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Abstract

We study an approximation scheme for a variational theory of cohesive fracture in a one-
dimensional setting. Here, the energy functional is approximated by a family of functionals
depending on a small parameter 0 < € < 1 and on two fields: the elastic part of the dis-
placement field and an eigendeformation field that describes the inelastic response of the
material beyond the elastic regime. We measure the inelastic contributions of the latter in
terms of a non-local energy functional. Our main result shows that, as € — 0, the approxi-
mate functionals I'-converge to a cohesive zone model.

Keywords Cohesive fracture - Eigendeformation - Two-field approximation -
I'-convergence

Mathematics Subject Classification 74A45 - 74R20 - 74C05 - 49J45

1 Introduction

A tension test on a bar will typically show that small deformations are completely revers-
ible (elastic regime), while large deformations lead to complete failure (fracture regime).
Only for very brittle materials, one observes a sharp transition between these two regimes
(brittle fracture). By way of contrast, many materials exhibit an intermediate cohesive zone
(damage regime) in which plastic flow occurs and a body shows gradually increasing dam-
age before eventual rupture (ductile fracture).

Variational models have been extremely successfully applied to problems in fracture
mechanics, cf., e.g., [2, 7, 8, 18] and the references therein including, in particular, the
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seminal contribution of Francfort and Marigo [23]. Here, energy functionals are considered
that act on deformations in the class of functions of bounded variation (or deformation).
The derivatives of these functions are merely measures, and the singular part of such a
measure is directly related to the inelastic behavior of the bar. The resulting variational
problems are of free discontinuity type allowing for solutions with jump discontinuity
(macroscopic cracks). Moreover, within a damage regime the strain can contain a diffuse
singular part describing continuous deformations beyond the elastic regime that can be
related to the occurrence of microcracks, see, e.g., [1, 12, 19, 21, 22, 24, 25, 35]. In fact,
when considering variational problems with stored energy functions of linear growth at
infinity and surface energy contributions that scale linearly for small crack openings, all
these contributions to the total strain interact, cp. [6], which renders the problem challeng-
ing, both from a theoretical and a computational point of view.

As free discontinuity problems are of great interest not only in fracture mechanics but
also in image processing, several approximation schemes have been proposed with the aim
to devise efficient numerical approaches to simulations. Most notably, the Ambrosio—Tor-
torelli approximation [3, 4] has triggered a still continuing interest in phase field models in
which a second field (the ‘phase field’) is introduced that can be interpreted as a damage
indicator and whose value influences the elastic response of the material.

With a particular focus on cohesive zone damage models, we refer to, e.g., [13, 15-17,
26]. A small parameter ¢ is introduced in such models that corresponds to an intrinsic
length scale over which sharp interfaces of the phase field variable are smeared out. A
different approach has been initiated by Braides and Dal Maso for the Mumford Shah
functional and then extended to various generalized settings in, e.g., [8, 11, 14, 27-30, 32]
which involves a non-local approximation of the original field u in terms of convolution
kernels with intrinsic length scale ¢ <« 1.

Our main motivation comes from the Eigenfracture approach to brittle materials that
has been developed in [37] and further considered in [33, 34, 36]. Our main aim is to
extend this model to a ductile fracture regime with a significant damage zone. The vari-
ables of the model are the deformation field u, and an eigendeformation field g, which
induces a decomposition of the strain u/ = (u/ — g,) + g, into an elastic and an inelastic
part, the latter describing deformation modes that cost no local elastic energy. (We refer to
[31] for more details on the concept of eigendeformations to describe inelastic deforma-
tions and, in particular, plastic deformations.) The energy associated with the formation
and increase in damage is accordingly modeled in terms of a non-local functional acting on
g.» which replaces the non-local contribution defined in terms of a simple e-neighborhood
of the crack set in the original Eigenfracture model by a more general (and softer) convolu-
tion approximation.

We would like to point out that our setup thus introduces a novel modeling aspect to dam-
age functionals. Instead of an explicit dependence of the stored energy function on the damage
as being encoded in a phase field, in our model the constitutive laws, i.e., the linear elastic
energy | - |> and fracture contribution f (see below) remain unchanged. An increase in damage
is rather related to a transition from the elastic deformation field to the eigendeformation field.
In particular, plastic deformations at the onset of the inelastic regime need not immediately
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lead to softening of the material. With respect to non-local convolution approximation
schemes of the deformation field u, we remark that in our model such non-local contributions
need to be evaluated only near the support of g, but not on purely elastic regions.

In the present contribution, we focus on the one dimensional case. In this setting, our analy-
sis will benefit from the corresponding study of Lussardi and Vitali for pure convolution func-
tionals [29]. Indeed, we will follow along the same path in order to adapt and extend their
methods to our two field setup. There are, however, a number of notable differences in our
analysis which lead us, also in view of later extensions to higher dimensions [5], to provide
a self-contained account of our results. A main difficulty stems from the fact that there is no
pre-assigned functional relation between the eigendeformation fields g, and the strain fields
u!. Rather these quantities are merely ‘coupled by regularity” in the sense that u/ — g, € 12
As the limit of g, needs to be studied in a rather weak space, this leads to technical difficulties
when transferring asymptotic properties from u, to g,.

Our results also constitute the first step towards higher dimensional models. In particular,
the case of antiplane shear will be addressed in a forthcoming contribution [5]. Here, the lack
of a direct relation between g, and Vu, and hence, the absence of an underlying gradient struc-
ture will pose severe additional challenges.

1.1 Outline

We start by describing the setting of the problem and by stating the main results in Sect. 2. In
Sect. 3, we remind some facts on functions of bounded variation and the flat topology. Sec-
tion 4 is devoted to a compactness result. The I'-lower limit for the eigendamage model is
established in Sect. 5. To this end, we first derive the estimate from below of the jump part,
subsequently the estimate from below of the volume term and the Cantor term, and the proof
of the I"- lim inf inequality is then completed by combining the previous results. In Sect. 6, we
then address the estimate from above of the I'-upper limit. Finally, in Sect. 7 the asymptotic
behavior of the minimal energies with respect to the eigendeformation variable is studied.

2 Setting of the problem and main result

Suppose that a beam occupies the region (a, b)) with 0 < a < b < +o0 and that a displacement
u : (a,b) — R affects the beam. As cohesive energy associated with u, we shall consider

b
Fao= [ wtuhave2 ¥ (1) + coloula. b n

x€J,

where ¢ is a fixed positive constant, and y, f : [0, 00) — [0, oo) are functions defined via
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t2 ift <, v
w(t) = PN ;
cot — L1 t> ) e
and
f(t)* cot ift <1, t
e ift>1. 1

Note that fis the simplest continuous function such that f(0) = 0,
f@

,l_i,%k — =% and }lrglof(t) =cy.
The main ingredients in the energy (1) are a volume term, depending on the strain of the
beam u’ and corresponding to the stored energy, a surface term, depending on the crack
opening [u] := u(-+) — u(- —) on the jump set J, and modeling the energy caused by
cracks, and finally a diffuse damage term, depending on the Cantor derivative Du and cor-
responding to the energy caused by microcracks.

The natural function space in order to study such functionals in one dimension is the
space BV(a, b) of functions of bounded variation on (a, b). Notice that the distributional
derivative of each function u € BV(a, b) allows for a decomposition Du = W' L' + DSu into
the absolutely continuous and the singular part with respect to the Lebesgue measure, and
the singular part D*u = [u]H°L J, + D in turn into the jump part and the Cantor part,
which we have used in (1). We consider both models with an a priori bound ||ul| ;< ;) < K,
K < o0, and unrestricted models with K = oo.

We next introduce a functional depending on two fields u € L'(a, b) (in case K < o0),
respectively, u € L°((a, b), R) (in case K = c0) and y € M(a, b) with a non-local approxi-
mation of the second variable y, given as

[f: [u' — g|? dz if u e Whi(a,b), ull oo (ap) < K,

+% f(i) f(sflg(m)ﬁ(a,b) |(]| df) dz Y= g'cl-/ g€ Ll(az 1))7

E.(u,y) = and u' — g € L?(a,b),

o0 otherwise,

with e > 0, I,(x) := (x — &, x + ¢), and either K > 0 a fixed constant or K = co. We notice
that E, (1, y) can only be finite if y is absolutely continuous with respect to the Lebesgue
measure, with density in L'(a, b). In this case, represents the strain of the beam and y
is intended to compensate u’ in regions where i’ is above a certain strain level. Hence,
u' — g is the elastic strain of the material, while y describes the deformation of the material
beyond the elastic regime, indicating that a permanent deformation is exhibited if y # 0.
In what follows, we are interested into the asymptotic behavior of the functionals {E, } .
as € \, 0 (in the sense of I'-convergence). Focusing first on the case K < oo, it will be
described by the energy functional E which for (u, y) € L'(a, b) x M(a, b) is defined as
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b b .
/a lu’ —g|2dx+c0/a lgldx ifu € BV(a,b), llull ey < K,

By =1 2 e, f (4001 y=Du+gl', g€ Llab),
u,y) 1=
4 +¢o|DCul(a, b) and i’ — g € 12(a, b),
00 otherwise.

Let us notice that for a finite energy E(u, y), the displacement field « and the eigendeforma-
tion field y need to be linked in a very particular way. The singular part y* of the measure y
with respect to the Lebesgue measure needs to coincide with the singular part D*u of the
distributional derivative of u. The absolutely continuous part gL of y instead is not com-
pletely determined by the function , but only the integrability restriction u’ — g € L*(a, b)
is required. A particularly interesting choice of g for a given function u € BV(a, b) consti-
tutes the unique minimizer g* of the optimization problem

b b
to minimize / |’ —glzdx+/ colgldx among all g € L'(a, b). ()

By a pointwise minimization of the integrand, the minimizer g* is explicitly given as

W — sign (W)X if || > 2,
* 2
8 {0 if 'l < 5. 3)

For later purposes, we notice that the eigendeformation field y is completely described in
terms of the function u as

7/()pl‘ c= Dsu+g*£1

Moreover, the corresponding energy functional E(u, y°P") reduces to a one-field functional
depending only on the displacement u € BV (a, b), which under the additional restriction
lull o oy < K G K < 00) is precisely given by the energy F(u) introduced in (1).

In order to state our I'-convergence result, we need to endow L!(a, b) X M(a, b) with a
topology. A natural choice for the first component is the strong topology on L!(a, b). One
appropriate choice for the second component is the flat topology, that is the norm topology
on the dual of the space of Lipschitz continuous functions with compact support, while an
alternative choice is the topology induced by suitable negative W~!4-Sobolev norms, see
Sect. 3 for more details. Our main result is the following:

Theorem 2.1 Let L'(a, b) be equipped with the strong topology and M(a, b) be equipped
with the flat topology. Assume K < oo. Then, the family {E_},., I'-converges to E in
L'(a,b) X M(a, b), i.e., we have

(1) (liminf inequality) For every sequence {(u,,v,)}, in L'(a, b) x M(a, b) converging to
(u,y) € L' (a,b) Xx M(a, b), i.e. u, = uin L'(a, b)and Ye = v inthe flat norm, we have
liminf E, (.. 7,) > E(u, 7).
(i) (limsup inequality) For every (u,y) € L'(a,b) X M(a,b) , there exists a sequence
{(u,,7.)},inL'(a, b) x M(a, b)suchthatu, — uinL'(a,b),y, — v in the flat norm, and
limsupE, (u,,y,) < E(u,y).

£
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2166 V. Auer-Volkmann et al.

The associated compactness result is stated in Theorem 4.2, where we in fact estab-
lish for the second variable convergence in W-L4(q, b) for all 1 < q < . Therefore, we
obtain as a direct consequence of Theorem 2.1 also I'-convergence of {E,},., to E in
L'(a, b) x M(a, b), when M(a, b) is equipped with the stronger topology of convergence in
W~14(a, b) for some 1 < g < co.

Remark 2.2 Our result can be seen as a two-field extension of the setting considered in
[29]. Indeed, introducing the constraints g = i/, respectively, y = Du, one is lead to func-
tionals F,_(u) = E_(u, W LY and F(u) = E(u, Du) depending on u only. In this case, the "
-convergence of the sequence {F, }, to F has been obtained in [29].

The unrestricted problem is in fact strongly related. Indeed, even for K = oo an
energy bound implies L* bounds away from an asymptotically small exceptional set.
The complement of the exceptional set can be chosen as a union of a bounded number
of intervals, concentrating on the points of a finite partition a =x5 <x; < --- <X, =b
of (a, b) in the limit € = 0 such that {u,}, and {g,}, converge with respect to the
L' norm, respectively, the flat norm, locally on (a,b)\{xi,...,x,_;}. On the excep-
tional set, however, u’e and g, can assume extremely large values, spoiling their conver-
gence even in a weak distributional sense. As a result, large jumps can develop in the
limit and parts of u, may elapse to +oo. In order to account for such a possibility, we
consider limiting functions taking values in R = R U {—c0,+00}. More precisely, let
P= {(xo, s Xy) ta=xg<x < <x,=b,me N} and consider BV, p(a, b) as con-
sisting of functions « : (a,b) — R of the form

m
u=w+ ai)((xl,l,x,-) (4)
i=1
with @; € {—00,0,4+0}, i=1,...,m, (xy,...,x,) €P and w € BV(a,b). We denote the
part where u is finite by F(u) = (U,., olxi_1. x,1)", set J, = {x € (a.b) : [u](x) = u(x+)
—u(x—) € IR\{O}} and read f(o0) = col. We then extend E to L°((a, b), R) X M(a, b) by
setting

ff(u) [/ — g|2dz + o f}.(u) lgldz  if u € BV p(a,b), g € LY(F(w)),

. +2 ZmEJu f (%][u] (1)|) yL F(u) = (D%u + gL L F(u),
E(u,7) = +co| Dul|(F(u)) and v’ — g € L*(F(u)),
00 otherwise.

We say that (u,,7,) — (u,7) in L°((a, b), R) X M(a, b) if u, — u a.e. and y, — y in the flat
norm locally in F(u) on the complement of a finite set, i.e., 7. L. A — L A on each open
set A € Fu)\{x,...,x,_,} for some (x,,...,x,) € P. With this notion of convergence,
we have:

Theorem 2.3 Assume K = oco. Then, the family {E,},.,T-converges to E in
L°((a, b), R) X M(a,b).

The corresponding compactness result for K = oo with respect to this particular conver-
gence is stated in Theorem 4.3.
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Remark 2.4 1n fact, E(u, y) can be finite only if the restriction of u to F(u) is a BV function
and not merely an element of GBV(F(u)). In particular, if E(u,y) < oo and u € L'(a, b),
then u € BV(a, b).

Remark 2.5 Our methods can easily be adapted to obtain an alternative asymptotic descrip-
tion by considering renormalized functionals: From the above partition P, one can derive a
coarser one (whose members are finite unions of intervals) so that on each such set one has
an L* bound on u, modulo a single additive constant and the mutual distance of u, on two
different sets diverges. This allows for an asymptotic description also of those parts that
escape to infinity.

Remark 2.6 Our results remain true if restricted to preassigned boundary values u(a) = u,,
u(b) = u;, where u,, u;, € R such that —K < u,,u, < K. As for a bounded energy sequence
parts of the jump set could accumulate at the boundary {a, b}, a usual way to implement
boundary conditions is to consider E." and E“'" on an extended interval (a — #,b + 1),
with n > 0 fixed, which are defined as E, and E, respectively, before but with the additional
constraints E,”"(u,y) = E""(u,y) = oo if not u = u, a.e. on (@ — #,a) and u = u, a.e. on
(b,b+n) and YL ((a —1n,a) U (b,b+1)). So if u does not satisfy the given boundary val-
ues on (a, b) in the limiting problem, this leads to an extra energy cost:

E¥a¥ (u,y) = E(u\(a,b),’yl_(a,b)) +2f (%\u(a-l—) — ua‘) +2f <%\u(b—) — ub|> .

Indeed, the T-liminf inequality and the compactness property are direct consequences of
the case with free boundaries. The I'-lim sup inequality for K < oo follows from the obser-
vation that the recovery sequence constructed in Proposition 6.1 indeed satisfies u, = u
near {a,b} and from Remark 6.4. The case K = oo is a direct consequence as there the
recovery sequence is built as in the case K < oo near {a, b} since u,, u, € R.

Remark 2.7 Our results can also be adapted to general contlnuous stored energy func-
tions W leading to a general non-quadratic bulk contribution f W(u' — g)dx, when-
ever W satisfies a p-growth condition of the form c|r|P — C < W(r) < C|r|P + C for
suitable constants ¢,C > 0 and some p € (1, 00) and for convenience we also assume
that min W = W(0) = 0. The first term in the limiting functional is then replaced by
/ W*(u' — g) dx, respectively, /f( , W' — g) dx, where W** is the convex envelope of
W. In fact, making use of the estimate W > W**, compactness and the I'-lim inf inequality
follow exactly as before with W** instead of | - |? by taking account of the obvious adap-
tions such as replacing L? by L” and SBV? by SBV?. The I'-lim sup inequality requires an
extra relaxation step, which is detailed in Remark 6.2, and is otherwise straightforward as
well.

For completeness, we also give the corresponding approximation results for the minimal
energies with respect to the second variable y, which are defined as

E ) := inf E inf E !
(1) yegll( » L, y) = et (. L") 5)

and
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2168 V. Auer-Volkmann et al.

E) := inf E(u,D'u+ gL,
(w) LV w,D’u+gL") (6)
foru € L'(a,b) and u € L((a, b), @), respectively. As a direct consequence of the previous
I'-convergence result, we obtain:

Corollary 2.8 The family {Eé }eso [-converges to E, on L' (a, b) equipped with the strong
topology if K < oo and with respect to convergence a.e. on L°((a, b), R) if K = co.

3 Preliminaries

In this section, we recall some basics on BV-functions, for simplicity on a one-dimensional
interval (a, b) C R, and convergence of measures.

Functions of bounded variation. A function u € L'(a, b) is said to belong to the space
BV(a, b) of functions of bounded variation if its distributional derivative is a finite Radon
measure, i.e., if the integration-by-parts formula

b b
/ ug' dx = —/ @dDu forevery @ € Ci(a, b)

is valid for a (unique) measure Du € M(a,b). The space BV(a, b) is a Banach space
endowed with the norm

el gyapy 2= lullprgapy + |1Dula, b),

where |Dul(a, b) is the total variation of Du. We here collect some basic facts from [2] for
functions of bounded variation, which are relevant for our paper.

We recall the notions of weak-+ and strict convergence for sequences {u,}, in BV(a, b),
which are useful for compactness properties and approximation arguments, respectively. We

say that {u,}, converges weakly-+ to u € BV(a, b), denoted by u, A u, if u, — uin L'(a, b)

and Du,, - Duin M(a, b). We notice that every weakly-* converging sequence in BV(a, b) is
norm-bounded by Banach—Steinhaus, while every norm-bounded sequence in BV(a, b) con-
tains a weakly-+ converging subsequence (see [2, Theorem 3.23]). We further say that {u,},
converges strictly to u € BV(a, b) if u, — u in L'(a, b) and |Du,|(a, b) — |Dul|(a,b). As a
matter of fact, the space C*(a, b) is dense in BV(a, b) with respect to the strict topology (see
[2, Theorem 3.9]).

We next discuss approximate continuity and discontinuity properties of a function
ue Llloc(a, b). We say that u has an approximate limit at x € (a, b) if there exists a (unique)
u(x) € R such that

lim lu(y) — u(z)|dy = 0.
p—0% S (z—p,z+p)N(a,b)
We denote by S, the set, where this condition fails, and call it the approximate discontinu-
ity set of u. It is £l—negligible, and % coincides £'-a.e. in (a, b)\S, with u. Furthermore, we
say that u has an approximate jump point at x € S, if there exist (unique) u(x+), u(x—) € R
with u(x+) # u(x—) such that
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lim ][ lu(y) —u(z+)|dy =0 and lim lu(y) — u(z—)|dy = 0.
(z,z+p

L
p—0 p=0% S (@—p,z)

We denote by J, the set of approximate jump points and call it the jump set of u. Notice
that u(x+) and u(x—) can be considered as one-sided limits from the right and from the left,
respectively.

For u € BV(a, b), the set J, coincides with S, and is at most countable. It is also con-
venient to work with the precise representative

wrn . B(x) ifx € (a,b)\J,,
W) 1= { Wlw/2 ifxeld,

According to the Radon-Nikodym theorem, the measure derivative Du = D*ul' + D’u
can be decomposed into the absolutely continuous and the singular part with respect to the
Lebesgue measure £'. We then define the jump and the Cantor part of Du as

Dy :=D%uLJ, and D% == D*ul ((a,b)\ Jy).

From the identifications D“u = u’ L' with the approximate gradient u’ for the absolutely

continuous part and Diu = [u]H° L J, with [u] := u(- +) — u(- —) for the jump part (see [2,
Theorem 3.83 and formula (3.90)]), we arrive at the decomposition

Du = 'L + [uH°L J, + DCu.

We can actually decompose the function u as

U=u, +u+u, @)

for an absolutely continuous function u, € W'!(a, b) with Du, = D*u, a jump function u;
with Du; = Diu, and a (continuous) Cantor function u, with Du, = Du (notice that these
functlons are determined uniquely up to additive constants). Thus, the decomposition
of Du is recovered from a corresponding decomposition of the function itself (which for
BV-functions defined on open subsets of R? with d > 1in general is not possible).

We finally mention the subspace SBV(a, b) of special functions of bounded variation,
which contains all functions u € BV(a, b) with Du = 0. In addition, we define

SBV*(a,b) := {u € SBV(a,b) : u' € L*(a,b) and H°(J,) < c0}.

Convergence in negative Sobolev spaces and in the flat topology. The negative Sobolev
spaces W~19(a, b) with 1 < ¢ < co are defined as usual as the dual spaces of W 7 (a,b)
(with ¢’ € [1, o0) denoting the conjugate exponent to g Wlth + - =1), and correspond—

ingly the norm is defined via the duality pairing as
Lq .
I y-taiany = 50 { T(@) : @ € Wy (@,b) with 1@l oy < 1},
for every T € W~149(a, b). Consequently, the spaces W~19(a, b) with 1 < g < o are reflex-
ive and separable. For later purposes, we mention two spe<:1ﬁc situations. Let v € L9(a, b)

and w € L"(a, b) with 1 < r < oo such that the embedding W 7 (a,b) € L" (a, b) is continu-
ous. If we set
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2170 V. Auer-Volkmann et al.

b b
Ty (@) 1= —/ ve'dx and T, () := / wedx forall g € Wé’q (a,b),
a a

then, by the Holder inequality and the continuous embedding (with constant C’), we obtain
Tp,.T,, € W™14(a, b) with

”TDv”W*‘«‘l(a,b) < ”V”Lq(a,b) and ”Tw”W*‘«q(a,b) < C,”W”Lr(a,b)- (8)

Because of the continuous and dense embedding Wé’l(a, b) Cc Cy(a,b), the negative
Sobolev norms can actually be considered on the space M(a, b) of all finite Radon meas-
ures on (a, b), for which the duality pairing reads as

b
el w-raapy = SUP{/ pdu @€ W q(a b) with ||¢|| W (ab) = 1}

for u € M(a, b). If we allow ¢’ = oo in this expression, we obtain the flat norm

b
lpllgae i = sup{ / edu : @ € W(;voo(a,b) with ”(p”u/(:.oo(ayb) < l},

for u € M(a, b). Here, we have the inequalities
1
1DVl gae < ”V”Ll(a,b) and [[wL |lg, < ”W”Ll(a,b) )

for all functions v € BV(a,b) and w € L'(a, b). Let us still notice that due to Schauder’s
theorem and the compact embedding Wé’“’(a, b) € Cy(a,b), the flat topology metrizes
weak-# convergence of (uniformly bounded) measures. Therefore, we have the following
relations for the convergence of measure with respect to convergence in W=14(a, b), the flat
norm and in the weak-* sense.

Lemma 3.1 (on convergence of measures) For a measure u € M(a,b) and a sequence
{1, }hen Of measures in M(a, b), we have:

1 Ifu, - Huin W-Y4(a, b) for some 1 < g < oo, then U, — uin the flat norm.
(i) If u, = pin M(a,b), then p, — uin the flat norm.
(iii) If u, — pin the flat norm and sup,cy |, |(a, b) < oo, then p, — pin M(a, b).

4 Compactness

In this section, we establish a compactness result for sequences in L!(a,b) X M(a, b)
with bounded energy E,. This result together with a I'-convergence result implies the con-
vergence of minimizers and the corresponding minimum values. In order to bound suit-
able norms of the two fields in terms of the energy, we first prove the following technical
lemma:

Lemma 4.1 Let g € L'(a,b). Fore > 0, there exists x, € R such that the grid

Y .= {x,x =x, +2ea: anandxae(a+e,b—6)}
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contains a subset 4. C 4. with

1 b
[ slar2p@ ey <= [g(ef pla)an
JU{Ie(z0): za €9} €€ Ja JI.(z)N(a,b)

Proof We proceed analogously to [29, proof of Lemma 4.2]. Let ¢, € Cy(a,b) be a
cut-off function with 0 < ¢, < 11in (a, b) and ¢, = 11in (a + &,b — €). We then consider
v, € Cy(R) defined via

Ve(@) = 6c(a) f(]{ N dt)

for x € (a,b) and y_(x) := 0 for x € R\(a, b). The application of [10, Lemma 4.2] (with
n = 2¢), which is a consequence of the mean value theorem for integrals, shows that

/ vy, dx =2¢ Z v, (x, + 2¢ea)
R aE”Z

holds for a suitable x, € R. By non-negativity of f, the choice of the cut-off function ¢, and
the definition of ¢,, we hence have

b
L/ f<€][ |g\dt> a2t [ e
€ Ja I (z)N(a,b) € JRr

- (10)
>0 Y dew) =2 30 f(e]l” )Igldt)

Ta€Y: Ta€Y:
If we now set

G = {J:QE%:E \g\dt<1}7

Ic(xa)

then the claim follows directly from (10), after rewriting the right-hand side via the defini-
tion of f as

2 Z f<§]{5<za>|g|dt) = 2cg Z 57[ lg| dt + 2 Z o

T0 Y. zacy! 7 1(ze) 16 €Y \Y!
—a Y [ lalde 2@\, 0
zacg: ?e(za)

We can now address the aforementioned compactness results.

Theorem 4.2 (Compactness for K < o0) Assume K < oo. Let {(u,,7,)}, be a sequence in
L'(a, b) x M(a, b) with

E (u.,7.) <G
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for a positive constant C, and all € > 0. There exist a function u € BV(a,b) with
lull pw(upy < K and a measure y € M(a, b) such that, up to subsequences, {u.}, converges
to uin L' (a,b) and {y, )}, converges toy = y* + gﬁl in W=4(a, b) for all 1 < g < oo and in
particular in the flat norm. Moreover, there holds y* = D’u and u' — g € L*(a, b).

Proof We first observe from the finiteness of FE _(u,,y,) that we necessarily have
u, € Whl(a,b) with |[u, ||« < K and y, = g L' for some functions g, € L'(a,b) for
all e > 0. By the uniform boundedness of ||u/ — g, || Lap and [l || Loo(a.py We deduce from (8)

1 ol 1 pl
WL || P ||
€ W-1(a,b) Ve £ W-1(a,b)

< ||u6||L°°(a,b) +C'||ge - u;”LZ(a,b) < C(a, b, K),

”yEHW*L‘”(a,h) <

independently of &. Therefore, {7, }, is bounded in W~"%(a, b) and consequently contains
a subsequence, which converges weakly-+ in W=*(a, b) to some y € W~1®(a, b). We
next study the convergence of the sequence {u, },. To this end, we consider the function v,
defined by

v, (x) 1= { ux) xeUlL(x) i x, €94},

0 otherwise.

Since u, € W'!(a, b) with ||u, || Loap < K is assumed, we clearly have v, € SBV(a, b) with
Ve || L@y < K for every e. Moreover, jump discontinuities of v, can only occur at points
x, 2 & for x, € 4.\¥ and close to the boundary at min %, or at max ¢/.. As a consequence
of Lemma 4.1 and the definition of the energy E,, we deduce

1 b C,
#Jy. <2HGNG)+2< — f(e][ |g|dt) de+2< 2249
Co€ Ja I (z)N(a,b) Co

ie., that #J, is bounded independently of £. By the Cauchy—Schwarz inequality and again
by Lemma 4.1, we additionally have

b .
/ ()] dz < / i () — ge(a)] d + / l92(2)] dz
a UHIe(za): zac€9!l} U{Ic(za): za €Y.

1 b % 1 b
<Ib—af} (/ \u;u)fgs(xnzdw) s f f(f |ge|dt)dw
Ja Co€ Ja I (z)N(a,b)

L C
<|b—al2C3 + =,
Co

independently of €. Hence, {v,}, is bounded in BV(a, b). By the Rellich—-Kondrachov
theorem, there exists a subsequence that converges in L(a, b) to some u € BV(a, b) with
el oo 0.5y < K, Tor any 1 < g < oo. To identify u as the limit in L/(a, b) of (the same subse-
quence of) {u, },, we notice from the definition of v,

Ty KYd < 26K\ D)+ DK,
' @b\ Ut (x,):x, €9 }

Since #(9, \%; ) is bounded uniformly in €, this allows to conclude the convergence of {u, },
tou in LI(a, b), forany 1 < g < oo.
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It remains to show convergence of (the subsequence of) {y,}, in W-14(a, b) for
any 1 < g < oo and the claimed relations between y and Du. In view of (8), we have
ul L' = Du=u'L' + D*u in W=4(a, b) for every 1 < g < co. Furthermore, by the bound-
edness of {ué —g.}, in L%(a,b), we can extract a subsequence which converges weakly in
L*(a,b) to some w € L*(a, b). Since L*(a, b) is compactly embedded in W~=14(q, b) for all
1 < g < o0, we obtain y, — Du — wL!in W=14(a, b) and thus, via Lemma 3.1, also in the
flat norm. This shows y = Du — wL! € M(a, b), which in turn, by the Radon-Nikodym
theorem, yields y* = D'uand w = v’ — g € L*(a, b). O

Theorem 4.3 (Compactness for K = co) Assume K = co. Suppose {(u.,y.)}, is a
sequence in L°((a, b);R) X M(a, b) with

Ee(ue’ 7/5) S CO

‘or a positive constant Cy and all € > 0. There is a partition a = x, < x; < =+ <x, = b, a
p 0 p 0 1
functionu € BVOO’P(a, b), say

u=w+ Z G X, )
i=1
with a; € {—0,0,+00}, i=1,...,m and w € BV((a, b);R) and a measure y € M(a,b)
such that, up to subsequences, {u } converges to u a.e. and in L1 (f(u)\{xl, . X, 1) and
{gEE }, converges to y = D*w + g[:1 inW,_ 1q((a D\ {x,...,x, })for alll < g < o and in
particular in the flat norm on each open I thaz is compactly contained in(a,b)\{x,...,x,}
Moreover, w' — g € L*(a, b). In particular, (u,,7,) = (u,y)in L((a, b);ﬁ) X M(a, b).

Proof We define G exactly as in Lemma 4.1 and denote by J,, ... ,ng the connected com-

ponents of [ J{Z,(x,) : x, € G.}. We then notice that the arguments in the preceding proof
show that for some constant C we have m, < C and

/J, Wl o < an

while £'((a, )\(J; U - U J,,)) < Ce.
We set x,; = supJ;and o ; = J[Jz uedx,i=1,...,m,. Note that (11) implies

e — o ill oy < C. (12)
Passing to a subsequence, we may assume that m, = /i for some 7 independent of € and
X, — X € [a,b] as well as a,; > & € R=RU{—o00,+00}, for i=1,...,/m. Choose
a=xy<x <--<x,=>b(m<m)suchthat {x,,...,x,} = {%;,X,....X;} (With %, :=a

and, by construction, X5 = b) and set; = &;if X;_; <X; = x;.

If |o;| < oo, then {u, }, converges to a functlon w weakly* in BV .(x,_;,x;) and the
uniform bounds in (11) and (12) imply ||w|| Lo ) Dw((xi_y, %) < C, in particular,
w e BV(x;_;,x;). If @; = +o00, then u, — +o00 a.e. on (x;_;,x;) by (12). In this case, we
define w € BV(x,_j, x;) as the weak* limit in BV}, (x;_;,x;) of {u, — a; . }. The convergence
of {y.}, follows directly by applying Theorem 4.2 on compact intervals I of (x,_;,x;) to
{(ug, 7o)} and {(u, — a; ., 7,)},. respectively. As|w’ — g|| 2, is bounded independently of
by the uniform energy bound, we have indeed w’ — g € L?(a, b). a
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Remark 4.4 For later use, we notice that Lemma 4.1 and the proof of Theorem 4.3 show
that, under the assumptions of Theorem 4.3, for any open A € (a, b))\ {x, ..., x,,_;}

b b
1
/ IU’E—QEIQdaH—/ f(s][ \gs\dt) dw
a €Ja I (z)N(a,b)
22co(mfl)+/ |u'57g5\2d1:+1/f<5][ |g5|dt) dz
A €Ja Ie(z)N(a;b)

for sufficiently small € since #(%\ffg) >m—-1>m-1

Remark 4.5 According to the compactness results of Theorems 4.2 and 4.3, we
may restrict ourselves to pairs (u,y) € BV(a,b) X M(a,b) with |[u|;«, <K and
(u,7) € BV, p(a,b) X M(a, b), respectively, and such that the measure Du — y is abso-
lutely continuous with respect to the Lebesgue measure with density in L2(F(u)). The
statements of Theorems 2.1 and 2.3 are trivial otherwise.

Remark 4.6 1In principle, with the compactness result of Theorem 4.2 at hand, we could infer
our I'-convergence result in Theorem 2.1 from known results, by separate considerations
of the elastic and inelastic contributions. To this end, given (u,,y,) € W"!(a, b) x M(a, b)
with y, = g, £! and u —g, € L*a,b), we define (W,,G,) € W'?(a,b) x W"'(a,b) via
W.(a) = G.(a) =0and W/ = u, — g,, G, = g, on (a, b). This allows to express

b 1 b
Buend) = [ e+t [ f(][ \G;|dt) da
a € Ja I (z)N(a,b)

as the sum of the standard Dirichlet energy for W, and a non-local energy involving only G,
considered by Lussardi and Vitali in [29]. However, the understanding of the coupling
between u, and y, is essential for the extension to higher dimensions addressed in [5],
which cannot be traced back to the one-dimensional case via the slicing technique. For this
reason, we prefer to give a self-contained proof of Theorem 2.1.

5 Estimate from below of the I'-lower limit

Next, we start with the proof of the I'-liminf inequality. Except for the very last par-
agraph, we assume K < oo in the whole section. To show this inequality, it is useful to
introduce the localized version of the functionals {E,}, and E. They are defined for
(u,7) € L'(a, b) x M(a, b) and every open subset A of (a, b) via

Salu —g|?dz if u e Whl(a,b) llull oo (a,0) < K,

+2 [a F et o 9l dt) de v=gL' g€ L'(a,b),

Ee(u,,4) = and v — g € L*(a,b),

o0 otherwise,

and
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Juld' = gl*dx+ [, colgldx ifu € BV(a,b), |ullfo@p < K,

RN Rp YY) (41acor) y=Du+gLl!, g€ L(ab),
(l/t, Y, ) T +C()|Dl?u|(A) and M/ — 8 S LZ(a’ b)?
o otherwise.

We denote the I'-lower and I'-upper limit of {E, }, by
E'(u,y) :=inf{ liminf £, (., 7,) * u, = win L'(a,b), y, — y in the flat norm},
£
E"(u,y) 1= inf { limsup E,(u,,7,) : u, — uin L'(a,b), y, — y in the flat norm},
-0

respectively. For the I'-lower limit, we also need a localized version, for which we adapt the
notation and write E’'(-, -, A) for every open subset A of (a, b).

Remark 5.1 (Properties of the localized I'-lower limit) Let (1, y) € L'(a, b) x M(a, b).

(1) The properties that the set functions A — E_(u, y, A) are increasing and superadditive
(on disjoint sets) for each € carry immediately over to A — E'(u,y,A).

(ii) A direct consequence of (i) is that lower bounds for A = E'(u,y,A) transfer from
intervals in (a, b) to arbitrary open subsets of (a, b), i.e., if for a positive Borel meas-
ure A an estimate of the form

E'(u,y,A) > MA)

holds for all intervals A C (a, b), then the estimate actually holds for any open sub-
set A C (a, b), cp. [29, Remark 4.6] for a similar statement.

In this section, we prove the I'-liminf inequality, where in view of Remark 4.5 it is
sufficient to consider (u,y) € BV(a, b) x M(a,b) with |[u]lj«(,p < K, v = D'u+ gL' and
u' — g € L*(a, b). The basic idea is to derive three separate estimates for the jump part, the
volume term and the Cantor term, respectively, and to infer the desired estimate then from
a combination of these estimates by means of measure theory.

5.1 Estimate from below of the jump term

Proposition 5.2 Let A be an open subset of (a, b). For every (u,y) € BV(a, b) X M(a, b)
withy = D'u+ gL' and o’ — g € L*(a, b), we have

Euydz2 Y f(%l[u](x)l).

x€J,NA

Proof Step 1: For everyx € J,NA, we have
1 -
E'(u,7,A) 2 2f<§|[u](X)|>. 13)

Since only finite energy approximations are of interest, we consider a sequence {(u,,7,)},
in Wh!(a, b) x M(a,b) with y, = gL' for some g, € L'(a,b) and E,(u,,y,) < C, for

@ Springer



2176 V. Auer-Volkmann et al.

some uniform constant C,, for all € > 0, such that ¥, — u in L'(a,b) and v, — v in the
flat norm. We fix an arbitrary 6§ > 0 such that (x — 26,x + 26) C A (recall that A C (a, b) is
open). By definition of (u(x+), u(X—)) and since u, — u in measure, we readily find points
X7 € (x—46,%) and X' € (%,% + 6) such that, for sufficiently small ¢,

lu &) —uG+H)| <6 and  |u (X)) —uG-)| <6 (14)

(also cp. [29, Lemma 5.1]). Using the monotonicity of A — E, (u,,,,A) and applying the
estimate (10) with (a, b) replaced by (x — 26, X + 26) on an associated grid of points 4., we
obtain from the subadditivity and non-negativity of f

Es(“av’YEvA) >2 Z f<6][ |95|dt)
I-(za)

0 €Y:
1 [ 1
or( X g [ adas)2s(5 [ ladae),
Zmeff_g JIe(zq) J(zz ,zd)

for all € < 6 (notice the inclusion ()'ce‘,)'c:) c ULk, : x, € 5_46 1. For the argument on the
right-hand side, we observe from the Cauchy—Schwarz inequality, the inequalities in (14)
and from the energy bound

/ Iggldxz[/ Jue, | dx — |g£—u;|dx]
) 7w Gt +

1
> [, (65 = GOl - |5 = 51

s)

8e — ”.,e”LZ(a,b)L
1
> [|u(x+) U] — 26— (25)%c(§] .
+

Using once again the fact that fis increasing, we can continue to estimate (15) from below
via

E (it 7 4) 2 2f<%[””]®' "8G (2‘”;]+>'

Now, passing to the liminf as € — 0 and then letting 6 — 0F, we obtain (13).

Step 2. For an arbitrary M € Nwith M < #(J, N A), we select a set {x,, ..., x,,} contain-
ing M points of J, N A and pairwise disjoint open intervals Iy, ..., ), in A such that x; € I,
foralli=1,...,M. First, we apply the monotonicity and superadditivity of E'(u,y, -) (see
Remark 5.1) and then the estimate of Step 1 for /; instead of A. This yields

M M
EwrA)z Y Ewrd) > Y 2 (5.
i=1 i=1

Since M is arbitrary and J, is at most countable, the claim of the proposition follows. a
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5.2 Estimate from below of the volume and Cantor terms

We basically follow the idea of Lussardi and Vitali from [29, Lemma 4.3 and Lemma 4.4].
We start by proving that approximation sequences in W'!(a, b) X M (a, b) can be modified
in such a way that in the limit we additionally have the optimal L*-estimate.

Lemma 5.3 Let (u,y) € BV(a,b) X M(a,b) with ||lullpxp <K, v =D'u+ gL' and
w — g € L*(a,b). Furthermore, let {(u,,7,)}, be a sequence in W'(a, b) x M(a, b) with
ete|| ooy < K 7e = gL' and u' — g, € L*(a,b) for all € > 0 such that {u,}, converges
to u a.e. in (a, b) and in L'(a, b) and such that {7.}, converges to y in the flat norm. There
exists a sequence {(ii,,7.)}, in Whl(a,b) x M(a, b) with ||ﬁ£||Lm(a’h) <K,7 =g.L for
some g, € L'(a,b) and E_(ii,, 7,) < E_(u,,y,) for all € such that {ii, }, converges to u a.e. in
(a, b) and in Li(a,b) for all1 < g < oo and

lim s&lp ||, - u||Lw(a’b) <sup {l[u](x)l i x€ Ju}.

If, in addition, the energies {E_(u,,y,)}, are bounded, then {y_}, converges to y in the flat
norm.

Proof We follow the outline of the proof for [29, Lemma 4.3], which, however, needs
some modifications due to the additional variable y. In what follows, we may assume that
the precise representatives of u and u, for each € are considered. The function u can be
decomposed as u, + u; + u,, see (7), where u; is a jump function with jump discontinuities
at any point of J, and where u,, + u. is uniformly continuous in (a, b). We set

o= sup{l[uj](x)| iX EJu}

and first claim that for every n € N there exists 6, € (0, i] such that

x,y € (a,b)with |x—y| <6, = |ux)—u;(y)| <o+ %, (16)
1
|ua(x) + uc(x) - uu(y) - uc(y)l < ; (17)
In fact, there are only finitely many points Xy, ..., X, in J, that have to be excluded to
deduce that
Y el < -
y . (18)

FET AN EIT |

By choosing 6, > 0 sufficiently small, we can guarantee (16) by (18) and the definition
of o provided that each interval of length 6, contains at most one ¥;, and we can further
ensure (17), by the uniform continuity of u, + u,.. We then consider a partition P, of (a, b),
1.e.,

a=xy<x; < <X <Xy =b

(where the dependence of the points on # is not written explicitly) such that the mesh size is
less than 6, i.e., x;,; —x; < 6, foralli € {0, ...k}, x; € J, and u,(x;) — u(x;) as € — 0 for
every i € {1,...,k}, which is possible by the pointwise convergence u, — u a.e. in (a, b).
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Since by construction of 6, at most one of the points X, ..., X,,,, € J,, where a large jump
of u; occurs, may belong to the interval [x;, x;,;], we necessarily have |uj(x) - uj(y)| < i for
y = Xx; or y = x;, such that as a consequence of (17) there holds

u(x) € |minf{u(x,), u(x;, )} — %,max{u(xi), ul )} + % (19)

for all x € [x;,x;, Jand everyi € {1,... ,k—1}.
After having fixed the partitions P,, we can now start with the construction of the

sequence {i, },. Since u, — u in measure and u,(x;) — u(x;) for everyi € {1,...,k}, we can
fix a “level” €, for each n € N such that

|{x € (@b : |u,(x)—u@)| > l}| <1 forae<e, (20)
n n
and
[, (x;) — ulx;)| < 1 foreveryi=1,...,kandalle < £,. [©3))
n

Notice that we can choose {£,}, strictly decreasing and such that £, — 0% as n — 0. For
€ > £, we then setii, :=u, and 7, :=y,. Otherwise, if € € (0, £,], we first determine the
unique n = n(e) € N with € € (§,,,£,]. On the first and the last interval of P,, we set i,
equal to u,(x;) and u_(x,), respectively. On an arbitrary interior interval [a, f] of the form
[x;,x;,,] for some i € {1,...,k— 1}, we define, after assuming without loss of generality

u(a) < u(f),
_ . 4 4
i1, (x) 1= min {max {ug(x), u(a) — - }, u () + - }
n n
for every x € [a,f], which is the projection of u, onto [u (a)—4/n,u(f)+4/n].
Because of &, (x;) = u,(x;) for every i € {1,...,k} and u, € Wh!(a,b), we clearly have
i1, € Whl(a, b). Moreover, the L* bound on u, with constant K directly transfers to i,.

We next study the asymptotic behavior of the sequence {i, },. From the definition of i,
and with (21), we observe for all € < &,

_ . 5 5
i, (x) € |min{u(x;), u(x; )} — ;,max{u(xi), u(xi )} + -
which, via (16) and (17), implies
_ 7
lit,(x) —ux)| <o+ —,
n
for all x € [x;,x;,,]and every i € {1,...,k— 1}. Since the latter estimate is also satisfied

for the first and the last interval of the partition, we then infer from n = n(¢) > 0 ase — 0
the estimate

lim soup [l — u||Lw(a!b) <o= sup{|[u](x)| 1x€ Ju}.
fd

In order to show the convergence claims of {i,},, we again consider an arbitrary inte-
rior interval [a, ] of the partition P,. If we denote the pointwise projection of u, onto
[ (@) = 3/n,u(f) +3/n]by u?, we have
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_ _ 1 .
li, —u| < |a, —ul| + |u] —u| < ;+|u6—u| in [a, f],

as we know u(x) € [u () — 3/n,u (B) + 3/n] due to (19) and (21). Since the length of the
first and last interval of P, vanish in the limit n — oo and hence for € — 0, this implies
the pointwise convergence of {i#,}, to u a.e. on (a, b). In addition, as {i#,}, is bounded in
L*(a,b), convergence in Li(a,b) for all 1 < g < oo follows from the dominated conver-
gence theorem. For later purposes, we notice from the definition of &, and the previous
inclusion for u that for every £ we have

{xe(ab): u(x)#iu,(x)}

1 22
C{xEMJﬂ:WA@—M@NZ;}UQ@M)U@b&H) @2)
We next define the sequence {7, }, in M(a, b) by setting for every €

guw={&w if u, (x) = i1, (x),

0 otherwise,

and 7, :=g,L'. Since there holds # =0on{x€(ab): i (x)#u(x)}and & =u on
{x € (a,b) : i1, (x) = u,(x)}, it follows that

o b _ I _
Bae) = [l - a@Pae st [1(ef gola)ao
a € Ja I (z)N(a,b)

b 1 b
< [ b - gt [ f(][ \gg(t)mt) do = E.(u.,7.).
a € Ja I (z)N(a,b)

If, in addition, {E,(u,,7,)}, is a bounded sequence, then {& — g, }, is a bounded sequence
in L2(a, b). In view of (9) and the Cauchy—Schwarz inequality, we then notice for1 < g < oo

”}76 - yeuﬁat < ”Dﬁe - Dusnﬂat + “(}76 - Da,) = (y. - Duf)”ﬂat

S R P R Am e

<l =l + ”(gg = ULy ) Liab)

1
< ||a, - ”‘e”Ll(a,b) + g — u;”Lz(a,b)l{'x € (a,b) : u (x) # u (0}

If we consider the limit € — 0 on the right-hand side, the first term disappears, since we
have the convergence @i, —u, — 0 in L'(a, b), while the second term disappears by (22)
combined with (20) and the fact that the length of the intervals in P, vanishes for € — 0.
Therefore, we have 7, — y, — 0 in the flat norm. Since by assumption there holds y, — y in
the flat norm, we conclude that we also have 7, — y in the flat norm, which completes the
proof of the lemma. O

For a localization procedure, we further need the following statement on the relation

between E'(u, y, ) and the '-lower limit E'(u', y'), where I C (a, b) is an open interval, u/
is the extension of u|, to (a, b) with inner traces and ¥’ is the restriction of y to I.
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Lemma 5.4 Let I = (a, B) be an open interval in (a, b). Let (u,y) € BV(a,b) X M(a,b)
with el oo oy < K y =Du+gl! and W —g € L*(a,b). Then,  for
!, y") € BV(a, b) X M(a, b) defined via

u(a+) x € (a,a),
W' (x) =23 u) x € [a, fl,
u(p—) x€(B,b),

and yli=yLT there holds
E'W,y") <E'uy.D.

Proof We proceed analogously to the proof of [29, Lemma 4.4]. By definition of E’ as
the T-lower limit of {E, },, there exists a sequence {(u,,7,)}, in W"!(a, b) x M(a, b) with
llete]| ooy < K and 7, = gL' such that u, — u in L'(a,b), y, — y in the flat norm and
liminf,_, E_(u,,y.,I) = E'(u,y,I). Without loss of generality, we may also assume point-
wise convergence u, — u a.e. in (a, b). For an arbitrary n € (0, (f — a)/2), we then pick
points @, € (@, a +n) and f, € (8 — 1, f) such that on the one hand

u(a,) > u(a,) and u(f,)—> u(f,) ase—0, (23)
and on the other hand
lu(a,) — u(a+)| + |u(B,) — u(f-)| <n. (24)

ForI 1'71: = (a,,B,) C (a, f), we now consider the functions (un,y") and the sequence
(G, 7)), in Wh(a, b) X M(a, b) defined analogously to (¢, y'). The condition (23) guar-
antees u,! — ulin L'(a, b), while Ve — y™ in the flat norm is trivially satisfied. Moreover,
we notice E (', y,") = E.(u/,7,", 1) for all € <min{a, —a,f — §,}. Therefore, we con-
clude from the definition of E, that

E'uh,y") < lim in E .y, = lim infE, CARAN)
£ €=
<liminfE, (u.7,. 1) = E'(u,y,D).
E—

We next observe u'n — u in L'(a,p) and y" — y! in the flat norm as  — 0, from (24),

respectively, Lemma 3.1 since y’ — y! in M(a, b) by dominated convergence (as we have

pointwise convergence 1, — 1, on (a, b)). By the lower semicontinuity of E’, we then
n

arrive at the claim

E'(!,y") <liminf E'(u'r, ") < E'(u, 7, D). m|
i’]—)
Now, we finally turn to the estimate from below for the volume and the Cantor terms.

Proposition 5.5 Let A be an open subset of (a, b). For every (u,y) € BV(a, b) X M(a, b)
with |[u|l jspy < K,y = D'u+ gL' andw' — g € L%(a,b), we have
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E’(u,y,A)z/|u’—g|2dx+co/|g|dx+cO|Dcu|(A).
A A

Proof Step 1: With o := sup, I, |u(x+) — u(x—)|, there holds the preliminary estimate
b b
E'(u,y)(1 +30) 2/ | — g|*>dx + ¢, / lg| dx + ¢y| D ul(a, b). (25)
a a

By definition of E’ as the I'-lower limit of {E,},, there exists a sequence {(u,,7,)},
in W'l(a, b) x M(a,b) with ||uE||Lm(u’b) <K and y, =g L' for some g, €L'(a,b)
for every €>0 such that u, - u in L(a, b), 7. =y in the flat norm and
liminf, _, E _(u,,y,) = E'(u, y). After assuming without loss of generality E'(u, y) < oo and
passing to a subsequence (not relabeled) and a possible modification of the sequence via
Lemma 5.3, we may further suppose

y_l)%Es(u&, ve) =E'(u,y), inparticular E_(u,y.)<C, foralle (26)

for a positive constant C;, as well as
limsup [|u, = u| () < 0
-0
Let > 0 be fixed. We may assume that ||u, — ”||L°°(a » < 0 +n holds for all e. Anal-

ogously as in the proof of Lemma 5.3 (cf. (16) and (17)), there exists 6, > 0 such that
|u(x) —u(y)| < o +nforall x,y € (a,b) with[x — y| < §,. Thus, there holds

X,y € (a,b) with [x —y| <6, = |u(x)—u ()| <3(c+n) 27

for all such €. Next, we apply Lemma 4.1 with u = u, and y = y,. In this way, we find a uni-
form grid ¢ in the interval (a, b) with grid size 2¢ such that

1 b
/ o+ 20\ 9) < L [ g (of
U{I:(za): za €9} Co€ Ja I (z)N(a,b)

)

‘ga‘ dt) dx. (28)
Leta, = min¥, — € and b, = max ¥, + €. We then consider a sequence {7, }, of functions
in L*(a, b), which is defined a.e. in (a,, b,) by

ho(z) = ue () x € {L(xa): xa € 9},
Ve\T) = fIg(za) us(z)dz € I.(z,) for some z, € 4.\ 9., (29)

and then extended to (a, b) by the constant values ¥, (a}) and 7, (b)), respectively, for all ¢.
As ¥, is bounded with ||7, || ., < K and coincides with u, on the set J{Z.(x,) : x, € ¥, },
where

@O\ JUe) © 3, €411 S 26+ KON < de 462 (30)
0

by (26) and (28), we observe ¥, — u in L(a,b) for all 1 < g < co. Moreover, we have
v, € SBV(a, b) with

7)) <3(6 +n) forallxeJ,,
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provided that € is sufficiently small, i.e., 4e < 6,, (such that (27) is satisfied). Since the
number of jumps of ¥, is bounded via (28) and the definition of E, by

1
#;, S WINTG) < —E (.7,
0

we end up with the estimate

. 3 +n)
|D*P,|(a,b) < C—Ee(ug,n) 31
0
for the size of D9, in terms of the energy E_(u,, y,). Next, we introduce a sequence {7, },
of measures in M(a, b), by setting 7, := g, L' with g, € L'(a, b) defined as

. e xeUll(x,) :x, €9},
8. = { 0 otherwise, ‘ (32)
for all €. In order to show that {y. + D°V_}, is an approximating sequence of y, we
first notice from the definition of », and 7, = g,£' in (29) and (32), with V. =ul on
U{L(x,) : x, €4 }and ¥/ = 0 on the remaining set of (a, b), that

- - 1 -
”}’g — (7 +stf)”ﬂat = geﬂ(a,h)\U{Ig(xa)ixaeffgl‘c - ste

flat

! 1 !l ~! rl S
= ||(ge = u )L\ Utr o ives ) £ H UL =V L =DV,

flat

1 ~
= ||(8s = UL amn\ Utr, :v,e) £ Hﬂat + [[Due = D, gy,
With (9) and the Cauchy—Schwarz inequality, we can then continue to estimate

”75 =T+ DS"}E)”ﬂal

s ”(gg - ”Qﬂ(u,b)\u(&(xa):xae%] L'(a,b) + ”uf h ‘N}SHL‘(a,h)
1
< e = ]| 2o @ DN (J 1) = 0 € 15 + [l = 5|1y

We now study the terms on the right-hand side. From (26) and the definition of E_, we
notice that {u, — g, }, is a bounded sequence in L*(a, b). Together with (30) and taking into
account also the strong convergences u, — u and ¥, — u in L'(a, b), we then arrive at

v = 7.+ D’v)||g, = 0 ase — 0.
Withy, - y =D'u+ gEl in the flat norm and Lemma 3.1, we then conclude
7.+ D%, -y intheflatnorm and 7, + DST/E—*\y in M(a, b). (33)
For the latter conclusion, we have also used the fact that { |7, + D°%,|(a, b)}, with
b
|7. + D°v,|(a,b) = / |8.|dx + |D*V,|(a,b) forevery e >0
a
is a bounded sequence, which is a consequence of the boundedness of {g,}, in L'(a,b)

via (28) and the estimate (31) (recall also the bound (26) on the energies).
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After having discussed the convergence properties of the sequence {(¥,,7,)},, we can
finally turn to the proof of the estimate (25). From the definition of E,, we obtain via (28)
and (31)

E (u.,y)(1+3(c+n)

b
> / !~ ge|2dx+c0/ lg.] dx + co|D'F, |(a. b)
a UL (xp):x,€9. )

b b
=/ |u;—g6|2dx+c0/ 18| dx + ¢, | D7, |(a, b).

By the choice of the sequence {(u,, y,)}, with (26), it follows that

E'(u,y)(1+3(c + 1))
b b
zlimionf/ |u; —gé|2dx+limi0nf [co/ 18] dx + ¢y | D’V |(a, b)
£ a £ a
b b
2/ Iu'—glde+Co/ gl dx + ¢ |D’ul(a, b)
a a

b b
Z/ |u’—g|2dx+co/ gl dx + co| D ul(a, b).

Let us comment on the second-last inequality. For the first term, we first deduce from
the boundedness of the sequence {u’g -8}, In L[*(a,b) combined with the conver-
gences ugﬁl — Du and y, - y = D'u+ gL' in the flat norm that u —g., —~u' —gin
L?*(a,b) and then employ the lower semicontinuity of the L>-norm with respect to weak
convergence in L?(a, b). For the second and third term, we use the weak-# convergence
7. + D=~y = D'u+ gL" in M(a, b) from (33) and the lower semicontinuity of the total
variation with respect to weak-+ convergence. By the arbitrariness of # > 0, we conclude
from the previous inequality the desired estimate (25).

Step 2: Localization. We fix an arbitrary 6 > 0 and consider the finite set of points
{xy,...,xy_1} CJ, such that |[u](x;))| >6 for i=1,...,N—1. Let x, =a and xy =b.
Then, we have

sup |[ul(x)] <6 foreveryie {0,...,N—1}.

XES, (XX 1)
For every open subinterval (a,f) of (a, b), we consider pairs

WP y@hy e BV(a, b) x M(a, b) defined as in Lemma 5.4 as

u(a+) x € (a,a),
UP () = 4 u(x) x € [a, ],
u(f-) xe(B,b),

and 7(®# =L (a, ). By Lemma 5.4 (with I = (x;,x;;,)) and by Step 1 (applied with
u =y and y = y&itin)), we obtain
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E' (7, (5 )L +38) 2 E' (@), e )(1 4 35)

Xix1 Xix1
> / W — gP dx + ¢, / gl dx + colDFul(xin iy )
X, X,

i i

for every i€ {0,...,N—1}. With the superadditivity of A~ E'(u,y,A) from
Remark 5.1 (i) we then deduce

b b
E'(M,V)(1+35)Z/ Iu'—glzdx-i'co/ gl dx + ¢ | D ul(a, b),

which, by the arbitrariness of ¢ > 0, leads to

b b
E'(M,Y)Z/ Iu’—glzdﬁ-co/ gl dx + co|Dul(a, b).

Applying this estimate to (!, y'), from Lemma 5.4 we infer that
E'(u,y,) 2 E'(,y") 2 A0)

for every open interval I C (a, b), where A denotes the positive Borel measure on (a, b) that
is given by

A(B) :=/|u’—g|2dx+c0/lgldx+cO|D"u|(B)
B B

for every Borel subset B of (a, b). Therefore, the claim of the proposition follows from
Remark 5.1 (ii). O

5.3 Conclusion and proof of the I'-lim inf inequalities

For (u,y) € BV(a, b) X M(a, b) with ||ul|j«(,p < K,y = D'u+ gL' and o’ — g € L*(a, b),
we have proved so far in Propositions 5.2 and 5.5 the following lower bounds for the vol-
ume, the Cantor and the jump part:

1. E'(u,y,A) > fA |u’ —glzdx+c0fA |g| dx,
2. E'(u,y,A) > cy|Dul(A),

3. EwrA) 228,/ (H10)),

for every open subset A of (a, b). These are now combined to prove the estimate from
below of the I'-lower limit which shows the first part of Theorem 2.1.

Theorem 5.6 For every (u,y) € BV(a,b) X M(a,b) with el poiupy < K5 v = D'u+ gL!
andu' — g € L*(a, b), we have

E'(u,7) 2 E(u,7).
Proof We consider the Radon measure x defined by

k(B) := L'(B) + #(J, N B) + |Du|(B)
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for every Borel subset B of (a, b). Let C be a Borel subset of (a, b)\J, with |C| = 0 such
that|Du|((a, b)\C) = 0. Then, we obtain

E'(u,y,A) > /l//i dx
A
fori € {1,2,3} and for every open set A C (a, b), where
v = (|“/ g+ COlgl)]l(a,b)\(J“UC)’
vy =2 (411wl )1,
y3 i=colc.
Next, we define

[/ (x) = gW)I* + colg)|  if x € (a,b)\J, U O),
w() 1= supw(x) = 2f<%|[u](x)|) ifxel,
l o ifxeC.

By a measure theoretic result (see, e.g., [9, Lemma 15.2] applied with the set function
u(-) := E'(u,y,-)), we conclude that

E'(u,y,A) > /SUP v dx = /de =E(u,y,A)
A i A
for every open subset A of (a, b). With A = (a, b), this proves the theorem. O

The T'-liminf in the case K = oo is a direct consequence of Theorem 5.6.

Corollary 5.7 Let K = co0. If (u,,7,) = (u,y) in L°((a, b);R) X M(a, b), then

li?l ionf E (u..y.) > E(u,y).
Proof Assuming without loss of generality E, (u,,7,) < C, for a positive constant C,, by
Theorem 4.3, we have thatu € BV, p(a, b) and there is a partition a = x5 < x; -+ < x,, = b
such that J, C {x|,...,x,_;} UF(u) and for A; = Fu) n U,(x,_, + 8,x; — 8), with § > 0,

we have Xale = Xa U in L'(a, b) and v, L As — v L As in the flat norm. From Remark 4.4
and Theorem 5.6 (applied for a suitable K), we then get

lim ionng(uE, ve) = 2co(m — 1) + E(u, y,Ay).
£

The assertion follows in the limit 6 \; 0 from the monotone convergence theorem. a
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6 Estimate from above of the-upper limit

We now turn to the estimate from above of the I'-upper limit E”. Except for the very
last paragraph, we assume K < oo in the whole section. We again restrict ourselves to
pairs (u, ) € BV(a, b) X M(a, b) with ||u| s, < K,y = D'u+ gL' and v’ — g € [*(a, b)
since the estimates are trivial otherwise. We first show the result for the particular case
u € SBV?(a, b) and then deduce the general result by approximation.

Proposition 6.1 For every (u,y) € SBV*(a,b) X M(a,b) with lll po gy < K
y =D'u+ gLl and v — g € L%(a, b), we have
E"(u,y) < E(u,y).

Proof Since u € SBV3(a,b) N L®(a, b), the jump set is finite, i.e., J, = {x,...,xy_,; } for
some N € N, and we may further assume by the Sobolev embedding theorem that u is a
piecewise continuous function with one-sided limits u(x+) for all x € (a, b). Thus, y is of
the form

N-1
y =) [, + gL',
i=1
with g € L?(a,b). Let x, = a and xy = b. We then choose & small enough such that
%41 — x| > 26% + 4¢ foreveryi € {0,...,N —1}.

We first define u, € W'!(a, b) nearby the jumps of u by linear interpolation via

u, i=u on (a, b)\ U;\:ll(xi — €2 —2¢,x; + €2 + 2¢),
2 _ 2
L= oxite *22;(*' €729 o (x; — 2, x;+ ) forie {1,...,N -1},
u =0 otherwise

(see Fig. 1 below). By construction, we have ||u,|| Lo < K for all &, and taking advan-
tage of the fact that u is only modified on the intervals (x; — €2 — 2¢,x; + €2 + 2¢) for
ief{l,...,N -1}, we also have

HME —M“Ll(ab) S/ |ug_u|de4K(N_ 1)(62+2£),
, Ui (ri—e2—2e.x+£2+2¢)

which shows strong convergence of {u, }, to u in L'(a, b).
We next define y, € M(a,b)asy, = g, L', where g, € L*(a, b)is given by

g on(a,b)\ U?:]l(xi — e = 2¢,x; + €2 + 2¢),

g =4 ul on(x,—e’x;+e)forie{l,....N-1},
0 otherwise.

‘We notice that

=

-1

1 1
Ye =V = <u; Il(xl.—gqui-}gz)ﬁ - [u](xi)gxi - gﬂ(x,—ez—Ze,xi+52+2£)‘C )
1

i
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U Ue

2% + 4e 262 4 4¢

Fig. 1 Construction of the recovery sequence for a piecewise affine function with jump discontinuities

Therefore, we observe from the definition of u; that for every function ¢ € W$’°° (a, b) with
[l@]] e < 1there holds
W) (a,b)

2

;46242 Zi+€e
/ 0d(v: —7) = [u(z; + €2+ 2¢) —u(z; —e? — 2¢)] <][ pdx — @(ml))
z;—e2—2¢ xi—e?
+ [u(z; + €% + 26) — u(wi+) — u(z; — €% — 2¢) + u(w;—) (i)
zz+52+25
—/ pgdz
zi—e2—2¢

for every i€ {l,...,N—1}. Since we also have |p(x)— @) <|x—x,] <e> on
(x; — €2,x, + £2), we deduce from the bound ||u|| 1o@p < K and the Cauchy-Schwarz
inequality

e = 7llgu < 2KV = De?
N-1
+ ) [l + €2+ 2€) — uCe )| + |ux; — €2 = 2€) — u(x-)| |
i=1

+ 1181l 2 [2AV = D(E? + 26)] 2.

@ Springer



2188 V. Auer-Volkmann et al.

This shows the convergence of {y, }, to y in the flat norm. It only remains to establish the
energy estimate. From the construction of (u,,,), we clearly have |u! —g.| < |u' — g| on
(a, b). Therefore, the elastic energy contribution in E,(u,, y,) is estimated by

b b
[ s las [0 -gha
Due to the monotonicity of fand f(#) < ¢yt for all # > 0, we estimate the non-local energy
term by
1 b
f/ f<€][ |ge\dt) dz
€ I(z)N(a,b)
/ f (E][ lg] dt) dx
€ J(ab\UNT  (wi—e2—e,ai+e2+e) I.(z)N(a,b)
+E/ f(l/ |u'€\dt> dx
1 (zi—e2—exite24e) 2 (wi—e2,2,+€2)
<cg / ][ lg| dt dx
I-(z)N(a,b)

+2(5 +e) 27[ ite’te

£

)

| =

<

f(%\u(rl +e2 4 2) —u(z; — e — 25)\) dz.

) B —e2_
i—1 Jwi—e?—¢€

With the continuity of u outside of the jump set J,,, we can pass to the limit € — 0 on the
right-hand side. In this way, we finally arrive at

E"(u,y) < limsup E, (u,. 7,)
=0

b b N-1 1
s/ |u’—g|2dx+co/ IgIdX+22f<§I[u](xi)|>
a a i=1

= E(u, 7). O

Remark 6.2 For a general stored energy function W as described in Remark 2.7, the above
argument can be augmented with a standard relaxation step by adding to u, a function
v, € Wy"(a,b) such that v, — 0in L?(a, b) and

b
limsup/ W(u;+v£—g£)dx§/ W** (' — g)dx

=0

So also in this case, we have E” (u,y) < limsup,_ E, (1, + v,,7.) < E(u,y).

By approximation with SBV?-functions, we can now give the proof of the second part of
Theorem 2.1.

Theorem 6.3 For every (u,y) € BV(a,b) X M(a,b) with ||ull =y < K, vy = Du+ gL!
andu' — g € L*(a, b), we have

E"(u,y) < E(u,y).
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Proof We here want to construct a sequence {(i,,#,)}, in SBV?(a,b) X M(a,b) (with
| oy < K> 7 = DVl + 2,L"and &, — 2, € L*(a,b) for every h > 0) such that i, > u
in L(a, b), 7, — v in the flat norm and

hﬂlonfE(uh’ 7n) < E(u,y). (34)

This is indeed sufficient since by lower semi-continuity of the I'-upper limit E” and by
Proposition 6.1 we then conclude with

E"(u,y) < Timinf E" (i, 7,) < lim inf By, 7,) < E, 7).

We first recall that in dimension one every function u € BV(a, b) can be represented as
U, +u; +u,, see (7) where u, € W' (a, b), u; is a pure jump function and u, is a Cantor
function. This allows us to modify the three parts of u separately. We start with the jump
function u;. We define u; , by

W) =w@h)+ Y [l forx € (a,b),

yGJ“,, (h)N(a,x]
where Juj(h) ={ye Juj : |[14j](Y)| > h} = Jujvh‘
L'(a,b)as h — 0, and for all & the estimate

> r(5lma00) < T A(3lmir). 5)

XEJ,% XEJ,A],

We observe #J, < oo, u;, = u; in
Yih s J

For the Cantor function u,, we use the density of smooth functions in BV(a, b) with respect
to the strict topology. In this way, we find a sequence {u,}, in W'(a, b) with U = U in
L'(a,b) and

b
m/a lu! | dx = |Du,|(a, b). (36)

The absolutely continuous part u, is first extended to a W!(R) function with compact
support, and we then set u,, :=u, * y, for all 2> 0, where v, is a standard h-molli-
fier given by y,(x) := h~'w(h~'x) for x € R, for a fixed non-negative, symmetric func-
tion y € C*(R) with compact support and normalized to /Rx//dx = 1. We then have
Uy, € C*(R) for all h> 0, u,;, — u, in L'(a,b) and u;,, = u, *y,, see, e.g., [20, Theo-
rem 4.2.1]. Then, we set

Uy 1=+t + U, for all 4 > 0.

We clearly have {u,}, in SBV?(a, b) for all &> 0 and u, = u in L'(a, b), which implies
Duy;, = Du in the flat norm.

We next address the modification of y. We extend the absolutely continuous part g out-
side of (a, b) by 0 and set g, , := g * y,, for all & > 0. Then, we have g,;, € C*(R) for all
h > 0and

8un — ginL'(a,b). (37)
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Because of u! — g € L*(a,b) and u = 8an = («/, — g) * y,, we further notice
U, = 8ap = U, — g in L%(a,b). (38)
Now, we set
Y i=Duy, +g,L" withg, 1=g,, + u,, forallh>0.

With the convergences Du;, —» Du and g, —

', — g—u in the flat norm (via (38)), we
infer y, — y in the flat norm. Since u:_

B is canceled in the first term, we deduce

b b .
/|“;,—gh|2dx+co/ |8l dx +2 Zf(§|[uh](x)|>

xel,,

b b
1
< / |I/l;yh _ga,hlzdx+C0/ (lga,hl + |u2,h|) dx+2 Z f(zluj,h](x”)’

x€J, i

which, via (35), (36), (37) and (38), implies

b b
lim sup [/ qu—ghlzdx+co/ lgn dx +2 Zf@l[uh](X)l)] <Ewy). (39)

h—oo
xeJ,,

This does not yet show (34), since ||| «,,) < K might not be satisfied for all # > 0. We
resolve this problem in two steps. With [|ul|;«(, ;) < K and u;, — u in L'(a,b), we can fix a
sequence {#,}, in R* with s, > 0* as h — 0 and

[{xe€(@b) : |lu,x)| >2K+mn,}| =0 as h—0. (40)
We next define the truncated versions
i, (x) 1= min{max{u,(x), -K —n,},K+n,} forallh>0.

We then have i, — u in L!(a,b), Dii;, — Du in the flat norm and, in addition, also
< K + n, for all k > 0. Correspondingly, we set

liall oy <
7y = Dlity + g, 15—, L' forall > 0.
By using (9) and by applying subsequently the Cauchy—Schwarz inequality, we get
174 = Zillpa < 1G4 = Dity) = (v = Duy)l g + 11Dty = Duty
o T 1Pty = Duy |,

1
= ||(gh - M;i)l(ah;euh)ﬁ a

’ 1

= ||(gll,h - ua,ll)ﬂ[ﬁh¢uh}£

’ﬂm + || Dity, — Duty |

< ”(ga,h = U )L (i, 0, + |t = ]| 1y

L'(a,b)

[
< ||8an — ”;h {x € (a,b) : iy # w,}|> + ||i, — ”h”Ll(a,b)-

12(a,b)

If we pass to the limit # — O on the right-hand side, the first term vanishes because of
the uniform boundedness of u) — g, = u/ , — g, in L*(a, b) due to (38) combined with the
convergence

@ Springer



Eigendamage: an eigendeformation model for the variational... 2191

{xe(ab) :a,x)#u,} ={xe€@b): luyx)|>K+n}—-0 ash—-0

as a consequence from (40). Since with u;, — u and %, — u in L'(a, b) also the second term
vanishes, we conclude that 7, — y, — 0 in the flat norm. Consequently, we have established
7, — v in the flat norm. For 4 > 0, we finally define

i, and 7,(x) := Li/h()c) for x € (a, b).

i,(x) 1=
h() +7’]h g K‘l‘f’]h

We clearly have |||« < K J,, € J;, and |[@,1] < |[u,]] for all 2> 0. In view of
K/(K +n,) — 1, we also have @1, - u in L' (a,b) and 7, — y in the flat norm. Moreover, if
we denote the density of 7, with respect to £ by g, we observe |} — 2| < |u} — g,| and
[8,] < |gulon (a, b) for all h > 0. This shows that the energy E(i,,, 7,,) is finite for all 2 > 0,
with

b b
A A NI N 1, .
B = [ 1t - aiPacra [ gz 3 (3o
a a

xeJy,

b b 1
< [ -alacre [Clglas2 ¥ (o).

XeJ,,

By taking into account (39), we then obtain the claim (34) (even for the lim sup), which
ends the proof. O

Remark 6.4 The function @1, can even be chosen such that i,(x) = u(a+) on (a,§,) and
it,(x) = u(b—) on (b — 6, b) for a sequence 5, \, 0. To see this, note that from &, — u a.e.
and lim,. , u(x) = u(a+), lim, », u(x) = u(b-), one finds 6, \, 0 such thata + 5, and b — ¢,
are not contained in J, and lim,_,, u,(a + 6,) = u(a+), lim,_, , u,(b — 6;) = u(b—). Now,
consider it, € SBV?(a, b) defined by

u(a+) forx € (a,a+ 6],
i, (x) =3 i,(x) forx € (a+6,,b—5,),
u(b—) forx € [b—6,,b)

and
A=A (a+ 60,0 — 6) + (unla + 8,) — u(a+))dars, + (u(db—) — un(b— 6,))8-s,

The claim follows from observing that
E(ly, ) < EQuy, ) + 2¢olug(a + 8,) — u(a+)| + 2colu(b=) — u, (b — 8,)|

where the last two terms on the right hand side vanish as 7 — oo by construction.

Again, the case K = oo is a direct consequence.

Corollary 6.5 For every (u, Y)E L°((a, b);ﬁ) X M(a,b), there is a sequence {(u_,y.)},
converging to (u,y) in L°((a, b);R) X M(a, b) such that
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limsupE, (u,,y,) < E(u,y).

Proof Without loss of generality, we assume u € BV, p(a,b). Let a = x < -+ <x,, =b
such that {x,...,x,} = {x € (a,D) : |[ul(x)| = co}. Note ||| ey, < 00. With the help
of Theorem 6.3, we choose it,, 8, : (a,b) = R such that (ﬂ5|(zzf1,w¢)v§s£ L (zi-1, mz)) isa
recovery sequence for (ul(z, ,),7 L (zi—1,7;)) whenever (x;_;,x;) C F(u) and i, = +e™,
8, =0on(x;,_;,x;)in case u = +oo on (x;_, ;).

As in the proof of Proposition 6.1 now define u, € W'!(a, b) by linear interpolation
near the x; as

u, i=1ii, on (a, b)\ U:.':ll(x,- — €2 —2¢,x; + €2 + 2¢),
i (cAe242e)—ii (x.—e2 =2 .

; :=u§(x,+e+e;;f('c, £7—2¢) on(xi—ez,x,~+62)forl€{1,...,m—1},

' =0 otherwise.

Clearly, u, — ua.e. on (a, b). Accordingly, we define y, € M(a,b)asy, = g, L' with

2. on(a,b)\ U;r:ll(xi — €2 —2¢,x; + €2 + 2¢),
8 =4 u. on (x;,— 2, x; +e) forie {1,...,m—1},
0 otherwise.

So still y, — y locally in the flat norm on each (x;_;, x;) C F(u). Estimating the energy as

- ~ 1 ~
Bu) < [ ji-gPaest [ f(s][ \ge\dt) de
JF(u) € JF(u) J I (x)N(a,b)

1 1
+ —/ f(—/ [l dt) dz,
€ UM N @i—e2—e,mi+e24e) 2 (zi—e2,x;+e2?)

where the last term on the right hand side is bounded by
2(1 + e)(m — ey = 2(1 + €)cy#t, \F(u), we find that indeed

limsupE, (u,,y,) < E(u,y).
E—00 D

7 I'-convergence for the minimal energies with respect to y

We finally prove the I'-convergence result in Corollary 2.8 for the minimal energies with
respect to the second variable y, i.e., we consider the energies EE and E from (5) and (6),
respectively. We only treat the case K < oo, the necessary modifications for K = oo are
straightforward. Notice that, as a direct consequence of the fact that the function g* from (3)
solves the optimization problem in (2), for every u € BV(a, b) there holds

E(u) = E(u,D*u + g*L") = E(u, y™"). 1)

For completeness, we state also the corresponding compactness result.
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Corollary 7.1 (Compactness of the minimal energies with respect to y) Let {u,}, be a
sequence in L' (a, b) with

Es(ue) S CO
for a positive constant C, and all € > 0. There exists a function u € BV(a,b) with

1l oo 0.5y < K such that, up to a subsequence, {u}, converges to u in L'(a, b).

Proof We choose a low energy sequence {y, }, in M(a, b) with E_(u,,y,) < Eg(ug) + 1 for
all . Since there holds E, (u,,7,) < Cy + 1 for all €, according to Theorem 4.2, there exists
a function u € BV(a, b) with ||u| j«(, ) < K such thatu, — uin L'(a, b). O

Proof of Corollary 2.8 1t is again sufficient to establish the [-liminf inequality and the
- lim sup inequality only for u € BV(a, b) with ||ul|;«(, ;) < K since the estimates are triv-
ial otherwise.

We first show the I'-liminf inequality. We consider an arbitrary sequence {u,}, in
L'(a, b) with u, — u in L'(a, b), for which we may assume E, (u,) < C, for some positive
constant C and all . We then select a low energy sequence {y, }, in M(a, b) with

E.(u.,7,) <E.(u)+e foreverye>0.
By passing to a subsequence if necessary, we may assume that
liminf £, (u,, ) = im E, (u, 7,)-
At this stage, we employ the compactness result of Theorem 4.2: since u, — u in L'(a, b),
there exists a function g € L'(a, b) with u’ — g € L*(a, b) such that, up to a subsequence,

¥, = D*u+ gL' in the flat norm. Since by Theorem 2.1, we have ['-convergence of {E, },.,
to E in L'(a, b) X M(a, b) also for every subsequence, we obtain

lim E, (u,. v,) = liminf E.(u,.7,) > E(u, D’u + gLh,
which, by the choice of the sequence {y, },, shows
lim ionng(uE) > E(u).

We next show the I'-lim sup inequality. Via Theorem 2.1 (ii) we find a recovery sequence
{(u,,7.)}, of (u,y°"")in L'(a, b) X M(a, b). In combination with (41), this yields the claim

limsup E,(u,) < limsupE, (u,,v,) < E(u, y"") = E(u).
-0 -0
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