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The shift map on Floer trajectory spaces
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URS FRAUENFELDER AND JOA WEBER

In this article we give a uniform proof why the shift map on Floer
homology trajectory spaces is scale smooth. This proof works for
various Floer homologies, periodic, Lagrangian, Hyperkahler, el-
liptic or parabolic, and uses Hilbert space valued Sobolev theory.
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In 1985 Gromov[Gro85] introduced holomorphic curves into symplectic ge-
ometry and discovered that there is a symplectic topology. Shortly after
Gromov’s seminal work Floer [Flo86, Flo88b, Flo89] “morsified” holomor-
phic curves and discovered that a perturbed holomorphic curve equation
can be used to construct a semi-infinite dimensional Morse homology. This
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semi-infinite dimensional Morse homology, referred to as Floer homology,
has a huge spectrum of applications, ranging from Hamiltonian dynamics
to the construction of topological quantum field theories, and motivated as
well further developments like the discovery of Fukaya A..-categories [Fuk93,
FOOO09] and Symplectic Field Theory [EGH00]. However, in applications
one faces often technically highly subtle transversality and compactness is-
sues. To deal with these issues Fukaya and Ono [FO99] discovered the no-
tion of Kuranishi structures. Their construction is based on finite dimen-
sional approximation techniques. A different approach was discovered by
Hofer, Wysocki, and Zehnder which led to the theory of polyfolds [HWZ07,
HWZ17].

The starting point of the theory of polyfolds is the discovery of a new
notion of smoothness in infinite dimensions due to Hofer, Wysocki, and
Zehnder referred to as scale smoothness. Scale smoothness has fascinating
connections to interpolation theory. The crucial insight of Hofer, Wysocki,
and Zehnder was that if the embedding of the scales are compact, scale
smoothness satisfies the chain rule and therefore can be used to construct
new spaces in infinite dimensions like scale manifolds and more generally
polyfolds.

Being a mixture of a generalized differential geometry, a generalized non-
linear analysis and some category theory polyfold theory should have many
applications. The applications to specific problems will clearly go hand in
hand with the development of sc-calculus and there is already a sizable
activity involving specialists. With the present paper we wish to contribute
to the sc-calculus.

In Morse and Floer homology gradient flow lines play a crucial role.

These locally lie in spaces of maps R — S of the real line into a vector space.
The shift map ¥ : R x Map(R, S) — Map(R, S) is defined by (7,v) — 7yv,
where (7,0)(t) = v(r + t) for t € R. After endowing the mapping space with
some topology the shift map has terrible properties.
By differentiating the shift map with respect to the first variable one loses
a derivative. Moreover, the shift map is merely continuous in the compact
open topology, but not in the norm topology. In the last two decades this led
Hofer, Wysocki, and Zehnder [HWZ17] to the discovery and exploration of a
new notion of smoothness in infinite dimensions called scale smoothness or
sc-smoothness. See also the article by Fabert et al [FFGW16] for the crucial
importance of the new notion in various fields of symplectic topology or the
article by Hofer [Hof17] for a survey.
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For Morse homology the vector space S is finite dimensional. However,
for Floer homology the vector space S will be infinite dimensional. Floer
theory arises in many features:

In the study of periodic orbits of Hamiltonian systems one looks at
a closed string version of Floer homology, namely, periodic Floer homol-
ogy [Flo88b, Flo89]. In this case the vector space S consists of loops in a
finite dimensional symplectic vector space V. The study of gradient flow
lines is based on the study of an elliptic PDE on the cylinder.

In the study of Lagrangian intersection points one looks at an open
string analogon, namely Floer homology with Lagrangian boundary condi-
tions [Flo88a]. In this case the vector space S consists of paths in a symplectic
vector space which start and end in a Lagrangian subspace. The study of
gradient flow lines is based on the study of an elliptic PDE on the strip.

The second author established Morse homology for the heat flow
[Web13b, Web13a] which led to the study of a parabolic PDE on the cylin-
der. This was an essential ingredient in the joint proof with Dietmar Sala-
mon [SWO06] of the famous Viterbo isomorphism [Vit98].

Motivated by Donaldson-Thomas gauge theory in higher dimensions
[DT98] Hohloch, Noetzel, and Salamon [HNS09] discovered a Hyperkéhler
version of Floer homology which leads to dynamics in higher dimensional
time, see as well Ginzburg and Hein [GH12]. In this setup the vector space S
consists of maps from a three-dimensional closed manifold into Hyperkéhler
space.

Although the shift map has terrible properties in the first variable, it is
quite innocent in the second variable, namely, it is linear. People familiar
with Sobolev theory [AF03] know what a pain products are. Thanks to
linearity in the second variable this difficulty is absent.

It is generally believed that the moduli space of (unparametrized) gradi-
ent flow lines, namely gradient trajectories modulo shift, can be interpreted
as the zero set of a section from an sc-manifold into an sc-bundle over it. If
the gradient flow lines are allowed to be broken, then the sc-manifold has to
be replaced by an M-polyfold. In the Morse case this is explained by Albers
and Wysocki [AW13]. See as well Wehrheim [Weh12] for the case of periodic
Floer homology.

A crucial ingredient to construct this sc-manifold is the scale smoothness
of the shift map. In this paper we introduce a broad class of path spaces
and prove the following theorem, for the precise statement and the proof see
Theorem 6.2.

Theorem A. The shift map is scale smooth.



354

This crucially uses the linearity of the shift map in the second variable.
In view of the various Floer homologies defined on different spaces displaying
elliptic and parabolic features, one might worry that this property has to be
proved for each Floer theory individually. For special cases of path spaces
Theorem A is well known, but the purpose of this article is to give a uniform
treatment of the scale smoothness of the shift map which is applicable for
all the above mentioned Floer homologies.

In order to formulate this uniform treatment we use Hilbert space valued
Sobolev spaces. This idea is not new in Floer homology, but has successfully
been used by Robbin and Salamon[RS95] in the treatment of the spectral
flow. Moreover, this gives interesting connections between Floer homology
and interpolation theory. For a detailled treatment of interpolation theory
see e.g. [Tri78].

The philosophy behind this comes from scale Morse homology, namely,
a still to be developped Morse homology on scale manifolds. Scale Morse
homology not only gives a unified treatment of various topics in Floer ho-
mology like gluing, spectral flow, and exponential decay [AF13], but due
to its non-local character scale Morse homology leads to so far unexplored
applications to delay equations, as discussed by the first author jointly with
Peter Albers and Felix Schlenk [AFS18, AFS19].

This paper is organized as follows. In Section 2 we explain that the shift
map is continuous in the compact open topology, but fails to be continuous in
the operator topology. The strange behavior of the shift map was one of the
main reasons for Hofer, Wysocki, and Zehnder to introduce scale smoothness
whose definition we recall in Section 4. In order to explain scale smooth one
needs the notion of a scale structure which we recall in Section 3. In Section 3
we also introduce the examples of scale structures which are relevant in Floer
homology. The examples use Hilbert valued Sobolev theory. The proof that
these examples actually satisfy the axioms of a scale structure is carried
out in Section 8. The importance of having a scale structure is that this
guarantees that the chain rule holds. We recall the chain rule in Section 5.
In Section 6 we give a uniform proof that the shift map is sc-smooth for
the trajectory spaces relevant in the various types of Floer homologies. In
Section 7 we explain how the fractal scale Hilbert spaces which we introduce
in Section 3 can be used to model the targets in various Floer homologies.

Acknowledgements. This article was written during the stay of the first
author at the Universidade Estadual de Campinas (UNICAMP) whom the
first author would like to thank for hospitality. His visit was supported by
UNICAMP and Fundacao de Amparo a Pesquisa do Estado de Sao Paulo
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(FAPESP), processo n°® 2017/19725-6. The authors would like to thank two
anonymous referees for very useful comments that helped to improve the
presentation.

2. Shift map on loop spaces

Throughout we identify the unit circle S' with the quotient space R/Z. To
indicate that a function v : R — R has the property of being 1-periodic, that
is v(t + 1) = v(t) for every t € R, we use the notation v : St — R.

As a warmup we discuss in this section the shift map on the loop space
H = L*(SY,R). For 7 € S! define the shift map

V,:H—H, v~ 7w
where (7,v)(t) := v(t + 7). Observe that ¥, is linear and an isometry

Vool = lvlla, 7€ st v e H.

Lemma 2.1 (Continuity in compact open topology). As 7 goes to
zero, V.. converges to Wy = id in the compact open topology, i.e. for each
v € H 1t holds that

lim ([ (0) — o]y = 0.

Proof. Since C*°(S!,R) is dense in L?(S!,R) there is a sequence v, €
C’OO(Sl,R) such that v, — v in L?. Choose ¢ > 0. Because v, converges to
vin L?, there is v € N := {1,2,3,...} such that

(2.1) loy — vl <e/3

whenever v > 1y Since v,, is smooth and uniformly continuous there is a
time 79 > 0 such that for all 7 € [0, 7p] it holds that

vy (t+7) — vy, (8)] < /3, teSh.
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S — r
! 27
el = lur ()% dt = “I-t
Note that
8p
2 p2/’f, tell 37',1—7'],
(Wr(or) —vr) () = — 277, tell- 5.1,
"0, else
Hence
(
2 tel-3r1-7JU[1-1Z,1
|(Wr(vr) = vr) (t)‘z = /7 €l 2T TV 27 B
0, else
We calculate
>z 1 r I
19e(vr) —vrlly = 1(¥elor) =) (OF dt = 2 (r/247/2) = V2

3. Scale structures

Scale structures were introduced by Hofer, Wysocki, and Zehnder [HWZ07,
Hof17, HWZ17]. We first recall its definition and then we discuss the main
examples relevant in Morse and Floer homology. That these examples satisfy
the conditions of a scale structure is proved in Section 8. The examples for
Floer homology use Hilbert space valued Sobolev theory motivated by the
paper of Robbin and Salamon on the spectral flow [RS95].

Let (E,||-||g) be a Banach space. The following definitions are taken
from [HWZ07].

Definition 3.1. A scale-structure on F, also called an sc-structure or
a Banach scale, is a nested sequence F =: Ey D E1 D FEo D --- of Banach
spaces meeting the following requirements:

(i) Each level includes compactly into the previous one, i.e. the linear
operator given by inclusion E;1; — F; is compact for each i € Ny :=
{0} UN.

(ii) The intersection Ey := -, E; is dense in each level E;.
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In this case one calls E a scale Banach space and also writes E = (E;)en,-

Remark 3.2. a) It follows from (ii) that the inclusions F;;, — E; are
dense for all i € Ny. b) The intersection Ey, carries the structure of a Fréchet
space.

Definition 3.3 (Shifted scale Banach space). Given a scale Banach
space E and m € Ny, then one defines the scale Banach space E™ by

(E™);, := Bppm.

Definition 3.4 (Scale direct sum). If F and F are scale Banach spaces
one defines their direct sum as the scale Banach space E @ F whose levels
are given by

(E@F)k = F, @ F},.

Definition 3.5 (Scale isomorphism). A map I: E — F between scale
Banach spaces is called a scale morphism, or an sc-morphism, if the
restriction to each level E}, takes values in F}), and

Ik ::I|Ek :Ek—)Fk

is linear and continuous. A scale morphism is called a scale isomorphism,
or an sc-isomorphism, if its restriction Ij to each level E is bijective. Note
that by the open mapping theorem if I is a scale isomorphism its inverse
is a scale isomorphism as well. Two scale Banach spaces are called scale
isomorphic if there exists a scale isomorphism between them.

Examples

Example 3.6 (Finite dimension). If the Banach space E is of finite
dimension, then property (ii) implies that the scale-structure is constant
E:ZEO:E1:E2:-".

Remark 3.7 (Infinite dimension). In contrast, if F is infinite dimen-
sional, then the compactness requirement in property (i) enforces strict in-
clusions F;11 C Fj;. Indeed the identity map on an infinite dimensional Ba-
nach space is never compact, because the unit ball of a Banach space is
compact if and only if the Banach space is finite dimensional.
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Now we introduce the main examples of scale structures relevant in this
text. The proofs that these examples satisfy the requirements of a scale
structure are given in Section 8.

Example 3.8 (The fractal Hilbert scales >/, [Fra09]). Given a mono-
tone unbounded function f:N — (0,00), define the Hilbert space of
weighted ¢2-sequences by!

( - )
E% =T = (xu)ueN S s f(lj)l‘g <00
v=1

The inner product on Efc is given by

xe
<$7y>f = f(’/)%yw

v=1

By Theorem 8.1 we obtain an sc-structure on ¢2 by using the Hilbert spaces
(33) H; = (g2,f)k = f?ck, k € Np.

Denote by e; = (0,...,0,1,0,...) the sequence whose members are all 0
except for member ¢ which is 1. The set £ of all e; not only forms an orthonor-
mal basis of the Hilbert space Hy = ¢2, but simultaneously an orthogonal
basis of all spaces Hy = E?k. Rescaling then provides an orthonormal basis

1

Eppi={e; o |1 €N}, e pr = Wei,

of Hy. The isometric Hilbert space isomorphism obtained by identifying the
canonical orthonormal bases, namely

(3.4) o : Hy — Hy, e;+— €, f*,
induces a levelwise-isometric sc-isomorphism

¢F : H — H”.

nstead of the monotone unbounded functions taking values in (0, 00) we could
equally well assume that they take values in [1, 00) by changing the norms through
a constant. This does not change the spaces: Replacing f by f/f(1) the norms E}
and Zi/f(l) are equivalent.
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This means that the restriction to the m' level
¢k|(HO)m N (Ho)m = Hm — (Hk)m = m.‘.k, ei’fm —> ei’fm+k7

is an isometric Hilbert space isomorphism, and this is true for every level m €
Np. This explains the term fractal since as a consequence each of the Banach
scales H7 is self-similar to any H¥. The fractal scales ¢>/ are intensively
studied in interpolation theory; see e.g. [Tri78§].

Two monotone unbounded functions f,g:N — (0,00) are called
equivalent if there is a constant ¢ > 0 such that % f < g <cf. Two equiva-
lent weight functions provide equivalent inner products on the vector space
E? = Eg.

The product f *x g of two monotone unbounded functions f,g: N —
(0,00) is the monotone unbounded function fxg:N — (0,00) whose
value at v is the v* smallest number among the members of the two lists
(f(1), f(2),...) and (g(1),g(2),...). Given this definition of the monotone
function f * g, choose a bijection ¢ : N x {0,1} — N which has the property
that

(Fro@ry= T

The bijection % is unique iff the function f * g is strictly monotone.

Claim. The Banach scale of f x g is naturally isomorphic to the scale direct
sum

Proof of claim. To show this we construct for each level k € Ny a canonical
isometric isomorphism

2 2 2 2

such that ¥ := W : £2] @ (29 — (>5*9 is a scale isometry. The identity f* *
g" = (f * g)k holds since a < b iff a* < b¥ whenever a,b > 0. Note that our
1 works for every level k € Ny in the sense that

Co
Ped = 100 170

g(i)k, r=1.
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Definition 3.10 (Weighted Hilbert space valued Sobolev spaces).
Let k € Ny, p € (1,00), and 6 > 0. Suppose H is a separable Hilbert space
and define the space Wf P(R, H) by (3.5) with R™ replaced by H. This is
again a Banach space, see Appendix A.2.

Example 3.11 (Path spaces for Floer homology). Pick a constant
p € (1,00). For k € Ng let Hy, = 3, be as in (3.3) in Example 3.8 and let
dr be a sequence as in Example 3.9. The Banach space Ej is defined as
the intersection of k+ 1, hence finitely many, Banach spaces Wy as in
Definition 3.10, namely

\koo
(37) E = Wg;p(R, Hk_i), k € Ng.
=0

The norm on Ej, is defined by taking the maximum of the k + 1 individual
norms. This not only defines a norm, but even a complete one.

4. Scale smoothness

The notion of scale smoothness is due to Hofer, Wysocki, and Zehnder
[HWZ07, Hofl7, HWZ17], in particular, see [HWZ10]. An elegant way to
introduce scale smoothness is via the tangent map. In particular, the chain
rule, see Section 5, is nicely explained using the tangent map. We also give
equivalent descriptions of scale smoothness in terms of sc-differentials. This
equivalent description is useful to check scale smoothness explicitly in ex-
amples.

Let E be a scale Banach space. Given an open subset U C F, then the
part of U in Fj is denoted by Uy := U N Ej. Note that Uy, is open in Ej. In
particular, one obtains a nested sequence U = Uy D U; D Us---.

Definition 4.1 (Scale continuity). Suppose that E and F' are sc-Banach
spaces and U C F is an open subset. A map f : U — F'is called scale con-
tinuous or of class sc? if

(i) f is level preserving, i.e. the restriction of f to each level Uy takes
values in the corresponding level F}, and

(ii) the map f|y, : Uy — Fj is continuous.

In order to introduce the notion of continuously scale differentiable or
sc! we first need to introduce the notion of tangent bundle. The tangent
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bundle of a scale Banach space E is defined as the scale Banach space
TE :=E'@ E°.

If U C E is an open subset of the scale Banach space F, as in Definition 3.3
one denotes by U™ C E™ the scale of open subsets whose levels are given by
(U™)g := Upy where k € Ny. The tangent bundle of U is the open subset
of TE defined by

TU :=U'@® E° C TE.

Note that the filtration of TU is given by
(TU), = Upg1 ® By, k€ No.

Let £(X,Y) be the vector space of continuous linear operators between
Banach spaces X and Y. Equipped with the operator norm it is a Banach
space.

Definition 4.2 (Scale differentiability). Suppose f : U — F is sc’, then
f is called continuously scale differentiable or of class sc! if for every
x € Uy there is a bounded linear map

(48) Df(ZU) : EO — F(),

called sc-differential, such that the following two conditions hold:

(i) The restriction of f to U; interpreted as a map f : Uy — Fj is required
to be pointwise differentiable in the usual sense. The restriction of
Df(x) to Ej is required to be the differential of f:U; — Fj in the
usual sense, notation df (x) € L(E1, Fp), i.e.

(4.9) Df(z)|e, = df(x) € L(EL, Fo).
(ii) The tangent map T'f : TU — TF defined for (z,h) € U' @ EY = TU
by
Tf(x,h) = (f(x), Df(x)h)

is of class sc?.

Remark 4.3 (Continuity in compact-open topology). It is a conse-
quence of condition (ii) in scale differentiability that the scale differential
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viewed as a map
(4.10) Q:Upt1 ® Ep = F, (2,§) — Df(x)§,

is continuous. In particular, given a convergent sequence x, — x in Ugyq,
then

(4.11) Tim ([ Df ()b — Df(@)h] g, =0,

for each h € E. This means that Df : Ugi1 — L(Ek, Fy) is continuous
whenever the target space is equipped with the compact-open topology.

Remark 4.4 (Unique extension and continuous differentiability).
Suppose f : U — F is of class sc!.

a) Because Fj is dense in Ej, see Remark 3.2, the map D f(x) is uniquely
determined by (4.9). However, note that the mere requirement that f : Uy —
Fp is pointwise differentiable does not guarantee that a bounded extension
of df (x) € L(FE1, Fy) to Ey exists. Existence of such an extension is part of
the definition of sc!.

b) Because E; includes compactly in Ey, the usual differential df (x) €
L(E, Fy) depends continuously on x € U;. In other words, the “diagonal”
restriction

f c Cl(Ul,FD)

is not only pointwise, but even continuously, differentiable in the usual sense.

To see this suppose x, € U; C Fj is a sequence of points converging in
to a point x € U;. Assume by contradiction that there is a constant € > 0
and a sequence h, € E; of unit norm ||h,|g, =1 such that ||df(z,)h, —
df (x)hy||F, > €. Since the inclusion E; < Ej is compact there is a limit
element h € Ey and a subsequence, still denoted by h, (and x,), such that
h, — hin Ey. But

Tim [,y — df @y, = lim [DF Gk = D (@b,
= li_>m [®(z0, hy) — ®(z, hl/)HFD
= [|®(z, h) — (z, )| f,
=0.

Here step one uses that Df(p)|g, = df (p) € L(E1, Fy) for p € Uy. Step two
is by definition (4.10), step three by continuity, of ®. Hence € = 0. Contra-
diction.
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Remark 4.5 (Level preservation). Suppose that f: U — F' is of class
sct and x lies in U, and k € {0,...,m — 1}. Then, firstly, the restriction
Df(x)|g, : Ex — Fy to Ej automatically takes values in the Banach space
F}. and, secondly, the linear operator

is bounded. This follows from condition (ii) of scale differentiability: Because
x lies in U, and k < m, one has x € Ug,1. Since the tangent map is sc? it
maps

(z,h) € (TU)x = (U' @ E%)), = Upy1 ® E
to
(f(z),Df(x)h) € (TF)), = (F' & F°)), = Fp1 & Fy

continuously.

Lemma 4.6 (Characterization of sc! in terms of the scale-differen-
tial Df). Assume that f:U — F is sc®. Then f is scl iff the following
conditions hold:

(i) The restriction f : Uy — Fy, that is the top diagonal map, is pointwise
differentiable in the usual sense.

(ii) Its differential df (x) € L(E1, Fy) at any = € Uy has a continuous ex-
tension Df(z) : Ey — Fy.

(iii) The continuous extension D f(x) € L(Ey, Fy) restricts, for all k € Ny
and © € Ugy1, to continuous linear operators

Df(z)|g, € L(Ek, Fy)
such that the corresponding maps
Dflv. 08, : U1 © By — Fy,
are continuous.

The lemma is similar to [HWZ10, Prop. 2.1], but we only talk in (i-iii)
about the top diagonal map f : Uy — Fy and its pointwise differentiability,
whereas in their Prop.2.1 all diagonal maps of f appear and must be C!.
That the top diagonal map is C! is actually shown in Remark 4.4 b) using
their argument. The relation between Lemma 4.6 and [HWZ10, Prop. 2.1]
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or, in other words, between scale and Fréchet differentiablity, is the content
of §1.5 in [Web18].

Proof of Lemma 4.6. “=" Suppose f is sc'. Then statements (i) and (ii)
are obvious. The two assertions in (iii) follow from Remarks 4.5 and 4.3,
respectively, which both are based on condition (ii) of scale differentiability.

“«<” Suppose that f is sc’ and satisfies (i-iii). We have to show that
the tangent map is sc’. We first discuss why T f maps (TU) to (TF)y for
every k € Ny. Pick (x,h) € (TU)y = Ugy1 @ Ey. Since f is sc” we have that
f(z) € Fyy1. By (iii) we have that Df(x)h € F}. Hence

Tf(z,h) = (f(x), Df(x)h) € Fy1 ® Fy = (TF)y.

This shows that T'f maps (TU)y to (TF)y.

We next explain why T'f as a map T'f|ry, @ (TU), — (T'F)y, is contin-
uous. Assume (z,,hy,) € (TU)y = Ug+1 @ Ej, is a sequence which converges
to (z,h) € (TU)y. Because f is sc’, it follows that

V—r00

Again by (iii) we have that

lim Df(xy)h, = Df(x)h.

V—00

Therefore

lim Tf(2,.hy) = lim (£(2,), Df(@,)hy) = ((z), Df(x)h) = Tf(x, h).

V—00 V—00

This proves continuity and hence the lemma holds.

For m > 2 one defines higher continuous scale differentiability sc™ re-
cursively as follows.

Definition 4.7 (Higher scale differentiability). Anscl-map f:U — F
is of class sc™ if and only if its tangent map T'f : TU — TF is sc™ L. It is
called sc-smooth, or of class sc®°, if it is of class sc™ for every m € N.
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An sc™-map has iterated tangent maps as follows. Recursively one de-
fines the iterated tangent bundle as T™ U := T(T™U). For example
T?U :=T(TU) : = (TU)' @ (TE)°
— (Ul @EO)I @ (El @EO)
=U*0oE'9E'o E".

If f is of class sc'™, the iterated tangent map T f : T™U — T™F is recur-
sively defined as

T f = T(T™ L f).
For example
T’f. U0 E'eoFE' e > FPPeFlo e F°
is (as we show in the proof of Lemma 4.8 below) given by

(4.12) T%f(x, h, 4, lf Bf I}lef x)i&, D2 f( x{);h,ae +Df(a;)zi1.

=T f(z,h) D(Tf)(a,n) (&)

Lemma 4.8 (Characterization of sc? in terms of sc-differentials).
Assume that f:U — F is sc'. Then f is sc? iff the following conditions
hold:

(a) The restriction f: Uy — Fy, that is the top diagonal map of height
two, is pointwise twice differentiable in the usual sense.

(b) Its second differential d*f(z): Es ® E2 — Fy at any x € Uy has a con-
tinuous extension D?f(x): By ® By — Fy.

(c) The continuous extension D% f(x): By @ Ey — Fy restricts, for all k €
Ng and x € Uya, to a continuous bilinear map

D*f(2)| By, @Frss t Ers1 @ Epr — Fy,

such that the corresponding maps

2 .
D flv,20B 1 @Fes : U2 ® Epy1 © By — Fy,
are continuous.

Proof. “<” Suppose f: U — F is sc! and satisfies the three conditions (a-c)

of the Lemma. We need to show that f is sc? (equivalently that f :=Tf €
1

sct).
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Step 1. The map f :=Tf:TU — TF is of class sc’.

Proof of Step 1. Since f is sc! we have a well defined tangent map

TfTU=U'@E° - TF=F'®F° (z,h)~ (f(x),Df(x)h)

of class sc?.

Step 2. Find the candidate D f(z, h) : (TE)o — (TF)g for the sc-differential.

Proof of Step 2. Suppose that
(x,h) € (TU), =Uz2 & Ey.
Hypotheses (a) and (b) guarantee that the linear map
D(TF)(w,h): (TE)o = Ey ® Ey — (TF)o = Fy & Fy
defined for (i,h) € By @ Ey = (TE)o by
D(T f)a (@, 1) := Df ()i, D*f(w)(h, ) + Df (x)h

is well defined and bounded at each point (z,h) € Us @ Ej.

To see that the map D(Tf) is the sc-differential of T'f, see (4.8), we
need to check (i) and (ii) in Definition 4.2 of scale differentiability for the

map f=Tf.
Step 3. The map f = T'f satisfies (i) in Definition 4.2.
Proof of Step 3. We need to investigate differentiability of the “diagonal

map”, i.e. the restriction of T'f : (TU)y — (TF)o to (TU);. It suffices to
show that

w T @ @bt b) = Tf @, h) = DTS @ D,

. =0.
(@)l ¢z, =0 (&, D)l (rE),

Since we already know that the first component f of T'f is sc! it suffices to
check the second component and show that

(4.13) ) )
f DS+ )+ k) = D)+ B) = D2 () () o

— =0.
2| 2+[1 ]l —0 ]2 + I2lx
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We estimate

IDf(x+2)(h+h) = Df(x)(h+ h) = D*f(z) (h, #)llo
2 + 1l
- IDf(x +2)h — Df(x)hlo
B 212
|Df (@ +&)h = Df(w)h — D*f(x)(h, 2)]lo
B '

(4.14)

+

Because D2f: Uy ® E1 @ Ey — Fp is continuous by hypothesis (b) there ex-
ists an open neighbourhood V of z in U and é > 0 such that for every y € V
and every v and w in By, namely the §-ball around the origin of Fy, it holds
that

1D? f(y) (v, w)llo < 1.

Using bilinearity of D?f(y) we conclude that for v,w € F; we have the
estimate

lwl|1||v]l1

(4.15) ID*f () (v, w)llo < =5

for every y € V. We can assume without loss of generality that V is convex.
We rewrite the first term in (4.14) as follows

z
1 A A 1 A T
(4.16) ——|Df(x+&)h—Df(@)hlo=  D*f(z+td) b, dt .
1|2 0 2l
From uniform boundedness (4.15) we conclude that
. . h
lim O Dfe+ @) - Df@)l < tim DL _g
e lla+1A]—0 [|12]]2 lif,—0 O

where ¢ > 1 is a bound for the linear inclusion Fs < FEi, so ||ﬁ||1 <ec.
Hence in view of (4.14) in order to show (4.13) we are left with showing

(4.17) lim —

) ——||Df(z + &)h — Df(x)h — D*f(z)(h, &)[|o = 0.
12]2—0 || 2|2

Fix a constant x > 1/62 where § is the constant in (4.15). Now choose € > 0.
By taking advantage of the fact that Es is dense in F; we can choose

h/EEQ
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with the property that
€
h—h <-—.
Ih =Wl < 5

Choose W C V a convex open neighbourhood of  with the property that
for every x + & € W it holds that

lldf (@ + 2)h "= df(x)h' — & f(a) (W, 2)]lo <

C»D\”\

Suppose that z + & € W. We are now ready to estimate

( +@)h — Df(x)h — D* f(2)(h, 2)llo
B — B — 2 (2B 3
S ’E + @) —df (z)h" — d"f () (W, 2) o

- D2f(x+t§c) h—H, dt + D*f(x) h—1,

0 ch!lz 0 Ha?lla 0

<.
To obtain the first inequality we wrote each of the three terms h in line one
in the form h = b’ + (h — h’), we used that df = Df for diagonal restrictions
of f, and we used formula (4.16) for h = h — h'. The second inequality uses,
in particular, the estimate (4.15) on both D?f terms. This proves (4.17) and
therefore the first property (i) of scale differentiability of T'f.

Step 4. It remains to prove that the map f = Tf satisfies (ii) in Defini-
tion 4.2.

Proof of Step 4. Ttem (ii) requires that the tangent map of f = T'f, i.e.
T*f = (Tf,D(Tf)): T°U = (TU)' @ TE — T*F = (TF)' ® TF,

is sc?: the map T2 f must be level preserving and the corresponding level
maps

(T?U) = Ugy2 ® Egy1 © 1 © By — (T?°F)g = Fip0 @ Firy1 © Fry1 @ F

given by formula (4.12) must be continuous for all £ € Ny. For the T'f part
both assertions are true, because T'f € sc!. Concerning the D(T'f) part there
are three terms to be checked. Because T'f € sc!, part (iii) of Lemma 4.6
applies and asserts that term one exists as a map Df : Ugyo @ Exi1 —
Fj41 and is continuous, analogously for the map D f o (¢,1d) : Ug12 @ Ex, —
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Uk+1 ® Ex, — Fy in term three. Concerning term two use hypothesis (c) to
see that D2 f : Upyo ® Epqp1 © Epp1 — Fy is well defined and continuous.

This finishes the proof of the implication “<” that under assumptions (a-

c) of the Lemma f is sc?.

“=” For the other implication, namely that if f is sc? then it satis-
fies the conditions (a-c) of the Lemma, we point out that by a result of
Hofer, Wysocki, and Zehnder [HWZ10, Prop.2.3] it follows that f is ac-
tually of class C? as a map f: Upyo — F), for every k € Ng. This in par-
ticular implies properties (a) and (b). Property (c) is straightforward; cf.
proof of Lemma 4.6 (iii) based on Remark 4.5. This concludes the proof of
Lemma 4.8.

Remark 4.9 (Symmetry of second scale differentials). The second
scale differential D?f(z): Ey @ E1 — Fy is symmetric, because the usual
second differential d?f(x) : Ey @ Eo — Fy is symmetric and Es is a dense
subset of the Banach space FEj.

Applying the arguments in the proof of Lemma 4.8 inductively we obtain

Proposition 4.10 (Characterizing sc” by higher sc-differentials
D™ f(x)). Let f:U — F be sc™ ' and m > 1. Then f is sc™ iff the fol-
lowing conditions hold:

(i) The restriction f : Uy, — Fy, that is the top diagonal map of height m,
18 pointwise m times differentiable in the usual sense.

(i) Its m'" differential d™f(z): By @ --- ® B,y — Fy at any x € Uy, has

a continuous extension

D™ f(z) : ]Em_1 ©® {7 ® Em_} — Fp.

m times

(iii) The continuous extension D™ f(x): Ep_1 @ -+ @© E,—1 — Fy restricts,
for allk >0 and x € Ugyp,, to continuous m-fold multilinear maps

D™ f(x): |Em—1+k ¥ {7 ® Em—l—&-? — I}

m times

such that the corresponding maps
D"fla: A:=Unik ® Ep11k @ @ Ep_141 — Fi

are continuous.
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The higher sc-differentials D™ f(x) are symmetric m-fold multilinear
maps by the argument in Remark 4.9.

5. Chain rule

The following theorem was proved by Hofer, Wysocki, and Zehnder in
[HWZ07]. The proof relies heavily on the compactness condition on the
scale inclusions F;;1 < E; in Definition 3.1 of a Banach scale.

Theorem 5.1 (Chain rule). Consider scale Banach spaces E, F,G and
open subsets U C E and V C F. Suppose the maps f: U =V and g:V —
G are of class sc'. Then the composition go f : U — G is of class sc* and

T(gof)=TgoTf:TU — TG.

Concerning the proof of the chain rule in [HWZ07, p. 849] Hofer, Wysocki,
and Zehnder remark the following.

“The reader should realize that in the above proof all conditions

on sc! maps have been used, i.e. it just works.”

An immediate consequence of the chain rule is the following corollary.

Corollary 5.2. Under the assumptions of Theorem 5.1 suppose, in addi-
tion, that f and g are of class sc™ where m € N. Then the composition
go f:U — G is of class sc™ and its m-fold iterated tangent map is given
by

T"(go f)=TMgoT™f :T"U — TMG.

6. Scale smooth actions

In this section we explain that the shift map is scale smooth. We first prove
this for loop spaces Hj = W¥*?2(S!,R), however, basice}lly the same proof
generalizes to Morse and Floer trajectory spaces Fy = ?:0 Wg;p (R, Hi;).
Surprisingly the growth type used to define the Floer trajectory spaces does
not enter the proof. This is due to the fact that the shift map is linear in
the second variable.

Loop spaces

Theorem 6.1 (Shift map on loop spaces is scale smooth). Let H
be the scale Hilbert space whose levels are given by Hy = W52(S' R) and
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consider the map
(6.18) V:F=R@H—H, (7r,0)— 7w,
where R carries the constant scale structure. Then the map ¥ is sc-smooth.

Proof. At the point (7,v) € F} the sc-differential evaluated on (T,V) € Fy
is

DU (r,v) T,V =r12"-T+1V.

At the point (7,v) € Fy the second sc-differential D?W(r,v) evaluated on a
pair (T1,V1), (T2, V2) € F} is given by

DQ‘I’(T’U) (T, W), (T2, V2) = " TV T + T*Vf “Th + T*Vzl -T.
By induction one shows that at (7,v) € Fy the k™ iterated sc-differential
Dk\IJ(T,’U) P 1 ® - D Fr—1 — Hy

evaluated on k elements (71, V1), ..., (Tk, Vi) € Fj_1 is given by the formula

(6.19) DFw(r,v) (Ty,V1),..., (T, Vi)
Y Xk
=ro® T4 T*X/j(k_l)Tl ) TR
j=1 j=1

where the wide hat in T)] means to delete that term. That the iterated
sc-differentials meet the requirements of Proposition 4.10 follows from
Lemma 2.1.

Floer trajectory spaces

Theorem 6.2 (Shift map on path spaces is scale smooth). Let E be
the scale Banach space of path spaces arising in Morse or Floer homology
as introduced in Examples 8.9 or 8.11. Then the shift map in (6.18) with H
replaced by E is sc-smooth.

Proof. As proof of Theorem 6.1. More precisely, replace Lemma 2.1

- in the Morse case by Lemma 6.3 with finite dimensional H

- and in the Floer case by Corollary 6.4.
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It is surprising that the proof of Theorem 6.2 can be given uniformly, in-
dependent of the monotone unbounded function f : N — (0, co). This hinges
on the observation that in formula (6.19) the V;’s only enter linearly — there
are no products. In fact, if there were products, the regularity would strongly
depend on the growth type of f, which is well known from Sobolev theory. It
is easy to understand why the Vj’s only enter linearly in the formula (6.19)
of the differential: the shift map (6.18) is linear in the second variable.

Lemma 6.3 (Continuity in compact open topology). Letk € Ny and
pick constants p € (1,00) and § > 0. Suppose H is a separable Hilbert space,
i.e. H is either isometric to £ or of finite dimension, and define Wf’p(R, H)
by (3.5) with R™ replaced by H. Then the shift map

U, WPP(R, H) - WIP(R, H), v 70,
s continuous in the compact open topology, i.e.
tim [0 (0) — vy g ) = 0.
for each v € Wf’p(R, H).
Proof. Same arguments as in Lemma 2.1.
An immediate Corollary of the lemma is the following.

Corollary 6.4. Let k € Ny and pick constants p € (1,00) and 0 > 0. Let
f:N = (0,00) be a monotone unbounded function and consider the weighted
Hilbert spaces Hy := (* and H; = Efcj for j € N as in (3.3). Then the shift
map on the intersection Banach space
\k . \ko
V. E, = Wg;p(R, Hk—i) — b = Wg;p(R, Hk—i), V> Ty,

=0 =0

is continuous in the compact open topology.

7. Fractal Hilbert scale structures on mapping spaces

In this section we explain how fractal scale Hilbert spaces can be used to
model the targets in Floer homology. Let N be a closed manifold. Fix an
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integer ko > %dimN and consider the Hilbert scale defined by
Map(N,R") = Map(N,R")g := Wk 2(N,R") > WhL2(N R") o ... .

The spectral theory of the Laplace operator A, associated to a Riemannian
metric g on N shows that this Hilbert scale is given by the fractal Hilbert
scale ¢2f associated in Example 3.8 to the weight function

(7.20) f(v) =y dimN,

Observe that f only depends on the dimension of the domain N, it is in-
dependent of the dimension of the target; cf. [Kanl1]. This phenomenon is
very reminiscent of the Sobolev theory which is sensible to the dimension of
the domain, but not of the target.

Periodic boundary conditions

We illustrate this for the Hilbert space H = Map(S!,C) := L?(S!, C). Here
we get away with kg = 0, because we view maps S! — C as maps R — C
which are 1-periodic. So there is no need to take local coordinate charts on
S! and therefore we don’t need continuity of the elements of our mapping
space Map(S!, C). The Hilbert space H consists of all infinite sums of the
form

X .
U(t) — UeeZmZt

LEZ
whose Fourier coefficient sequences (vg)eez, C C are square summable, that
is
|vu|? < 0.
leZ
For k € Ny the subspace &V’“Q(SI,C) of L?(S',C) consists of those v for

which the weighted sum ;. (1 + 472¢%)*|v,|? is finite. Up to equivalent
weight functions the space W*2(S!, C) coincides with the k'" level

Hk = (EQ’f)k = g?ck
of the scale Hilbert space £/ associated in Example 3.8 to the weight func-

tion f: N — (0,00), v + 2. This is consistent with formula (7.20), because
dimS! = 1.
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Lagrangian boundary conditions

Recall that by the Weinstein neighborhood theorem every Lagrangian sub-
manifold L has a neighborhood which can be identified with a neighborhood
of the zero section in the cotangent bundle T L of the Lagrangian. Therefore
we consider the following relative mapping space as a model for Lagrangian
Floer homology. Consider the relative mapping space

H = Map([0,1],{0,1}; C,R) := W"?(([0,1],{0,1}), (C,R))

that consists of all W2 paths 7 : [0,1] — C = R x iR whose initial and end
points lie on the real line R. We define a scale structure on H by choosing
as k™ level the space

n o
Hy:= v e WH((0,1,C) 79(0).4(1) € iR, 0< <k

Note that we not have just Lagrangian boundary conditions for the path, but
also for its derivatives. This is crucial to get a fractal scale Hilbert structure.
These boundary conditions also appeared in the thesis of Siméevi¢ [Sim14] in
her Hardy space approach to gluing. Observe that these boundary conditions
are well posed, because the k' derivative of such a path is still continuous by
the Sobolev embedding theorem W#*+1:2 < C¥ on the 1-dimensional domain
[0, 1].

Given a path v € Hy, consider the associated loop in C defined by dou-
bling

< y(20), telo,3],
“y(2-2t), tel3,1],

where zZ = x — iy denotes complex conjugation of a complex number z =
x +1y. Note that I'; is indeed a loop

Iy (1) = 7(0) =~(0) = I',(0)
where the second step holds due to the condition that initial points of our

paths lie on the real line R C C. The real endpoint condition guarantees that
the loop is also continuous at t = %, hence everywhere. We claim that

T, € whth2st o).
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The growth type of various Floer homologies

In view of the discussion before we can now list the growth type of the
various Floer homologies mentioned in the introduction.

The growth types are different, however, we point out that the main
result, Theorem 6.2, is independent of the growth type and therefore applies
to all of the following.

Floer homology Order Mapping space Growth type

Periodic 18t loop space flv) =12
Lagrangian 18t path space fv) =v?
Hyperkéhler 18t Map(M?3,R?™)  f(v) = v?/3
Heat flow ond loop space fv) =v*

Here Hyperkédhler and Heat flow Floer homology refer to the theories
established in [HNS09] and [Web13b, Webl17], respectively; see also intro-
duction.

8. Banach scale structures — main examples

In this section we show that the examples of scale structures introduced in
Section 3 actually satisfy the axioms of scale structures.

Fractal scale Hilbert spaces

Consider a monotone unbounded function f: N — (0,00) and consider the
weighted Hilbert spaces Hg := ¢? and Hj, := E?k for k € N as in Example 3.8.
Our aim is to show that the nested sequence of Hilbert spaces (> = ¢2 >
E? D (2, carries the stf.ucture of a scale Hilbert space, that is compact
oo EQ

inclusions and density of o in each level Z?k.

Theorem 8.1 (The fractal Hilbert scale). The sequence of fractal
Hilbert spaces Hy, = E?ck defined by (3.3) forms a Hilbert scale.

Proof. Compact inclusions. Let I: Efc < (2 be in%usion. For fixed N € N
consider the finite dimensional subspace Vi := { Z]\L Laie; | ai € R} C 2,
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the orthogonal projection 7y : ﬁfc — Vi, and the non-commutative diagram

I I p

W A

Vn

By finite dimension of Vi the inclusion Iy is a compact operator. There-
fore the composition IV := Iy omy : E? — ¢? is compact. Observe that the
condition

2 def XV 2 2
L= ol ST fopde T fwe
v=1 N+1

implies by positivity and monotonicity of f the estimate

1 xe
) > v, = [|(Id = 7n5) vl e -
N+1
Using this estimate in the last step of what follows
-1~ L2y — Sub (I = Inomn)v|pe
r [vllz =1

= sup ||(Id = 7)ol

ol =1

<1/f(N)

shows, by unboundedness of f, that IV — I, as N — oo, in the operator
norm topology. Hence [ : 6% < ¢? is compact by Theorem A.1. This implies
for k € N compactness of the inclusion chkﬂ — E?k by identifying 6? ~ 6?%“
and (2 ~ Efck through the isometric isomorphisms ¢g|m, and ¢ in (3.4),
respectively.

S
Density. Let V.= 3_; Vv be the union of all the V. The inclusions

\oo
V C €2m C €2k
m=0
together with density of V' in ﬁfpk imply density of °_, E}m in each weighted

Hilbert space ffck. We proved the following theorem.
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Morse path spaces

Our aim is to show that the sequence of Morse path spaces Fy = W(i P(R,R")
introduced in Example 3.9 has the two defining properties of a Banach
scale, compact inclusions and density. This result also appeared in [HWZ05,
Ex.1.2] and in [FFGW16, Le. 4.10].

Theorem 8.2 (The Morse path Banach scale). The sequence of Morse
path spaces Ej = W(Z’p(R,R”) defined by (3.6) forms a Banach scale.
Proof. Density: The inclusions

\oo
CP(R,R") C B = WMP(R,R") C WyP(R,R") =: By

m=0

together with density of the set of compactly supported smooth functions
in the Banach space Wfk P(R,R") imply density of E in each level Ej.
Compact inclusions: Proposition 8.3.

Proposition 8.3 (Compact inclusions). Suppose k € N and p € (1,00).
For non-negative reals 61 > dg the inclusion

k, k-1,
I: W(;IP(R) = Wy P(R)
is a compact linear operator. The Banach spaces are defined by (3.5).
In order to prove the proposition we first prove two lemmas.

Lemma 8.4 (k=1, o =0). For constants p € (1,00) and § > 0 the in-
clusion

I:WP(R) — LP(R)
18 compact where the Banach space ng’p is defined by (3.5).

Without the exponential weights the inclusion W1P(R) — LP(R) is in
general not compact, as shown by the sequence v, (t) := v(t — v) of right
shifts of a given function v of positive norm, for instance a bump function v.

Proof. For T > 0 consider the continuous operators given by restriction
Ry : WiP(R) — W ([-T,T)), v vl rm,

and extension by zero Ep : LP([-T,T]) — LP(R). Since p > dim[-T.T] =1
the inclusion operator It : WYP([-T,T)) — LP([-T,T)) is compact by the
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Sobolev embedding theorem. Hence the composition
1" .= ErIpRy : WiP(R) — LP(R)
is compact. Since the set of compact linear operators is norm closed, see

Theorem A.1, it suffices to show that I7 — I in the norm topology, as T —
oo. Indeed

sup (I —IT)w

ol 2.0 =1

T _
=1 cwpo i) = L

= sup  V|(—oo,_TIUT00) Is
ol =1

< e—éT

whenever T' > 1. To see the final estimate observe that

1
Vl(—oo,~1101T00) r < 57 V5 Vl(—o0TIUIT00) 1
< L v
- €6T (—OO,—T]U[T,OO) W{;l’p
S 1
- €6T W(syp
_ 0T

whenever ||v|[1» = 1 and where step one uses that 7' > 1.

Lemma 8.5 (General k, 60 =0). Given k € N and reals p € (1,00) and
6 > 0, then the inclusion

I:WP(R) — WFLP(R)
is compact. The Banach spaces Wf’p are defined by (3.5).

Proof. The lemma follows by induction on k. For k = 1 the assertion is true
by Lemma 8.4. To prove the induction step k = k + 1 suppose the lemma
holds true for k. Let v, be a sequence in the unit ball of W(;’C LP(R). Hence
both v, and its derivative v, lie in the unit ball of Wék P(R). By induction
hypothesis there exist elements v, w € Wf —Lp (R) and a subsequence, still
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denoted by v,, such that as v — oo it holds that

Wk;*l,p . kal,p
v, — v and U, — w.

Note that w is equal to the weak derivative . Indeed the definition of the
weak derivative provides the first of the identities

Z y4 Z Z Z
(8.22) pv=— Jv=—lim v, = lim PO, = Jw
R R

R R V—00 R V—r00

which hold true for every test function ¢ € C§°(R). In particular, the element
v lies in W*P and v, — v in Wk,

Proof of Proposition 8.3. Consider the isomorphisms
k, K, k—1, -
T: Walp—>W5£50, S Wy, Py Whlp, v =5, - U,
which both act by multiplication by the weight function s,. The assertion of

the proposition — compactness of the inclusion I : ng P(R) — W;Z ~1P(R)
— follows since the diagram

Wb ey Whote
(8.23) TTZ :Ts

WP Ly wimte

1 0

commutes and the upper inclusion is compact by Lemma 8.5.
Floer path spaces

Our aim is to show that the sequence of Floer path spaces Fj introduced
in Example 3.11 has the two defining properties of a Banach scale, compact
inclusions and density. Hence from now on let f : N — (0, 00) be a monotone
unbounded function and consider the weighted Hilbert spaces

Ho = gz, Hk = 621@
for k € N as defined by (3.3).

Theorem 8.6 (The Floer path Banach scale). The sequence of Floer
path spaces Ey, defined by (3.7) forms a Banach scale.
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Proof. Density: Consider the dense subset V of £ that consists of all finite

sums
(o )
V.= aie; NeN, aj,...,ayeR .
i=1

T
The inclusipns V.C = chm C K?k together with density of V' in E%k imply

density of 7, ﬁfcm in each weighted Hilbert space K?k. The inclusions
\oo
CSO(R, V) C Fy = E,, C E
m=0

together with density of the set C°(R, V) in the Banach space Ej imply
density of F in each level Ej.
Compact inclusions: Proposition 8.7.

Proposition 8.7 (Compact inclusions). Suppose k € N and p € (1,00).
For non-negative reals d;, > d_1 the inclusion

\ko A-1
I:Bp=  WgP(R, Hyy) —»  Wg” (R Hp 1) = Ep
i=0 i=0

is a compact linear operator. The spaces Ey are defined by (3.7).
In order to prove the proposition we first prove two lemmas.

Lemma 8.8 (k=1, dp =0). Pick reals p>1 and 6 >0 =0y. Then the
inclusion

I:Ey=W,?(R, Hy) N LE(R, Hy) — LP(R, Hp) = Ey
s a compact linear operator. The weighted spaces are as in Definition 3.10.

Recall from Example 3.11 that the norm on an intersection of Banach
spaces is the maximum of the individual norms.

Proof of Lemma 8.8 (k =1). Denote by e; = (0,...,0,1,0,...) the sequence
whose members are all 0 except for member ¢ which is 1. The set of all e;
not only forms an orthonormal basis of the Hilbert space Hy = ¢2, but si-
multaneously an orthogonal basis of H; = 6%, although not of unit length
any more.
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For N € N consider the subspace Vi = span{ey,...,enx} C Hy of finite
dimension and the corresponding orthogonal projection 7y : Hy = £? — V.
Its restriction 7| e H, = E% — Vv is also an orthogonal projection.

Define a linear projection by

My : W, P(R, Ho) N LA(R, Hy) — W, (R, Viy)

VH— TN OV
The linear operator given by inclusion and denoted by
In: WiP(R, V) = LP(R, Vi), v o,

is compact by Lemma 8.4 for I = Iy. The inclusion jy : Vy — 2 = H,
induces the inclusion

Iy LP(R,Vy) — LP(R, Hy), v+ jyouw.
The inclusion given by composition of bounded linear operators
IN = JN OIN OHN2 E1 == Wél’p(R,Ho) ﬂLg(R,Hl) — LP(R,H[)) = Eo

is compact since Iy is compact.
To see that IV converges to I in the norm topology observe that

1IN (BB = | ﬁ,up_1 (I - [N)U B, = | ﬁup_1 ||(Id — T‘—N)’UHLP(R,H())'
Observe that
VAN g
1(Id = 7)ol Lo v, 1) = . ‘I(Id - W{\;)U(S)H%} ds
<sar )i,
1
< 1) 100l 22 g, 11y
1

< — v 1,p P .
= f(N) H HWE (R,HO)HLJ(R,Hl)

This proves that || — INH&(EI,EO < 1/f(N). By unboundedness of f the
sequence of compact operators 1Y converges to I in norm. Thus the limit
is compact, too, by Theorem A.1.
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In view of the fractal structure, i.e. all level pairs (Hy, Hyy1) where Hy,
is defined by (3.3) are isometrically isomorphic? to the pair (Hy, H;), an
immediate Corollary to Lemma 8.8 is the following.

Corollary 8.9. Pick reals p > 1 and § > 0= 9. Then each of the inclu-
510ns

I:WP(R, Hy) N LE(R, Hyy1) — LP(R, Hy), ke Ny,
s a compact linear operator.
Lemma 8.10 (k€ N, 6p =0). Forpe€ (1,00) and § > 0 the inclusion
\ko A1
I WeP(R, Hp) =  WP(R, Hp_1-4)
i=0 i=0

18 a compact linear operator. Definition 3.10 provides the Banach spaces
WP,

Proof. Lemma 8.10 follows from Lemma 8.8 (k = 1) by induction similarly
as in the Morse case (where Lemma 8.5 followed from Lemma 8.4). In order
to illustrate the adjustments one has to do, we show how the case k =2

follows from the case k = 1 which is Lemma 8.8.
Case k = 1 = case k = 2: Pick a sequence v, in the unit ball of the space

WP(R, Ho) N W, P(R, Hy) N LE(R, Hy).
So v, is a sequence in the unit ball of
WP (R, Hy) N LY(R, Ho).

Hence by Corollary 8.9 for & = 1 there is a subsequence, still denoted by vy,
and an element v € LP(R, H;) such that

v, — v in LP(R, Hy).
Moreover, the weak derivatives v, form a sequence in the unit ball of

WP (R, Hy) N LA(R, Hy).

’meaning that there is an isometry Hj — Hy which restricts to an isometry

Hyy1 — Hy
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Hence by Lemma 8.8 there is a subsequence, still denoted by v,, and an
element w € LP(R, Hp) such that

0, — w in LP(R, Hp).

Similarly as in (8.22) one gets w = . Hence v is in W1P(R, Hy) N LP(R, Hy)
and v, — v in WYP(R, Hq) N LP(R, Hy). This shows that the inclusion

WP (R, Ho) N W,y P(R, Hy) N LE(R, Hy) < WYP(R, Hy) N LP(R, Hy)

is a compact linear operator.
Case k = k + 1: Follows along similar lines as k=1 =k = 2.

Proof of Proposition 8.7. As in the Morse case, Lemma 8.10 implies Propo-
sition 8.3 in view of the commutative diagram (8.23).

Appendix A. Background from functional analysis
A.1. Compact operators

A useful fact to prove compactness of a linear operator is that the space of
compact operators is closed in the space of bounded linear operators with
respect to the operator norm topology. We use this fact heavily in Section 8.
For the reader’s convenience in this section we recall the proof of this well
known fact.

Suppose E and F' are Banach spaces. Let L(E, F') be the Banach space
of bounded linear operators T : £ — F' whose operator norm defined by

1Tl = 1Tl g,y = sup [[T]|p
x| z=1
is finite. An operator T € L(F, F) is called compact if the image under T
of any bounded sequence x, € F admits a convergent subsequence. Since T’
is linear it suffices to show this for sequences in the unit ball of E.

Theorem A.1. LetT, € L(E,F) be a sequence of compact linear operators
which converges in the operator topology to T € L(E, F). Then T is compact.

For convenience of the reader let us repeat the short standard proof.

Proof. Let xp € FE be a sequence in the unit ball of E. Because each T}, is
compact, by a diagonal argument there is a subsequence x; such that each
image sequence (7,xy,); converges in F.
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We claim that (T'zy,); is a Cauchy sequence in F'. In order to see this
pick € > 0. Since T}, — T in the operator topology, there is 1y € N such that
|T — Ty, < e/3. Since the sequence (T,,xy,); converges in F, it is a Cauchy
sequence. In particular, there is jo € N such that for every j1, jo > jo we have

Ty, — Toexr,, o <¢€/3.

Ji2
We estimate

Tﬂ?kh —Txy,

T.%'kjl — Ty Tk, + Tyomkjl — Ty k.

S i1 F iz F
S ||T - TVO H : xkjl E + TVoxkjl - Tl/o‘rk
<

e/3-14¢/3+¢/3-1=c¢.

+ Tl,oxk].Q—T:L'kj2 P

o F+HT_TV0|| Tk, g

This shows that T'zy, is a Cauchy sequence in F'. Since F' is a Banach space
each Cauchy sequence converges. Hence the linear operator T is compact.

A.2. Hilbert space valued Sobolev theory

In this appendix we recall Sobolev theory for Hilbert space valued func-
tions in the separable case. For a more general treatment, which as well
treats non-separable Banach spaces, see e.g. [Coh93, Eva98, Krel5, Yos95].
In particular, we recall that Hilbert valued Sobolev spaces are complete and
therefore Banach spaces.

Throughout we suppose that H is a separable Hilbert space, i.e. H is
isometrically isomorphic to #? or of finite dimension, with inner product
(-,-) and induced norm ||-||. Throughout H is endowed with the Borel o-
algebra B = B(H), i.e. the smallest o-algebra that contains the open sets.
Let B = B(R) be the Borel o-algebra on the real line and A = A(R) be the
Lebesgue o-algebra. The elements of a g-algebra are called measurable
sets. Recall that a map is called measurable if pre-images of measurable
sets are measurable.

The Banach space L!(R, H)

We need the following theorem of Pettis which makes use of the fact that
our Hilbert space is separable.
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Theorem A.2 (Pettis [Pet38]). Consider a Hilbert space valued function
f:R —= H. The following assertions are equivalent.

1) Every function (f,z) : (R, A) = (R, B), where x € H, is measurable.
2) The map f: (R, A) = (H,B) is measurable.

Remark A.3. That 2) implies 1) follows from two facts in measure the-
ory. Firstly, continuous maps are measurable and, secondly, compositions of
measurable maps are measurable.

Remark A.4. By the same reasoning as in Remark A.3if f : R — H meets
one, hence both, conditions in Theorem A.2 it follows that the map || f]| :
(R, A) — (R, B) is measurable.

Definition A.5. A Hilbert space valued function f: R — H is called in-
tegrable if it satisfies the following two conditions.

(i) Every function (f,z) : (R, A) — (R, B), where = € H, is measurable.
(ii) The integral || f(t)||dt < oo is finite.

By L1(R, H) we denote the set of integrable Hilbert space valued functions.
Proposition A.6. The set L'(R, H) is a real vector space.

Proof. Given f,g € LY(R,H) and )\, n € R, we need to show that A\f + g
satisfies (i) and (ii) in the definition. Part (i) follows from the fact that the
space of measurable functions (R,.4) — (R, B) is a vector space. To prove
part (ii) we observe that by part (i) combined with Pettis’ Theorem A.2,
1)=2), and Remark A.4 the map [|Af + ug| : (R, A) — (R, B) is measur-
able. Therefore the integral

z Z z
IAf+pgll <AL AT+ el llgll < oo
R R R

is finite. This proves part (ii), hence the proposition.

Proposition A.7. The vector space L'(R, H) is complete with respect to
the semi-norm defined by

z
11y = e ey = . (@)l dt.
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Proof. Fix a Cauchy sequence f, € L1(R, H). Motivated by the real valued
case, see e.g. Rudin [Rud87, Ch. 3] or [Sall6, Thm. 4.9], pick a subsequence,
still denoted by f,, such that each difference || f, — fy41]|; is less than 277,
That is

Z

(A.1) Il fo — fqulHLl(R,H) =

Ifu {!_1}“ JLdlt<2—” veN.

=g, (t)

Claim 1. The infinite sum of the g,’s is finite outside a null set. More
precisely, there is a function g : R — [0,00) and a Lebesgue null set N C R
such that

g= gy, onR\N.

Proof of Claim 1. Setting G,, := |_, g, we obtain a pointwise monotone
sequence Gy, < Gp41 since the g, are non-negative. Define G : R — [0, oo]
by

s
G(t) =  g(t), forteR.

v=1
The Lebesgue monotone convergence theorem, see e.g. [Sall6, Thm. 1.37],
asserts that the function G is measurable and provides the first step in

z z Z s o Z
G(t)dt = lim  G,(t)dt = lim gu(t) dt = g (t)dt < 1.

R n—oo R n—oo R

The inequality uses (A.1). By finiteness of the integral G can only take an
infinite value on a set IN of measure zero. Consequently the function defined
by

G(t), teR\N,

t) ;=
9= 0 en,

is pointwise finite. It is also measurable.

Claim 2. Outside the null set N from Claim 1, that is for ¢t € R\ N, the
sequence f,(t) is Cauchy in H.

P
Proof of Claim 2. Given teR\N, pick ¢ > 0. Becaused(t) = )2 gu(t) <
oo is finite, there is an index vy = vy(e) such that 2021,0 gu(t) < e. Pick
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vy > 11 > 1. We estimate

X1 X1
[(fo = fur) (O] = ) (frri = f) () < ) ‘|(fu+1 {—qu) (t)g
v=14 v=1, 9. (1)
xe
< gu(t) <e.

This proves Claim 2.

Since H is complete it follows from Claim 2 that for all ¢t € R\ N the
limit lim, o f,(t) € H exists. We obtain a function f : R — H by defining

limye o), tER\N,
) = 0, teN.

By Theorem A.2 of Pettis measurability of f: R — H is equivalent to the
following claim.

Claim 3. (Measurability of f : R — H) The function ¢, := (f,z) : (R, A) —
(R, B) is measurable Vz € H.

Proof of Claim 3. Define the function ¢, , : R = R by t — (z, f,(t)). Note
that for every ¢t € R\ NV one has lim,_,o ¢z, (t) = @4 (t), because f,(t) —
f(t) by definition of f. Therefore outside the set N of measure zero ¢, is
the pointwise limit of a sequence of measurable functions and hence itself
measurable.

Claim 4. (Convergence) lim, 0| f — full 21 &, @) = 0.

Proof of Claim 4. Given & > 0, choose v such that 1/2~! < ¢. Using Fa-
tou’s Lemma to obtain the first inequality we estimate

4
If = Follpr@m = I1£() = F@)]dt
7R

= liminf[|f,(t) — fi(®)l| dt
R Rk—ep

< liminf
k—o0

| fu (1) iz fk(t)y dt
<@ = Fia @]
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< hmgolf I1f5(t) — fis1(t)] dt
j=v| & {z }
<1/2i
11
= 2 vl
J=v
<e€

This proves Claim 4.

By Claim 4 the limit f is in £Y(R, H) and f, — f in £Y(R, H). This
proves Proposition A.7.

On LY(R, H) consider the equivalence relation where f ~ g if the two
maps are equal outside a set of measure zero. On the quotient space

LYR,H) := LY(R,H)/ ~

the semi-norm ||-||; is a norm. Hence L!(R, H) is a Banach space by Proposi-
tion A.7. By abuse of notation we still denote the elements of L' (R, H) by f.

The Banach spaces LP(R, H)

Similarly for p € (1,00) one calls a Hilbert space valued function f:R —
H p-integrable if it satisfies (i) in Definition A.5 and (ii) is replaced by
finiteness of the p-semi-norm
z 1
11y == WFl 2o,y = . 1F @) dt

Let LP(R, H) be the set of all p-integrable functions f : R — H. As in Propo-
sitions A.6 and A.7 one shows that L£P(R, H) is a vector space which is
complete with respect to the p-semi-norm. On the quotient space

LP(R,H) := LP(R,H)/ ~

the semi-norm ||-||, is a norm. Hence LP(R, H) is a Banach space. Again we
still denote the elements [f] of LP(R, H) by f.
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The Sobolev space WP (R, H)

Fix p € [1,00) and let WYP(R, H) be the vector space of all f € LP(R, H)
for which there exists an element v € LP(R, H) such that

for every ¢ € C°(R, H). If such a map v exists, then it is unique and called
the weak derivative of f. We denote v by the symbol f or f’. The vector
space WHP(R, H) is endowed with the norm || f[|1, := ||f|l, + || f]l-
Proposition A.8. The space WYP(R, H) is a Banach space.

Proof. Let f, be a Cauchy sequence in W1P(R, H). Hence f, forms a Cauchy

sequence in LP(R, H) and so do the weak derivatives f,. By completeness of
LP(R, H) there are elements f,v € LP(R, H) such that

Lr . LP
fv — 1, fv —v.

In view of Lemma A.9 we compute

Z Z
(F(0),$(0) de = T (£,(1), $(0)) dt
K 2 p E
= — lim fl/(t)>30(t) dt
Z—)OO R
== (v(t), (1)) dt.
R

This shows that v is the weak derivative of f. Hence f € W'P(R, H) and
f, — fin WYP(R, H). This shows completeness and proves Proposition A.8.

Lemma A.9. Let p€[l,00). Let f, € LP(R, H) be a sequence that con-
verges to an element f € LP(R, H) and let ¢ € CX(R, H) be of compact
support. Then 7 7

(frp)dt = lim — (f,, @) dt.

R V—00 R

Proof. The support of ¢ is contained in [-T,T] for T' > 0 sufficiently large.
Moreover, there is a constant ¢ > 0 such that ||¢(t)|| < ¢ for every t € R. Let
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g be such that 1/p + 1/q = 1. We estimate

z Z .,
(ft) = fu(t), @) dt = (f(t) = fu (1), (t)) dt
R 7 ;T
< ) = L@l - o)) dt
v
<c L |l f(t) — fu(t)] dt

Zp 1/p
< c(21)"/ 1f(t) — fu @) dt
-T

< c(2D)V7) f - Joll o,y -

The first inequality uses the Cauchy-Schwarz inequality in the Hilbert space
H. The third inequality uses Holder for real valued functions.

The Sobolev spaces W*P(R, H)

Recursively, for k € N, we define W*+1LP(R, H) to be the space of all func-
tions f € WYP(R, H) whose weak derivatives f lie in W*?(R, H). The vector
space WHHLP(R, H) is endowed with the norm || f|lxr1p := || fllp + [ f]l5.p-
Using the argument in the proof of Proposition A.8 inductively we obtain
that W**+LP(R, H) is a Banach space.

Proposition A.10. The space W*P(R, H) is a Banach space whenever
k € Ny and p € [1,00).
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