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The Hubbard  model is solved exactly on a cluster, which 
consists of a central site connected to Z neighboring 
sites. For  Z ~ oo this "Hubba rd  Star" can be viewed 
as the elementary structural element of the Hubbard 
model on a lattice in high dimensions, since in this case 
the Hubbard  model is known to reduce to an effective 
single-site problem. It is found that in this limit a novel 
type of mean field description becomes exact. Both the 
groundstate energy and the full thermodynamics for 
T > 0 is derived. 

1. Introduction 

Although the Hubbard  model has an extremely simple 
form, it describes a quantum mechanical many-body 
problem of great complexity. In one dimension an exact 
solution for the ground state energy, based on the Bethe- 
Ansatz, has been obtained already some time ago [1]. 
However, for dimensions d >  1 there exist no analytic 
methods to derive exact results systematically - except 
for limiting cases where, for example, perturbation 
theory may be applied. The opposite extreme to d =  1 
is the limit of high dimensions, d = oo. This limit, which 
has only recently been introduced for the study of fer- 
mionic lattice models [2], has since been found to be 
very useful in a number of different applications [3 10]. 
In this limit many investigations become tractable, which 
are prohibitively difficult in lower dimensions. In partic- 
ular, essential features of systems in d = 3, and even lower 
dimensions, are well described by the results in d =  oo 
or expansions around it [3, 4, 11]. The simplifications 
arising in this approach have made possible the exact 
solution of a simplified Hubbard  model (where only one 
spin species can hop) in d = oo [6]. In this case one can 
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show that the solution has mean field character [7], al- 
beit of a novel kind. 

In spite of the simplifications mentioned above an 
exact solution of the full Hubbard  model in d = oo has 
not been possible sofar - neither on a regular lattice, 
nor even on  a Bethe lattice, which is known to give 
rise to further simplifications. In classical models (e.g. 
the Ising model) the solution in d =  0% or on a Bethe 
lattice, is known to yield " the"  mean field solution. On 
the other hand, in fermionic models with Hubbard  inter- 
action the situation is much more complex [3, 7], and 
one can no  longer speak of a unique mean field solution. 
In fact, for the Hubbard  model itself a non-trivial, con- 
trolled mean field solution (i.e. which one can be system- 
atically improved by expansion in some small parameter 
and which is correct for all densities and interaction 
strengths) does not even exist yet. In this situation one 
may define the exact solution of a fermionic lattice model 
in d =  oo as mean field solution with the above men- 
tioned properties. 

To gain insight into the yet unknown solution of the 
Hubbard  model in d = o% and hence derive the first step 
towards a mean field theory for this model, we consider 
in this paper the essential structural element of a lattice 
in high dimensions: namely a (central) site, which is con- 
nected to Z otherwise unconnected neighbors (see 
Fig. la). This model, which we refer to as the "Hubbard  
Star", may be viewed as the elementary building block 
of the Hubbard  model both on a regular, e.g. hypercubic, 
lattice in d = Z/2 dimensions and on a Bethe lattice with 
connectivity K = Z - 1. In view of the fact that for Z -~ co 
lattice models such as the Hubbard  model reduce to 
a purely local, "a tomic"  problem [2, 3, 5-7] (the irreduc- 
ible self-energy becomes site-diagonal, i.e. k-indepen- 
dent), the Hubbard  Star obviously captures some of the 
essential features of the infinite-dimensional Hubbard  
model, since it models a typical site in the high dimen- 
sional lattice. An obvious generalization of the Hubbard  
star is a double-star (Fig. lb), which even allows one 
to study magnetic (e.g. antiferromagnetic) correlations 
between the two central sites. 
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Fig. 1. a Schematic representation of the Hubbard Star studied 
in this paper; b Hubbard Double Star; c effective 3-site Hamilton- 
ian that models the Hubbard Star for T:t=0 (see Sect. 3 and 4) 

In this paper we will mainly focus on the single Star, 
but the methods developed here can be straightforwardly 
extended to related models like the Double Star. One 
of the questions to be investigated is whether for Z --* oo 
this model can also be solved exactly by a mean-field 
description as was possible for the simplified Hubbard 
model [7]. 

The organization of this paper is as follows. The Hub- 
bard Star Hamiltonian is introduced and discussed in 
some detail in Sect. 2. In Sect. 3 we show that in the 
limit Z ~ oo a mean field description becomes exact and 
in Sect. 4 we calculate the thermodynamics of this model. 
In Sect. 5, the ground state energy is calculated exactly. 
A discussion of the results in Sect. 6 closes the presenta- 
tion. 

2. The Hubbard Star 

We consider the Hubbard model for a star-like structure, 
which consists of a central site connected to Z otherwise 
unconnected sites (Fig. l a). The corresponding Hamil- 
tonian for the "Hubbard  Star" is 

/4 =/~t + / t v  (1) 

with the kinetic energy /t~ and the interaction energy 
/qv given by 

Z 
/4, = - 2 t Z (eg~ e,, + e, + eo ~) (2 a) 

i=1 
cr 

Z 
H u = g  2 Oi; Oi:l~it~i$ . (2b) 

i=0  

Here the operator ~ annihilates an electron at the cen- 
tral site i = 0  or at the boundary ( I < i < Z ) ,  and fi~ 
= c~*+ c~ ^ denotes the number operator for spin-o- elec- 
trons at site i. As in the case of the Hubbard model 
with infinite range hopping [-13], the kinetic energy/~t  
in (2 a) can be diagonalized by introducing new fermions 

Z 
~ z ] a ~ / - 1 / 2  2 Cia ( 3 a )  

i=1 

whereby 

~ - 2 t Z  ~/2 ^+ ^ ^+ = ~ (Co~ A~ + A~ eo~) (3 b) 

Obviously the non-interacting part of the Hamiltonian 
(1) is completely determined by only two fermionic de- 
grees of freedom. With the definitions 

[ 

92, -- ~22 (Co ~ - ~o) (4 b) 

and * - * + ^ Vk,=Tk~yk~(k= 1, 2), one finds tha t /~ t  assumes the 
form 

Ht = 2 t Z t / z ~ ( o 2 ~ - O l a )  = 2 8k~ka (53 
a k = l , 2  

with e t = - e 2  = - 2 t Z  ~/z. The ground state is given by 
9a~ = 1 and 02~=0 (o-= T, $), yielding a ground state ener- 
gy of 2st. Note that the ground state is highly degener- 
ate, since the kinetic energy is determined by only 2 
out of  a total of Z + 1 degrees of freedom. 

An interesting special case, that will be discussed in 
Sect. 3, is obtained in the limit Z ~ o9. This limit is very 
similar to the limit of high dimensions (d ~ oo), since 
in both cases the number of nearest neighbors becomes 
large. In high dimensions each site on a hypercubic lat- 
tice is connected to Z = 2d neighboring sites via hopping 
processes with hopping amplitude t ocZ  -~/2. Since the 
main motivation for studying the Hubbard Star is to 
model the influence of high dimensions, we choose 
the same scaling here. More precisely, we choose 
t = }-/(2Z1/2), with }-fixed as Z ~ oo. All energies are mea- 
sured in terms of t. For convenience we set t--- 1 below. 

3. Exact mean field theory for the Hubbard Star 

We will now show that the thermodynamics of the Hub- 
bard Star becomes relatively simple in the limit of many 
boundary sites (Z ~ oo). In this limit the properties of 
the central site (i= 0) can be calculated exactly from a 
novel mean field description [7]. 

The Hubbard Star at positive temperatures (T>0)  
shows both trivial and highly non-trivial features if one 
considers the limit Z---, oo. The trivial aspect appears 
when one considers the Star as a whole. At positive tem- 
peratures the free energy is extensive, proportional to 
Z, so that the kinetic energy and the interaction energy 
of the central site (which are of the order of unity) can 
be neglected. The remaining boundary sites are effective- 
ly uncoupled. The situation is then identical to that 
known from the Hubbard model with infinite range hop- 
ping, which can be solved exactly, too El3]. In this model 



the kinetic energy is found to commute with the interac- 
tion part, i.e. they decouple [14]. Hence the grand-can- 
onical partition function of the Hubbard Star is given 
by 

Z 

F.HS~ C l~ Tr[  e-~(v~-u~)] 
i = 1  

~C(l+2C"+e~U-~v) z, Z ~ o e  (6) 

where fii = ~ t  + h~* and C > 0 is some constant. The 
grand potential and all thermodynamic quantities of in- 
terest then follow automatically. 

The highly non-trivial aspects appear when one fo- 
cusses on the central site (i= 0). This site allows for a 
Hubbard interaction and is coupled to a bath of Z other 
sites with Hubbard interaction via hopping processes 
with hopping amplitude of order Z -  1/2 (as Z ~ oo). All 
this is familiar from the usual Hubbard model in high 
dimensions. The quantities of interest are therefore not 
the properties of the bath, but rather those of the central 
site. Since all these quantities (the double occupancy, 
kinetic energy, entropy and others) can be expressed in 
terms of Green functions, we shall consider these in the 
remainder of this section. 

Therefore we consider Green functions of the form 

~ ( ~ ) -  < T,a~(~) a +(o)> (7) 

where O<i, j<Z and a~(z) is a Heisenberg operator. 
The Green function G~j is not the most general one, but 
the extension of the considerations presented below to 
other Green functions is straightforward. To obtain an 
impression of the order of magnitude of Gij as Z ~ o% 
we consider first i=j and then i#-j. For i=j, Gij('c) is 
clearly of order unity for all values of Z and all sites 
i. Let us therefore assume that 1 <i<Z but j=0 .  By 
expanding the exponentials (such as tin), occurring in 
the definition of ~(z) ,  in a power series in / t ,  one finds 
that non-zero contributions to the trace in (7) require 
at least one hopping process from site i to site 0. The 
amplitude for this process is of order t = 1/2Z 1/2, so that 
the Green function Gw is of order Z-1/~. Similarly G~ 
with i # 0 and j # 0 (but i +j) requires at least two jumps, 
implying that this Green function is of order Z -  a 

Since we are mainly interested in the properties of 
the central site, we focus on the Green function Goo(r). 
For Z ~ oo the central site is surrounded by infinitely 
many other sites. It is intuitively clear that this site expe- 
riences only some average influence of the bath. One 
therefore expects that the central site can be described 
exactly by a mean-field description. This expectation will 
now shown to be correct. 

The construction of the exact mean field theory for 
the central site proceeds in two steps. In the first step 
we show that the Green function Goo(Z) is coupled only 
to a finite number of other Green functions by the equa- 
tions of motion. In the second step we show that the 
equations of motion may equally be obtained from a 
simple effective Hamiltonian containing only a few new 
quantum mechanical degrees of freedom. These new de- 
grees of freedom will then be interpreted as mean field 
variables. 
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To show that Goo(Z) is coupled only to a finite number 
of other Green functions, we consider its equation of 
motion: 

• Goo(~) = 6(~) + <T~[/~(z)- UN, " ^+ Co, (~)] Co, (0)> (8 a) 

= a(~) + < ~3~(~)  aL(o)> 
Co~(0)> +~Goo(~)(8b) -U<T~o-~(~)ao~(~) ^+ 

where N = Y',fii~. In (8 b) we worked out the commutator 

in (8a). Equation (8b) is interesting because it shows 
that the only new dynamical degree of freedom entering 
in 0Goo/8~ is the collective variable ~(z) .  In turn A~(z) 
also gives rise to new degrees of freedom. This may be 
seen from 

~ ^_1_ < Z & Co~(0)> = < T~ [ao~(Z)- U~(r )  + ~,3~(~)] a;~(0)> 
(9a) 

which introduces the new variable 

Z 

B~=Z -1/2 ~, ~i-~Oi~. (9b) 
i = 1  

The basic point is that the equation of motion for 
(T~/~(z) a~-~(0)> does not lead to new terms, i.e., the pro- 
liferation of dynamical degrees of freedom stops here. 
This may be seen from 

a <Z/L(z)A+ - -  Co~(0)> az 

= (T~ { (1  i~1 ~ -  ~(~)) ~0~(~) + (#-- U)/~(~)} ~3-~(0) ) 

+ corrections (10a) 

where the corrections are given by 

I E (T~ C J_ ~ (~) ~, _ o (z) + ~o - ~ (~) ~+ ~ (~)) ~;~ (~) ~ (0)>. Z i (10b) 

Arguments similar to those sketched below (7) show that 
the corrections, (10b), are of relative order Z-1 com- 
pared to the dominant terms and can hence be neglected 
as Z ~ ~ .  Furthermore, apart from corrections of order 
Z -1, the sum Z -1 ~fii-~ in (10a) can be replaced by 

i 

the density (c-number!) n_~=n/2, so that, to leading 
order, the r.h.s, of (10a) reduces to 

~ <  T~ ~ (~) ag~ (0) > = in  Go o (~) 
+ ( ~ -  C) < ~Bo(~) a;-~)0)>. (11) 

In summary" the dynamics of Goo(Z) involves only 3 dyn- 
amical degrees of freedom, namely ~o~, -4, and/~ .  Apart 
from corrections of order Z-1  the commutator algebra 
of ao ~, A~ and /~  is closed. 
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Next we address the second step: the derivation of 
an effective Hamiltonian that yields the same equations 
of motion as the original Hamiltonian for the Hubbard 
Star [7]. As a first requirement we impose that the vari- 
ables occurring in the effective Hamiltonian are proper 
fermionic variables. Note that 3~ and/3~ are not properly 
normalized. We therefore transform to new variables: 

~-[1~ / , / \ - 1 / 2  ^ 
--2) (Ao--B~) (lZa) 

- 1 /2  

(12b) \ z !  

The interpretation of ~ and ~, is that they annihilate 
a a-electron on a boundary site, provided that this site 
is (/~) or is not (~,) doubly occupied. The variables fi,,/~ 
and ~o~ satisfy proper fermionic commutation relations 
apart from negligible corrections of order Z -  ~ 

The time evolution of the Green functions involving 
fi~, ~ and do, is completely determined by the commuta- 
tors between these operators and the grand canonical 
Hamiltonian ( /~-#N).  The important point is now, that 
these commutators can equally be calculated from the 
following effective Hamiltonian, depending only on 
~ , / ~  and Co~: 

(13 a) 

where 

/~t My = 

- (a, Co~+Co,a~j+ (6~ Co~ 

/ tv MF= Ur~o~ rio ~ (13b) 
^ M F  __ ^ ^ 

r ~t 

and ~ ^ + ^ n~=-a~ a~ and similarly for t~b~. Note that / t M F  is 
an effective Hamiltonian for a 3-site model (see Fig. lc) 
with a Hubbard interaction only on the central site. The 
Hamiltonian /4MY carries the label MF since it shows 
all the familiar characteristics of a mean field Hamilton- 
ian, where ~ and ~o play the role of mean field operators 
[7]. The interpretation of (13) is that the influence of 
the bath on the central site enters only through the two 
collective (mean field) var!ables ~ and ~ describing sites 
that are (/~) or are not (a~) doubly occupied. Note that 
the Hubbard interaction U modifies the chemical poten- 
tial of the/~-variables. 

Stated differently, Eq. (13) shows that non-zero con- 
tributions to thermodynamic quantities come only from 
a very small subspace of the total Hilbert space. The 
mean field Hamiltonian is therefore nothing but a projec- 
tion of the original Hamiltonian onto that small sub- 
space. Since /4MY in (13) is a Hamiltonian for a finite 
(3-site) system, it is clear that all thermodynamic quanti- 
ties of interest can readily be calculated from (13). This 
will be done in the following section. 

4. Thermodynamics of the Hubbard Star 

We restrict our evaluation to the half-filled case, with 
N~ = N~. The partition function ~e of the three-site mod- 
el, on which the effective Hamiltonian (13) operates, is 
given by 

6 

~ = T r e  - ~ a ~ =  ~ ZN (14) 
N = 0  

where ZN=TrNexp(--flHMF) involves the trace over 
states with N(=0 ,  1, ..., 6) electrons. Since n = l ,  the 
chemical potential is # = U/2; in this case 

H#~MF _ U2 2(fiOa~-fiaa--l~ba) (15a) 

^ U 
--- 3(fu - ~- N (15b) 

with ^ ^ ^ N=E(no~+n,~+r~b~ ) and ~ = U E ~ b ~ .  For n = l  

the Hamiltonian (13) is invariant under the particle-hole 
(ph) transformation 

a a 

^ +  A co~ ~-co~,  Ooo--*-d& (16) 

which interchanges ~ and /~. This implies Zo 
= Z6, Zt  = Z5 and Z2 = Z4, whereby the problem simpli- 
fies: 

2 

~ = Z 3 + 2  ~ ZN. (17) 
N = 0  

Furthermore, it is more convenient to work with the 
Hamiltonian 

O, r + + k .  = u (18) 

referring to a fixed particle number, whereby 

2 
3 U ~ = e  ~ ~ 3 + 2  ~ e 89 (19) 

N = 0  

with ~e = TrN exp(--fl ~ ) .  The explicit calculation of ~N 
is tedious, but straight-forward, and is described in Ap- 
pendix A. 

The expectation value of an operator (9 is then given 
by 

6 

( (9)= ~, PN(C)N (20a) 
N = 0  

with PN = ZN/~ and 

(~)N = ~  TrN((ge-Pn~). (20b) 



Under the ph-transformation (16) one has PN-0 P6-N and 
(~ --* (~', such that 

2 
( (~ )=1p3( (~+(~ , )3+  ~ pu((~+(~,)u.  (20c) 

N=O 

4.1. Double occupancy of central site 

Under the ph-transformation (16) the number operator 
for double occupancy^at the central site, D ~ - I ~ / U ,  
(13b), transforms into E~-=/)c, the operator for an empty 
site ("hole"). Once the matrix representation of @ - D c  
+ / ~  for different N is known, (/)c) can be calculated 
from (20c). We now calculate ( ~ ) N  using the results 
for the Hamiltonian ~f  derived in Appendix A: 

(i) N = 0 :  ~ = 1 ,  such that ( ~ ) o =  1. 
(ii) N = 1: There are 2 x 3 = 6 states. For a =  T one has 
~ t = d i a g ( 1 , 0 ,  1), where diag(a,b, c . . . .  ) is a diagonal 
matrix with elements a, b, c, ... etc. Hence 

( ~ ) 1  = 2~"1-1 Tr(~t e-P~T) (21) 

(iii) N=2:  For (Tt) we have ~ t t  =diag(0, 1, 0), while 
for (t $) 
~ t  + =diag(1, 0, 1, 0, 1, 0, 1, 0, 1). Hence 

( ~ ) 2  = ~a- ~ [2Tr(~,  , e -~ye') + T r (~  t ~ e-e~,*)]. (22) 

(iv) N = 3: For (g t T) one has ~ t  t t = 0 and for (i" 1" ~) 
~rr, = diag(0, 1, 0, 1, 0, 1, 0, 1, 0); hence 

( ~ ) 3  = 2 ~ 3  ~ Tr(~t  t ,~ e-  e~e,,~) (23) 

The U-dependence of the double occupancy of the cen- 
tral site is shown in Fig. 2 for different temperatures. 
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4.2. Kinetic energy 

The kinetic energy is given by 

Ekin = (.~MF) (24 a) 
= (/~MF) -- ( ~ )  + 3 U--  U (/)c). (24b) 

The invariance of/~MF under ph-transformation implies 

2 
(/~MF) = P3 (/~MF)a + 2 2 PN (/~MF)N (25 a) 

N=0 

where 

^ 1 - B ~  U ( H M r ) N = ~ E , e  ~ - T N  (25b) 

with E~ as the eigenvalues of Y~ in the subspace with 
N electrons (see Appendix A). It remains to calculate 
{J(r in (24b). 

We note that the ph-transformation implies the fol- 
: Y f ~ = U ~ n b ~ - * ~ = ~ , ( 1 - - t ~ )  and lowing changes ^ ^ '  

__). ~ !  hence {~u>N ( ~ ) 6 - N .  For convenience we introduce 
the number operator 

)~r = ~(1  - ~ + f i b o )  (26a) 
cr 

such that 

( ~+  ~ ) ~  u(~)~. (26b) 

We now calculate (]~)N. 

(i) N = 0 :  Since M = 2  we find {2~)o=2.  
(ii) N = I :  For o =  t one finds Mt=d iag (1 ,  2, 3) and 
hence { M ) I  is given by (21) with ~ t  replaced by M t . 
(iii) N = 2 :  For ( t t )  we have ]~ t t  =diag(1, 2, 3), while 
for (T J,) 

0.25 

>- 
CD o.20 z .< 
fiL 
(-~ 0 .15  
cD 
o 

L I  
~0 . 10  
m 

o 
r~  

0.05 

0.00 0 

T=0.1 
~ T = 03 
*~ T=0.5 . . . . . . . . . .  

~,., T= 0.7 ................... 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

~ \ ' , , X  
\';'5, 

\ x , '.. 

k "xx",, %....,. 

o 
U 

Fig. 2. Double occupancy of central site vs. interaction U for var- 
ious temperatures T; here kB= 1 and all energies are measured 
in units of ?-= 1 

0.0 

S -0.5 

Z ....... ""// T --1.0 ....... " ' " ~ "  ~ o ............... ,."iY / , /  

,'/ T=O  . . . . .  

.,'" I T=0.5 .......... 
1.5 . -  ~ . 7  

T=O,9 ........................................ 

-2~ ~ 4- ; ~ lo 
U 

Fig. 3. Kinetic energy vs. interaction U for various temperaturesT; 
here k~ = 1 and all energies are measured in units of }-= 1 
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M,+ =diag(0, 1, 2, 3, 4, 3, 2, 1, 2), so that (m)2  is given 
by (22) with the ~-operators replaced by the correspond- 
ing M-operators. 
(iv) N = 3 :  For (]'TT) one finds M~ ~ t =2, while for (TTI) 
~ =diag(0, 1, 2, 3, 4, 1, 2, 3, 2), so that 

(M)3  =2Y ' /~  [2e-PV+Tr(~rt  ~ ~ e-P~e**~)]  9 (27) 

Thereby ( ~ )  is provided via (20c) and Eki n in (24) is 
fully determined. 

The kinetic energy is shown in Fig. 3 as a function of 
U for different temperatures. 

5. Ground state energy of the Hubbard Star 

The properties of the Hubbard Star in the ground state 
(T= 0) differ strongly from those for T > 0. Most notably, 
for a fixed average density N / Z  the free energy is exten- 
sive as Z ~ oe for T > 0, whereas the ground state energy 
remains finite for large Z. This may be seen directly 
from (5), where el and g2 are finite ( e l = - - e 2 ~ - - 1 )  due 
to our choice t =  1/(2Z1/2). In the following we show 
that the ground state energy of the Hubbard Star can 
be calculated exactly, at least for the half-filled case. With 
this restriction the result is valid for an arbitrary number 
of sites in the Hubbard Star (Z+ 1) and for arbitrary 
numbers of "~- and ~-spins. 

In order to derive an explicit expression for the 
ground state wave function, we first construct a fully 
symmetric wave function 10o) for N, up- and N+ down- 
electrons on the Z = N = N , + N +  boundary sites. This 
wave function should satisfy two conditions: 

i) all sites on the boundary should be equivalent and, 
ii) no double occupancy is allowed. 
Whereas the first condition is introduced in order to 
preserve the symmetry of the Hamiltonian, the second 
one ensures the search for the state of lowest energy, 
i.e., the ground state. Let us substantiate the second 
point. In the large U limit, states can be classified in 
accord with the total number of double occupancies. In 
particular, the ground state belongs to the subspace of 
total energy approaching 0 (absence of double occu- 
pancy). Then, a continuity argument shows that the 
ground state wave function has to be related to this 
subspace also for finite U values. 

The wave function satisfying the previously discussed 
conditions is: 

0 ~_~ N/~,.'Ns! ~+ ~ 1 0 ) ,  (28) 

duce new wave functions. The procedure ends when a 
closed subspace is arrived. In this case, the following 
set of orthonormal wave functions forms a basis of the 
subspace: 

101) ~+ =Co,100) 
1 

1 
]03) -- ~0-,[ 2 0/~ Oj$ 100) /N,[(N,[ --1) I<,,j<=N 

1 N 
c,, c~+ 10o) 

l /N, (N, + 1) ,=1 
1 N 

14,5) ~1 *+ ~+ - (c,t +CoT e+, c,,)10o). 
21/T~, ,= 

The representation of/~ in this basis takes the form: 

(29) 

U 0 0 /32 
f l =  0 U 0 /33 

0 0 0 

where the matrix elements/31, ...,/34 are given by 

(30a) 

/31 = - - ] ~  ; f12 = ]~NTNNT ; 
(30b) 

The formulae needed to check the orthonormality of the 
basis and to obtain the Hamiltonian matrix elements 
are given and proved, in some cases, in Appendix B. 

Matrix (30a) can be reduced noting that an appro- 
priate linear combination of 101> and [04> gives an ei- 
genstate of constant energy equal to 0 whereas a combi- 
nation of 102) and 103) produces a second eigenstate 
of constant energy equal to U. The remaining three-di- 
mensional subspace is spanned by: 

1 
I~1) = | ~  (/31101) +/34-104)) 

1 (/32L02>+/33103)) 

1~3)=105). 

(31) 

where the sum is over all permutations of N integers. 
Note that 10o) is properly normalized: 

(0010o) = 1. 

Next, we construct a wave function 101 *+ )----Cot ]0o) de- 
scribing N + 1 electrons on the Star, and repeatedly ap- 
ply the Hamiltonian/~ (1) to this wave function to pro- 

Within the basis, the Hamiltonian takes the form: 

7, 
/ ~ = 0  u , 

1 72 

where the matrix elements 71 and 72 are: 

(32a) 



I I I 

>- 
O -0.5 
LLI Z I/3 
UJ 

C3 
Z 
0 -1.5 
(lc 
O 

-2 

u 
2.5 5 75 0 0 

Fig. 4. U-dependence of the groundstate energy of Hubbard Stars 
with increasing number (Z = 2, 3, 4, or) of boundary sites 
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ff25 

0 [ I I 
2.5 5 7.5 10 

U 
Fig. 5. U-dependence of the double occupancy of the central site 
of Hubbard Stars with increasing number (Z = 2, 3, 4, oo) of bound- 
ary sites (ground state) 

7 a = ~ N  +1) 

7 2 = ~ _  2 ( N - l )  " 
(32b) 

One important property of (32) should be mentioned 
at this point: the Hamiltonian matrix does not depend 
on N T and N; separately, but only on the sum of both 
N, + N, = N. In particular, the lowest eigenvalue of (32 a) 
is the same for all NT =0, 1, ..., N - 1  values, i.e., the 
ground state is N-fold degenerate. This result might be 
surprising at first sight but it is in accord with Lieb's 
theorem on the ground state of the Hubbard model with 
positive U on a biparticle cluster [15]. In our case the 
central atom is of one type whereas all the surface atoms 
are of the other type. This implies a "non-degenerate" 
ground state except for the trivial spin degeneracy that 
equals 

2S+l=211(N-1)J+l=N. (33) 
Moreover, the fact that the total spin is  89  can 
be understood on physical grounds: due to the topology 
of the cluster, only two electrons (see (3 b)) are allowed 
to form a bond, reducing an initial total spin of  89 + 1) 
to  89  1). 

The eigenvalues of (32a) are given by the roots of 
the characteristic equation: 

E(E- U) 2 - 4 E 4  2(N+ i) U=0. (34) 
N 

The ground state energy as a function of U is given 
in Fig. 4 for several values of N. Once the energy is 
known, also the double occupancy of the central site 
can be obtained by noting that only 1~3> = I~s) contrib- 
utes to the mean value (~-, ~o~ ~o~, ~o,). It is given by: 

1 [  2 (N+l )  1 2 ( N - l )  1 ] -1 
DGs(U) = 1 + N E2 s 4 N (Eas -  U) 2- 

(35) 
and has been plotted in Fig. 5. 

It is easy to obtain some limiting cases. For small 
U one finds: 

3 N - 1  5 N 2 + 2 N - 3  
Eas(U)= - - 2 + ~  U 64N2 U2 + (9(U 3) 

1 / +~3N-1  U] 

1 [ N + I  l ,'~2>- [ ,'~3) + C(U2), 

(36) 

whereas for large U: 

2(m+ 1) U_~+C(U_2) EGs(U) = N 

] I]/GS) = 1~1) ~- ~0( U -  1). 
(37) 

The explicit expression of the ground state energy in 
the limit N ~ ov is: 

1 . cos{~cos_ l [  ( 9 - U  2) U ] ='~ 
[(12 + Ua)3/2]- 3-f" (38) 

We have checked the small U limit by perturbation 
theory around U--0. Both linear and quadratic terms 
of the ground state energy are correctly recovered. On 
the other hand, the large U limit is easily checked owing 
to Lieb's theorem [15]. In this limit the total spin is 
the only degree of freedom of wavefunctions with energy 
going to zero and our solution shows the spin degener- 
acy (or total spin) predicted by the theorem. 

6. Discussion 
In this paper we considered the Hubbard Star (Fig. 1 a) 
as a simple model for a lattice site in a high dimensional 
lattice surrounded by a bath of many other sites. In 
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Sect. 3 we showed that for Z ~ ~ (i.e., in the thermody- 
namic limit) the central site experiences only an average 
field from the surrounding sites. We showed that only 
few degrees of freedom contribute to thermodynamic 
quantities and that these degrees of freedom have a clear 
interpretation in terms of mean field variables. The ther- 
modynamic properties of interest can be calculated by 
exact diagonalization of an effective Hamiltonian for a 
3-site model. We also found that the ground state energy 
of the entire Star (not just of the central site) is similarly 
determined by only a few degrees of freedom. Within 
this subspace the Hamiltonian can be explicitly diagona- 
lized, showing that the ground state energy is determined 
as the root of a simple cubic equation. 

The star-shaped cluster investigated here also allows 
for exact solutions of quite different models and/or physi- 
cal situations. For  example, in the absence of interactions 
the Anderson disorder problem can be solved exactly 
[16]. It is hoped that this opens a new avenue to the 
investigation of the simultaneous influence of disorder 
and correlations, e.g. on a Bethe lattice. 

In this paper we considered only the single Hubbard 
Star. However, along completely similar lines one can 
solve also other models, such as the Double Star 
sketched in Fig. lb. For  this particular model one finds 
that the effective Hamiltonian describes a 6-site model, 
instead of the 3-site model of Sect. 3: the six sites are 
the two central sites, with an a- and a b-site attached 
to each one of them. Extension of these techniques to 
more complicated models is possible in principle. 

Finally we add a remark concerning symmetry break- 
ing. Obviously the Star and the Double Star do not 
give rise to spontaneous phase transitions. In this respect 
the Stars reflects the properties of the high-temperature 
phase of the (standard) Hubbard model, rather than the 
low-temperature phase. However, it is possible to use 
these models to study the consequences of symmetry 
breaking, e.g., on the double occupancy or the kinetic 
energy, by modifying the chemical potentials. The chemi- 
cal potentials of the Star can be tuned such that the 
boundary sites are predominantly occupied by S-spins 
and the central site by an T-spin. Similarly one can 
choose the chemical potentials of the Double Star such 
that the boundary sites connected to one of the two 
central sites carry predominantly 1"-spins, and those con- 
nected to the other carry predominantly S-spins. 
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Appendix A. Calculation of  ~5(N 

(i) N = O: There is only one state, with zero energy, i.e. 
~ o = 1 .  

(ii) N =  1" There are three states for given o-, namely 
(o-= 1")[~q)=ar 10>, lC2)=dgt  10), [Oa)=/~r 10>. In this 
basis 2(~ t is given by 

I , \ 0 1/2 o 
1 1 

= / 2  o 

1 
o 1A v 

(A.1) 

If the eigenvalues of ~ t  are Et~(v = 1, 2, 3), then 

3 

& = 2 ~  t = 2  ~ e -aE> (A.2) 
"0=1 

where the factor 2 is due to a = T or $. 
(iii) N = 2 :  Here the spins can be (I"T), (T~,), and (~,$) 
so that 

& = ~ t  + + 2~ t  t" (A.3) 

We first consider 

Cot I0) 

1O,) =o& IO). 

~ t r .  There are three states 

(A.4) 

In this basis aft t is given by aft ,  (A.1), however, with 
3 

(~ t  r)22 = U, rather than zero. Hence ~ t t  = Y, e-PE*tv, 
v = l  

where E t t  9 are the eigenvalues of aft  t" - Next we consid- 
er Y't ," There are 9 states possible, yielding a 9 x 9 ma- 
trix for a f  t , .  In the basis 

i q> io> 
1 ^+ l 2>= (at e&-C e t)lO> 

1r = (28g t Cog 

1 ,+ Io,>= (co,Et-e  
lOs) = ~  -/~? 10> (A.5) 

) 1 d+ 1@6 - - - -~(  ot ~--beg+ ~r 
v 

^ +  
[ r  B{ + a ~  6;)10) 

1 + IOs>= (at e t)lO> 
g 

1 + 
109) = ~  (8o t 8g+ --a~- ~- -ba[ ~-)10). 

Xg,~t + (=  ~tr,)  assumes as block diagonal form 



where 

(A.6a) oo) 
0 0 

~(~) :  -~ /~  0 (A.6b) 

U - 1  
- 1  2U 

0 

J~((z) = ~/~ (A.6c) 

0 

t - i  - 1  0 - 0 -~/~  
v 

0 
0 0 

io U 

1 

9 
and ~ + =  ~ e - ~ ,  where E~ ~, are the eigenvalues 
o f ~ + .  v=l 
(iv) N = 3. The possible states are (T T D, (i" I" ~), (T $ $), 
(+ $ +), so that 

~(3)  = 2 ~  t* + ~e * ~" (A.7) 

Here ~ = e  -~v, so that only ~e + needs considera- 
tion. There are 9 states, and it is convenient to choose 
the basis 

1 + 
102> = l f~ (a, a~- g~- -a~- a~-, ~g-,)IO> 

I ,  

103> =~(2a~ ~+ g~ -a+~+ Co,̂+ o6,"+ -a~^ Co,̂+ gDI0> 
1 ^+ 

6 { t l o >  

10s>--a3~ g? g~ IO> (A.8) 
1 + 10o> =~(a ,  a~ g~ +a~ a+, a&)lO> 

I '  

10~> = 1  (a? ag, g~-ai ~ eg-, g?)lO> 

> 1 c+ 
1 ,  

V z 
In this basis the 9 x 9  matrix o@t~(=o@fU ) is given 
by (A.6a), however, with (~(5))2z=U, (~(~))44=2U, 
(~(5))45 = 1, and (5~((~))33 = 2 U. Hence Ae, ~ ~ = 

9 
e - ~ ' ~ ,  where E~, ~ ~ are the eigenvalues of ~ , ,  ~. 

v = l  
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Combination of the results for N = 0, 1, 2, 3 yields the 
full partition function ~ ,  (19). 

Appendix  B. Ground state wave function 

In this Appendix the expressions needed to normalize 
the wave functions given in (29), and to calculate matrix 
elements with them, are calculated. In (3 a) new fermion 
operators are defined as the sum over all the fermion 
operators on the star surface. They are normalized and 
satisfy the standard requirements: 

^ A+ ^ +  A~A~= A, A~ =0 (B.1) 

[A+, ~ , J  + = 6~,. ( B . 2 )  

The most important property of these operators appears 
in connection with the totally symmetric wave function 
100) defined in (28). Creation or annihilation of a doubly 
occupied site destroys the symmetric state: 
4+ + ~_~10o)=A,d_~10o) =0.  (B.3a) 

Let us prove the first one: 

d~d{10o>=l.L (G U, +U, ~)10o> (B.3 b) 
t , j = l  

i<j 

because diagonal terms like ~ ~ give zero when ap- 
plied to ]0o) due to the single occupation of all sites 
on the surface. Using now the explicit form of 10o) we 
get: 

f ~ f ~ - I I / t o > : X  L .  ( ~ / ~ / { - - C i ~ C j + ~ ) [ 0 0 )  ( B . 3 c )  
t , d = l  
i<j 

N! Z (_) j - i -1  Z (~'~ ~+ ^ = " " c j , - c Z  ~h) 
i, j = 1 {au} 

i<j 
^+  , , ,+  , , ,+  

 9 Ci~ i Cjaj [Cl a, .-. ^+ cN,,, IO>] (B.3d) 
where the second sum is over all permutations of N 

^+ and d+ have been moved integers and the operators ci~ j~j 
to the very left of the product that defines 10o). But 

"+ "+"  "+ "+  
r Cjf) Ci~ i Cj~j 

----(Ci~ A+ ^+ ^+ ^+ ^+ ^+ ~ +  Cj,)--(Cio, Ci,)(C;, j~). ci~,) (cj~ (B. 3 e) 

When these operator products are inserted back into 
the sum over all spin permutations, they act as projection 
operators that eliminate some permutations from the 
sum. For example, the term + ~+ ^+ ^+ ( t i t  Ciai)(Cj~j Cj $) eliminates 
those terms having o 5 equal to 1" or o-j equal to $. At 
the end, both projection operators produce exactly the 
same sum of permutations but with opposite signs. Thus 
an overall cancellation follows. In a similar way 
A~A_~ 10o> =0 is proved. 

Let us now introduce an average spin-flip operator 
on the surface: 

Z 

i=1  
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Not ice  t h a t / 7  is no th ing  but  the sum over  the b o u n d a r y  
sites of  the co r respond ing  spin 
shows the following proper t ies :  

A~- f f ]0o> = - ( N ,  + 1)A~-10o> 

A~ f 10o>--(Nt + 1)A~ 10o>. 

raising opera tors .  I t  

(B.5a) 
(B.5b) 

Similar  proper t ies  are verified by  /7+, the sum of spin 
lowering opera tors ,  but  they are not  neccessary for  the 
deve lopment  of  Sect. 4. Let  us p rove  (B.5 a): 

~ Z Z  z z ATFl0o>= Z ^+ ^+^ Ci$ E cj, cjs 10o> (B.5c) 
i = 1  j = l  

= - A ~ 1 0 o > +  E a S a / ~ a ; , 1 0 o > , ( B . 5 d )  
i , j = l  

i # j  

where the fact tha t  d/~ ^+ ci,  ] 0 o > = 0  has been used once 
more .  Defining 

C = ~ z  z x~! x~! 

we have  for  the second te rm in the previous  sum:  

(B.6a) 

Z 

C Z c~c+*cJ+ Z ^+ ^+ a + . . .a+,~,10>] (B.6b) ^ h ^ FCIo ' I  " " ' Ciai " "  9 J t T j  

i, j = 1 {~k} 
i * j  

Z 

= c  Y (-)' Y 
i , j=  1 {ok} 

i * j  r = ? ,a j= 
Z 

=N,C ~, (--) ' Z 
i = 1 {~rk} 

ai = 

^+  ^  9 .. cN~,, 10>] 
(B.6c) 

[a+~, ... (a 3 a~i).., a#, N [0>] (B.6d) 

= - N , A [  10o>. (B.6e) 
Equa t ion  (B.5 a) is ob ta ined  after adding  bo th  con t r ibu-  
tions. 

M e a n  values with respect  to ]0o> are easily c o m p u t e d  
with the help of (B.1)-(B.4). F o r  example :  

1 Z 
<0olA:A~10o>=~ ~, <0ola56~10o> (B.7a) 

i , j = l  

1 ~  N~N,~ 
= - -  [ r 1 6 2  Z N Z .  <0o ^+ - (B.7b) 

t = l  

(0o1 (A~- A T - A ~  A, )  210o> = 1. (B.7c) 

Equa t ions  (B.6) are neccessary to p rove  the normal iza -  
t ion of the wavefunct ion  [02).  

Finally, we list be low the rest of  the formulae  needed 
to normal ize  wave funct ions and  calculate mat r ix  ele- 
ments  of  the H a m i l t o n i a n  or  o ther  opera to rs :  

<0ol F + F 10o> =N+ (N~ + 1) (B.8 a) 

<0ol2[ At P 10o> -- (N, + 1)N~ (B.8 b) 
N 
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