®
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w h Universititsbibliothek

Correlated lattice electrons: exact mean field description
in infinite dimensions

Peter Van Dongen, Dieter Vollhardt

Angaben zur Veroéffentlichung / Publication details:

Van Dongen, Peter, and Dieter Vollhardt. 1990. “Correlated lattice electrons: exact mean
field description in infinite dimensions.” Physica B: Condensed Matter 165-166: 401-2.
https://doi.org/10.1016/s0921-4526(90)81050-x.

Nutzungsbedingungen / Terms of use: CC BY-NC-ND 4.0

Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under these conditions:
CC-BY-NC-ND 4.0: Creative Ci :N g - Nicht kommerziell - Keine Bearbeitung

Weitere Informationen finden Sie unter: / For more information see:

https://creativecommons.org/licenses/by-nc-nd/4.0/deed.de



https://doi.org/10.1016/s0921-4526(90)81050-x
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.de

CORRELATED LATTICE ELECTRONS: EXACT MEAN FIELD DESCRIPTION IN INFINITE DIMENSIONS

Peter VAN DONGEN and Dieter VOLLHARDT

Institut fiir Theoretische Physik C, Technische Hochschule Aachen, D-5100 Aachen,

Federal Republic of Germany

It is shown that correlated Fermi systems in high dimensions can be ezactly described in terms of an effective
Hamiltonian with obvious mean field character. The method is applied to, and worked out for, a simplified
Hubbard model. Thereby the exact solution in d = co is recovered.

It has recently become clear [1] that the limit of high
dimensions (d — o) is an extremely useful starting point
for studying correlated Fermi systems, since their theoreti-
cal description becomes simpler in this limit, while remain-
ing non-trivial. Over the past two years, many interesting
new results have been found [2-4], but one aspect remained
obscure: whether some type of mean field theory becomes
exact in d — oo or, conversely, whether the exact solution of
the model in d = co has a mean field character. That mean
field theory should become exact is, at least, what one would
expect on the basis of classical [5] and quantum mechanical
(6] spin systems. One result in this direction is easily ob-
tained: the usual “mean field” description based on Hartree-
Fock definitely does not become exact in d = oo, [8] since,
at weak coupling, the correlation energy for the Hubbard
model obtained by Hartree-Fock is non-analytically small,
in contrast to the exact result. In this paper it is shown
how a mean field description, that does become exact, can
be constructed.

Consider the Hubbard model [7], which is a standard
model for itinerant magnetism and also for high-T-super-
conductivity. The Hubbard Hamiltonian is in its grand
canonical form given by

Hth+HU+Hu (la')
where
He = ) 43,85, (1b)
i

Hy = UY_ aphy  (U>0) (1c)
i

H“ = —Z"Uﬁ’ia (ld)
io

Here &, (é;,) is a creation (annihilation) operator for an elec-

tron with spin o at site i, and i, = &} . In spite of the
simplifications occurring in high dimensions [1,2], the Hub-
bard model has as yet resisted an exact solution. However,
very recently the exact solution in d = oo has been found
for a simplified version of the Hubbard model, the so-called
Falicov-Kimball model [3], where only one type of electron is
mobile. Apart from the deficiencies of Hartree-Fock for the
Hubbard model as discussed above, this approximation is
also poor for the Falicov-Kimball model, especially at large
U, e. g. the predicted critical temperature (T. ~ U) devi-
ates drastically from the exact result [9]: 7. ~ U~1.

To construct a Hamiltonian that becomes exact in high
dimensions we consider the Falicov-Kimball model. Further-
more the lattice best suited for our analysis is the Bethe
lattice. The limit of high dimensions then corresponds to
a large coordination number (i. e. Z — oo0). Note that
both the Bethe lattice and the hypercubical lattice have
AB-structure, so that the thermodynamical properties are
essentially the same [9].

Therefore consider the Hamiltonian (1) with ¢ = 0
and t5) = —T /22 where % = 1 for nearest neighbors
and &; = O otherwise. The Falicov-Kimball model de-
scribes immobile “nuclei” (spin 1), interacting via mobile
“electrons”(spin [). In view of the discrete symmetry (pres-
ence/absence of a nucleus) it is not surprising that the model
contains an Ising-like phase transition at half filling [9].

To obtain a mean field description we note that a site i
“sees” its surroundings through Green functions of the form
G(r-1) = (T,éu(r)é{*i(r’)). The time developement of
G(7—7") is described by the equations of motion: the various
derivatives 8G/0r, 8*G/dr?,. .., involve the commutators
[H,¢i), [U[H, ¢y}, ete.. The basic point is that these com-
mutators assume a very simple form in the limit Z — oo.
For instance, the commutator [H,c;;] can be described in
terms of two new fermions, representing the entire first shell
of neighbors around site i:

& = [(1-p)Z]T N (1- Ay, (22)
li~ji=1
& = [mZ]7 Y apg, (2b)
li=jl=1

where p; is the density of nuclei in the first shell. Similarly
the commutator [H,[H, ¢;,)] introduces four new fermions,
and in general the n-th commutator yields 2" new fermionic
variables, corresponding to the 2" possible ways of finding n
sites either occupied or unoccupied by a nucleus. The new
fermions are denoted by c¢x, where X = {z,,...,2z,} and
z; = 0,1 indicates the absence/presence of a nucleus in the
1-th shell around i.

The same commutators can also be derived from an ef-
fective Hamiltonian HMF having the same form (1a) as H,
but with HMF HYF and HMF depending only of cx:

HYF = Ungyiy (3a)
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HMF = 50 [tha(Ekolx + Exéxo)
I(X)>0
+ tha(Ehéx + Eéx)l (3b)
HMF = —{}Lﬁ- +uip+ T
g PR S0 (3¢)

feinxo + (g = U)nxal}

Here the hopping matrix elements are defined by 0 =

(1 - p)'/? and ! = p}’?, where p; is the density of nuclei
in the [-th shell. Furthermore I(X) is the length (number
of components) of X, and the notation Xo or X1 represents
the (I + 1)-dimensional vectors (X,0) or (X,1). Note that
HMF has the form of a tight-binding model on a Bethe lat-
tice with coordination number ZMF = 3. Also note that:
(1) the Hubbard interaction remains only on site t; (2) a
Hartree-Fock decoupling in H{}‘ F does not occur, since the
correlations between electrons and nuclei on-site i are in gen-
eral not small; (3) HMF depends on the nuclei surrounding
site i only in an average manner, through the density p; (or-
der parameter). The last point makes clear that AMF js
truely a mean field Hamiltonian.

Obviously there are also great differences between the
quantum Hamiltonian HMF and classical mean field theory.
First, HMF contains many mean fields cx, representing the
various shells around i. This feature is due to the hopping.
Secondly, the mean fields cx in (3) are operators, not num-
bers, which emphasizes the quantum character of the model.

Having identified HF as a typical mean field reformu-
lation of the original model one may wonder whether the
phase transition described by HMF also displays the usual
mean field behavior of its order parameter. The order pa-
rameter in this case is the density difference A of the nuclei
on the A- and B-sublattices.

To investigate this question we focus on the half-
filled case (g1 = gy = U/f2). The Green functions
(T,.éil(r)éﬁ(r’)), with | i—j |= 0,1, can easily be calcu-
lated using the standard techniques developed for the Bethe
lattice (10]. The assumption that the low temperature phase
has AB-structure implies py—y = p1 and py = po(l =
1,2,...), so that the order parameter is A =] p; — p2 |.
The Green functions depend explicitly on the parameter A.
Knowing the Green functions, we can calculate the kinetic
energy per site e;(3, A), the interaction energy ey (8, A), the
internal energy e = ¢; + ey and, by integrating the relation
e = 80f/80, the free energy per site f(§,A). The physi-
cally realized value of A, denoted by Ag(T), is obtained by
minimizing the free enegy with respect to A.

In order to localized the phase transition, we may ex-
pand f(83,A) in a power series around A = 0. From this
expansions the critical temperature T,(U) can readily be
calculated for large and small values of U. One finds that

kgT. ~ (U)Y' (U — ) (4a)
~ ;—];ln(U'l) RN (4b)

so that T, vanishes in both limits, as expected.
The temperature dependence of Ag(T) near T, follows
directly by minimizing f(f, A) with respect to A as

Bo(T) o (T.~T)*  (T1T) (5)

Similarly one finds, by expanding f(4,A) in powers of (1 ~
A), that the low temperature behavior of Ao(T) is given by

1= Ao(T) x exp(-C/T) (T | 0) (6)
where C is some positive constant. Equations (5) and (6)
clearly show that the order parameter in this quantum me-
chanical model is indeed completely analogous to the mag-
netization of the Ising and Heisenberg models in d = oo,
thus stipulating its mean field character.

A more detailed discussion of the model discussed in this
paper will be published elsewhere.
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