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Variational Investigation of Low Dimensional
Correlated Electron Systems via the Limit of
High Dimensions™

Rainer Strack and Dieter Vollhardt

Institut fiir Theoretische Physik C, Technische Hochschule Aachen, D-5100 Aachen, Germany

We show that the limit of large dimensions (d=00) can be used to obtain
accurate variational results even for low dimensional (d=1, 2) fermionic
systems, such as the Hubbard model or the periodic Anderson model. Using
explicit correlated variational wave functions this is achieved by evaluating
the expectation values for d = co with the correct d-dimensional density of states
and including 1/d-corrections. For example, an application of this approach
to the periodic Anderson model in d =1 shows that the result for the ground
state energy, the momentum distributions of c- and f-electrons, and the spin-spin
and density-density correlations functions for the f-electrons are in excellent
agreement with the variational Monte Carlo data of Shiba.

1. INTRODUCTION

Variational wave functions (VWFs) are well recognized as useful and
versatile instruments for investigating interacting many-body systems." They
have recently received a particular attention in the study of heavy fermion
systems and high-T, superconductivity. These involve strongly correlated
electrons with short-range repulsion, where conventional methods, e.g.
perturbation theory, are often not applicable. The microscopic models
chosen to investigate the abovementioned systems are usually of the Hub-
bard-type, i.e. an essential part of the interaction is described by an on-site
repulsion of two electrons with different spin. In this case Gutzwiller-type
VWFs?>? are the natural starting point for a variational treatment. In spite
of their simple structure, analytic evaluations of expectation values in terms
of these wave functions are generally not tractable, an exception being the
simple Gutzwiller wave function in dimension d = 1. Even the scope of
numerical evaluations is strongly limited by the number of variational

*Dedicated to L. Tewordt on the occasion of his 65th birthday.
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parameters entering the wave function. In this situation the limit of high
spatial dimensions (d - o), which has recently been introduced by Metzner
and Vollhardt’ for the investigation of fermionic lattice models, has turned
out to be a particularly useful approach: although Hubbard-type and their
correlations remain nontrivial, actual calculations become much simpler.®
Since then the limit d =00 has been applied to a number of problems
involving the variational evaluation of ground state properties of the Hub-
bard model and the periodic Anderson model.>”~** Corrections to the results
in d =0 have also been obtained.” In particular, Gebhard®® has developed
a highly efficient formalism for the systematic calculation of 1/ d-corrections.
In the case of the paramagnetic Gutzwiller wave function he showed that
the numerical results for d =2, 3 by Yokoyama and Shiba'*'* and even the
exact evaluations in d =1,* are well described by the analytic results for
d =0, when (low order) 1/d-corrections are included (see also Ref. 7).

In the present paper the results described above will be extended in
two directions: (i) we calculate the 1/d-corrections to the ground state
energy of the Hubbard model in d =0 for the projected spin density (i.e.
antiferromagnetic Hartree- Fock) wave function; (ii) for the periodic Ander-
son model the appropriately generalized paramagnetic Gutzwiller wave
function'®"” is used to calculate the spin-spin and density-density correla-
tion functions of the f-electron for d = c0, as well as the ground state energy
and momentum distributions in d = 0 including 1/ d-corrections. The results
are then applied to d =1, using the correct density of states in d =1. We
find that the results from the large d limit, which can be obtained analytically,
are in excellent agreement with variational Monte-Carlo results obtained
for d =1.">'"®"° This shows that the large d limit is, in fact, a particularly
useful limit for variational investigations in terms of Gutzwiller-type wave
functions, since it yields very good quantitative results even in low
dimensions, where analytic evaluations are not tractable.

2. VARIATIONAL APPROACH TO THE HUBBARD MODEL
2.1. Model and Wave Function

We first address the Hubbard model, A= gkin + ﬁu, for nearest neigh-
bor hopping where

Fin=—t 3 &6 =Y ety b, (2.1)
(ijy,o ko
Hy=UD=UYD=UY fipiy, (2.2)

Here &;, (&) creates (annihilates) a particle with spin o on site i, their
Fourier transforms being given by dy, (dy,). The corresponding number
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operators are fi;, = ¢;,C;, and Ay, = dy,dy,. The operator D,= Ay fl;, counts
the double occupancy at site i. In the limit of high dimensions d the
parameter ¢ must be scaled as’

t*

t= 2.3

=5 (2.3)
to obtain a nontrivial model for d - c0. Therefore, the dispersion relation
takes the form

2 d
gy=——== 2 cosk; (2.4)
K Vvad El
where we set *=1,
To calculate expectation values of ground state properties of the Hub-
bard model Gutzwiller” introduced the variational wave function®

W) =g Woy =T [1-(1-2)D]¥y) (2.5)

where |¥,) is a one-particle (product) wave function; originally | W) was
taken to be the paramagnetic Fermi sea.” Here g is a variational parameter
which is determined by the minimum of the energy expectation value. For
increasing repulsion U the “Gutzwiller correlator” g” reduces the ampli-
tude of those spin configurations in |¥,) with too many doubly occupied
sites; thereby it introduces genuine correlations into |¥).

2.2. Diagrammatic Formulation

A diagrammatic formalism for the evaluation of expectation values in
terms of |¥,), taking into account the simplifying features of the on-site
Hubbard interaction, was worked out by Metzner and Vollhardt.**" In the
limit d - oo drastic simplifications occur, whereby an exact analytic evalu-
ation of expectation values becomes possible. This formalism was cast into
a particularly efficient form by Gebhard,®® where in d =0 all diagrams
reduce to zero, and 1/d-corrections can be calculated rather simply. This
can be achieved if one does not work with |¥,) in the form given by (2.5),
where the (square of the) Gutzwiller correlator has the form

g*? =T+~ 1)D] (2:6)
but, rather, by working relative to Hartree-Fock, using the expansion
g% =1 [1+x(D~ Df")] (2.7)
with
R = D=3 (o + gy iy = my) (2.8)
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Here Ij,’iF = A Ao+ Ay (Ao — (Ain)o{ Ay o is the Hartree-Fock decomposi-
tion of D;. Thereby, the variation wave function takes the form

W)= g%|®y) (2.9)
with
|@g) = g2 K|W) (2.10)

Of course, |®y) is also a one-particle wave function—just as |¥,), since
g” % does not introduce any correlations between the particles, but only
considers local “fugacities”. The parameters x;, ui, piy , and ; are functions
of g, ni,0:<ﬁi1‘>0+<ﬁil>03 mi,O:<ﬁiT)0_<ﬁi¢>0> and di,O:<ﬁiT>0<ﬁi¢>0 and are
given by

1
M 2(1- gz)Ji,o(l — ot Ji,o)

x[ =1+ (1~ g% (no-2d;o)

V14 (82~ D) n0(2 = 130) + g°m2,] ] (2.11a)
g = 1+xiji,0 (2.11b)
9 xi<ﬁivo->0
Mo =] - 20 2.11
& 1+xd; 6 ( °)

The expectation values with subscript zero are calculated in terms of |®);
note that |Wo)=|®,) for g=1. .

In the original formalism,*>’ where [¥,) was used in the form (2.5),
all diagrammatic elements were composed of the one-particle density matrix
of the uncorrelated system (g =1) Po(i, j) = (¥,| &6/ ¥,), corresponding
to lines, and the numbers g°— 1, corresponding to vertices. For i = j one has
P%(i,i)# 0. However, in Gebhard’s formulation® lines correspond to
B3, §) = (1-8,,) P2(i, ), with P2(i, ) =(&1,&0)0, and vertices correspond
to the numbers x;, i.e. are site-dependent in general. This has the great
advantage that the diagonal elements of P% vanish: P%(i, i) = 0. Note that
the form of the diagrams in both formulations is identical.

To obtain the one-particle density matrix P, (i, j) = (&, &,) and the double
occupancy d; = (A #yy) at site i in terms of [¥,) as given by (2.9), it is useful
to introduce a quantity §U(i, j) whose diagrammatic representation in terms
of Is?,(i,j) and x; corresponds to the usual self-energy diagrams in a ¢*-
theory. This self-energy is given by

S~o(g, h) = _xgsg,h{(ng—a' _<ﬁg—a>0)gz}(c)

+ XXl Cpor o (Mg = (g0 )0) (Mg — (Fin_oda) DY (2.12)
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with

x 1
@=1+ — ¥ X ... Xgm(Dg, —~ D) ... (D, —DIF) (2.13)

imlg D,

||M8

where {...}{ denotes the sum over all possible pairs of contractions. Only
those pairs that belong to connected graphs contribute.
In terms of the self energy the expectation values have the form’

P, (i, §) =Vqic Va0 [ﬁg(i, RS (P3(i, 8) — 81 gnic)
X S~0’(g’ h)(ﬁg(h’ j) - Sh,jaja'):l (2143)

(o) = (o= 80 ) = (1= (DN oS, G )

-(1- 2(nw)0)ZS (i, f)P f,i) (2.14b)
‘Ziz[1+xi(1“ni,o+‘7i,o)]

X{tia,o—li[(ﬁmosl(i, i)+3(1- xdlo)ES (i, 1) PO, 1)}}

io

(2.14¢)
The quantities v ¢;, and «;, are determined by the following equations:
Vai = gg oL+ (R o(g' ir —1)] (2.152)

a;, = g -1
a1+ (i )(g T~ 1))

These relations are valid in any dimension. The first nonvanishing diagram
of the self energy (it is of 2nd order) is shown in Fig. 1.

On a d-dimensional hypercublc lattice with d - o one has™ P(i, j) =
O0([V1/d]"), where v=|i~j|= Z, Ji—ji| is the so-called “New York”
metric.'” It counts the number of nearest neighbor steps from i to j. Due

(2.15b)

Fig. 1. Self energy diagram (second order) leading to
1/ d-correction.
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to this fact all self energy diagrams, i.e. the self energy itself, vanish in the
limit d =00

lim S.(g,h)=0 (2.16)
Hence, in d = one obtains the simple, exact result’
Po(3§) = Vi, Ve, Po(i5)  1#] (2.17)
and the expectation value of the Hubbard Hamiltonian is given by
(H)=~1 ¥, ¥ Vai, Vai, Poli, )+ U L d; (2.18)

o i
Equation (2.18) was first obtained by Kotliar and Ruckenstein® within a

slave-boson approach. The factors v g;, describe a local renormalization of
hopping processes.

2.3. 1/d-Corrections

Next, we want to calculate 1/d-corrections to the d = o result; to this
end we have to consider 1/d-corrections to the variational parameters. In
the simplest case the Hamiltonian depends only on one variational para-
meter x

(H)=a0(x)+a,(x)(g) +@’(‘—i—2> (2.19)
x is determined by minimizing (I—AI). The 1/d-expansion of x is given by
x=x94+x"V(1/d)+0((1/d)>. It follows immediately that

A 5 l 1
(HY= ap(x' )+ a,(x?) (E) +0 (P) (2.20)
i.e. the expectation value of the energy to order (1/d) is determined by x¥,
the optimal value of x in d =00. This statement also holds in the case of
more than one variational parameter.

3. THE GUTZWILLER-PROJECTED SPIN-DENSITY
WAVE FUNCTION

The formalism described above will now be applied in the case of a
Gutzwiller projected wave function with antiferromagnetic long range order
(AFLRO). To this end |¥,) in (2.5) is chosen to be the antiferromagnetic
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Hartree-Fock wave function (n, =n, =3)

|Wo.ar) = 1;[ 5110 [uplro+ o0 A1 10010 (3.1a)
Here Q=(m, m, ..., m) is half a reciprocal lattice vector, and
uk=% [1+v/1— 03] (3.1b)
o= —sga(ey) 51—/ T= 021" (3.10)
are determined by
b= (3.1d)

k-_\/slz(-i—A2

with A=1Um and m as the sublattice magnetization.
It is interesting to note that for AB-type lattices, where &, = —¢&y+q, |[Vo,aF)
in (2.1) can be written in the form

Wour) = eTINéel) (3.2a)
where |[Néel) is the Néel-state and T has the form of a kinetic energy operator

T=Y &A (3.2b)
ko

£ =1ln [fi+\/1:(f§>] (3.2¢)

and &, = —é£,.q. The operator in (3.2a) acting on |Néel) has the form of a
correlation operator. It introduces hopping processes into the localized
Néel-state,”" i.e. reduces the perfect Néel-order and leads precisely to the
Hartree-Fock wave function (3.1a) having AFLRO. Hence this correlator
favors hopping, while the Gutzwiller correlator exp(in g15) does just the
opposite. The Gutzwiller correlated wave function based on (3.1a) can then
be written as

with

W, 4r) = g2 eT|N&el) (3.3)

Since it is more convenient to work with (2.9) than (2.5), we need |®, 45),
rather than |¥, 45), as the starting wave function with AFLRO. In fact,
|®y 4r) can be expressed as in (3.1a) with 6, replaced by a new variational
function 6,(=8,.¢);’ of course, 6= 6, for g=1.
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3.1. d=oo

In d =0 the self energy S, (2.16), vanishes and therefore one finds®
for the expectation value of the energy, (2.18),

()*=2q(my,d®) ¥ ew/1—6+ ULA™ (3.4)
Ex=0
with
Joo d_OO JooN2 Joo Joo
q(my, d )=7{2\/(d Y —d”+dy+(1-2d%)} (3.5)
0

Note, that in the case under investigation d;=d is site independent; here
d® is the density of doubly occupied sites of the correlated state in d = o,
and d, is that for the noninteracting system. The vertex x; is given by
x;=x=(d”—d,)/d;. Here we take d* instead of g as the new variational
parameter. Minimization of the energy with respect to the function by
(infinitely many variational parameters!) yields

A
\/sﬁ+A2

with a new k-independent variational parameter A. Hence, the minimization
problem has been reduced to a two-parameter problem. It is interesting to
see that (;k maintains its Hartree-Fock form even after the Gutzwiller-
correlator has been switched on (g <1)! This is only true in d =00,

~

O

Ao
0y =

(3.6)

3.2. 1/d-Corrections to the Self Energy

To account for the broken translational invariance we introduce the
following Fourier representation of the self energy

SG=7 ¥ e MIE (3.7)
L ke MB
where i< X-sublattice and je Y-sublattice and k is an element of the first
magnetic Brillouin zone (MB), i.e. that Brillouin zone which corresponds
to the reduced translational invariance of the sublattice. The inverse transfor-
mation is given by

SX)=2 T MVE,GLj) (3.8)

L ieX,jev
The quantities S (k) can be arranged in a matrix’
$54(k) s‘;‘”(:«)}

$54)  §7() (39

§a<k>=[
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P2(i, j) can be transformed similarly, where ke MB,
oK)= X = ~
LVi-6  la-oby)

with y, =1 for £,=0, otherwise x;, =0. Note, that for a quantity C;=
2 AigByg; the convolution theorem reads

C(k) = A(k)B(K) (3.11)

where A(K)B(K) is the matrix product of A(k) and B(k).
The only graph contributing to the oif-diagonal part of the self energy
to order (1/d) is shown in Fig. 1 where i is a next neighbor of j (i=j+17)
So(3,0) = =x*Po (i, PLPY (1, D1%8,;.- (3.12)

with P%(i, i+7) = ~&/(2V2d) where £ is the average kinetic energy of the
non-interacting system

(3.10)

Y en/1-62 (3.13)

The diagonal part of the self energy can be calculated by use of particle
conservation (ﬁig) + (n‘i_;,) ={(Aiz)o+{Ai_s)o and the equation S_,(i,i)=
—Xj Zg,h Pg'(ia g)srr(ga h)P?r(ha i)

Finally, we obtain for the self energy

~ x*&%
§2P k) =———* 14
) 16d (3.142)
= z \*bla%—p,b”
§24(k :< i ) 4o Po 14b
&) 4/d) aSa’-pl (3.14b)
with
o AS\ = 1 ~
bs = (na>08 "EE Ekzso Ek(l +S(Tek)
1 § =+a - (3153)
ai=(f, é—ﬁséo (14 soby)?
Ly f-of) (3.15b)
= = — —— £ _ .
p"' X 4L £x=0 K TV

Here (Al)o, (AL), are the particle densities on the A-and B-sublattice in the
uncorrelated state, respectively. We find S2%(k)= $2%(k) and S2*(k) =
S28(k).
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3.3. Ground State Energy with 1/d-Corrections

Using the self energy (3.14) we obtain for the ground state energy of
the Hubbard model up to, and including, the order (1/d)

<ﬁ>=2q(mo,(i°°>( S o1

ep=0

*2 ¥ el [PAK) = (a2 +(AN)11S, (k)

cMB

X[Po(k)—(aq+ <ﬁf)o)1]}u)

- d & &
+LUd°°<1-d- >z [%(1+mo)5?“‘(k)+%(l—mo)S?B(k)

[ee}
0

—1(1-xd,) :Z_ED (3.16)

with
~ A

o0

=——— (3.17)
. Y sﬁ +A?
Here A and d* are given by the d = co result and S = (x£/4)>. All quantities
are calculated with these two variational parameters. Note that {A};, = A,,.

3.4. Application to Finite Dimensions

The ground state energy of the Hubbard model in d = in terms of
|V, ar) Was evaluated already by Metzner.” Comparison with the uncorre-
lated Hartree-Fock result for d = o0 showed that both results are numerically
very close, i.e. the additional correlation effects due to the Gutzwiller
correlator lower then energy only by a small amount in this case. The
variational Monte-Carlo (VMC) results of Yokoyama and Shiba'® indicate
that this is true even in dimensions d =2 and 3; only in d =1 do they find
a somewhat larger discrepancy between the results for the correlated and
the uncorrelated wave function.

We will now use the results for the ground state energy derived above,
which are the exact evaluations for d = 0, to obtain an approximation for
lower dimensions. At this point it should be mentioned that 1/d-corrections
to the results for d = do not only come from the diagrammatic contribu-
tions calculated so far, but also from the expansion of the density of states
(DOS) that enters in the k-(or energy) integrals.”>>* Besides that there exist
nonanalytic corrections to the DOS of order e *? due to van Hove sin-
gularities. To avoid difficulties arising from such corrections we use the
exact d-dimensional DOS, in addition to the explicit 1/d-corrections due
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to diagrams, to obtain results for a finite dimensional system. If we include
corrections of order 1/d from diagrams, the error introduced thereby is of
order (1/d)* This scheme will now be applied to obtain results in d =1,
which—in principle-—will be the hardest for us to describe, since the validity
of the approximation is least certain in this case. The applicability of these
results to the case d =1 is therefore a priori uncertain.

In Fig. 2 we compare various results for the ground state energy E/L
(L =number of lattice sites) of the Hubbard model in d =1: (i) the exact
result by Lieb and Wu,** (ii) the VMC result for [ ¥, 4r) of Ref. 15, (iii) the
result for |¥, 4r), obtained analytically for d =0, but evaluated with the
correct DOS for d =1, (iv) the results for this wave function including
1/ d-corrections due to diagrams, and, (v) the conventional Hartree-Fock
result (g=1 in (3.3)). Obviously the 1/d-correction, evaluated for d =1,
moves the curve away from the d =c0 result into the right direction and
gives full agreement with the numerical data for U <3. (The deviations at
larger U can be understood by noting that S, (k), which determines the
1/ d-correction, is given by an expansion in (n/2)’x, which is very small
only for small densities or interactions U.) It must also be mentioned that
the authors of Ref. 15 assumed 6, in (3.1) to be given by the Hartree-Fock
form (3.1d) even for the correlated wave function with g # 1, to reduce the
numerics to a two-parameter problem. However, for the wave function

0.0
i n =1
t =1
-0.5 A
I
m -
—-1.0 A
p — — AF Hartree-Fock
AF Gutzwiller, d=co result in d=1 .
41/ AF Gutzwiller, d=w+(1/d) result in d=1
*+++ s VMC in d=1
b -- - — - exact ground state energy in d=1
—15 T T LANAD ECHL N A D Tt S | T

3 4 5 6 7 8 9 10 11 12

Fig. 2. Ground state energy of the Hubbard model versus interaction U in d =1.
Variational results of increasing refinement are compared with numerical evaluations'®
(VMC) and the exact® result.
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-0.3
n =
B 1t =
—
~\-0.8
C)
B i __ AF Gutzwiller, d=w result in d=1
,,,,,,,, AF Gutzwiller, d=oo+(1/d) result in d=1
- — — Para Gutzwiller exact in d=1
_13 T T T T T T T T T T
0 1 2 3 4 S 6

Fig. 3. Ground state energy of the Hubbard model versus U for different variational
wave functions in d = 1. The qualitative importance of the 1/d-correction for U=<4.5
is apparent (see text).

|, a F) expressed by (2.5) this assumption is never warranted-—not even in
d=00;>" it is only correct for Gk, i.e. when [V, f) is written in the form
(2.9), in d = 0.” Nevertheless, the error introduced by this assumption does
not seem to be significant in the present case. We see that the 1/ d-correction
leads to quantitative improvements for all U. As shown in Fig. 3 this
correction is also of qualitative importance: without 1/d-correction the
energy for the paramagnetic Gutzwiller wave function becomes lower than
the antiferromagnetic VMF for U=4.5, suggesting a phase transition.
However, the 1/d-correction lowers the energy of the antiferromagnetically
correlated state below that of the paramagnetic one for all U >0, as one
should expect. Numerical values of the energy can, of course, easily be
calculated also for dimensions d =2, 3. In these dimensions the agreement
will be even better. Hence the variational approach to low dimensions via
the limit d - 00 is seen to yield very good quantitative results in dimensions
as lowas d=1.

4. VARIATIONAL APPROACH TO THE PERIODIC
ANDERSON MODEL

The periodic Anderson model (PAM) is used to describe physical
properties of mixed-valence compounds and heavy fermion systems.” In
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its simplest version it consists of a band of delocalized conduction electrons
which hybridize with strongly localized f-electrons. The interaction between
the f-electrons is modelled by a Hubbard interaction. In this case the
Hamilton operator (PAM) is given by

Heam=Y e (K)iif,+ Z er(k) il
ko
- ¥ lfiobio+ Glofro)+ U ) R
ko

=I:Iitn+ﬁ£m+ﬁhyb+ﬁ{l (41)

Here &, and f i, Creates a c- and f-electron, respectively, with spin o on
site i, and nm f i f,,, etc. Their counterparts in momentum space are now
written as ckc, and fk,, for simplicity, where k is the momentum, with
Ao =Crolin, o= f.“, f,w The kinetic energy of the ¢- and f-electrons is
parameterized by e.(k) and &.(k), respectively, and V, is the hybridzation
matrix element. For U =0 the ground state is given by (n<2)

|\I’o pAM) = H [1+ ako’f éku']|CFS> (4.2)
where
0 2V,
Ayy = (4.3)
£r(k) — €.(K) +V(e.(k) — &,(K))>+4 V]
and

|cFS)= Il  &,lvacuum) (4.4)
e (K)=eR,0
is the Fermi sea of the conduction electrons if an f-level is not occupied.
In the following we consider the dispersion (2.4) for e.(k), as well as
gr(k) = E; = const, V,= V= const.
In view of the Hubbard interaction between the f-electrons it is natural
to introduce correlations into |W, pay) via a Gutzwiller correlator for the

f-electrons'®'” in analogy with (2.5), (2.9). The Gutzwiller wave function
for the PAM is then given by
)= 8% Wo,pam) (4.5)
= gKJIq)O,PAM> (4.6)
with®®
[P pam) = gk' by i I‘Po PAM) (4.7)
One obtains for |d,)
[@opam) =TT [+ duof o I FS) (4.8)
with

dy, = g*ay, (4.9)
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Here 4, is taken as a new variational function to account for the fact that
the hybridization will be changed by the interaction. Hence 4, and g are
to be determined variationally. Expectation values in the uncorrelated state
are calculated with |®g pan)-

Since the Gutzwiller correlator contains only f-electron operators the
expectation values must be transformed in such a way that only f-electrons
appear. Again we introduce the self energy §,,(i, j), which now only refers
to f-electron operators. Here we consider the strongly correlated limit U = oo,
ie d{=0,g=0.

Due to translational invariance and spin symmetry of the wave function,
one obtains for x;, vq;, and «a; (Refs. 8, 26):

4
xi=x=—m (4.10)
1-n}
Vgi=vq= - n/"2 (4.11)
0
J
ai=a=1_229 (4.12)

where nj is the f-electron density in the uncorrelated state. We transform
all calculations of expectation values into momentum space because of
translational invariance. Introducing the Fourier transform of the self energy

~ 1 i A
S, =7 % e S, (i, ) (4.13)
i)
One obtains the following n(k) distributions:

nl of n ? .
<nko>"‘q<nko'0 ?(1_4)“‘"‘1 ((nktr)O—?_a) Sa(k)

1 ( o2 )25 k] 4.14

—L% (Akado— > - (k) (4.14)

<ﬁlcuf>=<ﬁlc(a 0+<nk0' OS (k) (415)
S .

<nkcr> (fko-ék¢7>:\/a [<ﬁ;0' 0+<<ﬁkv>0_%_a)<ﬁ:o'>0S0'(k):| (4-16)

Hence, the expectation value of the Hamiltonian is given by
(Hoamy = Y. [e. (K)o Efilo)o=2VVq (i )o]
ko

nl
+¥ 5, (k) [sc(kxﬁﬁa 0—2VVyq ((nka o—?—a)<ﬁio)o]

+A {Ln5~ y <ﬁ{w>0} (4.17)
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Here a Lagrange multiplier A was introduced to be able to vary d, and n},
independently. These equations are valid in every dimension d.

41. d=oo

For d = o the results have already been obtained by Gebhard®*® (for
a preliminary account see Ref. 13). Since the self energy vanishes in d =
(see (2.15a)) the result for (HPAM) in (4.17) implies that the Gutzwiller
correlator in (4.5), (4.6) only leads to the following renormalization of the
model parameters for the noninteracting system:

Vovq Vv (4.18a)
E > E;~A% (4.18b)
(for the general k- and o-dependent case see Refs. 8, 13). Hence the

variational problem for determining &, is formally identical to that for
U =0. For the correlated case one therefore finds

2VVq
(E;~ (k) = A°) +V(E; — £.(k) = 1%)* +4V?q
The above results had already been found earlier by several groups
within a Gutzwiller approximation (semi-classical counting of spin configur-

ations) and a slave boson approach.”” These approximate evaluations are
hence seen to become exact in the limit d = oo,

(4.19)

~ oo __
Ay = ko =

16,27-29

4.2. 1/d-Corrections to the Self Energy

In Fig. 1 the only graph contributing to the off-diagonal part of the
self energy to order (1/d) is shown, where i is a nearest neighbor of j
(i=j+n). It is given by

S, G, j)=~x*[PLG, T8 (4.20)
with P2°G, i+7)=—&,/(2v2d) and
——z £ (KX AoYo (4.21)

By use of particle conservation of the ¢- and f-electrons (AL)+(AL,)=
(AL Yo+ (AL),, the diagonal part of ~the self energy is now determined to
order (1/d). Hence, we obtain for S, (k)

ngi{ ~(1-nh)&,/2+8,/2 _
16d ((1/L) Y, (Aka)s—[1/x+ (1= nb/2)n’/2]

S.(k) =

with

sc(k)} (4.22)

3 =‘~Z c(k)<nka' ] (4'23)
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4.3. Ground State Energy with 1/d-Corrections

To be consistent in 1/d we must take the 1/d-expansions of dy,, nj,
and A into account

. o 1 1
Aye = ak,+g b, +0 (EE) (4.24a)
S Jfeo 1 f(1/d) 1
Ry = Ny +E By +@ ;’2' (4.24b)
0 1 (1/d) 1
A=A +"'1' A +0 EE (4.24c¢)

Again the expectation value of the energy including the 1/d-correction is
completely determined by the parameters in d = 00:

<I:\IPAM>= Z sc(k)ak +(Ef A )a _2V\/—| wa;oa

2
(k)= epo 1+ay,

+ ¥ S.(x) £.(K) iy +2VVg | weai
a aooa,nfcc’ [+'s)
e (K)<epo X o (1+a 2)?

+A%Lnf>e. (4.25)

4.4. Momentum Distributions with 1/d-Corrections

For the ¢- and f-electrons we obtain

HAredo buo
(Axe) =(fgo)ot ~k o= +S (K)o 0+@( ) (4.26)
9., d d?
aq(nd) o P (Ao bio
(nk0'> q<nkao on fo (fikoo Od +q adl:w()%
f°o S(1/d) fa/d)y
+——(1— + R (- )——8‘1(";’)2-——
2d 2 an'o d

nfoo 2 .
+q[(<ﬁ{a>o——2°——a) $.(6)

——z <<n,w 0 l’—?—a) S~U(k):| +@(%) (4.27)

All quantities are calculated with the parameters ay,, n)®, and A%
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4.5. Correlation Functions for the f~Electrons in d =00

To investigate the magnetic and charge correlations among the f-electrons
for infinite U, we now calculate the spin-spin and density-density correla-
tion functions in terms of | ¥, pan). In real space the correlation functions
(CF) are defined by*°

O () =7 T URR) — (RN Rep) (4.28)
with

2= {Sf —n,T~n{1 (spin) (4.29)

N{= n{; + "-i (density)

For the Hubbard model in d = co these CFs were calculated by van Dongen
et al.'? One finds that they are entirely determined by RPA-type bubbles in
this case, i.€. remain nontrivial in the limit d = c0. In Gebhard’s formulation
the spin-spin and density-density CFs are given by (35a,b) of Ref. 9. If
we interpret the densities #;, etc. entering in these equations as f-electrons
densities, the expressions can be directly used for our purpose. In d =0
and for g =0 we therefore have

g7 4 1 4
TG =] o L VG- PG D) (430
CcC™(j) = 2 g f;ZZ (YO, i+)) + YOG, i+))} (4.31)

where Y and Y are given by the consistency equations
Y(g, h) = -[P2(g, )T
+3 X%l P2(g, D YL M PL(m, )] (432)
Im

Y¥(g, h) =z X[ P (g, VPP, )7
+3 % PO, DP Y., m)[ P2(m, 0 (4.33)

which follow from summing the bubble diagrams (the only ones that remain
in d =c0). These expressions are now Fourier transformed according to
Z(q)=Y, eI Z(i,i+]j), where Z = C** Y Y From this it follows that

x[Ally(q)T°

V) =
@ = AT

= —xATl(q) Y(q) (4.34)
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where

ATly(q) =3 e[ Po (i, i+))T (4.35)

Since the CFs for j=0 are known, their Fourier transform finally follows as

ige 8 ATl,(q)
CSs — 0
(@)= G Ty T-xAlL(
8 1 ATlo(q)
+ - 4.36a
@=n}) L5 T-xaTl(0) (4.362)
. 8(1—nj)®  Aly(q)
CNN 7 4 0
(@) =r0=ro (2—-nl)* 1+ xATly(q)
8(1-nh)* 1 AIT
(=i 1y Mg (036
(2—n%)" L 1+xAll,(q)
where All,(q) is determined by
1 " " n{;Z
Ally(q) = Z x (nkcr>0(nq~—ka'>0 __4_ (4.37)
k

All quantities are calculated with the d = o parameters ay,,, n,~, and A~

4.6. Application to Finite Dimensions

To obtain an approximation for finite dimensions (see Sect. 3.4) the
quantities calculated for the PAM in terms of |¥,pan) in the previous
section (ground state energy, momentum distributions, correlation func-
tions) are now evaluated for a given dimension d by using the exact
d-dimensional DOS. We find that the actual numerical values obtained
thereby do not depend on d very strongly. Of particular interest are the
results for d =1, since this is the hardest dimension for us to reach and
also because there exist numerical results (VMC), with which we can
compare our results. We consider an equal number of up and down spins.

In Fig. 4 we show our results for the ground state energy of the PAM
at U =00 as a function of n, the total density of ¢- and f-electrons. The
results for d =0 and those including the 1/d-correction are numerically
very close and deviate only for densities n=1.7. The deviation at higher
densities can be explained in the same way as in Sec. 3.4. These results are
compared with VMC-results obtained for |W, pany) at three different values
of n: n=1.5 (Refs. 18, 31), n=1.75 (Ref. 18) and n=2.0 (Ref. 19). The
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Fig. 4. Ground state energy of the periodic Anderson model versus total density n
for the paramagnetic Gutzwiller wave function in d = 1 as compared with numerical
evaluations '&!%3! (VMC). In the insert the importance of the 1/d-correction is made
clear.

agreement is excellent. In particular, as shown in the insert, the 1/d-
correction brings the theoretical curve right on top of the numerical points.

In Fig. 5(a, b) our results for the momentum distributions in d =1 of
the c- and f-electrons at U =0 are shown for two different total densities
n. At n=1.75 there is still a Fermi surface atk/ 7 = 0.88, suggesting metallic
behavior. This must be considered an artefact, caused by the choice of the
wave function, which is a projection onto the Fermi sea of the conduction
electrons. Such a result is a typical property of paramagnetic Gutzwiller
wave functions.** Only for n =2, where the lower band is completely filled,
is the Fermi surface absent. The theoretical curve are compared with the
VMC results for d =1 by Shiba.'® For n = 1.75 the agreement is seen to be
excellent; the 1/d-correction has only a small effect. By contrast, for n=2
the 1/d-correction is signifiant. It moves the curves into the right direction,
yielding excellent agreement again with the numerical points for d =1,
except for k/ 7 =0.7 in the case of ny.

In Fig. 6(a-c) we show our results for the momentum dependence of
the spin-spin and density-density correlation functions of the f-electrons
in d =1 at U = for different parameter values of the density n and the
f-level energy E,. Again the agreement with the VMC results by Shiba'® is
very good; the agreement is best for somewhat lower filling (n <2) and not
too low E;. Even details like the discontinuity in C*S, due to Umklapp



376

a
1.0
n = 1.75
U = o
E =0
0.8 Iy V= 05
t =1
0.6 41— d=e result in d=1 =\ = =0
R R e d=oo+(1/d) result in d=1
Ad {ooeea VMC in d=1
C: #xxkx VMC in d=1
[ = R
1.0
b
1.0
n = 2
B U = o
Ef =0
A vV = 0.5
0.8 V=

71 ~——— d=c result in d=1
------ d=c+(1/d) result in d=1
0.6 - cocoo VMC in’ d=1

s+e+x VMC in d=1 A e SN
N | e
0.4 -
- f
0.2 ny
0.0 T T T T T T " ~~~~~~ RS T
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 5. Variational results for the momentum distributions n{ and n/, of the conduction and
J-electrons, respectively, for the periodic Anderson model in d = 1. The numerical data by
Shiba'® are shown for comparison; (a) total density n=1.75, (b) n=2.0.
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Fig. 6. Variational results for the momentum dependent spin-spin (C5%) density-density
(C™N) correlation functions of the f-electrons in the d = 1 periodic Anderson model for
various parameter values of n and E,. The numerical data of Shiba'® are shown for
comparison. (a) n=1.75, E;=~1; (b) n=175, E,=0; (c) n=2, E =0.
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Fig. 7. Variational results for the f-electron spin-spin correlation function C%5(g) in the

d =1 periodic Anderson model for various values of the total density n.
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processes at q = 2( 7 — kg ), are clearly borne out. There is only little structure
in C™N due to the strong repulsion, while the spin degrees of freedom of
the f-electrons do show considerable (antiferromagnetic) structure. InFig.
7 a family of curves for the spin-spin correlation function at various densities
n is shown, indicating the onset of structure with increasing n.

5. DISCUSSION

In this paper we have investigated the Hubbard model and the periodic
Anderson model using explicit correlated variational wave functions. Exact
analytic evaluations of several quantities (ground state energy, momentum
distribution, spin-spin and density-density correlation functions) have been
performed in d =oo0 dimensions. This is the only dimension where such
evaluations are tractable at all, made possible by the significant diagram-
matic simplifications in this limit. In addition, 1/ d-corrections are calculated
for some of these quantities. The results thus obtained where applied to
finite dimensions d by making use of the exact d-dimensional density of
states. Comparison with variational Monte-Carlo results for dimensions as
low as d =1 showed an excellent agreement. The 1/d-corrections were
found to be significant only at high particle densities; these corrections
systematically improved the results. Our results clearly indicate that the
limit of large dimensions d is a particularly helpful one in the case of
variational investigations of finite-dimensional fermionic systems with Hub-
bard interaction. In this case correlations are known to remain nontrivial, >->
while at the same time analytic evaluations become feasible. As shown in
our paper such evaluations may even be used to obtain quantitatively correct
results for low dimensional systems. (This says nothing about the quality
of the wave function in absolute terms.) The reason for this appears to lie
in the nature of the variational wave functions under investigation: they
are usually rather simple, being characterized by only a small number of
variational parameters, with the symmetry of the wave function more or
less determined by construction.

Therefore a reliable, practical strategy for any investigation in terms
of Gutzwiller-correlated wave functions is to evaluate the quantities of
interest in d = oo (this is always possible®®) and then use the exact density
of states in d dimensions to obtain a good approximation for the expectation
values in this particular dimension.
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