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Foreword 

These no tes  on t h e  physics  of t h e  m e t a l -  

i n s u l a t o r  t r a n s i t i o n  i n  d isordered  systems a r e  based 

on a series of l e c t u r e s  which t h e  author  gave a t  t h e  

"NORDITA Spring School on Condensed Matter Theory" a t  

Tvsrminne(~in1and)  i n  A p r i l  1984. Nevertheless ,  t h e  

d e t a i l e d  manuscript  presented here  was only worked o u t  

most r e c e n t l y  i n  t h e  course  of my p repara t ion  f o r  t h e  

"Spring School on Disordered Systems" a t  J c l i c h  

i n  March 1985. 

The l e c t u r e s  address  graduate  s tuden t s  and, 

i n  genera l ,  non-specia l i s t s .  Therefore no previous 

experience wi th  t h e  mat ter  i s  assumed (except  f o r  a 

genera l  f a m i l i a r i t y w i t h  t h e  b a s i c s  of quantum mechanics 

and condensed matter phys ics ) .  One of t h e  f o c a l  p o i n t s  

of t h e  l e c t u r e s  i s  a d e t a i l e d  ("anschaul iche")  d i scuss ion  

of t h e  s c a t t e r i n g  e f f e c t s  r e spons ib le  f o r  l o c a l i z a t i o n  

and i n t e r a c t i o n  e f f e c t s  a s  worked o u t  by t h e  Russian 

school.  Q u f t e  genera l ly  no knowledge of advanced theore t -  
. - - ,  

i c a l  methods (e.g. Green's func t ions ,  Feynman diagrams e t c . )  

is  expected. I n  t h e  two ini tances where diagrams a r e  

a c t u a l l y  used they  appear a s  a "sign-language" t o  i l l u s t r a t e  

t h e  use  of pe r tu rba t ion  theory and t h e  concept of  t i m e  

r e v e r s a l  invar iance .  (It seemed t o  be important t o  a t  

l e a s t  mention t h e s e  i d e a s  on which a l a r g e  p a r t  of t h e  



actual research is based.) Within this task it was 

unfortunately not possible to discuss any of the field- 

theoretical methods which have proven to be of fundamental 

importance for the development of the subject. Instead 

a detailed discussion of the scaling theory by Abrahams 

et al. is given. 

These lecture notes do not present a review of 

the subject. They only attempt to be an introduction - 
a fact which is certainly reflected in the number of 

references. Furthermore several topics and techniques 

have not been mentioned at all, while others have been 

discussed at greater length. This does not reflect the 

author's opinion about the importance of those methods 

and results that cannot be found here, but only the 

author's capability of presenting the matter within a 

given frame of depth and length. 

Finally I would like to express my deep 

gratitude to all my friends and colleagues, who helped 

me to learn about localization and the metal-insulator 

transition. In particular, I am grateful to Elihu 

Abrahams and Peter Wijlfle for many inspiring and 

enjoyable discussions. 



I. Introduction 

A metal-insulator transition separates two 

physical regions, which fundamentally differ in their 

electrical dc-conductivity a ( w =  0 ) :  while a metal has 

a finite dc-~~nductivity (a (0 )  > 0 )  , an insulator is 
characterized by a ( 0 )  = 0. 

Such a transition does not only occur in 

disordered systems. In fact, it can also take place in 

very clean, purely crystalline materials, in which the 

particles that are responsible for the current, interact 

via a Coulornb-interaction. In such systems an overlap 

of energy bands can lead to a metal-insulator transition. 

Yet another cause for a transition may be due to a 

structural change of a crystal leading to a new lattice 

periodicity. Indeed there exist completely different 

physical reasons for the occurrence of a metal-insulator 

trannition 1 3 3 .  We will here confine ourselves to the 

metal-insulator transition in disordered systems, i.e. 

where the "disorder" is ultimately responsible for the 

transition. By "disorder" we mean, e.g. the disturbance 

of a strict lattice periodicity due to impurities or 

defects. Our understanding of the physics of disordered 

systems, in particular of their transport properties 

and the metal-insulator transition, has greatly changed 

and substantially deepened in the last 5-6 years /2,31. 



I n  t h e  f i r s t  p a r t  of t h e s e  l e c t u r e s  w e  w i l l  

concen t ra te  on t h e  behavior o f  non- in terac t inq ,  quantum 

mechanical p a r t i c l e s  i n  a d isordered  environment. I n  

t h e  second p a r t  w e  w i l l  a l s o  t a k e  i n t o  account t h e  

e f f e c t s  of  a mutual i n t e r a c t i o n  between t h e  p a r t i c l e s .  

11. Non-Interacting, Quantum Mechanical P a r t i c l e s  i n  

Disordered Systems 

Of three-dimensional systems (i .e.  those  wi th  

space dimension d =  3 )  w e  know, t h a t  a t  temperatures  

T =  0 t h e r e  e x i s t  n e i t h e r  l a t t i c e  v i b r a t i o n s  (phonons) 

nor any i n e l a s t i c  processes .  I n  f a c t ,  i n  an unbounded, 

p e r f e c t  l a t t g c e  (Fig.  l a )  no s c a t t e r i n g  occurs  a t  a l l .  

This  i s  a consequence of quantum mechanics. Consequently 

such a system has  an i n f i n i t e  dc-conductivity.  One may 

equa l ly  w e l l  say,  that  t h e  c h a r a c t e r i s t i c  c o l l i s i o n  

time T of  the p a r t i c l e s  due t o  s c a t t e r i n g  o f f  d e f e c t s  

e t c .  is  i n f i n f t e l y  long (T=..). I n  t h e  case  of  Fermions 

(and those  w e  only  cons ider  here)  it fol lows,  t h a t  t h e  

mean f r e e  pa th  L = v F ~  of t h e  p a r t i c l e s  is a l s o  i n f i n i t e  

( R = +  here  vF i s  t h e  Fermi-velocity. The wavefunction 

of a p a r t i c l e  is then  cha rac te r i zed  by a s t r i c t  s p a t i a l  

phase coherence. 

I n  a l a t t i c e ,  which is  weakly d i s tu rbed  by 

impuri t2es  o r  d e f e c t s  (Fig.  l b l ,  t h e  s i t u a t i o n  is d i f f e r e n t :  ! 



Fig. 1 : (a) p e r f e c t  l a t t i c e ,  (b )  imperfect  l a t t ice  
(presence of d e f e c t s ,  i m p u r i t i e s  e t c . )  

t h e  s c a t t e r i n g  of t h e  p a r t i c l e s  o f f  t h e  d e f e c t s  impl ies  

a  f i n i t e  c o l l i s i o n  time T and thereby a f i n i t e  mean f r e e  

pa th  R . T h e  dc-conductivity i s  t h e r e f o r e  a l s o  f i n i t e  

and is given by 

where e and m a r e  t h e  charge and t h e  mass of t h e  

p a r t i c l e s  (e.g. e l e c t r o n s ) ,  r e s p e c t i v e l y  i s  t h e  

dens i ty .  The q u a n t i t y  a ,  i s  o f t e n  c a l l e d  "Boltzmann - 
conduct iv i ty" ,  because (1) is  a  d i r e c t  r e s u l t  of t h e  



Boltzmann t r a n s p o r t  theory.  

The s c a t t e r i n g  of  t h e  p a r t i c l e s  l e a d s  t o  

d i f f u s i o n  (Fig.  2 ) ,  i . e .  t o  a d i f f u s i v e  motion. The 

phase coherence of t h e  wave func t ions  is  thereby l imi ted ;  

F i g . 2  : Diffus ion  of a  p a r t i c l e  i n  a d isordered  system 

never the less  t h e  wavef unct ion ( 3  of t h e  p a r t i c l e  

i s  s t i l l  extended, i.e. one has  

When t h e  d i so rde r  is  increased  (e.g. by choosing a 

h igher  impuri ty  concent ra t ion)  it may happen t h a t  t h e  

wave func t ion  becomes l o c a l i z e d ,  such t h a t  



where 5 is the so-called "localization length1'. However, 

it is not a priori clear how to quantify this vague 

statement. To gain insight, we therefore want to discuss 

the one-dimensional case (d = 1) first [ 1 I .  

As a model we consider a generalized Kronig- 

Penney model, namely a chain of 6-function potentials 

(Fig. 31 at locations Y; with strength V; and 

Fig.3 : One-dimensional model of a disordered system 

separations Qi . The potential is then given by 



- 
from which k and a can be obtained as functions of k . 
For a chain of potentials we may conclude from (6) that 

a wave function will only be periodic (and the state 

extended). if the separations a; between the potentials 

are - all equal (q; = a) and if, at the same time, & 

potentials V; also have the same strength (v; = V )  . 
Otherwise all physically sensible wave functions fall 

off exponentially, i,e. represent localized states. This 

means that even an arbitrarilv small statistical spread 

of the values of and Sized solutions 

of the Schrbdinger equaLull urrry . 
The first quantitative definition of "localiza- 

tion" dates back to Anderson in 1958 [ 4 ] .  He investigated 

a three-dimensional model, namely a regular point lattice, 

Y .  where on eachlattice site i an atom with an energy 

was located (Fig. 4 2 .  Now one considers a quantum mechanical 

particle (e.g. an electron), which (i) hops from one site 

to the next neighbor site (kinetic energy) and (ii) 

experiences the potential V; on site i (potential 

energy)-, The question is, how the particles are influenced 

by these potentials. In the special case that all V; 
--- 

are equal (v; = V )  one of course obtains a sharply 

bounded energy band, whose width we characterize by an 

energy B. This situation is changed when the Vi are 

statistically diatrfhuted (Fig. 5) , egg. with a rectangular 



Fig.4 : Disorder model due to Anderson 

Fig.5 : Example of the energy distribution of the atoms 



For an unbounded system one may now ask: How large is 

the probability P for a particle to return to a parti- 

cular lattice site in the limit of long times [b4=b) ? 

In the case P = O  the particle has "disappeared" in the 

system; hence it will be characterized by an extended 

state. In the case P > 0, i.e. finite return probability, 

we speak of "localization", i.e. the particle is described 

by a localized state. 

The answer to the above question depends on 

the ratio of the maximal energy difference of the atoms, 

W ,  to the band width B of the undisturbed system, i.e. 

on WLB. This number ( ! )  is a measure of the strength of 

energy fluctuations in the system, i.e, a measure of the 

disorder. The quantitative answer [ 4 ]  is, that for 

W / B  1 5  one finds P = 0 while for w / B 2 
one obtains P >  0. In between there is a sharp transition, 

the "Anderson transition". In other words: if the energy 

E of the particle lies below a certain critical energy 

Ec (which is determined by the strength of the disorder, 

(w/IJ), E 5 ) , it is localized, while for E > Ec the 

energy fluctuations of the system will not be able to 

dominate the particle such that it is described by an 

extended state. In the first case one deals with an 

insulator, in the second one with a metal. Since 

electrons in a metal have a characteristic energy E F 

(Fermi energy), the Anderson transition may be induced 

by changing EF . 



What does t h e  t r a n s i t i o n  a c t u a l l y  look l i k e ?  

According t o  Mott [5]  it o r i g i n a l l y  was supposed t o  be 

discont inuous.  This  expecta t ion  was based on t h e  follow- 

i n g  arguments. The dc-conduct ivi ty  o o  (1) of  a 

d-dimensional system can be w r i t t e n  a s  

where w e  made use  of 1 = VF-C , V 

and where the d e n s i t y  of  a Fermi gas  has  been expressed 
- d 

a s  W z f I  (here  kF is  t h e  F e r m i  wave number 

which is connected wi th  a , t h e  average d i s t a n c e  of  

t h e  p a r t i c l e s ,  by kF / ) . The conduc t iv i ty  

ac is an e s s e n t i a l l y  un ive r sa l  q u a n t i t y  - it is  

independent of t h e  d i so rde r  i n  t h e  system. The d i so rde r -  

dependence only  e n t e r s  v i a  t h e  mean f r e e  p a t h  R , i . e .  

t h e  r a t i o  R[a . m e n  t h e  d i s o r d e r  inc reases ,  R and 

hence a , decrease.  On t h e  o t h e r  hand, (1) and (8 )  
0. 

have been der ived  w i t h i n  t h e  Boltzmann t r a n s p o r t  theory.  

So, f o r  t h e s e  equat ions  t o  be v a l i d  a t  a l l ,  R always has  

t o  be g r e a t e r  than  t h e  average p a r t i c l e  d i s t a n c e  a 

(Ioffe-Regel c r i t e r i o n ) ;  s h o r t e r  R makes no sense.  Mott 

t h e r e f o r e  pos tu la ted  a "minimal m e t a l l i c  conduct iv i ty"  

a min , which i s  e s s e n t i a l l y  given by a (more p r e c i s e l y ,  
C 

Si, r C G, , where C .r o,&- 0 . 3  is a nonuniversal  

cons tan t  wMch is due t o  a reduct ion  of t h e  d e n s i t y  of 



s t a t e s  o f  t h e  e l e c t r o n s  a t  t h e  Fermi s u r f a c e  compared 

t o  t h e  Fermi gas). H e  argued t h a t  - a s  t h e  meta l - insula tor  

t r a n s i t i o n  was approached from t h e  metallic s i d e  - t h e  

conduc t iv i ty  o would decrease  p ropor t iona l  t o  R and 
0 

then ,  a t  1- a , would drop d iscont inuous ly  from 

'min t o  zero (Fig.  6 ) .  However, a l r eady  a t  t h i s  po in t  

Fig.  6 :  Poss ib le  shape of t h e  conduc t iv i ty  curve a s  
a func t ion  of t h e  d i so rde r .  

we should like t o  mention t h a t  t h i s  concept does not  

hold - i n  s p i t e  of many experimental  r e s u l t s  which 

appeared t o  support  it f o r  a  long period of t i m e .  Indeed, 

i n  t h e  l a s t  3-4 y e a r s  low temperature experiments have 



measured m e t a l l i c  c o n d u c t i v i t i e s  much below omin and have 

f a l s i f i e d  t h e  concept of  a  minimal m e t a l l i c  

c o n d u c t ~ v i t y  [6]. We w i l l  later  come back t o  t h a t  

problem. 

Theore t i ca l  Descr ip t ion  of Disorder 

I n  t h e  model o r i g i n a l l y  d iscussed  by Anderson, 

a  p a r t i c l e  moves on a  r e g u l a r  l a t t i c e ,  t h e  energy of t h e  

l a t t i c e  p o i n t s  being s t a t i s t i c a l l y  d i s t r i b u t e d  (Fig.  7 a ) .  

Fig. 7: Disorder and motion of a  p a r t i c l e  i n  t h e  model 
of ( a )  Anderson, (h) Edwards. 

The "d isorder"  i s  then  exc lus ive ly  due t o  t h e  energy 

s t a t c  s i t e s .  An a l t e r n a t i v e  model goes 

back t o  Edwards [ 73 .  I n  his 'model p a r t i c l e s  of i d e n t i c a l  



energy a r e  s c a t t e r e d  o f f  randomly d i s t r i b u t e d  s c a t t e r i n g  

c e n t e r s  of equal  p o t e n t i a l  (Fig.  7b) .  The d i s o r d e r  is  

then  due t o  the s p a t x a l  d i s t r i b u t i o n  of  t h e  s c a t t e r e r s .  

While t h e  f i r s t  model s t a r t s  from t h e  l o c a l i z e d  regime, 

t h e  s t a r t i n g  p o i n t  of t h e  Edwards model is  t h e  regime of 

extended states (weak s c a t t e r i n g ) .  The la t ter  model i s  

p a r t i c u l a r l y  s u i t a b l e  f o r  t h e  formulat ion of a sys temat ic  

p e r t u r b a t i o n  theory  which s t a r t s  from t h e  undisturbed,  

m e t a l l i c  regime and then  inc ludes  a small  impurity 

concent ra t fon ,  i.e. weak d i so rde r .  The fol lowing 

i n v e s t i g a t f o n s  a r e  based on t h e  Edwards model. For t h i s  

w e  cons ider  (il non-Xnteracting p a r t i c l e s ,  which (ii) 

a r e  s c a t t e r e d  by p o i n t l i k e ,  randomly d i s t r i b u t e d  s c a t t e r -  

ing  c e n t e r s  of equal  s t r eng th .  W e  a r e  i n t e r e s t e d  i n  t h e  

conductilvity cr o r  the d i f f u s i o n  c o e f f i c i e n t  D of such 

a d isordered  system. The two q u a n t i t i e s  a r e  a c t u a l l y  

r e l a t e d  by t h e  E i n s t e i n  r e l a t i o n  

where NF i s  t h e  d e n s i t y  of s t a t e s  a t  the Fermi sur face .  

W e  w i l l  measure t h e  d i s o r d e r  by a dimensionless 
'L 

parameter > with. h vl.V L O  , i.e. > i s  e s s e n t i a l l y  

given by t h e  impuri ty  concent ra t ion  hi  and t h e  scatter- 
2 

i n g  s t r e n g t h  V, of the s c a t t e r e r s .  The parameter 

is o f t e n  c a l l e d  "coupling cons tant" .  



I n  t h e  case  d = l  we saw t h a t  even a r b i t r a r i l y  

weak d i so rde r  ( x - ~ o )  l e a d s  t o  l o c a l i z a t i o n .  The 

" c r i t i c a l "  va lue  of t h e  d i s o r d e r ,  A,, above which one 

f i n d s  l o c a l i z a t i o n  i s  t h e r e f o r e  given by A c  = 0 . 
On t h e  o t h e r  hand, i n  t h e  case  d =  3 A ,  i s  d i f f e r e n t  

f r o m z e r o  ( x ~ > o )  . For h c k c  one f i n d s  m e t a l l i c  

behavior,  which i s  descr ibed by a f i n i t e  dc-conductivity 

o ( o r  d i f f u s i o n  cons tan t  D ) . For one d e a l s  
0 0 

with an i n s u l a t o r .  Here bo = O  ; i n s t ead ,  an i n s u l a t o r  

has  a f i n i t e  p o l a r i z a b i l i t y ,  i.e. d i e l e c t r i c  cons tan t  e, . 
A t  1 =AL t h e  Anderson t r a n s i t i o n  i s  loca ted .  

Apparently, t h e  case  d =  2 (very t h i n  f i l m s )  

marks a marginal dimension. The ques t ion  i s  now, whether 

t h e r e  is an Anderson t r a n s i t i o n  o r  n o t  i n  two dimensions, 

i . e .  whether ,!,=o o r  h, 20 . I n  o t h e r  words, one 

may ask an almost t r i v i a l l y  sounding quest ion:  "Is t h e r e  

m e t a l l i c  conduc t iv i ty  i n  very t h i n  f i l m s  a t  T z O  ? "  O r  

i s  t h e r e ,  f o r  example, a minimal m e t a l l i c  conduct iv i ty?  

The answer t o  t h i s  seemingly simple ques t ion  has  only  

been found i n  r e c e n t  years .  It l e d  t o  unexpected i n s i g h t s  

i n t o  t h e  physics  of  d isordered  systems and t h e i r  t r a n s p o r t  

p r o p e r t i e s .  

The "Weakly" Localized Regime 

W e  f i r s t  cons ider  t h e  c a s e  of very weak d i s o r d e r  

( 1 44 i )  . Therefore the s t a r t i n g  po in t  i s  t h e  m e t a l l i c  

regime. We want t o  understand how a small  concent ra t ion  



of impurities affects the metallic behavior. Since we 

are far away from the actual Anderson transition itself, 

these effects can be treated by means of a perturbation theory 

in the disorder parameter 4 . Weak disorder means 

that the mean free path R is much greater than the 

average particle distance 0 - k;' , i.e. kF4 L>I 

or, equivalently, - . We will therefore 
choose 

as our (small) perturbation parameter. Starting from 

the metallic regime we want to consider the precursor 

effects of localization, i.e. the corrections &(i to the 

metallic conductivity 

These perturbational effects are commonly called "weak 

localization". Our aim is to calculate So = f ( L  ,w, 7, kl) 

as a function of several external parameters like the 

system's sgze L , the frequency LJ , the temperature T 
or the. magnetic field H . 



Diffus ion  of C l a s s i c a l  and Quantum Mechanical P a r t i c l e s  

AS mentioned before,  t h e  conduct iv i ty  o, , ( I )  

i s  a r e s u l t  of t h e  Boltzmann t r a n s p o r t  theory .  I n  t h i s  

theory  consecut ive c o l l i s i o n s  of p a r t i c l e s  a r e  assumed 

t o  be independent of  each o t h e r ,  i.e. c o l l i s i o n s  are 

uncorre la ted .  This  impl ies  t h a t  m u l t i p l e  s c a t t e r i n g  

of a p a r t i c l e  a t  a p a r t i c u l a r  s c a t t e r i n g  c e n t e r  i s  no t  

taken i n t o  account. Consequently, i f  t h e r e  i s  a f i n i t e  

p r o b a b i l i t y  f o r  t h e  repeated occurrence of  such mul t ip le  

s c a t t e r i n g s ,  t h e  bas ic  assumption of t h e  independence of 

s c a t t e r i n g  events  breaks down and t h e  v a l i d i t y  of t h e  

r e s u l t  f o r  a i n  (1) becomes, a t  l e a s t ,  ques t ionable .  
0 

To i n v e s t i g a t e  t h i s  fundamental po in t  we 

cons ider  t h e  d i f f u s i v e  behavior of  a  p a r t i c l e  i n  a  d- 

dimensional d isordered  system. L e t  t h e  p a r t i c l e  be 
4 

l oca ted  a t  5 a t  t i m e  t = 0 (Fig.  8a)  . Due t o  i t s  
4 

d i f f u s i v e  motion t h e  p a r t i c l e  moves away from . 
A t  some l a t e r  time -k w e  w i l l  only be a b l e  t o  make a  

p r o b a b i l i t y  s ta tement  about i t s  pos i t ion:  i.t w i l l  be 

loca ted  wi th in  some smooth volume (Fig.  8b) whose s i z e  i s  

determined by t h e  p r o b a b i l i t y  d i s t r i b u t i o n  P($, t ) , 
which is  t h e  so lu t fon  of t h e  d i f f u s i o n  equat ion 



Fig .8 :  Prob.ahi l i ty  d i s t r i b u t i o n  of a d i f f u s i n g  
p a r t i c l e :  (a).* = 0 , ( b )  t > r . 

I I. 

The d i f f u s i o n  cons tan t  Do is  given by D, = v$/d 

where VF is  t h e  c h a r a c t e r i s t i c  v e l o c i t y  of t h e  

p a r t i c l e s .  The e x p l i c i t  s o l u t i o n  of (13) i s  given by 

A t  t imes t "T t h e  exponent ial  i n  ( 1 4 )  i s  unimportant, 

so  t h a t  



We observe that Vd;# is the d-dimensional 

volume into which the particle has diffused after time t . 
These considerations are purely classical. To 

understand the differences in the diffusive behavior of 

classical and quantum mechanical particles, we take a 

look at the path of a particle diffusing from point A 

to point El (FZg. 9.1 [ 8 ] .  

F i g . 9 :  Possible paths of a particle diffusing from A to B. 



This  t r a n s p o r t  can t a k e  p lace  v i a  d i f f e r e n t  t r a j e c t o r i e s  

( i n  Fig.  9 four  examples are shown). The t r a j e c t o r i e s ,  

o r  " tubes" ,  have a t y p i c a l  width given by t h e  Fermi 

wavelength 

I n  t h e  c l a s s i c a l  c a s e  (ti -0 7 t h e s e  pa ths  a r e  a r b i t r a r -  

i l y  sharp  ( x ~  = 0 ) - i n  t h e  quantum mechanical case ,  

however, one has  f h;) = a , i. e.  t h e  tubes  have 

a f i n i t e  diameter.  W e  now assume t h a t  (i) t h e  d i s o r d e r  X 

i s  very s m a l l  ( h f / ~  d< f ) and t h a t  (ii) t h e  

temperature is low enough such t h a t  i n e l a s t i c  processes ,  

cha rac te r i zed  by an i n e l a s t i c  s c a t t e r i n g  time xi,,, , 
occur  only  very r a r e l y  (iih ~7 T) . 

Since t h e  t r a n s p o r t  from A t o  B may t a k e  p lace  

along d i f f e r e n t  t r a j e c t o r i e s ,  t h e r e  i s  a p r o b a b i l i t y  

amplitude A; connected t o  every pa th  . The t o t a l  

p r o b a b i l i t y  \nl t o  reach  po in t  B from A i s  then  givdn by 

t h e  square  of  t h e  magnitude of t h e  sum of a l l  amplitudes: 

The f i r s t  term i n  (17b) desc r ibes  sepa ra te ,  i . e .  non- 



i n t e r f e r i n g  pa ths  - t h i s  is t h e  c l a s s i c a l  case ,  i n  

which t h e  tubes  a r e  i n f i n i t e l y  sharp.  On t h e  o t h e r  

hand, t h e  second t e r m  r e p r e s e n t s  t h e  c o n t r i b u t i o n  due 

t o  i n t e r f e r e n c e  of t h e  path-amplitudes,which i s  t h e r e f o r e  

an exc lus ive ly  quantum mechanical e f f e c t .  I n  t h e  

Boltzmann theory  t h e s e  i n t e r f e r e n c e  terms had been 

neglected.  I n  most c a s e s  t h i s  i s  i n  f a c t  j u s t i f i e d :  

s i n c e  t h e  t r a j e c t o r i e s  have d i f f e r e n t  l eng ths  t h e  

amplitudes A; c a r r y  d i f f e r e n t  phases. On t h e  average 

t h i s  l e a d s  t o  d e s t r u c t i v e  i n t e r f e r e n c e .  Hence t h e  

quantum mechanical i n t e r f e r e n c e s  i n  Fig.  9 a r e  genera l ly  

unimportant. 

There is,  however, one p a r t i c u l a r  except ion t o  - 
t h i s  conclusion,  namely i f  po in t  A and B coinc ide  (F ig .10) :  

Fig.10: Return of a  p a r t i c l e  t o  i t s  s t a r t i n g  po in t .  



I n  t h i s  c a s e  s t a r t i n g - p o i n t  and end-point a r e  i d e n t i c a l ,  

such t h a t  t h e  p a t h  i n  between' can be t r ave r sed  i n  two 

oppos i t e  d i r e c t i o n s :  forward and backward. The  

p r o b a b i l i t y  t o  go from A t o  B is  then  nothing bu t  

t h e  r e tu rn -p robab i l i ty  t o  t h e  s t a r t ing-po in t .  Since 

pa ths  1 and 2 i n  Fig.  10 a r e  equal ,  t h e  Amplitudes A1 

and A2 have a  coherent  phase r e l a t i o n .  This  l e a d s  t o  

c o n s t r u c t i v e  i n t e r f e r e n c e ,  such t h a t  t h e  quantum mechanical 

c o n t r i b u t i o n  t o  W becomes very important.  Eq. ( l 7 b )  

then  tel ls  us  t h a t  f o r  A, Az A t h e  c l a s s i c a l  

r e t u r n  p r o b a b i l i t y  (due t o  t h e  neg lec t  of  t h e  i n t e r f e r e n c e  

t e r m s )  is given by wclGss = 2 /A\ '  , while  t h e  quantum 

mechanical c a s e  y i e l d s  W = Z / A I ~ +  ~ A , A ~ = ~ I A I ~ .  
Ci" 

Hence one o b t a i n s  

The p r o b a b i l i t y  f o r  a quantum mechanical p a r t i c l e  t o  

r e t u r n  t o  some s t a r t i n g  po in t  i s  hence seen t o  be 

twice t h a t  of a  c l a s s i c a l  p a r t i c l e .  One might say 

"quantum-diffusion" is slower than c l a s s i c a l  d i f f u s i o n  

because i n  t h e  f i r s t  c a s e  t h e r e  e x i s t s  a  more e f f e c t i v e  

hack s c a t t e r i n g  e f f e c t .  I n  o t h e r  words: quantum 

mechanical p a r t i c l e s  i n  a  d isordered  medium a r e  ( a t  low 

temperatures)  less. mobile than  c l a s s i c a l  p a r t i c l e s .  

T h i s  i n  t u r n  l e a d s  t o  a  correspondingly lower conduc- 

tLyi.ty C . 



To estimate this effect on CT we consider the 

change 68 relative to the metallic conductivity 5 , 
i.e. KC/ . Because of the expected lowering of G , 

the sign of SV/T will be negative. Furthermore, 
0 

the change will be proportional to the probability that 

during diffusion a closed path as in Fig. 10 occurs at 

all. (This is the probability to find a particle in a 

closed tube, i.e. the probability for the trajectory to 

intersect itself during the diffusion.) Let us therefore 

have a look at a d-dimensional tube (Fig.ll) with dia- 

meter XF , i.e. cross-section %d- ' 
F . During 

Fig.ll: Enlarged section of a quantum mechanical 
trajectory . 

the time interval dt the particle moves a distance 

dl = VF A t  , such that the corresponding volume- 



element of the tube is given by dV = VF df 3id-', 
On the other hand, the maximally attainable volume for 

the diffusing particle is given by (IS), i.e. by 

= ( ~ ~ t ) ~ ~ .  The above mentioned probability 

for a particle to be in a closed tube is therefore given 

by the ratio of these two volumes. We find 

where wer all times 5 t sTh : 

T is the microscopic time for a single elastic 
- 

collision (shorter times are not sensible), while cim 

i: daxation time in the system. 

It determines the maximal time during which coherent 

interference of the path-amplitudes is possible. 

Because of Do and XF .-f we obtain 

If we assume, that for 0 the inelastic relaxation 

rate vanishes with some power of , i.e. oc T?,  

where p is a constant, (20) is given by 



We observe t h e  following: (i) t h e  conduc t iv i ty  

decreases  f o r  decreas ing  temperature,  (ii) t h e  r e l a t i v e  

c o r r e c t i o n  6 r j 6 ,  i s  l i n e a r  i n  t h e  d i s o r d e r  para- 

meter & 1 ( lowest  o rde r  i n  A ) , (iii) except  

f o r  d = l ,  t h e s e  c o r r e c t i o n s  a r e  of  quantum mechanical 

o r i g i n ,  i.e. they  disappear  f o r  't; -+ 0 . ( I n  t h e  case  

d =  1 t h e  "tube" i n  Fig. 11 has no f i n i t e  diameter - 
j u s t  a s  i n  t h e  c l a s s i c a l  s i t u a t i o n ;  furthermore,  s i n c e  

i n  d = l  t h e r e  i s  only  forward and backward s c a t t e r i n g  

a l l  pa ths  a r e  t r i v i a l l y  "closed".  ) 

I n  d =  2 one t h e r e f o r e  o b t a i n s  a logar i thmic  

temperature dependence of t h e  conduct iv i ty  c o r r e c t i o n  

6 ~ .  W e  note  t h a t  t h e  e l a s t i c  s c a t t e r i n g  due t o  t h e  

d i s o r d e r  i n  p r i n c i p l e  l e a d s  t o  a d ivergent  temperature 

behavior of 6 i n  d 2 . For t h e  i n i t i a l  

assumption Isq\ <C CT o t o  remain v a l i d ,  t h e  r e s u l t s  

i n  (21). f o r  d ,('L may t h e r e f o r e  no t  be used a t  too  low 

temperatures.  I n  p a r t i c u l a r ,  ( 2 1 )  does n o t  a l low t o  draw 

conclus.ions about a t  exac t ly  I= 0 ! 

F i n a l l y ,  it should be pointed o u t  t h a t  t h e  

r e s u l t s  i n  ( 2 1 1  have been derived with a t a c i t  assumption: 



namely t h a t  t h e  path-amplitudes A l  and A2 i n  Fig. 9 

were p e r f e c t l y  coherent  ( A ,  = A2) . SO w e  a c t u a l l y  
4 

took f o r  granted t h a t  p a r t i c l e  s t a t e s  wi th  momentum k 
+ 

and - k  are equiva lent .  Such a "time r e v e r s a l  invar iance"  

i s  given i f  t h e r e  a r e  no e x t e r n a l  magnetic f i e l d s  and i f  

t h e  i m p u r i t i e s  a r e  non-magnetic. Otherwise a new s i t u a -  

t i o n  a r i s e s  which w e  w i l l  d i s c u s s  l a t e r .  

W e  should l i k e  t o  stress once more, t h a t  (20) 

and (21) are based on t h e  e x p l i c i t  cons ide ra t ion  of 

backsca t t e r ing  e f f e c t s ,  i . e .  mul t ip le  s c a t t e r i n g  and 

t h e  c o r r e l a t i o n  of consecut ive c o l l i s i o n s .  Thus they  

cannot be obta ined  wi th in  t h e  framework of t h e  Boltzmann 

t r a n s p o r t  theory.  Also CPA ("coherent  p o t e n t i a l  approx- 

imation" [ 9 ] ) ,  an almost c l a s s i c a l  approximation method 

i n  problems involving d i s o r d e r ,  i s  n o t  a b l e  t o  o b t a i n  

t h e s e  r e s u l t s  because it makes s i m i l a r  assumptions a s  

t h e  Boltzmann theory ( " s i n g l e  s i te  approximation", e t c . ) .  

Systematic Ca lcu la t ion  of Correc t ions  t o  t h e  Conductivity 

The arguments l ead ing  t o  ( 2 1 )  a l r eady  con ta in  

t h e  e s s e n t i a l  physics .  They enabled u s  t o  understand 

t h e  temperature dependence of T . On t h e  o t h e r  hand, 

we cannot deduce more than  p r o p o r t i o n a l i t y  r e l a t i o n s  

f r o n  then.  For example, t h e  p r e c i s e  p r e f a c t o r s  i n  (20) 

can therehy no t  be determined. Furthermore, t h e  pe r tu r -  

b a t i o n  theory  cannot be extended beyond f i r s t  order  i n  . 



For t h i s  w e  need a  systematic  approach. This  involves  

c a l c u l a t i o n a l  methods which can only  be formulated 

wi th in  a  c e r t a i n  mathematical framework which w e  cannot 

d i s c u s s  here.  To o b t a i n  a  p r e c i s e  c a l c u l a t i o n  of 

w e  w i l l  t h e r e f o r e  "use" methods without  r e a l l y  explain-  

i n g  t h e i r  t h e o r e t i c a l  background. The necessary concepts  

and t e r m s  w i l l  t hus  only be mentioned by appeal ing t o  

t h e i r  p l a u s i b i l i t y .  

I n  s p i t e  of a l l  quantum mechanical e f f e c t s  t h e  

f u n c t i o n a l  form of t h e r e s u l t s  expressed i n  (21) a r e  due 

t o  t h e  d i f f u s i v e  behavior of t h e  p a r t i c l e s .  Their  

p r o b a b i l i t y  d i s t r i b u t i o n  P ( g ,  -k) , ( 1 4 )  , i s  de te r -  

mined by t h e  d i f f u s i o n  equat ion (13) .  Fourier-transforming 

( 1 3 ) ,  o r  I)(;,*) , l e a d s  t o  PIT,  W) . Using (13) 

p l u s  proper boundary cond i t ions  one can e a s i l y  convince 

onese l f  t h a t  one f i n d s  

This  is c a l l e d  a " d i f f u s i o n  pole" ,  because a) ) 

d ive rges  f o r  9 )  0 4 0  . Its o r i g i n  i s  exc lus ive ly  

due t o  p a r t i c l e  cons.ervation dur ing  t h e  d i f f u s i o n .  

The knowledge of P ( ?, *) , which is a 

l o c a l  q u a n t i t y  describing a d e n s i t y  d i s t r i b u t i o n ,  o r  

of P (f, W )  i s  n o t  suf f f c i e n t ,  however, i f  we  want t o  

know a dynamical q u a n t i t y  l i k e  t h e  conduct iv i ty  



o r  t h e  d i f f u s i o n  c o e f f i c i e n t  D (5 (.r) . For t h i s  one 

needs. a more genera l  funct ion ,  e g g .  t h e  so-cal led 

"densi ty-densi ty  c o r r e l a t i o n  funct ion '  X (;,+I . It 

descr ibes ,  t h e  dependence of a  d e n s i t y  d i s . t r i b u t i o n  a t  

one p o i n t  i n  space and t ime on t h a t  a t  some o t h e r  p o i n t  

i n  space and time. Its Four ier  t ransform 

has t h e  genera l  s t r u c t u r e  [ l o ]  

i.e. it a l s o  has  a  d i f f u s i o n  pole ,  where a (7,") 
is  now a 7 and b-dependent  d i f f u s i o n  c o e f f i c i e n t .  

Once we  know 1 ( ( q , w )  w e  of course  a l s o  know b(Zj',u) . 
This  q u a n t i t y  is  t h e r e f o r e  of fundamental importance 

f o r  a  sys temat ic  c a l c u l a t i o n  of c o r r e c t i o n s  6". 6D 

t o  G ,  0, due t o  t h e  impuri ty  s c a t t e r i n g .  It can be 

der ived  w i t h i n  a  pe r tu rba t ion  theory us ing  a diagrammatic 

" s ign  language" (Feynman diagrams) [I 1 1. I n  t h i s  way 

themicroscopic s c a t t e r i n g  processes  a r e  descr ibed 

g raph ica l ly :  (i) t h e  motion of a  p a r t i c l e  i s  charac te r i zed  

by a  l i n e  with an arrow ("propagator") ,  while  (ii) t h e  

s c a t t e r i n g  a t  an impuri ty  is symbolized by a  dashed l i n e  

wi th  a  c r o s s .  An example i s  shown i n  Fig.  1 2 .  The 

upper l i n e ,  po in t ing  t o  t h e  r i g h t ,  d e s c r i b e s  a  " p a r t i c l e "  

wi th  energy EF +o and momentum I 

while  t h e  lower l i n e ,  po in t ing  t o  t h e  l e f t ,  desc r ibes  



Fig.12: Par t ic le -hole  l adder  diagrams d e s c r i b i n g  
d i f f u s i o n .  

a "hole" w i t h  energy CF and momentum - T/!& . 
I n  t h i s  way t h e  dens i ty-dens i ty  c o r r e l a t i o n  of a 

pa r t i c l e -ho le  p a i r  due t o  t h e  usual  d i f f u s i o n  (namely 

a sequence of independent c o l l i s i o n s )  is  descr ibed by 

means of i n t u i t i y e l y  appeal ing aiagrams. It should be 

pointed o u t  t h a t  t h e  dashed l i n e  d e s c r i b e s  only a 

c o r r e l a t i o n  and no t  an i n t e r a c t i o n  (which so  f a r  has  

no t  been consfdered a t  a l l )  between p a r t i c l e  and hole .  

The arrows c a r r y  t h e  i n i t i a l  and f i n a l  momenta o f  t h e  

p a r t i c l e  and t h e  hole.  



T h e  diagrams i n  Fig.  12 can e a s i l y  be summed 

up. I n  t h e  case  of small  energy - and momentum d i f f e r e n c e s  

between p a r t i c l e s  and ho les  (i.e. W e  EF ,\TI C < P C h k F )  

one f i n d s  

where v0 i s  t h e  p o t e n t i a l  energy of t h e  s c a t t e r e r s .  

So, a s  expected, w e  have obtained a d i f f u s i o n  pole .  

To understand t h e  p r o p e r t i e s  of t h e  c o r r e l a t i o n  

l ead ing  t o  ( 2 4 )  wenote t h a t  a p a r t i c l e - h o l e  p a i r  wi th  

small  energy-  and momentum d i f f e r e n c e  can be g raph ica l ly  

shown i n  Fig. 13. 

Fig.  c le-hole  e x c i t a t i o n  a t  t h e  Fermi su r face  



The p a r t n e r s  of  such a p a i r  always propagate i n  t h e  

same d i r e c t i o n ,  experience t h e  same c o l l i s i o n s  and a r e  

hence c o r r e l a t e d  f o r  a l l  time. This  i s  a consequence 

of  p a r t i c l e  number conservat ion  and t h i s  is t h e  reason 

why t h e  d i f f u s i o n  pole  (24) always e x i s t s  - even i n  t h e  

c a s e  of i n e l a s t i c  processes .  

I n  t h e  presence of  time r e v e r s a l  inva r i ance  

(which, by t h e  way, does no t  r e f e r  t o  a g loba l  invar iance  

of t h e  whole system bu t  t o  t h a t  of  s i n g l e - p a r t i c l e  
4 

s t a t e s !  ) , p a r t i c l e  s t a t e s  with momenta & and -1 
are equiva lent .  I t  means t h a t  we may i n v e r t  t h e  momentum 

of one of t h e  arrows ("propagators") ,  i.e. r e p l a c e  r 
by -T , without  changing anything. To understand i t s  

consequences we 

i n  Fig.  11: w e  

propagators  and 

a s  mentioned [ 

now cons ider  t h e  p a r t i c l e - h o l e  l adder  

f i r s t  t u r n  around a l l  t h e  lower 

a t  t h e  same time i n v e r t  a l l  t h e  momenta 
2 a 

p - TIz -> - 1  e*). I n  t h i s  way 
2 ' 

(Fig.  1 4 )  we again  a r r i v e  a t  a diagrammatic l adder  b u t  

t h i s  t ime both arrows p o i n t  i n t o  t h e  same d i r e c t i o n  

( " p a r t i c l e - p a r t i c l e  l a d d e r " ) .  To o b t a i n  t h e  usual  

pa r t i c l e -ho le  p i c t u r e  w e  merely have t o  t u r n  around t h e  

t o t a l  lower ha l f  of a l l  diagrams, thereby a r r i v i n g  a t  

s t r a n g e l y  looking, seemingly complicated,  "maximally 

crossed" ,  i.e. fan- l ike ,  diagrams [ 1 2 ] .  Their  c o n t r i -  

but ion  [ I 3 3  i s  e a s i l y  obtained once we remember t h a t  

they  o r i g i n a t e d  from a pa r t i c l e -ho le  ladder  (24) i n  

which, howeyer, t h e  momentum t r a n s f e r  i s  now given by 



Fiq. 1 4 :  Applicat ion of time r e v e r s a l  invar iance  f o r  
c a l c u l a t i n g  t h e  "maximally crossed" diagram. 

[p%1 4 - - - = p + p /  i n s t e a d  of [141.  

Their  sum ~~~~t (4 o) i s  then  found t o  be Pp % 



The e s s e n t i a l  d i f f e r e n c e  t o  t h e  p a r t i c l e - h o l e  d i f f u s i o n  

po le  i n  ( 2 4 )  is, t h a t  t h e  d i f f u s i o n  pole  i n  (25) i s  no 

longer  due t o  p a r t i c l e  number conservat ion.  This  impl ies  

t h a t ,  f o r  example, i n e l a s t i c  processes  (dur ing  which 

p a r t i c l e s  change t h e i r  energy s t a t e )  w i l l  d e s t r o y  

( " c u t  o f f " )  t h e  pole  s t r u c t u r e  i n  (25 )  . This  proper ty  

w i l l  l a t e r  become very important.  

The c o n t r i b u t i o n  t o  t h e  conduct iv i ty  due t o  

t h e  s c a t t e r i n g  processes  descr ibed  by t h e  diagrams i n  

Fig.  1 4  i s  given by t h e  "Kubo-formula" [ I l l ,  i .e. by 

an i n t e g r a l  over (25) ;  more p r e c i s e l y  by 

(Note, t h a t  t h e  pa r t i c l e -ho le  d i f f u s i o n  pole ,  ( 2 4 ) ,  

when i n t e g r a t e d  over a s  i n  (26) ,  does n o t  c o n t r i b u t e  

-3 4 

because t h e  integrand i s  then  odd i n  p and ! 

The main con t r ibu t ion  of t h e  integrand i n  (26) comes 

from t h e  region j ? + f ' = O  , i.e. F'= -7 
and is  hence due t o  backsca t te r ing .  The con t r ibu t ion  

considered here  i s  i n  f a c t  i d e n t i c a l  t o  one previous ly  

d iscussed ,  which w e  had obtained by c a l c u l a t i n g  t h e  

r e t u r n  probability of a  p a r t i c l e  t o  i t s  s t a r t i n g  po in t .  

C lea r ly ,  a pronounced back s c a t t e r i n g  w i l l  favor  

l o c a l i z a t i o n .  Since a l l  s c a t t e r i n g  processes  t a k e  p lace  

very c l o s e  t o  t h e  Ferm2-surface (171 z % k F  ) 



backsca t t e r ing  means t h a t  one d e a l s  wi th  a momentum 

change of  2 k k F  . One t h e r e f o r e  o f t e n  speaks of  

"2kF - s c a t t e r f n g " .  H e r e  w e  encounter an e s s e n t i a l  

s i m i l a r i t y  wi th  Cooper p a i r i n g  i n  superconductors,  where 
4 

p a r t i c l e s  with momenta and -k couple,  i.e. where 

one a l s o  has  a p a r t i c l e  c o r r e l a t i o n  a c r o s s  t h e  whole 

Fermi sphere.  For t h i s  reason t h e  p a r t i c l e - p a r t i c l e  

d i f f u s i o n  po le  i n  (25) i s  o f t e n  c a l l e d  "Cooper-pole" o r  

"Cooperon", while  t h e  pa r t i c l e -ho le  d i f f u s i o n  p o l e  i n  

(24) i s  simply r e f e r r e d  t o  as "diffuson".  

Taking i n t o  account a l l  p r e f a c t o r s  i n  (26) and 

using t h e  s u b s t i t u t i o n  F + F 1  =F one o b t a i n s  a 

frequency dependent c o r r e c t i o n  t o  t h e  conduct iv i ty  ( 151  

  he negat ive  s ign ,  i n d i c a t i n g  a lowering of t h e  

conduct iv i ty ,  i s  due t o  t h e  minus s i g n  i n  2'- P - - p h  , 

i . e .  i s  due t o  t h e  back s c a t t e r i n g .  I n  d,2 one f i n d s  

For 0 4 0 t h e  conduc t iv i ty  indeed decreases .  



i.e. t h e  c o r r e c t i o n  b ~ l c  is l i n e a r  i n  A 44 1 - 
and h a s  a negatTve s ign .  The c 

1-,- ,,,,, LL- ----. 
4 onduc t iv i ty  t h u s  

kcxreases  wruzn cne syscemms s i z e  is increased - t h i s  

l o c a l i z a t i o n .  

n u w  Lau UIK r;rler;n t h e s e  r e s u l t s  experimental ly? 

Well, w e  f i r s t  have t o  bear  i n  mind t h a t  a l l  experiments 

i r a t u r e s .  So, bes ides  t h e  

elastic lmpuri ty  s c a t t e r i n g ,  one w i l l  a l s o  always have 

e descr ibed  by some 

11l~~ldSLlC s c a c r e r m g  t i m e  L ; ~  and f o r  which w e  again 

assume t h a t  ' TP . I n  t h i s  way a new energy 

: e n t e r s  t h e  problem. A s  a consequence t h e  

t l l ~ ~ r r  - tw in (27 )  i s  replaced by -iu + ri; '. 
The p a r t i c l e - p a r t i c l e  d i f f u s i o n  po le  i s  then  c u t  o f f ,  

such t h a t  0 does no t  l ead  t o  a divergence 

anymore. I n  t u r n ,  t h e  frequency dependence i n  ( 2 8 ) ,  

j x a t u r e  dependence j u s t  a s  i n  (20), (21) .  

A l t e r n a t i v e l v  one mav say ,  t h a t  t h e  i n e l a s t i c  processes  

j s c a l e ,  an " i n e l a s t i c  d i f f u s i o n  

1 -- - , -, - 'h 
, -,,, ,, ) , t h e  so-cal led "Thouless- 

length.". It prov2des t h e  l eng th  s c a l e  on which a 

p a r t i c l e  s u f f e r s  an i n e l a s t i c  process  and i s  s c a t t e r e d  

.& - - A  - 

introduce a new leng th  



out of its energy state. For L;, < L the size of the 

system is quite irrelevant: a particle will then only 

experience L;, as the relevant length. In this way L 

has to he replaced by L;,, in (291, (30) which leads to 

exactly the same temperature dependence of 66 as in 

(201 ,  (211. 

A decrease of the conductivity 
. I  ( 6 v  < o )  

is equivalent to an increase of the resistance ( & R  'z 0 ) . 
The corresponding logarithmic temperature dependence of 

the resistance of very thin films ( d= 2) , as shown in 
Fig. 15, has been found in numerous experiments (for a 

1 

Fig. 15: Logarithmic temperature dependence of the 
resistivity of thin Au-Pd films [ 1 6 ] .  

review see 11 71 ). . 



The preceding d i scuss ion  was l i m i t e d  t o  the 

so-cal led "normal" s c a t t e r i n g ,  i.e. s c a t t e r i n g  by non- 

magnetic impur i t i e s .  Therefore t h e  s p i n  of t h e  

p a r t i c l e s  was unimportant. However, i n  t h e  c a s e  t h a t  t h e  

i m p u r i t i e s  c a r r y  a magnetic moment, s p i n  s c a t t e r i n g  w i l l  

occur,  causing t h e  s p i n  of t h e  p a r t i c l e s  t o  f l i p .  There- 

f o r e  t h e  p a r t i c l e s  experience something s i m i l a r  t o  a 

f l u c t u a t i n g  magnetic f i e l d .  The t i m e  r e v e r s a l  invar iance  

i s  then  l i f t e d  so  t h a t  t h e  Cooperon ( 2 5 )  does no t  d iverge  

any longer  ( t h e  pole  is c u t  o f f  by a cons tan t  t e r m  l ( ~ S  , 
where tS i s  a c h a r a c t e r i s t i c  c o l l i s i o n  time f o r  s p i n  

sca t t e rgng  11811. F i e l d  t h e o r e t i c a l  i n v e s t i g a t i o n s  

[39,2Q], which we  cannot d i s c u s s  here  i n  s p i t e  of  t h e i r  

fundamental importance [21] ,  have shown, t h a t  never the less  

even in  t h i s  new s i t u a t i o n  one f i n d s  a logar i thmic  

c o r r e c t i o n  i n  d =  2 j u s t  a s  i n  (3Qbl. However, now 

t h e  p r e f a c t o r  goes l i k e  i n s t e a d  of , i .e.  

t h e  c o r r e c t i o n  is even smaller  than  i n  t h e  c a s e  of  normal 

s c a t t e r i n g .  S iace  Cooperons no longer  y i e l d  a d ivergent  

c o n t r i b u t i o n ,  these logar i thmic  c o r r e c t i o n s  must be due 

t o  d i f fusons  only,  i.e. due t o  t h e  usual  d i f f u s i o n  

process .  It  has no t  y e t  been p o s s i b l e  t o  understand 

t h i s  r e s u l t  by means of t h e  simple p r o b a b i l i t y  arguments 

used before  i n  t h e  c a s e  of normal s c a t t e r i n g .  

Impur i t i e s  wi th  a heavy nucleus l ead  t o  y e t  

another  type  of s c a t t e r i n g ,  namely t o  sp in -o rb i t  s c a t t e r i n g  

of the p a r t i c l e s .  Theore t i ca l  i n v e s t i g a t i o n s  [20,22] 



have again  p red ic ted  a  logarf thmic c o r r e c t i o n  f o r  

a s  i n  (3QhZ - but  t h i s  time with a  p o s i t i v e  s ign .  The 

conduc t iv i ty  t h e r e f o r e  i n c r e a s e s  with decreas ing  

temperature: A simple quantum mechanical explanat ion ,  

and experimental  r e s u l t s  f u l l y  support ing t h e s e  f ind ings ,  

can be found i n  [ 1 7 ] .  

The Inf luence  of a Magnetic F i e l d  on Loca l i za t ion  

I n  t h e  c a s e  of  normal impuri ty  s c a t t e r i n g  t h e  

l o c a l i z a t i o n  e f f e c t s  o r i g i n a t e  from t h e  quantum coherence 

of  pa ths  1 and 2 i n  Fig.  10,  i.e. from t h e i r  a b i l i t y  t o  

i n t e r f e r e .  Therefore they  a r e  very s e n s i t i v e  t o  any kind 

of d i s tu rbance  of  time r e v e r s a l  invar iance  of t h e  
-9 4 

momentum s t a t e s  4 and -k . Such a  p e r t u r b a t i o n  is ,  

f o r  example, caused by a  magnetic f i e l d .  I n  i ts  presence 
4 

a s t a t e  i s  no longer  cha rac te r i zed  by a  momentum k , 
3 

but  r a t h e r  by t h e  electromagnet ic  momentum k - 2 e x  . 
H e r e ,  i s  t h e  vec tor  p o t e n t i a l  and t h e  f a c t o r  2e 

( i n s t e a d  of simply e )  is  due t o  t h e  c o r r e l a t i o n  of two - 
p a r t i c l e s  j u s t  a s  i n  superconduct ivi ty .  I f  w e  now let  

9 

go i n t o  -k , t h e  momentum s t a t e s ,  i. e. t h e  pa ths  1 

and 2 i n  Fig.  10, a r e  no longer  equiva lent .  Mathematically 

speaking t h i s  i s  a  consequence of  t h e  f a c t ,  t h a t  now t h e  

amplitudes A1 and A2 c a r r y  f i e l d  dependent phase f a c t o r s  



The phases a r e  given by t h e  l i n e  i n t e g r a l  over t h e  
3 

vector  p o t e n t i a l  A , i.e. by t h e  magnetic f l u  H S , 
where H is t h e  magnetic f i e l d  and S i s  t h e  a r e a  of  t h e  

c losed  pa th  i n  Fig.  10 ( C = v e l o c i t y  of  l i g h t ) .  Since 

t h e  motion of the p a r t i c l e s  is  d i f f u s i v e ,  S i s  given 

by 5 = D o t  . The r e t u r n  p r o b a b i l i t y  W, of a p a r t i c l e  

t o  i t s  s t a r t i n g  p o i n t  i n  t h e  presence of a magnetic 

f i e l d  i s  again  given by (172. One t h e r e f o r e  o b t a i n s  

I f  h '0 , w e  f i n d  t h e  o l d  r e s u l t  WH =o = 41h12 . 
The conduc t iv i ty  c o r r e c t i o n  i n  t h e  presence of a 

magnetic f i e l d ,  ~ w ( H )  , is again  determined.by 

the r e t u r n  p r o b a b i l i t y  UH . The t o t a l  change of  t h e  

conduc t iv i ty  due t o  a magnetic f i e l d ,  ACT( 6 ) = 

~ c ( H )  - 6 ~ b )  , t h e r e f o r e  depends on t h e  prob- 

a b i l i t y  d i f f e r e n c e  Aw = w, -wh=.  I 

such t h a t  



In d = 2- ( 3 3 )  can he written as A )  = ) , 
where x = 4 e t l D r y c ; n / C  . The function F(x) 

has the limits 

For weak magnetic fields )( CC I_ one therefore 

finds 

while stronger fields )( & 1 give rise to a 

logarithmic field dependence 

Tn any case, A V  is always positive (A  R 0 )  , 
so the resistance decreases with increasing magnetic 

field ("anomalous magnetoresistance")[20]. The reason 

lies in the disturbance of the phase coherence by the 

magnetic field, leading to a weakening of the localization 



e f f e c t s .  The " c r i t i c a l "  f i e l d  HE , determined by 
'L ~ = 1  , a t  which t h e  change from t h e  H t o  t h e  ~ L I  H 

behavior occurs ,  depends on t;, and thus  on temperature.  

A t  temperatures  commonly used i n  experiments, is  

of t h e  o rde r  h c  x 100-500 Gas5 ( =  1 0 - 2 0 ~ ~ )  . 
This  should be c o n t r a s t e d  with t h e  c l a s s i c a l  r e s u l t  

L 

( ) / ) - T )  , which i s  no t  only many o r d e r s  

of magnitude smaller  bu t  a l s o  has  a d i f f e r e n t  s i g n  (UL 

i s  t h e  Larmor frequency).: So w e  see t h a t  even very 

small  magnetic f i e l d s  have a d r a s t i c  inf luence  on 

l o c a l i z a t i o n .  

The Anderson t r a n s i t i o n  

We have so  f a r  c a l c u l a t e d  small  c o r r e c t i o n s  

t o  t h e  m e t a l l i c  conduct iv i ty  To due t o  t h e  e l a s t i c  

impuri ty  s c a t t e r i n g .  These c o r r e c t i o n s  a r e  t h e  r e s u l t  

of a  pe r tu rba t ion  theory and a r e  lowest o rde r  i n  t h e  

d i s o r d e r  parameter < !  . On t h e  o t h e r  hand, f o r  

d 6 2 w e  found t h a t ,  i n  s p i t e  of t h e  smallness of  3 ,  

t h e  c o r r e c t i o n s  d iverge  i n  t h e  l i m i t s  w o r  - 0  

o r  L - 4  . I n  t h i s  s i t u a t i o n  t h e  pe r tu rba t ion  theory  

breaks down, i.e. f a i l s  because t h e  cond i t ion  

( 5 ~ 1  << rD i s  no longer  f u l f i l l e d .  What now? 

One could t r y  t o  c a l c u l a t e  higher  order  c o r r e c t i o n s  

i n  , bu t  t h a t  d o e s n ' t  g e t  us  very f a r  and i s  a l s o  

very complicated. Besides t h a t ,  a  phase t r a n s i t i o n  and 



t h e  c r i t i c a l  behavior can never be obtained by a f i n i t e  

o r d e r  pe r tu rba t ion  theory.  Since an exac t  s o l u t i o n  o f  

t h e  problem does no t  a p r i o r i  appear t o  be poss ib le ,  one 

has t o  use o t h e r  methods. Two such p o s s i b i l i t i e s  w i l l  

be dLsaussed here:  (i) a s c a l i n g  theory ,  which i s  based 

on renormal iza t ion  group ideas  and which determines 

and (ii) a s e l f - c o n s i s t e n t  approach which c a l c u l a t e s  ~(0). 

Scal ing  Theory 

A very success fu l  s c a l i n g  theory  of t h e  

Anderson l o c a l i z a t i o n  problem was introduced i n  1979 

by Abrahans e t  a l .  [ 1 3 ] .  These au thors  developed a 

one-parameter s c a l i n g  theory  f o r  t h e  so-cal led 

"conductance" g of  a d-dimensional system and connected 

it t o  a p e r t u r b a t i o n  theory ,  i n  which t h e  previous ly  

d iscussed  l eng th  dependence of  t h e  c o r r e c t i o n  6~ was 

c a l c u l a t e d  for t h e  f i r s t  time. 

The conductance g of  a d-dimensional hyper- 

cube of s f d e  l eng th  L is given by 

where k i s  the r e s i s t a n c e  and 6 i s  t h e  i v i t y  . 
The conductance g is a number, i.e. a dLwerls~wrlless 

parameter, whose relevance f o r  t h e  l o c a l i z a t i o n  problem 



( p a r t i c u l a r l y  t h a t  of  i t s  l eng th  dependence) had f i r s t  

been recognized and discussed by Thouless [23] i n  

s e v e r a l  very important papers.  I n  t h e  m e t a l l i c  regime 

where O h m ' s  law holds,  t h e  conduct iv i ty  is by d e f i n i t i o n  

l e n g t h  independent, s o  t h a t  t h e  conductance i s  given by 

3 d L ~ - ~  . On t h e  o t h e r  hand i n  t h e  i n s u l a t i n g  regime 

t h e  wave func t ions  f a l l  o f f  exponent ia l ly ;  one would 

t h e r e f o r e  a l s o  expect  an exponent ial  l eng th  dependence 

of 0- and t h u s  of $1 , i.e. 3 d a- y ( - ~ / f  ) , 
where 5 i s  an unknown " l o c a l i z a t i o n  length" .  What now 

is t h e  l e n g t h  dependence of g  i n  between t h e s e  l i m i t i n g  

cases?  To answer t h i s  ques t ion ,  w e  t a k e  hypercubes 

of s i d e  l eng th  L and bu i ld  up a  l a r g e r  hypercube wi th  

s i d e  l e n g t h  b-L . Now w e  ask  how t h e  conductance of 

t h e  l a r g e r  system, 3 (&I , depends on t h e  conductance 

of t h e  i n i t i a l  cube, i .e.  ( L )  . I n  p r i n c i p l e  ;I ( b ~ )  

could be a  func t ion  of g (L') , b , L and a l s o  a l l  

k inds  of non-universal p r o p e r t i e s  of t h e  m a t e r i a l  

( , kF , e t c .  ) . The h e a r t  of t h e  argument proposed 

by Abraharns e t  a l .  now is ,  t o  assume t h a t  t h e  o l d  5 
was i n  f a c t  t h e  o n l y  r e l e v a n t  parameter of t h e  system 

t h a t  would determine t h e  new 
- 9 , i . e .  t o  have a  r e l a t i o n  

o r ,  equ iva len t ly ,  



where f  is  some, y e t  unknown, funct ion .  I n  t h i s  way 

microscopic d e t a i l s  are assumed t o  be unimportant. Eq .  

(38b) may be c a l l e d  a  " sca l ing  equat ion".  Since t h e  

r e l a t i o n  is supposed t o  hold f o r  any va lue  of b, w e  

d i f f e r e n t i a t e  (38b) by b  and then  set ' b = 1 . Then 

we o b t a i n  

where i s  a funct ion  involving f . The logar i thmic  

d e r i v a t i v e  of wi th  r e s p e c t  t o  L t h e r e f o r e  t u r n s  o u t  9 
t o  be a  funct ion  of only 9 i t s e l f .  To t a k e  a  

logar i thmic  ins tead  of t h e  usual  d e r i v a t i v e  i s  indeed 

a  convenient t r i c k :  one thereby achieves t h a t  l eng th  

s c a l e s  of L (e.g. 4 o r  5 i n  l / f ,  ) which w e  

do not  know anyhow, drop out! Abrahams e t  a l .  El31 now 

defined a  so-cal led "$-function" 

which is e s s e n t i a l l y  given by (39) and which i s  a l s o  

only  a  funct ion  of c ( L )  . . I t s  behavior under a  change 3 



of g (L) determines t h e  conduct iv i ty  behavior of t h e  

system. 

S t a r t i n g  from what w e  a l r eady  know, w e  can 

e a s i l y  c a l c u l a t e  t h e  l i m i t i n g  cases  of P . I n  t h e  

l o c a l i z e d  regime 1 , with re -L/j , w e  

f i n d  

whi le  i n  t h e  m e t a l l i c  regime w e  have G = 

+ 6s 
0 

, where s r  i s  given by (29a) .  Combining 

( 3 7 )  and (401 one a r r i v e s  a t  

The f i r s t  t e r m  i n  (42)., i.e. d-2 , r e p r e s e n t s  O h m ' s  

law (pure ly  m e t a l l i c  conduc t iv i ty )  whi le  t h e  ' '8 
c o r r e c t i o n  tern fol lows from t h e  pe r tu rba t ion  theory f o r  

t h e  conduct iv i ty .  

By means of ( 4 1 1 ,  (42). which d e s c r i b e  p i n  t h e  

limits 2 d<t and 7 we  may t r y  t o  draw conclusions 4 . - 
about t h e  shape of f o r  a l l  P - 7 . This  is  shown i n  

Fig.  1 6 ,  w h e r e  f(%) has been p l o t t e d  versus  

The c a l c u l a t e d  l i m i t s  of f f o r  t h e  i n s u l a t i n g  and t h e  

"meta l l i c "  regime a r e  shown by f u l l  curves.  Note t h e  

important f a c t ,  t h a t  f o r  g >> 1 a l l  8-curves a r e  

smoothly hending upward - a consequence of t h e  negat ive  



Fig. 16: The 8-function f o r  d = 1 ,2 ,3  dimensions 

s i g n  of t h e  l / g  c o r r e c t i o n  i n  ( 4 2 ) .  So, a s  g becomes 

smal ler ,  t h e  8-curves move away from t h e  l i m i t i n g  va lue  

d-2 . One may t h e r e f o r e  make a s e n s i b l e  assumption 

about t h e  unknown region  i n  between: namely, t h a t  a l s o  

t h e r e  t h e  B-curves have a smooth and monotonous shape 

a s  shown by t h e  dashed curves i n  Fig. 1 6 .  This  f i g u r e  

corresponds t o  a "flow diagram", which r e f l e c t s  t h e  

behavior of  t h e  system under changes of t h e  system's 

s i z e .  For d 1 t h i s  behavior i s  c h a r a c t e r i s t i c a l l y  



d i f f e r e n t  from t h e  one f o r  d > 2 :  (i) d 6  2 ; i n  

t h i s  c a s e  6 i s  always negat ive.  Since P d e s c r i b e s  

t h e  change of t h e  conductance g wi th  t h e  s y s t e m % .  

s i z e  L , t h i s  impl ies  d3 / d ~  (0 . An enlargement 

of t h e  system t h e r e f o r e  always l e a d s  t o  a decrease  of 

g: t h e  curves i n  Fig.  16 always "flow" t o  t h e  l e f t  

i n t o  t h e  i n s u l a t i n g  regime. This  t e l l s  us  t h a t  f o r  

d 5 2  and L + d  a l l  s t a t e s  a r e  loca l i zed .  The system 

is always an i n s u l a t o r .  Of t h e  curves  t h a t  always have 

a negat ive  6 t h e  c a s e  d=2 is obviously s p e c i a l  ( "marginal " )  : 

t h e  curve  approaches f3 = 0 f o r  a>> L bu t  never reaches 

@ =  Q a t  f i n i t e  g ; so  even here  t h e  s t a t e s  of t h e  i n f i n i t e  

system a r e  always loca l i zed .  This  provides t h e  answer 

t o  our  i n i t i a l  ques t ion  about t h e  p o s s i b i l i t y  of m e t a l l i c  

conduc t iv i ty  of very t h i n  f i lms  (d=2) a t  T = 0: we now 

f i n d  t h a t  a t r u e l y  m e t a l l i c  conduc t iv i ty  i n  d = Z  i s  

never poss ib le!  (ii) d > 2 ; h e r e  two p o s s i b i l i t i e s ,  

6 < a and C3. > 0 , e x i s t  s i n c e  t h e  B-function has a zero 

at 3'3. . For systems wi th  an i n i t i a l  va lue  of t h e  

conductance 9 ( 3 ~  (i .e.  with a d i s o r d e r  , 
where CJ ( 1,) = gc 1 we f i n d  p< 0 . Therefore an 

enlargement of  t h e  system again  l e a d s  t o  an i n s u l a t i n g  , - 

behavior (flow of  t h e  curve t o  t h e  l e f t ) .  However, f o r  

an i n i t i a l  value 2'3 ( i . e .  X C h ,  ) one has p o  , 
such t h a t  -creasing t h e  s i z e  of  t h e  system d r i v e s  it 

t o  t h e  r i g h t ,  f o e .  f n t o  t h e  m e t a l l i c  regime. The po in t  

pQc)  = is c a l l e d  " f ixed  poin t" ,  because g s t a y s  



f ixed  when L i s  changed. This  po in t  r e p r e s e n t s  t h e  

Anderson t r a n s i t i o n .  So we f i n d  t h a t  f o r  d  > 2 t h e r e  

e x i s t s  a t r a n s i t i o n  a t  a  f i n i t e  3. i.e. a t  a  f i n i t e  

va lue  of t h e  d i s o r d e r ,  . Depending on t h e  d i s o r d e r  

( 5 Xc)  s t a t e s  are e i t h e r  extended (metal)  o r  

l o c a l i z e d  ( i n s u l a t o r ) .  

I n  t h e  v i c i n i t y  of t h e  t r a n s i t i o n ,  

t h e  f3-function may be l i n e a r i z e d :  

where l/v i s  t h e  s lope  of f3 a t  g =  gc i n  Fig .16 .  

Eq.(43). can be i n t e g r a t e d  and y i e l d s  

where 9. ' 4 (LQ) 

I n  t h e  l o c a l i z e d  regime (CJ , 30 C 7, ) 
one f i n d s  

where '5 has  been introduced as a  " l o c a l i z a t i o n  

length" .  I f  w e  d e f i n e  a  parameter f. 

( 7 e - 5 c ) / s c  (h -1. )/A, , which measures 

t h e  d i s o r d e r  of t h e  system r e l a t i v e  t o  t h e  corresponding 

c r i t i c a l  va lue ,  i.e. t h e  d i s t a n c e  from t h e  c r i t i c a l  



po in t ,  then  ( 4 4 ) ,  (45) imply 

Thus t h e  number V t u r n s  o u t  t o  be t h e  c r i t i c a l  exponent 

of t h e  l o c a l i z a t i o n  l eng th  '5 . Eq. (46) says  t h a t  

d ive rges  as t h e  d i s o r d e r  approaches t h e  c r i t i c a l  va lue  

A, and is then  t h e  only r e l e v a n t  l eng th  i n  t h e  problem. 

I n  c o n t r a s t ,  t h e  m e t a l l i c  s i d e  (3 3. ' 5 c )  

is  charac te r i zed  by a f i n i t e  dc-conductivity ~ ( 0 ) .  

Using (37) and ( 4 4 2  we  f i n d  

The c r i t i c a l  exponent of  ~ ( b )  , which i s  usua l ly  

r e f e r r e d  t o  as S , i s  t h e r e f o r e  g iven  by 

This  r e l a t i o n  connects two c r i t i c a l  exponents, one of 

which desc r ibes  t h e  behavior on t h e  m e t a l l i c  s i d e  ( S )  , 
while  t h e  o t h e r  one determines t h e  c r i t i c a l  behavior on 

t h e  i n s u l a t i n g  s i d e  ( v )  . This  s c a l i n g  r e l a t i o n  was 

f i r s t  der ived  by Wegner 1241 al ready i n  1976, who showed 

( i n  a paper of fundamental importance f o r  t h e  Anderson 

l o c a l i z a t i o n  problem) t h a t  t h e r e  e x i s t s  a c l o s e  connection 

t o  t h e  problem of c r i t i c a l  phenomena. 



I n t e g r a t i o n  of (42). l e a d s  t o  an e x p l i c i t  

va lue  f o r  S , namely ST 1 . Within t h e  approxima- 

t i o n s  used, t h i s  r e s u l t  is v a l i d  a t  l e a s t  c l o s e  t o  2- 

dimenslons = - 1  << 1 ) , but  it appears  t o  hold 

even i n  d = 3  . 
F i e l d  t h e o r e t i c a l  methods have a l s o  l e d  t o  a 

s c a l i n g  theory  i n  t h e  case  of magnetic i m p u r i t i e s  [19-221.  

The r e s u l t s  are qua lL ta t ive ly  very similar t o  t h e  ones 

obtained i n  t h e  previous ly  d iscussed  case. I n  p a r t i c u l a r ,  

one  again  expec t s  an Anderson t r a n s i t i o n  f o r  d b2 , 

while  f o r  d s 2  a l l  s t a t e s  a r e  l o c a l i z e d .  The f a c t  t h a t  

t h e  p e r t u r b a t i o n a l  c o r r e c t i o n s  due t o  t h e  s p i n  s c a t t e r i n g  

a r e  p ropor t iona l  t o  ( i n s t e a d  of a s  f o r  normal 

s c a t t e r i n g 1  i s  a l s o  r e f l e c t e d  i n  t h e  c r i t i c a l  p roper t i e s :  

t h e  conduc t iv i ty  exponent 5 i s  here  found t o  be S ='/z 

i n s t e a d  of S = 1 . 
impl ies  t h a t  t h e  dc-conductivity 

goes t o  zero cont inuously a s  t h e  t r a n s i t i o n  i s  approached. 

This  f ind ing  c o n t r a d i c t s  Mot t ' s  concept of  a "minimal 

m e t a l l i c  conduct iv i ty"  and t h e  r e l a t e d  discont inuous 

t r a n s i t i o n .  The experimental  confirmation of t h e  

continuous behav2or w i l l  be d iscussed  l a t e r .  

The Method of Se l fcons is tency 

The t h e o r e t i c a l  approach [I 31 a s  descr ibed  

above i s  based on t h e  assumption of a one-parameter 



s c a l i n g  r e l a t i o n  (401, whose v a l i d i t y  cannot be f u r t h e r  

proven wi th in  t h i s  very framework. 

Q u i t e  a  d i f f e r e n t  t h e o r e t i c a l  concept,  which 

may be used t o  d e s c r i b e  t h e  conduct iv i ty  behavior a s  

we l l  a s  t h e  t r a n s i t i o n  and t h e  c r i t i c a l  p r o p e r t i e s  

and which does n o t  r e l y  on a  s c a l i n g  assumption, i s  t h a t  

of "se l fconnis tency"  [25]. Within t h i s  method one 

ttempts t o  express  t h e  frequency depend€ 

-(w) ( o r  t h e  d i f f u s i o n  c o e f f i c i e n t  a(o) 1 

I,  genera l  

znt conduc t iv i ty  

by means of  a  

~y appruxlmaLe, r e l a c i o n  which 

quan t i ty .  So one wants t o  f i n d  an i t s e l f  involves  t h i s  

equat ion of the form 

whose 21ds b[@) 
f o r  a l l  w anu a l l  ulsuruer-pcuameueL s h . For t h i s  

t o  be success fu l  it i s  necessary t o  s tar t  from known 

l i m i t i n g  cases  (e :h pe r tu rba t ion  

theory f o r  <( 1 1. DUW L U C ~ ~  Llle: LI1e:VIY can be 

anchored t o  an exac t  r e s u l t  [ 1 4 3 .  The se l fcons i s t ency  

is  then  used t o  go beyonc theory,  i.e. 

t o  t h e  t r a n s i t i o n  i t s e l f  (and even bevond). It i s  

t h e r e ;  f e a s i b l e )  

per turnac lon  rneory r o  l n r l n l c e  o r a e r .  

S ince  D(w) vanishes a t  t h e  t r a n s i t i o n ,  i t s  

inverse  0, /f) (4 correspondingly d ive rges  a t  t h a t  



point .  Within a diagrammatic pe r tu rba t ion  theory  it 

has  been shown t h a t  a  s e l f c o n s i s t e n t  c a l c u l a t i o n  of 

t h e  l a t t e r  q u a n t i t y  can be performed by summing up t h e  

l a r g e s t  (i .e.  most d ive rgen t )  c o n t r i b u t i o n s  of pe r tu r -  

b a t i o n  theory [14 ,261 .  I n  t h i s  way one can indeed 

d e r i v e  a  s e l f c o n s i s t e n t  equation. It has t h e  simple 

s t r u c t u r e  

where D , / D ( ~ J )  is given by t h e  i n t e g r a l  over  a 

d i f f u s i o n  po le  involving t h e  d i f f u s i o n  c o e f f i c i e n t  

i t s e l f  r a t h e r  than  t h e  d i f f u s i o n  cons tan t  Do . This  

r e l a t i o n  can a l s o  be obtained by o t h e r  methods [27-301. 

I ts  s o l u t i o n  can e a s i l y  be obtained: one f i n d s  t h a t  

f o r  d 5 2 t h e  dc-conductivity 0 )  i s  always zero,  

i r r e s p e c t i v e  of how small  t h e  d i s o r d e r  i s  ( i n s u l a t i n g  

behaviorl .  However, i n  dimension c1=2 t h e  l o c a l i z a t i o n  

l eng th  5 i s  exponent ia l ly  l a r g e  f o r  4 F [ 1 4  I : 

For d > 2  t h e r e  e x i s t s  a  c r i t i c a l  va lue  of t h e  

d i s o r d e r  below which d o )  i s  f i n i t e  ( m e t a l l i c  regime),  

while f o r  l a r g e r  va lues  it vanishes ( i n s u l a t i n g  regime).  

Since the l i m i t  CI) + O  can be e x p l i c i t l y  performed 

wi th in  t h i s  theory  one ob ta ins  r e s u l t s  which go beyond 



t h e  range of a p p l i c a b i l i t y  of  t h e  s c a l i n g  theory  

descr ibed  above ( 0- 0 means, t h a t  one l eaves  t h e  

c r i t i c a l  regime).  Besides t h a t  one o b t a i n s  complete 

agreement wi th  t h e  r e s u l t s  of  t h e  s c a l i n g  theory.  I n  

p a r t i c u l a r  one a l s o  f i n d s  t h e  s c a l i n g  r e l a t i o n  (48) 

and t h e  v a l u e  S - 1  f o r  dimensions 2 < d 4 . I n  

f a c t  one can show t h a t  (50) i t s e l f  possesses  s c a l i n g  

p r o p e r t i e s  and t h e r e f o r e  n a t u r a l l y  l e a d s  t o  a s c a l i n g  

theory  [26,28,33,321. Performing t h e  i n t e g r a l  i n  (50) 

and choosing appropr ia t e  u n i t s  such t h a t  one o b t a i n s  

dimensionless q u a n t i t i e s  and 2 i n s t e a d  of  and W , 
(50)  can he w r i t t e n  a s  [26] 

where t h e  plus. (minus)-sign corresponds t o  t h e  m e t a l l i c  

( i n s u l a t i n g )  regime and i s  a dimension-dependent 

cons tant .  I n  (52) no m a t e r i a l  dependent parameters 

(kF , m , X etc.) are e x p l i c i t l y  involved. It i s  

t h e r e f o r e  indeed a " sca l ing  equat ion" which e s t a b l i s h e s  

a unf.versal  dependence of t h e  conduc t iv i ty  o r  frequency. 

Its s o l u t i o n  determines a complete and smooth curve f o r  

t h e  @-function (40) [32].  

A f i e l d  t h e o r e t i c a l  a n a l y s i s  [30] of t h e  pre- 

s e n t  problem shows t h a t ,  i f  a p e r t u r b a t i o n a l  t rea tment  

i s  v a l i d  a t  a l l ,  (52) is  an exac t  r e l a t i o n  - a t  l e a s t  

c l o s e  t o  two dimensions [33].  



I n  conclusion w e  may say,  t h a t  i n  s p i t e  of  a 

few st i l l  open ques t ions ,  t h e  problem of Anderson 

l o c a l i z a t i o n ,  i . e .  t h e  behavior of  non- in terac t ing  

p a r t i c l e s  i n  a  d isordered  medium, i s  b a s i c a l l y  w e l l  

understood. 

111. I n t e r a c t i n g ,  Quantum Mechanical P a r t i c l e s  i n  

Disordered Systems - 

The theory  discussed s o  f a r  only  involved t h e  

e l a s t i c  s c a t t e r i n g  of  non-interact ing,  quantum mechanical 

p a r t i c l e s  due t o  impur i t i e s .  I f ,  on t h e  o t h e r  hand, one 

wants t o  check t h e  r e s u l t s  experimental ly ,  one always 

d e a l s  wi th  systems, i n  which t h e  p a r t i c l e s  a l s o  mutually 

i n t e r a c t .  The most important example i s  t h a t  of e l e c t r o n s  i n  

a d isordered  metal .  Even i f  one was always allowed t o  

assume t h e  Coulomb i n t e r a c t i o n  between t h e  e l e c t r o n s  t o  

be s t rong ly  screened, one would s t i l l  have t o  know about 

i t s  a c t u a l  q u a l i t a t i v e  and q u a n t i t a t i v e  in f luence  compared 

wi th  t h e  e f f e c t s  of l o c a l i z a t i o n  [ 3 , 3 4 ] .  1 
Pure e lec t ron-e lec t ron  i n t e r a c t i o n  i s  s t r i c t l y  

- I 
momentum conserving and t h e r e f o r e  does n o t  c o n t r i b u t e  1 
t o  t h e  m e t a l l i c  r e s i s t a n c e .  So, a s  much a s  before ,  t h e  

momentum change of p a r t i c l e s  due t o  impurity s c a t t e r i n g  

i s  e s s e n t i a l .  To understand t h e  combined e f f e c t s ,  w e  



t a k e  a look a t  t h e  i n e l a s t i c  i n t e r a c t i o n  among t h e  

e l e c t r o n s  themselves [35].  It i s  charac te r i zed  by a  

momentum t r a n s f e r  q ( with qj <c i ) and an  energy 

t r a n s f e r  t w  (wi th  bT <c i ) , where and r are 

t h e  mean f r e e  pa th  and t h e  average c o l l i s i o n  t i m e  of t h e  

e l e c t r o n s  due t o  t h e  impur i t i e s .  One may then  d e f i n e  

an " i n t e r a c t i o n  t i m e "  -k, = ~ K ( W  ; obviously 

to =br . This  means t h a t  dur ing  t h e  t ime t, 
many s c a t t e r i n g s  between e l e c t r o n s  and i m p u r i t i e s  occur,  

leading  t o  a  q u a l i t a t i v e  change of  t h e  i n t e r a c t i o n  i t s e l f .  

The "bare" i n t e r a c t i o n  t h e r e f o r e  becomes an " e f f e c t i v e "  

i n t e r a c t i o n  whose c h a r a c t e r  depends on t h e  energy 

t r a n s f e r  ?;w . These e f f e c t s  lead  t o  c o r r e c t i o n s  6 0  

and 6 of t h e  ( m e t a l l i c )  conduct iv i ty  and of  t h e  d e n s i t y  

of s t a t e s  c l o s e  t o  the Fermi su r face ,  r e spec t ive ly .  

- ! . C " >  

Estimating t h e  Correc t ions  

Ca lcu la t ing  t h e  c o r r e c t i o n s  t o  6 t o  lowest 

order  i n  t h e  d i s o r d e r  , Al t shu le r  and Aronov [35] ,  

found t h e  s u r p r i s i n g  r e s u l t ,  t h a t  they  had t h e  same - - , -- 

s t r u c t u r e  a s  t b s e  i n  the non- in terac t ing  case .  In 

p a r t i c u l a r ,  t h e r e  i s  again a logar i thmic  temperature 

dependence of  6~ i n  d =  2 ,  al though t h e  quantum mechani- 

c a l  ; e processes  t h a t  l e d  t o  (191, ( 2 1 )  

had IIVL U ~ C I L  ~ u n s i d e x e d  by t h e s e  au thors  a t  a l l :  I f  

initially one  perhaps bel ieved i n  an obscure coincidence,  



we now know t h a t  these r e s u l t s  a r e  s o l e l y  due t o  t h e  

d i s o r d e r  i n  t h e  s y s t e m .  It l e a d s  t o  a d i f f u s i v e  behavior 

of t h e  p a r t i c l e s  and thereby t o  a change of  t h e  i n t e r -  

a c t i o n  due t o  d e n s i t y  f l u c t u a t i o n s .  I n  t h i s  way t h e  

naked, long range i n t e r a c t i o n  between t h e  e l e c t r o n s  

becomes an e f f e c t i v e  i n t e r a c t i o n  of s h o r t  range. 

To s tudy t h e  impl ica t ions  we now i n v e s t i g a t e  

t h e  i n e l a s t i c  s c a t t e r i n g  of  two e l e c t r o n s  (more p rec i se ly :  

of a p a r t i c l e - h o l e  p a i r )  with energy € ( r e l a t i v e  t o  

t h e  Fermi su r face )  i n  which an energy t r a n s f e r  k 0  X 

i s  assumed t o  occur [361. According t o  t h e  uncer t a in ty  

p r i n c i p l e  t h e  p a r t i c l e  and t h e  ho le  remain i n  mutually 

coherent  s t a t e s  up t o  t imes  f 6% / , dur ing  which 

i n t e r f e r e n c e  i s  poss ib le .  However, i n  t h e  case  of a 

s h o r t  range i n t e r a c t i o n  it is necessary t h a t  t h e  p a r t i c l e s  

a c t u a l l y  m e e t  a t  t h e  same p o s i t i o n  dur ing  t h a t  t i m e .  The 

p r o b a b i l i t y  f o r  t h i s  t o  happen w e  c a l l  W ( 6 )  . The s h o r t  

range i n t e r a c t i o n  A is thereby changed t o  , 

( 5 3  1 

To es t ima te  W(F) w e  observe once more t h a t  t h e  motion 

of t h e  p a r t i c l e s  is  d i f f u s i v e ,  i .e.  



The in tegrand i s  thus  given by 1 /vdiR , (15) , 
j u s t  a s  i n  t h e  l o c a l i z a t i o n  problem. Consequently t h e  

i n t e g r a l  l e a d s  t o  t h e  same dimension dependent expression 

a s  i n  ( 2 0 ) .  I n  d =  2 one o b t a i n s  

We now assume t h a t  t h e  r e l a t i v e  c o r r e c t i o n s  of phys ica l  

q u a n t i t i e s  t o  lowest order  i n  h due t o  t h e s e  e f f e c t s  a r e  

given by t h e  change i n  t h e  i n t e r a c t i o n ,  i.e. by 

For example, t h e  c o r r e c t i o n  t o  t h e  d e n s i t y  of s t a t e s  

i n  d = 3 i s  then  given by 

I n  t h e  c a r e  of r e p u l s i v e  i n t e r a c t i o n  ( A \ 0) 
t h e  d e n s i t y  of s t a t e s  i s  hence found t o  decrease  i n  t h e  

v i c i n i t y  of t h e  Fermi su r face ,  having a downward, non- 

a n a l y t i c a l  cusp a t  EF ( i .e .  E = O  . This  behavior 

has i n  f a c t  been observed i n  tunnel  experiments [ 3 7 1  

where the tunne l  conductance d ~ / d v  , which is 

propor t ional  t o  t h e  d e n s i t y  of states, i s  measured a s  

a funct ion  of t h e  vo l t age  v ( i n s t e a d  of t h e  energy C ) ; 

see Fig.  17. 



Fig.  17: Behavior of t h e  d e n s i t y  of s t a t e s  c l o s e  t o  
t h e  Fermf energy i n  d =  3 [ 3 7 ] .  

To o b t a i n  t h e  conduct iv i ty  c o r r e c t i o n  a t  f i n i t e  

temperatures  t h e  energy € i s  replaced by T i n  ( 5 4 ) :  

The temperature dependence of h is t h e r e f o r e  

i d e n t i c a l  t o  t h e  one previously found i n  t h e  l o c a l i z a t i o n  

problem, al though the quantum mechanical i n t e r f e r e n c e  

due t o  backsca t t e r ing  (58) i s  no t  involved a t  a l l .  Only 



the diffusive behavior of the electrons is of importance. 

In fact, inclusion of the "Cooperons" only leads to an 

insignificant change of the results in (58) [38]. 

The singularities in the density of states and 

other physical quantities show that, in fact, the 

disorder leads to essential changes of the properties 

of a Fermi liquid, thus disproving long held, opposite 

views. 

In the meantime there even exists an exact 

solution of the interaction problem to lowest order in 

1 [ 3 9 ]  which can also be understood within Fermi 

liquid theory [ 4 0 ] .  Therefore, in the case of weak 

disorder, again a satisfactory situation has been reached. 

The Metal-Insulator Transition 

To go beyond perturbation theory and to be 

able to study the metal-insulator transition (including 

its critical properties), one needs a scaling theory or 

some other high-power mathematical method. At the 

present time field theoretical investigations as well 

as renormalization group treatments of the transition 

close to d= 2 dimensions are performed [41,42]. However, 

only in a few special cases (strong external magnetic 

field and magnetic spin scattering, respectively) have 

they led to definite conclusions. In these cases one 

finds that, just as. in the localization problem, a 



t r a n s i t i o n  w i l l  only occur above d =  2 dimensions. 

Close t o  t h e  t r a n s i t i o n  t h e  dc-conductivity is  expected 

t o  vanish  l i n e a r l y  i n  hL- ( i . e .  wi th  c r i t i c a l  

exponent S =  , l i k e  i n  Anderson l o c a l i z a t i o n  without  

magnetic f i e l d  o r  s p i n  s c a t t e r i n g ) .  However, t h e  

genera l  behavior is  s t i l l  unknown. I n  f a c t ,  i n  t h e  c a s e  

of zero  e x t e r n a l  magnetic f i e l d  t h e  renormalizat ion-  

group a n a l y s i s  breaks down before  t h e  t r a n s i t i o n  i s  

reached [ 4 1 , 4 2 ] .  This  is due t o  t h e  appearance of l o c a l  

magnetic moments ( s t r o n g  s p i n  f l u c t u a t i o n s )  which l ead  

t o  a divergence of t h e  s p i n  s u s c e p t i b i l i t y  f o r  T - 0  . 
Furthermore, t h e  quantum i n t e r f e r e n c e  e f f e c t s  

due t o  backsca t t e r ing  which a r e  r e spons ib le  f o r  t h e  

t r a n s i t i o n  i n  t h e  non- in terac t ing  system have n o t  y e t  

been f u l l y  considered. Therefore t h e r e  remains a l o t  

t o  be understood about t h e  meta l - insula tor  t r a n s i t i o n  

of t h e  i n t e r a c t i n g  system. 

Experimental Resul t s  and Theore t ica l  Conjectures  

I n  an experiment t h e  t r a n s i t i o n  i s  usua l ly  not  

approached by inc reas ing  t h e  d i so rde r  t o  A, bu t  

r a t h e r  by decreas ing  t h e  p a r t i c l e  d e n s i t y  M . I n  

serni-conductors t h i s  can be achieved by a change of 

t h e  doping concentratfon;  i n  t h i s  way t h e  energy of 

t h e  p a r t i c l e s  



is lowered. If the critical energy at which the transi- 

tion takes place is denoted by Ee E E ( n c )  , the 
system will he in the metallic regime for M hc 

(1 .e. E EL ) and in the insulating regime for * 4 M c 

(i.e. E C E, 1.  

As the details of the transition have not yet 

been understood, the corresponding experiments have 

also not been explained conclusively 1431, In three- 

dimensional samples one finds for example that there 

is one group of systems (e.g. amorphous hj b* %$-X 

or compensated Ge *.Sb ) where ~ ( 0 )  vanishes linearly 

with h - M c  e .  S C ~  ; see Fig. 18a) while in another 

group (e.g. or uncompensated Ge -. b I one finds 

a root-behavior (i.e. S = 'k ; see Fig. 18b) . (Note, 

that in both cases. the conductivity goes to zero 

continuously; furthermore, in both cases conductivities 

significantly below the postulated minimal metallic 

conductivity ThiM (see the arrows in Fig. 18a,b') 

haye been measured.) The reason for this different 

critical behavior is still not really clear. However, 

the two groups of materials differ in one essential - 
point and thLs has led to certain conjectures concerning 

the underlying physics [45,46]. The systems exhibiting 
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Fig.18: Dc-conductivity of d i f f e r e n t  systems c l o s e  
t o  t h e  meta l - insula tor  t r a n s i t i o n :  ( a )  Exponent 

g = 14 possess  one v a l ~  - 
, . . _ r  

ence e l e c t r o n  per  s c a t t e r i n g  

cen te r .  ( I n  t n e  c a s e  or %; :? every P-atom c o n t r i b u t e s  

l e c t r o n  t o  t h e  e l e c t r o n i c  system, 

ns r ep resen t  t h e  random p o t e n t i a l s  

r e  s c a t t e r e d ) .  I n  c o n t r a s t  t o  

.-A.Aw, A-a .-..- -,-.--...- ..,, h S = 1  t h e r e  a r e  s e v e r a l  e l e c t r o n s  

per s . ca t t e r ing  c e n t e r .  ( I n  t h e  c a s e  of compensated 

&: f b equal  amounts of Sb and B a r e  added, which then  



One may now specu la te  t h a t  t h e s e  a d d i t i o n a l  s c a t t e r e r s  

l ead  t o  an increased  s c a t t e r i n g  of  t h e  e l e c t r o n s  and 

t h a t  t h e r e f o r e  t h e  conduc t iv i ty  behavior wi th  s = i 

is  e s s e n t i a l l y  t h a t  of t h e  Anderson t r a n s i t i o n .  On t h e  

o t h e r  hand s = I  i s  a l s o  compatible wi th  t h e  i n t e r a c t i o n  

theory  f o r  systems wi th  s t rong  s p i n  s c a t t e r i n g .  

The s i t u a t i o n  i n  t h e  group of  m a t e r i a l s  wi th  

5 = '12 i s  even more unclear .  The behavior S = //3. has 

s o  f a r  only  been found f o r  - non-interact ing systems wi th  

s t rong  s p i n  s c a t t e r i n g .  However, i n  5 ; :  P only t h e  

e l e c t r o n s  c a r r y  a sp in .  Now, it might j u s t  be s o  t h a t  

t h e  l o c a l  magnetic moments ( s p i n  f l u c t u a t i o n s ) ,  which 

t h e  renormal iza t ion  group c a l c u l a t i o n s  f o r  t h e  i n t e r -  

a c t i n g  system come a c r o s s  (and which l ead  t o  t h e i r  

1 u l t i m a t e  breakdown) a c t  a s  sp in  s c a t t e r i n g  c e n t e r s  

themselves 1463.  The i n t e r a c t i o n  would then ,  through 

a c o l l e c t i v e  behavior of the e l e c t r o n s ,  provide 

magnetic moments on which t h e  e l e c t r o n s  themselves 

s c a t t e r .  Apart from t h a t  t h e  e l e c t r o n s  would " f e e l "  

a non- in terac t ing  system. Within t h i s  concept one 

would be able t o  understand S =//z . I n  f a c t  t h i s  

p i c t u r e  is supported by measurements of t h e  s p e c i f i c  

hea t  and t h e  s p i n  s u s c e p t i b i l i t y  of t h e s e  systems [ 4 3 ] .  

1 I n  t h e  l i m i t  0 one f i n d s  t h a t  both q u a n t i t i e s  

s t r o n g l y  inc rease  - an e f f e c t  t h a t  appears  t o  be 
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explicable by means of a strongly enhanced effective 

mass. Here now seems to be a close connection to the 

theory of strongly correlated ("almost localized") Fermi 

systems, which already has found application in the 

theory of liquid 3 ~ e  [ 4 7 ] .  In this way several 

remarkable connections between seemingly very different 

areas of condensed matter physics have recently emerged: 

connections between the problem of disordered systems, 

of Ferni liquid theory, of the theory of strongly 

correlated Ferni systems and also of superconductivity. 

We can be sure that a great deal of new and unexpected 

physics will evolve from the combination of these 

concepts. 
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