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Abstract. The description of the numerical method of simulation based
on the quantum transfer-matrix (QTM) approach is presented for diluted
spin S = 1/2 chains. Modification of the extrapolation technique has
been used to obtain better accuracy of numerical results. The simulations
have been performed using the S = 1/2 antiferromagnetic Heisenberg
model with the transverse staggered field and a uniform magnetic field
perpendicular to the staggered field applicable for the diluted compound
(Yb1−xLux)4As3. In the model calculations the fixed microscopic param-
eters established earlier for the pure system have been assumed and the
random impurity distribution has been considered. The experimental
field-dependent specific heat of the polydomain diluted (Yb1−xLux)4As3
sample is compared with that calculated using the HPC resources and
providing additional verification of both the QTM method and the phys-
ical model.
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1 Introduction

One-dimensional systems have attracted the interest of physicists and chemists
for more then three decades. The theory of ideally uniform S = 1/2 antifer-
romagnetic Heisenberg chain in the magnetic field is well established and the
properties observed in real systems are usually well described. A new class of
rare-earth compounds like Yb4As3 have become the focus of attention. At high-
temperatures (T > 295 K), Yb4As3 is a homogeneous intermediate valent (IV)
metal with a cubic crystal structure. The Yb ions reside statistically on four
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equivalent families of chains along the space diagonals of a cube [1]. At low-
temperatures the crystal Yb4As3 shrinks along the 〈111〉 direction getting a
trigonal structure and the Yb3+ ions form a one-dimensional spin S = 1/2 chain
along the 〈111〉 direction. The remaining Yb ions occupy nonmagnetic diva-
lent states. The neutron scattering experiments on pure Yb4As3 have confirmed
that the excitation spectrum is well described by the one-dimensional S = 1/2
isotropic Heisenberg model [2] in the absence of magnetic field. The interchain
interactions are small and ferromagnetic, leading to a spin-glass freezing at low
temperatures [3] which are below the region analyzed for the diluted samples.
The system has attracted a lot of interest due to its striking quantum properties
such as the energy gap formation in the magnetic field [4] and Bose-glass effects
recently observed [5].

To simulate the finite-temperature properties of the pure Yb4As3 and the
diluted (Yb1−xLux)4As3 systems we consider the S = 1/2 anisotropic Heisenberg
model with the antisymmetric Dzyaloshinskii–Moriya interaction [6,7]:

H = −
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[
Ŝz
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(
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}
, (1)

where L is the number of spins in the chain, J denotes the nearest–neighbour
interaction constant, B is the external magnetic field and g is the gyromagnetic
ratio.

The Dzyaloshinskii–Moriya interaction is eliminated by rotating the spins in
the x–y plane by the angle θ [8]:

Ŝx
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i + (−1)i sin(θ)Sy
i

Ŝy
i = − (−1)i sin(θ)Sx

i + cos(θ)Sy
i

Ŝz
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Then the model is mapped onto

H = −J

L∑
i=1

SiSi+1 − g⊥μBBx
L∑

i=1

Sx
i − g⊥μBBy

s

L∑
i=1

(−1)i
Sy

i , (3)

where Bx = B cos(θ), By
s = B sin(θ) and B is the uniform external magnetic

field perpendicular to the one–dimensional spin–chain. If the magnetic field B is
applied along the spin–chain we replace θ = 0 and g⊥ = g‖.

Using hamiltonian (3) we can describe thermodynamic properties of the pure
and diluted system both in the absence and the presence of external magnetic
field. In the model (3) all the parameters are fixed and the values arise from
the earlier studies [8–10]. The g factors for the applied field along the directions
parallel and perpendicular to the spin chain amount to g‖ = 3.0 and g⊥ = 1.3,
the exchange coupling J/kB = −28 K and the transformation angle corresponds
to the value tan(θ) = 0.19.
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2 Description of the Model and the Simulation Technique

To characterize the finite-temperature properties of one-dimensional systems
we need to calculate the free energy F = −kBT ln(Z) which is related to the
partition function Z defined as:

Z = Tre−βH , (4)

where β = 1/(kBT ). The values of matrix elements of e−βH cannot be found
exactly for large L because of noncommuting operators in H so we look for the
systematic approximants Zm to the partition function Z, where m is the natural
number (the Trotter number). In the framework of the transfer-matrix method
[11,12], first we divide the Hamiltonian (3) into two noncommuting parts Hodd,
Heven:

H = Hodd + Heven = (H1,2 + . . . + HL−1,L) + (H2,3 + . . . + HL,1) (5)

each part defined by the commuting spin-pair operators Hi,i+1:

Hi,i+1 = −JSiSi+1 − 1
2
g⊥μB

[
Bx

(
Sx

i + Sx
i+1

)
+ (−1)i

By
s

(
Sy

i + Sy
i+1

)]
. (6)

For the infinite chains in the limit L → ∞ the partition function Zm is equal
to the highest eigenvalue [12–16] of the global transfer matrix W [17]:

Zm = Tr (W)L
, (7)

where

W =
2m∏
r=1

Lr,r+1 = (PL1,2)
2m

. (8)

The local transfer matrix L whose elements depend on V elements is defined as:
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where Vi,i+1 = e−βHi,i+1/m and the shift operator P:
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∑
Sz
1

. . .
∑
Sz
2m

| Sz
2Sz

3 . . . Sz
2m−1S

z
2mSz

1 〉〈Sz
1Sz

2Sz
3 . . . Sz

2m | . (10)

In the absence of magnetic field, the numerical calculations can be performed
using the pure S = 1/2 isotropic Heisenberg model:

H = −J

L∑
i=1

SiSi+1. (11)

To confirm the reliability of the model (11), the QTM numerical results are
compared with the Bethe ansatz (BA) results [18] which is an exact method and
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then to establish the value of the exchange coupling J , the simulation results are
compared with the experimental specific heat data for Yb4As3 compound [9].
The values of others parameters in Hamiltonian (3) are estimated from compar-
ision with field-dependent specific heat experimental results of Yb4As3 [9].

In the presence of the external magnetic field applied perpendicular to the
spin-chain in the model (3), the system is nonuniform because of induced stag-
gered field, so we need define the partition function accordingly. Then the m-th
approximant Zm of the partition function Z is related to the two global transfer
matrix W1 and W2:

Zm = Tr (W1W2)
L/2 , where W1 =

(P2L1,2

)m
,W2 =

(P2L2,3

)m
(12)

To calculate the partition function for finite chains we need to define two
vectors which act in a Hilbert space H2m [11,17,19]:

| a〉 =
∑
{Sz}

2m∏
r=1

δSz
2r−1,Sz

2r
| Sz

1 . . . Sz
2m〉 , (13)

| b〉 =
∑
{Sz}

2m∏
r=1

δSz
2r,Sz

2r+1
| Sz

1 . . . Sz
2m〉 . (14)

Then the m-th approximant of the partition function is different for odd and
even number of sites in the chains:

Zm = 〈b | (W1W2)(L−1)/2 | a〉 for odd L , (15)

Zm = 〈b | (W1W2)L/2 | a〉 for even L . (16)

Taking the quantum limit m → ∞ in (12), the partition function Z can be
estimated and the corresponding thermodynamic function can be calculated. In
order to improve the accuracy of the extrapolation for low temperatures, we have
calculated the specific heat using the extrapolation polynomial of the degree k
(k = 1, . . . , kmax) in 1/m2.

Ck

(
1

m2

)
=

k∑
j=0

aj ·
(

1
m2

)j

. (17)

The approximants Cm correspond to mmin ≤ m ≤ mmax. For practical reasons,
in our procedure kmax ≤ 10. The value of the highest Trotter index mmax is
fixed and amounts to 14 or 15 in low temperatures and 13 in high temperatures.
The value mmin is subject to variation in the region 2 ≤ mmin ≤ mmax − 1.

The extrapolation procedure starts with mmin = 2 and is continued till
m = mmax−1. In each step the number of fitted points n (n = mmax−mmin+1)
is fixed and the extrapolations are performed with polynomials of the degree k
(1 ≤ k ≤ n − 1, but not more than 10). In this way for a given field and
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Fig. 1. The extrapolated values of specific heat versus the number of points n for which
the polynomials are constructed. Each particular plot corresponds to the polynomial
of a given degree k. The figures (a) and (b) have been drawn for infinite chains and
B = 0 T with T = 1.5 K and T = 3 K, respectively. The QTM results are presented
by symbols in reference to the Bethe ansatz results (dotted line).

temperature we obtain a set of extrapolated values for different values of n and
k and we can present the variation of the data with n for the fixed degree k of
the polynomial.

The results of the analysis of the extrapolated specific heat values accord-
ing to the above procedure are shown in Fig. 1. To check the accuracy of the
extrapolations performed for infinite chains, the plots were referred to the value
obtained on the basis of the Bethe ansatz approach [18] which is shown as a dot-
ted line in Fig. 1. As demonstrated, the convergence depends significantly on the
degree k of the polynomial. The convergence of the extrapolated values is much
better for higher temperatures and implies higher accuracy of the numerical
estimates.

To describe the magnetic specific heat of diluted (Yb1−xLux)4As3 we need
to calculate the contribution CL of a finite chain with L sites and to find the
probability distribution. Assuming the uniform distribution of non–magnetic
Lu–ions among the chains, each site in the Yb3+–chain is randomly occupied
by a magnetic ion with a probability p = 1 − x. The probability of finding a
chain with L sites is pL(1 − p)2. The number of L–chains is nL = NpL(1 − p)2

(N → ∞ is the total chain length and is much larger than the cluster length)
and the total number of all L-chains is given by the following sum:

nt =
∞∑

L=1

nL = N

∞∑
L=1

pL(1 − p)2 = N(1 − p)2
∞∑

L=1

pL = N(1 − p)p. (18)
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Finally, we obtain the specific heat per spin:

C = x

∞∑
L=1

ωLCL, (19)

where the probability distribution of chains with L sites [20]:

ωL = pL−1(1 − p). (20)

For each temperature we have calculated within the QTM technique the specific
heat C(L) for L ≤ 30. Our specific heat results for two temperatures (T = 7
and T = 14 K) and two configurations of magnetic field are shown in Fig. 2.
The open symbols represent the specific heat for various numbers of sites L. The
filled symbols represent specific heat data whose we have obtained using QTM
technique for infinite chains. Those results are consistent with exact Bethe ansatz
results [18]. For sufficiently large L > L0 we can estimate the specific heat by
the linear function and finally, specific heat for whole range of L [21]:

C = x2 ·
L0∑

L=1

(1 − x)L · C(L)L + C(L > L0). (21)

We emphasize that the value L0 exceeds the sizes where the domain of the
exact diagonalization technique is applicable [21,22]. Moreover, the computa-
tional complexity of the QTM estimates CL increases lineary with L which is
additional advantage with respect to other techniques [14].
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Fig. 2. Size dependence of specific heat calculated for finite segments with different
number of sites L (open symbols). The filled symbols are the simulation results corre-
sponding to the infinite chains. The external magnetic field is applied along the spin
chain (a) and perpendicular to the spin chain (b).
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3 The Results of the Numerical Simulations
and Discussion

The QTM method described has been tested with respect to convergence in
the Trotter index m and the size L, and has been applied to simulation via
the Heisenberg model (3) of the experimental field-dependent specific heat data
for diluted (Yb1−xLux)4As3 system of particular interest [5]. In order to calcu-
late magnetic specific heat we assumed that 25% of the domains in the poly-
domain single cristal sample were oriented in parallel and 75% were oriented
perpendicular to the direction of the applied field. The effective magnetic field
Beff = B sin(70◦) is assumed to be oriented in the direction perpendicular to
the chain [5]. Finally, the numerical specific heat result is given by:

C(T,B) = 0.75 · C⊥(T,Beff ) + 0.25 · C‖(T,B) . (22)

The results of simulations and experimental data are shown in the Fig. 3 for the
concentration of impurities x = 3% and for two different values of magnetic field
B = 6 T and B = 15 T. The experimental data supplement those published
before [5] and were measured using the same protocol.

As demonstrated in Fig. 3, the reliability of the simulation method and the
model applied have been strongly verified. The simulations require the HPC
recourses as far as the temporal and memory complexity are concerned. They
can be efficiently parallelized [17,23–25] as the traces in (7) and (12) refer to
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Fig. 3. Comparision between experiment and numerical results for the diluted samples
subject to an applied field. The field applied is B = 6 T and 15 T. The concentration
of nonmagnetic impurities x = 3%.
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the independent vectors in the Hilbert space. The finite size contributions CL,
depending on temperature and field, can be also evaluated for each L separately,
i.e. in parallel.

In conclusion, we have presented the numerical QTM approach to character-
ize the finite temperature magnetic properties of the diluted (Yb1−xLux)4As3
system. We have successfully compared the results of our QTM simulations
with the experimental findings. We have enhanced evidence that the spin model
worked out for the pure compound Yb4As3 can also explain the specific heat
results for the diluted systems, using their random distribution.

Acknowledgement. We thank for an access to the HPC resources in PSNC Poznań
(Poland).
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