pass to a macroscopic description as ¢ — 0. In what follows,
we consider the energy E, in (1.3) without cardinality constraint since the energy
has already been normalized with respect to the minimal energy per particle.

Our main results are a full I"-convergence proof for the functionals E, towards a
surface energy functional (Theorem 2.3) and a detailed analysis of the limiting con-
tinuum surface energy density (Proposition 2.2 and Theorem 2.5). We also prove
a corresponding compactness result for bounded energy sequences (Theorem 2.1),
which turns out to be comparatively straightforward. The proofs in fact also pro-
vide a rather complete picture of the structure of grain boundaries. We collect these
findings of independent interest in Theorem 5.4. Our continuum description keeps
track not only of the orientation angles of various grains but depends additionally
on a micro-translation vector which in particular measures the translational off-
set of two lattices with the same orientation. Indeed, the introduction of such an
augmented field does not only provide a finer characterization of the continuum
limit, but turns out to be crucial when polycrystals with multiple solid—solid grain
boundaries are considered.

The limiting surface energy ¢ is a function of the relative orientation of the
two grains, their microscopic translation misfit, and the normal to the interface. For
solid—vacuum surfaces this was identified in [3,20] as the Finsler norm whose unit
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ball is shaped like a Voronoi cell of the lattice in the solid part. In other words, this
is just the surface energy density of the crystal perimeter. For solid—solid interfaces,
however, the problem is considerably more subtle as there are atomic interactions
across the interface. In softer materials, one expects dislocations to accumulate and
elastic strain to concentrate near such grain boundaries. We refer to [23,38] for
recent mathematical developments on substantiating the Read—Shockley formula,
see [44]; in such a regime. By way of contrast, within our extremely brittle set-
up, generically ¢ turns out to be given by the sum of the solid—vacuum surface
energies of the two grains. Here, the term generic refers to the fact that the surface
energy may be smaller only for a countable number of mismatch angles between
the two lattices, and corresponding micro-translations contained in a finite number
of spheres.

We proceed with some comments on the general proof strategy. As is customary
for variational limits with interfacial energies, the density ¢ is expressed in terms
of a cell formula minimizing the asymptotic surface energy between two grains
separated by a flat grain boundary. In such cell problems, it is instrumental to pass
from a mere L'-convergence to fixed boundary values in order to match the I'-
lim inf and I"-lim sup inequalities. Motivated by [5,25,46] for vectorial problems
in liquid-liquid phase transitions and [13,15,36] in solid—solid phase transitions,
we use a cut-off construction, the so-called fundamental estimate, to replace an
asymptotic realization by the exact attainnment of converging boundary values in
a first step. Here, our extremely brittle set-up on the one hand renders geometric
rigidity estimates easier as compared to, for example, [13,15]. On the other hand,
this calls for carefully refined cut-off constructions since very small modifications
in the configurations may induce a lot of energy. However, in contrast to [13,15],
a cell problem with converging boundary data turns out to be insufficient in the
presence of multiple grain boundaries. Thus, a further step is needed to show that
they can be replaced by fixed boundary values. Also this passage is subtle due to
our rigid set-up which requires a thorough analysis of possible touching points of
two lattices (points with distance ¢). Finally, let us also mention that related, very
general I'-convergence results for elastic materials exhibiting discontinuities along
surfaces, see for example [4,10,28], do not apply to our situation. Most notably,
in [28], a model similar to ours featuring rigid grains is considered. Unfortunately,
these results cannot be used in our setting as they fundamentally rely on continuous
surface interactions.

At the core of our proofs, there are two key steps to which we devote Sections 5
and 6, respectively. Firstly, Lemma 5.1 allows us to reduce the cell formula to two
lattices only. An expanded version of this observation is detailed in Theorem 5.4.
It shows that in our brittle set-up there are no interpolating boundary layers at
interfaces. This is done by employing techniques from graph theory in order to
exclude inclusions of grains of different orientation as the prescribed boundary
datum. The basic idea behind its proof is that to each admissible configuration
one can associate its bond-graph and for this graph such inclusions induce non-
triangular faces which in turn lead to fewer bonds than a competitor without such
inclusions. This can be quantified via the face defect, see definition (5.4). Once
established, this in particular results in a largely simplified analysis of the interaction
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energy with vacuum as compared to [20], see Lemma 6.1. More importantly, it is
crucial for the second main ingredient of the proof: the quantification of solid—solid
interactions with the help of Lemma 6.2, which clarifies when the surface energy
can be smaller than twice the interaction energy with vacuum and plays a pivotal
role in order to show that converging boundary values can be replaced by fixed ones.
This can be understood as a rigidity theorem for the mismatch-angle between two
grains: the generically expected interaction energy can exceed the grain boundary
energy only for finitely many mismatch angles depending on the excess. Its proof
relies on the fact that such an energy gap can only occur if the two lattices have many
touching points (points with distance ¢). This entails that the touching points of the
two lattices have to be rather equi-distributed along the interface. This, however, can
only happen in a periodic landscape, which reduces the possible mismatch-angle
to a finite set. Many further ingredients of our proofs are more standard (blow-up,
density arguments, fundamental estimate, ...), but technically challenging in our
case since the energy is very rigid and thus very sensitive to small changes of the
configuration.

The paper is organized as follows: in Section 2 we introduce the model and
present the main results. Section 3 is devoted to the proofs of compactness and
I"-convergence. They fundamentally rely on a fine characterization of the surface
energy density whose proof is postponed to Sections 4—7. In Section 4 we address
the fundamental estimate and in Section 7 we show that converging boundary values
can be replaced by fixed ones. Sections 5 and 6 are devoted to the reduction of the
cell formula to two lattices only and to the characterization of solid—vacuum/solid—
solid interactions at grain boundaries, respectively.

2. Setting of the Problem and Main Results

In this section we introduce our model, give basic definitions, and present our
main results.

2.1. Configurations and Atomistic Energy

In what follows we always assume that X is a finite subset of R?. We denote by
Vsticky © [0, +00) — R the Heitmann—Radin potential defined in (1.1), see Fig. 1.
By ¢ > 0 we denote the atomic spacing. The normalized atomistic energy E, of a
given configuration X is given by (1.3). The notion normalized has been explained
in the introduction and is chosen in such a way that an infinite triangular lattice
with spacing ¢ has energy zero. Equivalently, the energy can be expressed in terms
of the neighborhoods of the atoms. To this end, we introduce the neighborhood of
x € X by

Ne() ={yeX:|x—yl =¢}. 2.1

If &¢ = 1, we omit the subscript & and just write N'(x) for simplicity. In view of
Vsticky () = oo for r € (0, 1), an elementary geometric argument shows that for
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configurations X with E,(X) < 400 it holds that
#N:(x) £ 6 forallx € X. (2.2)

In particular, if #V; (x) = 6, the neighbors form a regular hexagon with center x
and diameter 2¢. By (1.1) and (1.3) we can now rewrite the energy as

1
Ec(X) =3 > e(6 — #N(x)).

xeX

Additionally, for X  R? and Borel sets B C R?, we define a localized version of
the energy by

E.(X,B) = % > e(6—#N.(v). (2.3)

xeXNB

2.2. Basic Definitions

This subsection is devoted to basic notions which we will use throughout the

paper.
Notation We let S' = {x € R?: |x| = 1}. Givenv € S!, we denote by v € S! the
unit vector obtained by rotating v by 77/2 in a clockwise sense. The scalar product
between two vectors x,y € R2 is denoted by (x, y). Without further notice, we
sometimes identify vectors x € R? with elements of C. In particular, we identify
rotations in the plane with a multiplication with a unit vector in C: namely, the
rotation of x € R? by an angle 6 € [0, 2r) is indicated by ¢/?x. For t € R, we
write 7] = max{k € Z: k <t} and [t] = min{k € Z: k > t}.

We denote by £2 and H' the two-dimensional Lebesgue measure and the one-
dimensional Hausdorff measure, respectively. We write xg for the characteristic
function of any E C R2, which is 1 on E and 0 otherwise. If E is a set of finite
perimeter, we denote its essential boundary by 9*E, see [2, Definition 3.60]. For
r > 0and x € R?, we denote by B, (x) the open ball of radius » centered in x. For
simplicity, we write B, if x = 0. Given A C R?, 7 € R?, and A € R, we define

A+t={x+t1t:x€ A}, M ={Ax:xe€ A}and
(A)e={x+y: xe€ A,y e B} 2.4)

For x1, xo € R?, we define the line segment between x1 and x; by
[x1; 2] = {Ax1 + (1 — Dx2 2 A € [0, 11} (2.5)

By Q" ={y e R?: — % < {y,v) < %, —% < (y,vh) < %} we denote the half-
open unit cube in R? with center zero and two sides parallel to v € S!. Moreover,
we define the half-cubes

0"F={yeQ’: +{v,y) 20 (2.6)

Here and in what follows, we will frequently use the notation =+ to indicate that a
property holds for both signs + and —. In a similar fashion, for x € R? and p > 0
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we define Q) (x) := x + pQ" and in(x) = x 4+ pQ"*. For p = 1, we write
0" (x) instead of QY (x) for simplicity. For & > 0 and Q‘[’)(x) we introduce the
notation of boundary regions

000 =x+ (v € O) 0\ Q) ot £y 25} @)

see also Fig. 3 for an illustration. For p = 1, we write 33: Q" (x) instead of 33: Q; (x).
The triangular lattice We define the triangular lattice as the set of points given
by

£ ={pt+quw:pqel},
where w := % + ’5\/5 e C.
The set of lattice isometries We denote by A the ser of rotations by angles in
[0, %) equipped with the metric of the one-dimensional torus, that is, A = R/ %Z.

In a similar fashion, we introduce the set of translations T = R?/.¥ = C/.£. We
observe that each translation T € T can be represented by a vector in

M+2w: 052 <1,05 4 < 1) 2.8)
We introduce the set of lattice isometries by
Z:=(AxTx({1})U{o}, (2.9)

where foreach 6 € A and 7 € T the triple z = (0, 7, 1) € Z represents the rotated
and translated lattice

L) =20,1,1) =L +1).

Here, the entry 1 encodes that a lattice is present. On the contrary, 0 = (0, 0, 0) €
A x T x {0} represents the empty set, also referred to as vacuum in what follows.
We set

Z0) =9.

Note that A ~ S! and T ~ S! x S!. Therefore, the three-dimensional set Z can
naturally be embedded into R7. We endow Z with the product topology, that is,
zj = ,7j,1) > z=(0,r,1)ifandonly if §; — 6 inAand r; — 7inT.
Moreover, z; — 0 if and only if z; = 0 for all j large enough. For a set A C R?,
z € Z, and a configuration X with E.(X) < 400, we say that X coincides with
the lattice e.£(z) on A, written X = .2 (z) on A, if

XNA=(Z()NA. (2.10)

Thestate space For A C R?, we introduce the space of piecewise constant functions
PC(A; Z) with values in Z as functions of the form

o0
U= X6, (2.11)
j=1
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where {z;}; C Z\{0} are pairwise distinct and G; C A are pairwise disjoint sets
satisfying £2(|J72; G;) < oo and

o0
> H'9*Gj) < +oo. (2.12)
j=1

Here, {G}; represent the grains of the polycrystal and {z;}; the corresponding
orientation and translation of the lattice. We remark that this space can be identified
with

PC(A; 2) = {u e SBV(A; 2): Vu =0, L2({u # 0)) < +00, H! (Jy) < +00}.
(2.13)

Here, u is a function in SBV (A; Z) in the sense that u € SBV(A;R”) and u
takes values in Z. The jump set of u is denoted by J,,. The one-sided limits of u
at a jump point will be indicated by u* and u~ in what follows, and the normal
will be denoted by v,. We refer to [2, Definition 4.21] for details on this space. In
a similar fashion, we say u € PCjqc (R?; 2) if ulg € PC(A; 2) for all compact
sets A C R2.

Identification of configurations with piecewise constant functions We now relate
atomistic configurations X to the state space defined above. Consider x € X N .Z
such that A'(x) C .Z. Then, we define the open lattice Voronoi cell of x by

1 .
V(x)=x+ ﬁe’”/é int(conv{£1, o, +?}), (2.14)

where conv{-} denotes the convex hull of a point set, and int the interior. In a similar
fashion, if x and the points in its neighborhood N; (x) lie in a scaled rotated and
translated lattice £.Z(z), fore > O and z = (6, 7, 1) € Z, we define V?(x) = x +
eV (0). We also point out the implicit dependence on 7 here, since x = e (v+1)
for some v € .Z.

Given a configuration X with E,(X) < 400, we now identify X with a suitable
function u € PC(R?; Z). Since E(X) < 400, we have #\,(x) < 6 for all
x € X with equality only if {x} U Ny (x) C gL + 7(x)) for a unique pair
@(x), 7(x)) € A x T. We set

2(x) = (0(x), 7(x),1) € Z forallx € X with#\,(x) =6

and define uX : R?> — Z by

X () = {Z(x) on VF¥ (x) if x € X with #A.(x) = 6, 015)

0 else.

In what follows, if no confusion may arise, we write u, instead of uf . We note
that this definition is well posed in the sense that V™" (x;) N Vi (x,) = @ for
all x1,x € X, x1 # xp, with #N;(x1) = #N.(x2) = 6. In fact, if this were not
the case, one of the six atoms in NV, (x1) (forming a regular hexagon on 9 B (x1))
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Fig. 2. A function u, defined in (2.15): the different regions {u = z} with z # 0 (here illus-
trated in different shades of gray) are made of unions of regular hexagons. The complement
of those regions is the set {u = 0}

would have distance smaller than 1 to x,. This contradicts E¢(X) < +oo. Clearly,
u, as defined in (2.15) lies in PC(R?; Z).

The function u, for some finite energy configuration X is illustrated in Fig. 2.
We point out that the translation 7(x) induces a shift of the Voronoi cells by the
vector e'?™® ¢ (x). This is the reason why we call the variable t a micro-translation.
Convergence Let {X,}, be a sequence of configurations. We say that X, — u in
LIIOC(R2) ifu, — win L} (R2; Z), where u, is given by (2.15) for X,.

loc

2.3. Main Results

We now formulate our main results. We start with a compactness result for
sequences of configurations with bounded energy. Recall the definition for conver-
gence of configurations in Sect. 2.2.

Theorem 2.1. (Compactness) Let { X} be a sequence of configurations with

sup E(X;) < +o00.

e>0

Then, there exists a subsequence {e} }xen wither, — 0and afunctionu € PC(R?; Z)
such that X¢, — u in LIIOC(RZ) as k — +o0.

Fore > 0 and v € S', recall the definition of Bgi Q) in (2.7). Recall also
the coincidence with a lattice in (2.10). The following proposition introduces the
density ¢: Z x Z x S! — [0, +00) which appears in our continuum limiting
functional (see Fig. 3 for an illustration):

Proposition 2.2. (Density) For every z+,z= € Z,v e S!, xo € R%, and p > 0
there exists

p(z" 27 v) = lim % min | Ec(X, 0} x0)): X = e.2(z) on 00 x0) |
(2.16)

and is independent of xo and p.
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Fig. 3. Illustration of a competitor for the cell-problem on Q"(’) in the definition of ¢. On the

light gray hatched and dark gray regions we have X = ¢. ), respectively. We point out
that the competitor is prescribed in a small neighborhood 9;” Q) U aF Q}, both inside and
outside of the cube. (The thickness of the neighborhood is larger than the lattice spacing,
see (2.7). Here, for illustration purposes, it is drawn with thickness 2¢ instead of 10¢)

The limiting functional E : PC(Rz; Z) — [0, +00) is defined by
E(u) = / Pt (x), u™ (x), v (x)) dH (x). (2.17)
Ju

In view of (2.13), functions in PC(RZ; Z) lie in SBV, and therefore u™, u~, and
v, are well defined. The following statement shows that E can be interpreted as the
effective limit of the atomistic energies E in the sense of I'-convergence:

Theorem 2.3. (I'-convergence) It holds that E = F(LIIOC)- limg_. o E¢,; more pre-
cisely,

() (T-liminf inequality) For each u € PC(R?; Z) and each sequence {X,}¢ with
X — uin L} .(R?) it holds that

loc

liminf E;(X.) = E(u).
£—0

(ii) (T-limsup inequality) For each u € PC(R?; Z) we find configurations {X;}s
such that X, — u in Llloc(Rz) and

lim Eq(X.) = E(u).
e—0

Here and in the sequel, we follow the usual convention that convergence of the
continuous parameter ¢ — 0 stands for convergence of arbitrary sequences {&y}x
with &y — 0 as k — +o0.
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Remark 2.4. (Extension to L') Defining E, : L'(R?; Z) — [0, +00] by

E. () E.(X) if there exists X such that u = ug(,
u)—=
¢ +00 otherwise,

and extending E to all of L' (R?; Z) by setting E(u) = +o0 if u € L'(R?; 2)\
PC(R?; Z), in view of Theorem 2.1, this indeed implies I'(L! )-lim,_ E, = E.

loc

We close this section by providing properties of the density ¢. To this end, we
introduce the function @pex : R2 — [0, +00) defined by

2 3
Phex (V) = ﬁ,;“v’ b)) (2.18)

Note that gpex is a Finsler norm whose unit ball is a regular hexagon in R? with
vertices in $e/™/%{£1, 2w, £w?}, cf. [3,20].

Theorem 2.5. (Properties of ¢) Let ¢ be the density given in Proposition 2.2, ex-
tended to a function defined on Z x Z x R* which is positively 1-homogeneous in
the third variable. Then ¢ satisfies the following properties:

() (Solid—vacuum energy) There holds ¢(z, 0, v) = ¢(0, z, V) = @pex (e %v)
forallz = (0,t,1) € Z2\{0} and v € S.

(ii) (Solid—solid energy) There exists a null-set N in (Z \{0})2 (with respect
to its six-dimensional Haar measure) such that for all pairs (z*,z7) €

(Z\{ODA\N, zT # z~, and v € S! that holds
(p(z+s Ziv V) = (phex(eiieJrV) + gohex(eilHi U),

and forall (zt,z7) e N, zt # z7, and v € S' it holds that
1

i 1 0~ H n—
5¢hex(€_19+ V) + Sonex(e™ V) S0 w) < Phex (6707V) + ghex (7 ),

where we write zV = (01, tT, Dandz= = 6, t7, 1).
Moreover, there are exceptional sets Gy C A of angles and, for each 0 € Gy,
Gr(0) C R? of translation vectors such that Ga is countable and each Gr(8)
is contained in a finite union of spheres, with
Nc{Eh ) e @D 61 =6~ Gy, ¢ 1t — e 1 e Gr6T —67)).

(iii) (Convexity) The mapping v — @(z, 27, v) is convex for all z+, 7z~ € Z.
(iv) (Rotational invariance) For all z¥ = (0%, 1%, 1), v € SL, and 0 € A it holds
that

(Ot +0,75, 1,0 +0,17, 1), %) = (0", 7, 1), @ 7, ), v).

(v) (Translational invariance) For all z¥ = (0%, 7%, 1), v € S, and v € T it
holds that

(0% 7"+ e 0 1), (07, T + e T 1) v) = (60F, T, D, 07T, 1, ).
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Fig. 4. Different scenarios of optimal interfaces for a fixed normal v and different lattices
L(zF). The dark gray and white points form the lattice .2 (zT) and the lattice .Z(z7),
respectively. Edges are depicted between points of distance 1. a Two lattices .Z (zt) are
depicted for which ¢ is less than twice the interaction energy with the vacuum. b We see
two lattices % (z¥) for which ¢ is equal to twice the interaction energy with the vacuum. ¢
Two lattices for which the lower bound in Theorem 2.5(ii) is attained

We note that the interaction with vacuum, see property (i), has already been
addressed in [3,20]. A main novelty of our work lies in the characterization (ii).
For explicit choices of the sets Gy and G (0) we refer to (6.2) and the paragraph
above Lemma 7.6, respectively. In particular, (ii) states that generically the surface
energy between two lattices is if each of the two lattices would interact with vacuum.
In this case, the continuum energy E of a function u = Zj’il XG ;2 corresponds to
the crystalline perimeter of the grains {G ;};, induced by @pex. In the non-generic
case (z,z7) € N, two lattices £ (z") and .Z(z™) have many fouching pairs
(that is, pairs of points with distance 1) which reduce the energy (2.3). Optimal
interfaces for both cases for a normal vector v are illustrated in Fig. 4. We remark
that the exact characterization of ¢ seems to be a difficult issue which is beyond
the scope of the present analysis. In fact, counting the number of touching pairs
depending on the relative orientation of the two lattices seems to be a non-trivial
number theoretic problem, see Remark 2.6 and Fig. 5 below for some details in
that direction. We remark that the properties of Gy and Gr(6) imply that N is of
Hausdorff-dimension at most four. Finally, note that (iv) and (v) express the fact
that both the atomistic and the continuum model are frame indifferent.

More precisely, our proof in Lemma 6.2 shows that the non-degeneracy in
Theorem 2.5(ii) above can be quantized: for every n > O there are only a finite
number of differences 6 of lattice rotations and a corresponding finite number of
spheres containing the difference of lattice shifts for which

§0(Z+, Z,v) g whex(e_erv) + Phex (e—iéfv) -

These numbers only depend on . Moreover, we remark that the lower bound pro-
vided for ¢ is attained, for example, forz— = (0, 0, 1),zt =(0,i,1),andv = i, see
Fig.4c. (Consider X = {x € £.Z(0,0,1): (x,i) S 0}U{x € e£2(0,i, 1): {x,i) 2
e}in (2.16).)
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Fig. 5. Two lattices £ (z¥) for which ¢ is less than twice the interaction energy with vacuum.
The dark gray points form the lattice .#(z ") and the white points the lattice .#(z~). The
black and light gray points are those that are of distance 1 to the other lattice, as emphasized
by an edge between them

Remark 2.6. We finally point out that for 87 — 6= € G, ¢! 1T — ¢ 7= ¢
Gr(0t — 67) the calculation of ¢ seems to be a difficult problem. In fact, for
Q0707 = l’j—; with vy, v € £ and |vj| = |v2|, depending on the factorization
of vy, v in ., there may be points (x, y) € Z(z7) x £(z7) such that x, y ¢
LT NL(z7) and |x — y| = 1. If this is the case, the relative position of two
such atoms is fixed through the prime factors of vy, vz, respectively. This leads
to two major challenges in the calculation of ¢: (i) the characterization of points
(x,y) € L(zV)xZ(z7)suchthat|x—y| = 1 depending on the relative orientation
¢1@"=07) of the two lattices seems to be a non-trivial number theoretic problem.
(i) even after the characterization of the set of points (x, y) € Z(z") x L (z7)
such that |[x — y| = 1 for different normals v to the interface, it is not always clear
if it is energetically convenient to include such points in the construction of the
optimal interface due to their relative orientation. Such a situation is illustrated in
Fig. 5.

The compactness and I'-convergence results will be proved in Section 3. The
properties of several cell formulas related to ¢, which are fundamental for the
proofs, are postponed to Sections. 4-7. Finally, the proofs of Proposition 2.2 and
Theorem 2.5 are given in Section 7.2.
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3. Proof of the Main Results

This section is devoted to the proofs of our main results. We start with some
preliminary properties. Then we prove compactness and finally we address the
I"-convergence result.

3.1. Preliminaries

We state and prove some elementary properties of the family E.. Recall the
representation of the energy in (2.3) and the definition of sets in (2.4).

Lemma 3.1. (Properties of E;) Let ¢ > 0 and let X be a configuration with
E.(X) < +00. Then it holds that

() Ec(eX +1,¢"A+1) = Eo(X, A) forall € [0,27), T € R%, and A C R?,

(i) Eje (A X, LA) = LE.(X, A) forall . > 0 and A C R?,

(iii) E¢(X, A) £ Eo(X, B) forall A C B C R?,

(iv) E¢(X, AU B) = Eo(X, B) + E-(X, A) forall A, B C R2 with AN B = 0,

(v) There exists C > 0 such that for all A C R2 there holds #(X N A) <
CL((A),) /€.

Proof. Proof of (i): Given # € [0,27) and T € R?, we define ¥ = ¢/x + ¢
for each x € R2. The statement follows by noting that |[x — y| = |x — y| for all
x,y € R?and ¥ € ¢!’ A + 7 if and only if x € A. This implies y € N;(x) if and
only if y € NV (X).

Proof of (ii): For A > 0 and x € R?, we define x, = Ax. Clearly, we have
|, — ya] = Alx — y| forall x, y € R? and x; € AA if and only if x € A. This
implies y;, € N;.(x;) if and only if y € N (x).

Proof of (iii): This statement follows from the fact that for all configurations X
with finite energy and all x € X we have 6 — #A\;(x) = 0 by (2.2).

Proof of (iv): This follows from the fact that, if A N B = {J, each term of the
summation on the left hand side occurs also in the right hand side and vice versa.
Proof of (v): Since X is a configuration with finite energy, there holds |x — y| = ¢
forallx, y € X, x # y. Therefore, B;/2(x) N Bga(y) =@ forallx,y € X, x # y.
By (2.4), we obtain |, cyn4 Be/2(x) C (A), and therefore

nel JA#(X N A) = £2( U Bg/z(x)) < L2((A)e).

xeXNA

From this the claim follows with C = 4 /7. |
The following scaling property will be instrumental:

Lemma 3.2. (Scaling) For ¢ > 0, consider configurations X satisfying E.(X;) <
+o00 and A X for A > 0. By uﬁ . and u; we denote the functions corresponding to
A X and X, respectively, as defined in (2.15). Then, there holds

ul,(Ax) = ug (x) for all x € R%, (3.1)
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Moreover, for each bounded A C R2, we have uﬁg S>u'YyinL'(GA)ase = 0
ifand only if ug — u in L' (A).

Proof. We first prove (3.1). To see this, it suffices to note that x € X, if and only
if Ax € AXg, #Nz(x) N X) = 6 if and only if #(N,.(Ax) N AX,;) = 6, and
(x UN;(x)) C €e'?(Z + 1) if and only if (Ax U Nie(Ax)) C ree'? (L + 1) for
0 € Aand t € T. Therefore, in view of (2.15) and the definition of the Voronoi cells
VZ(x) below (2.14), (3.1) holds true. The equivalence of the convergence follows
by a change of variables: we set y = Ax and obtain

Azf |us(x)—u(x>|dx=xzf |u§£(xx)—u(x>|dx=f lub, (v) —u(""y)dy
A A LA

for every bounded A C R2. O

3.2. Compactness

In this subsection we prove Theorem 2.1. As a preparation, we show the fol-
lowing coercivity property:

Proposition 3.3. (Coercivity) Let X be a configuration with E.(X) < 400 and let
A C R? be a Borel set. Then, there exists a universal C > 0 such that

HY(J, N A) S CE(X, (A)), (3.2)
where u associated to X is given by (2.15) and (A); is defined in (2.4).

Proof. Let A C R? be a Borel set. Consider X C R? with E.(X) < +o0. In
view of (2.11) and (2.15), the function u associated to X can be written in the
form u = Z?il XG,z;j for pairwise distinct {z;}; C Z\{0} and pairwise disjoint
{G;}; C R2. By [2, Remark 4.22] it suffices to check that

> H'9*Gj N A) £ CEL(X, (A),). (3.3)
j=1

Due to the construction in (2.15), each G; is made of a finite union of regular
hexagons with sidelength £/+/3 such that at the center of each such hexagon there
is an atom x € X with #A\;(x) = 6. If an edge of such a hexagon is contained in
0*G j, then there exists a point y € N;(x) such that #N;(y) < 6, see Fig. 2. If the
intersection of that edge with A is non-empty, then y € (A), N X, see (2.1) and
(2.4). Note that each such y is selected for at most six different edges of hexagons
contained in BG? By (2.3), this yields

D HN@G N A) S ety € XN (A)et #NL()) < 6) £ ZE(X. (A)e),
jeN

where we used that each edge of the hexagon has length £/+/3. O
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Proof of Theorem 2.1. Let {X.}. and {u.}. be given, as defined in (2.15). Recall
that Z can be embedded into R7 and that it is closed and bounded, see (2.9).
Therefore, for each B,, r € N, we can use Proposition 3.3 and a compactness result
for piecewise constant functions, see [2, Theorem 4.25], to find a subsequence {&y }x
and u” € PC(B,; Z) such that u;, — u" in measure and thus also in L' (B,; 2).
By lower semicontinuity there holds HY (T, N B,) < C for a constant independent
of r. By a diagonal argument, we obtain u: R> — Z with u = u” on B, for all
r € N such that ug, — u in Llloc(Rz; Z). Clearly, H'(J,) < 4o0. Thus, to show
that u € PC(R2; Z), it remains to check that £2({u # 0}) < +o0.

Using (3.2) with A = R?, the isoperimetric inequality on R?, £2({u,, # 0}) <
+00, and the fact that £2({u # 0}) is lower semicontinuous with respect to strong

1 .
L,,. convergence, we obtain

(€2 (tu # 01)'" < liminf (£ (fus, # 0D)'" < lim inf CH (5" u, # 0))

< liminf C'H](JMF ) £ liminf CE. (X,,) < +00.
k k— 400

k——+o00

This implies that u € PC(RZ; Z) and concludes the proof. O

3.3. Lower Bound

This subsection is devoted to the proof of Theorem 2.3(i). For the proof, it
is instrumental to use a different cell formula. In contrast to imposing bound-
ary conditions as in (2.16), we require L!-convergence to the function ”;+ .~ €

PCjoc(R%; Z) defined by
zt if (x,v) >0,

uli () = L ) 20, (3.4

forx e R%, 7T, 77 € Z,and v € S'. More precisely, for z*,z~ € Zand v € s!
we introduce

Wzt 2, v) = inf [ lim inf £, (X, 0"(2)): ye € B2,
e—>

(3.5)
: v
8111}) o lue(x +ye) —uy —(x)|dx = O},

where u, denotes the function associated to X, as defined in (2.15). The density

¥ is related to ¢ (see (2.16)) in the following way:

Proposition 3.4. (Relation of v and ¢) For all z+,z~ € Z and v € S! it holds
that

vt ) 2 et ).

We postpone the proof of Proposition 3.4 to Sections 4—7. It will follow by
combining Lemmas 4.1, 7.1, and Proposition 7.2. After a further comment about
the definition of ¥, we proceed with the proof of the lower bound.
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Remark 3.5. (Varying cubes in the definition of ¥r) We point out that, in contrast
to many other cell formulas in the literature, the position of the cubes in (3.5) is not
fixed but may vary along the sequence ¢ — 0. This general definition is necessary
as the problem is not translation invariant in the variables z*, although the discrete
energy has such a property, see Lemma 3.1(i). To see this issue, consider a sequence
{X,}e contained in a fixed lattice X, C ge'?(.Z + 7). Then, for a fixed translation
o € R2, the shifted configurations X . := X, + o are contained in g¢'? (£ + 1,),
where the translation 7, = (t + ¢ %o /¢) (modulo ¥) is in general different
from 7 and highly oscillating. This in general implies i, # u.(- — o), where u,
and i, are given in (2.15). This lack of translational invariance is remedied in our
approach by minimizing over all possible cell centers. Note that only a posteriori
we are able to show that the cell formula ¢ is actually independent of the center,
see Proposition 2.2.

Proof of Theorem 2.3(i). Let {X.}, be a sequence with X, — u in Llloc(R2) for
u € PC(R?; Z). Clearly, it suffices to treat the case

sup E.(X,) < 4o00. 3.6)

e>0

We proceed in two steps. We first identify a limiting measure associated to the
discrete configurations (Step 1). Then, we proceed by a blow-up procedure for the
jump part of this measure (Step 2).

Step 1: Identification of a limiting measure. We consider the family of positive
measures {{¢}, given by

1
m:=§z;em—#memp

By (2.3) we observe that for all open sets A C R? it holds that
lnel(A) = pne(A) = Ee(Xe, A). (3.7)

Therefore, by (3.6) we get sup,._ ¢ | ite| (R?) < +00. Thus, as R? is locally compact,
up to passing to a subsequence (not relabeled), there exists a positive finite Radon
measure i such that

*

He = [L. (3.8

By the Radon—Nykodym Theorem we may decompose w into two mutually singular
non-negative measures

po=EH 1, + b
The main point is to prove
E(xo) = Y¥(zt,z7,v) for H'-almost every xo € Jy, 3.9)

where zT and z~ denote the one-sided limits of u at xo and v denotes the cor-
responding normal. (For notational convenience, the explicit dependence on u is
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omitted.) Once this is shown, the statement follows from (2.17), (3.7), (3.8), and
Proposition 3.4. In fact,

limingg(Xs)=1imi(r)1f,u€(R2) > n(R?) z/ £dH! ;/ et z7, vy dH!
E—> E—> -/M "

= E().

Step 2: Blow-up argument. It remains to prove (3.9). By the properties of SBV -
functions and Radon measures we know that for 7!-almost every xo € J, it holds
that

1
(a) lim —f lu(x) — u;, - (x —x0)|dx =0,
P 0 (x0) ’
. 1 o
() ;Lmo ;H (Jun Q;(Xo)) =1,

n(Q (x0))

(© (o) = lim —— :

-0 H(J, N QY (x0))

see, for example [2, Theorem 2.63, Theorem 3.78, and Remark 3.79]. Here, u” -
is defined in (3.4). It suffices to prove (3.9) for all xo € J, such that (a)—(c) hold
We fix p, — 0 such that || (0 an (x0)) =0 foralln € N. By (3.7), (3.8), (b), (¢),
and the Portmanteu Theorem, we get

u(Qp(x0)) . M(Q‘;)(xo))

. 1
00) = I e ot — M = i - lim (05, ()

= lim i hm E. (Xg, an(xo)).

n—+00 P, e—>0

We introduce the configuration X} := p, X, and obtain by Lemma 3.1(ii) (for
A=1/pn)

E(xo) = lim lim Eq/p, (X, Q"(p; ' x0)). (3.10)

Since X, — u in LlloC (Rz), we obtain by definition that u, — u in LlloC (Rz), see
the end of Section 2.2. By u/! we denote the function corresponding to X}. By (3.1)
we have u! (x) = ug(p,x) forallx R2. In particular, Lemma 3.2 yields ul — u"
on Q"(,on_lxo), where u”(x) := u(ppx) for x € R2. By (a), change of variables,
and the fact that u” (x + ,on_lxo) = u(xo+ pux) as well as u;+’z, (x) = ”;+,z* (onx)

for x € R?%, we also get that

lim lu" (x + pn_lxo) - “Z*,z* (x)dx

n——+00 Qv

1
= lim — |u(x)—u‘z’+ .~ (x —x0)[dx = 0.
n—-+o0 pj 0y (x0) ’

Therefore, by recalling (3.10) and u} — u" on Q" (p, Lxo0), by using a standard
diagonal argument, we find an infinitesimal sequence {€(n)},, such that for X" :=
X" and u” = u;’(n) we have

e(n)
E(xo) = lim E, (X", 0"0"). (3.11)
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and

lim " (x +y") —u’y __(x)]dx =0,

+
n—+oo f v A

where €, = e¢(n)/p, and y" = p, xo. Since the sequence is admissible in (3.5),
(3.11) implies £(xo) = ¥ (z*, z~, v). This shows (3.9) and concludes the proof. O

3.4. Upper Bound

This subsection is devoted to the proof of Theorem 2.3(ii). The following density
result will be instrumental:

Lemma 3.6. Letu € PC(R?; Z). Then there exists a sequence (u,), C PC(R?; Z)
withu, — uin L' (Rz) andlimsup,,_, , . E(uy) < E(u) such that each u,, attains
only finitely many values and has polygonal jump set, that is, J,,, consists of finitely
many segments.

Proof. Consider u € PC(R?; Z). We proceed in three steps. We first show that u
can be approximated by functions with finite support (Step 1). Then, we approxi-
mate with functions attaining only finitely many values (Step 2) and finally show
that the jump set can be approximated by a finite number of segments (Step 3).
Note that it suffices to show that for each § > 0 there exists a function us with the
desired properties satisfying

E(us) S Ew)+48 and |u— u8||L1(R2) <. (3.12)

We prove (3.12) up to the multiplication with a uniform constant C > 0 that is
independent of 8. Replacing us with us;c then yields the result.

Step 1: Reduction to finite support. We show that for every u € PC(R?; Z) and
for every § > 0 there exist R > O and us € PC(RZ; Z) such that (3.12) is satisfied
and it holds that

{us # 0} C Bg. (3.13)

To this end, fix § > 0. Since there holds £2({u # 0}) < +o00, we can choose
R’ > 0 such that

L2 ({u # 0y N (R*\Bg)) < 6. (3.14)

By the coarea formula and the previous inequality, we can select R € (R’, R' + 1)
such that

H'(fu # 0y N 9Bg) < L({u # 0} N (Br1\Br))
< L2({u # 0) N (R*\Bg)) < 6. (3.15)

Define us € PC(R?; Z) by us = uxpg. Then clearly (3.13) holds. We choose
the orientation of v, (x) for x € J, N 9 Bg such that ugr coincides with the trace
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of u from the interior of Bg. As ¢(z,0,v) < C forallz € Zand v € st by
Theorem 2.5(i), we use (3.15) to get

E(M5)=/ go(u;,ug,vm)de/ ot 0, v,) dH!
BrO\Jus 9BRO{u£0}

é/ et u™, v)dH' + CH' (u # 0} N 3Br) < E(u) + C8.
BrNJy

This implies the first inequality of (3.12). To see the second inequality of (3.12),
note that |z] < C for all z € Z and therefore by (3.14)

lies — ull 1 g2y = llus — ull L1gay sy S CL?(fu # 03 N (R*\Bg) < C8.

Step 2: Reduction to functions attaining finitely many values. Consider
u € PC(R?; Z). By Step 1 we may assume that (3.13) holds for some R > 0, that
is, {u # 0} C Bg.Foreach§ > 0, we prove that there exists us € PC(RZ%; Z) such
that (3.12) holds and u attains only finitely many values. Recall by (2.11) that u can
be written in the form u = 2711 XG;zj for pairwise distinct {z;}; C Z\{0} and
pairwise disjoint {G j}; C R2. In view of (2.12), we can choose J; € N sufficiently
large such that

oo
> H'(0%G,) S 8/R. (3.16)
Jj=Js+1
Note that G; C Bg for all j € N since {u # 0} C Bg. Due to the isoperimetric

inequality on Bg along with £2(Gj) < L£%(Bg) = wR? forall j € N, we obtain

o o o0
S £2Gp<s Varr Y (£2Gp) P <cr Y H(8*G)) < c,
j=Js+1 j=Js+1 j=Js+1
(3.17)

where C > 0 is a universal constant. Now we define

Js
u in U Gj,
j=1

0 otherwise.

us =

Then, by (3.17) and |Julloo < C we get |us — ullprgrey = llus — u||L1(BR)§C5.
Moreover, setting for brevity I' := U?OZ Js+1 0*G; we obtain, by (3.16), that

Eus) = /
Jug

+ / oy, uy, vy;) dH!
Ju(g\r

oy, uy, vy) dH' = / pud, uy vy, dH!
Jus N0

o0
<C Y HY(9"Gj)+ E@w) £ Cs+ E),
Jj=Js+1
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Fig. 6. The construction for the I"-lim sup in the case where the jump set is polyhedral: The
part 'y U I'y of the jump set is shown. Here, xlz equals le. The region (M)g is shown as the
dotted circles around the points in M. Also the cubes used in the construction to cover the
segments "1 and I'p are indicated

where we have used ¢(z1,z2,v) < Cforallzi,z2 € Zand v € S!. Therefore,
(3.12) holds, and Step 2 is concluded.

Step 3: Reduction to polyhedral jump sets. Consider u € PC (R?; Z). By Steps 1-2
we can assume that u attains only finitely many values, and its support is contained
in Bg. By Theorem 2.5(iii) we get that the mapping v +— ¢(z1, 22, v) is convex and
thus continuous for all z1, zo € Z. Therefore, by [9, Theorem 2.1 and Corollary 2.4]
(with 2 = Bpg and Z being the range of u) we obtain a function us € PC(R%: 2)
with polyhedral jump set such that (3.12) is satisfied. This concludes the proof. O

We are now in a position to prove Theorem 2.3(ii).

Proof of Theorem 2.3(ii). By Lemma 3.6 and a general density argument in the
theory of I'-convergence (see [8, Remark 1.29]), it suffices to construct recovery
sequences for u € PC(R?; Z) such that u attains only finitely many values, and
u has a polygonal jump set. Our goal is to prove that there exists {X.}, such that
X, — uin LIIOC(RZ) and lim sup,_, g E-(X,) < E(u).

LetJ, = UZNZ (i = UlN: 1[xil; x?],where the sets I'; are line segments between
the points xl.l and xl.2, defined in (2.5), with length /;, orientation viL, and normal v;.
We can assume that the traces (u™, u~) = (ulf", u; ) are constant along each line
segment, and that two segments I'; and I'; intersect at most at endpoints of I'; and
I"j. Denote by M the collection of points where at least two of such line segments
meet. Fix 0 < 6 < %min{|x —y|:x,y € M, x # y} and choose p € (0, §) small
enough such that

6 < %dist(Fi\(Bg(xil) U Bs(x)), Tj\(Bs(xh U Bg(xf.))) forall i # j.
(3.18)

This choice of p implies that QZ(xl) N QZ (x2) = @ for all x; € I';\(Bs (xl.l) U
B,s(xiz)) and xp € Fj\(Bg(x})UBg(sz»)),i # j.Asthe traces (u™, u™) are constant
on I';, it holds that

i

/ <p(u+,u7,vu)d7-[1 :l,-(p(uf,Lf v;) foralli e {1,..., N}. 3.19)
I‘A

i
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We define

N
Pl = {xl +kpvi: keN, 0k <|/pl}, T/ = 0y, T,=Jr/
i=1

xePip

as well as (recall (2.7))

N
Hf= U U (x+3 Q). where 8 Q) := Q) 10\ 10\ (07 Q4 LB 0Y).

i=lxepf

In view of Proposition 2.2, we can choose ¢ = &(p,8) > 0 sufficiently small
such that, for each x € Pip , we can choose a configuration X} C R? satisfying
XF = e (u;") on 9F QY (x) and

Eo(X}, 0p() S p o u; ,vi) +38p/1;. (3.20)
We introduce the configuration

XI in QY()\((M)s U H?), for x € P/ forsomei € {1,..., N},
X! =12 in {u=z\(M)s UT,) forz € Im(u),
0 in (M)sUH?;

see Fig. 6 for an illustration. Here, (M) denotes the §-neighborhood of M, see (2.4),
and Im(u) denotes the image of u. The set H? is introduced in order to ensure that
E.(X g) < +o0 since atoms in H? of two adjacent cubes could violate the constraint
of having at least distance ¢. Indeed, by X g = {Jon (M)s U H® and the boundary
conditions of XY, we get [x —y| = ¢ forall x,y € Xg, x # y, and therefore
E:(X?) < +00. We have #\; (x) = 6 for each atom x € X2\ ((M)s4. UT,). To
see this, we take the boundary conditions of X} and the choice of p in (3.18) into
account. By (2.3) this implies

Ee (X2, RO\ ((M)s4e UT))) = 0. (3.21)

Therefore, it remains to account for the energy contribution inside the cubes Q7 (x),
X € Pip , and the set (M);4. First, note that for x € M we have that

#(X2 N Bsye (X)) < Co/e. (3.22)

In fact, (M)s N X2 = ¢ by definition and thus X2 N Bs(X) = ¥. As E.(X?) < 400,
by Lemma 3.1(v) and a simple computation we get #(ng3 N (Bs+e(X)\Bs(X))) <
C8’2£2(B(g+28 (X)\Bs—e(X)) < C§/¢ for a universal constant C > 0. This yields
(3.22) and then by (2.3) we get

Eo(X2, (M) < C8, (3.23)
where C depends also on #M. By definition of Xﬁ, forx € Pip we have that Xﬁ =

X} in QZ+S(x)\(HS U (M)s). As ES(X‘g) < 400, we can employ Lemma 3.1(v)
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to deduce that #(X2 N (H); N QY (x)) < e 2CL*((H* N Q) (x))2¢) < C. Hence,
by (2.3) we obtain

Ec(X2, Q)(x) < Ee(X}. Qb (x)) + Ce (3.24)

forallx € P/ suchthatdist(Q} (x), (M);) Z &.Onthe other hand, forx € P such
that dist(Q;(x), (M)s) < &, we use the estimate in (3.22) with x € M such that

dist(Q),(x), (M)s) = dist(Q),(x), Bs(x)) (and so dist(Q} (x), (M\{x})s) > &)
and obtain

Ec (X2, 0h(x)) £ Eo(X). Q4(x0)) + C(e + 8). (3.25)
Consequently, using (3.20), (3.24)—(3.25), and Lemma 3.1(iii), we obtain
3 E(X2 Q5 00\(M)sie) £ Y Ee(X2, 05())
xepf xePf
< plli/pl o(u; u;, vi) + C8 + Ce/p,

where we have set I3ip ={x € Pl.p : QZ(x) ¢ (M)s+¢}. Here, C depends on N
and #M, but is independent of €, §, and p. Thus, by choosing ¢ small enough with
respect to p (that is, with respect to §) we get by (3.19) that

D E(X2, Q) NM)sye) < L g, ui, vi) + C8

xePl.p
=/ e u, v)dH +Cs. (3.26)
rinJ,

Now, by Lemma 3.1(iv), (3.21), (3.23), and (3.26) we conclude

N
Ec(X) S ) Eo(X2, Q) N\N(M)sie) + Ec(X2, (M)s)

i=l xePi”

+ Eo (X2, R\ ((M)s4e UT,))

< Z/ +, _,vu)dHl—i—CN(S:/ et u,v,)dH' + CNs.
_ Fﬂ]u Ju

By choosing § = §(¢) — O sufficiently slowly as ¢ — 0 we obtain X, 3 yin

1oc(R2) (see Section 2.2 for the definition of this convergence) and

lim sup ES(Xg(S)) < / ot u, v dH".
Ju

e—0

This concludes the proof. O

To conclude the proof of the main theorems, it remains to show Proposition 2.2,
Theorem 2.5, and Proposition 3.4. This is subject to the next sections.
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4. Cell Formula Part I: Relation of L!-convergence and Boundary Values

In this first part about cell formulas, we show that the condition of L!-convergence
as given in the cell formula v, see (3.5), can be replaced by converging boundary
values. More precisely, in this section we consider ® : Z x Z x S! — [0, +00)
defined by

DGtz v) = min{limi(r)lfinf[Eg(Xg, 0"(3e)): v € R%, X,
E—>

— e2(F) on a;tQ”(yg)}: (25} C Z with ¥ — zi},
4.1

where the identity X, = sf(zf) is defined in (2.10) and Bgi 0V(ye) in (2.7).
This means that near the boundary of the cube the configuration is contained in at
most two different lattices . (zgi). (Less is possible if zgi = 0.) We note that the
minimum in (4.1) is attained by a standard diagonal sequence argument. Our aim
is to prove the following statement:

Lemma 4.1. (Relation of ¢ and ®) Ler z+,z~ € Z and v € S'. Then
Ytz 2@k ). (4.2)

In Section 7, we will prove ®(z,z7,v) = ¢(z",z7,v) forall z*,z~ € Z and
v € S!, see Lemma 7.1, and Proposition 7.2. This along with Lemma 4.1 will
conclude the proof of Proposition 3.4.

As it is customary in the analysis of cell formulas, the proof of Lemma 4.1
crucially relies on a cut-off argument which allows to construct configurations at-
taining the boundary values. Whereas for problems on Sobolev spaces this is usually
achieved by a convex combination of functions, our discrete problem is consider-
ably more delicate. In fact, on the one hand, the system is quite flexible due to the
rotational and translational invariance of the atomistic energy, cf. Lemma 3.1().
On the other hand, the system is very rigid as small changes in the configuration
may induce a lot of energy due to the discontinuous interaction potential, see (1.1).
This calls for a refined cut-off construction.

The construction fundamentally relies on the fact that the energy of an optimal
sequence in (3.5) is concentrated asymptotically arbitrarily close to the interface.
(Similar properties can be observed in related phase transition problems, see for
example [12,13,15].) As a preliminary step, we need to show that in the definition
of ¢y we may replace cubes by rectangles. To this end, we introduce half-open
rectangles with sides parallel to v by

l

h h l
R O) =+ {x eR%: -2 <(rv) <z -3 S nvh) < 5}, 4.3)

where y € R?,and [, h > 0. We simply write R}, instead of R} (y) if the rectangle
is centered at y = 0. Recall the definition in (3.4).
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Lemma 4.2. (Density ¥ on rectangles) For all z¥,z~ € Z, all v € S, and all
[, h > O there holds

1
vz, z7,v) =inf 1imi(r)1f7E8(xg, R, (ve)): ve € R?,
e— ’

im [ JueCe + ye) — i’y (x)|dx = o}. (4.4)
e—0 Rlvh .z
Proof. For convenience, we denote the function on the right hand side of (4.4) in

the variables (zT, z7, v, 1, h) by W. We will use certain scaling properties of W:

Wzt 27, v, M, k) =W (zT, 27, v, £, k) forall A > 0. 4.5)
Wzt 27,0, 0,k) SW(zT, 27, v, £, hk) forall A > 1. (4.6)
Wt 27, v, k) SW(T, 27, v, ALl k) forall A € N. 4.7

OV, 27 v k) S Wz, 2, v, 0, k) forall 0 < £; < 5. 4.8)

We postpone the proof of (4.5)—(4.8) to Step 3 of the proof, and first derive the
statement.

Step 1: Independence of I. We start by proving the independence of the length /,
that is,

Wzt 27 v ) =Wz 27, v, ul, h) (4.9)

for all © > 0. To this end, consider first © € N. Using (4.5) and then (4.6) with
A=u,=1,and k = h/u, we obtain

Wtz vl k) =W (2t 2T v Lh/p) S (2 27 0 L h) .

By (4.7) for u € Nit holds that W(z+,z7, v, ul, h) = W(z",z7,v,1, h). Com-
bining the estimates we get

Wz, vl h) =Wt 2T, v, L h) (4.10)
for u € N. Now substituting / with ﬁ in the previous equation, we obtain

Witz v, L) =W, 27, v, 1/, h) 4.11)

for all © € Nand/ > 0. Hence, due to (4.10) and (4.11), equality (4.9) holds for
all p € QF.

Now, for general i > 0, we take a sequence {u,}, C Q such that i, < pp41
foralln € N and u, — w. By (4.8) and the fact that (4.9) holds for all u € Q, we
obtain

Wt v ) = Wt vl ) < Wt vl .

n

Taking n — 400, we obtain

Wtz v L) SW@ET, 27, vl h). (4.12)
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This yields one inequality in (4.9). Applying (4.12) for A in place of © and //A in
place of [ we also get

Wzt 27 v, Lh) =W, 27, v, Al /A h) 2 Wz, 27, v, 1/A, h).

If we choose A = !, we get the other inequality in (4.9).
Step 2: Independence of h. Let u > 0. By first applying (4.5) and then (4.9) we
obtain

Wtz v L) =W (zh, 27 v, ul, wh) = W, 27, v, 1, wh).

This yields the desired independence of the height 4.

Step 3: Proof of (4.5)—(4.8). It remains to prove (4.5)—(4.8).

Step 3.1: Proof of (4.5). Fix A, £,k > 0. Let X, C R? and y, € R? be given such
that lim,_¢ fR;K lue(x + ye) — u;’ﬂz, (x)|dx = 0 and

1
Wzt 27, v, €, k) = lim inf ZEg(xg, RY . (70)). (4.13)
E—>

(By a standard diagonal sequence argument the infimum on the right hand side of
(4.4) is attained.) Set X 3; = A X,. By (3.1) we get that the corresponding functions
ul,, see1 (2.15), satisfy u} (x) = ug()\f]x) for all x € R?. Change of variables
y=2"lxandwl, () '=uly . Gy) imply

lim |5 (x + Aye) — uly - (x)|dx
OIRY ’

= lim 72 / e+ v — ()] dy =0.

e—0
l,k
Using Lemma 3.1(ii) along with (4.13) and the definition of W, we obtain
1
W(zT, 27, v, A, ak) < liminf — Ejo (X2, Ry, 5o (A0e))
e—=0 AL ’

1
= limigf ZES(XE’ RZK()’S)) = lI’(Z—"_, z,v, 4, k).

E—>

By exchanging A with % and ¢, k with AZ, Ak, respectively, we obtain (4.5).
Step 3.2: Proof of (4.6). Fix A > 1 and ¢, k > 0. Consider X, C R? and y, € R?
such that lim,_, ¢ fR;~ lug(x + ye) —uly (x)|dx = 0and

1
Wzt 27,0, 4, hk) = lim inf ZEE(Xs, R} 3 ().
£—> ’
By Lemma 3.1(iii) and the definition of W we get

1 1
Wzt 27, v, ¢, k) Sliminf - E. (X, R} (ve)) < liminf — E(Xe, R, (3e))
e—=0 /£ ’ =0 £ ’

=W, 77, L, )uc).



654 M. FrIEDRICH, L. KREUTZ & B. SCHMIDT

Step 3.3: Proof of (4.7). Let A € Nand ¢, k > 0. Consider X, C R? and y, € R?
such that

lim lue(x + ye) —u’y _(x)]dx =0 4.14)
e—>0 RXZK 7.2
and
. 1 ,
Wz, 27,0, M, k) = hml(r)lf ﬁES(Xs, Ry (o). (4.15)
£—> ’

We decompose the half-open rectangle R}, , (ye) into pairwise disjoint half-open
rectangles of the form

A—1

Ry e = [ R 09,
j=0

where y% = y. + 2t lgy L

exists jo such that

. Now, using Lemma 3.1(iv), we derive that there

A—1

1
> Ec(Xe. R} (59) = ~Ee(Xe, Ry o (30). (416)
j=0

1

Ee(Xe, R ()) =+

By (4.14) and the fact that u;#Z, x) = “Z+ (0 tvh) for all x € R? and
t € R, see (3.4), we get that lim,_, o fR; lug(x + y;fo) - u‘z’+ .- (x)|dx = 0. By the
definition of W, (4.15), and (4.16) this j/ields
_ o1 |
\IJ(Z+, v k) S llggf ZEE(X85 RE,K(y;o)) < 111;1;1(1)1f ﬁEs(st R;L)z,,((y‘e))
=W, 27, v, A k).

This implies (4.7).
Step 3.4: Proof of (4.8). Let 0 < £; < ¢5. Consider X, C R? and y, € R? such
that lim, ¢ fsz |ue(x + ye) —ul, _(x)]dx = 0and

2.k ’

_ o1
W 2T k) = liminf B (X, RE,  00).

By using Lemma 3.1(iii) along with £, = ¢; and the definition of ¥ we get
o1 o1
W27, v, 6,6 < liminf 7 Ee (Xe: RY, (o)) = lim inf 7 Ee (Xes RY, o (3e))
— O liminf LB (Xe RY, 00) = 2wt v, 6,00
= L0 6 e\de, Ky,  (Ve)) = 2 »Z 5V, 82, K).

This yields (4.8) and concludes the proof. O

We now proceed with the proof of Lemma 4.1.
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Proof of Lemma 4.1. In view of (3.5), we can choose a subsequence in ¢ (not re-
labeled) and configurations X, C R2 and Ve € R2 such that lim,_ f 0" lue (x +
Ye) —uly - (x)|dx = 0and

YT, = lim Ec(Xe, Q" (3e))- (4.17)

We perform a refined cut-off construction and split the proof into several steps. As
explained above, the construction is quite delicate due to the fact that the energy
is very sensitive to small changes of the configurations. First, we use Lemma 4.2
to prove that the energy of X, concentrates around a strip close to the limiting
interface (Step 1). This allows us to select one dominant component on each side
of the interface, that is, on the upper and the lower half-cube (Step 2). Here, the
notion “component” refers to a subset of a specific triangular lattice.

Our goal in the subsequent steps is to modify the configuration X, such that it
coincides with these lattices near the boundary of the upper and lower half-cube,
respectively. In Step 3, we give a precise cardinality estimate on the number of
points that differ from the lattices of the two dominant components in terms of
o(e72). In Step 4, we select a “good layer” where we can modify our configura-
tion. “Good” means here that, in that layer, the configuration coincides with the
lattice of the dominant component up to o(¢~!) atoms. In Step 5, we show that the
configuration constructed in Step 4 is an asymptotic energy lower bound for the
original configuration. Finally, in Step 6, we conclude by observing that the con-
structed configuration is a competitor in the definition of ®. We will perform this
construction under the assumption that in both the upper and the lower half-cube
there exist (dominant) lattices. The case of vacuum calls for small adaptions which
are described at the end in Step 7.

Step 1: The energy concentrates near the line {(v, (x — y.)) = 0}. Recall (4.3). We
show that for all § € (0, 1) it holds that

lim Ee(Xe, 0" (ve)\RY 5 (3%)) = 0. (4.18)

By Lemma 3.1(iii), Lemma 4.2, (4.17), and the fact that { X}, is admissible in the
definition of i on R‘l” s> see (4.4), we obtain

Yz, 27, v) S liminf E,(Xe, R 5(ve)) < lim Eg(Xe, 0V (ye)) = ¥(27. 27, v).
e—0 ’ e—0

Lemma 3.1(iv) then implies

0 < limsup E¢(Xe, Q" (y)\R} 5(ve))

e—0

= lim sup (EE(XE, 0" (ye)) — Ee(Xe, Ria(ys))>

e—0

< lim E. (X, QY — liminf E;(X,, R} =0.
_81_1;170 s( e Q ()’8)) 127_)1(1)1 s( € 1,5()’5))

This yields (4.18) and concludes Step 1.
In order to shorten the notation, we omit the dependence on the center y, and
simply write Q) instead of Qp(ye) for p > 0 and RY ; instead of Ry ;(ye). For
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brevity, we also define (omitting the center y, ) the rectangles Pfe = Q‘l’i\R‘l’_ 6.

where Q‘f_ig is defined below (2.6). We will prove all auxiliary statements along
the proof for the upper half-cube Q% only since the arguments for the lower
one are analogous. In what follows, § € (0, 1) is fixed sufficiently small. Without
restriction, we may suppose that ¢ < §.

Step 2: Single dominant component in the upper and lower half. We prove that
there exist sequences {z}, C Z such that z- — z* and

L¥({ue # 25} N Py7,) < CEo(Xe, Q"\RY ;). (4.19)

where C > 0 is a universal constant independent of ¢.

Recall by (2.11) and (2.15) that the function u, can be written as u, =
2711 XGEI.Z; for pairwise distinct {zj}j C Z\{0} and pairwise disjoint {G‘;.}j C
RZ. By Proposition 3.3 (more precisely, see (3.3)), (2.4), and Lemma 3.1(iii) we have

o0
> H' %G N Py,) < CE.(Xe, (Pyf,)e) € CEc(Xe, Q'\R} ;). (4.20)
j=1

where in the last step we used (PBTS)E - Q”\R‘fﬁ 52" We also define the vacuum
inside Q¥ by Gj := Q"\ U?OZ] G;. By the relative isoperimetric inequality (see
for example [22, Theorem 2, Section 5.6.2]), there exists ¢ > 0 such that for all
J € Ny that holds

min {£%(G5NPyY), L2(PF\G%)]

&

§ min {LZ(Gj N P5+ )’ ‘CZ(PQ;‘\G{;)}1/252(P5T8)1/2

€

< cH'(9*GS N Py, 4.21)

where we used £2 (Pa—,:) < 1. (Note that the theorem in the reference above is stated
and proved in a ball, but that the argument only relies on Poincaré inequalities, and
thus easily extends to the rectangles Pa":. Since the ratio of length and width is
controlled, the constant is independent of § and ¢.) Then, from (4.20), (4.21), and
0*GG N Py, c USZ (8*G5 N Py, it follows that

L€
o0
Zmin {£2(G5 N P, LH(PF NG} S CE.(X.. Q'\RY55).  (422)
j=0

We now get that there is a unique dominant component, that is, there exists j. € Ny
such that

1
LX(G5 NP > z1:2(1);;3). (4.23)

In fact, assume by contradiction that this were not the case. Then, we get, for all
J € No,

min {,CZ(Gj N P8+ ), £2(P5T€\Gj)} = Ez(Gj n P(STE)'

&
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By using (4.22) we obtain L*(P;,) = 372 L2(G5NP;T,) < CE(Xe, QV\RY ;1)
This contradicts (4 18) for e small enough Now (4 22) and (4.23) imply (4.19) for
the choice z‘S =z G

To conclude this step, we note that the convergence lim,_, ¢ f o lue(x + ye) —
u;Jr’Z, (x)| dx = 0 along with (4.23) also yields z;* — z ™.

The rest of the proof is divided into two cases: (a) z/ # 0 and (b) zJ = 0,
that is, X, converges to a lattice in the upper half of the cube or there is vacuum.
We perform the proof for case (a). At the end of the proof (Step 7), we indicate the
necessary changes to treat case (b).

Step 3: Cardinality estimate. We prove that there exists C > 0 such that

24 ((eﬁ(zjﬁ)AX )N Pi) < CE(Xe, Q"\R}5). (4.24)

where here and in what follows A denotes the symmetric difference of sets. First,
consider some x € (e.£(zF)\X:) N P;:g. Then, by the definition of u, in (2.15)
we get

ug(y) # z forall y € Byja(x). (4.25)

Indeed, otherwise we would find y € Bg/4(x) and x' € XN Bs/ﬁ(y) with
#N (x ) 6 and {x'} U N.(x") C eZ(z)). The latter follows from the fact
that V. (x/) C Bg/f(x/) In particular, we have x’ € ¢2(z]) and |[x — x'| <
x —yl+ 1y — x| £ ¢/4+ 8/\/5 < ¢. This, however, is impossible, since
|x1 — x2| = e forall x1, x2 € e£(z}), x1 # x2.

On the other hand, if there exists x € (X:\eZ(z])) N P5+8, then we find

x0 € eZL(zHN P+ with |xg — x| < €. Clearly, xo ¢ X, by (1.1) and the fact that
E.(X;) < +o0. Repeatmg the reasoning in (4.25) we find that

ug(y) # z, FTforally e Bg4(x0). (4.26)

Note that, in this procedure, xo can be chosen for at most six x € X, indepen-
dently of ¢ since #(X, ﬂ B:(x9)) < 6 due to E.(X,) < +oo. Using (4.19),
EZ(BE/4(x)ﬁ )2 > ce?forallx € SZ(Z+)H s S,and (4.25)—(4.26) we conclude

4 (L EHAX) N PYL) £ CL (e # 571N PL) S CE(Xe, 0°\RY 512).

Step 4: Cut-off construction. In this step, we construct a new configuration ¥, C R2
such that Y;" = ¢.£(z}) on 8} QV, see (2.7). This construction changes the con-
figuration in the upper half-cube Q"'*. Step 5 then shows that the energy of ¥, is
asymptotically equal to the one of X,. The procedure can then be repeated on the
lower half-cube. We defer this to Step 6 below.

Set N = Lés—gj (Here and in the sequel, we do not highlight the dependence
on § to save notation.) Fork € {0, ..., No + 1} we let rpy = 1 — § 4 3ke and define
the layers

Si = (CrMORT)\RY 5. (4.27)
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Fork e {1,..., N¢} we also define the “thickened layers” L = S;_, US; U S,§+1.
Our goal is to perform a transition to the lattice .2 (z;") on one of these layers. To
this end, we choose a convenient layer by an averaging argument: by (4.24) there

exists k, € {1, ..., N¢} such t]}vlat
& 1 - &
#((eLEHAX)NLE) < N ];# ((e2(Hax,)NLY)
C v v
< o H(E2EDAXI N B S B (Xe 0'\RY 5). (4.28)

Here, we used L,‘i C Ps': forallk and es < C Ngsz. The factor 3 is due to the fact
that we count each strip S; at most three times. Set D® := Q) | U (Q"7\R{ 5).
We now define Y;" by

e (zh) in (P \Qy YU 0",
Y:_ _ 0 ?n (Ri),é\Q;}kvl)\(angQv U 8;Qv)’ (4.29)
X:NeZL(z5) in S,

X, in DU Q.

See Fig. 7 for an illustration of the different regions. We briefly explain the defini-
tion. In D* U 9 Q", the configuration remains unchanged, and near the boundary
of the upper half-cube it coincides with the lattice &2 (z). In S ,i, we use the in-

tersection X, N &% (z;‘). In this sense, S,fy can be understood as a transition layer.

Eventually, small regions near the boundary close to the interface Q"™ N3J Q" ~
do not contain atoms. This is convenient since in this region the energy of the
original configuration possibly does not vanish. Note that the latter ensures that
|y1 — y2| = e forall yi, y» € Y5, y1 # y2, and therefore

E.(Y.") < +o0. (4.30)

Finally, we point out that Y;* ¢ OV due to the definition of Bgi Q" in (2.7), see also
Fig. 3.

Step 5: Energy estimate. In this step we show that the energy of the configuration
constructed in Step 4 is asymptotically controlled by the original energy, that is,

liminf E.(Y;", 0*) < liminf E.(X., Q") + C§ 4.31)
e—0 e—0

for some universal C > 0. In order to obtain (4.31), we distinguish three regions:
AT=RINGL e AS=(SAAL A5 = 0"\(AfUAS). (432
Energy estimate on A{: We claim that there exists a universal C > 0 such that
E.(Y[, A%) < Cs. (4.33)

In fact, due to (4.29), we have ¥,F N (RY\Qy ) = (eZL(HNRY ;N3 Q") U
(Xe N RY; N 870Y). As L2((RY; N 9£ Q")) < Cée, see (2.7) and (4.3), by
Lemma 3.1(v) we get

#(YH N (RY5\Qy, ) < Cd/e. (4.34)



Emergence of Rigid Polycrystals from Atomistic Systems 659

(P \Qr. )udrqr
Sk.
~ 6 v
I T‘ T [
61 Ry s
- _____ I
DU O QY

Fig. 7. The different regions for Y;" inside QV: dark gray region D¥ U 3, Q", gray region
(RY S\kae_l)\(aj Q" U, QV), light gray region S,is, and white region (P8+8\Q‘,’k€) U
9;7 Q" The two dashed lines enclose the region R}

Here, Lemma 3.1 is applicable by (4.30). Additionally, we note that R{” S\Q;’kp_ !

consists of two rectangles and we have H1(8(R‘fy 5\Q;’)k5—1)) < (4. Hence, by
Lemma 3.1(v) we obtain

#(ATNYONRI\Q), ) = Ce*2£2(((RY,5\Q¥k5,1)a\(Rlv,a\kas,l))s)
< Ce7"H' ((RY 5\Q), ) S Cd/e.

This along with (4.34) yields #(A§ N Y;") < C§/¢, and therefore (4.33) follows by
(2.3).
Energy estimate on A5: We prove that there exists a universal C > 0 such that

Ec (Y, A5 < (1+C/8) Eq (X, O"\RY 5/5)- (4.35)

First, the definition of Lis below (4.27) implies (A%), C Li,; For x € Y, we
denote the neighborhood of x with respect to ¥,F by Nz y (x), cf. (2.1). We claim that

#Ney (x) = #NL(x) — 6#(B:(x) N (X \eZ(z)))) forallx € X, NY," N Aj.
(4.36)

In fact, if Bo(x) N (X:\eZ(z})) # 0, the right hand side is nonpositive since
#N:(x) £ 6, see (2.2). Since #N, y(x) = 0, (4.36) follows in this case. On
the other hand, if B (x) N (X:\eZ(z})) = ¥, by (4.29), we may have only in-
creased the cardinality of the neighborhood by adding atoms in £.2(z)\ X, that
is, #NVe y (x) = #MN;(x). This again yields (4.36).
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We split the sum into X, N Y5 and Y;"\X,. By using (2.3), A5 C L,
Lemma 3.1(iii), and (4.36) we obtain

EVF A9 £ Cotlx € AN AKX} + 5 3 (6 #Mr ()

xe¥a NX,
xeAf
< Cetfx e (V) NLE )X} + 36 Z #(B.(x) N (X \eZ(z))))
xe¥dNX,
xeA‘g
+ Ee(Xe, Ly)- (4.37)

Note, by (4.29), that Y," C .2 (z]) U X, in L{_. Therefore, in view of (4.28), we
obtain '

C
#x e Y NLIO\Xe} S#{x e ZLEHaX)NLE | < S—SES(X,;, O"\R} 52)-

(4.38)

Exploiting (4.28) once more, we get

> #(B) N (Xe\e L)) £ CH{x € (eLHAX) N L}
xe¥Nx.NAS

C
5 Be(Xe, O\RY 5 0).

A

(4.39)

Here, the first inequality holds because |x; — x| = ¢ for x1, xo € X, x| # x2, and
B.(x) C Ls forall x € A%. Hence, we get that every point in (X, \e.Z (z)) ng

is only accounted for at most seven times in the sum. Now, using (4.37)—(4. 39)

Lg C Q"\R{ 5 and Lemma 3.1(iii), we obtain (4.35).

Energy estimate on A5: We claim that

Ec (Y, A5 S Ec(Xe, 0). (4.40)

Recalling (4.32) we get that each x € A5 N Y. lies either in T¢ := (P5+8\Q“ yu

@ Qv \R} ;) orin D*. If x € ASN Y} NT?, then also B (x) C T*. (Here, we use
the deﬁmtlon of Af, A5 and (2.7). ) Then (4.29) implies #\; y (x) = 6. On the other

hand, if x € AsﬂYjﬂDg,thenX NB.(x) = Y.* N B.(x), which yields N; y (x) =
N¢(x). Thus, by (2.3) and Lemma 3.1(iii),(iv) we obtain (4.40). In fact, we get

Ec (Y], A = E. (Y7, A5NT®) + E (Y, A5 n DY)
= E;(Y;5, A5ND®) < E.(X., Q).
To conclude this step of the proof, it suffices to recall that by Lemma 3.1(iv)
Ec(YS, QY) = Ec(Y, AD) + Ec(Y, A) + Ec(Y.", AY).
Then we obtain (4.31) by (4.18), (4.33), (4.35), and (4.40).
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Step 6: Conclusion. By repeating the cut-off construction in Step 4 on Q"™ for z,
we obtain a configuration Y, such that Y, = ¢.% (z ) on ai 0V (y.) and

liminf E,(Ye, 0"(ye)) < liminf E; (X, 0"(ye)) + C8 (4.41)
£—0 e—0

by (4.31), where we reinclude the center y, in the notation for clarification. Since
zf — zT by Step 2, we observe by the definition of ® in (4.1) that

liminf £ (Ye, Q" (ye)) 2 Ozt z7,v).
£—

By using (4.17), (4.41) and by passing to § — 0, we obtain the statement of the
lemma.

Step 7: Adaptions in (b). To conclude the proof of the lemma, it remains to describe
Steps 3-5 in the case of vacuum, that is, z =

Step 3 for case (b): Cardinality estimate. We prove that

e#(X, N Py,) < CE.(X,. Q'\R} ;) (4.42)

forauniversal C > 0.Infact,if x € X, has#\ (x) = 6,thenu,(x) 7 0on Bg/2(x)
by (2.15) and the fact that Be > (x) C VE™ (x). Also note the Be 2 (x)NBe 2 (y) = §
forx,y € X¢, x # y. Thus, by (2.3), (4.19) (with zj = 0), and Lemma 3.1(iii) we
get

(X NP S eP#x e X, NP #Nc(x) =6} +6° ) (6—#N.(x))
xeX NPy,

ScL(fus #0yNP )+28E (Xe. Q"\RY 55) < CEc(Xe. Q"\RY 50).

where we again used that Py’ C Q" \R1 52" This concludes Step 3 in case (b).
Step 4 for case (b): Cut—oﬁ constructwn We now explain the construction of a new
configuration Y such that ¥;* = 0 on 9} 0". Again set N, = | £ | and define S
asin (4.27),as wellas Ly = S;_; US; US; . Similar to (4.28), by averaging over
k and using (4.42), there exists k; € {1, ..., N} such that
G 3 c
#(X,NLE) S — Z#(X NLY) < 7#(x npef) < S—BEE(XS, Q"\Ry 5/),

Ne k=1
(4.43)

where we again use that each strip S} is counted at most three times. We define

Y=

&€

. + v — Vv +0v
{@ in (P, URY )O\(Q}, V37 0") UdFQ", (4.44)

X, otherwise.
Note that, since E.(X;) < 400, we have that EE(Y;F) < 400.
Step 5 for case (b): Energy estimate. We again split the estimate into the three sets

Af$, A, and A defined in (4.32).
Energy estimate for A{: We claim that there exists C > 0 such that

E.(Y;", AY) < C§. (4.45)
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In fact, due to (4.44), we have Y, N (Rf,a\Q:kg) = X: N Ry 5 N3, Q", where,
similarly as in (4.34), #(X. N R‘l),s Na; 0") £ Cé/e. As R‘f,a\Q‘r)kg,l consists of
two rectangles with Hl(a(Rf’a\Q;’krl)) < C§ and V' satisfies E.(Y") < +oo,
we obtain, by Lemma 3.1(v)
#AT N Y = #((A\R] )\ 0),)) N YF) +#(Xe N RE, N0 Q")
S Ce L ((ANRY 5\05)),) + Co/e

< CeT'"HI (AR 5\ Q) ) + CB/s < Co/e.

Then (4.45) follows by (2.3).
Energy estimate for A5: We claim that there exists C > 0 such that

C
Ec(Y, A3 = gEs(XS’ O"\R{ 5/2)- (4.46)

In fact,if x € Yj N Ai, thenx € X, N L,‘Z. Using (2.3) and (4.43) we obtain (4.46).
Energy estimate for A5: We observe that

Ec (Y, AS) S Ec(Xe, 0). (4.47)

Indeed, if x € Y, N (QV\(A] U A)), then NV, y (x) = N;(x), where the neigh-
borhood of x with respect to Y;" is again denoted by N y (x). Therefore, (4.47)
follows by (2.3) and Lemma 3.1(iii).

Summarizing, (4.45)—(4.47) and (4.18) yield

liminf E.(Y.", Q") < liminf E.(X,, Q") + C§,
e—0 e—0

which is the analog to (4.31). The rest of the proof (that is, Step 6) remains un-
changed. O

5. Reduction of the Problem to Subsets of Two Lattices

In the previous section, we have seen that the condition of L -convergence in
the definition of ¥ (see (3.5)) can be replaced by converging boundary values,
see the definition of @ in (4.1). From now on, it will be convenient to express the
problem with lattice spacing equal to 1. Recall (2.7) and observe that by Lemma 3.1
the cell formula for ® can be written as

_ N T 2
(*.27,v) = min{ liminf — inf { £1(Xr. Q}(r)): yr € B2
Xr =2 on 0050} (2F)r € Z with 2F — *)
6.1

forallzt,z~ € Z and v € S'. This section is devoted to a fundamental ingredient
for the proof of relation of ® and ¢, and the properties of ¢, which will be addressed
in Sections 6 and 7. We show that the minimization problem in (5.1) can be reduced
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to configurations that are subsets of two lattices only (or just one if either z+ = 0
or z— = 0). For the formulation of the lemma, we introduce two further notions:
we say thata set Y C R? is connected if for each pair x, y € Y there exists a chain
(vi,...,vy) withv; € Y fori € {1,...,n},v; =x,v, = y,and |vjy] —v;| =1
fori € {1,...,n — 1}. Moreover, given a configuration X and ¥ C X, we define
the boundary of Y inside Q' (y) by

Y ={xeYNQOL(): #N@x)NY) < 6}. (5.2)

Lemma 5.1. (Reduction to subsets of two lattices) Letz+, 7z~ € Z,v e st y € R2,
and T > 0. Let X C R? be a minimizer of

min | £1(X, 04 ()¢ X = £() on 9705 (). (5.3)

Then, it satisfies the following two properties:

(i) (Subset of lattices) There holds X = XTUX™ on Q7 (y), where X* c L)
and X* is connected.

(i) (Structure of boundaries) The sets 0 X+ and 3 X ~ defined in (5.2) are connected
and satisfy #N'(x) < 5 for all x € dX*, as well as max, yeyx+ [x —y| = T.

Note that the minimum in (5.3) exists since £ is lower semicontinuous, see (1.1)
and (1.3), and the problem is finite dimensional. We also point out that X TN X~ # ¢
is possible, see for example Fig. 4, that is, the two grains described by X and X~
can have common atoms. Resolving this ambiguity by introducing a specific choice,
the grain boundary and bonds connecting the two grains can be described in more
detail.

Lemma 5.2. (Bonds between grain boundaries) Let X * be the sets found in Lemma 5.1.
There exist Y& with XT\0X¥ c Y* c X* such that

(i) (Partition into grains) YT UY " =XTUX and YT NY™ N Qr(y)=0.
(i) (Grain and bulk boundaries) 3Y* C dX* and Y* = £(z%) on 87 Q% (y).
(iii) (Neighborhood structure at grain boundary) it holds that

| Y #W) NYE) —4#arE| <2,

xedy*

We thus have that on average each boundary atom has four neighbors in the same
grain. As it has at most five neighbors in the whole configuration, it has on average
less than one bond connecting it to the other grain.

From a technical perspective, Lemma 5.1 will provide an important tool to
study the properties of the cell formulas. From the physical point of view, it shows
that our extremely brittle set-up, while allowing for rebonding, does not support
interpolating boundary layers near cracks. Its proof will require some concepts
from graph theory which will be only needed for this part of the article. For this
reason, it is possible to omit the proofs of Lemmas 5.1 and 5.2 on first reading
and to proceed directly with Section 6. As our graph theoretic description gives in
fact a more precise picture of the geometry of grain boundaries, which is of some
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independent interest, we summarize these findings in Theorem 5.4 at the end of
Section 5.

We now address the proof of the lemma and start by introducing some notions

from graph theory.
The bond graph: We define the bond graph of X C R? as the set of positions X
with the set of bonds {{x, y}: x € X, y € N'(x)}, where N'(x) = N} (x) is defined
in (2.1). As for configurations with finite energy E; there holds dist(x, X\{x}) = 1
forall x € X and y € A'(x) only if [x — y| = 1 < /2, the bond graph is planar.
Indeed, given a quadrilateral with all sides and one diagonal equal to 1, the second
diagonal is V3> 1.

A sequence of atoms p = (vy, ..., vy) C X is called a simple path in X if the
atoms are distinctand {v; 1, v;}arebondsfor j € {1, ..., n—1}.1f (v1, ..., vy—1)
is a simple path and v,_ is connected to v, = v; by a bond, p is a cycle in X.
We say that a configuration is connected if each two atoms are joinable through a
simple path. (Note that this definition is consistent with the one given before the
statement of Lemma 5.1.) A bond is called acyclic if it is not contained in any cycle
of the bond graph. The reduced bond graph of X is obtained by first deleting all
acyclic bonds and then all atoms which are not connected to any other atom. By
a face of X we always mean a face of its reduced bond graph. The boundary of a
face is given by a disjoint union of cycles and by a unique cycle if the reduced bond
graph is connected. Such a boundary is called a polygon and, in particular, a j-gon
if it consists of j € N atoms.

Sub-configuration: We say that Z C X is a sub-configuration of X. All notions
defined above are defined analogously for any sub-configuration Z of X.
Face defect: We define the face defect of a sub-configuration Z C X by

n(2)=>Y (—3)fi(2), (54)

iz3

where f;(Z) denotes the number of polygons with j atoms in the bond graph of Z.
Strong connectedness: We say that a configuration Z is strongly connected if Z\{x}
is connected for every x € Z. Note that strongly connected graphs with more than
two atoms coincide with their reduced bond graph as they do not contain acyclic
bonds since removing one of the atoms belonging to the bond would disconnect
the configuration.

Maximal components: Fix Qr(y). Let zt,z= € Z and consider X C R? such
that X = Z(z%) on ali Q' (y). We denote the set of strongly connected subsets of
lattices by

ct = {Z CXNZiEH: zZn BliQ;(y) # ), Z is strongly connected}.

We introduce the maximal components, denoted by M £, as the maximal elements
in C* with respect to set inclusion. These sets can be written as

M* = U Z. (5.5)

ZeC*
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VA=

Fig. 8. A schematic picture of M+ N Q”T(y), depicted in dark gray, and of M~ N Q;(y),
depicted in light gray. Their boundaries are illustrated in bold. We depict also a curve py,
considered in Step 2 of the proof below

Fig. 9. The three different (up to rotation and reflection) possibilities of paths of length 3

Note that MT = @or M~ = @ if 77 = 0 or =~ = 0, respectively. Moreover, we
point out that M are in general not subsets of 0% (y). We illustrate M N Q7 in
Fig. 8.

Lemma 5.3. (Simple paths in maximal components) Let y = (x1,...,Xx) be a
simple path in X with x1, x; € M™ (or bothin M™) such that x», ..., xs_1 ¢ M
(orxa, ..., xx—1 ¢ M, respectively). Then k = 4.

Proof. Let y be as in the statement, without restriction with x1, x; € M ™. Recall
that M™ C Z(z7). If we had k = 3, then we would necessarily get xo € Z(z7),
as well, see Fig. 9. This, however, contradicts the choice of the maximal component
M. In fact, also M+ U {x,} would be a strongly connected set. O

Proof. Without restriction we assume z+ # z~. The proof strategy is as follows:
we first show that X consists of at most two connected components which contain
the lower and the upper part of the boundary, respectively (Step 1). We are then left
with at most two connected components which contain the maximal components
M* defined in (5.5). Then, we prove that these components M* do not contain
holes. This ensures that dM® N Q7 (y) are simple paths (Step 2). Finally, we show
that there are no parts of X that may be connected to M*, but that are not subsets of
the upper and lower lattice .2 (z*) (Step 3). Steps 1-3 are proved by contradiction,
that is, we suppose that X did not satisfy the abovementioned properties and then
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we show that the configuration can be modified in such a way that the energy strictly
decreases. Some technical estimates are given in Steps 4-5.

Fixzt e Z,ve S, T >0, and y € R2. Denote by X C R2 a minimizer of
(5.3). Without loss of generality we assume that

X Clxe(QrON: N@N Q) #A U3 Qr(» U070 (5.6)

In particular, we have X = .Z(z%) on 8liQ;(y). By M* we denote its maximal
upper and lower component, respectively, given by (5.5). (Recall that M = ¢
or M~ = @ if z+ = 0 or z— = 0.) Without restriction we assume that z+ =
(0%, %, 1). Otherwise, we apply all arguments just to the component z* with
7 #0.
Step 1: X has at most two connected components in Q'.(y) and #N(x) = 2 for
all x € X N Q% (). First, we observe that the maximal components M Tand M~
are either contained in one single or in two different connected components of X.
Assume by contradiction that the configuration X consists of more than the (at
most two) connected components containing M*. Then we can remove the other
connected components not containing M* and obtain a new configuration which
has strictly less energy and the same boundary data as X. This follows directly from
the definition of the energy in (2.3).

Moreover, if there exists x’ € X such that #A/(x’) < 1, then we can consider
the configuration X\{x’} to obtain a configuration with strictly less energy since,
by (2.3), we have

1
Ei(X, 07(y) = 5 Z (6 —#N(x) 2 E1(X\{x'}, 07 () +2.

xeXNQY ()

Step 2: dM™* is a simple path. In this step, we show that each of the sets d M~
defined in (5.2) is a simple path in X joining the lateral faces of Q% (y). More
precisely, let

Hl () =1{x eR* ((x—y),v") <-T/2}) and H] , (y)
={x e R%: ((x — y).,vH) = T/2}.

Then there are v € MjEﬁHUTL _(y)and vf € MjEﬁHUTL +(y) suchthat{vi, vf}U

dM* is a simple path with first element vE and last element vf

To prove this, we color each (closed) equilateral triangle of sidelength 1 all of
whose corners are contained in M* in dark/light gray, respectively, see Fig. 8. We
first show that there are no cycles in d M*. Since M* is strongly connected, this also
yields that the colored regions inside Q’.(y) are simply connected and that 0 M +
lies on the boundary of the respective colored region. Assume by contradiction that
there exists a cycle p = (vy,...,v,) C M= with v, = v;. Denote by int(p) the
interior connected component of the curve

n—1

Py = U[Ui; vit1l:

i=1
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see Fig. 8. Now define

g L) in int(p),
T lx otherwise.

Since we did not change the neighborhood of each atom x € Qy (y)\int(p), we
obtain by (2.3) and Lemma 3.1(iv)

E\(X, 0% () = Ei(X,int(p)) + E1 (X, Q4 (m\int(p))
< Ei(X,int(p)) + E1(X, Q% (m\int(p)) = E1 (X, 0%(»)).

where we have used that #A/(x) = 6 for all x € X N int( p) and that every x € p
has at least as many bonds in X asin X , while for at least one x € p the number
of bonds has increased. We have constructed a configuration X with strictly less
energy and the same boundary data as X. This contradicts the fact that X C R? is
a minimizer of (5.3), and shows that there are no such cycles in M*.

We next show that even the complement of each colored region inside Q7 (y) is
connected. If this were not the case, without restriction we assume for contradiction
that there are v, w € Mt N HVTl +(y) such that there is a simple path with first

element v, last element w, and intermediate elements in d M+, whose bonds together
with a segment in d Q%.(y) bound a region free of dark triangles. By the boundary
conditions, we can suppose that 6 = (v, v) > (w,v) = —6, see also Fig. 8. We
extend it to a cycle p by placing additional atoms in % (z 1) ﬂ(Q; )N HUTl +(y).
Our assumptions on X specified in (5.6) and Step 1 guarantee that each péint in
Z(z") on or inside of p has distance at least 1 to every atom of the connected
component of X that contains M ™. Now let

Z(H) in int(p),
X=1x in R2\int(p),
[ otherwise.

In a fashion similiar to before we get E (X, 07 (y) < E1(X, Q% (y)), which also
shows that this situation does not occur. We conclude that each M ¥ is strongly con-
nected and both the dark and the light colored areas have connected complements
relative to Q' (y).

We claim that 9 M~ has to be a simple path. Assume by contradiction that this
were not the case, for example, for M * . Then, since M lies on the boundary of the
region in dark gray being the union of triangles, we find x € 9 M which is a corner
of exactly two of these triangles and these triangles share only x as a common point,
see Fig. 10. Since M ™ does not contain cycles, we find x ™, x~ € A/ (x) such that
each path in M connecting x* with x~ contains x. This, however, contradicts the
strong connectedness of M T, and shows that d M is a simple path. This concludes
Step 2.

Step 3: Comparison with subsets of the lattice. Our goal is to show that there holds
X C Z(zY) U Z(z7). Recalling the definition of M¥ in (5.5), it thus suffices
to show that removing the connected components of (X N Q‘}( I\NMTUM™)
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rt

X

Fig. 10. A point x € oM * that would make M+ a non-simple path

would strictly decrease the energy which clearly contradicts the assumption that X
is a minimizer. (Recall that we have already reduced to the case that X consists of
at most two connected components. Note, however, that (X N Q% (y)\(M TuM)
might consist of more connected components.)

This will conclude the proof of the statement: it shows that the minimizer X is
indeed a subset of £ (z7) U.Z (z 7). Moreover, the property that d M* N 04 (y) are
simple paths joining the lateral faces of Q' (y) has already been addressed in Step
2. Finally, we observe that #\/(x) < 5 for all x € dM™. In fact, #\/(x) = 6 for
some x € dM* would entail {x} UN(x) C M* as M+ C Z(z%) is the maximal
component. This contradicts (5.2).

Now, consider a connected component X’ of (X N Q;(y))\(M+ UM™). We
want to prove that

Ei(X, 07(») 2 E1(X\X', 07 (») + L. (5.7

We first introduce some further notation. By I't ¢ dM™* we denote the smallest
connected sets I D N (X’) N M*, where we define N (X') := Usex N\X'.
Define I' := ' UT'~ and X1 := X’ UT. Note that both '™ and I'" are simple
paths in X since dM* are simple paths, see Fig. 11. For x € Xr, we introduce the
internal and external neighborhoods by

Nix) =N@x)NXr,  Ne(x) = N@)\Xr, (5.8)

that is, the set of neighbors inside and outside of X, respectively. Note that Xt is
connected. Its reduced bond graph is delimited by a finite union of disjoint cycles.
We denote by d X1 the union of these cycles and by d = #9 Xr its cardinality. (The
notation is unrelated to (5.2).) We further define

fi=#j-gonsof Xr, f=Y_fj, n=n(Xr), nr=#I, n=#Xr,

J
br=#{{x,y}:x,yel, ye N}, b=#{{x.y}:x,y e Xpr, y e Nv)},
bac = #{{x, y}acyclic: x,y € Xp, y e N(x)}, (5.9)
where n was introduced in (5.4). Note that f corresponds to the number of faces

both in the bond graph and in the reduced bond graph of Xr. We will see that it
holds that

24d + 2bae + 1 = 3nr — br-. (5.10)
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M~ M~

Fig. 11. The different possibilities of X’ touching M + corresponding to case (a) on the top
left, case (b) on the top right, and case (c) in the two bottom pictures. M is always depicted
in gray, M~ in light gray, and X’ in dark gray. '™ and '~ are depicted by the bold black
lines

We defer the proof of (5.10) to Steps 4-5 below and proceed to prove (5.7).

Since in the passage from X to X\ X’ the neighborhood of atoms outside X is
left unchanged and for atoms in I" the neighbors outside of Xt \I" remain, in view
of (2.3), we need to check that

1 1
5 2 O—#N() 2 2 ) (06— BN () +#WV W ND) +1. (51D

xeXr xell

‘We can count the faces to obtain

2b—d—2bac=ijj=n+3f. (5.12)
j23

Indeed, the first identity follows from the fact that in the summation all bonds
contained in the union of cycles delimiting the reduced bond graph of X are
counted only once, the acyclic bonds are not counted, and all other cyclic bonds
are counted twice. The second identity follows from (5.4). As the bond graph is
planar and connected, we can apply Euler’s formula (omitting the exterior face) to
getn — b+ f = 1. Then, by (5.10) and (5.12) we derive

3n—b =3nr —br +1.

By the definitions in (5.8)—(5.9) and the facts that erxr #N;(x) = 2b,
Y ver #WN(x) NT) = 2br this implies

1 1

3 Z(6—#/\/}(x))§52(6—#(./\/'(x)ﬂr‘))+1. (5.13)

xeXr xel

Now we note that #A (x) — #MN,(x) = #N;(x) for x € I'" and N (x) = N;(x) for
x € Xr\I', see (5.8). This along with (5.13) shows the desired estimate (5.11). To
conclude the proof, it remains to show (5.10).
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Step 4: Proof of (5.10). Recall that I" consists of the two simple paths ' and I" ™.
We need to distinguish three cases:

(a) I is not connected,  (b) I is a cycle, (c) I is a simple path.

Since I'* are simple paths, and the bond graph of X’ is planar and connected, we
see that these are all possibilities that may occur, see Fig. 11 for an illustration of
the different cases. At this point, we also use that '+ are the smallest connected sets
with ' D V(X )NM* and T'* € §M*, where d M+ is a simple path connecting
Hl, )NZEHand HL | () NL ).

First of all, we observe that

Case (a): nr S br+2, Case(b): npr Sbr, Case(c): nr < br+1.
(5.14)

This is due to the fact that the bond graph of I' contains I'* and a simple path
containing k bonds consists of k 4+ 1 atoms, and in a cycle the number of bonds
equals the number of atoms. (As there may be more bonds present if there are
triangles in the bond graph, we get inequalities.)

Using (5.14), it suffices to prove

2nr in case (a),
d +2bye +1 2 {2nr —2 incase (b), (5.15)
2nr — 1 in case (¢),

where d, n, nr, and b, are defined in (5.9). This will rely on the estimate
n=nr—2. (5.16)

We first show (5.15) in the three cases and defer the proof of (5.16) to Step 5.
Observe that if a connected component [ of T satisfies T’ ¢ 9Xr, then #T =1
and I" connects to X’ by one acyclic bond. This follows from the observation that,
whenever x € I satisfies N(x) N Xr = 2, then x lies on a cycle in X1 and thus,
as an element of I', is contained in 0 X .

Case (a): Suppose first I' C dXr. Since d X is a disjoint union of cycles and I'
consists of two simple paths, we get #(d X \I') 2 2. In fact,if " and I~ intersect
the same cycle of 3 Xr, this follows from the fact that '™ U T~ is not connected. If
't and "~ intersect different cycles of d X, it suffices to use that '™ are not cycles.
This shows d = nr+2.Then (5.16) implies (5.15).If T~ C dXr, r+ ¢ 90X, then,
as before, #(0X\I'™) = 1 and thus d = #I'~ + 1. The observation below (5.16)
gives #I'T = 1 and b,. = 1, so particularly d > nr. Then again (5.16) implies
(5.15). Thecase '™ ¢ 3 X, 't C 3Xr is analogous. Finally, if '™, 't ¢ axXr,
then nr = 2 and b,e = 2 since I'™ and I'"" cannot be connected to X’ by the same
(acyclic) bond. This proves (5.15).

Case (b): Since T is a cycle, we get ' C 9 X1. Thus, we obtain np < d and (5.16)
yields (5.15).

Case (c): Suppose first that I' C 9 Xr. Since I' is not a cycle and 9 X is a union of
cycles, we get #(0Xp\I') = 1. This implies d = nr + 1. Then (5.16) again yields
(5.15).If T' ¢ dXr, then np = 1 and by = 1, from which (5.15) follows.
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Step 5: Proof of (5.16). It remains to check (5.16). To this end, we classify the
polygons in the (reduced) bond graph of X in the following way: for k = 1, we
set

0-k-gon = {P polygonin Xr: #(PNI) =k} and 0-gon= U d-k-gon,
k1

and define Dy = #0-k-gon. In order to estimate the cardinality of P € 9-k-gon,
we introduce the following condition:

there exist x; e MT NP and x_ e (M \MT)NP with |x; —x_|=1.
(5.17)

We claim that always, #P = k + 1, while if (5.17) does not hold then it holds that
#P =k +2.

To see the first claim we note that clearly #P = k. If #P =k, then P C I" and
I"is a cycle, hence P = I'. But then all bonds connecting I" and X’ are acyclic. As
observed below (5.16), this entails #I" = 1 which, however, is not possible in case
" is a cycle.

Assume now (5.17) does not hold. First, suppose that PNT C M*or PNT C
M~ .If k = 1, the statement #P 2> k + 2 is clear as #P = 3. If k = 2, we can
choose a simple path in P such that only the first and the last atom lie in M
(or M, respectively). The statement then follows from Lemma 5.3. On the other
hand,if PN (MT\M~™) # @ and P N (M~\M™T) # @, then there exist two simple
paths contained in P joining MT™\M~ and M~ \M™. Since (5.17) does not hold,
each of these two paths contains an atom that is not contained in I". This implies
#P 2k +2.

We are now in a position to prove (5.16). By the definition of 1 and the cardinality
estimate for d-k-gons we obtain

n=Y fii=32) Dik+2-3)—-N

j=3 k=1
0 in case (a), (5.18)
>3 Di(k—1)— {2 incase (b),
k=1 1 in case (¢),

where N denotes the number of d-gons satisfying case (5.17). We used that: in case
(a) we have N = 0 since otherwise I' would be connected, in case (b) the fact that
X' is connected and the planarity of the bond graph imply that N < 2, and in case
(c) we get N < 1 since T is a simple path. Finally, we claim that

nr — 2 incase (a),
Z Di(k—1) = {np in case (b), (5.19)
k=1 nr — 1 incase (¢),

Indeed, this follows from the fact that each bond in between two successive atoms
x,y € I' is contained in exactly one d-gon and k — 1 estimates from above the
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number of bonds between atoms in I' N P whenever P € d-k-gon as otherwise
P =T and #P = k which we have excluded above. (The estimate is strict if ' N P
is not connected.) By combining (5.18)—(5.19) we obtain (5.16). This concludes
the proof. O

Proof of Lemma 5.2. Without restriction we assume that zT # z~. Let X* be as
in the statement of Lemma 5.1, that is, X* = M*. We define

Yr=XNOXTNox ) UfxredXT NaX : # W) NXT) Z#W(x) N X))},
Y~ =X"\@XTNoX)HU{x e dX T NaX : # N () NXH) <# W) N X))}

Proof of (i). Property (i) is obviously satisfied by construction.

Proof of (ii). As a preparation, let us note that, if x € XTNX~, then N'(x) N X+ N
X~ =¢since zt # z7. Moreover, if x € XTNX™ N Q% (y) =3dXTNaxX~,
then #A/(x) < 5 by Lemma 5.1(ii). Since X *is strongly connected, we also have
#(N'(x) N X*) > 2. Our definition of Y+ then entails

x e XT\Yt = #Wx)nXx*H =2. (5.20)

This ensures that Y+ = X+ = Z(z%) on 31i O’ (y). Furthermore, it entails d Y*
dX*. Indeed, y € 3YF\dX* would give #(N (y) N XF) = 6and #(N (y)NY*) <
5, that is, there exists x € X\ Y with |x — y| = 1. But then #(\ (x) NN (y) N
X*) = 2, which yields the contradiction #(\ (x) N X*) > 3.

Proof of (iii). Since X7 is simply connected and x € dX*\3Y* is only possible
if #(NV (x) N XT) = 2 (see (5.20)), we get that aY*isa simple path connecting the
lateral faces of Q7 (y). More precisely, by Step 2 of the proof of Lemma 5.1, there
are v e XN HVTl _(y) and vf e X*tn H‘i +(y) such that {vi, vjf} UaY*is

a simple path with first element vE and last element vf. The bonds between any
two consecutive atoms in this chain form a polygonal line and we denote by «(x)
the (interior) angle it forms at atom x.

As the first and the last segments cross the lateral faces of Q7% (y) and YE is
strongly connected, we have

Z (r —ax)) € %{—271, —m,0, 2}

xedy*

Since X¥ is simply connected, due to (5.20), the same holds true for ¥ +. Hence,
a(x) relates to the number of neighbours of x within ¥* by the formula

a(x) = %(#(./\/(x) NY*) —1)r.

As a consequence we obtain

‘ > (#(N(x)myi)_4)‘=‘% > (a(x)_n)‘§2.

xedy* xedy+

This concludes the proof. O
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We summarize our main findings on the structure of grain boundaries obtained
in the proof of Lemma 5.1 in the following theorem:

Theorem 5.4. (Reduction to subsets of two lattices) Let z+,z~ € Z, zV # 77,
vesSh y € R2, and T > 0. Let X C R? be a minimizer of

min [ E1(X, Q4(0): X = 2(*) on 3 05 ()].

Then X = MT UM~ on 07 (y), where M™, M~ are the maximal components of
X, see (5.5). Coloring each (closed) equilateral triangle of sidelength 1 all of whose
corners are contained in M in dark/light gray, yields two simply connected plain
regions containing Bli 0% (), respectively, whose boundary part inside of Q7. (y)
is given by a simple path of atoms.

6. Characterization of Solid-Vacuum/Solid-Solid Interactions

This section is devoted to establish a relation between the cell formula ® defined
in (4.1) and the density gpex given in (2.18). In particular, we will analyze the
situation where the two lattices .Z(z7) and .Z (z ™), which determine the admissible
configurations at the boundary, allow for touching points, that is, atoms xt e
L(z)and x~ € Z(z7) with [xT — x7| = 1. We start by formulating the two
results of this section.

Lemma 6.1. (Relation of @ and ¢pex) There exists a universal constant C > 0
such that for each v € S' and for every sequence of centers {yr}r the following
properties hold:

O)Ifzt=0,t,1))e Zandz” =0o0rifz"- =0andz~ = (0,1, 1) € Z, there
holds forall T > 0

1. -
| min {E1 (X7, Q7(m): X1 = 2 on 9F Q7)) — enex(e%v)| £ /T
(i) Forallzt = 0", t%, 1), z7 =@ ,t, 1) € Z there holds for all T > 0
1
7 min {E£1(X7, 07 (7)) X7 = L) on 0F 04 (vr) )

< Ghex (€77 V) + ghex(e 7 v) + C/T.

Moreover, if z+ # 77, then also

1
7 min {E1(X7, 07 (r)): X7 = Z(z%) on QY ()}

. 1 L
2 ‘phex(e_lm—v) + Eﬁﬂhex(e_lg U) —C/T.

N =
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Note that this lemma indeed provides a relation between ¢pex and the density
d since

1
®(z*, 27, v) < liminf - min {E)(X7, 07 (vr): X r =2 ond; 0 (yr)}
(6.1)

forall z* € Z,v € S!, and all { yr}7. We point out that the energy density @hex
has already been identified in [3,20]. In our exposition, once the technical result
about reduction to two lattices (see Lemma 5.1) has been achieved, the proof of
Lemma 6.1(i) is rather simple compared to [20, Theorem 2.2]. In addition, this
version with convergence rate is a novel result and is needed in order to prove
Proposition 2.2.

The next lemma is a refinement which addresses the question under which
conditions on the difference of the rotation angles ™ — 8~ equality holds in (ii).
To formulate this statement, recall w = % + ’5\/5 from Section 2.2. We introduce
the set of good angles, denoted by Gy, as the angles 6 € A which can be written as

i U1 .
e’ = '’ with vy, v, € Z\{0}. (6.2)
Here, the division of vy, v € C has to be understood in the sense of complex
numbers. L.e., such angles correspond to rotations which transform one lattice point
into another one. Note that G, is clearly countable. From an algebraic standpoint,
our notion of G coincides with those angles 6 such that ¢'? is a fraction of the
commutative ring .Z.

Lemma 6.2. (Touching lattices) Let z+ = (0%, t*, 1) € Z be such that

Ozt 27, ) < ghex (670 V) + ghex (¢ V) — (6.3)

forann > 0. Then, there exists an optimal sequence {X7}1 for ®(z+, 77, v), see
(5.1, such thatfor all T > 0 large enough, there holds X1 C ,Z(ZT) U.Zzp),
where zT = (9T , ‘L’T , 1) € Z, and the rotation angles satisfy

0Ff —67 =07 -0~ €Gy forall T > 0. (6.4)

More precisely, 0T =07) = vy /vy for lattice vectors vy, vy € L \{0} with|vy], |vz2]
< C,, where Cy) > 0 only depends on 1.

Condition (6.3) means that the surface energy between sub-lattices of .Z(z™")
and .Z(z™) can be strictly less than the sum of the surface energies corresponding
to each lattice interacting with the vacuum. This indicates that there are many atoms
(in a certain sense) in .Z(z") with distance 1 to atoms in . (z~). Therefore, we
speak of lattices which have “touching points”. The lemma shows two properties
of optimal sequences: (i) they can be chosen as a subset of two lattices only, cf.
also Lemma 5.1, (ii) the difference of the corresponding rotation angles is constant
and lies in Gy .

We now proceed with the proofs of the two lemmas.
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Proof of Lemma 6.1. For the whole proof, we fix v € S! and a sequence of centers
{yrlr.

Proof of (i). Letz = (0, 7, 1) € Z\{0}. We only prove the result for z* = z and
z~ = 0 since the argumentation for the reflected boundary conditions is the same.
We obtain the statement by showing separately the two inequalities, where one is
proved by a slicing argument and the other one in a constructive way.

Step 1: First inequality. The goal of this step is to prove

1 .
7min {E1(X1, 04 0): X1 =25 on 07 Q5(01)} 2 ¢nex(e7v) — C/ T.

Consider X7 C R? satisfying X7 = .£(z) on 3; Q. (y7), X7 = £(0) = ¥ on
d; O7(yr), and

Ei(Xr, 07(y) = min {E1(Xr, 07(vn): &1 = 25 on 0 051}
(6.5)

By Lemma 5.1, we get that X7 C Z(z2) = e'?(Z + 1). Recall the definition
w = % + ’5\@ We now perform a slicing argument: for k € {1, 2, 3}, we define
foreach u € R

Ir(n) = {Aeiewk + ueie(a)k)J‘: S R}

the line in lattice direction e!?@* passing through the line Re'? (k)

we'? (). We set

at point

To={n e R: k()N 2@ #0, Lw Olyr = 5o vr + o).

Due to the boundary conditions, up to a bounded number of times independent of
both v and T, foreach u € 7y we find x € X7 C Z(z) such that x + ¢!?w* ¢ X7
orx —elfwk ¢ X 7. (Note that a bounded number of lattice lines, independent of T,
in direction ¢!’ w* and passing through [y — %vl; yr + %vL] does not intersect
3," Q% (yr).) By (2.3) this yields

3
E\(X7. Q3 () 2 Y _#T; — C (6.6)
k=1

for a constant C > 0 independent of 7'. It remains to estimate #7;. For u € R such
that I (1) N.Z(z) # W, we get I (u +£+/3/2)N.ZL(z) # Band [ (W) N.L(z) =
forall u' € (u — ~/3/2, i + ~/3/2)\{u}. Finally, we have

’

El(l'[k([yr — Loty + %UJ‘])) =T|(v, ")

where IT; denotes the orthogonal projection onto Re'? (w*)1. We therefore obtain

2T . _
#I > |, )| - C = —i0y, | = C. (6.7)
] |

2T}
5
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By (2.18) and (6.6)—(6.7) we conclude

3

1 .
FE (X7 Q7 0m) 2 Z‘T (e ™v, 0")| = C/T = gpex (e ""v) = C/T.

This along with (6.5) shows the first inequality.
Step 2: Second inequality. The goal of this step is to prove

1 )
?min {E\(X7, Q5 (1) X1 = 25 on 9 04 (7)} < ghex(e7v) + C/T.
6.8)

This is achieved by constructing an explicit competitor for the minimization prob-
lem: we define X ‘7‘3 by

. e >
X}L: Z(z) in {x.'(x yr,v) 2 5}, 6.9)
] otherwise,

that is, X 743 is a (discrete version of a) half space. We directly see that X = 2@
on Ber;(yT) and X;f = @ on d; Qy (yr). To estimate its energy, we start by
observing that for this choice of X }L equality holds in (6.6) with Z; as defined above,
up to an error of order O(1). Indeed, if x € .Z(z)\ X, then either x +1e?w* ¢ X
forall . € Norx — Ae'?w* ¢ X7 forall A € N. Then, the equalities in (6.6) and
(6.7) along with (2.18) yield

3

1 A
ZEI(X7, 0710m) = 2 [(e7v, )| + C/T = ghex(e ) + C/T.

(6.10)

This shows (6.8). For purposes of the proof of (ii) below, we note that construction
(6.9) with —v in place of v can be applied to obtain a configuration X C R? with
X; =2 ()ond; Qyp(yr)and X =@ on 81+Q;(yr) which satisfies (6.10).
Proof of (ii). Fix zm = (07, t7,1) e Zandz~ = (07,7, 1) € Z. We show
the first inequality by an explicit construction. The second one is obtained with the
help of Lemma 5.2.

Step 1: First inequality. We define X7 = X; U X, where

bl

Yt — LT in {x: (x —yr,v) =5},
Y otherwise.

- {f(z—) in {x: (x —yr,v) < -5},
X; =

] otherwise.

Then, X7 clearly satisfies the boundary conditions X7 = .Z(z%) on 81iQ;(yT)
and by repeating the reasoning in (6.10) we find that

1 1
=Er(Xr. 05 (n) = 7 (E1(X7. 07 () + Er(X7. Q50) )
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é Phex (e_i9+V) + ®hex (e_ie_v) + C/ T.

Step 2: Second inequality. Consider X7 C R? satisfying X7 = .Z(z*) on 81jE 0 (Oyr)
and

E\(Xr, Q7 (yr)) = min {E1 (X7, Q7 () Xr = £(%) on 97 Q7. (rr) -
By Lemmas 5.1 and 5.2 there holds X7 = X; U X, = Y;/UY; on Q%(y), where
Y]jf = .Z(z%) on BliQ‘}(yT) and

| Z #N () NYF) —4#3Y7| < 2.

+
xeaYr

Since #N (x) < 5 for any x € BYTjE (c BX?E), we get

% Y 6-#NW) 2 %#BY;E > % > (6-#W@NnYy)—1/2.
xeY%ﬂQ"T(yT) xanTi

So observing that Y. ;E is a competitor in (Step 1 of) (i) above and using that Y;f N
Y. N Q% (yr) =0, we find that

1 1 1 _
=E1(Xr, Q7 0m) Z 5 E(YS, Q7 ) + 5 Ei (Y7, Q7 ) = 1/ T
T 2T 2T
1 ot 1 o
2 Eﬁphex(e i V) + Ewhex(e 0 V) - C/T.
This concludes the proof. O

Proof of Lemma 6.2. Let {X7}7 be an optimal sequence for ®(z", z~, v) and de-
note by {yr}r the corresponding centers of the cubes. Due to Lemma 5.1, we
may without restriction assume that X7 = X ; U X, for sub-configurations X jj?
satisfying X% C E(szE), where szE = (9%, r%, ) - zF = (0F, %, 1) as
T — +00. Moreover, the sets d X* defined in (5.2) are connected, and there holds
Xr=% (z%) on a;—L Q% (y7). In what follows, we fix a subsequence (not relabeled)
such that by (6.3) we have

. o 1
Ohex (€777 V) + ghex (¢ v) — lim ?El(xr, 04%(r)) Zn>0. (6.11)

T—+o00

Our strategy to show (6.4) lies in proving

st _p— U+
61(97‘ _97‘) — T

with v, vy € & satisfying [vf|=|v7| £C; (6.12)
Vr

for all T sufficiently large, where C, only depends on 1. From this estimate, the

statement in (6.4) easily follows. In fact, given (6.12), since .Z is a discrete set and

6% — 07, 07 —07) — v;/v; is eventually constant and we find 87 — §~ =

G;f — 05 € Gy for all T large enough.
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Let us come to the proof of (6.12). Recall by Lemma 5.1 that X7 is contained
in the two components X ;f and X . We further define the set of fouching points

={x € Xf: 3y € X; such that |x — y| = 1},
={xeX;: ElyeX;“suchthat|x—y|=l}.

Note that 775 Useaxz (tx} UN(x)), see definition (5.2). (TFE\OXE # Dis
possible if XJTr N X; # ¥.) By (2.2) we also observe that

#T,5 /6 < #T, < 6#T,. (6.13)

We start with a brief outline of the proof. Steps 1—4 are devoted to some preliminary
estimates: we first show that the cardmallty of the sets X7 * and TTi scales like T
by providing a lower bound for T (Step 1) and an upper bound for 8X (Step 2).
Then we show that, for the majonty of points in T , neighborhoods contaln many
points of d.X7 * (Step 3) and also elements of ’Ti (Step 4). Based on this, we can
find quadnlaterals consisting of two points in 7 + and two points in 7, where two

sides have length 1 and the other two sides are parallel to lattice vectors of the form
’97 w and o1 wy, respectively, for some w}“, wy € £ with controlled norm.

From th1s (6.12) can be derived (Step 5 and Step 6).

Step 1: Cardinality of touching points. We show #’Ti = 22T for T large enough.

By (2.2), (2.3), and the fact that Xt = Z(ZT) on 81 QT(yT), we obtain

1
E(Xr.0rom) 25 ). (6—#W@NXP)
xeX7NQY(yr)

1 _
+5 Y (6—#W) N X))

XeX7NOY(yr)
— 3T, +#T,),

and therefore,
3HT; +#T7) = Ei(XF, 04 ) + Ei(X7, Q4 (vr)) — Ei(X7, Q% (vr)).

We note by the definition of X7 that the subconfigurations X }r and X7 are com-
petitors for the minimization problems appearing in Lemma 6.1(i). Dividing by T
and passing to the lim inf along T — +o0, by (6.11) we therefore conclude

1
liminf —#7F +#7.7) > n/3.
pmint 7 #7720/

This yields lim inf7_, 4 T#’TTi > AL 57 by (6.13), and concludes Step 1.
Step 2: A priori bound on the length of the boundaries. We claim that for T > 0

large enough the boundaries 0 X ? C Q;(yT) (cf. (5.2)) satisfy

#(0X; UIX;) < 8T, (6.14)
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In fact, by Lemma 5.1(ii) there holds #N'(x) < 5forall x € X % and therefore
for T sufficiently large we get by (2.3), (6.11), and the fact that ||ghex || oo(s1) = 2
(see (2.18))

#OXFUOX) S > (6—#N() =2E(X7. 05(r)
xeXrNQy(yr)
< 2T(‘Phex(eii9+ ‘)) + §0hex(eii97‘})) < 8T.

Step 3: Atomic density lower bound for 0 X % We claim that there exists a universal
0 < ¢ < 1 such that, forall T > r = 1, we have

#(dXT N B, (x)) = cr forall x € R? with dist(x, 8X7) < 1. (6.15)

To prove this estlmate we assume without restriction that 7 > 3r. Due to
Lemma 5.1(i1), 8X is connected and 0X jt\B (x) # 0. Therefore there has to
exist a simple path in 8X that connects some atom in 9 X+ 7\ B (x) with an atom

in B (x) and has at least cr atoms inside B, (x).
Step 4: Bounded gap between points in TTi. Given R > 0, we introduce the set of
R-isolated points by

Iy g ={x e T;: BR)NTy C Ba(x)}. (6.16)

We claim that there exists a universal ¢ > 0 such that for R = ¢/n and all T
sufficiently large

HIy p S #T7 /2. (6.17)

To see this, note that due to (6.14), (6.15) for » = R/2 (use that dist(x, BXi) <1
forall x € T ) and Step 1 we have

C

c

A

2 c
+ + +
#Irp < " #(0XF N Brp() < X7

+
xeZy p

c
— T £ —#T7,
cR

)

where C > 0 denotes a universal constant varying from step to step. Here, in
the second step we accounted for possible multiple counting by using that, due to
the definition of IT g the intersection Br/2(x) N Bry2(y), x,y € IfRT, can be
non-empty only if [x — y| < 2. The assertion follows if ¢ is chosen big enough.
Step 5: Bounded gap between pairs of points having the same relative position.
We choose two arbitrary lattice vectors &1, &> satisfying e 07 &1, e*ig; & € BorN
(£\{0}) with R > 0 given by Step 4. Define

Dé‘l ) {(xl’ y1) € T; x T : there exist xp, 2 € TT+ such that
Ixi —x2l =1, [yt — y2l = land x1 — y; = &1, x2 — y2 = &2}.

The set consists of pairs (x, y1) in 7, whose difference is £ and which have
corresponding neighbors in 7, T+ with difference &;.
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We observe by (6.16) that for x; € T;\Z; , we find & € Bg N '’ £ with
|&1] > 2 and y; € ’TT_ such that x; — y; = &;. We denote the corresponding
neighbors in TT+ by x2 and y», respectively. Since x2, y» € el (Z + r;f ) and

X1 — y1l = |x2 — ya| = 1, we find & € Bag N €% % such that xo — y» = £&.
Clearly, & # 0 as |&1| > 2. This discussion along with (6.17) implies

%#TT_ SH(T\Ipp) S D #DFR, (6.18)

(é1,82)
where the sum runs over all pairs (§1, &) with e‘ie;a e‘ie; "§2 € BrN(Z\{0}).
Choose (¢],¢]) € (Bog N €97 (L\{0}) x (Bag N ¢ (£\{0})) such that
#D? o ;#D? 2 forall (51, &) € (BarNe'T (L\[0)) x (BarNe®T (L\{0})).

Then, (6.18) and the fact that the number of pairs e 0 gy, e~i0r & € Bop N
(Z\{0}) is controlled by C R* yield

T T
#T7 < CRY#DS (6.19)

T T
for a universal C > 0. We write D{T‘ (. {x/.T, y; }] | for some M7 € N. We

claim that there is a universal ¢/ > 0 such that for o = ¢’n™>

there exist j, k,[ € {1, ..., Mr} pairwise distinct such that ka, xlT € B, (ij).
(6.20)

Assume that, on the contrary, o is such that each B (ka )\{xT} contains at most

one pomt {x } 1- Then, it is elementary to see that we can choose {xT}rMT/ e

{x } | such that BQ/z(ij) N Bg/z(xk y=@for j,ke{l,...,[My/21}, j # k.

T T
This along with (6.14), (6.15), and 2[ M7 /2] = #D5 " implies
4 [Mr /2] 4

45  < 2{ . W <X Z# (9X7 N Bya(FD) < X <22

j=1

From (6.19), #7; = %T (see Step 1), and the choice R = ¢/n in Step 4 we then

get 0 < ¢/n~>/2 for a universal ¢’ > 0. The assertion of (6.20) is thus guaranteed
for o = ¢/n~>. This concludes Step 5.

Step 6: Conclusion. We denote the three atoms identified in (6.20) by x|, x?, x3 (for
convenience, we use a different notation and labeling), and denote by yl1 , ylz, y? the

. . T T
corresponding points such that (x{, y{) € D;‘ 2 for j e {1,2,3). In particular,
recall that
|x] —x%|, X —xil, Ixf — x| £ 20. (6.21)
By the definition of Dgl there exist ()c2 )’2) ()c2 y2) ()c2 yz) such that |)c1
x2| Iy]—y2|—1§1_x]—yl,and§2—xz—y2f0r16{123}
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Fig. 12. The two possible quadrilaterals in Step 6, where &1, &, are given unlike vectors and
V1,1, V2,1, V1,2, V2,2 denote the possible sides of length 1

Now for each j, the four points {x 1', x2' y2' yll} form a quadrilateral (possibly self—
intersecting) with two edges of length one and two edges oriented in {1 and ¢ %

respectively. Now there are two cases to consider: (a) ;“1 = ;“2 and (b) ;1 #* ;“

Case (a): We have thaux1 — y1 = x2 — yz, where x1 - yl1 = ¢!% v) and x2 y2 =

¢ vy for vy, vy € (L\{0}) N Bag. Then €7 v = ¢/ vy and thus (6.12) holds
for v}r = vy and v; = vy with |v}r|, vy | < 2R =2¢/n.

Case (b): Note that two of the three quadrilaterals {x{ , xé, yﬁ, y{ 1, j € {1,2,3},
are necessarily translates of each other. In fact, there are only two different quadri-
laterals (up to translation) with fixed order of the sides, prescribed side-length 1 of
two opposite edges, and prescribed length and orientation of the other two edges,
see Fig. 12.

Without restriction, assume that the quadrilaterals for j =1 and j = 2 are

translates of each other. Then we get x| 1= x% = )cl2 - )c2 We write x/ = = eifr (bj

7, ) and x2 L (b2 + I}L) for suitable b],b2 e £ for j € {1,2}. (Note
that the lattice vectors depend on 7" which we do not include in the notation for
convenience.) Then xl1 — le = xl2 — x% implies elfr (b% — b%) = eie; (bé — b%).
Since xll * x12 we have b} - b% # 0 and thus also bé - b% # 0, and therefore,

1 2
ei(e;—f);) _ by — b
- bl _ b2'
Due to (6.21), we obtain b —b3| = |x| —x?| < 20 and, since [b| —b3| = |b} —b3],
also |b% — b%l < 20. As we clearly also have b1 — b%, b1 — b2 € &, we derive
that (6.12) holds for vy := b} — b} and vy = b; — b3 with |v;|, vy | < 20 =
2¢'n73. As explained below (6.12), (6.12) implies (6.4), and therefore the proof is
concluded. O

7. Cell Formula Part II: Relation of Converging and Fixed Boundary Values

In this final section about cell formulas we show that converging boundary con-
ditions as in the cell formula @, see (4.1), can be replaced by fixed boundary values.
Moreover, we show Proposition 2.2 and the properties of ¢ stated in Theorem 2.5.
We introduce the auxiliary function

1
G, 27, v) = liminf —inf {£1(X7, 07 (r)): yr € R,

T—+o00
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Xr=Z2E5Hondf0%0r)) (7.1

for z+ € Z and v € S'. The main goal of this section is to prove the following two
statements:

Lemma 7.1. For each zt,z~ € Z and v € S' it holds that
®G 27, v) =@k, 7, ). (7.2)

Moreover, for z+ = (0%, 1, 1) € Z with {(x, y) € X(zf) X L@ x—yl=
1} = @, we have ¢(z*,z7,v) = @hex(e_’(ﬁ V) + Ghex (e ).

Proposition 7.2. For every z+,z~ € Z, v € S}, and every sequence {yr}r € R?
there exists

1
ot z7,v) = lim ?min{El(XT, Q”T(yr)): Xr=2E ) on BliQ;(yT)}

T—+o0
(7.3)

and is independent of {yr}r. In particular, we get ¢ = ¢, and the statement of
Proposition 2.2 holds.

We point out that Lemma 7.1, Proposition 7.2, and Lemma 4.1 conclude the
proof of Proposition 3.4. Section 7.1 is devoted to the proof of Lemma 7.1. After-
wards, in Section 7.2, we show Proposition 7.2 (which particularly yields Propo-
sition 2.2) and we prove further properties of the density ¢ stated in Theorem 2.5.
Then, all proofs of our main results announced in Section 2.3 are concluded.

7.1. Converging and Fixed Boundary Values

This subsection is devoted to the proof of Lemma 7.1. By definition it is clear
that ®(zT,z7,v) < @(z+,z7,v) forall zt,z7 € Zand v € S!. To see (7.2), it
therefore suffices to prove the opposite inequality

D@z, v) 2@, 2, ). (7.4)

Moreover, we observe that if z& = 0 or z= = 0, then Lemma 6.1(i) and the
continuity of ghex imply ®(z", 27, 1) = @(z, 27, 1) = ghex(e %), where 0 is
the angle corresponding to z or z ™, respectively. Therefore, it suffices to treat the
case zT = (#%, t*, 1) € Z. To this end, it is crucial that converging boundary
values as in (4.1) can be replaced by fixed ones. We split the analysis into two steps
by first addressing the rotations and then the translations. We start with the rotations.
In view of Lemma 6.2, we may without restriction assume that 0T —0~ € G, since
otherwise ®(z7, 27, 1) = @nex(e " 1) + ¢nex(e~® v) and (7.4) follows from
Lemma 6.1(ii). Lemma 6.2 already implies that the difference of rotations 6‘;? -0
is constant in 7'. The next lemma shows that also 6; and 6 can be chosen to be
constant.
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Lemma 7.3. (Fixed rotations) Consider zT = (GT s rT , 1) e Z such that 0+
07 =60t —0~ forall T > 0 for some 6F,0~ € A and 0F — 6%, Let v € Sl
Then, there holds

1
lim inf ?mf{E](XT 04(yr)): yr € R%, Xp = Z(z7) on 3 0% (yr)}

T—+o00

> 11m1nf?1nf{E1(XT QT(yT)) yr € R?, Xg = f(ffrc) on 31iQ‘%(yT)}a

T—+o0
At .
where 7 1= (Chs rT , ).

We defer the proof and proceed with the properties of translations. Again consider

+ = (0F, 1%, 1) € Z with 6% — 6~ € Gy. Recall by (6.2) that there holds
el 007 o for vy, vy € £ N C with |vy| = |v2]|. We consider the coincidence
site lattice

LN L = {ja+kb: j ke (7.5)

where a, b € e L Nel? L are spanning vectors of minimal length. Then, for
later purposes, we define the fundamental parallelogram of e L Nelt L by

Pyt g- ={ha+2b: 052 < 1,02 < 1. (7.6)

We will use the following uniform closedness property of the set of touching points
between sequences of translates of two perfect lattices.

Lemma 7.4. (Closedness of touching points) Consider z = (0*, ¢ n , 1) e Z for
n e Nandz+ = (9*, T, 1) € Z such that 0t — 0~ € Gp and rn — 1%, For
x € LM, ye L) we set
x,f =x 4+ e"9+(r;r —the f(z;,"), y, =y+ eie_(rn_ —17) e ZL(z,).

Then, there is an ng € N such that for alln = ng and all x € £(z7), y € L(z7)
the following implications are verified:

A Ix—yl<1 = Ixf -y, I<1 and

g [x—yl>1 = |x;“—yn_|>1.

In particular, |x,” — y, | = 1 for some n = ng implies |x — y| = 1.
We again defer the proof and now proceed with the proof of Lemma 7.1.

Proofof Lemma 7.1. Letzv,z= € Z,v e sl. Recalling the discussion at the be-
ginning of the subsection, we note that it suffices to show inequality (7.4). Moreover,
we can assume that z+ = (Gi, TE, 1) and that 67 — 6~ € Ga.

Let {X7}r be an optimal sequence for ® with corresponding centers {yr}r of
the cubes, that is,

1
lim inf —EI(XT 0% (yr)) = (", 27, v) < +o0. (7.7)
T—+00
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By applying Lemma 6.2, we can suppose that XT = Xir U X with X C .i”(zT)
and X7 = Z(zF) on aiQT(yT) where 25 = (07, 7, Iy = 2% By (64)
and Lemma 7.3 we can also assume that Gi = #¥ for all T. We distinguish the
two cases (a) {(x, y) € L") x f(z_): [x —y| = 1} = @ and (b) {(x,y) €
LEHx L@ |x—yl =1} #0.

Case (a): {(x,y) € L") x L(z7): |x —y| =1} = ¥. By Lemma 7.4 we can
assume that {(x, y) € .i”(zJT“) x ZL(zp): |x —y| =1} =@ forall T. Thus, we get
Nx)NnXx 7 =W¥forall x € X3 * and viceversa. Therefore, by (2.3) we obtain

(.27, v) = liminf - El(XT QT(yT))_hmmf< E\(XF. Q%))

1 — v
+ =Ei(X7. 050m))-

Notethat X7 = Z(z7) = Z(0F, 7, 1) on 3 QV.(yr) and X5 = Bon 37 Q¥ (yr).
By Lemma 6.1(i), the energy on each sublattice X, +on X can be estimated sepa-
rately, and we obtain

®(zt, 27, ) 2 ghex (677 V) + Ghex (¢ ). (7.8)

Then, Lemma 6.1(ii)and (7.1)imply ® (z ", z7, v) 2 @¢(z", z7, v)and @(z ", 27, v)
= Qhex (e".g+ v) + Qhex (e_"ef v). This concludes the proof of (7.4) in case (a). We
also point out that the property stated below (7.2) holds. (In case 0+ — 0~ ¢ Gy,
(7.8) is immediate from (6.3).)

Case (b): {(x,y) € jf(z*) X .,%(z ) lx—yl= l} # (). Our goal is to construct
a new competitor X7 = X U XT such that X C L(zh), XjE = 2(z%) on
01 Q12 (yr). and

Ei\(X1, Q7 1,()) S Ei(X7, Q7 (1)) + C. (7.9)
Once this is established, by (7.1) and (7.7) we clearly get

&z, z7, v) = liminf lEl(xT 0% (yr)) = liminf ! E\(X1, Q% 12 (y1))
R T—too T =T =Tt T 422 athrs

> ¢t z7,v).
To construct X 7, we first extend X7 to X T by

Xr on Oy 0(r)\Ar,
)A(T = Z(z%) on {x: £ (v,x —yr)=2}n (QVT+34()7T)\(Q%+10(}7T) U AT))’
1] on Ar U (R2\ QY% 4, (y1)).
(7.10)

where A7 = Q3 (7 + (T/2v1) U QY — (T/2vH) U ({Ix: (v, x = yr)] <
2}\QT+10(yT)) By definition, we get El(XT) < 400 since |x — y| = 1 for all
X,y € XT,x # y. Note that we can write XT = X+UXT, where XjE C .i”(zT)
and X% = f(zT) on 81 Q742 (yr). We claim that

Ei(X7, Q4,3 0m) S E1(X1, 0%(vp)) + C. (7.11)
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In fact, if there exists x € X7 N Q’ (yr) such that #(\ (x) N X7) <#N(x)NX7),
then necessarily x € (A7); N QF.(yr). However, L2((Ar N 0% (yr))2) < C and
therefore, due to Lemma 3.1(v), we get

#{x € Xr N OQLOT): #HN W N Xp) <#N @) NXp)SC. (712

In a similar fashion, if x € X7 N(Q%, 3, (yr)\ Q4 (y7)) such that #(N (x) N X7) <
6, then necessarily x € (A7) N Q;+32(yT). Thus, again by Lemma 3.1(v), only
a bounded number of atoms in Q”T Jr32(yT)\Q%(yr) independently of T has less
than six neighbors. Thjs along with (7.12) and (2.3) yields (7.11). ~ ~ _

Let us now define X 7. We recall the notation in (2.4) and define X7 = X }' UXx,
by

Xf=XF+7 -1, Xp=E; 4+ @ —1).

For convenience, we denote the atoms of X7 by {x% } j and the corresponding atoms
of X7 by {¥}};, thatis, . = xJ + ¢/ (t* — 2 if xJ. € X . By (7.10) and the
choice of )?T, itis obvious that )?;E C Z(z%)and XE = Z(z%) on 81jE Q‘}+22(y7)
for T large enough. Here, the extension )A(T = f(z%) on{x: (v, x—yr) = 2}N
(Q7 4 34(\(Q7 19(y1) U A7)) is crucial in order to ensure that these boundary

conditions hold for X7. (The value 2 is for definiteness only. Every value less than
5 works, provided T is sufficiently large.) To show (7.9), we prove

El(f(T» Q¥+22(YT)) S El()A(T, Q;+32()’T))~

Then, the result follows from (7.11). To this end, we need to check the following
for large T':

() Iej —xb| =1 = |5, —5K|=1, and (i) |5 — 25 = 1forall j,k, j #k.
(7.13)

In fact, due to (7 13)(i), Xr7is aconﬁguratlon with finite energy. Moreover, (7.13)(i)
shows that xT e N (xT) implies X xT e N (xT) and therefore the energy can only
decrease, see (2.3).

Let us finally check (7. 13) If both atoms are in X or XF 7 then it is clear by

the definition of XT that xT — x’} = xT xT, which gives (i) and (ii) due to (7.7)

and (7.11). Otherwise, if xT € X and x? e X ; or vice versa, (i) follows from
Lemma 7.4, whereas (ii) follows from Lemma 7.4(i), (7.7) and (7.11). |

To conclude the proof of Lemma 7.1, it remains to give the proofs of Lemmas 7.3
and 7.4.

Proof of Lemma 7.3. Let z? = (Gi, 7,1) € Zand v € S! be given as in the
statement.

Step 1: Rotation to boundary conditions with fixed rotation angles. Choose 7 € R?
and X7 C R2 satisfying X7 = .,Sf(ﬁ) on BliQ”T(jzr) such that

E\(Xr, 07Gn) < inf | Ey(Xr, 07(vp): yr € R, X7
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= L(zF)on 3 Q% (yr)} + 1/T. (7.14)

We define X' := ei(9+_9;))~(T, vr o= ei(9+_9;)v, v = ei(9+_9;)§T, and
#* = (0%, ¢, 1). Then, by Lemma 3.1() and 6;f — 6, = 6+ — 0~ forall T,
there holds X' = Z(33) on 3 Q)7 (y'*') and

E\(X7, Q}Gr)) = Er (X' 0F OFY)
> inf {E1 (X7, Q4 (yr)): yr € R, X7 = ZGE) on a0} (vr))

for all T > 0. Therefore, in view of (7.14), to show the statement it suffices to
prove

TN A
lim inf — inf {1 (X7, QF (vr)): yr € R?, X7 = L) on 0;-0F ()}
>1iminfiinf{E (X7, Q% (y1)): R?, X7 = Z(35) on 3 0% (yr)
= T n\ar, &ryr)): Yr € , AT = Zr OleTYT}-

T T—+o0
(7.15)

Note that the difference of the two formulas lies only in the fact that v is replaced
by vy, where v — vas T — +o0.

Step 2: Proof of (7.15). Fix 6 > 0 and let T > 0 be sufficiently large such that
vy — v| < 8. We choose yr € R2 and f(T c R? satisfying )~(T = Z(E%) on
dEQYT (37) such that

Ei(X7. O Gr)) Sinf {E(X7. Q) (y1)): yr € R?,
Xr = ZE7) on 30 (vp)} +3. (7.16)

Recall (2.4) and (2.5). We set Ts = (1 + 28)T and define

- T - Ts - T - Ts
A8 — I S Y oL, Is 1
T (|:yT ZVT’YT 2V yT+2VT’yT+2V s

\(a7 03, G uar 03,Gn).

where k > 11s chosen sufficiently large later. We define the configuration Xr C R?
by

X i QY G,
Xr=1{0 in AS\QY 5r), (7.17)
L) in {x: £ (v, (x — §7)) 2 SN\(AS U QY Gr)).

Here, « > 1ischosen large enough (independently of T') such that |x —y| = 1 forall

x,y € Xr,x # y.Inprinciple, |x —y| < 1 may occur for points x € XTﬂQ;T@T)

and y € R\ QY (§r) if x € QF Gr)\Q7_,(r), £(vr, (x — 7)) Z =5 and

+(v, (y — y7)) < =5, but for « big enough such pairs of points are contained in
s

Al
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We note that BleQ‘}a (yr) N Q' (yr) = ¥ for T large enough since vy — v

as T — +oo. Thus, by construction we get Xr = Z(Z7) on 8F—LQ"T5 (yr) for T
sufficiently large. Therefore, we obtain

inf {E1(X7. Q% (vr)): yr € R*, Xr = Z(Z7) on 3} Q% (yr)}
< Ei(X7. Q%,Gn)). (7.18)

We claim that
E\(X7, 0%, G1)) £ Ei(X7., QF G1)) + Ck8T (7.19)

for a universal C > 0. We defer the proof of this estimate to Step 3 below and
conclude the proof of (7.15). Dividing (7.19) by Ts and letting T — +o00, we
derive

A 1
liminf —E1 (X7, Q% (7)) < liminf —E (X7, Q7 (3 Ck8.
liminf - (X7 QTB(yT))_TlgiI;OT 1(Xr. 07 G5r)) + Ck

This along with (7.16) and (7.18), and the fact that § > O was arbitrary shows
(7.15). It thus remains to prove (7.19).
Step 3: Proof of (7.19). We divide the proof into the two estimates

E\(X7, 07 51) £ Ei(X7, OF (1)) + C«8T, and (7.20)

Ei(Xr, 07, (r\QY (1)) < CrdT, (7.21)
for a universal C > 0. Clearly, (7.20)—(7.21) and Lemma 3.1(iv) imply (7.19). We
first prove (7.20). Recall by (7.17) and the boundary values of X7 that X7 = Xr
in Q;TH()?T)\(A‘ST\Q”TT (37))- Thus, x € Q5 (¥7) can have less neighbors in Xr
than in X7 only if x € (AS)1 N (Q7 Gr\QY ,(5r)). As diam(A%) < CksT
and therefore £2(((A%)1 N (QF Gr\QY »,(Fr))1) = CkST, this implies by
Lemma 3.1(v) that a number of atoms x € Q;T (y7) bounded by C«ST have less
neighbors in )2T than in X7. This shows (7.20) by (2.3). To see (7.21), again
due to (7.17), all atoms x € XT N (Q%S (iT)\(QVTT (yr) U (A‘sT)l) have six neigh-

bors. Hence, their energy contribution is zero. As Xr =0in A‘ST\Q‘}T (yr) and
£2(((A‘ST)1\A5T)1) < CkéT, this implies, as before, that

# (X7 0 (D)1 N QL GNN\QY Gn) £ CLANNAD)) £ CraT.
Again, in view of (2.3), this implies (7.21), and concludes the proof. |

Proof of Lemma 7.4. Suppose first that y € Py+ g— with Py+ »p- defined in (7.6).
Then (i) follows from x,f — X, Yy, —> Y, and the observation that there are only
finitely many pairs (x, y) € Z(z1) x (Pg+ - N ZL(z7)) with |x — y| < 1. The
same argument applies to show that (ii) holds true for all pairs (x, y) € ((Pg+ g-)3N
ZL(z1) x (Pg+ g- N ZL(z7)) for large n. Choosing n so big that |r,?E -1t <1
also gives (ii) for all (x, y) € Z(z") x (Py+ - N ZL(27)).

Now, consider a general y € £(z7). One finds v € ¢ .%Z N e?” £ such
that y — v € Py+ p-. The assertion then follows by applying the special case
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described above to x — v and y — v, and by observing that (x — v),;’ = x,7 — v

and (y —v),, =y, — v. Finally, the implication |x;f —y, | =1= |x —y| =1
follows from (i) and (ii) by contraposition. ]

7.2. Well Definedness and Properties of the Energy Density ¢

This final subsection is devoted to the proofs of Proposition 7.2 and Theorem 2.5.
Our proofs in this subsection follow standard strategies. Due to the discrete character
of our model, however, careful constructions are needed. As a preliminary step, we
show that in (7.1) the sequence T — 400 can be chosen independently of the
centers of the cells.

Proposition 7.5. For each z*,z~ € Z and v € S! there exists a sequence {T;};
such that Tj — 400 as j — +oo and for all {y;}; C R? it holds that

. - _

Z min {E1(X, Q‘}j(yj)): X =2GY on aliQ%j(yj)} <@zt 2z, v+,
j

where {n;j}; C (0,+00) is a null sequence which depends on 7+ and v, but is

independent of {y;};.

Proof. First, if z+ = 0 or z= = 0, the statement follows from Lemma 6.1(i) and
the definition of ¢ in (7.1) for any sequence {7} ;. Now consider 7F =%, ).
If6T — 0~ ¢ Ga, the statement follows from Lemma 6.1(ii), (6.1), and Lemma 6.2
for any sequence {T;} ;. Therefore, it remains to treat the case 0T — 0~ € Ga.

Consider a sequence S; — +00, {x;}; C RZ, and configurations {X;}; C R2
satisfying X ; = Z(z%) on 8;—LQ§l_ (x;) such that

@zt z7,v)= lim lEl(x- 0% (xj)). (7.22)
o j—=>+o0 S A

By Lemma 5.1 it is not restrictive to assume that X ; C L(z%) forall j € N. Our
goal is to find a sequence /; — 1 such that for all {y;}; there are configurations
{Xj}j C R? satisfying Xj = .Z(z%) on Bli Q}’/,S/, (y;) such that

E\(X}. 0)5,0)) < E1(X;, 05, (x) +C (7.23)

for a constant C > 0 only depending on z* and v. Once this is achieved, we obtain
the statement as follows: we introduce the sequence T; :=[;§;, divide (7.23) by
T;, and use (7.22) to get

1
7 min {E1(X. 0}, (3)): X = £ on "0}, ()]}
J

A

1 -
7 B1 (%) 015, 0)

A

1 C
_E X i U. . +_
l]S] 1( J QS] (xl)) T]
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<o 7 )+,

where {n;}; is a null sequence only depending on zt,z7, v, and {T;};, but inde-
pendent of the centers {y;};.
Consider any sequence of centers {y;};. We now construct X j and confirm
(7.23). We choose y; € (ZE@HNLE)) + x; such that [y; — y;| < «k, where
= |a| + |b| + 5 only depends on the spanning vectors a, b in (7.5), but is
independent of j. Let/; := 1+ 4«/S;. We set

Sj 1 1iSj | - Sj 1 lSJ s
Aj (|:y] 2\) 3y — Tl) \ U yj-l-? Y+ > W
K K

+ v . V(5) = () si .S, — 5. <
Note that 9; QlijEyj)ﬂQSj(y])_QJsmce Sil; —Sj =4k, |y; —yj| = «,and
Kk = 5. We define X; C R? by

Xj+)_7j_xj in ng(yj)\A]"
% =1v in Aj\(arQ;isj SRELY Q;isj(yj))’
L(F) in ({£(v, x —y;) 2 5)\(4, U s, G aliQ})ij O

By definition, X attains the correct boundary conditions, and therefore it remalns to
check (7.23). Flrst asxj—yj € LEHNL and X; = = 2% 0n8 Qs (x)),

we observe that X] = Z(z%) on (E)iQSj j)n Qsj (¥j)\A . This along with

the definition of A; implies |[x — y| = 1 forall x,y € )~(j, X # y, and thus
E\(X;, Ql's, (yj)) < 400. Moreover, by Lemma 3.1(i) we obtain

Ei(X;, 05, 3) < Ei(X;, 05, (xj)) +C. (7.24)

Here, the extra term C > 0is due the fact that we take into account the interactions
of points x € X; N QE}_ (yj) N (Aj)1 . Since Ez((Aj)z) < C for C, depending

only k and E} (X j) < 400, by Lemma 3.1(v), the cardinality of these points can
be controlled by C,. Then, by (2.3) we indeed get (7.24). Additionally, it holds that

E(%). 0F s, 0)\0%, G)) £ €. (7.25)

where C again only depends on «. In fact, all points x € f(j N (Q}’jsj N Q;j o))
with dist(x, Aj) > 1 satisfy #/(x) = 6 and therefore they do not contribute to the
energy. Again due to Lemma 3.1(v), the cardinality of x € X j withdist(x, A;) <1
can be estimated by C,. This gives (7.25). Now, (7.24)—(7.25) along with
Lemma 3.1(iv) imply (7.23). This concludes the proof. |

Proof of Proposition 7.2. We first show that, once (7.3) has been established, the
result in Proposition 2.2 follows. Indeed, given xg € R2 and p > 0, estimate (2.16)
readily follows from (7.3) for the sequence of centers yr = (T /p)xo and a scaling
argument, see Proposition 3.1(ii) fore = p/T, A =T/p,and A = Q;(xo).
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It remains to prove (7.3). Let z+ € Z, v € S', and a sequence {y7}7 C R? be
given. In view of the definition of ¢, see (7.1), it suffices to show that

) | v v _ _
lim sup — min {E\(X7, Q5 O): X7 = Z(z%) on 81"—LQT(yT)} <@zt 27, v).
T—~+o0

(7.26)

Step 1: Comparison via construction. Consider 1 < § « T'. Without restriction,
we can assume that § € {7} ;, where {7} is the sequence identified in Proposition
7.5. For simplicity, if § = T}, we will write ng instead of 5, for the null sequence
given by Proposition 7.5. Define Ng 7 := |T/S]. For j € {1,..., Ns.r} we set
xj =yr + (=T/2—=5/2+ jS)vi. We choose X; C R? such that X; = .Z(z%)
on 8" Q% (x;) and

Ei(X;, Q%(x))) = min {E{(X, Q%(x))): X =.2(z%) on 87 Q%(x)}
< S(@z, 27, v) +ns), (7.27)
where the inequality follows from Proposition 7.5. For j = 1, ..., Ns r, we intro-

duce the set A; = QY (x; + (S/2)vH) U QY (x; — (S/2)v1) and let X7 be defined
by

Xj in QE(Xj)\Aj, je {17""NS,T}5
Xr =10 in {x: [(v,x —yr)| <5N\0*,
L) in {x: £ v, x —yr) = 5\ 0%,

ST (Q%(x))\A,). Note that X7 = Z(z*)
on 81i Q% (yr). For an illustration of the construction, we refer to Fig. 13. We will
show that

where for brevity we have set 0* := | J

E\(X7, Q%) S IT/SIS(¢(z .27, v) +ns) +CT/S+CS  (1.28)

for a universal constant C > 0. Once this is achieved, we divide by T, take first
the lim sup as T — 400, and then the limit as § — 400 (with S chosen from the
sequence {7}; given by Proposition 7.5). As ng — 0, this yields (7.26) and thus
the statement of the proposition.

Step 2: Proof of (7.28). It remains to prove (7.28). First, by construction, the
definition of A ;, and the boundary values of the configurations X ;, we get [x —y| =
1 forall x,y € Xr,x # y, and therefore E(X7) < 400. By Lemma 3.1(iv) and
(7.27) it holds that

Ns,r Ns.t

E\(Xr. 05() = Y E(Xr, 05:)) + E(Xr. 05 0r\ | 05xp)
i=1 j=1
Ns.t

< 17/8) (@@ 27w +n5) +€) + E(Xr, 0500\ | 05x).

j=1

~

(7.29)
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Fig. 13. Illustration of the construction for the existence of the limit on the left as well as
the convexity in the third variable on the right. On the white region X7 = Z(z7), on the
light gray region X7 = .Z(z), and on the dark gray region X7 = @. The dark gray cubes,
that are cut out in order to ensure that X7 has finite energy, are illustrated on the left, but
they are also present in the construction on the right. In the gray cubes, we set X equal to
the minimizer with boundary conditions .Z’ (z%). For illustration purposes, we suppose that
w = 01in (7.34)

Here, the addend C in the brackets is due to the fact that there may be x € X7 N
Qg(x ;) with more neighbors in X; than in X7. This, however, can only occur
for atoms in x € Q% (x;) such that x € (3Q%5(x;))6 N ({y: (¥ — xj,v) = 0})s.
Since E(X7) < +00, we can apply Lemma 3.1(v) and get that their cardinality is
controlled by some universal constant C.

It remains to estimate the energy outside the union of the smaller cubes. We
claim that

Ns.1r

E(xr. 0o\ | 05@p) £ 5. (7.30)

j=1

To see this, note that an atom x € X7 N(Q% (yr)\ U;Vilr Q%(x;)) can contribute to
the energy only if | (x — y7, v)| < 6. Since E(X7) < +00, applying Lemma 3.1(v),
we obtain
Ns,r
#lv e xr 0 (Qrom\ U 056p): 1w = yrov S 6} £ €7 = SLT/S)
j=1
= CS,

where T — S| T/S] controls the length of the rightmost dark gray region in the left
part of Fig. 13. In view of (2.3), this implies (7.30). Combining (7.29) and (7.30)
we obtain (7.28), which concludes the proof. |

As a final preparation for the proof of Theorem 2.5, we characterize the trans-
lations of lattices with touching points. To this end, we introduce the following
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notation: for given @ = 6+ — 0~ € Ga, we say ! T+ — ¢ 1~ is a good trans-
lation and write ¢/ v+ — ¢/ t= € Gr(6), whenever (t+,77) € T? are such
that there exist x € Z@%,t+, 1) and y € L@, 7, 1) with |x — y| = 1. (By
rotational invariance this does indeed only depend on the difference § = 7 —67.)

Lemma 7.6. (Properties of translations) Suppose that 0 = 67 — 0~ € Ga. Then
Gt () is contained in a finite union (of arcs) of spheres of radius 1, namely

Gr®) c | JoaBi(y —x),

x/‘y/

where the union is taken over the all x' € ¢ % N (Pg+p-)sand y' € el zn
Py+ g-, where Py+ o- is the fundamental parallelogram defined in (7.6). (Recall
also notation (2.4).)

Proof. Consider x € £(0F, t*, )andy € (6,7, 1) with [x — y| = 1. We

find a shifting vector v € ¢/ Z Nel® £ suchthat y := y —v — el 17 €
¢"” 2N Py y-. By defining x' := x —v — ¢ 17 € ¢/ £ we clearly get

l=ly—x|= |(y/ —x/) _ (ei0+1,+ _eiefr—)’.

The latter identity along with [t%| £ /3 < 2 (see (2.8)) yields x’ € ¢/?".Z N
(Pp+g-)s as well as € v+ — ¢ 1= € 9B (y/ — x'). O

We close this subsection with the proof of Theorem 2.5.

Proof of Theorem 2.5. Proof of (1),(ii). The proof of (i) follows from the definition

of ¢ and Lemma 6.1(i). For (ii), we use Lemma 6.1(ii) to obtain the inequality

l ( —iot l —i07 \ < + - < —iot —i6~

thex e V) + z(phex(e V) Soe(i",z,v) = Qahex(e V) + (phex(e V)
(7.31)

forall (z+,z7) € (Z\{0})?,z7 # z~. By Lemma 6.2, ¢ = ® (see Lemma 7.1 and
Proposition 7.2), Lemma 7.1, and the definition of Gt —67), the inequality in
(7.31) can be strict only if 6T — 6~ € G4 and ¢! 1+ — ¢ 1= € Gr(6F — 67).
Clearly, Go C A is countable, see (6.2), and Gt Ot —-067)C R2 is contained in a
finite union of spheres by Lemma 7.6.

Proof of (iii). Let vy, 1y € shxe (0, 1). Our goal is to prove

" T+ (=) e 27, ) + (1= Vei', 27, 1), (7.32)

Assume that Av; + (1 — A)vy # 0 (otherwise the statement is trivial) and define
AnH(1=Mvs o gl By the positive 1-homogeneity of ¢, (7.32) is equivalent to

= (=]
ez, 27, v) S Mo, 27, v) + AT, 27, m), (7.33)
where A} = |)\V1+()1“_)‘)V2| LA = |)»U1+1(Ti)»)v2| > 0. In the following, we will prove

(7.33).
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Step 1: Convexity via construction. We construct competitors for the problem
@(z*, z7, v), and refer to Fig. 13 for an illustration. Fix n € N such that 1, 1, <
n/2.Let 1 « § <« T. As before, we assume that S € {T};, where {T}}; is the
sequence identified in Proposition 7.5. For simplicity, if § = 7, we will write ns
instead of nz; for the null sequence given by Proposition 7.5.

Define N; (S, T) := |A;(T — (10n + 5)8)/(nS) | for j € {1, 2}. In the follow-
ing, theindicesi, j,and k are always chosenfrom j € {1,2},i € {0,..., N;(S, T)},
and k € {0,...,n — 1} without further notice. As usual, the orthonormal vectors
to v, v, V2 obtained by clockwise rotation about 7 /2 are denoted by vt, vf-, vj-,
respectively. From v = Ajv; + A, v2 and the definition of N; (S, T') we get

Ni(S, T)vi + No(S, THvs = Mvt — w, (7.34)
where M = (T — (10n 4+ 5)S)/(nS) and w = alvf- + otzvj- for suitable 0 <
ay, ap < 1, in particular, |w| < 2. We set

XK= (= T/24 55+ S(M + 10)k) vt + i Svf-,
2.k 1,k

X = XN(sT) +5Svt 4+ szl,

and let X lj *  R? be defined as a minimizer of the problem
min {EI(X, 0Y x/*): X = (%) on 0¥ QY (xl'./’k)} . (1.35)

We recall notation (2.4)—(2.5) and define

n—1 n—2
U= ([_%”L? x(l)’o]),c U U ([lev’.k(s,ﬂ; xg’k]),c U U ([xzzv’f(s,r); x(g’kH])K
k=0 k=0

U ([xlz\;:(g,lT); %”L])

K’

where k > 1 is chosen later. Note that U consists of 2n + 1 tubular neighbor-
hoods of segments whose maximal length is bounded by CS. (Apart from the
segment [x,z\;:(E’IT); %UL], this follows directly from the choice of the points xl.j o
and (7.34). For [sz\,’:&}n; %UJ‘], it follows from xlz\,’;(g’lT) = (-T/2+ S(M +
10)n) v+ — Sw = (T/2 — 58) v — Sw, where |w| < 2.) We also observe that
Q‘}\(U ik Q;j (xij ’k) U U) consists of two connected components. The connected
component intersecting 81+ QY. is denoted by A™ and the other one is denoted by
A~ . Note that the cubes Q;j (xij ’k) do not intersect a,i Q’;. We introduce the sets

AT* = Q1T + (s/2vH) U 0 — (S/2)v) and let X7 be defined by

x[Cin oy o halt,
. i J.k — i,k
Xr =10 i (U\(Uiju 05 75 Uar oy varoy)) Ul i Al
Z(zF) in ATUIEQY.
(7.36)
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For an illustration of the sets and the configuration X7 we refer to Fig. 13. Clearly,
we have X7 = Z(zF) on aliQ%.

Step 2: Energy estimate on X1. We now estimate the energy of Xr. First, due to
the boundary conditions X l] g Z(z%) on aliQ;j (xi] ’k), one can check that for
k big enough there holds |[x — y| = 1 for all x,y € X7, x # y and therefore
E1(XT1) < 4+00. We now prove the following two sub-estimates:

EI(XT, (AYUA~ UL UB0Y) N Q“T) < Cns (1.37)
and
n B
Er | X7, | 05" u (U\@y 0F u ot op))

i,j,k

2 T
§ZT oz, 27, vj) +1s) + C), (7.38)

j=1

where {ns}s denotes a sequence with ng — 0 as § — +o0. O

Proof of (7.37). For x € Xy N (AT UA~ U 81+Q‘} U d; Q%) N QF such that
dist(x, U) > 1, there holds #\/(x) = 6. This follows from the boundary conditions
of Xi]’k on every cube Q;j (xij’k) and the fact that X7 = Z(z%¥) in AT U BliQ”T.
Therefore, in order to obtain (7.37), it suffices to estimate the cardinality of the
atoms x € X7 lying in (U);. As U consists of 2n + 1 tubular neighborhoods of
segments whose length is bounded by CS, we get L2((U)2) < CnS. Therefore,
employing Lemma 3.1(v), we obtain #(X7 N (U)) £ CnS. By (2.3) this implies
(7.37). O

Proof of (7.38):. In view of (7.36), in order to obtain (7.38), it suffices to estimate
the energy contribution of atoms in [ J; . k(Q ( J: k)\A] k) For each i, j, k, it
holds that X7 = Z(z%) on

(30Y )\ x: = (0 —x vy < ce),
with a constant C > 0 only depending on vy, v2 and v. This shows that the car-
dinality of X7 N Q;j (xij’k) N ((A{’k)l U (U)1), which contains all atoms x €
Xr N Q;i (xi/’k) for which possibly #(N(x) N X7) < #W(x) N Xl,/'k), is uni-
formly controlled due to Lemma 3.1(v). We thus obtain E (X7, Q;j (x/ ’k)) <

E(x7*, ¢ (x/*)) + C by (2.3). Thus, using (7.35), Propositions 7.2 and 7.5
we get

E(Xr, 00 () S E(X)Y, 09 /) + € < S(pzt, 27, v)) +1s5) + C.
(7.39)

For j € {1, 2}, we find that

#{(i,k): i=0,...,N;j(5,T), k=0,....,n—1}
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- )\.j(T_(lOn—‘l_S)S) 1 S)LjT.
nS - S

This, along with (7.39), yields (7.38).
Step 3: Conclusion. Noting that

min {E1(X, 0}): X = Z(zF) on 87 Q%) < E1(X1, 0%),
and using (7.37)—(7.38) as well as Lemma 3.1(iv), we have
min { E1(X, 05): X=2) on aF Q4 ) SMT (o™, 27, vi) + ns) + CMT/S
+ T (pz*, 27, v2) + ns) + CA2T/S + CnS.

Dividing by T, letting first T — 400, and then S — 400, we obtain (7.33) by
Proposition 7.2, where we also use ng — 0. This concludes the proof of (iii)). O

Proof of (iv). Let z¥ = (0%, v+, 1), v € S!, and 6 € A. Our goal is to prove
(@t +0.17.D, 0 +0,77.1),¢%)
=o(0, D, (07,7, 1), v). (7.40)
Due to Proposition 7.2, for every T > 0 we can choose X7 C R2, such that

X7 = Z((6*, v, 1)) on 87" QY and such that

1 R
TETOO?El(XT, Oy)=e(O*, ", D, 60,17, 1,v). (7.41)

We set X(; = ¢ X7. Then X9 = L(0F+0, %, 1)) on BliQ'ﬁ,where vg = e'fv.
Applying Proposition 7.2, Lemma 3.1(i), and (7.41), we obtain
: 1
(O +0,77,1), 0" +0,77,1),¢%) < liminf — E( (X%, 0%)
T—+oo T
1
= lim —E((X7, Q) =¢(@ .75, D, (07,17, 1),v).
T—+oo T

This implies one inequality in (7.40). The other inequality follows by repeating
the argument for (Oi, r*, 1) = (Oi +0, 1%, D, v = e?v, and 6 = —6. This
concludes the proof of (iv). |

Proof of (v). Let =%t 1),veSandt € T. Our goal is to prove
<p((9+, 4+ eiimt, 1), (97, T+ eiiefr, 1), v)
=o(O*. <" D, 07, 1),v). (7.42)

Due to Proposition 7.2, for every T > 0 we can choose X7 C R? | such that
Xr = .Z((0F, v*, 1)) on 3" Q). and such that (7.41) holds. We set XT. = X7 + .

Then X} = L((0F, t* + ¢~ 7, 1)) on 9 QY.(1). Applying Proposition 7.2,
Lemma 3.1(i), and (7.41), we get

p((0F, " + e~ g, 1,67, + e 10 1, 1),v)
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< liminf —E,(XZ, Q%(1) = lim —E,(Xr, O%)
T T4 T =T T—+oo T =T
=6t 1), 07,7, D).

This yields one inequality of (7.42). The other inequality follows by repeating the
argument for (0%, T, 1) = (0%, ¢+ +e_i9ir, 1) and T = —. This concludes the
proof of (v). O

Acknowledgements. MF and LK acknowledge support by the DFG Projects FR 4083/1-
1, FR 4083/3-1 and by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy EXC 2044-390685587, Mathematics
Miinster: Dynamics—Geometry—Structure.

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if changes were made.
The images or other third party material in this article are included in the article’s Creative
Commons licence, unless indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

References

1. ALLINGER, N.L.: Molecular Structure: Understanding Steric and Electronic Effects
from Molecular Mechanics. Wiley, New York 2010

2. AMBROSIO, L., Fusco, N., PALLARA, D.: Functions of Bounded Variation and Free
Discontinuity Problems. Oxford University Press, Oxford 2000

3. AU YEUNG, Y., FRIESECKE, G., SCHMIDT, B.: Minimizing atomic configurations of short
range pair potentials in two dimensions: crystallization in the Wulff-shape. Calc. Var.
Partial Differ. Eq. 44, 81-100, 2012

4. BacH, A., BRAIDES, A., CICALESE, M.: Discrete-to-continuum limits of multi-body
systems with bulk and surface long-range interactions. SIAM J. Math. Anal. (to appear).
Preprint at arXiv:1910.00346

5. BARROSO, A.C.,FONSECA, L.: Anisotropic singular perturbations-the vectorial case. Proc.
R. Soc. Edinb. Sect. A 124, 527-571, 1994

6. BETERMIN, L., KNUPFER, H., NOLTE, F.: Note on crystallization for alternating particle
chains. Preprint at arXiv:1804.05743

7. BLANC, X., LEWIN, M.: The crystallization conjecture: a review. EMS Surv. Math. Sci.
2,225-306, 2015

8. BRAIDES, A.: I'-convergence for Beginners. Oxford University Press, Oxford 2002

9. BRAIDES, A., CONTL S., GARRONI, A.: Density of polyhedral partitions. Calc. Var. Partial
Differ. Equ. 56, Paper No. 28, 2017

10. CacNETTI, F, Dal Maso, G., ScarpIA, L., Zeppierl, C.1.: I'-convergence of free-

discontinuity problems. Ann. Inst. H. Poincaré Anal. Non Linéaire 36, 1035-1079,
2019


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1910.00346
http://arxiv.org/abs/1804.05743

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.
33.

34.

35.

Emergence of Rigid Polycrystals from Atomistic Systems 697

. CICALESE, M., LEONARDI, G.P.: Maximal fluctuations on periodic lattices: an approach

via quantitative Wulff inequalities. Commun. Math. Phys. 375, 1931-1944, 2020
CoNT, S., FONSECA, 1., LEONI, G.: A I'-convergence result for the two-gradient theory
of phase transitions. Commun. Pure Appl. Math. 55, 857-936, 2002

. ConTl, S., SCHWEIZER, B.: Rigidity and gamma convergence for solid-solid phase

transitions with SO (2) invariance. Commun. Pure Appl. Math. 59, 830-868, 2006

. DAL Maso, G.: An Introduction to I'-convergence. Birkhéduser, Boston 1993
. Davoul, E., FrRIEDRICH, M.: Two-well rigidity and multidimensional sharp-interface

limits for solid—solid phase transitions. Calc. Var. Partial Differ. Equ. 59, Paper No. 44,
2020

Davoll, E., PiovaNo, P., STEFANELLI, U.: Wulff shape emergence in graphene. Math.
Models Methods Appl. Sci. 26, 2277-2310, 2016

DavoLli, E., PiovaNo, P., STEFANELLIL, U.: Sharp N 3/4 Jaw for the minimizers of the
edge-isoperimetric problem on the triangular lattice. J. Nonlin. Sci. 27, 627-660, 2017
DE Luca, L., FRIESECKE, G.: Crystallization in two dimensions and a discrete Gauss—
Bonnet Theorem. J. Nonlinear Sci. 28, 69-90, 2017

DE Luca, L., FRIESECKE, G.: Classification of particle numbers with unique Heitmann—
Radin minimizer. J. Stat. Phys. 167, 1586-1592, 2017

DE Luca, L., NOovAGA, M., PONSIGLIONE, M.: Gamma-convergence of the Heitmann—
Radin sticky disc energy to the crystalline perimeter. J. Nonlinear Sci. 29, 1273-1299,
2019

E, W., L1, D.: On the crystallization of 2D hexagonal lattices. Commun. Math. Phys.
286, 10991140, 2009

Evans, L.C., GARIEPY, R.F.: Measure Theory and Fine Properties of Functions. CRC
Press, Boca Raton 1992

FaNZzON, S., PALOMBARO, M., PONSIGLIONE, M.: Derivation of linearized polycrystals
from a two-dimensional system of edge dislocations. SIAM J. Math. Anal. 51, 3956—
3981, 2019

FLATLEY, L.C., THEIL, F.: Face-centered cubic crystallization of atomistic configura-
tions. Arch. Ration. Mech. Anal. 218, 363-416, 2015

FONSECA, 1., TARTAR, L.: The gradient theory of phase transitions for systems with two
potential wells. Proc. R. Soc. Edinb. Sect. A 111, 89-102, 1989

FRrRIEDRICH, M., KREUTZ, L.: Crystallization in the hexagonal lattice for ionic dimers.
Math. Models Methods Appl. Sci. 29, 1853-1900, 2019

FRIEDRICH, M., KREUTZ, L.: Finite crystallization and Wulff shape emergence for ionic
compounds in the square lattice. Nonlinearity 33, 1240-1296, 2020

FRIEDRICH, M., SoLOMBRINO, F.: Functionals defined on piecewise rigid functions:
Integral representation and I"'-convergence. Arch. Ration. Mech. Anal. 236, 1325-1387,
2020

FRIEDRICH, M., STEFANELLI, U.: Crystallization in a one-dimensional periodic land-
scape. J. Stat. Phys. 179, 485-501, 2020

FRIESECKE, G., THEIL, F.: Molecular geometry optimization, models. In: ENGQUIST, B.
(ed.) The Encyclopedia of Applied and Computational Mathematics. Springer, Berlin
2015

GARDNER, C.S., RADIN, C.: The infinite-volume ground state of the Lennard—Jones
potential. J. Stat. Phys. 20, 719-724, 1979

HARBORTH, H.: Losung zu Problem 664 a. Elem. Math. 29, 14-15, 1974

HEeITMANN, R., RADIN, C.: The ground state for sticky disks. J. Stat. Phys. 22,281-287,
1980

JANSEN, S., KONIG, W., ScamIDT, B., THEIL, F.: Surface energy and boundary layers
for a chain of atoms at low temperature. Submitted. Preprint at arxiv:1904.06169, 2019
JANSEN, S., KONI1G, W., ScHMIDT, B., THEIL, F.: Distribution of cracks in a chain of
atoms at low temperature. In preparation, 2020


http://arxiv.org/abs/1904.06169

698

36.

37.
38.
39.

40.

41.

42.

43.
44.

45.

46.

47.

M. FrIEDRICH, L. KREUTZ & B. SCHMIDT

KitavTsev, G., LuckHAUS, S., RULAND, A.: Surface energies emerging in a micro-
scopic, two-dimensional two-well problem. Proc. R. Soc. Edinb. Sect. A 147, 1041-
1089, 2017

Lewagrs, E.G.: Computational Chemistry, 2nd edn. Springer, New York 2011
LAUTER], G., LUCKHAUS, S.: Submitted. Preprint at arxiv:1608.06155, 2016

MaInINg, E., ProvaNo, P., ScaMIDT, B., STEFANELLI, U.: N 3/4 1aw in the cubic lattice.
J. Stat. Phys. 176, 1480-1499, 2019

Maining, E., Provano, P., STEFANELLL, U.: Finite crystallization in the square lattice.
Nonlinearity 27, 717-737, 2014

MaininNg, E., ScamipT, B.: Maximal fluctuations around the Wulff shape for edge-
isoperimetric sets in 74 a sharp scaling law. Submitted. Preprint at arXiv:2003.01679,
2020

MaININT E., STEFANELLL U.: Crystallization in carbon nanostructures. Commun. Math.
Phys. 328, 545-571, 2014

RADIN, C.: The ground state for soft disks. J. Stat. Phys. 26, 365-373, 1981

REeAD, W.T., SHOCKLEY, W.: Dislocation models of crystal grain boundaries. Phys. Rev.
78, 275-289, 1950

ScHMIDT, B.: Ground states of the 2D sticky disc model: fine properties and N 3/4 Jaw
for the deviation from the asymptotic Wulff shape. J. Stat. Phys. 153, 727-738, 2013
STERNBERG, P.: The effect of a singular perturbation on nonconvex variational problems.
Arch. Ration. Mech. Anal. 101, 209-260, 1988

THEIL, F.: A proof of crystallization in two dimensions. Commun. Math. Phys. 262,
209-236, 2006

M. FriEDRICH, L. KREUTZ
Applied Mathematics Miinster,
University of Miinster,
Einsteinstrasse 62,

48149 Miinster
Germany.
e-mail: manuel.friedrich@uni-muenster.de

L. KrREUTZ
e-mail: lkreutz@uni-muenster.de

and

B. ScumipT
Institut fiir Mathematik,
Universitit Augsburg,
Universitétsstr. 14,
86159 Augsburg
Germany.
e-mail: bernd.schmidt@math.uni-augsburg.de

(Received June 3, 2020 / Accepted January 29, 2021)
Published online March 12, 2021
© The Author(s) (2021)


http://arxiv.org/abs/1608.06155
http://arxiv.org/abs/2003.01679

	Emergence of Rigid Polycrystals from Atomistic Systems with Heitmann–Radin Sticky Disk Energy
	Abstract
	1 Introduction
	2 Setting of the Problem and Main Results
	2.1 Configurations and Atomistic Energy
	2.2 Basic Definitions
	2.3 Main Results

	3 Proof of the Main Results
	3.1 Preliminaries
	3.2 Compactness
	3.3 Lower Bound
	3.4 Upper Bound

	4 Cell Formula Part I: Relation of L1-convergence and Boundary Values
	5 Reduction of the Problem to Subsets of Two Lattices
	6 Characterization of Solid–Vacuum/Solid–Solid Interactions
	7 Cell Formula Part II: Relation of Converging and Fixed Boundary Values
	7.1 Converging and Fixed Boundary Values
	7.2 Well Definedness and Properties of the Energy Density 

	Acknowledgements.
	References




