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Introduction

The main goal of this work is to extend to infinite dimensional settings well known
results in differential geometry, more precisely in the theory of symmetric spaces. The
idea of studying various aspects of local differential geometry (like covariant derivative
and geodesics) in infinite dimensions, more precisely on open subsets of Banach spaces,
goes back to the 1930s. In the 1950s, due mainly to J. Eells, formal infinite dimensional
manifold structures have been given to different spaces of functions. The study of
infinite dimensional manifolds has been particularly intense in the 1960s and 1970s.
One should mention here in connection to our work the important paper ([3]) of J.
Eells.

A central example of an infinite dimensional manifold is provided by the set of
maps from a compact manifold to another finite dimensional manifold. In our work we
will deal extensively with the well known particular case of loop groups, for which the
domain space is the circle S! and the target space a Lie group. More generally, the set of
cross sections of a differentiable fibre bundle over a compact manifold admits a manifold
structure. This type of manifolds lies at the heart of the branch of mathematics called
global analysis - see [21]. Another example of infinite dimensional manifolds (and Lie
groups) we will consider is that of the Kac-Moody Lie groups. The Kac-Moody Lie
algebras have been introduced by V. Kac and R. Moody in the mid-1960s. They are
infinite dimensional and a special class of them, the so called affine Kac-Moody Lie
algebras, come from a class of infinite dimensional Lie groups, the affine Kac-Moody
Lie groups. The Kac-Moody Lie groups of type 1 can be obtained as a torus bundle
over the loop group LG of a compact Lie group G.

The extension of the basic theory concerning the finite dimensional differentiable
manifolds to manifolds modeled on Banach spaces can be found in detail in [2] and
[13]. The classical theory of Lie groups has also been extended successfully to the case
of Lie groups modeled on Banach spaces - see [1]. This will be helpful to us, especially
in the first chapter.

On manifolds modeled on Hilbert spaces one can consider (strong) Riemannian
metrics, which induce on the tangent space at any point a scalar product generating
the initial Hilbert space structure (determined by the coordinate charts from that of
the modeling space). There is a well developed theory concerning the Riemannian
manifolds modeled on Hilbert spaces, which generalizes most of the classical results
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about finite dimensional Riemannian manifolds - see [13], [6]; there are nevertheless
a few exceptions, mostly involving local compactness (like the Hopf-Rinow theorem).
Weak metrics can be considered even on manifolds modeled by more general topological
vector spaces, like Banach or Fréchet. Weak means here that the tangent spaces are
only pre-Hilbert with respect to the induced scalar products. Unfortunately, many of
the results about Riemannian manifolds are no more valid in the case of weak metrics.
All the metrics we will consider in this work are actually weak metrics.

A Riemannian symmetric space is a Riemannian manifold admitting a symmetry at
each point, i.e. an isometry which fixes the point and reverses all the geodesics passing
through it. Finite dimensional Riemannian symmetric spaces have many nice properties
and have been studied intensively over the years, culminating with their classification,
accomplished by E. Cartan - see for example [10]. One can similarly define the notion
of pseudo-Riemannian symmetric space, by replacing the Riemannian metric with a
pseudo-Riemannian one; most of the properties of the Riemannian symmetric spaces
are common to the pseudo-Riemannian symmetric spaces as well - see [19].

Infinite dimensional symmetric spaces have also been considered. In [9], P. de
la Harpe gives a (possibly complete) list of Hilbert symmetric spaces (with strong
metrics). His examples are obtained from the canonical infinite dimensional extensions
of the classical Lie groups. Nevertheless, a comprehensive theory, analogue to that in
the finite dimensional case, does not exist in infinite dimension.

In this thesis we study two different classes of infinite dimensional symmetric spaces.
Both classes are derived from loop groups of compact Lie groups and one object from
each class corresponds essentially to any simply connected symmetric space of compact
type. In both cases some work is needed to find manifold structures.

In the first chapter we consider a class of Hilbert manifolds (modeled by the sep-
arable Hilbert space [?). An object in this class is a quotient space, obtained from a
loop group of Sobolev H'! loops by dividing the fixed point subgroup of some involu-
tion. We put on it a weak Riemannian metric, derived from the L? scalar product.
The existence of symmetries at each point is easy to check. A first difficulty due
to the weakness of the metric is the failure of the theorem stating the existence of
the Levi-Civita connection. For this reason we adopt a rather unusual approach for
studying symmetric spaces: we determine first on the loop group a bi-invariant metric
admitting as Levi-Civita connection a well known pointwise connection, make in this
way the canonical submersion into a Riemannian submersion, and use afterwards the
standard relations for Riemannian submersions to determine a Levi-Civita connection
on the quotient space. We investigate then facts which are characteristic for finite
dimensional symmetric spaces and find several analogies: The geodesic exponential is
determined from the group exponential (we make use here of the O’Neill tensor A),
the curvature tensor is parallel and it can be expressed in terms of the Lie bracket, and
in particular the sectional curvature is nonnegative, which indicates a compact type
behavior. Motivated by this we construct a kind of dual symmetric space -based also
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on loop groups- and study its similar properties. Even though the Hadamard-Cartan
theorem is not available in this setting (again because of the weakness of the metric),
we prove that the dual space is diffeomorphic to a Hilbert space. Another important
result which we prove is the correspondence between totally geodesic submanifolds and
Lie triple systems, and between flat submanifolds and abelian subalgebras.

In the second chapter, motivated mainly by the relation found by C.-L. Terng in
[24] with polar actions on Hilbert spaces, we consider the extension of a loop group to
an affine Kac-Moody Lie group of type 1. In order to obtain a Lie group structure we
must restrict to smooth loops and work with the Fréchet C'*° topology. This deprives
us of the use of very important tools, like the inverse function theorem, the existence
and uniqueness theorems for ordinary differential equations and the Frobenius theorem.
One section of this chapter is therefore devoted to proving that the Kac-Moody groups
are tame Fréchet manifolds, for which a weaker version of the inverse function theorem
holds. In Section 2 we show how to define a unique torsionfree left invariant linear
connection on an arbitrary Fréchet Lie group. We also pay special attention to the
exponential of the Kac-Moody groups, giving an explicit description of it. A pseudo-
Riemannian symmetric space of index 1 is then obtained from the Kac-Moody group by
dividing the fixed point subgroup of some involution (involution which extends the one
used in the previous chapter). We treat similar problems to those in Chapter I, trying to
overcome the lack of a well developed theory concerning the Fréchet manifolds and Lie
groups. By methods analogue to those used in the first chapter we obtain similar results
concerning the geodesics (whose existence and uniqueness are not negatively influenced
by the lack of the usual existence and uniqueness theorems for ordinary differential
equations) and the curvature, but we are unable to construct a dual symmetric space
in this case. Unlike the case studied in the first chapter, we find here a conjugacy class
of finite dimensional maximal totally geodesic and flat submanifolds.

I would like to thank first of all Prof. Dr. E. Heintze for all his support and for
the invaluable discussions, and also Prof. Dr. J. Eschenburg, Dr. A. Kollross, Dr. P.
Quast and Dipl. Math. I. Berbec for many useful discussions and suggestions. I would
like to thank the ”Graduiertenkollegs Nichtlineare Probleme in Analysis, Geometrie
und Physik” for the financial support.
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Chapter 1

A weak Hilbert Riemannian
symmetric space

To a simply connected symmetric space of compact type G/G” we associate the quotient
space LG /LGP, where LG is the loop group of H' loops and the involution p on LG
is obtained from the involution (denoted by the same p) on G. It admits a canonical
Hilbert differentiable structure (allowing smooth partitions of unity). With a certain
weak Riemannian metric it becomes a symmetric space. We associate a Levi-Civita
connection to this metric. In infinite dimensions we have to work with a slightly
stronger definition of a linear connection. We find several analogies with the theory of
finite dimensional symmetric spaces, including the duality compact-noncompact.

1.1 Prerequisites

A Hilbert manifold is a Hausdorff topological space with an atlas of coordinate charts
taking values in Hilbert spaces, such that the coordinate transition functions are all
smooth maps between Hilbert spaces. Banach manifolds can be defined in a similar
way. In this chapter we will deal exclusively with manifolds modeled by separable
Hilbert spaces, which are all isomorphic with (2. Let M be such a manifold.

For a vector field X € X(M) and a chart M D U - ¢(U) C M, with M modeling
Hilbert space for M, we consider the principal part X, : ¢(U) — M of X defined by
Xo(p(x)) = pro o T(X,). More generally, let E be a vector bundle over M. For any
trivialization

T U) —— o(U) xE

Wl lm

where (¢, U) is a chart for M and E is another Banach space, we denote the principal
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part of a section X by X.,.

We explain now the notion of linear connection in the case of infinite dimensional
(Hilbert or Banach) manifolds. A connection on the vector bundle E can be given in
several ways. A first one is to express it as a mapping V : X(M) x'(E) — I'(E) (write
VxY instead of V(X,Y)) such that for any trivialization (®,p, U) as before, there is
a smooth mapping

Iy, :oU)— L(ME;E)

with (VxY),(x) = DY, () - X, +Ty(2)(X,Y,), Vo € ¢(U). By L(M,E; E) we denote
the space of bilinear continuous maps. It is a Banach space with the norm given by
| All= sup  A(u,v) (|| A is finite if and only if A is continuous).
ul|<1,||v]|<1

\Y% d(!ﬁ”ned|| yn this way still has the properties of linearity known from the finite
dimensional case, but conversely they do not imply that the Christoffel symbol is a
mapping I'y, : ¢(U) — L(M, M; M) anymore. This is because in infinite dimension the
F(p(U))-bilinearity of I', = (VxY), — DY, - X,, does not imply that I', is a tensor
field over p(U). For the same reason, this stronger definition is essential for proving
that the curvature and the torsion are really tensors. The Christoffel symbols I',, are
uniquely determined by V only if M admits partitions of unity. Otherwise it is possible
not to have enough global vector fields to determine them.

In the following we restrict ourselves to linear connections on the tangent bundle.
A second way to define a connection (possible also for general vector bundles) is via a
connection mapping K : TT'M — TM such that for any chart (¢, U) of M, there is
again a smooth map I'y, : ¢(U) — L(M, M; M) which determines K locally:

Ko(z,y,2,w) = (z,w + Ly(2)(2,9)),

where K, :=Tpo KoTTp " : p(U) x M x M x M — ¢(U) x M.

Given K, the covariant derivative V is obtained from the formula VxY = K o
TY (X). The same formula defines the covariant derivative along mappings f : N — M,
in case X € X(N), Y € X(f) ={X : N — TM smooth with 70 X = f}.

The set of connection mappings K is in bijection with the set of collections of
Christoffel symbols (which satisfy a certain transformation rule). When partitions of
unity exist (we will show in Section 3 that the manifolds which we are studying satisfy
this condition), then this gives a bijection with the set of covariant derivatives V.
Otherwise there may exist several connection maps K determining the same V. In
the case partitions of unity exist, it is enough to produce the Christoffel symbols for
a set of trivializations which cover M. All the linear connections which we will use
in this chapter will be introduced through formulas giving the operator V in terms
of previously defined connection operators, with the pointwise connection explained
below serving as starting point. We will then determine the Christoffel symbols for
trivializations of type (o, U, ® = T'¢). Even though we will show that the spaces we
consider admit partitions of unity, we could completely avoid using them. For this we
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should either check the transformation rule for our partial set of Christoffel symbols,
or equivalently to determine an associated connection map K - having the Christoffel
symbols satisfy the transformation rule is essential for many things, including the good
definition of the torsion and curvature tensors.

Let now V' be an euclidian vector space with scalar product ( , ). We are in-
terested in the spaces LV of loops of V, i.e. maps from S' to V. We always re-
gard loops as maps on the interval I = [0, 27] with identical end values. There are
several possible choices, depending on the regularity the loops should satisfy. The
most natural ones turn out to be the spaces C*(I,V) of loops possessing continuous
derivatives of order < k for some integer K with 1 < k < oo, the spaces LP(I,V)

of (Lebesgue) measurable maps u satisfying || u [[,= (J |u(t |f”altL < oo (one can
also define the space L*(I,V) of measurable and almost everywhere bounded maps)
and the Sobolev spaces HP(I,V). C*°(I,V) is a Fréchet space with the seminorms
| w ||n=sup{|u™ ()| |t € I}, n € NUO. For k < oo, C*(I,V) has a Banach structure,
with the norm || u ||= Z?:o sup{|u(t)| |t € I}. For each positive real number p > 1,
LP(1,V) is a Banach space with norm || ||, (once we identify maps which are equal
except for a set of measure zero). For p < ¢, LI(I, V) is a dense subspace of LP(I,V).

For every p € N, HP(I,V) is the space of all L? loops u whose distribution deriva-
tives u® are L? maps for £ < p. One can more generally define H*(I,V) for each
s € R as the space of distributions (viewed as generalized functions) f satisfying
Asf € L?, where A, is an operator on the space of distributions, defined by means
of the Fourier transform. The elements of H*(I,V) need not to be functions for
s < 0. For s <t HYI,V) is a dense subspace of H*(I,V). H(I,V) can be de-
scribed alternatively as the space of all absolute continuous maps whose first deriva-
tive belongs to L?(I,V) - see [15]. All HS(I V') are Hilbert spaces. For s = p € N
the scalar product is given by (u,v) = of u® () v® (t)dt. The Sobolev embed—
ding theorem provides in our case the lIlClU_SIOIl HS(I V) C CHI,V) for s > k + 3.
If we restrict to integers we obtain a chain of inclusions, written shortly as follows:
L'>L'D>L*=H">L*D>..DL*D>C"D>H'DC*D H?D ... D C™. All the
inclusions are dense. For more details about this approach to Sobolev spaces, see [7].

Given a finite dimensional manifold, one can define C* and H* loops on it. This
contrasts with the L” case, because the L” property is not preserved by the composition
with diffeomorphisms (even analytic) between open subsets of R ( [|f| < co does not
imply [ |¢(f)| < o0). For simplicity, in this chapter we will work with the H' loops.
The advantage of the Hilbert space structure seems not to be essential, since the
Riemannian metric we will work with is a weak metric.

Let M be a finite dimensional connected C'*° differential manifold, g a Riemannian
metric on it and let V be its Levi-Civita connection. Denote by exp, the exponential
mapping at * € M and by d the induced distance on M. Let 7 : TM — M the
canonical projection. We define a loop ¢ : I — M to be of type H! if for any chart
(p,U) of M, pocisof type H' on any compact subinterval I’ C I with ¢(I") C U.
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We denote by LM the set of all H' loops of M. A H' vector field along ¢ € LM
is a H! loop X on TM such that 7 o X = ¢. The space of vector fields along c is
isomorph with the space of sections I'(¢*T'M) of the pullback ¢*T'M (we regard them
as identified in the following) and is a separable Hilbert space with the scalar product
(u,0) =[5 glult), v(t))dt + [ g(Fu(t), Fo(®))dt.

Let now 0, be the 0-section and define:

B(c):={y € LM |d(c(t),y(t)) < eVt € I},
B.(0,) :={X eT(c"TM) | || X(t) ||< eVt €T},
exp, : Bul0.) — Bele), exp,(X) () —expuy X (1)

Remark: || X |o= maxics || X(¢) || defines a norm on I'(¢*T'M). In [6] there is
a nice proof, due to H. Karcher, of the inequality || X [[oc< k || X || for some k& > 0
which depends on I (he obtained k = 11/9 for I = [0, 1]; for I = [0, 27] his argument
gives k = 1+ 1673/9). This shows that the topology induced by || ||o is weaker than
that induced by (), and so B.(0.) is open in the second topology. The two topologies
are not equivalent, as it is shown by the sequence X,, € LT, M, X, (t) = 1/nsinntX,
for any x € M and X € T, M.

LM has a Hilbert manifold structure such that {(exp;?!, Bc(c))|c € LM} is a C*
atlas. The tangent space T,LM is the space I'(c x T M) of vector fields along c.

Remark: The differentiable structure on LM does not depend on the chosen
Riemannian structure on M. A functor L is thus obtained:

M — LM,
f:M—N — Lf:LM— LN,Lf(g)(t)= f(g(t))

from the category of finite dimensional manifolds and smooth maps to the category of
Hilbert manifolds and smooth maps. L commutes with the functor 7" which gives the
tangent space.

For any connection on M, there is a well known pointwise connection on LM. If K
is the connection mapping corresponding to V on M, then the connection on LM is
given by LK : LTTM =TTLM — LTM = TLM. The induced covariant derivative
V1 satisfies VELY = LV xY for any X,Y € TM.

Let ¢ € LM and consider as before the chart (exp; !, Be(c)) := (¢, U). Consider also
the family of charts of M (¢, Uy) == ((exp|B,(0,,y)) "> Be(c(t))). Then the Christoffel
symbols I's of the pointwise connection on LM (for the given chart) are deduced from
those (denoted by I'; :=T,) of the connection on M by the following formula:

Pa(@(n)(Xe, Yp)(t) = elp(n(t))) (Xe(t), Ya(t))

for any n € U and X,Y € T,,LM. Notice that X, Y, € T.LM.
Any Riemannian metric g on M induces the L? Riemannian metric (,) on LM:
(X)Y) := Ozwg(X(t),Y(t))dt, Ve e LM, X;Y € T,.LM. 1t is a weak metric in the
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sense that the tangent space at any point in LM is only pre-Hilbert with respect to
it. In general, there may be no Levi-Civita connection for a weak metric on a Hilbert
manifold. If there is one, then it is unique (the relation used in the finite dimensional
case for defining the Levi-Civita connection still holds, and the uniqueness follows from
it).

Proposition 1.1.1. If V is the Levi-Civita connection for the metric g on M, then
V% is the Levi-Civita connection for the L* metric.

Proof. A connection is torsionfree if and only if all its Christoffel symbols are symmet-
ric. From the above formula giving the Christoffel symbols of the pointwise connection
it follows that the pointwise connection induced by a torsionfree connection is torsion-
free.

To show that V¥ is metric, we have to check the relation

d DX Dy,
- Xsu Y; c(s) — 787 Y; X87 2
d3< ) © < ds >c(s) " < ds >c(s)

for any smooth curve (s — ¢;) on LM and any two vector fields s — X, and s — Y
along ¢ - see [6], 1.3.8 for the equivalence of the various ways to state the metric con-
dition. The symbol D¥ is used for the covariant differentiation induced by the pointwise
connection V¥, But £(X,,Y,)e, = L [ ge, ity (Xs(2), Ys(1))dt = [, Lge, ) (Xs(t), Ys(t))dt

= J1 9eav (DX:“A@( )dt+ffgcs (&(t%”’*“)dt <D S Vo) ety (X P Dt

We used the fact that V is a metric connection, as well as the relation 2 dXS (t) = D);—;(t),

characteristic for the pointwise connection. O

Details about many of the facts presented in this section can be found (in a slightly
different setting) in [6].

1.2 Constructions

We start with a compact, connected, simply connected and semisimple Lie group G
and denote by g its Lie algebra. Consider the loop group LG of all H! loops v : St — G
(with pointwise multiplication (v -n)(t) = ~v(t) - n(t)). This is a well known object and
it has a Hilbert Lie group structure. Its Lie algebra is Lg, the vector space of all H*
loops of g with the pointwise Poisson bracket: [u,v](t)=[u(t),v(t)]. The exponential
mapping is just Lexp : Lg — LG and we call it by abuse of notation simply exp.
An atlas of charts for LG can be constructed easier than in the general case of loop
manifolds LM, using the group exponential and the left translations. Moreover, it is
easy to see that this gives, like in the finite dimensional case, an analytic structure for
LG. For the generalization of the notion of analytic functions to infinite dimensions
see N. Bourbaki - [2].
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An involution p : G — G determines an involution (of the second kind) of LG. We
make another abuse of notation, denoting it by the same p. It is given by p(v)(t) =
p(v(2m —t)), Vv € LG. Let 7 be the automorphism of LG which reverses all the loops,
ie. 7(y)(t) = v(2m —t). It is obviously a smooth involution. It holds p = Lpo T, so in
particular p is smooth.

Let LGP := {y € LG | p(y) = v}. We can construct now the quotient space
LG/LG*. We will study this space extensively and look for analogies with the finite
dimensional symmetric spaces (of compact type).

Remark: One could also consider the involution of first kind, determined by
p'(7)(t) = p(~(t)), Yy € LG. This case is nevertheless trivial in the following sense:
Obviously, L(G?) = LG*. Moreover, when G/G” is simply connected, then the map
LG/LG" > vLG* 2, (t — ~v(t)GP) € L(G/GP) is bijective (G is the total space
of a GP—principal bundle over G/G*; if G/G* is simply connected, then its pullback
under any loop 7 : S — G/GP" is trivial, and thus ¥ admits a lift v : S' — G, hence
® is surjective; the injectivity and the well-definedness are easy to check). Even if G
and G /GP are not simply connected, & determines a bijection between the connected
component of eLG” in LG /LG’ and the connected component of eG? in L(G/G").

The involution p : G — G induces a Lie algebra involutive automorphism p, of g.
We denote by the same symbol the involution on Lg given by p.(u)(t) = p.(u(2m —1t)).
It is the differential of the involution p on LG and it induces a splitting Lg = €@ p with
t = {u|p.(u) =u} and p = {u| p.(u) = —u}. In addition, ¢ = Lie(LG"). We get thus
a kind of orthogonal symmetric Lie algebra (Lg, p.) corresponding to the symmetric
space LG /LGP. The fixed point set € of p, is of course not a compact subalgebra in
this case.

We want to find a dual to LG/LG* like in the finite dimensional case. It should be
induced by the pair (Lg’, p.), where Lg’ = € @ ip and p, is the involution on Lg" with
+1 eigenspace ¢ and -1 eigenspace p.

We construct the dual rigorously in the following way (we adapt to our case and
develop to the group level an idea of C.-L. Terng, presented in [25]): Consider the
complexification gc = g+ ig and let G¢ be the unique connected simply connected Lie
group with Lie algebra gc. Define two involutive automorphisms

P+ @c — @gc,  Po:Pc — 9,
x4 iy £ pi(z) —ipe(y), x+iy 2w — iy,

Both pg and p, are conjugate linear and ppps = pspo-

Let g = ;@ p, the splitting into the eigenvalues of p,. Then (g, p.) and (8B ipg, po)
are dual symmetric pairs with g = g¢°, &, ® ipy = g¢". We extend this picture to a
similar one involving infinite dimensional Lie algebras:

Construct now L(gc) = (Lg)c = C ® Lg and define the involutions

p«:Lgc — Lgc,  po: Lgc — Lgc,
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pe(u)(t) = pu(u(=t)),  po(w)(t) = po(u(t)).

One can easily check that they are Lie algebra automorphisms, they are conjugate linear
and p.po = pop«. The fixed point subalgebras are Fix p, = Lg and Fixp, = € @ ip.
These are real forms of Lge and pg restricts to € @ ip with Fix polesip = €, ps restricts
to Lg with Fix p, |y = € Thus (Lg, p.)and (¢ @ ip, po) are dual symmetric pairs.

Remark: If one defines as Killing form on Lg the average of the Killing form on g:
B(u,v) = 027r B(u(t),v(t))dt, then B is negative definite on Lg, giving a first reason
to consider (Lg, p,) a symmetric pair of compact type and Lg a compact real form of
Lg(c.

Since G¢ is simply-connected, there exist unique Lie group automorphisms py and
p of G¢ such that dpg. = po, respectively dp. = p. for pg, p. : gc — gc defined above.
Take next the loop group LG¢, corresponding to the Lie algebra Lgc and consider the

involutions p and py on LG¢ constructed from the corresponding involutions on G¢ by
p(Y)(t) = p(y(2m — 1)), po(7)(t) = po(70(t)). They commute.

Because G is simply connected, it lies as a compact real form in G (it is the
unique connected subgroup of G¢ with Lie algebra g C gc). Hence LG C LG¢ and
LGP C LGY. - see for example [26]. Furthermore, the involution p on LG extends the
previously defined involution p on LG.

Consider LGY,, the connected component of the identity in LGZ. It is the unique
connected subgroup of LG¢ with Lie algebra ¢ @ ip. LG N LG, C LGE, is the sub-
group with Lie algebra ¢ (the fixed point set of the involution py| LGEO)'

LGZ,/LG? N LGY,, will be then a symmetric space associated to the orthonormal sym-
metric pair (¢ @ ip), and thus dual to LG/LG".

Remark: Loops fixed by p are completely determined by only one half of them, so
if G? and G% are the fixed point subgroups of the involutions p : G — G respectively
p: Ge — Gg, then:

LG" = {y:(0,7] — G [~(0),7(7) € G"},
LGE = {y:[0,7] — Gc | 7(0),7(r) € G}

Because G is simply connected, it follows LG, = {~ : [0, 7] — Gc|v(0),v(7) € G},
where G%, is the connected component of the identity in Gf. But we can now use the
following result of Rashevsky (see [20], pp. 108): If G is a simply connected Lie
group and s € Autg = AutG is a semisimple automorphism all of whose (complex)
eigenvalues are equal to unity in absolute value, then the subgroup G* is connected.
This result holds in particular for involutions, and thus G” and G% are connected

subgroups. Because G C G¢ and both are simply connected groups, we finally obtain
LGY = LGP C LG%, = LG%. The dual symmetric space is thus simply LG%/LG".
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1.3 Manifold structures

In this section we are looking for manifold structures for the quotient spaces LG /LG?
and LGL/LGP. We will show first that LGZ is an embedded Lie subgroup of LG and
that LG” is an embedded Lie subgroup of both LG and LGE.

In the finite dimensional case, it is well known that a closed subgroup of a Lie
group is a Lie subgroup, a Lie subgroup is closed if and only if it is embedded (it
has the relative topology), and the quotient of a Lie group by a closed subgroup has
a unique manifold structure such that the canonical projection is smooth. In the
infinite dimensional case (Banach), the latter fact is still true. More precisely, given
an embedded Lie subgroup K of a Lie group H, there is a unique analytic manifold
structure on H/K such that the canonical projection is a submersion (see N. Bourbaki
- [1], IIL.6, Prop. 11).

On the other hand, a closed subgroup A of a Lie group G need not be an (embedded)
Lie subgroup anymore. A simple example, which can be found in N. Bourbaki - [1],
is the following: Let G be the the Hilbert space [l considered as a Lie group. Let G,
be the set of (x1,xs,...) € G such that z,, € %Z for 1 < m <n. The G,, are closed
subgroups of G, so H = N,,G,, is also a closed subgroup of G, but not an embedded
Lie subgroup.

We explain the reason in the following: The standard way to prove the result in
finite dimensions (see for example F. Warner,[27]) is to show that the set
a={X € Lie(G) | exptX € A for all t € R} is a subspace of Lie(G), and then to find
neighborhoods U of 0 in Lie(G) and V of e in G diffeomorphic under exp such that
exp(UNa) = VNA. For this, one takes a complementary subspace b to a and supposes

that there is a sequence (Y;) contained in b such that Y; == 0, and expY; € A for all i.
Because of the local compactness, it follows that the lines generated by a subsequence
of Y; converge to a line contained in a, which is a contradiction. In infinite dimensions
the above argument fails because local compactness is no more valid. It is now clear
that the trouble is made by the possibility of arbitrarily small vectors Y withexpY € A
and exptY ¢ A. B. Maissen proves in [14] that if the infimum of the norms of all such
vectors is strictly positive, than the connected component of the identity Ag is a Lie
subgroup of G.

Lemma 1.3.1. Let G a Hilbert Lie group. Let p € Aut(G) and G* the fized point
subgroup of G. Then G? is an embedded Lie subgroup of G.

Proof. Cf. [1], IIT 1.3, it is enough to find a neighborhood of e in G such that the
restriction of G” to this neighborhood is an embedded submanifold of G. Notice that
Bourbaki uses the terms submanifold and Lie subgroup in the strong sense of embedded
submanifold, respectively embedded Lie subgroup.

Let V' be an open neighborhood of 0 in g = Lie(G) and W an open neighborhood
of e in G such that exp |y : V — W is a diffeomorphism (this is always possible for
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Banach Lie groups, as a consequence of the inverse function thegrem). Denote by ¢ the
inclusion of G* into G. Take V :=V N p*(V) and W := exp(V'). Then V is an open
neighborhood of 0 such that p,(V) C V. Moreover,

reW=r=expX, X €V = p(x) = plexp X) = exp p.(X) € exp(V) =W,
hence p(W) C W. Then it is easy to check that exp | maps V N g onto W N G*:
teWNG’=z=expX, pexpX =expX = exp p, X = exp X;

but X and p,X belong to V', hence p, X = X, ie. X € g°.

Since g” is a closed linear subspace of g (and any closed linear subspace of a Hilbert
space admits a direct complement), we obtained that W NG C G satisfies the con-
ditions from the definition of a submanifold - exp |‘_/1 0 i| i nae Provides a global chart.
(see [2],5.8.). O

Remark: The lemma holds even in Banach case, provided g’ admits a direct
complement.

The lemma and the aforementioned result about quotient spaces give now the fol-
lowing:

Proposition 1.3.2. LG{ is an embedded Lie subgroup of LGc. LGP is an embedded
Lie subgroup of both LG and LG%. LG/LG? and LGL/LG? have unique analytic
manifold structures such that the canonical projections are submersions. The actions
of LG respectively LGZ. by left translations are analytic.

Remark: It also holds Kerm,, = [,,T,LG?,Vx € LG. As previously remarked, the
exponential exp : Lg — LG is obtained by applying the functor L to exp : g — G,
hence exp,, = idpq. It follows that (moexp |,).o is an isomorphism of the Hilbert spaces
p and T;LG/LG?. Using the inverse function theorem, we obtain that (¢4, ¢, (U)) is
a differentiable atlas for LG /LGP, where U is some open neighborhood of 0 in p and
g = (g0 0 explor) .

We end this section by showing that the manifolds we are concerned with admit
partitions of unity. We can put (strong) Riemannian metrics on LG, LG¢ and LG
in an obvious way: start with scalar products which make Lg, Lgc and € @ ip Hilbert
spaces (the standard example was given in the introduction) and extend them by left
translations to a left invariant metric on LG, LG¢ respectively LGf. This done, LG,
LG¢ admit LGZ partitions of unity as follows: A strong Riemannian metric defines like
in the finite dimensional a distance which induces the initial topology, so Riemannian
manifolds are metrizable. But metric spaces are paracompact and any paracompact
manifold of class C?” modeled on a separable Hilbert space admits partitions of unity (of
class CP). Details can be found in [13]. On the other hand, the considered Lie groups
are modeled on (closed subspaces of) Hilbert spaces of H! loops and the Sobolev space
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of H' functions is known to be separable (and thus isomorphic with [?). Partitions
of unity can now be obtained on LG/LG? and LG%/LG? with the help of the Cartan
embeddings LG/LG” — LG and LGY/LG? — LG - see section 1.7.

It is also not hard to prove that LG, LG/LG?, LG¢ and LGL/LG? are separable

topological spaces.

1.4 The geometry of LG/LG”

We start with a bi-invariant metric (, ) on G (remember that G is compact and semisim-
ple, so we choose it such that (). is a negative constant times the Killing form). We
are looking for a Riemannian metric on LG/LG? which makes it a symmetric space.
We want the translations

l,: LG/LG® — LG/LG",1,(hLG?) = ghLG”

to be isometries for any g € LG, so we need as usual an LGP-invariant scalar product
on T;LG /LGP, which we then translate to a metric on LG/LG*. 7, : Lg — T:LG/LG*
provides a natural identification T, LG//LG? = p. Because 7, o Ad(g) = [,, o 7 for any
g € LG?, we actually need an Ad(LGP)-invariant scalar product on p C Lg (notice
that since Ad(p(g)) o ps» = p« 0 Ad(g), p is Ad(LG?) - invariant).

We remark now that the scalar product that makes p (and Lg) a Hilbert space:

(u,v>:/0ﬂ(u(t),v(t)>dt—l—/0ﬂ(u'(t),v'(t))dt

is not Ad-invariant: just take u = v constant in p and v € LG” such that Ad(7) is not
constant. Therefore we consider the Ad-invariant L? scalar product on Lg:

() = / " ut), v(t))dt

Remark: Because the scalar product (,) on g comes from the Killing form, any
automorphism of g, in particular p,, is an isometry of g. It can be seen directly that
the involution p, on Lg is then an isometry with respect to the L? scalar product. This
implies that the decomposition of Lg into its eigenspaces is orthogonal, i.e. £Lp.

We restrict (,) to p and then extend it with the help of the left translations [, to a
metric on LG /LGP. The disadvantage of this metric is that Lg, p and accordingly the
tangent space of LG /LGP at any point are only pre-Hilbert (not complete) with respect
to it. For this reason we can not use the theory of Hilbert Riemannian manifolds
(studied extensively in [13], [6]) to get results like for example the existence of the
Levi-Civita connection. We will construct in the following a Levi-Civita connection.
Its uniqueness still follows from the general theory.
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Let V¢ be the Levi-Civita connection on G and let V be the pointwise connection
induced by it on LG. Since the L? scalar product on Lg is Ad-invariant, we can extend
it to a bi-invariant metric on LG and then V is the Levi-Civita connection with respect
to this metric. This is a particular case of the one mentioned in the introduction.

Proposition 1.4.1. With the given metrics m : LG — LG /LGP becomes a Riemannian
submersion.

Proof. Since p is perpendicular to € = Kerm,., it generates the left invariant horizontal

distribution. The result follows now from the relation l,m = 7l,, Vg € LG between the
left translations (both denoted by [,) on LG and LG/LG". O

Proposition 1.4.2. LG/LG? admits a (unique) Levi-Civita connection V associated
to the previously constructed weak metric.

Proof. Define VgY = m,VxY, where X,Y are vector fields on LG/LG? and X,
Y are their horizontal lifts. We check first that V is well defined: because the right
translations r, on LG with elements g of LG” are fiber preserving isometries (wor, = ),
we have 70, X = X, 75.Y =Y, 50 70.(VxY), = (Vi x7:Y )ag = (VxY )z and thus
W*(VXY):(;g = W*Tg*(vXY)x = W*(ny)_x

One has to check thereafter that V is a connection in the sense made clear in
the beginning: given a chart LG/LG? > U - @(U) C p, there is a C°°-mapping
Ly @(U) — L(p,p;p) such that (VY = DY, - Xy + Tu(Xp, Vo).

Since 7 is a submersion, we can cover both LG and LG/LGP with pairs (g, @) of
charts for which the following diagram is commutative:

LGD>U —5 oU)C Lg

| £

LG/LG* > U —2— @) Cp

Take X,Y vector fields on U and X, Y their horizontal lifts restricted to U. We
know (VxY), = DY, - X, +',(X,,Y,): We also know V3V = m,VxY, which means
locally

(:)(VxY)g 0 pry = Dpry(VxY),

We prove now that DY, - X, is pry-correlated with DY, - X, (think of them as
vector fields on p(U), respectively p(U)).

Write X, :_Xé + Xé, X; € E,Xﬁ € p. Decompose Y, in the same way. X, and
Y, are lifts of Xz and Y3 - not necessarily horizontal, since ¢ (which preserves the
vertical distributions) is not necessarily an isometry. It follows Xi = X, o pr, and
Yj =Y o pry.

Next DY, - X, = DY, - Xé + DoY,, - Xi and Dpr,DY,, - X, = pryDY,, - X; +
pryDsY,, - Xi = Dle . Xé + Dng . Xﬁ.
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But D1Y<p2 = 0 because Yf = 17¢ o pr, is constant along the fibers, so
(**)DPQDY@ - Xy = DQY; . XZ = DY¢ . X¢ o pry

Define now 'y by T'5(Xp,Y,) o pry = Dpryl',(X,,Y,). From the relations (),
(#x) and Dpry[', (X, Y,) = Dpry(VxY), — Dpry(DY, - X)) we obtain both the well-
definedness and the formula (VY); = DY, - X, + Ty(Xp, Vo).

The dependence of I'; only on the pointwise Values of )_(¢ and X is obvious from its
definition. This completes the proof that V is a well defined connection on LG /LG".

Checking that V is metric and torsionfree follows easily from the fact that V is
metric respectively symmetric:

V symmetric: Ty(Xg, Y5) = Dprol' (X, Y,) = Dprol'y(Y,, X,) =

V metric: X(Y,Z>o7r—7r*X(}7,Z):X((Y,Z>o7r):X( Z) and (V
<7T*VX}/, Z 9] 7T> = <th}/, Z> = <VXy, Z>

Ty (Ye,
(VgY,

D

We want now to obtain in this setting as many of the properties of finite dimensional
symmetric spaces (of compact type) as possible. Before proceeding, we change for the
sake of simplicity the notation of the Levi-Civita connection on LG/LG*, using for it
the symbol V.

We start with the existence of symmetries at each x € LG/LG?. This works as
in the case of a finite dimensional space G/H with (G, H) Riemanian symmetric pair:
the symmetry at é = eLG? is

o:(hLG?) = G(RLGP) = p(h)LG”

It satisfies p.e = —id (because p.|, = —id, T:LG/LG” = p) and it is isometric every-
where because p = [, 0poly—1. The symmetry at an arbitrary point gis o5 = ljopoly—
It is easy to check o; = o for h € LG*.

It is easy to see that the geodesics of LG are made up pointwisely of geodesics of G,
hence the geodesics passing through the origin are precisely the 1-parameter subgroups
of LG. We determine next the geodesics of LG/LG*. For this we introduce the O’Neill
tensor A on LG. It is defined in general for a Riemannian submersion by the formula
AxY = HV3xVY + VVqxHY (see [18]). For our purposes we need it applied only
to horizontal vector fields, for which AxY = VV Y. Since the tensoriality does not
follow from the simple argument used in the finite dimensional case, we need to prove:

Lemma 1.4.3. A is a tensor.

Proof. As we just mentioned, we restrict A to horizontal vector fields. Let X and Y be
two such fields. The tensoriality in the first argument is clear from the similar property
of V. We choose therefore X to be left invariant. Take a (countable) orthonormal
basis ( en)neN for the separable Hilbert space p (with the H! scalar product (u,v); =
S [(u® (), 0® (#))dt). Each e, can be extended to a horizontal left invariant vector
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field E,, on LG. Then Y can be written as an infinite sum Y = ZneN YnEy, with y,
smooth functions on LG given by y,, = (Y, E,). Since V, X and E, are all left invariant,
each VxFE, is a left invariant vector field. Since VxFE, = %[X JEN, [pop) C €=V,
and X., e, € p = H,, it follows that VxFE, C V. We want to prove that AxY =
> YnVxE,. This would show that AxY (¢g) depends only on the value of Y at g.
The problem can be reduced to showing that Vx restricts to a continuous oper-
ator on the Hilbert space of left invariant vector fields on LG (identified with Lg) -
just consider the sequence of partial sums Y* = 22:1 YnkE,, for which the relation
VVxYF = 22:1 YnVx E, holds. But this restriction is just the mapping ¥ — $[X,Y]
and the continuity of the bracket on Lg follows from the general theory and can also
be checked directly in a trivial way:. O

Remark: One can prove more generally for the pointwise connection induced by
any left invariant connection V& on G that the operator defined previously is bounded,
and thus continuous:

The relation (1. 2)(t) = lyu)Z(t) for g € LG and Z € Lg (i.e. the commutativity
of the functors T"and L mentioned in the introduction) gives a correspondence between
left invariant vector fields on LG and families of left invariant vector fields on G. The
connection V¢ on G generates a bi-linear mapping B : g x g — g, B(Z, W) = V{W.
Writing B, := B(X(t),-), we can describe the restriction Vy : Lg — Lg as follows:
(VxZ)(t) = Vg';(t)Z(t) = B, Z(t). We use this description to show | VxZ [|< C || Z ||
for some constant C' > 0 and for all Z € Lg. Assuming for simplicity || Z ||= 1, we are
looking for an estimate for

/O (B2)(1). (B.2Z) (1))t + / (B2) (1), (B.2) ().

The first term is smaller than M := (max;c;{|| B; ||})? For the second term we have
to interpret B; as a H' loop on the space gl(n,R) of n x n matrices. This is easy to
do if we decompose X (t), and accordingly B; with respect to a basis on g (B; will be
then a finite sum >, X*(¢)B; where B; € gl(n,R) and the components X* of X are H'
periodic functions). We get thus

/0 (B2)(1).(B2) (t))dt = / (BZ'(), BZ'()dt + / (B Z(1). (B Z(t))dt
+2 / B0 (B Z(0)) i,

We have [7(B,Z'(t), B.Z'(t))dt < M [7(Z'(t), Z'(t))dt < M || Z |= M. Remember
now from the introduction that || Z |2, = (maxie{|| Z(¢) [|})? < k || Z ||* for some
k> 0. Thus [77((B))'Z(t),(B,)Z(t))dt is smaller than k [>" || B, ||* dt. The latter

integral is smaller than the square root of the product of the former two integrals,
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as can be seen by applying the Cauchy - Schwartz inequality for the L? = H° scalar
product (notice that both (B;)'Z(t) and B;Z'(t) are L? loops). This finishes the proof.

We obtain for A the same relations as in the finite dimensional case, i.e. AxX =0
and AxY = V[X,Y] for X and Y horizontal. The geodesics of LG /LG can be now
completely described (their existence and uniqueness is a basic fact on any Hilbert
manifold):

Proposition 1.4.4. In the Riemannian submersion 7 : LG — LG /LGP", the horizontal
lifts of geodesics are geodesics. The geodesical exponential Exp of LG /LGP at é = e-LG?
is given therefore by Exp = 7 o exp |,, where exp is as before the group and geodesical
exponential of LG. The geodesics passing through other points can be obtained by left
translating the geodesics through é.

Proof. Lift horizontally any geodesic on LG/LG? and use the decomposition Vx X =
Ax X + HVx X = HV x X, as well as the formula defining the connection on the base
space. For the second part use the fact that the geodesics on LG through the origin
are the 1-parameter subgroups. Since V commutes with any isometry (see section 1.7),
the last assertion follows. O

The horizontal lift of a geodesic passing through é is thus a 1-parameter subgroup
of LG, t — exp(tX) with X € p. But this can be also interpreted as the group of
transvections along the geodesic ¢ — Exp(tX), such that p is the space of infinitesimal
transvections. The transvections can be obtained as usual by composing two symme-
tries: o’ex/p-ﬁ( 0 0e = lexth opo lexth*1 op = lexth © lp(exth)*1 = lexp2tX for X € p.
The fact that transvections translate vectors along v parallely reduces to the fact that
V commutes with the isometries.

As in the finite dimensional case, a vector u € Lg determines a Killing vector field
X, on LG/LG?. The two identifications p = T; LG /LG” given by 7|, and by the map
p > u — X,(é) are obviously the same.

The curvature tensor R is defined just as in the finite dimensional case. Proving
that it is indeed a tensor is an easy computation in local coordinates. We prove now
the following result:

Theorem 1.4.5. The curvature tensor on LG /LGP with the above connection is given
by R(X,Y)Z: = [Z,[X,Y]|e. Here X,Y,Z are should be regarded either as vectors in
p C Lg or as the corresponding Killing vector fields on LG /LG? (restricted to é on the
left-hand side).

Remark: There is a minus sign difference between performing [, ] in the Lie algebra
Lg and performing it on the induced Killing vector field in the Lie algebra X(LG/LG?).
Because there are two brackets in the expression of R the two minus signs will cancel
each other.
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Proof. We follow the proof given in [5] for the finite dimensional case. We sketch it

first, showing then that it applies to our case.

prove that (VX,)s = 0, when X, is the Killing vector field corresponding to
uw € p C Lg;

prove that V?A,BX =V4VpX — Vy,pX is tensorial in A and B;
choose X Killing vector field and define L(A, B) = V3 3 X 4+ R(X, A)B;
check L(A, B) = L(B, A) by using the Bianchi identity;

see that Killing fields restricted to geodesics satisfy the Jacoby equation; use this
equation to prove L(A, A) = 0;

conclude that V? 3 X 4+ R(X, A)B = 0; use this and the vanishing of the torsion
tensor to prove Vx[Y, Z] = R(Y, Z)X for X,Y,Z € p (regarded as vector fields
on LG/LGP)) -use also (VX,)s = 0;

use Bianchi identity and again the torsion free property of V and (VX,): = 0 to

finish the proof.

What is left is to check the ingredients on which the above facts are based. We

have already seen that V is torsionfree.

Bianchi’s identity holds for any symmetric connection. This can be shown as usual
by getting rid of the terms involving Lie brackets - extend any given three vectors to
vector fields whose principal parts with respect to some trivialization are constant. The
fact that V%, X Is tensorial can be proved in a similar way to the tensoriality of R -
here is essential that V satisfies the definition of a linear connection by means of the

local Christoffel symbols, definition presented in the introduction.
One computes

(VaVpX), = D(VpX),- Ay + (A, (VX))
= DF&D(Bsoa X<p) ) Aso + Rp(Asoa F@(B¢X<p))
—I—FAAW DX, - Beo) + D(DXSD : B@) - Ay

(VVABX>s0 = DX@(VAB)AO + F@((VAB>W X@)
= DX, DB, - Asp + DX, - F@(Acpa B¢)
‘l'rcp(DBcp : Agoa ch) + Fs@(RP(A% Bso)a X<p)

Thus, because D(DX,, - B,) - A, = D*X,(A,, B,) + DX, - DB, - A, and moreover
DT,(B,, X,)- A, = DU, - Ay(B,, X,) + Ty (DB, - Ay, X,) +To(Bo, DX, A,), we get
(VAVBX - VVAB)so = DF@ ’ Aeo(Bw Xso) + F@(Bwv DX@ ’ Aw) + Fso(Aw Fso(Beov X@)) +

F@(Agoa DXgo ' Bso) + D2X¢(A¢, Bgo) - DXSO ’ F@(Aeov Bw) - F@(Feo(Agoa B¢), X@)’
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From this expression it is clear that V,VpX — Vy,pX at some point depends
only on the values of A and B at that point (all terms involving differentials of A or
B have been canceled), so it is tensorial in A and B. One does not have to check
the transformation rule for tensors, because we already have V,VpX — V¢, p defined
globally.

The fact that (VX), = 0 for X Killing vector field corresponding to some u € p fol-
lows straightforward (as in Eschenburg-[5]) from the relation 22a(s,t) = £ 2a(s,t),
while the fact that Killing vector fields restricted to geodesics satisfy the Jacoby iden-
tity follows (as usual) from the relation 22X (s,t) — 2L X (s, 1) = R(%2, 92) X (s, ).
For both relations a : R — LG/LGP” is a parametrised surface, and in the second one
X(s,t) is a vector field along a. The first relation is a rewriting of 7' = 0, while the
second comes from the definition of R - see [6]. O

Corollary 1.4.6. LG/LG” has non-negative sectional curvature.

Proof. (R(X,Y)Y,X) = ([Y,[X,Y]], X) = ([X,Y],[X,Y]) > 0. 0

1.5 The dual symmetric space

In the first part of this section we define on LG%/LG? a Riemannian metric and a Levi-
Civita connection which generate the usual properties of (dual) symmetric spaces. In
the second part we prove that LG%/LG? is actually diffeomorphic with a Hilbert space.
Let ()¢ be the hermitian scalar product on gc = Lie(G¢) defined by:

<Zl§','y>(c = <$7y>7
(z,iy)c = 0, Vr,y€g

<i$, Zy>(c = <LL’, y),

We integrate it to obtain again an L? scalar product, this time on Lgc. It induces
a left invariant metric on LG¢ (which is not right invariant). On the other side, the
scalar product on g¢ can be extended to a left invariant metric on G¢c. On LG there
is a connection V, pointwise with respect to the left invariant Levi-Civita connection
on G¢. This is the Levi-Civita connection for the metric just constructed. It is also a
left invariant connection.

On the Lie subgroup LG of LG¢ constructed before we put the induced metric,
such that i : LG — LG¢ becomes an isometric immersion. We use the same notation
(,) for the metrics on LG¢ and LG%. As in the finite dimensional case, the Gauss
equation gives the corresponding Levi-Civita connection on LGZ%:

Lgc splits into the +1 eigenspaces with respect to p,, Lgc = Lg @ Lg¢, so that

Lg¥ = Lie(LG2) = £ @ ip and Lgt = it @ p.
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Remember that p,|1qis an isometry It follows easily that the extension p, : Lgc — Lgc
is also isometry, and therefore Lg 1 Lg¢.

Let now X and Y be two vector fields on LG¢ and decompose V with respect to the
two perpendicular left-invariant distributions determlned by Lg(C and Lgg: VxY =
VY% + ViYL We define a linear connection V on LG by VxY := VY™,

It is easy to see that V is well defined as an infinite dlmensmnal connection: f¢
(corresponding to @) is just the Lgfg-component of the Christoffel symbol I', corre-
sponding to V. Here we take ¢ such that ¢ - defined as the restriction of ¢ to LG -
is a chart for LGZ with values in ng. The fact that V is torsionfree and Riemannian
follows directly from the similar properties of the pointwise connection V on LG¢. We
obtain thus:

Proposition 1.5.1. The weak Riemannian manifold (LGZ,(,)) admits a Levi-Civita
connection.

The next thing we do is to project the metric on LG% to a metric on LGZ/LG".
Remark first that the tangent bundle TLG%/LG”? sphts itself in two perpendicular
left invariant distributions: a horizontal one determined by ip and a vertical one de-
termined by €. By identifying G with a subgroup of GL(n,R) (always possible since
G is compact), G¢ can be seen as the connected Lie subgroup of GL(n,C) with Lie
algebra gc. The identity Ad(g)iX = iAd(g)X is thereby trivial on G¢. From it we
get Ad(7)iX = iAd(7)X (in particular) for any v € LG? and X € p. It follows that
the scalar product defined on Lgc restricts to an Ad(LG*)-invariant scalar product on
ip C Lgc. This corresponds at the algebraic level to the identity (€, [u, 0]) = ([€, 1], )
for p € ¢,&,0 € ip (which fails for example for & € €, u, d € ip).

With the same argument used in the case of LG/LG*, the Ad(LGP)-invariance
makes possible to define a (weak) Riemannian metric on LG%/LG” such that the re-
striction of m,, : Ty LG — Ty LGE /LGP to the horizontal distribution is an isometry
(the canonical projection m becomes thus a Riemannian submersion). Moreover, the
action of LG% on LG{./LG” (by left translations) is also isometric. Symmetries at each
point are obtained exactly as in the case of LG/LG”.

We put a connection on LGZ/LG* in the same way as for LG/LG?. Remember
that when we checked that V is well-defined we needed only the Ad(LG”)-invariance
of the scalar product on p. By the same argument we get a well-defined connection on
LG{/LG".

Then analogous V on LG{./LG* is metric, torsionfree and satisfies all the properties
needed to prove that R(X,Y)Z = [Z,[X,Y]].

Similar to the finite dimensional case, if we identify the tangent spaces of LG /LG”
and LG¢ /LGP (via the identification of ip with p), the curvature tensors of the two
spaces differ only by a sign. Accordingly, LG%/LG” has non-positive sectional curva-
ture.

Determining the geodesics is also an easy task. Since the Levi-Civita connection on
LGY is the projection on TLGY. of a pointwise connection on LG, the argument used
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to show that the O’Neill tensor A is really a tensor is valid in this case (the connection
on LGY is left invariant and it restricts to a bounded operator on € & ip - an upper
bound is provided by the similar operator determined by the connection V of LG¢ on
Lgc) - see the Remark following Lemma 1.4.3.

Hence the geodesics on LGY /LGP are projections of horizontal geodesics on LGE.
For X and Z horizontal left invariant vector fields on LG{ (X, Z € ip) we have:

<VXXa Z> = _<Xa VXZ> = _<X> VZX) - <X7 [X7 Z])

- —%Z(X, X) — (X,[X,Z]) = 0 ([X,Z] € t Lip).

Therefore the horizontal geodesics on LG are again the 1-parameter subgroups (¢ —
exptX) for X € ip, and thus the formula Exp = 7 o exp |;, describes the geodesic
exponential of the dual symmetric space.

Remark: The 1-parameter subgroups (¢ — exptX), with X € ip, are geodesics
even in the ambient space LG, since it is easy to see that (X, [X, Z]) = ([X, X],Z) =0
holds for any Z € Lgc.

Summarizing, we get:

Proposition 1.5.2. LG{/LG* admits a weak Riemannian metric and a corresponding
Levi-Civita connection such that:

i)It is a symmetric space (it admits symmetries at each point);

ii)the exponential is given by Exp = 7 o exp |;p;

iii) The curvature tensor can be expressed at é by R(X,Y)Z=-[[X,Y],Z];

w)lt is dual to LG/LG? (by identifying p with ip the isotropy action of LGP is the
same and the curvature is just the opposite), in particular it has non-positive sectional
curvature.

In the finite dimensional case, the symmetric spaces of noncompact type are dif-
feomorphic (via the exponential) with the modeling space R™. This can be proved by
using the Hadamard-Cartan theorem. In his Ph.D. thesis (at Columbia University,
1965), J. McAlpin proved the Hadamard-Cartan theorem in the Hilbert setting. The
two obstacles he had to overcome were the absence of the Hopf-Rinow theorem, which
fails to be true for Hilbert manifolds, and the fact that injective linear endomorphisms
may not be surjective. It turns out that the use of the Hopf-Rinow theorem can be
avoided with some extra work. The completeness of the tangent spaces with respect
to the scalar product induced by the Riemannian metric is crucial on both points in
McAlpin’s proof. Since this is not the case for our weak metric, we had to find another
approach to show that LGZ/LG? is (diffeomorphic to) a Hilbert space. Fortunately,
one only has to look closer at the way it was constructed.

We prove:

Theorem 1.5.3. Exp:ip — LG{/LG? is a diffeomorphism.
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Proof. Since G¢/G is the noncompact dual symmetric space of G, Exp : ig — G¢/G
is a diffeomorphism. The geodesical exponential Exp equals pr o exp, where exp is the
group exponential and pr the projection of G¢ onto GG. It induces a diffeomorphism
LExp : iLg = Lig — L(Gc/G).

Define f : LG%/LG? — L(Gc/G), f(g§) = g, where g(t) = ¢g(t)G € Gc/G. 1t is
easy to see that f is well-defined.

Since G is the fixed point set of py in G¢, there is a well known embedding of
G¢/G in G¢, which we denote it by @. It is defined by ®(zG) = xp,(x)~" and it
induces an embedding L® : L(G¢c/G) — LGe. If ¥ € L(G¢/G) and v € LG¢ such
that y(t)G = 7(t), then obviously L®(¥) = ypo(y) L.

We consider now the following diagram:

LExp Lo
—

| |

ip 2. LGA/LGP

Since Exp : ip — LGZ /LGP can also be expressed as mo exp (and this exp is actually
Lexp ), the commutativity follows straightforward.

Let g1, go € LGL/LG? such that f(g1) = f(g2). Then g;'g:1(t) € G, Vt € I. But
g1,92 € LG%, hence gy 'g1 € LGP and thus §; = §o, i.e. f is injective. To prove that
Exp :ip — LG% /LG is bijective is thus enough to show that LExpl, : ip — L(Gc/G)
maps ip onto Imf. Let § = gLG” € LGZ/LGP. Then there is a unique u € Lig such
that LExp(u) = f(g).

We want u € ip, that is p,(u) = u. We know L® o f(§) = gpo(g)~" and therefore
L® o LExp(u) = gpo(g)~!. Furthermore, for X € ig it holds ® o Exp(X) = ® o pr o
exp(X) = exp(X)(poexp X)™! = exp X (exp poX)™' = exp X exp(—X)™! = exp2X,
hence ® o Exp = Exp o 7, where 7 is the multiplication with 2.

It follows L® o LExp(u) = L(® o Exp)(u) = L(expoTr)(u) = Lexp(2u) = exp(2u).
We obtained gpo(g)~! = exp(2u). From the relations p.py = pops and p(g) = g we
get p(gpo(9)™") = gpo(g)~". It follows p.(exp(2u)) = exp(2u), whence exp(p.(2u)) =
exp(2u). Since u € Lig, p.(Lig) C Lig and exp |14 is injective, we finally obtain
p«(u) = u, and thus u € ip.

We proved that Exp : ip — LG{/LG? is bijective. The smoothness of Exp = moexp
is obvious. To get the smoothness of its inverse, we only need the smoothness of f. If
we denote by j the inclusion of LG{ in LGc, then fonm = Lproj: LGE — L(Gc/G),
which means that f o is smooth. Since 7 is a surjective submersion, we conclude that
Exp: ip — LGZ /LG’ is a diffeomorphism. O
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1.6 Totally geodesic submanifolds and maximal flats

We begin with some considerations about the submanifolds of LG/LGP. Given a
submanifold S, we can restrict the L? metric to a metric on S. In order to get an
associated Levi-Civita connection one needs a normal bundle for S, i.e. an orthogonal
complement for the tangent space of S at each point. This is in not possible in general,
because the tangent spaces of LG /LGP are only pre-Hilbert with the given metric.
Nevertheless, when a normal bundle for S exists, then the orthogonal decomposition
of VxY, for X and Y vector fields on S, gives as usual the Gauss equation VyY =
V5Y +a(X,Y), where V¥ is the Levi-Civita connection corresponding to the induced
metric on S and « is the second fundamental form. V xY makes sense as the covariant
derivative along the inclusion ¢ : S — LG/LGP. One can easily see that « is a tensor:
Taking charts (¢, U) for S and (®, V) for LG/LG” with respect to which the inclusion
of S'in LG /LGP is just the inclusion of a closed vector space in p, the local expression
for o is
ay(u,v) =Te(u,v) — Fi(u, v).

Fi and Fi are as before the Christoffel symbols for V and V¥ in the given charts.

Because of the problem mentioned above, we will not talk about geodesics of S.
One can still say that S is totally geodesic at a point p € S provided any geodesic of
LG /LGP tangent to S at p is contained in S. S is said to be totally geodesic if it is
totally geodesic at each point. In this case S is said to be flat if the restriction of the
curvature tensor to the tangent spaces of S is identically zero.

In analogy with the finite dimensional case, totally geodesic submanifolds corre-
spond to Lie triples (which we require to be closed subspaces of Lg). As previously
remarked, closed (Hilbert) subgroups of Lie groups need not be Lie subgroups. There-
fore, we need the following basic fact:

Lemma 1.6.1. Let G be a Hilbert Lie group, H a Lie subgroup of G and K an embedded
Lie subgroup of G. Then HN K is an embedded Lie subgroup of H and Lie(H N K) =
Lie(H) N Lie(K).

Proof. Cf. [1], 111I-1.3.6, it suffices to find a point z € H N K and a neighborhood U
of x in H such that K NU is an embedded submanifold of H. We can choose = = ¢,
take a normal neighborhood of it U = exp V' for some neighborhood V' of 0 in Lie(G)
and let U := exp(Lie(H) NV). Thus U N K is the image under exp of the embedded
submanifold U N Lie(K) of U := Lie(H)NV.

U

We can prove:

Lemma 1.6.2. Given G, H, and K as in lemma 1, H/H N K is a submanifold of
G/K.
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Proof. The proof is identical to that given by Helgason in [10], Prop. 11.4.4.(a) and is

based essentially on the inverse function theorem.
U

We also need:

Lemma 1.6.3. Let M be a weak Hilbert Riemannian manifold admitting a Levi-Civita
connection and let S be a totally geodesic submanifold of M. Then the parallel trans-
lation along curves in S transports tangents to S into tangents to S.

Proof. Choose an arbitrary point p in S. Let V be an open neighborhood of p in
S and (®,U) a chart for M around p with & : U — ®(U) C E such that V C U
and ®(V) is the intersection between ®(U) and a closed subspace F' of the Hilbert
space E. Let 7 be a geodesic tangent to S at some ¢ € V. Then v is contained
in S, hence ® oy C F. In the given chart the geodesic equation takes the form
(@ 07)"(t) + Ta(® o7 (1)) (2 o)(t), (P on)(t) = 0.

Let H be a complementary subspace for F' in E. Decomposing the Christoffel
symbol accordingly into 'y = T5+T% | we obtain T (®oy(t))((Pory)'(t), (Poy)'(t)) = 0.
In particular, for t=0, it follows T'(¢)(X,X) = 0, VX € F. But I's(q) is symmetric,
so T (q)|Fxr = 0 for any point ¢ in V. Let now ¢ : I — V be an arbitrary curve
and let Y'(¢) be a parallel vector field along ¢ such that Y (0) is tangent to S. We
have Y§(t) + T'p(® o ¢(t))(Ya(t),(P o ¢)/(t)) = 0 and Y (0)s € F. Take the H-part
(Va() T+ T (@oc(t)) (Va (£)(@oc) (1)) = (YAIY (6)+TH (Doc(t)) (Y (1), (Doc) (£)) = 0.
This linear differential equation with initial condition Y{(0) = 0 has a unique solution
Yy = 0, which shows that Y is tangent to S everywhere. For vector fields along
arbitrary curves (not contained in a chart) the set of all ¢ for which Y'(¢) is tangent to
S is both open and closed, so it must be the whole interval. O

Theorem 1.6.4. Let s be a Lie triple contained in p. Then it exists a totally geodesic
submanifold S of LG/LG? such that T;S = s and FExps C S. Conversely, the tan-
gent space of a totally geodesic submanifold passing through é = eLG? is a Lie triple.
Furthermore, the totally geodesic submanifold S is flat if and only if s is abelian. A
similar correspondence exists between totally geodesic submanifolds of LGY./LG? and
Lie triples in ip. In this case the equality S = Exps holds.

Remark: We will show in the next section that the loop group LG can be con-
sidered as a particular case of a coset space LG'/LG". On the other side, unlike the
group exponential of GG, that of LG need not be surjective. One example is given by
G = SU(2) - see [23]. This shows that the inclusion Exp s C S can be strict. It
provides also a counterexample to the Hopf-Rinow theorem. It should be pointed out
here that although the Hopf-Rinow theorem fails in general in infinite dimensions, it
holds for the loop manifold LM provided with the natural strong H' Riemannian met-
ric - see [4], where the result is proved for a more general class of Hilbert manifolds of
Sobolev sections of some fibre bundle.
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Proof. For simplicity we consider the proof for LG /LGP, mentioning the differences
which may appear in the case of the dual space. Let first S be a totally geodesic
submanifold containing é. Since S may lack induced geometrical structure, we can not
argue that s := T,S is invariant under the curvature tensor. Therefore we follow the
more involved proof given in [10]. For X, Y € s and t € R, the vector A = dExp,y (X)
is tangent to S, while the family dleyp—n)A is its parallel extension to ¢ +— exptY . By
Lemma 1.6.3, dlexp—1v)A € 5.

The differential of the exponential exp h — H (for any Lie group H) is expressed
by the formula dexpy = dlepy © > 0 (Z‘ﬁ) Because the exponential exp of LH
is actually Lexp and because the functors L and T (the tangent functor) commute,
we get an identical formula for the differential of the loop group exponential. Taking
H = G and restricting to G% we get the same result for G%. Using now the relation
Exp = moexp|, and denoting the restriction of (adY)? to p by Ty, the following is

obtained: dExpy = dlepy 0dm ) oo ( adV)" = dlexpy 0y o0 )" o any Y € p.

(m~+1)! n=0 (2n+1)!
Putting all together, it follows Zn 0 (27;:1)1) (X). Because T is bounded, taking

t small enough shows that Ty (X) € s. From this point we can just repeat the easy
computation (involving the Jacobi identity) from [10], which gives [X,[Y, Z]] € s for
X, Y, Z € 5. Thus s is a Lie triple.

Conversely, suppose s is a Lie triple and let m be the closure of the subspace
[s,s] of £ It is easy to check that s + [s,s] is a Lie subalgebra of Lg. Its closure
is g = 5+ [s,5] and is a closed Lie subalgebra of Lg ([,] is continuous). It exists
therefore a Lie subgroup G’ of LG with Lie algebra g’. Since LG* is an embedded Lie
subgroup of LG, Lemma 1.6.1 shows that G’ N LG? is an embedded subgroup of G’.
From Lemma 1.6.2 now G’/G’' N LG” is a submanifold of LG/LG?. From the formula
Exp = 7 oexp |, one sees that Exp s C G'/G' N LG and that the geodesics tangent to
G'/G' N LGP are contained in G'/G' N LG*. Since G’ acts transitively by isometries on
G'/G' N LG*, it follows that G'/G' N LG* is totally geodesic. In the case of the dual
the geodesic exponential Exp : ip — LGZ/LG? is a diffeomorphism, and therefore the
equality Exp s = G'/G' N LG* holds.

Finally, if s is abelian, then it is clear from the formula for R that G'/G’' N LG*
is flat. Conversely, for X and Y in s, R(X,Y) = 0 implies 0 = (X, R(X,Y)Y) =
(X, Y, [X,)Y]]) = £(X,Y],[X,Y]), whence [X,Y] = 0 and thus s is abelian (the
minus sign appears in the case of the dual space). O

In the finite dimensional case the maximal flat totally geodesic submanifolds of a
symmetric space M have two nice properties: they are closed topological subspaces of
M and are all conjugate under isometries of M. The second property definitely fails in
our case, while the first one may fail either (the usual proof is not working at least). One
can easily find several conjugacy classes of maximal subalgebras contained in p. Let for
example ag, a; be maximal abelian subalgebras contained in g. Then for each ty € [o, 7,
the loops v € p (in particular v(0),v(7) € pg) with y(t) € ag for ¢ < ¢y and v(t) € oy
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for t5 < t form a maximal abelian subalgebra in p. On the other side, any smooth
map S' % {a C g maximal abelian } C G(k,n) (the Grassmanian of K -planes into
g ) gives rise to another maximal abelian subalgebra a, = {y € Lg | v(t) € a; = ¢(t)}
of Lg. Here K = rank(G), n = dimG. The two examples belong obviously to different
conjugacy classes.

The space LG / LG which we study in the next chapter is closely related to LG/ LG”.
Topologically it is a torus bundle over LG /LG?. Motivated by the results obtained in
the next chapter about a class of maximal tori of Eb, and correspondingly about a
class of maximal flat totally geodesic submanifolds of LG / I//@p, we obtain the following
(by smooth we can understand here either C* or H'):

Proposition 1.6.5. Let a C Lg a mazximal abelian subalgebra such that for each v €
a, v(t) € Ad(G)(v(0)). Then it exists a smooth map ¢, : I — G such that a =
{Ad(p1)ve | vo € ag} and ag = {vg = v(0) | v € a} is mazimal abelian in g.

Proof. For each t € I, a determines an abelian subalgebra a; = {v(t) | v € a}. Let t
be a maximal abelian subalgebra of g such that ag C t C g. Because g is compact it

decomposes as g = t® > g where A, is the set of positive real roots g and g*
OZEAJr

are 2-dimensional real subspaces which allow complex structures (multiplications) such
that
[H, X] =2mia(H)X for H e t, x € g% a€A;.

The centralizer of any H € t is therefore Z(H) =t® >, g% with a:t — R.

HeKera
C!EA+

We index the roots o from 1 to n: Ay = {ay, ..., a, } such that
ag C ker ay, ..., a9 C ker oy, ag & ker a1, ..., ag € ker av,.

Keray, 1 Nag, ..., ker a, N ag are hyperplanes of ay. Choose vy € gy outside all these

k
hyperplanes; then Z(vg) =t® > g*. Now
i=1
U(t) = Ad(gpt)v(h
w(t) = Ad(ir)wo

for some ¢y, ¥, : [ — G smooth with g =19y =¢e € G.

From [v, w] = 0 it follows [Ad(p:)ve, Ad(¢)we] = 0 for any ¢ € I, so (Ad)(¢y)wy €
Z(Ad(pr)vo) = Ad(er)Z (vo)-

But Ad(G)wyLZ(wy) at wy with respect to the Ad-invariant metric on g, hence
Ad(G)wyLZ(vy) at wy (because of the way we have chosen vy, it holds wy € Z(vy) C
Z(wp)).

We obtain a path v : I — g, v(t) = Ad(y; "9, )we with v(0) = wo, Y(I) C Z(vy),
and +/(0)LZ(vp) hence +/(0) = 0, i.e. (t — Ad(p; 1) wo) (0) = 0.
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But we can apply the same method for an arbitrary ¢y € I: @, is an abelian
subalgebra of g and Z(Ad(g)v) = Ad(g)Z(v) holds in general, therefore Z(Ad(¢y,)vo)
has minimal dimension among the centralisers of all the elements u(tg) € a;. Thus
Z(v(ty)) C Z(u(ty)) for any ue a (with the same argument as before: let a;, C
t', where t' is maximal abelian in g; it follows Z(v(tg)) =t & > g°%).

C!EA+
aty Cker o

Now let ¢, := g0t0+s<p;)1, 155 = ¢t0+s¢t_ol- We get
[AA(,) 1y, Ad () wre] = [Ad(p115)v0, Ad (1 1.4)wo] = 0,

hence Ad(1hs)wy, € Z(Ad(Gs)vy,) = Ad(@,)Z(vy,), and thus Ad(G 0 )wy, € Z(vy,) C
Z(wto).

On the other side Ad(G)wy, LZ(wy,) at wy,, so Ad(G)wy, LZ(vy,). We obtained
51 — g, 4(s) = Ad(G; 0, )wy,, which satisfies 5(0) = wy,, F(I) C Z(v,) and
5(0)LZ(vy,) hence 7(0) = 0. But $;'%s = pu@itotiortiy, therefore 3(s) =
Ad(,)Ad(97 i+ )AL ) (11,) = Ad(1JAd (s i) (1) and 7/(0) = 0, e
(t — Ad(p; '9r) (wp))' (to) = 0. Because ty was chosen arbitrary we get Ad(¢; "1 )wy =
wq for any t, which implies Ad(p;)we = Ad(¢;)wy = w(t). We can take thus a smooth
curve ¢; : I — G such that any u € a can be written as u(t) = Ad(¢:)uo, and because
a is maximal it follows that ay is maximal abelian in g. O

1.7 Miscellaneous

Any compact Lie group G is a symmetric space. It can be thought to be associated
to an orthogonal symmetric Lie algebra if we represent it as the coset space G =
G x G/A(G x G), where the diagonal A(G x G) is the fixed point set of the involution
p:GxG— GxG, p(g,h)=(h,g). We have a similar picture for LG:

For any n € LG, let n* be the reversed loop n*(t) = n(2m —t). Define the involution
p of second kind on L(G' x G) = LG x LG by p(v,n) = (n*,7*). The fixed point
set (LG x LG)* is {(v,7") U\E LG}, Tt is easy to check that the map ® : LG x

LG/(LG x LG)? — LG, ®((v,n)) = yn*~! is bijective and actually a diffeomorphism.
If we start with a product bi-invariant metric on G x G and apply to this case the
theory exposed in this chapter, we recover the L? metric, the pointwise Levi-Civita
connection, the geodesics, the inverse mapping as geodesic symmetry and the expression
of the curvature in terms of the Lie bracket. For example, if we consider the group
exponential of LG x LG restricted to p = {(u,—u*) | v € Lg} and project it on
LG x LG /(LG x LG)*, then, via the identification provided by ®, this is just the group
exponential on LG.

The isotropy representation of LG /LG* is equivalent to Adq(LG?)|,, the restricted
adjoint action of LG” on p. This (as well as the whole action of LG on Lg) is not a
Fredholm map: take a maximal abelian subspace a C p; then La is perpendicular to
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any orbit it meets, and so these have infinite codimension. In particular the isotropy
representation is not polar.

A still open problem is to determine the isometry group of LG /LG”. We expect the
connected component Iy(LG/LG?) of it to equal LG, just like in the finite dimensional
case. For this we have to assume nevertheless that G acts effectively on G/G”, and thus
Z(G)NGP = (. Since G is simple Z(G) is finite. Consequently, Z(LG) = LZ(G) =
Z(@) is finite and Z(LG) N LG? = (). From this it is not hard to show that LG acts
effectively on LG/LG®*.

One can also prove the curvature tensor R is parallel for both LG/ L? and LGZ./LGY,.
The proof is immediate and similar to that for finite dimensional (locally) symmetric
spaces. All we need is the following result, used also on previous occasions:

Lemma 1.7.1. Let M a (weak) Hilbert Riemannian manifold (for which the Levi-
Civita connection V exists). Then any isometry o of M commutes with V: 0,VxY =
VJ*XU*Y.

Proof. From the torsionfree and the metric property of V we can deduce as usual the
formula

20,VxYYy=XY,2)+Y{(Z, X) - Z(X,)Y)+ (X, Y], Z) = (Y. Z], X) + ([Z, X], Y).

Notice that only the uniqueness of V can be deduced from it (the existence does not
follow anymore, since the linear map from T, M to T,M* defined by X +— (-, X) is
injective but not surjective for (7. X, (,)) pre-Hilbert space). Using this formula,
it is easy to check that (0,Z,V,.x0.Y) oo = (Z,VxY), from which we obtain
(0.2, V. x0.Y) = (0.7,0.VxY), and thus 0,VxY =V, xo.Y. O

We end the study of LG/LG? with the Cartan embedding into LG, i.e. the map

LG/LG? < LG, J(gLG?) = gp(g)~t. Tt is easy to check that j is well defined and
injective. The composition jol,0Exp(X) = jol,omoexp |,(X) = jomoljoexp |,(X) =
gexp2X p(g)~! shows that j is a smooth immersion. Let M be the image of LG /LG”
under j. To show that j is, like in the finite dimensional case, an embedding, it is now
enough to show that for any g € M and for any sequence (g,) in M with g, —> g,
7 Hgn) == j(g) holds. Let N C G be the image of the similar embedding of G//G”
into G, so N = {zp(x)™' |z € G}. From the compactness of G it follows easily that N
is an embedded submanifold of G. From Terng,[24] we use the following description of
M:
M ={ge LG|g(t)™" = p(g(~1)). g(0), g(r) € N}.

The inclusion of M in the right hand side is clear. Let now g € LG with the properties
above. Choose z, y € G such that p(z)™! = ¢(0), yp(y)~' = g(r). Let r : [0,7] — G
be any H' map with r(0) = z, r(7) = y. Define

(), if ¢ € [0, 27];
h(t) —{ g(t)p(r(2m — 1)), ift € [0,27].
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Then h € LG and hp(h)™' = g, i.e. g € M. Back to the convergence problem, notice
that g, —> ¢ implies that g, (0) == ¢(0) and g,(7) == g(r). Using the embedding
of G/G” into G, we can therefore choose x,,y, € G satisfying z,p(x,)"! = ¢,(0),
respectively ynp(yn)~" = gn() such that z, > = and g, —> y. Take finally H'
paths r,, from x,, to ¥, which converge to r in the H' topology. They generate as before
loops h,, € LG such that h, —> h and h,p(h,)™" = gn, hence h, LG? "=% hLG? and



Chapter 2

A Fréchet pseudo-Riemannian
symmetric space

In this chapter we treat another class of examples of infinite dimensional symmetric
spaces. It is related in a remarkable way to the only known examples of polar actions
on Hilbert spaces (more exactly, the isotropy action is, under some restrictions, polar
- see [24]). The affine Kac-Moody group LG is a torus bundle over LG. Tt can be
made into a Fréchet Lie group. We extend the involution p of LG to LG and consider
the quotient space LG / LG”. Tt has a Fréchet differentiable structure and it admits a
pseudo-Riemannian metric of index 1 for which the basic properties of a symmetric
space are verified.

2.1 Introduction

We start again with the loop group LG of a compact, connected, simply-connected,
semisimple Lie group G and its Lie algebra of loops Lg. We also consider an Ad-
invariant scalar product (, ) on g. It determines a 2-form w on Lg by:

w@@z%é%@d@ﬁ

The affine Kac-Moody algebra of type 1, denoted by I//B, admits the following
realization as an extension of Lg:
Lg=Lg®ReadRd
with the Lie bracket defined by

[u> U] = [uv U]O + w(uv U)Ca
[d,u] =, [c,u] =[c,d] =0,



36 A Fréchet pseudo-Riemannian symmetric space

for u,v € Lg. [,]o denotes now the Lie bracket of Lg. This object belongs to the
more general class of Kac-Moody algebras, introduced by V. Kac and R. Moody in
the mid-1960s, which can be obtained roughly as follows: A semisimple complex Lie
algebra can be recovered from its Cartan matrix by a construction due to Serre. If one
relaxes the conditions the Cartan matrix should satisfy (allowing arbitrary non-positive
entries outside the diagonal, and in particular non-positive principal minors), then the
Kac-Moody algebras are obtained. In particular the affine Kac -Moody algebras are
obtained from singular Cartan matrices with positive proper principal minors. To the
Kac-Moody Lie algebras can be associated groups called the Kac-Moody groups. In
general they are not manifolds and thus not Lie groups. Their construction is presented
in detail in [12].

If we would let as before Lg be the space of H' loops, then EE; would not be a Lie
algebra (because [d, u] = v’ would not belong to Lg). Similarly, the affine Kac-Moody
group LG which we will consider next would not be a Lie group. Therefore, in this
chapter we will restrict to smooth (C°) loops. We use this time the same notations
Lg and LG for the algebra, respectively the group of smooth loops.

The Lie algebra Lg corresponds to a Lie group LG precisely when the scalar product
(, ) on g which defines w satisfies an integrality condition ({(h,, h,) is an even integer
for each coroot h, of G). Scalar products satisfying the integrality condition can be
easily obtained by scaling with proper constants. LG is the semidirect product of S!
with the central extension LG of LG, which is a non-trivial S Lbundle over LG. For
the construction of LG and LG see [23] and [24]. LG has a Fréchet Lie group structure
with Lie algebra Lg (which is itself a Fréchet space).

There is a useful description of LG which we now give: Extend w to a left invari-
ant form on LG. The integrality condition means that w/2mi belongs to an integral
cohomology class of LG. For any loop v : S' — LG, let C(v) = exp(i [qw) for some
surface S in LG bounded by 7 (C' is independent of the choice of S). Consider the set
of all triples (g, p,z) with ¢ € LG, p a path in LG joining e to g and z € S*. Define
on it the relation of equivalence

(917171,21) = (927172,22) & g1 =g and 2 = 220(]92 *p1_1)7

(13

where “*” denotes the concatenation of paths. The set of equivalence classes forms a
group, denoted LG, with the multiplication

(gljpl, 21) : (92>P2>22) = (9192>P1 * (91 'P2)>2122)~

LG is then the semi-direct product S' x LG, with S acting on LG by ¢ - (9,p,2) =

(€ - g,e” - p, z) (where €' - g(t) = g(s + t) and €’ - p is the path r — €% - p(r)).
Given an involutive automorphism p on G, we consider the involution of second

kind p : LG — LG defined in the first chapter. One can extend this involution to

an involution p of of LG, p((¢'r, (g,p,2))) = (¢, (p(9). p(p). =™)). Here p(p)(s) =
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p(p(s)). Its fixed point set is denoted as usual by LG". The differential Ps I/LE; — l/}E;
is an extension of the previous p. : Lg — Lg with p«(c ) = —¢, p«(d) = —d. The

intermediary involution p on LG with fixed point set LG will be also considered
occasionally.

One obtains thus a quotient space LG / LG, As for LG /LGP, we want to show in
a rigorous way that this is a symmetric space, and to study its properties. For this we
take a closer look at the group LG. We begin with facts concerning arbitrary Fréchet
manifolds and Lie groups

2.2 Fréchet manifolds and Lie groups

A Fréchet manifold is a Hausdorff topological space with an atlas of coordinate charts
taking values in Fréchet spaces, such that the coordinate transition functions are
smooth maps between Fréchet spaces. A Fréchet Lie group is a Fréchet manifold
with a group structure such that which the multiplication and the inverse function are
smooth. Working in the Fréchet setting presents major disadvantages. Most of the
theory about differential manifolds, Riemannian manifolds and Lie groups, success-
fully extended in the Hilbert and even Banach cases, is absent here. The main tool
which is not available in this setting is the inverse function theorem. Related to it is
the absence of a theory concerning existence and uniqueness of ordinary differential
equations. A direct consequence is the possibility of vector fields without trajectories
- see [11] for a nice example. Valuable information can be found in [8] and [11] about
Fréchet manifolds and in [16] about Fréchet Lie groups.

A pseudo-Riemannian metric on a Fréchet manifold is, analogue to the Riemannian
case on Hilbert manifolds, a smooth assignment of a scalar product (a continuous non-
singular symmetric bilinear form) to the tangent space at every point of the manifold.
The term “smooth” needs to be made precise carefully: The vector space of continuous
linear maps from a Fréchet vector space to some other space is in general not a Fréchet
space. Essentially because of this reason, one can not construct bundles of tensors
over Fréchet manifolds (except for the tangent bundle). A (smooth) metric can not
be regarded therefore as a (smooth) section of some vector bundle. We will say that
a metric g on a Fréchet manifold M is smooth provided that g is expressed locally
foranygivenchartMDULVCFbyasmoothmapg@:U><F><F—>R,
go(z,u,v) = g(To(z,u), T~ (z,v)). One can associate to the metric g the quadratic
form ¢ : TM — R, ¢(X) = g(X, X). Because of the formula 2¢g(X,Y) = ¢(X +Y) —
q(X) — q(Y) and because T'M is a manifold which has T'¢ as chart, it is easy to see
that the smoothness of ¢ is equivalent to the smoothness of ¢ : "M — R. Notice that
a metric on a Fréchet manifold (which is not Hilbert) is necessarily weak in the sense
made clear in the first chapter.

Let now G be a Fréchet Lie group. From a given scalar product on T.G we construct
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a left invariant metric on G. Its smoothness can be seen as follows: As remarked in
[16], T'G is itself a Lie group with multiplication p, : TG x TG — TG, where p is the
multiplication map p(g,h) = gh of G. TG can be expressed as a semi-direct product
TG = T,GOG, with G acting on T,G by the adjoint action. This identification comes
from a short exact sequence of groups 0 — T.G — TG 5 G — 0 which splits. A
right inverse for 7 is the map which assigns to each g € G the null vector 0,. The
identification TG —~ G x T.G is given thus by a~*(g, X) = p.(0,, X) = 1, X. Under
this identification ¢ is a function on G x T,G which actually depends only on the second
variable. The smoothness is now obvious.

As usual, the bi-invariant metrics are precisely the left invariant metrics which
generate an Ad-invariant scalar product on Lie(G).

We are now interested in the notion of a linear connection on a Fréchet manifold.
Again because the space of linear maps between Fréchet is not a Fréchet space, we need
to modify slightly the definition given in the previous chapter for the Hilbert setting.
Namely, we require the Christoffel map I', to be smooth as a map

e(U) xMxM —M, (z,u,v) — I'y(z)- (u,v).

Proposition 2.2.1. Any Fréchet Lie group G admits a unique left invariant connection
such that VxY = %[X, Y] for any two left invariant vector fields X and Y. It is
a torsionfree connection. If G admits a a bi-invariant (pseudo-)Riemannian metric,
then V is the corresponding Levi-Civita connection.

Proof. Let G D U = ¢(U) C G a chart for G, with G a modeling Fréchet space for G.
Define @ : o(U) x p(U) x G — G, ®(p(z), ¢(y),u) = praoTpol,-1, 0T (p(z),u).
We show first that @ is smooth. We remark that the relation l,,-1, 0 To ™ (p(z),u) =
P«(0yz-1, To~ (), u)) holds. The smoothness is now evident. More precisely, if we
take a chart (¥, V) around the identity with UU~' C V and denote the inverse map
of G by i, then we can write 0,,-1 = TU (U o p(¢~(p(z),i0 ¢ (¢(y)))),0) and all
the maps involved are smooth.
Define now the Christoffel symbol

Polp(@),u,v) = —%(D2<1>(30($), p(x),v) 0 u+ Dy®(p(x), p(x),u) 0 v).

The reason for this is the fact that the map ¢(y) — ®(p(x), ¢(y), u) represents locally
a left invariant vector field. Fix now an arbitrary point x € U and denote the latter
map by u¥.

For X,Y € X(U) left invariant it follows:
(ViY),(ol2)) = DY,(p(x)) - X,(p(a) — HDY,(p(x)) - X,(o(x)) + DX, (p(a)) -
Yo(p(z)) = 3[X,Y],(p(x)). Because the above defined T, are symmetric, the con-
nection is torsionfree.
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We check now that the transformation rule:

Ly((@) = D™ ")(p(x)) o (D* (™) (1(x))
+T(p(@)) o (D(ey ™) (¥(x)) x D(ep™") (e ()))
1%

is satisfied for any (p,U) and (¢, V) charts and z € U N V. Indeed, @¥ o (¢Yp~1) =

D(ypp~Hu#, and thus

L)) = —5(DDEe™)i o (o)

DD o (py ™) (w(a)

= D)), 0) — 5Dl (o) DI ((2)) - u
D™ () Dt (4(z) - v)

(because D(D(yp™")1% o (o™ "))(1h(x)) - D(v™")(p(x))u = D* (o) ((x)) (u, v) +
D=1 (p(x))Do?(p(x))u). The transformation rule follows now from the equality

D* (™) ((2) (D (™) (¥(x) Ju, D(ptr™") ((2))v)
=D~ ") ((2)) D* (0 ™") (¢ (@) (u, v).

Finally, for any three left invariant vector fields X, Y and Z it holds Xg¢g(Y,Z) =
0=1(9([X,Y],2)+ g(Y,[X, Z])) = g(VxY, Z) + g(Y,VxZ). Translating both terms
for a given chart ¢, we obtain at each y = (z) the relations Xg(Y,Z)(z) =
Drge(y, Yo (y), Zo(y)) - Xo(y) + 9o(y, DY, - Xy (y), Zo(y)) + 96y, Yo(y), DZ, - Xy (y))
and g(V Y, Z)(x) = g,y DY, - Xp(9) + Doly. Xp(y). Yo(y)). Z,(y). Simmilar formulas
are obtained for g(Y,VxZ)(x). Comparing these expressions we get

Dlgso(ya Y<p(?/)> Z¢(y)) : X¢(y) = 9<p(ya ng(y, Xso(y)a Ys@(?/)% Z<p(?/))
+g¢(y,ng(y),F¢(y,X¢(y), Z¢(y))).

This equality depends only on the values of X, Y and Z at x, and therefore it gives
back X¢(Y,Z) =g(VxY,Z)+ g(Y,VxZ) for arbitrary vector fields X, Y and Z. O

2.3 Tameness of Fréchet manifolds

Our goal now is to prove that LG is a tame Fréchet manifold. In the category of tame
Fréchet manifolds, a weaker version of the inverse function theorem holds, theorem
which is otherwise untrue in the Fréchet setting. We first give the definitions and the
basic facts concerning the tame Fréchet spaces. All these, plus a proof of the inverse
function theorem for tame Fréchet manifolds and some applications of this theorem,
can be found in detail in Hamilton’s paper [8].
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Definition 2.3.1. A grading on a Fréchet space is a collection {|| ||l. |n € J} of
seminorms indexed by the integers J = {0,1, ..., } which are increasing in strength, i.e.
| flo<|| f i< ..., for all f, and which define the topology. A graded Fréchet space is
one with a choice of a grading.

Remark: For any Fréchet space, a grading can be obtained from a countable
collection of seminorms || ||, which defines the topology by constructing a new collection
=1 o + 1 T 44 ]

Definition 2.3.2. Two gradings {|| ||.} and {|| ||\,} are tamely equivalent of degree r

and base b if
I fIn< CHf e and | f RS C NS llnstr

for any f, alln > b and a constant C' which may depend on n.
e Tame linear maps:

Definition 2.3.3. A linear map L : F — G, with F,G graded spaces, satisfies a tame
estimate of degree r and base b if

I Lf o< C N f Nl

for each n > b (the constant C may depend on n). L is tame if it satisfies a tame
estimate for some r and b.

Remark: A tame linear map is continuous.

Definition 2.3.4. L is a tame isomorphism if L is a linear isomorphism and both L
and L™ are tame.

Remark: Two gradings are tamely equivalent if and only if the identity map is a
tame isomorphism from the space with one grading to the space with the other.

Remark: The composition of tame linear maps is tame. Example: Let X(B)
denote the space of sequences { fx} of elements in a Banach space B such that

o0

| {fi} ln= Zenk | frllp< oo forall n

k=0

where || || g is the norm of B. Then X(B) is a graded space with these norms.

We consider the definitions given in [8] for a Fréchet vector bundle, for the action of
a Fréchet Lie groups on a Fréchet manifold, and the principal Fréchet G-bundle with
structural group the Fréchet Lie group G.

e Tame Fréchet spaces:
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Definition 2.3.5. Let F' and G be graded spaces. We say that F is a tame direct
summand of G if there are tame linear maps L : F — G and M : G — F such that
Mol =idp

Definition 2.3.6. A graded space is tame if it is a tame direct summand of a space
Y(B) defined as above.

Lemma 2.3.7. A tame direct summand of a tame space is tame.
Lemma 2.3.8. A cartesian product of two tame spaces is tame.

Theorem 2.3.9. If X is a compact manifold than C*°(X) (the space of smooth func-
tions on X ) is tame.

Corollary 2.3.10. If X is a compact manifold and V' is a vector bundle over X, then
the space C*°(X, V) of sections of V over X is tame.

e Tame maps

Definition 2.3.11. Let F' and G be graded spaces and P : U C F' — G a nonlinear
map. We say that P satisfies a tame estimate of degree r and base b if | P(f) |[»<
CA+ || f llnsr), Vf €U and n > b (C depends on n). P is called a tame map if it is
defined on an open set, it is continuous, and satisfies a tame estimate in a neighborhoad
of each point . (r,b and C depend on the neighborhood).

Theorem 2.3.12. A map is a tame linear map if and only if it is linear and tame.
Theorem 2.3.13. A composition of tame maps is tame.

Definition 2.3.14. A map P is a smooth tame map if P is smooth and all the deriva-
tives D*P are tame.

Let X be a compact manifold, V' and W vector bundles over X, U C V open,
p: U CV — W a fibre preserving smooth map. Let C°°(X,V) be the space of
sections. Then the set U of sections contained in U is open in C*®(X, V).

Define P : U C C®(X,V) — C®(X, W), Pf(z) = p(f(z)), p is called nonlinear
vector bundle map and P nonlinear vector bundle operator.

Theorem 2.3.15. A nonlinear vector bundle operator is tame.
e Tame Fréchet manifolds

Definition 2.3.16. A tame Fréchet manifold is one with coordinate charts in tame
spaces whose coordinate transition functions are smooth tame maps.

Theorem 2.3.17. Let X be a compact manifold and B a fibre bundle over X. Then
the manifold C*(B) of smooth sections of B is a tame Fréchet manifold.
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Corollary 2.3.18. If X and Y are finite dimensional manifolds with X compact, then
the space M(X,Y') of smooth maps from X toY is a tame manifold.

In particular, in our case, LG is a tame manifold. We will prove in the following that
LG is a tame manifold as well.
We first make clear the setting for our result:

Definition 2.3.19. We say that E is a Fréchet fibre bundle over M with fibre F if
E, M and F are Fréchet manifolds and there exists a projection map 11 : E — M
such for any point in M there is an open neighborhood U of it and a diffeomorfism
117 U) — U x F with py o ® = H|g-1), where py : U x F — U is the projection
onto the first factor.

Remark: For our purpose we do not need the notion of fibre bundle with structural

group.
We now prove the following:

Theorem 2.3.20. Let (E, 11, M) be a Fréchet fibre bundle with fibre a Banach manifold
F. If M is a tame Fréchet manifold then E is also a tame Fréchet manifold.

Proof. We need to find an atlas for F with coordinate transition functions tame maps
between Fréchet vector spaces. For this we construct coordinate charts using the local
trivialisation maps of the fibre bundle E. We take U C M with ® : [I"Y(U) - U x F
diffeomorphism, p; o & =11, and ¢ : U — ¢(U) C M coordinate chart for M (M is a
Fréchet vector space). Moreover, we take ¢ : V C F' — (V) C F a coordinate chart
for the Banach manifold F' (F is a Banach space).

We obtain thus a coordintate chart for E:

P:U=0HUXV)— 0U)=pU) xp(V) C M xF,

¢ = (p,9) 0 @y
Obviously, we can cover E with charts of this type.
For two such charts

i)ZUZ—)i)Z(UZ)CMXF, Zzl,Q,Wlth UlmUQZU%q),

we must prove that
Dy = Dyo 7 : Oy (U) — By (U)
is tame map between tame spaces.

First, it is easy to see that any Banach space B is tame Fréchet space as a tame direct
summand of the above defined Y (B) (we consider B endowed with the seminorms
| [[n=]| || for any n, where || || is the Banach norm, the required tame linear maps
being just the canonical inclusion of B into ) (B), respectively the projection onto the
first component).
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Second, a cartesian product X = X; x X, of tame Fréchet spaces is tame as a
Fréchet space with the seminorms || (z1, z2) ||X=| z1 |5 + || 22 |22,

It follows that the product M x FF is a tame Fréchet space.

So all we have to check now is that Ci)lg satisfies a tame estimate in a neighborhood
of each point, i.e. there are b,r € N such that:

| ®12(2,9) 2 < COF || (2,9) [Dnsr

for all n > b, where (x,y) € ®1(U) C M x F lies in a neighborhood of some fixed point
(z0,Y0), and C' is a constant which may depend on n.

But <i>12 can be expressed in terms of @15, the transition functions given by the
trivialization of the fibre bundle,

@12:(I)QO(I)I12UXF—>UXF, U:UlﬁUQCM

Because p1o®; =11, 1=1,2, ®(z,y) = (x, f(x,y)) for some smooth function
f:UxF — F. (In the case of a fibre bundle with structural group G, we have the
more exact form ®5 = (z, f(x) - y) for some f : U — G, where f(x) -y denotes the
action of G on F).

Thus,

D1a(7,y) = Py 0 &7 (2, y) = (p2,%2) 0 Py 0 &7 0 (1,101) (2, y)

= (102, ¥2) 0 P1a(ep7 (2), U7 ' ()
= (2, ¥2) (01 (@), f o1 M (2), 91 ()
= (20907 (), Yo (fo1 ' (), 1 ())))

@12 (2, )l = o2 0 1 (@)l + I2(f (@1 (@), 07 (@) -

Since M is tame manifold and p,0p; " coordinate transition function, we can assume

lp2001 (@)l < C(1+ [[lnsr)- Lot us denote o (f (01 (2), 41 () by f(2,y). Then
[®12(2, y)ln < O+ [|2lngr) + 1 F (2, ylla; it is enough to prove

Hf(xayHn < C/(l + ||y||n+r)7

because then )
@122, y)lln < C A+ |2][ner) + C(1+ [Yllnsr)

< (C+ A+ [zllngr + lyllnsr) = C" A+ 12+ yllntr).

But since f is defined from the Fréchet space Ml x F to the Banach space F, we
can even obtain a stronger estimate, namely || f(z,y|, < C’ (following the argument

used by Hamilton to show that any continuous map from a graded Fréchet space to a
Banach space is tame):
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Take C" > || f(z0,40)| , || - || being the Banach norm on F, and
D = {(z,y) € M x F||f(z,y)]| < C'}N® (U). Then D is an open (because
f is continuous) neighborhood of (z¢,%0). For any n € N and (z,y) € D it holds
| f(x,)|ln = ||f(z,y)| < C’, which finishes the proof. O

As a corollary, the result holds for principal G bundles (with G a Banach Lie group)
and vector bundles, in particular for the Kac-Moody group LG.

2.4 The exponential of the affine Kac-Moody group

Remark: Let G and H be Lie groups such that G acts on H on the left. One can
consider then the semi-direct product G x H. A curve t — (v, ;) is one-parameter
subgroup of G x H if and only if 7; is a one-parameter subgroup of G and 9, is solution
of the differential equation 5 ;6] = .6}

To show the existence of the exponential of LG we need thus to prove that the above
differential solution admits solutions on LG. Even more generally, LG is a regular Lie
group (cf. def. from [16]). This is true because of the regularity of LG (which is a
direct consequence of the regularity of G) and because extensions of regular groups
with regular groups are regular (see [11]).

For X = u+mrc+red € fg, the 1-parameter subgroup (¢t — exptX) is a lift of
a curve (t — ¢ € LG) determined as follows: For any s € I, (t — ¢(s) € G) is the
unique curve in G starting at e such that its tangent at ¢ belongs to the left invariant
vector field determined by wu(s + t).

Using now the description of the elements of LG in terms of triples (g, p, z), with
g € LG, p a path in LG from e to g and z € S, we get a concrete description of the
exponential mapping for LG:

Proposition 2.4.1. The group exponential exp : EE; — LG can be obtained from
exp : Lg — LG by exp(u + rc) = (expu, (s — expsu)|d, ™), for any v € Lg and
r € R.

Proof. We notice first that ¢ — (exp tu, (s — exp stu)|}, e is 1-parameter subgroup
of LG. We only have to show therefore that its derivative at 0 is u + rc. In other
words, we need to prove that the map ¥ : Lg — Lie(LG) defined by ¥(u + rc) =
(t — (exptu, (s — exp stu)|d, e™))(0) is a Lie algebra isomorphism. It is not difficult
to see that W is a vector space isomorphism (which maps Lg onto the subspace H =
{(t — (exptu, (s — expstu)|},1))(0) |u € Lg}). Since both Lg and LG are central
extensions, it follows W([a, rc]) = [¥(a), ¥(rc)] = 0.

It only remained to prove ¥ ([u,v]) = [¥(u), V(v)] for u,v € Lg C Lg. LG can be
described alternatively as follows (for the equivalence of the two descriptions see [23]):
There is a circle bundle P over LG and a connection form o« on P whose curvature
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is just w such that LG is the group of all bundle isomorphisms of P which preserve
w and cover the left translation with some ¢ € LG (LG is actually an S'-bundle
isomorph with P). Each element of Lz'e(Lfé) induces thus a vector field on P. The
map ® : Lie(LG) — X(P) thus obtained is a Lie algebra antihomomorphism. It is also
injective. Even stronger, if ®,(Z) := ®(Z), for x € P, then @, is injective (because
LG acts on P without fixed points). It is easy to see that ®, is actually a linear
isomorphism.

We will prove that (® o ¥([u,v])),, = —[® o U(u), P o ¥(v)],, for some m € P. To
simplify the computation, we chose m € 7~ !(e), where e € LG is the identity element.

We make the notations: g; = (exptu, (s — expstu)|}, 1), X = ® o U(u), hy =
(exptv, (s — expstv)|d,1), Y = ® o ¥(v). Let v,n be the 1-parameter subgroups of
LG determined by u,v € Lg, let s — ¢ (n)(s) be the curve obtained by translating n
parallelly along I(~y(t¢))(n) and Hol, the holonomy around some loop . Then:

Ym - *Y m
[ o W(u),doW(w)], = [X,Y]y = lim 2 I#7gtm)

t—0 t
iy Yo = (5 = 900 hallg-4(m)))'(0)

t—0 t

We remark that g, o hy(g_¢(m)) can be obtained through parallel translation along
the loop o = |5 * Y(#)n]s * y(E)n(s)vly" * I(v(t))n|° followed by parallel translation
long 10 9 h(a1(m) = ok, (m))s). This (s 0 (5o () 0) =
c(m)'(0) + 4 | o Hol,, (m). Since Y;, = ¢o(m)’(0), we obtain

d

co(m)'(0) — a(m)'(0) _ d
[P oU(X),®oW(Y)]n —12% ; 7

Hol,, (m).

The first limit is just minus the horizontal lift at m of [u, v]y € T, LG It is not hard to
check that the second term is just the curvature, more precisely 2 o Hol,,, (m) =
@ 0 W(w(u,v)c).

On the other hand, ® o ¥[u,v] = ® o U([u, v]o+w(u,v)c). As & o VU([u,v]o), is also
the horizontal lift of [u, v]y, we obtained the desired isomorphism. O

‘0 ds‘O

Remark: For any u € Lg, ® o ¥(u) is not horizontal vector field. It is horizontal
nevertheless at the points in the fiber 771(e).

2.5 A Fréchet symmetric space

We try first to give a description for Lo’ Using the description of the elements of LG
in terms of triples as before, we get:

Proposition 2.5.1. LG’ 2 {(+1, (¢, p, £1))|p(9) = g, p(p(r)) = p(r)}. It is a covering
of LG? with four leaves.
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Proof. 1t is clear that any element from the right hand side set belongs to LG". Con-
versely, let v = (¢%*,(g,p,2)) € LG". Then €* = £1 and (g,p,2) ~ (p(g), p(p), =),
so p(g) = g and 2* = C(p(p) * p~') = exp(i [yw) for any surface S C LG bounded
by p(p) * p~'. Take any path ¢ in LG? connecting g and e - remember that LG* is
connected. Take a surface S; bounded by p * ¢! and let Sy = p(S;),S = S; U Ss.
Since p reverses the loops, it is easy to check that w(p(u),p(v)) = —w(u,v) for all
u,v € g, and therefore p*w = —w. Choose now an orientation on S. p restricts to
an orientation-changing homeomorphism of S (take two linearly independent vectors
tangent to S at some point on the path ¢, one of them along ¢, and apply p. to them).
We obtain [ w = [ ¢ p*w = [q wand thus [qw =2 [, w,s0 +z=Cpx*qg"),
which means (g,p, 2) ~ (g9,¢,1) or (¢,p,2) ~ (g9,q,—1). In particular, if (g,p, 1) and

(9,4, 1) are elements with p(g) = g, p(p(r)) = p(r) and p(q(r)) = q(r) for all r € [0, 1],
then (g,p,1) ~ (g9,¢,1) or (g,p,1) ~ (g,q, —1), which finishes the proof. a

The identity LG = Zo X LG is obvious. When G” is simply connected then Lc’
is a trivial covering.

Our interest is directed now toward the coset space LG / LG, From the previous
proposition it follows easily that this is a torus bundle over LG /LG*, with projection
map 7 : LG/LG" -5 LG/LG?, 7((¢*, (9,p,2)) - LG") = e~*(g) - LG® (observe that
the map (e, (¢,p, 2)) - LG — (%%, e~*((g,p, 2)) - LG") is an isomorphism between
LG/LG" and S* x LG/LG").

We consider the problem of finding a manifold structure for LG / Lo’ First, the loop
group of smooth loops admits a manifold and Lie group structure in the same way as the
loop group of H' loops. We show next how LG/ LG? becomes a Fréchet manifold, where
by LG we understand this time the loop group consisting only of smooth loops. We
use in this section the notations LGy, LGY, respectively LG, /LGY for the loop group
of H' loops and the corresponding Lie subgroup, respectively homogeneous manifold.
We also write Lg;, % and p;. There is thus a canonical inclusion LG C LGy, which
induces a well defined map ¢ : LG/LG? — LG,/LGY,gLG? — gLGY. This map is
injective, as can be checked easily. We consider also the natural inclusion Lg C Lg;.
Remember that points in LG (resp. LG1) are loops in G which are mapped piecewise
to smooth (resp. H') loops in R" by charts of G. With respect to the above inclusions,
exp : Lg; — LG, restricts to exp : Lg — LG.

As we saw in the first chapter (section 1.3), an atlas for LG;/LGY is provided by
the maps ¢, = (I, o T oexp|y)~* for some open neighborhood U of e in p;.

The elements LG, € LG1/LGY not contained in i( LG/ LGP) are precisely those for
which the set 2 LGY contains no smooth loop. The element x = exp X with X € U C p,
is not smooth precisely when the corresponding element in the Cartan embedding
zp(r)™! = 2% = exp2X is not smooth. From this it follows that (exp X)LGY €
i(LG/LG?) if and only if X is a smooth loop in p;. In conclusion, the chart ¢, of
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LG, /LGY restricts for g € LG to a chart (denoted by the same ¢,) of LG/LG? - U is
open in the Fréchet topology as well.
For different g, h € LG we get:

1 1 -1 -1
onp, = exp |y °7T|opr°lh ol,omoexply
_ 1 ~1
- eXp|U Oﬂ-|epr Olh*lg O T oexp |U

= explylomgppomolygoexply =explyt ol 0exply

whence the smoothness of the transition functions follows (because LG is a Fréchet Lie
group).

Finding now manifold structures on LG and LG / LG is an easy task, since both LG
and LG / LG" are locally trivial fiber (torus) bundles - if we take a ball B(0,r) centered
at 0 in g on which exp is a diffeomorphism, then LG restricted to L exp B(0,r) =
exp LB(0,7) and I//E}/fép restricted to moexp(LB(0,7) Np) are trivial. We obtained:

Proposition 2.5.2. LG, LG/LG”, LG and Eb/fép admit Fréchet manifold struc-
tures (such that all the left translations are smooth and all the projections are submer-

sions). LG and LG are Fréchet Lie groups.

Remark: If we consider the spaces of H* Sobolev loops for all k, Lg is actually a
projective limit of Hilbert spaces, and LG, LG /LG®, LG and LG / LG become with
the above structures inverse limits of Hilbert manifolds. Closely related to this is the
concept of strong ILH Lie group structures, introduced by H. Omori in [17]. We believe
that this concept may be useful for a further study of the objects considered here.

We are concerned next with determining a “proper” geometry (i.e. a pseudo-
Riemannian metric and a corresponding Levi-Civita ) for Eb/ LG". We follow the
same procedure as in the first chapter, looking first for suitable structure on . IG.

It is not hard to compute the general formula for the adjoint action of LG:

Ad(z)u = ge"(u)g~" + (ge" (u)g™", g'g e,
Ad(z)e = ¢,

1
Ad(z)d = g9 ' +d+ 5(9’9‘1, g'g e

for any = = (¢, (g9,p, z)) and u € Lg.
We extend now the L? scalar product on Lg to a semi-definite (of index one) scalar
product on Lg:

(w,v) = / " ut), v(t))dt,
(e,d) = =1, (u,c)={u,d)={c,c)=1{(d,d)=0,



48 A Fréchet pseudo-Riemannian symmetric space

where u,v € Lg. The scalar product (, ) on g is that used in the introduction for
defining w, so it is Ad-invariant and satisfies the integrality condition (we can take for
example the smallest one, called the normalized bi-invariant inner product, determined
on each simple ideal by the condition (h,, he) = 2 for the coroot of a longest root «).
A direct verification shows that (, ) on Lg is Ad-invariant. We translate it to a bi-
invariant pseudo-Riemannian metric g. Using the results obtained in Section 2.2 about
Fréchet Lie groups, we get:

Proposition 2.5.3. (f/é, g) admits a unique Levi-Civita connection V. For X, Y left
invariant vector fields on LG it satisfies VxY = 3[X,Y].

One can check that the adjoint action restricted to LG leaves p invariant. Since
exp : Z/LE; — LG is well defined, the invariance of p follows also from the usual general
argument: p(exp Ad(z)tX)) = zexp(—tX)z~!, whence p*Ad( )X = —Ad(z)X. The
relatlon EJ_p obtained in Chapter I extends immediately for Lg to E.Lp. By 1dent1fy1ng
T, LG / LG with p via m,, we obtain a LG -invariant scalar product on T, LG / L&’ A
semi-Riemannian metric on LG / LG is thus generated, such that the left translations

with elements of LG are isometries.
A symmetry at any point can be constructed as usual from p and the left transla-
tions. We have therefore:

Proposition 2.5.4. LG/LG admits a pseudo-Riemannian metric of index 1 whzch
makes it a symmetric space and such that the submersion 7 : LG — LG/LG
pseudo-Riemannian. A corresponding Levi-Civita connection V exists on LG / o’

Proof. The Levi-Civita connection V on LG / LG” can be obtained in the same way as
for LG/LG?, by applylng the Lev1 Civita connection of LG to the horizontal lifts of

any two vector fields on LG / Lc’ , and then projecting back the resulting vector field.
We skip the details. O

The fact that the metric is not definite is not an impediment for obtaining similar
properties with the positive definite case. However, a metric has to be given (an
invariant semi-definite scalar product can not be obtained anymore by averaging an
arbitrary one). A brief introduction to pseudo-Riemannian symmetric spaces can be
found in [19].

One can now prove:

Proposition 2.5.5. Eé/f@p has a globally defined geodesical exponential Exp at each
point. At eLG it is defined by Exp = 1 o exp |;.

Proof. The proof is almost identical to that given in the first chapter for LG /LG?. Only
a little work is needed to adapt the proof of the tensoriality of the O’Neill operation
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A, given for X and Y horizontal vector fields on LG by AxY = VVxY. The problem
is that a Fréchet space may not have a Schauder basis. But in our case a Schauder
basis for the L? topology on Lg, completed with the elements ¢ and d, is a Schauder
basis for Fréchet C'*° topology. In other words, if we decompose some smooth loop
u € Lg into its Fourier components v = ) _, une,, then the sequence of partial
sums u¥ = ngk une, converges to u not only in the L? topology, but also in the C™
topology. Here e,, denotes the function ¢ — sinnt for n < 0 and the function t — cosnt

in rest, and wu,, are vectors in g. Remember that u* "Z% 4 in the O topology means

that sup,; |u® (t) —uk” (t)] "2 0 for all the i-derivatives. But u*"” form the sequence

of partial sums corresponding to the Fourier series for u(?. All we need now is the fact
that the Fourier series converges pointwise (which is true even for continuous loops
admitting two-sided derivatives at each point - c¢f. a theorem of Dirichlet - see for
example [22], Theorem 2.6.). O

As a consequence, the 1-parameter subgroup t — exp tX, with X € p, may be seen
as the group of transvections along the geodesic ¢t — Exp tX.

We end this section by remarking that the proof of Theorem 1.4.3. holds entirely for
LG / LG” with its Fréchet structure, allowing to express the curvature in terms of the
Lie bracket of Lg. From the formulas giving the Lie bracket of Lg (see the introduction)
and the semidefinite scalar product (page 47), one sees that time-like vectors can not
be obtained by multiplying two arbitrary vectors of [/JB A short computation, analogue
to Corollary 1.4.6., shows that LG / LG’ has non-negative sectional curvature.

2.6 Maximal flats

We are motivated now to study the totally geodesic and the flat submanifolds of
LG / LG". We encounter the same difficulties in defining them as in the case of LG /LG".
Moreover, it is unclear if the Theorem 1.6.4 of chapter I is valid in the new context.
This is because Fréchet spaces lack basic properties like the existence and uniqueness
of solutions of ordinary differential equations. Nevertheless, there is a class of subman-
ifolds which presents striking similarities with the finite dimensional case. .

To understand it we must study first the maximal abelian subgroups of LG, and
we actually begin with the maximal abelian subalgebras of Lg. These fall into two
classes: those which are contained into Lg and those which are not. Since c¢ belongs
to the center of Lg, the first ones have the form a = a + Re¢, with a contained in Lg.
In this case a sits in some maximal abelian subalgebra a’ of Lg. Notice that because
of the cocycle w, @' is not abelian in Lg. If @ is finite dimensional, then it is not
maximal: if uq,..u, is a basis for a, then ¢ : @/ — R", ¢(v) = (w(v,uy), ..., w(v,u7)) is
linear and codimker ¢ = n, so ker ¢ C a,, is infinite dimensional, and we can take thus
u € ker ¢\ span{uy, ..u,}, which gives an abelian extension a + Ru + Rec of a + Re.
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__ We obtain thus a large class of infinite dimensional maximal abelian subalgebras of
Lg, containing several conjugacy classes. -

More interesting is the case of maximal abelian subalgebras of Lg which contain an
element of the form d + @, where u € Lg. We call such subalgebras maximal abelian
subalgebras of finite type. Again, such a subalgebra has the form a = a+Rec+R(d+ 1),
with a = a N Lg abelian subalgebra of Lg. In addition,

UEa:>[U,d+iZ]:O<:>v/:[U,ﬂ]<:>{

The first equation is a linear differential equation (called the Lax equation) with
unique solution v(t) = Ad(p:)vg, where R 3 ¢ — ¢, € G is the solution of the
differential equation —)p, ! = @(t) with initial condition @y = e. In order to obtain a
loop we must impose the condition Ad(par)(vy) = vy to the initial value v(0) = vy, i.e.
vy € ghd¥2r) . This condition is enough to obtain a smooth loop:

Let ¢y = @, - ar; then YUt = @lpft = —u(s) = —a(s + 27) = ©l4pP5 o
and so ¥; and @9, satisfy the same differential equation with the same initial value.
Therefore PsPor = ws = Ps+2om, hence U(8+27T) = Ad(@s+27r)v0 = Ad(@s)Ad<3027r>U0 =
Ad(gos+27r)vo = ’U(S).

The condition w(v, %) = 0 is also true for v thus obtained, because

_ I R B
w(a,v) = %/0 (u,v")dt = o ), (U, v, a])dt =
: ?%meﬁ= ! 2@@Lwﬁ:0

“om ), "o ),

for the Ad-invariant scalar product ( , ) Ad-invariant scalar product on g.
For a to be abelian we further need [v, w] = 0 for all v,w € a, i.e.

But
[v, wlo(t) = [v(t), w(t)] = [Ad(ps)vo, Ad(pr)wo] = Ad(p:)[vo, wo)
and
wmm:%A%wm:%O%mﬂwﬁ%wxm%@@

therefore it is enough to have [vy, wp] = 0. Thus ay = {vy = v(0) | v € a} has to be a
(maximal) abelian subalgebras of g contained in gAd(¥zr),
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Remark 1: Take 7' C G maximal torus with po, € T. Then t := Lie(T) is
maximal abelian subalgebra of g and t C g*4(#2x). Thus, dim a = dim ay = k = rankG.
Moreover, if o, is regular, then t = gA4(#2v) and there is only one choice for ag. If Yo,
is singular, then t C g”d(#2r) and gAd(2r) = Lie(H) =, where H C G is the subgroup
covered by all the maximal tori of G containing o,.

Remark 2: If 4 € a, then d € a, hence [d,a] = 0, which means that a = ag
with the elements of a, regarded as constant loops. We get thus the canonical form
a = ap + Rc+ Rd, where ag is a maximal abelian subalgebra of g. If @ is not constant,
then @ ¢ a (actually, there is no ug € g such that @(t) = Ad(¢:)(uo)).

Remark 3: If @(t) = 4 = constant, than ¢, = exp(—t@) and @ € g
this case, if ay contains 4, then a has the canonical form a = ag + Rec + Rd.

In conclusion, for any % € Lg, we obtain one (if ¢, as above determined is regular)

Ad(exp(—27a)) In

or more (for yo, singular) finite dimensional maximal abelian subalgebras of I/LE;, all
of the same dimension. They have the form a 4+ Re + R(d + @), with a = {v | v(t) =
Ad(py)(vo), v € ag}, with ap maximal abelian subalgebra of g contained in gAd(#2r),

If u is constant, at least one of the algebras corresponding to u has canonical form.

Remark 4: The finite dimensional maximal abelian subalgebras of Lg do not
cover Lg, because the elements v € a = a N Lg have the form v(t) = Ad(p;)vg, so
Im v C S(0, ||vg]]), the sphere of radius ||vg|| in g. The elements u € Lg with ||u(¢)]| not
constant (which are dense in Lg) do not lie in any finite dimensional maximal abelian
subalgebra.

We prove now the following result, due to E. Heintze:

Theorem 2.6.1. Any two maximal abelian subalgebras of finite type are conjugate.

Proof. Step I: Let a = a + Rc+ R(d + @) be a maximal abelian subalgebra of finite
type. We prove first that a is conjugate to some & = a + Re + R(d + @) with @’
constant. The gauge action g-u = gug~! — ¢’g~! of LG on Lg is polar, with a section
Y consisting of all constant loops in t, for t C g maximal abelian. It follows that there
is a constant loop x in Lg and a g € LG such that gug=' — ¢'g! = 2. We know

Ad(9)(c) = ¢, Ad(9)(u) = gug™" + (qug™",¢'g™")c
~ ;- 1 ;- ~ -
Ad(9)(d) = —gg'+d+ 5llg'g "% for g = (1,(g,p,2)) € LG.

Hence Ad(§)(d+ @) = gug™' — ¢g'g7' +d + Ac = d + x + Ac for some A € R. We get
thus Ad(g)(a+Re+R(d+w)) =g ag '+ Re+R(d+ ), with € Lg constant.

Step I1: We prove now that any two maximal abelian subalgebras of finite type which
contain the same element d + x with x € Lg constant are conjugate. The obvious fact
that any two canonical subalgebras are conjugate (because maximal abelian subalgebras
of g are conjugate) then finishes the proof, because, as a consequence of Remark 3, at
least one of the subalgebras containing d + z is canonical.
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Let thus @; = a; + Rc + R(d 4+ z) be maximal abelian subalgebras of finite type
for i = 1,2. As already mentioned, ¢, : I — G determined by ¢p; ' = x takes the

form ¢; = exp(—tz). Any v € a; is given by v(t) = Ad(exp(—tz))vy = e %y, with
Vo € i C gAd(QPQﬂ—) _ gAd(oxp(—27rm)) _ gefzﬂadx _ geQWadx’ for i = 1’ 2.
Choose now ¢ € Intg satisfying ¢(g?™4%) = g2™4¢ and ¢(ay9) = ag. Such an

automQOIghism can be obtained explicitly as ¢ = Ad(expy) = exp(ad y) for some
y € g™

It follows that Ad(exp2mx)y = vy, hence I(exp2rz)(expsy) = (expsy), Vs € R
(because both terms are 1-parameter subgroups with the same initial velocity). Thus
(exp 27mz)(exp y)(exp —2mx) = expy, which shows that ¢ — (exp —tx)(exp y)(exp tz) is
a smooth loop. Denote it by g € LG. P

For some g € LG of the type ¢ = (1,(g,p, 2)), we consider Ad(g) : Lg — Lg and
check that it maps d; into ds:

i)

v € a; = v(t) = Ad(exp —tx)vy,

Ad(g)v = gug™" + Av)e = Ad(g)v + A(v)e,

gug~(t) = Ad(exp —txr)Ad(expy)Ad(exptr)Ad(exp —tx)vy
= Ad(exp —tz)Ad(expy)vo = Ad(exp —tx)p(vy),

@ agp — Gy = gug ' € ay;
ii) Ad(g)(c) = ¢

iii) g(t) = exp(—tz) exp(y) exp(tz) = ¢'(t) = —xg(t) + g(t)z

=g t=—a+grg =
Ad(g)(d+ 1) = —g'g™" +d + M+ grg™" + dac
=z +d+ (A + Ag)c.
From i), ii) and iii) it follows Ad(g)(dy) = da, which finishes the proof. O

As a corollary, we obtain a similar result concerning the finite dimensional maximal
tori of LG

Proposition 2.6.2. Fach finite dimensional mazimal abelian subalgebra ofi/\g\is the
Lie algebra of a mazimal torus (a compact connected abelian subgroup) of LG. All

these tori form a conjugacy class of subgroups of IG.



2.6 Maximal flats 53

Proof. Remark first that G is canonically embedded as a Lie subgroup of LG. The
(non-trivial) torus bundle LG over LG restricts to a trivial torus bundle over G (the
2-form w restricted to G is identically null), ie. G x S* x S! is embedded in LG. A
subalgebra of canonical form a = ap+Rc+Rd is obviously the Lie algebra of the torus
T =Ty xS"'x8" c GxS'"x S LG, where T} is the maximal torus of G with
Lie algebra ag. Any arbitrary finite dimensional maximal abelian subalgebra a’ of Lg
equals Ad(g)a for some g € LG. The corresponding maximal torus is then I(§)7. O

We pass now to the study of the maximal abelian subalgebras of Lg which are
contained in p. Suppose a is such a subalgebra. As before, if a is contained in p + Re,
then a is infinite dimensional (for example, if uy € p, then uy € p, where u(t) =
cos(kt)ug(t)).

Moreover, we do not have to take care about w, because wl|yx, = 0. This holds
because

- 1
vep = v et wuv)=—(u,v
b (1,0) = 5,0
and € | p, as shown in the previous chapter.
Let us take now a maximal abelian of finite type, i.e.

a=a+Rc+R(d+a), aCp, wep.

We want to determine the loop part a of a. Consider again the solution ¢; : [ — G of

—lort = (t) with initial value oy = e. The conditions

[a,a) =0
a abelian
determine in the same way as for the maximal abelian subalgebras of l/)E;:

a={v|v(t) = Ad(ps)vo, vo € ag},

with ag C g*4(#2) maximal abelian. In addition, a C p implies ag C p,.

It remains to check now that a loop v of this kind (satisfying v(t) = Ad(y;)vg for
some vy € pg) actually belongs to p:

From p(,) p(e) ™' = pugpip(e) ™ = pu(ppr ) = pe(—a(t)) = a(—t) and ' ,p7; =
u(—t) it follows that (t — ¢_;) and (¢ — p(p;)) are solutions of the same differential
equation f/f;! = @(—t), with initial value f, = e, hence p(y;) = @_; (this equa-
tion takes locally the form £ fi(t) = (¢, f(t)), where z;(t,-), for i = I,n, are the
components of the right invariant vector determinated by @(—t)). We obtain thus

(P0)(t) = pulv(=1)) = pe(Ad(p—t)v0) = Ad(p(p-1))psvo = —Ad(pi)vo = —v(t)

= PV =V =0EDP
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(p«Ad(g)z = Ad(pg)ps holds in general).
In conclusion

a = {v]v(t) = Ad(pi)vo, vo € do}

with @y maximal abelian in g2d(¥2r) N p .
Remark : We have obtained by similar arguments:

(1) pler) = ¢,

(ii) @rion = PiP2r, hence porp_or =€

Using these relations, we obtain p(par) = @5t = @_or. For any x € gAd(¥2n) it holds
now

Ad(par)pet = Ad(p(p-27)) st = pAd(p_or )z = p.Ad(p57)T = pet.

Thus gAd(27) is p,-invariant, so it splits into gd2r) = g, N gAdlezn) gp N ghdleen) - All
maximal abelian subalgebras of p N gA4(#27) are therefore conjugated (by the adjoint
action of H” restricted to p N g*4¥2m) where H is the connected Lie subgroup of G
with Lie algebra g4d(#27)) - the conjugacy holds in general for Riemannian symmetric
pairs, even though it appears in the literature in more restrictive settings.

We proceed now to prove the conjugacy of the finite type maximal abelian subal-
gebras of p C Lg.

Theorem 2.6.3. All the finite type ma:mmal abelian subalgebras of Lg contained in P

are conjugated, (by the adjoint action of LG” restricted to p). Their dimension equals
the dimension of the mazimal abelian subalgebras in pg C g plus two.

Proof. The proof is similar to that of the preceding theorem:
For the step I we start with a = a 4+ Re+ R(d + @), a C p, u € p and remark that
LG? acts polarly on p (see [24]) by

gru=gug~'—g'g".

Elements g € LG? and = € p constant loop (so x € pg) can thus be found such that
gig' — ¢g'g7' = z. Take g € LG, § = (1,(g,p, 1)) with p arbitrary path connecting
g to e.

Then Ad(g)(a) = @ = gag~ ' +Rc+R(d+ ) is contained in p and is again maximal
abelian.

At step II we prove that any two maximal abelian subalgebras containing d + x are
conjugated.

Let a; = a; + Re+R(d+z), ¢=1,2. Then

a; = {Ad(—texpx)vy | vo € a;0} with a0 C ghdeP(=272)) Ny maximal abelian.

We saw that ghd(exe@me) — gAdlexp(=272)) i _invariant. H denotes as above the
corresponding connected Lie group of G.
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We find ¢ = Ad(expy) : g — g with y € ghd(PCm) and p,y =y, so expy € H”.

Then ¢ restricts to gAPE™)and o(a19) = ag just as discussed before. Notice that
g defined as before by ¢(t) = exp(—tz) exp(y) exp(tx) is now a loop in LG?, as can be
easily seen.
The rest follows as before. A canonical maximal abelian subalgebra of finite type
contained in p has the form
a=a+ Re+ Rd,

where a = ag C p C g are constant loops in a maximal abelian in p C g, so dima =
dima + 2. 0J

Remark: It is easy to see directly that a maximal abelian subalgebra of g/d(exp(27))

contained in pg is maximal in py for any = € p;. We did not have to check it, since
the proof above showed indirectly this fact even in the more general case of x replaced
with @9, with ¢ determined as before.

Proposition 2.6.4. A family of tori of[//a s obtained, associated to the subalgebras
considered above. They are conjugated by elements ofLGp. FEach of them can be written
as exp a for some subalgebra a as above.

Proof. Let T, 0 = expag, with ag = ap + Rec + Rd, for an abelian subalgebra ag of g
contained in pg, which is maximal with this properties. Then Ty = Ty x (S1)? C
G x (SY)? < LG. The relation I(g) o exp = expoAd(g) and the previous result
show that expa is a torus for any a as above, and that all the tori of this type are
conjugated. O

Finally, we look at the images of these tori under the projection 7 : LG — LG / La’.
We start again with the canonical ones.

Remark: The embedding G < LG induces an embedding G/G? — LG/LG? of
the finite dimensional symmetric space G/G*. The embedding G x S' x S* «— LG (see
Prop. 2.6.2) induces an embedding G x S! x §1/(G x §' x S'NLG") = G x S! x
SYIGP X Ty x Ty = G/GP x S* x S < LG/LG" of the Lorentzian product symmetric
space G/GP x (S1)%

Let Ty as before. The image m(T) = 7 o exp(8y) = Exp(dy) is, due to the previous
remark, the embedded submanifold M x S! x S' ¢ G/G? x S* x §* — LG/LG",
where M is the maximal totally geodesic flat submanifold Exp ay of the symmetric
space G/GP. The commutativity of the diagram

¢ 1 fa
nl lw

LG/IG" —*— LG/LG
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and the conjugacy of the tori involved show that each projection 7o exp(a) is a closed
embedded submanifold of LG / LG” and that all are conjugate by left translations [,
with gljbp.

We end with their geometric properties.

Remark: The closed subalgebra g C Lg of constant loops admits an orthogonal
complement, the space of loops u satisfying |’ ;u = 0. In terms of the Fourier decompo-
sition they are the loops without constant component, i.e. u(t) = >, ,u_rcos(kt) +
> ko Uksin(kt). More generally, each subspace s of g admits an orthogonal comple-
ment in Lg, and therefore also in [//B: Let s+ be the orthogonal complement of s in
g. Then the direct sum of Ls* with the space {u € s| [;u = 0} is the orthogonal
complement of s in Lg.

In particular the maximal abelian subalgebras of finite type a C p admit orthogonal
complements. As a consequence, the submanifolds Exp a admit induced Levi-Civita
connections - see the beginning of Section 6, Chapter I. The relation giving the curva-
ture shows that these submanifolds are flat. Their construction (as images under the
geodesic exponential) shows that they are totally geodesic. In conclusion:

Theorem 2.6.5. Eb/f/bp admits a family of mazimal totally geodesic flat closed con-
nected embedded submanifolds. They are all conjugate by left translations with elements

g e LG and have finite dimension equal to m+2, where m is the rank of the symmetric
space G/G?.

Proof. Only the maximality is left to be shown. Let S = Exp a for some maximal
abelian subalgebra a C p Suppose S C S, with S’ connected totally geodesic flat
submanifold of LG / LG’. Since S is compact, there exists an u € p not contained
in a such that Exp tu € S’ for all t € R. Since S’ is flat, we obtain ([z,u], [z, u]) =
(R(z,u)u, x) 0 for any x € a. We remark now that the multiplication of two
elements of Lg never gives a light-like vector, and thus [z,u| = 0, which contradicts
the maximality of a. O

2.7 Duality and the isotropy representation

The dual symmetric space for LG / LG" should be a quotient H / LG" , with Lie(H) =
td 1p, where the Lie algebra structure of td ip is induced from that of Lg(c We show
that there can be no such dual space. More precisely, there is no Lie group H with
Lie(H) = t & ip.

Take u € & C Lg and decompose it into its Fourier series. Consider for simplicity
Imu C &, sou(t) =), oy tncosnt with all u, € £;. For some r > 0 we get [—ird, u] =
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—iru’, which allows us to deduce recursively:

ad(—ird)(u)(t) = i Z nruy, sin nt,

neN
ad*(—ird)(u)(t) = Zn r“u, cosnt, and for any odd k
neN
ad*(—ird)(u)(t) = iy nFrfu,sinnt.
neN

A similar expression is obtained for k even. If there would be a Lie group H as above
then it would hold exp(—ird) € H and Ad(exp(—ird)) = e =79 whence the relation

Ad(exp(—ird))(u)(t) = Z cosh(nr)u, cosnt + i Z sinh(nr)u, sin nt.

neN neN

But these two series are not converging in general (we only know that ) nP|u,| < oo
for any p € N if uw is C* loop), and we come thus to a contradiction.

One could try to overcome this difficulty by considering the restriction to polynomial
loops (see [23]). This approach has a major inconvenient: the subgroup of LG consisting
of polynomial loops is not a manifold.

We end with a remark about the isotropy representation of our Kac-Moody sym-
metric space. The nice picture in this case, due to Terng, was one of the main moti-
vations for studying the properties of LG / LG as a symmetric space. We give a brief
description, following [24].

The Lorentz scalar product on Z/LE; is Ad(ljé)—invariant, so the sphere of radius -1
is invariant under the adjoint action. The hypeplane {u + rc + d | u € Lg,r € R} is
also invariant and so is their intersection R = {u+rc+d|u € Lg,r = 3((u,u) +1)}.
Looking at the general formula of the adjoint action on page 45, we see that the
restricted action Ad;&(LG) to the subgroup LG C LG factors through LG. Moreover,
the map u+rc+d — u gives am isometry between R* and Lg. Under this identification
the adjoint action of LG on the horosphere R™ is just the gauge action of LG on Lg:
g-u=qgug—t — ¢'g!, which is polar.

If we consider now the elgenspace decompos1t10n Lg = E@p with respect to p,, then
£ is the Lie algebra of LG and Ad(LG ) leaves p invariant, this being just the isotropy

action at eLG’ of the symmetric space LG / LG”. This action leaves Ry = R> Np
invariant. As before, R;° = p, where p = {u € Lg | p(u(—t)) = —u(t)}, and the action

of {+1} x LG C 7y x LG" = LG" on Ry is equivalent to the polar gauge action of
P(G,K x K) on {u € H°([0,1],9) | w(0 ) u(l) € pgt. We used here the equivalence
LGP ={g € LG | p(g(—t)) = g(t)} = P(G, K x K).
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