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3. A linear boundary value problem

This section closely follows [Sa], Section 5.4.
Let H™?, meN, 1<p<ow be the Sobolev classes and || |, , the corresponding
norms. In this section we will denote by ( , ) the real scalar product on R” or C" and

by <{f, g>:=f(f, g)dx the canonical pairing between L” and L? with 1<p, g< oo,

1/p+(1/9=1.
Define
Bp:={z=s+iteC||z|]<R},

By :={zeBy|Im(z)=0},
Dy :=Cg (B, C"),
Dg :={ueC§ (By, C")|u(s, 0)eR" for all seR}.

Let i denote the canonical complex structure in C*, 6:=0,+id, the Cauchy-Riemann
operator and J:=0,—i0, its formal adjoint.

We are not going to prove the following standard result (¢f. [F11], Lemma 2.2):

3.1 Lemma. — For meN, 1<p<oo and R>0 there exists a constant c¢=c(m, p. R)
so that

[lullum+1.p @y Sc || Oulum o @gy  for all ueDy,

|u|lgm+ 1.0 @z, Sc|| Oullym g3, Sforall ueDy. O

For a fixed R>0 we set Zy:=[0, R]xS'. Let Ay, Ag:S' - £ (n) be smooth loops
of Lagrangian subspaces of C" (equipped with the canonical symplectic structure). For
meN, 1 <p<ow and A=(A,, Ay) we define

Hy ?:={ueH™?(Zg, C")|u(0, 1)e Ay (1), u(R, t)€ Ag (1) for almost all reS' .

Here “‘for almost all” ¢ means: For all ¢ outside a set of measure zero. This makes
sense because there exist continuous trace operators H! 7 (Z;) — L7 (¢Z,) ((A11. A 5.7).

Covering Z, by disks and half-disks, trivializing A;, Ag and applying 3.1 one shows:
There exist constants ¢=c(m, p, R) such that, if ue H,” and cue H™*?(Z,. C"). then
ueH?* 17 and

sllms 1. p S ll Ctllm. p+ [fuello, ,)-
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for (y, x)eV c E, where V denotes covariant derivatives with respect to K;, and
T(2)=(V, (expy),) "t eI (exp;(2))°V, (expy),. Taking the derivative, it follows from the
smoothing property of x+— x’ that

D3g (¥, x)(n, )=V, n+J(y+x)V,n+A, (y, x)(M, &)
=9,n+I(y+x)a,n+A,(y, x)(n, &)

for (n, £)eE, with compact operators A;(y, x)€eK(E, F). Now 4,+J(y+x")4, is a
linear Cauchy-Riemann operator, and it follows as in Section 3:

Inllz.2Zc([o,n+T @+ xDan |l 2+ nllo, 2)-

Since the linearization of g, differs from d,n+7J(y+ x’) ,n only by a compact operator
we obtain

”T] “2,2§C(HD(&)@(}” x)“l,2+||A3 (. x)(m, E.:)HIZ)

for some A;(y, x)eK(E, F).

If g,(¢ 1 (» x)=0 then D(g)e(y, x) and D(npx ¥ xg) (¢~ (y, x)) are related
through composition with an isomorphism. Adding the second component of f, we get

[, OI=ZclIDAG ™ (, ), O +[|A (. ) (n, E) e

for (n, £)€T,-1(,, 5 &, with some compact operator A, and (i) follows.
(ii) Let (u, g)€A,, A€[0, 1/2]. Since g(f) =g, is constant, from the boundary condi-

1 1
u(0, .)*9=J u(R, )*0=0, Hy(0, 1)=0, Hy(R, 1) =0, and there-

tions on u we get J.
0

0
fore

0= d)zmo (u(R))— D4, (u(0)

R

=J. <d)'21H0 (u (S)), asu(s) >0. 2ds
o

=f |0, u(s, 1)|*dsdt,
Zg

hence d,u=0 and so u(s, t)=gq, for all (s, t)eZg.
(iii) If (4, g)€A, then from (ii) u=gq is constant. Using the representation Zfo of ¢ in
a local trivialization from (i) and taking the derivative at (y, x)=(0, 0) we obtain
=g,n+J@é,n+L ()

with L, eL(H"2(S', T,M), H"*(Z, T,TM)). Identifying (T, TM.J (. T,TM. T\TM)
with (C", i, R", iR") and arguing as in (i) we see that Dfy(x. ¢) is equivalent to the
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7.5 LemMA. — (i) X is a metric space. w, - and ®,, seR are continuous. ®, is lower
resp. upper semi-continuous.

(i) ut—»ugo, -) gives a bijection between the fixed points of the flow in X and the 1-periodic
solutions of x=Xy(t, x).

(il) Let ueX. Then every sequence s,— + o0 possesses a subsequence such that u(s,)
converges in C® to an xe C* (S*, TM) with ®' (x)=0.

(iv) ®_ is bounded from below by a constant ¢~ e R.

(v) @, is compact for every ce R

(vi) For seR, ®, is strictly decreasing along the flow trajectories, i.e.. If ®,(u.c)=®, (u)
for aueX and 6>0 then u is a fixed point of the flow.

Proof. — (i) and (ii) are obvious.

(iii) By assumption ue X? for some a<beR, X% as in 6.4. Hence all partial derivatives
of u are bounded. In particular, (u(s,)) is a bounded sequence in C=*(S' TM)
and therefore has a convergent subsequence u(s,) > xeC*(S!, TM). For seR let

1 £
b(s):= J‘ |O,u(s, )[*dr. b is a non-negative function with j b(s)ds<o and
o

-

1
|& (s)lgj |< 8,u, V,0,u )| dt bounded. This implies b(s) >0 as s — + oo and thus proves
0

@' (x)=0.
(iv) The calculation in the proof of 5.3 shows that &y, is bounded from below on periodic
orbits by ¢~ = —d,. (iv) now follows from (iii).

(v) From (iv) we have @, =X¢- which is compact by 6.4.
S0 1
M) If 0 ®(u(sy,— 0) — D(ulsy) = —J J |8,ul*dsdt then there is an
so—o6 V0
xeC= (8!, TM) with @' (x)=0 such that u(s, )=x(f) for s,—o<s<s,. We define veX
by v(s, t):=x(r) for (s, t)eZ. Thenu, v both satisfy a perturbed Cauchy-Riemann equation
and agree on an open subset of Z. From Aronszajn’s unique continuation theorem ([Ar],
Remark 3 on p. 248) it follows that y=v on all of Z (¢f. [Ho), Lemma 4). O

7.6. THEOREM. — To every 0#aecH*(A®™ M, Z,) there exists a b,eR such that
(7 | by cone)* @ #0.

Proof. — In the notation of 6.3 let X; ,.:=ng '[# (K,)] and choose an me N such that
(Tt | xg_ 0" 270 for all R>0.

We fix mappings ¢ € C* (R, [0, 2R]) with ¢g (s)=5+R for |s]<R -1 and define

P Xy » = C* (Z, TM)
by
Pu(s, 1):=u(dg (s). 1).

We have shown in the proof of 5.4 that there exist uniform constants «. b, such that
as®u(s)sb, for all ueX 3 . 05s<2R, R>0.
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