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We show that the limit of  large dimensions (d = oo) can be used to obtain 
accurate variational results even for low dimensional (d = 1, 2) fermionic 
systems, such as the Hubbard model or the periodic Anderson model. Using 
explicit correlated variational wave functions this is achieved by evaluating 
the expectation values for d = co with the correct d-dimensional density of  states 
and including I/d-corrections. For example, an application of  this approach 
to the periodic Anderson model in d = 1 shows that the result for the ground 
state energy, the momentum distributions of  c- and f-electrons, and the spin-spin 
and density-density correlations functions for the f-electrons are in excellent 
agreement with the variational Monte Carlo data of  Shiba. 

1. I N T R O D U C T I O N  

Variational wave functions (VWFs) are well recognized as useful and 
versatile instruments for investigating interacting many-body systems. 1 They 
have recently received a particular attention in the study of heavy fermion 
systems and high-Tc superconductivity. These involve strongly correlated 
electrons with short-range repulsion, where conventional methods, e.g. 
perturbation theory, are often not applicable. The microscopic models 
chosen to investigate the abovementioned systems are usually of the Hub- 
bard-type,  i.e. an essential part  of  the interaction is described by an on-site 
repulsion of two electrons with different spin. In this case Gutzwiller-type 
VWFs 2"3 are the natural starting point for a variational treatment. In spite 
of  their simple structure, analytic evaluations of expectation values in terms 
of these wave functions are generally not tractable, an exception being the 
simple Gutzwiller wave function in dimension d = 1. 4 Even the scope of 
numerical evaluations is strongly limited by the number  of variational 

*Dedicated to L. Tewordt on the occasion of his 65th birthday. 
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parameters entering the wave function. In this situation the limit of  high 
spatial dimensions (d -~ ~ ) ,  which has recently been introduced by Metzner 
and Vollhardt 5 for the investigation of fermionic lattice models, has turned 
out to be a particularly useful approach: although Hubbard- type and their 
correlations remain nontrivial, actual calculations become much simpler. 6 
Since then the limit d = ~  has been applied to a number  of problems 
involving the variational evaluation of ground state properties of  the Hub- 
bard model and the periodic Anderson m o d e l .  3"7-13 Corrections to the results 
in d = ~ have also been obta ined]  In particular, Gebhard  8'9 has developed 
a highly efficient formalism for the systematic calculation of 1/d-corrections. 
In the case of  the paramagnetic  Gutzwiller wave function he showed that 
the numerical results for d = 2, 3 by Yokoyama and Shiba 14'~5 and even the 
exact evaluations in d = 1, 4 are well described by the analytic results for 
d = ~ ,  when (low order) 1/d-corrections are included (see also Ref. 7). 

In the present paper  the results described above will be extended in 
two directions: (i) we calculate the 1/d-corrections to the ground state 
energy of  the Hubbard  model in d = ~ for the projected spin density (i.e. 
antiferromagnetic Har t ree-Fock)  wave function; (ii) for the periodic Ander- 
son model the appropriately generalized paramagnetic  Gutzwiller wave 
function ~6'~7 is used to calculate the spin-spin and density-density correla- 
tion functions of  the f-electron for d = ~ ,  as well as the ground state energy 
and momentum distributions in d = ~ including 1/d-corrections. The results 
are then applied to d --- 1, using the correct density of  states in d = 1. We 
find that the results from the large d limit, which can be obtained analytically, 
are in excellent agreement with variational Monte-Carlo results obtained 
for d = l .  15'18'19 This shows that the large d limit is, in fact, a particularly 
useful limit for variational investigations in terms of Gutzwiller-type wave 
functions, since it yields very good quantitative results even in low 
dimensions, where analytic evaluations are not tractable. 

2. VARIATIONAL A P P R O A C H  TO THE HUBBARD M O D E L  

2.1. Model and Wave Function 

We first address the Hubbard  mode l , /~  =/~rkin +/QU, for nearest neigh- 
bor hopping where 

/~kin - - t  ~ A+, ~ *+ * (2.1) : C i o . C j c  r : E k a k o _ a k o _  
(ij),cr ko- 

/~u : ut5 = u v / 5 , :  u E , ~ , ~  (2.2) 
i i 

Here ~[~ (ci~) creates (annihilates) a particle with spin o- on site i, their 
Fourier transforms being given by ~k + (ak~). The corresponding number  
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A A+ ~ A ~q- A A A operators are nio-  : CicrCio- and nk~ = ak~akcr. The operator /9i  = nitni+ counts 
the double occupancy at site i. In the limit of high dimensions d the 
parameter t must he scaled as 5 

t* 
t - v / T d  (2.3) 

to obtain a nontrivial model for d--> oe. Therefore, the dispersion relation 
takes the form 

2 a 
Z cos k~ (2.4) 

E k  - -  2 % / ~  i = 1  

where we set t*= 1. 
To calculate expectation values of ground state properties of the Hub- 

bard model Gutzwiller 2 introduced the variational wave function 3 

I't%) = g~lq%) = II [1 - (1 - g)/3dlq%) (2.5) 
i 

where [~0) is a one-particle (product) wave function; originally I~0) was 
taken to be the paramagnetic Fermi sea. 2 Here g is a variational parameter 
which is determined by the minimum of the energy expectation value. For 
increasing repulsion U the "Gutzwiller correlator" gO reduces the ampli- 
tude of  those spin configurations in 1~o) with too many doubly occupied 
sites; thereby it introduces genuine correlations into ['Iro). 

2.2. Diagrammatic  Formulation 

A diagrammatic formalism for the evaluation of expectation values in 
terms of lug), taking into account the simplifying features of the on-site 
Hubbard interaction, was worked out by Metzner and Vollhardt. 4'5'7 In the 
limit d-> oo drastic simplifications occur, whereby an exact analytic evalu- 
ation of expectation values becomes possible. This formalism was cast into 
a particularly efficient form by Gebhard, 8'9 where in d = oe all diagrams 
reduce to zero, and l /d-correct ions can be calculated rather simply. This 
can be achieved if one does not work with Igrg) in the form given by (2.5), 
where the (square of the) Gutzwiller correlator has the form 

^ 2 "~ g2O = 11 [1 + (g - 1)Di] (2.6) 
i 

but, rather, by working relative to Hartree-Fock,  using the expansion 
g2~ = 1-I [1 + x i ( / ) , - / ~ v ) ]  (2.7) 

i 

with 

: b - - X  ( J [L i ] ' n i "  "~/~ ' ,L/~i , [  - -  • i )  ( 2 . 8 )  
i 
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Here Di " v =  ~iq.(~ij,)o+ ~u(t~e)o- (t~i~)o(~i+)o is the Har t ree-Fock decomposi- 
tion o f /5 i .  Thereby, the variation wave function takes the form 

l~g) = g~lqbo) (2.9) 

with 

I~o) = g6-~l 'I 'o) (2.10) 

Of  c9urse, ]~o) is also a one-particle wave funct ion-- jus t  as 1~o), since 
gD-K does not introduce any correlations between the particles, but only 
considers local "fugacit ies".  The parameters x~,/,~,,/*i+, and rh are functions 
of  g, nl.o = (~i~)o+(~+)o, m~,o = (ni~)o-(ni~)o, and di,o = (ni~)o(ni+)o and are 
given by 

1 
x, = 2(1 - gZ)d,,o(1 - n,,o+ d,,o) 

x [ - 1  + (1-g2)(n,.o-Zd,.o) 
+ ~ l + ( g  2 1)[ni,o(2--n,,o)+ 2 2-- - g ml,0]]  (2.11a) 

g2n ,  = 1 + xidi, 0 (2.1 lb) 

g-2/q~ = 1 xi(t~i-=)o 
1 + x,&,o (2 .11c)  

The expectation values with subscript zero are calculated in terms of  I~o); 
note that ]~o) =- [~0) for g = 1. 

In the original formalism, 4's'v where ]~g) was used in the form (2.5), 
all diagrammatic  elements were composed of  the one-particle density matrix 
of  the uncorrelated system (g = 1) P°(i ,  j) = (~o[~j+~>]~0), corresponding 
to lines, and the numbers g2_ 1, corresponding to vertices. For i = j one has 
P ° ( i , i ) # 0 .  However, in Gebhard 's  formulat ion 9 lines correspond to 
ri°(i,  j) = (1 - 6u)P°( i ,  j), with P°~(i, j) = (~+~j~)o, and vertices correspond 
to the numbers x~, i.e. are site-dependent in general. This has the great 
advantage that  the diagonal elements o f /3o  vanish: P°,(i, i) = 0. Note that  
the form of the diagrams in both formulations is identical. 

To obtain the one-particle density matrix P~(i, j) = (~+~j=) and the double 
occupancy aT~ = (~,r~+) at site i in terms of  [~g) as given by (2.9), it is useful 
to introduce a quantity S~(i, j) whose diagrammatic  representation in terms 
of  ri°(i, j) and x~ corresponds to the usual self-energy diagrams in a ~b 4- 
theory. This self-energy is given by 

So(g, h) = -x . a . . { (n~_~-  (~-~)o)~}~, 
-k XgXh{C+Cho.(ng_,,- --(/~g ,~)0)(nh_o- * ~ -- (nh-¢)0)@}0 (2.12) 
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with 

= . . . . . .  - D g  m) (2.13) 1+ ~ Y~ xg, xgm(Dg,-D HF) (Dgm "~ 
m = 1 gl ---gin 

where { . . .  }~ denotes the sum over all possible pairs of contractions. Only 
those pairs that belong to connected graphs contribute. 

In terms of the self energy the expectation values have the form 9 

P~(i, j) = ~ ~ [/5o0, j) + 5", (/5o0, g) - t~i,gO/icr ) 
L g,h 

x ,S,~ (g, h)(/5°(h, j) - 6h,jaj,~) ] (2.14a) 

(~w) = (r~,~)o _ I  S_~(i, i) - (1  -(r~)o)(~w)oS~(i, i) 
xi 

- ( 1  - 2 ( ~ ) o )  Y, S~(i, f)/5o(f, i) (2.14b) 
f 

d, -- [1 +xi(1 - nl,o+ di.o)] 

' [  ]) X di,0--X-~. ~ ( / ~ i g ) o g o . ( i , i ) + l ( 1 - - X i d i , 0 ) ~ f  S~(i,f)/5°(f,i) 

(2.14c) 

The quantities ~ and ai~ are determined by the following equations: 

= g2n~g-~i~[ 1 + (~j_~)o(g 1-2~ . . . .  1)] (2.15a) 

gl-2 ,%_~ __ 1 
ai~ = xi[1 -b" (/~i_o-)O(g l -2p ' i -~  -- 1)] (2.15b) 

These relations are valid in any dimension. The first nonvanishing diagram 
of the self energy (it is of 2nd order) is shown in Fig. 1. 

On a d-dimensional hypercubic lattice with d--> c¢ one has 5'7 P°(i,  j)-~ 
6([~/]/d]~), where V=]i--j[=~d=l lit--ill is the so-called "New York" 
metric. ~2 It counts the number of nearest neighbor steps from i to j. Due 

Fig. 1. Self energy diagram (second order) leading to 
1/d-correction. 
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to this fact all self energy diagrams, i.e. the self energy itself, vanish in the 
limit d = 

lim S~(g, h) = 0 (2.16) 
d ~ a o  

Hence, in d = oo one obtains the simple, exact result 9 
~ 0  • P~(i, j ) =  qx/-~ qx/-~-j~ P~(1, j) i # j  (2.17) 

and the expectation value of the Hubbard Hamiltonian is given by 

( / 4 ) = - t  E E q',/-~J~ q~,/~j~ P°(i ,J)  + U E d i  (2.18) 
( i , j )  o- i 

Equation (2.18) was first obtained by Kotliar and Ruckenstein 2° within a 
slave-boson approach. The factors ~ describe a local renormalization of 
hopping processes. 

2.3. 1 / d - C o r r e c t i o n s  

Next, we want to calculate 1/d-corrections to the d = ~ result; to this 
end we have to consider 1/d-corrections to the variational parameters. In 
the simplest case the Hamiltonian depends only on one variational para- 
meter x 

x is determined by minimizing (/4). The 1/d-expansion of x is given by 
x = x (°) + x(~)(1/d)  + ff((1/d)2). It follows immediately that 

( I 2 I ) = a o ( x ( ° ) ) + a l ( x ( ° ) ) ( d )  + 6 ( ~ 7 )  (2.20) 

i.e. the expectation value of  the energy to order ( l / d )  is determined by x (°), 
the optimal value of x in d = oo. This statement also holds in the case of 
more than one variational parameter. 

3. T H E  GUTZWILLER-PROJECTED SPIN-DENSITY 
WAVE FUNCTION 

The formalism described above will now be applied in the case of a 
Gutzwiller projected wave function with antiferromagnetic long range order 
(AFLRO). To this end I~o) in (2.5) is chosen to be the antiferromagnetic 
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Hartree-Fock wave function (nr = n~ = ½) 

[~ltO, AF) "~ 1~ [I [Ukl~k'+~ "~- O'Ukl~k++Qo']l 0)  (3.1a) 
Cr ~k~0 

Here Q = (~r, ~r , . . . ,  ~r) is half a reciprocal lattice vector, and 

1 Uk = ~ [1 +x/1 - 02]  1/2 (3.1b) 

are determined by 

1 Vk = --sgn(ek) ~ [1 --x/1 -- 02] 1/2 (3.1c) 

A 
Ok - x/~e2k + A2 (3.1d) 

with A = ½Um and m as the sublattice magnetization. 
It is interesting to note that for AB-type lattices, where ek = --ek+O, [atfO,AF) 

in (2.1) can be written in the form 

]XIg0,AF ) = e f]N6el) (3.2a) 

where [N6el) is the N6el-state and T has the form of a kinetic energy operator 

= Y~ ~k~k~ (3.2b) 
ko- 

g k = ½ 1 n [ ~ + ~ f l + ( ~ )  2] (3.2c) 

with 

and gk = --gk+Q. The operator in (3.2a) acting on [N6el) has the form of a 
correlation operator. It introduces hopping processes into the localized 
N6el-state, 21 i.e. reduces the perfect N6el-order and leads precisely to the 
Hartree-Fock wave function (3.1a) having AFLRO. Hence this correlator 
favors hopping, while the Gutzwiller correlator exp(ln g/3) does just the 
opposite. The Gutzwiller correlated wave function based on (3.1a) can then 
be written as 

]qlg, AF) = gO e~lN6el) (3.3) 

Since it is more convenient to work with (2.9) than (2.5), we need ]qb0,AF), 
rather than I*O,AF), as the starting wave function with AFLRO. In fact, 
]~O,AF) can be expressed as in (3.1a) with Ok replaced by a new variational 
function 0k(= 0k+Q); 9 of course, Ok = 0k for g = 1. 
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for the expectation value of the energy, (2.18), 

(/-I)~ = 2q(mo, d °°) ~ EkV/1 - -  if2+ UL~OO 
~k~-O 

with 

                           

3.1. d=oo  

In d = ~ the self energy S~, (2.16), vanishes and therefore one finds 9 

(3.4) 

3.2.  I / d - C o r r e c t i o n s  to the S e l f  Energy  

To account for the broken translational invariance we introduce the 
following Fourier representation of the self energy 

2 
S~(i, j) =~ k~MB e--ik~i-J)sxv(k) (3.7) 

where i c X-sublattice and j ~ Y-sublattice and k is an element of the first 
magnetic Brillouin zone (MB), i.e. that Brillouin zone which corresponds 
to the reduced translational invariance of the sublattice. The inverse transfor- 
mation is given by 

SXr(k) = 2  Y~ em~i-J~S~(i, j) (3.8) 
L i~x,j~ v 

The quantities SXr(k) can be arranged in a matrix 7 

S~(k) : rg~aA(k) g~ ' (k) ]  (3.9) 
LS  (k) 

d oo 

q(mo, d °~) =-~-0 {2"/(d~)2- d ~ +  do+ (1 - 2d~)} (3,5) 

Note, that in the case under investigation d~=-d is site independent; here 
d ~ is the density of doubly occupied sites of the correlated state in d = 0% 
and do is that for the noninteracting system. The vertex x~ is given by 
xi = x = ( d ~ -  do)/do 2. Here we take d ~ instead of g as the new variational 
parameter. Minimization of the energy with respect to the function 0k 
(infinitely many variational parameters!) yields 

Ok - (3.6) 2 

with a new k-independent variational parameter A. Hence, the minimization 
problem has been reduced to a two-parameter problem. It is interesting to 
see that 0k maintains its Hartree-Fock form even after the Gutzwiller- 
correlator has been switched on (g < 1)! This is only true in d = oo. 
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P°(i, j) can be transformed similarly, where k e  MB, 
1 -F ~ .kv /1- -0k  q p o + k  , [5(1 O'Ok) 1 Z2 

ok )=Xk/  1 / =2 - -  [ (3.10) 
• >/1--0k ½(1--~ak)3 

with Xk = 1 for ek < -- 0, otherwise Xk = 0. Note, that for a quantity Cij = 
~g AigBg, the convolution theorem reads 

C(k) = A(k)B(k)  (3.11) 

where A(k)B(k) is the matrix product of A(k) and B(k). 
The only graph contributing to the off-diagonal part of the self energy 

to order ( l / d )  is shown in Fig. 1 where i is a next neighbor o f j  ( i = j + ' r )  

S~(i, j) = -xEp°(i ,  j)[P_°_~(i, j)]26~_i, , (3.12) 

with P°(i,  i+  ~ ' ) = - g / ( 2  2x/)-d) where g is the average kinetic energy of the 
non-interacting system 

2 
g = ~  ~< ekX/1--0~ (3.13) 

8k--O 

The diagonal part of the self energy can be calculated by use of particle 
conservation (~,~) + (~,_~) = (nw)o + (n,-~)o 
--Xi 2g,h/30( i, g) S,~(g, h)/3°( h, i). 

Finally, we obtain for the self energy 

with 

and the equation ;~_~(i,i)= 

sOB(k) = -  x2g2ek 
16d 

~ 2 A ( k )  = / x__~_g'~2b~a_~--P ,~b" 
o- o" 2 \4~-d] a+a_-p=

3.14a) 

3.14b) 

o- ,~s 1 bs=(n~)og-7~ ~ et(l+so'Ok) 
Ek~O 

. . . . .  2 1 ; 6k(l..[.SO.{~k) 2 as = ~ r / o - ) 0 - - ~ - ~  0 

S = + ,  -- 3.15a) 

1 1 y= ek(l_o.~2) (3.15b) 
PC = - x -  4--L ~,-<o 

Here *+ (n~)o, (n~}o are the particle densities on the A-and B-sublattice in the 
uncorrelated state, respectively. We find S°B(k)= s~A(k) and sAA(k)= 
~BB S_,~(k). 
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3.3. Ground State  Energy with 1 /d -Correc t ions  

Using the self energy (3.14) we obtain for the ground state energy of 
the Hubbard  model up to, and including, the order ( I / d )  

( I~I) = 2q( mo, d°°) ( ~ o  ek X/ l - O~2 

+ 2  ~ ek{[a° (k ) - - ( aA+(~a)o ) l ]S~(k)  
kcMB 

B ^B ) × [ P ° ( k )  - (tx ~ + (n~)o)1]}12 

+LUd~O(1 d/-°7-~--do [½(l+mo)~AA(k)+½(l_mo)~BB(k) 

with 

~co A (3.17) 0k 

Here A and d °° are given by the d = ~ result and S = (xg/4) 2. All quantities 
are calculated with these two variational parameters.  Note that {A}12 = A12. 

3.4. Appl icat ion  to Finite  D i m e n s i o n s  

The ground state energy of the Hubbard  model in d = ~ in terms of  
I~,AF) was evaluated already by Metzner. 7 Comparison with the uncorre- 
lated Har t ree-Fock result for d = oo showed that both results are numerically 
very close, i.e. the additional correlation effects due to the Gutzwiller 
correlator lower then energy only by a small amount  in this case. The 
variational Monte-Carlo (VMC) results of  Yokoyama and Shiba 15 indicate 
that this is true even in dimensions d -- 2 and 3; only in d -- 1 do they find 
a somewhat larger discrepancy between the results for the correlated and 
the uncorrelated wave function. 

We will now use the results for the ground state energy derived above, 
which are the exact evaluations for d -- co, to obtain an approximation for 
lower dimensions. At this point it should be mentioned that 1/d-corrections 
to the results for d = oo do not only come from the diagrammatic contribu- 
tions calculated so far, but also from the expansion of the density of  states 
(DOS) that enters in the k-(or energy) integrals. 22'23 Besides that there exist 
nonanalytic corrections to the DOS of order e -~a due to van Hove sin- 
gularities. To avoid difficulties arising from such corrections we use the 
exact d-dimensional DOS, in addition to the explicit I /d-correct ions  due 
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to diagrams, to obtain results for a finite dimensional system. If  we include 
corrections of  order 1 /d  from diagrams, the error introduced thereby is of 
order ( l / d )  2. This scheme will now be applied to obtain results in d = 1, 
which-- in  principle--will  be the hardest for us to describe, since the validity 
of  the approximation is least certain in this case. The applicability of  these 
results to the case d = 1 is therefore a priori uncertain. 

In Fig. 2 we compare various results for the ground state energy E/L 
( L = n u m b e r  of  lattice sites) of the Hubbard model in d = 1: (i) the exact 
result by Lieb and Wu, 24 (ii) the VMC result for I~tttg, aF) of Ref. 15, (iii) the 
result for I~g, AF), obtained analytically for d = oo, but evaluated with the 
correct DOS for d = 1, (iv) the results for this wave function including 
1/d-corrections due to diagrams, and, (v) the conventional Hart ree-Fock 
result (g = 1 in (3.3)). Obviously the 1/d-correction, evaluated for d = 1, 
moves the curve away from the d = ~ result into the right direction and 
gives full agreement with the numerical data for U ~< 3. (The deviations at 
larger U can be understood by noting that S~(k), which determines the 
1/d-correction, is given by an expansion in (n/2)2x, which is very small 
only for small densities or interactions U.) It must also be mentioned that 
the authors of Ref. 15 assumed Ok in (3.1) to be given by the Hart ree-Fock 
form (3.1d) even for the correlated wave function with g ~ 1, to reduce the 
numerics to a two-parameter problem. However, for the wave function 

0.0 

- 0 . 5  

- i . 0  

- 1 . 5  

n = 1 t = I 

: . $ 7 S  . . . . .  : . . . . . .  

/ 

'__ AF H a r t r e e _ F o c k  

. . . . .  exact ground state energy in d=l 

U 
Fig. 2. Ground state energy of the Hubbard model versus interaction U in d = 1. 
Variational results of increasing refinement are compared with numerical evaluations ~5 
(VMC) and the exact 24 result. 
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- 0 . 3  
f 

t = 1 n = 1 i / .... : 

- L  / 

~ - 0 . 8  ~.Y" 

~ ] l e r ,  d=oo resu l t  in d= l  

- 1 . 3  , - - ~  

U 
Fig. 3. G r o u n d  state ene rgy  of  the H u b b a r d  mode l  versus  U for  different var ia t iona l  
wave  funct ions  in d = 1. The  qual i ta t ive  i m p o r t a n c e  of  the 1 /d -co r r ec t ion  for  U ~ 4.5 
is apparent (see text). 

]~g.AF) expressed by (2.5) this assumption is never war ran ted- -no t  even in 
d = 00; 5'7 it is only correct for 0k, i.e. when [~g, AF) is written in the form 
(2.9), in d = 00. 9 Nevertheless, the error introduced by this assumption does 
not seem to be significant in the present case. We see that the 1/d-correction 
leads to quantitative improvements for all U. As shown in Fig. 3 this 
correction is also of qualitative importance: without 1/d-correction the 
energy for the paramagnetic  Gutzwiller wave function becomes lower than 
the antiferromagnetic VMF for U~<4.5, suggesting a phase transition. 
However,  the l /d-correc t ion lowers the energy of the antiferromagnetically 
correlated state below that of  the paramagnetic  one for all U > 0, as one 
should expect. Numerical values of the energy can, of  course, easily be 
calculated also for dimensions d = 2, 3. In these dimensions the agreement 
will be even better. Hence the variational approach to low dimensions via 
the limit d --> oo is seen to yield very good quantitative results in dimensions 
as low as d = l .  

4. VARIATIONAL A P P R O A C H  TO THE P E R I O D I C  
ANDERSON M O D E L  

The periodic Anderson model (PAM) is used to describe physical 
properties of  mixed-valence compounds and heavy fermion systems)  s In 
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its simplest version it consists of a band of  delocalized conduction electrons 
which hybridize with strongly localized f-electrons. The interaction between 
the f-electrons is modelled by a Hubbard interaction. In this case the 
Hamilton operator (PAM) is given by 

HPAM = E e~(k)nk¢+ E es(k)nk~ 
k t r  ko" 

A +  A A +  ^ ,~ f  ~ f  
- E Vk(fk,~Ck,, + ck~fk,~) + U E ni~ni~ 

kcr i 
"c ~'f ^ f  = nkin + Hkin + I~-Ihyb + H u  (4.1) 

^+ ^ + 
Here c,~ and f ~  creates a c- and f-electron, respectively, with spin tr on 

^ f  ^ +  ^ site i, and n,~ = f w f ~  etc. Their counterparts in momentum space are now 
A+ A +  

written as Ck~ and fk~ for simplicity, where k is the momentum, with 
A c ^ +  .,, A f  ~-+ $ ~ .  nk~ = Ck~Ck~, nk~=Jk~Jk~.lne kinetic energy of the c- and f-electrons is 
parameterized by e~(k) and es(k), respectively, and Vk is the hybridzation 
matrix element. For U = 0  the ground state is given by (n ~<2) 

= 17 [1 + aO,~fko, Cko-]lcES) (4.2) 
k t r  

where 

and 

0 2Vk 
ak= - (4.3) 

ef(k) - e~(k) + x/(ec(k) - ef(k))2+4V~ 

ICES) = 11 ~k+~lvacuum) (4.4) 
e c ( k ) ~  eF,o- 

is the Fermi sea of the conduction electrons if an f-level is not occupied. 
In the following we consider the dispersion (2.4) for ec(k), as well as 
e/(k) = E r = const, Vk ---- V = const. 

In view of  the Hubbard interaction between the f-electrons it is natural 
to introduce correlations into Ixtr0,PAM) via a Gutzwiller correlator for the 
f-electrons 16"17 in analogy with (2.5), (2.9). The Gutzwiller wave function 
for the PAM is then given by 

lug) = g~l~o,pAM) (4.5) 
= g~'ldO0,PaM) (4.6) 

with 8,9 

[ ( I ) 0 . P A M )  ~ -  s"Z'("J'i+t" , ~+-"0 ~0,PAM/'T~ ~ (4.7) 
One obtains for [qbo) 

I¢,o,~A~) = II [1 " ~+ ~ + ak,~fk,~Ck,~]l cFS) (4.8) 
ko" 

with 
akc.,- ,~ 0 = g = a k ~  (4.9) 
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Here 5k~. is taken as a new variational function to account for the fact that 
the hybridization will be changed by the interaction. Hence 5k~ and g are 
to be determined variationally. Expectation values in the uncorrelated state 
are calculated with [qbO,PAU). 

Since the Gutzwiller correlator contains only f-electron operators the 
expectation values must be transformed in such a way that only f-electrons 
appear. Again we introduce the self energy S~(i, j), which now only refers 
to f-electron operators. Here we consider the strongly correlated limit U = oo, 
i.e. d r = 0 ,  g = 0 .  

Due to translational invariance and spin symmetry of the wave function, 
one obtains for xi, x/-~i, and ai (Refs. 8, 26): 

4 
x ,=  x = ( 2 -  nfo) 2 (4.10) /1-n o 

v ~ =  V~= l_nf /2  (4.11) 

ai = a = 1 - - -  (4.12) 
2 

where n { is the f-electron density in the uncorrelated state. We transform 
all calculations of expectation values into momentum space because of 
translational invariance. Introducing the Fourier transform of the self energy 

S ~ ( k )  = 1 y, e,k(i_j)g~(i, j) (4.13) 
L i,j 

One obtains the following n(k) distributions: 

"f , " I  , , n~ - q ) + q  S~(k) (nk~) = q~nk,,)o* T (1 ( n k ~ ) 0 - T -  ~ 

1 / n f 2 

(~f,<~) = (t7 f,<,)o + (t~<,)o2S~ (k) (4.15) 
AX A +  A ,'~x (nk,~)=(fko-Ck~,)=V~ ( ~ ) 0 +  (~¢)0--  --~ (nk~)oS~(k) (4.16) 

Hence, the expectation value of the Hamiltonian is given by 
(Hr, AM) = Y [e<(k)(~,<,)o+ Ef(~f<,)o- 2 V~/-q (~,<~)o] 

k c r  

• 4.17) 
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Here a Lagrange multiplier A was introduced to be able to vary ak~ and nSo 
independently. These equations are valid in every dimension d. 

4.1. d = o o  

For d = oo the results have already been obtained by Gebhard 8'26 (for 
a preliminary account see Ref. 13). Since the self energy vanishes in d = co 
(see (2.15a)) the result for (HpAM) in (4.17) implies that the Gutzwiller 
correlator in (4.5), (4.6) only leads to the following renormalization of the 
model parameters for the noninteracting system: 

V-~ x/q V (4.18a) 

E f ~  E f - A  °° (4.18b) 
(for the general k- and o--dependent case see Refs. 8, 13). Hence the 
variational problem for determining tik~ is formally identical to that for 
U = 0. For the correlated case one therefore finds 

2v4- 
a k o -  ~--- ~ ak~ (4.19) 

(Ef - e~ (k) - A °°) + x/(Ef - e~ (k) - A~) 2 + 4 V2q 
The above results had already been found earlier by several groups 16,27-29 
within a Gutzwiller approximation (semi-classical counting of spin configur- 
ations) and a slave boson approach. 2° These approximate evaluations are 
hence seen to become exact in the limit d = co. 

4.2. 1/d-Corrections to the Self Energy 

In Fig. 1 the only graph contributing to the off-diagonal part of the 
self energy to order ( l / d )  is shown, where i is a nearest neighbor of j 
(i -- j + a'). It is given by 

S~(i, j) = -xE[p~°(i, " 3 l ) ]  6,-j,T (4.20) 
with P~°(i, i+ - t )=  -gl/(2x/)-d) and 

2 ^f El ='~ ~ ec(k)(nk~r)o (4.21) 

By use of particle conservation of the c- and f-electrons (~iY~)q-(~[~)= 
, '~f ^ c (n,~)o+(ni~)o, the diagonal part of the self energy is now determined to 

order ( l / d ) .  Hence, we obtain for S~(k) 

L ( k )  x2g3~ - ( 1 - n f ) g l / 2 + e 2 / 2  -ec(k)}  (4.22) 
= 1--~- [ (1/L) Ek (B~,~)2o- [1/x + (1 - nf/2)nf/2] 

with 
2=2y  Ax 

L k ec(k)(nk~)O (4.23) 
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4.3. Ground State Energy with 1/d-Correct ions  

To be consistent in 1/d  we must take the 1/d-expansions of 5k., nlo, 
and h into account 

~k~ ---- ak,~ q- ~ bk= q- (~ (~2)  (4.24a) 

n f =  nf0o+ d nf(1/ct )q-~(~)  (4.24b) 

. 1  A : A + ~  A (l/d) + ~ (4.24C) 

Again the expectation value of the energy including the 1/d-correction is 
completely determined by the parameters in d = m: 

cxz2 o o  0 o 2  0 o  ,, e c ( k )ak~+(E f -A  )ak~--2V~/-q [,g=ak. 
(HpAM) = Z =~(k)->~ 1 + ak~ 

0 o 2  o o  

+ Y S.(k)lo~ .~0 = ~  e~(k)ak~+2V~/ql#0~ak~ 
ec(k)<eFO- ~ '  ' (1 t- ako-)0o2x2 

+ A°~Ln f=. (4.25) 

4.4. Momentum Distributions with 1/d-Correct ions  

For the c- and f-electrons we obtain 

( ~ ' ° ) = ( ~ ° ) ° ~  05k~ d ~-So-(k)(nk,~)o+G (4.26) 

, Af - Oq(n f )  ~f nlo(1/a)+ 0(Af,~)o bk~ 
(nfo-)=q~nko-)o+ ~--~UT-j ( k , ~ ) 0 ~  q 

0no O'~k~ d 

+nloo *° nlo (1/d) f0o Oq(nfo) n~ (1/a) 
2 ( l - q ) +  2d ( l - q )  no 2 Onfo d 

I( s. )2 Aj no 
+ q  (nko-)o 2 a 

L~k (nf~)o no2 a S~(k) +(7 (4.27) 

f~ A ~. All quantities are calculated with the parameters ak~ , no , and 
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4.5 .  C o r r e l a t i o n  F u n c t i o n s  for  the  f - E l e c t r o n s  in d = oo 

To investigate the magnetic and charge correlations among the f-electrons 
for infinite U, we now calculate the spin-spin and density-densky correla- 
tion functions in terms of ]~g, PAM)- In real space the correlation functions 
(CF) are defined by 3° 

c X  X ( j ) 1  ~i {<XiXi+j> - (Xl ) (Xi+ j )}  (4.28) 

with 

r~/,~ - af  _ ~f (spin) " .I ~'i - 'u1' ,,i+ (4.29) X i  ~ A A f__ f ^ f  [ Ni - nit + ni~ (density) 

For the Hubbard model in d = oo these CFs were calculated by van Dongen 
et al. 12 One finds that they are entirely determined by RPA-type bubbles in 
this case, i.e. remain nontrivial in the limit d = oo. In Gebhard's formulation 
the spin-spin and density-density CFs are given by (35a, b) of Ref. 9. If 
we interpret the densities ~i~ etc. entering in these equations as f-electrons 
densities, the expressions can be directly used for our purpose. In d = oo 
and for g = 0 we therefore have 

1 4 cSZS~(j)-L (2_nf )2~ {~l~)(i,i+j)- ~'~)(i,i+j) } (4.30) 

4 (1 - nf) :  
CNN(j)-- L ~--n/o)2 ~ { I7(~1)(i, i+ j )  + ~'J)(i, i+j)} (4.31) 

where Y~) and ~'J) are given by the consistency equations 

9 ~ ( g ,  h) = - [ ~ ° ( g ,  h)] ~ 
+ 2 X.Xm[/5~O(g, 1)] 2 I7"0~(1, m)[/5~°(m, h)] 2 (4.32) 

im 

"fO 2 -f,O 2 ~-~4)(g, h) = E x,[Pg (g, 1)] [P:~(I ,  h)] 
I 

+ E  X, Xr,[/5~O(g, 1)]217"(-4~) ( l, m)[/3~°( m, h)] 2 (4.33) 
Im 

which follow from summing the bubble diagrams (the only ones that remain 
in d = oo). These expressions are now Fourier transformed according to 
Z(q) = Y.j e ~"'~ Z(i ,  i +j) ,  where Z = C xx, Y(J), I ~  ) . From this it follows that 

x[AII°(q)]2 -xAl-Io(q) YJ)(q) (4.34) 
17"J)(q) _ 1 - x~[Ano(q)] ~ - 
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where 

Al-Io(q) = Y, e"a[/3°(i, i + j ) ]  2 (4.35) 
J 

Since the CFs for j = 0 are known, their Fourier transform finally follows as 

cSzSZ(q) = nf 8 Al-Io(q) 
(2 - nf) 2 1 - xAIIo(q) 

8 1 AIIo(q) (4.36a) 
+ ( 2 -  nYoo) ~ L ~ 1 - xAHo(q) 

f~ 8 ( 1 - n f )  2 AHo(q) 
c N N ( q )  = n f - - n °  (2- -nf )  2 l+xAIIo(q)  

8 ( 1 - n f )  2 1 2 AIIo(q) (4.36b) 
-f ( 2 - n f )  2 L q l+xAIIo(q)  

where AIIo(q) is determined by 

fz no 1 ~f  ~ f  Al-Io(q) = -~ E (nko-)o(nq-ko-)o 
k 4 

(4.37) 

oo fo~ A~. All quantities are calculated with the d = ~ parameters ako- , n o , and 

4.6. Application to Finite Dimensions 

To obtain an approximation for finite dimensions (see Sect. 3.4) the 
quantities calculated for the PAM in terms of I~g, pgM) in the previous 
section (ground state energy, momentum distributions, correlation func- 
tions) are now evaluated for a given dimension d by using the exact 
d-dimensional DOS. We find that the actual numerical values obtained 
thereby do not depend on d very strongly. Of particular interest are the 
results for d = 1, since this is the hardest dimension for us to reach and 
also because there exist numerical results (VMC), with which we can 
compare our results. We consider an equal number of up and down spins. 

In Fig. 4 we show our results for the ground state energy of the PAM 
at U = co as a function of n, the total density of c- and f-electrons. The 
results for d = ~ and those including the 1/d-correction are numerically 
very close and deviate only for densities n > 1.7. The deviation at higher 
densities can be explained in the same way as in Sec. 3.4. These results are 
compared with VMC-results obtained for I~rg, PAM) at three different values 
of n: n = 1 . 5  (Refs. 18, 31), n=1.75  (Ref. 18) and n = 2 . 0  (Ref. 19). The 
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0.0 

- i . 3 5  
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-15oi,, 18 io 2o 
v Jo .5  ~ "' 

_ _  d=~ resul t  in d=l i 
. . . . . .  d=~+(1/d) resul t  in d=l  I 

. . . . .  VMC in d=l  

. . . .  0 . ' 5  ' -~ - - - '  ' 1 . ' 0  . . . .  L5 . . . .  1. 2.0 
I I  

Fig. 4. Ground state energy of the periodic Anderson model versus total density n 
for the paramagnetic Gutzwiller wave function in d = 1 as compared with numerical 
evaluations ~s, rg,3~ (VMC). In the insert the importance of the 1/d-correction is made 
clear. 

agreement is excellent. In particular, as shown in the insert, the 1~d- 
correction brings the theoretical curve right on top of  the numerical points. 

In Fig. 5(a, b) our results for the momentum distributions in d = 1 of 
the c- and f-electrons at U = cc are shown for two different total densities 
n. At n = 1.75 there is still a Fermi surface atk/rr -~ 0.88, suggesting metallic 
behavior. This must be considered an artefact, caused by the choice of the 
wave function, which is a projection onto the Fermi sea of the conduction 
electrons. Such a result is a typical property of paramagnetic  Gutzwiller 
wave functions. 3'4 Only for n = 2, where the lower band is completely filled, 
is the Fermi surface absent. The theoretical curve are compared with the 
VMC results for d = 1 by ShibaJ 8 For n = 1.75 the agreement is seen to be 
excellent; the 1/d-correction has only a small effect. By contrast, for n = 2 
the 1/d-correct ion is signifiant. It moves the curves into the right direction, 
yielding excellent agreement again with the numerical points for d = 1, 
except for k/~r>-0.7 in the case of n~,. 

In Fig. 6(a-c) we show our results for the momentum dependence of 
the spin-spin and density-density correlation functions of the f-electrons 
in d = 1 at U - -  cc for different parameter  values of the density n and the 
f-level energy Ey. Again the agreement with the VMC results by Shiba is is 
very good; the agreement is best for somewhat  lower filling (n < 2) and not 
too low Ef. Even details like the discontinuity in C ss, due to Umklapp  
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2-M * * * * *  VMC i n  d = l  X 0 . 4  

0 0 4  .... I I I 
0 . 0  0 . 2  0 . 4  0 . 6  0 . 8  1 .0  k/ r 
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t I 

...... d=co+(I/d) result in d=l ',\ 
0 . 6  * * * * *  VMC i n  d = l  ",\ ...--'~ . . . . .  A . . . . . .  A . . . . . . .  
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0 . 4  

f " ' 7 2 - - - _  

0.2 nk . . . . . .  "~ 

0 . 0  k , , 14 0.0 0.'2 O. ' 0.6 ' 0.'8 ' 1.0 k/TT 
Fig. 5. Var ia t iona l  results  for the m o m e n t u m  d is t r ibu t ions  n~ and  n f o f  the conduc t ion  and  
f -e lec t rons ,  respect ively ,  for the pe r iod ic  Ande r son  mode l  in d = 1. The numer ica l  da ta  by 
Shiba  18 are s h o w n  for compar i son ;  (a) to ta l  dens i ty  n = 1.75, (b) n =2 .0 .  
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Fig. 6. Variational results for the m o m e n t u m  dependent  sp in-sp in  (C  ss) densi ty-densi ty  
(C NN) correlation functions of  the f-electrons in the d = 1 periodic Anderson model for 
various parameter  values of  n and Ef. The numerical  data of  Shiba is are shown for 
comparison.  (a) n =  1.75, E f = - I ;  (b) n =1.75, E l = 0 ;  (c) n = 2 ,  Ef=O. 
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Fig. 6. Continued. 
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Fig. 7. Variational results for the f-electron spin-spin  correlation function CSS(q) in the 

d = 1 periodic Anderson model for various values of the total density n. 
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processes at q = 2(¢r - kF), are clearly borne out. There is only little structure 
in C NN due to the strong repulsion, while the spin degrees of  freedom of  
the f-electrons do show considerable (antiferromagnetic) structure. InFig. 
7 a family of  curves for the spin-spin correlation function at various densities 
n is shown, indicating the onset of structure with increasing n. 

5. DISCUSSION 

In this paper we have investigated the Hubbard model and the periodic 
Anderson model using explicit correlated variational wave functions. Exact 
analytic evaluations of  several quantities (ground state energy, momentum 
distribution, spin-spin and density-density correlation functions) have been 
performed in d- -oo  dimensions. This is the only dimension where such 
evaluations are tractable at all, made possible by the significant diagram- 
matic simplifications in this limit. In addition, 1/d-corrections are calculated 
for some of these quantities. The results thus obtained where applied to 
finite dimensions d by making use of the exact d-dimensional density of 
states. Comparison with variational Monte-Carlo results for dimensions as 
low as d = 1 showed an excellent agreement. The 1/d-corrections were 
found to be significant only at high particle densities; these corrections 
systematically improved the results. Our results clearly indicate that the 
limit of large dimensions d is a particularly helpful one in the case of 
variational investigations of finite-dimensional fermionic systems with Hub- 
bard interaction. In this case correlations are known to remain nontrivial, 23'32 
while at the same time analytic evaluations become feasible. As shown in 
our paper such evaluations may even be used to obtain quantitatively correct 
results for low dimensional systems. (This says nothing about the quality 
of the wave function in absolute terms.) The reason for this appears to lie 
in the nature of  the variational wave functions under investigation: they 
are usually rather simple, being characterized by only a small number of  
variational parameters, with the symmetry of  the wave function more or 
less determined by construction. 

Therefore a reliable, practical strategy for any investigation in terms 
of Gutzwiller-correlated wave functions is to evaluate the quantities of 
interest in d = ~ (this is always possible 5'9) and then use the exact density 
of  states in d dimensions to obtain a good approximation for the expectation 
values in this particular dimension. 
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