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Abstract
We show that locally homogeneous C°-Riemannian manifolds are smooth.
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1 Introduction

In this paper we prove that if a C%-Riemannian manifold is locally homogeneous, then
it is indeed smooth, more precisely we obtain the following theorem:

Main Theorem (Local homogeneity implies smoothness). Let (M, go) be a locally
homogeneous C°-Riemannian manifold and denote by dg, the induced metric, then
(M, dyg,) is isometric to a smooth Riemannian manifold.

In fact we show that for any point there is a small neighborhood U, such that the
set of local isometries on U, which will be denoted by Ug, forms a local Lie group
with Lie algebra g acting transitively on U. The isotropy local isometries determine a
local Lie group Uy with Lie algebra ) and U is isometric to the coset space Ug /Uy
carrying an invariant metric with respect to the left action of Ug (for definitions see
[20, 23, 29, 30]). In particular all spaces appearing in the main theorem are determined
by Lie algebras g D h together with a scalar product (-, -) on g/h, which is skew
symmetric with respect to the adjoint action of  on g/h [30]. Thus, they are given by
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purely algebraic data. Moreover, this implies that M and its Riemannian metric are
real analytic.

Our result in some sense generalizes the Myers-Steenrod theorems [22], which in
particular assert that the isometry group of a smooth Riemannian manifold is a Lie
group. Several theorems are known in that direction: Metric spaces with geometric
assumptions such as curvature conditions imply regularity of the isometry group. For
example isometry groups of Alexandrov spaces or RCD*(K, N) spaces are known to
be Lie groups [10, 13, 33].

The question "When is a homogeneous/locally homogeneous space a smooth man-
ifold?" has been investigated in [1, 25, 26].

In [1][Theorem 7] Berestovskii studied when a globally homogeneous inner metric
space is isometric to a homogeneous Riemannian manifold. His findings show in
particular that a homogeneous Alexandrov space is in fact a smooth Riemannian
manifold. In contrast to that we obtain a theorem of a local nature. One can show
(using [17, 18] for upper curvature bounds and [24] for lower bounds) that a locally
homogeneous space with an upper or lower curvature bound in the sense of Alexandrov
is a C%-Riemannian manifold. Hence our main theorem implies:

Corollary Let X be a locally homogeneous, locally compact, length space of finite
Hausdorff dimension. If there exists a point together with a convex neighborhood
admitting a curvature bound from either above or below in the sense of Alexandrov,
then X is isometric to a smooth Riemannian manifold.

It would be interesting to obtain a full description of locally homogeneous, locally
compact length spaces similar to [ 1] without assuming any regularity on the metric and
topology. This could be considered as a metric version of the Bing-Borsuk conjecture
[14].

There exist different results in the local setting; however, they are making stronger
assumptions on the regularity of the manifold. In [28] Singer showed: If a complete,
simply connected Riemannian manifold is curvature homogeneous and the derivatives
of the curvature tensor agree up to some order at all points, then the manifold is glob-
ally homogeneous. If the Riemannian metric is complete and sufficiently smooth, the
conclusion of our main theorem follows from this result. While the proof is essentially
local and completeness does not play a central role, it relies heavily on the existence
of high order derivatives of the metric [23, 28].

Lately local versions with lower regularity have been obtained by Pediconi [25, 26]
with different additional assumptions on the space and the group action.

Riemannian manifolds with low regularity do not satisfy classical results in Rie-
mannian geometry: There is no meaningful notion of curvature and shortest curves do
not need to solve a differential equation, they may branch and the injectivity radius
may be zero [15]. Shortest curves do not even need to be C! [15]. We refer to [4] for
some basic properties of C°-Riemannian manifolds and to [5, 7, 8] for further results.

A metric space M is called locally homogeneous if for any two points of M there is
a local isometry taking one to the other. One important problem and the difference to
the non-local case (as considered by Berestovskii) is that the set of local isometries is
a priori not known to form a local group. The technical tool to overcome this obstacle
is to extend local isometries, defined on arbitrary small balls, to balls of fixed radius.
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Once a local group structure is established one can apply structure theory of locally
compact groups [12, 27] to show that it is a local Lie group. We then construct a local
isometry between our metric space M and a local quotient of the local group equipped
with an invariant Riemannian metric.

The paper is organized as follows: In Section 2 we fix notation, explain what a
CO-Riemannian manifold is and give definitions and notions regarding local groups.
In Section 3 we prove that every local isometry can be extended to an isometry of
fixed size. In Section 4 we explain how to obtain a local topological group and prove
that some restriction is a local Lie group. After that we will explain how to obtain a
left-invariant metric on the quotient, which is isometric to some open subset of M.

2 Preliminaries
2.1 €°-Riemannian Manifolds

In this subsection we collect all definitions and results regarding C°-Riemannian
manifolds.

Definition 2.1 (C°-Riemannian manifold) A C°-Riemannian manifold is a pair
(M, go) consisting of a C'-manifold M together with a continuous Riemannian metric

80-

The Riemannian metric gp induces a canonical length structure, which in turn
induces an intrinsic metric dg, on M. This allows us to formulate local homogeneity
in purely metric terms. We denote open (closed) balls with radius » around the point
x by By (x) (B;(x)).

Definition 2.2 (Local homogeneity) A metric space M is called locally homogeneous
ifforeveryx,y € M there existsr > 0 and an isometry f : B.(x) — B.(y) satisfying
f(x) = y. We call such a map f a pointed isometry.

We want to make frequent use of the upcoming lemma, which is implied by the
CO-Riemannian manifold structure.

Lemma 2.3 (Maps are bilipshitz) Let (M, go) be a C O_Riemannian manifold then the
coordinate maps of a C'-atlas are locally bilipshitz.

Proof Compare [19][Section 3.2]. O

2.2 Local Topological Groups

In this subsection we introduce, for the convenience of the reader, the basic definitions
and notations regarding local groups. The exposition is mostly taken from [12].

Definition 2.4 (Local Group). A local topological group G = (G, 2, e, m,i) is a
Hausdorff topological space G together with a neutral element e € G, a partially
defined but continuous multiplication operation m : Q — G for some open domain
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Q C G x G, and continuous inversion operation i : G — G obeying the following
axioms:

(1) Q2 is an open neighborhood of G x {1} U {1} x G.

(2) If g, h, k € G satisfym(g, h),m(h, k) € Qand m(m(g, h), k), m(m(g, m(h, k))
€ Q thenm(m(g, h), k) =m(g, m(h, k)).

(3) Forall g € G one has m(g,e) = g =m(e, g).

(4) If g € G, thenm(g,i(g)) = e =m(i(g), &)

We will use the shorthand notation g - 4 for m(g, k). We call an open neighborhood
U of e € G symmetric if it satisfies U = i(U). Note that if U is an arbitrary open
neighborhood of e, then U N i~!(U) is an open symmetric neighborhood of e. If the
local group G is additionally a smooth manifold and the local group operations are
smooth, then we say that G is a local Lie group. The basic example of a local group
is the restriction of a topological group.

Definition 2.5 (Restriction of a local group). Let G be a local topological group and
U a symmetric open neighborhood of the identity of G. We have a local group G|y,
it has the subspace U as underlying space, e as its neutral element, the restriction
of inversion to U as its inversion, and the restriction of the product to

Qu ={x,y) e QNU xU) :m(x,y) e U}

as its product. Such a local group G|y is called a restriction of G.
We want to define the notion when local topological groups are equivalent.

Definition 2.6 (Locally isomorphic top. groups). Let G = (G, 2, e, m, i) and G' =
(G, Q, e, m',i") be local topological groups. A morphism from G to G' is a contin-
uous function f : G — G’ such that

(1) f(e)=¢ and (f x [)(Q) C Q.
(2) f(i(g) =i'(f(g) forallg e G,
(3) fm(g, b)) = m'(f(g), f(h)) forall (g, h) € .

We say G and G’ are locally isomorphic if there exist open symmetric neighborhoods
U and U’ of e and €' in G and G’ respectively, f : U — U’ a homeomorphism and
f:Gly = Gy, f~': G|y — G|y are morphisms.

3 Isometry Extensions

The goal of this section is to obtain an extension property. That is local isometries
defined on arbitrary balls can be extended to balls of fixed radius. More precisely we
want to prove the following statement:

Proposition 3.1 (Extension Property). Let (M, go) be a locally homogeneous C°-
Riemannian manifold. Then for any compact K C M there exists R > 0 such that
for all points x,y € K and all r < R any isometry f : B.(x) — B,(y) satisfying
f(x) =y can be extended uniquely to an isometry F : Br(x) — Bgr(y).
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Once this Proposition is established, we can define a local group structure on the
set of local isometries. This will be carried out in Section 4.

Moreover, a detailed analysis of our proof gives the following quantitative estimate
on R: If p > 0 satisfies the condition that for any x € K every loop in B,(x) is
contractible in B3, (x) and the closure B3 o(x) is compact then we have R > p. The
existence of such p follows from the following fact: A small neighborhood of a point
in a C°-Riemannian manifold is (1 & &)-bi-Lipschitz equivalent to a neighborhood in
Euclidean space.

Now we turn to the proof of Proposition 3.1; it is subdivided into two steps executed
in Sections 3.1 and 3.2 respectively.

The first subsection deals with small extensions of isometries, meaning that given
an isometry f : B.(x) — B,(y) it can be extended to an isometry F : B,;.(x) —
By4+¢(y), where ¢ < r. The main ingredient is the Lipschitz version of the Hilbert-
Smith conjecture, which shows that the isometry groups, we are dealing with, are
actually Lie groups. This enables us to formulate statements about extensions of
isometries in terms of Lie groups. The second subsection deals with large exten-
sions of isometries, meaning that given an isometry f : B,(x) — B,(y) it can be
extended to an isometry F : Bgr(x) — Bpr(y) where r < R. The main ingredient
is to extend the isometry along paths using the results obtained in Section 3.1, thus
proving Proposition 3.1.

Using Lemma 3.10 the proofs of Proposition 3.1 and Proposition 3.2 can be reduced
to the special case where K is some compact ball, that is K = B, (xp).

From here on we make the standing assumption that all balls are small enough to
have compact closure.

3.1 Small Isometry Extension

The goal of this subsection is to obtain:

Proposition 3.2 (Existence of local Extension). Let (M, go) be a locally homogeneous
CO-Riemannian manifold. Then for any compact K C M there is R > 0 such that for
all but countably many r < R there is &, > 0 such that every isometry f : B.(x) —
B, (y) satisfying f(x) = y can be extended to an isometry F : Byy¢ (x) = Bri¢, (y)
for every pair of x,y € K.

The first step is to obtain a well-behaved subset of M on which we will define
the local group of isometries. Observe that for arbitrary x,y € M and the isometry
f : By(x) — By(y), coming from the local homogeneity condition, there can in
general be no lower bound for r > 0. Using the Baire category theorem we want to
find By (xo) such that for all x, y € By, (xo) one has a lower bound onr > 0.

Lemma 3.3 (Lower domain bound) Denote by (M, go) a locally homogeneous C°-
Riemannian manifold. Then for every xo € M there exists ro, R > 0 such that for
all points x,y € By (xo) there exists an isometry fyy : Br(x) — Bgr(y) satisfying

f(x)=y.
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Proof Fix some point xo € M and consider a closed compact ball B containing xo,
then by local homogeneity for every x € B there exists maximal r, > 0 and an
isometry fy : B, (xo) = B, (x) satisfying f(xo) = x. Define for n € N the set

— 1
flz{xeB:rxz—}.
n n

By the above one has B = | J
theorem [21][Theorem 48.2] implies that for some m € N the set 71 has non-empty

Len 7+ 1 and each F 1 is closed. Therefore Baire’s category

interior. Thus, there are a point xo and a radius o > 0 such that B, (xo) C F1.Now
m

Soy = fyo fx_l yields the desired map. O

Since the Hilbert-Smith theorem will be used frequently, we recall it for the con-
venience of the reader.

Theorem 3.4 (Hilbert-Smith theorem [27]). If G is a locally compact group, which
acts effectively by Lipschitz homeomorphisms on a Riemannian manifold, then G is a
Lie group.

Lemma 3.5 (Pointed isometries form a Lie group). In the situation of Proposition 3.1
the group of pointed isometries

Isox (B, (x)) :={f : B, (x) = Br(x) : f isometry, f(x) = x}

is a compact Lie group.

Proof By [16][Corollary 4.8] we have that Iso, (Bg(x)) is compact. Moreover, the
isometry group Iso, (Bg(x)) of Br(x) acts effectively by Lipschitz homeomorphisms
on an open set of R"; therefore, Iso,(Bgr(x)) is a Lie group by the Hilbert-Smith
theorem (Theorem 3.4). O

Lemma 3.6 (Uniqueness of Extensions). Let (M, go) be a C 0_Riemannian manifold,
r > 0and f : Br(x) = B,(y) an isometry satisfying f(x) = y. If there exist ¢ > 0
and extensions F, G : Byyo(x) = By1(y) of f, then one has F = G.

Proof Consider the isometry
H:Brio(x) > Brye(x), 2> G ' 0 F(2).

O

The group (H) C Isoy(B,+¢(x)) generated by H is a compact Lie Group, since it is
a closed subgroup of a compact Lie group by Lemma 3.5. Observe that all elements
of (H) fix the open set B, (x). This is a contradiction to the Newmann Theorem
[3][Theorem 9.5], since the fixed point set of a compact Lie group cannot contain an

open set.
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Lemma 3.7 (Local extensions of isometry groups). Denote by B, (xo) the set coming
from Lemma 3.3, then for every x € By (xo) and every sufficiently small r > O there
exists R > 0 such that for all ¢1 < &2 < R one has

[0, (By—¢; (x)) = Isox (By—, (x)).

Proof By Lemma 3.6 we have a natural inclusion Iso, (B¢ (x)) <> Isoy (B, (x)) just
by restricting the maps to the smaller domain. Thus L; := Iso, (B, _1(x)) defines by

Lemma 3.5 a sequence of compact Lie groups satisfying L;11 C L;. Hence the L;
must stabilize, meaning there exists N € N such that L,, = L,, foralln, m > N. This
proves statement. O

Corollary 3.8 (Local extensions of isometry groups are homogeneous). Denote by
B, (x0) the set coming from Lemma 3.3, then there is R > 0 such that for all but
countably many R > r > 0 there exists ¢(r) > 0 such that

Isox (B (x)) = Is0x (Bre(r) (X))

for all x € By,(xp).

Proof Fix x € By,(x). We show that for all but countably many » > 0 an isometry can
be extended, i.e., Iso, (B, (x)) = Isoy (B4 (x)) for some e(r) > 0. This immedi-
ately follows from Lemma 3.7. Indeed without loss of generality assume R = 1. We
want to show that the set

C :={r € (0, 1)| For all ¢ > 0 one has Iso,(B,(x)) # Isoy(By+:(x))}
is countable. By Lemma 3.7 we have
o :=inf{r € [0, 1] : C N[z, 1] is countable } < oo,
since the set appearing in the definition is not empty. If we can show o = 0, then the
statement follows. Assume « > 0, then by Lemma 3.7 C N [@ — ¢, 1] is countable for

some ¢ > 0. This is a contradiction to the choice of « and the statement follows. The
second statement is that this r > 0 does not depend on the point, i.e.,

Is0y (B (x)) = Is0x (Byye(r) (x)) = 150, (B, () = Is0y(Br1¢(r) (¥))
forall x, y € By, (xop).
Fix an element g € Iso,(B,(y)) and consider a pointed isometry f : Br(x) —
Bgr(y) provided by Lemma 3.3. If » < R, then one has
[ og o [l €Ts0x (B (x)).
By assumption there exists an isometry

flogof: By ye(r)(X) = Brie(r)(x)
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extending f~' o g o f|p,(x)- Now fo f~logo fo f~!isan extension of g and by
the uniqueness result Lemma 3.6 the statement follows. O

Lemma 3.9 (Existence of local extensions). Denote by B,,(xo) the set coming from
Lemma 3.3, then there exists R > 0 such that for all but countably many r < R there
is &, > 0 such that every pointed isometry f : B,.(x) — B(y) can be extended to an
isometry F : Byy¢, (x) = Bryg, () for every pair of x, y € By, (xp).

Proof Choose r > 0 according to Corollary 3.8 and an isometry G : Bgr(x) — Br(y)
provided by Lemma 3.3, where x, y denote points in B, (xo). We can assume without
loss of generality r + ¢(r) < R. Then G lo f is an element of Iso, (B, (x)) and thus
has an extension

G 1o f: Br+8(r)(x) g Br+8(r)(x)'

Now F := G o G~1 o f is the desired extension of f. O

The next lemma gives the formal description how to extend results obtained for a
ball to any compact set.

Lemma 3.10 For any compact K C M and any ball B,,(xo) there isrg > R(K) > 0
such that for all x € K there is a pointed isometry f : Brk)(x) = Brk)(x0).

Proof Consider the ball B;,(xp) obtained in Lemma 3.3. By local homogeneity for
every x € K there exists maximal r, > 0 and an isometry fy : B, (xo) — B, (x)
satisfying f(xo) = x. We can cover K with finitely many such neighborhoods
BrX1 xp, ..., Brx,\, (xn). Denote by r the Lebesgue number of this covering. By con-
struction there is an isometry g : B.(x) — B,(xp), which not necessary satisfies
g(x) = xo. However, by Lemma 3.3 we have a map 4 : Br(g(x)) — Bgr(xp) satis-
fying h(g(x)) = xo. Setting f := h o g and R(K) := min{r, R} the claim follows.

O

Now Proposition 3.2 follows from Lemma 3.9 and Lemma 3.10

3.2 Large Extension

The goal of this subsection is to prove Proposition 3.1 using Lemma 3.9. Consider an
isometry f : B,(x) — B.(y), apoint z € B,(x) and a point 7’ ¢ B, (x). The idea is
to extend f along a path y from z to 7’ by repeatedly applying Lemma 3.9. It remains
to prove that this extension procedure is well-defined. This will take up most of the
subsection. Once this is established, we will be able to construct a “large” extension.

Definition 3.11 (Isometry caterpillar). Let (M, go) be a CO-Riemannian manifold.
Consider a path y : [a, b] — M parametrized proportional to arc-length by constant
speed C (ie., L(y|iy.]) = C(ta — t1) forall t,tp € [a,b] with t; < t). An r-
isometry caterpillar along y is a family of isometries f; : B (y(t)) — B-(f:(y(1)))
fort € la, b, such that for all t|, t € [a, b] with |t; — 2| < ﬁ we have

JulB (v )NB. (r(02)) = Jua| B,y (1)NB, (v (12)) -

W Birkhauser
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We say an isometry caterpillar is fat, if every isometry f; : Br(y(t)) — B, (f:(y(1)))
can be extended to an isometry Fy : Bior(y(t)) — Bior(fi (y (2))).

Observe that the above definition is invariant under linear reparameterizations. The
next Lemma shows: If two r-isometry caterpillars (for the same path y) agree at the
starting point, then they agree everywhere.

Lemma 3.12 (Caterpillar uniqueness). Let (M, go) be a CO-Riemannian manifold and
y : la, b] - M a path parametrized proportional to arc-length. If fll, f,2 are two r-
isometry caterpillars along y satisfying fa1 = fa2 on B, (y(a)), then one has ft1 = fl2
on B.(y(t)) forallt € [a, b].

Proof Parametrize y by arc-length and consider ¢ € [a, b] such that |[a — ]| < r/2.
Then f,' and f,2 agree on B, > (y (1)) by triangle inequality. Now Lemma 3.6 implies
ftl = ft2 on B,(y(t)). Thus, the claim follows inductively by subdividing y into
pieces of length smaller that r /2. O

The upcoming Lemma proves that fat caterpillars can be concatenated; observe that
this statement strongly relies on the fatness condition. Let us give an example, where
two caterpillars not having the fatness condition cannot be concatenated.

Consider the standard cylinder embedded in R3 with radius 1 and the curve

y 1 [=0.0027, 0.0027] — S! x R, 7 > (cos(z), sin(t), 0).

Set y1 := y1[-0.0027,0] and y2 := ¥][0,0.002]- Since every open ball on the cylinder
of radius 7w admits a local isometry (unfolding) to a ball in the plane, one can describe
an r-isometry caterpillar with r = 0.9997 along geodesics of length < 0.002 using
unfolding maps. If f; is the rotation around the angle ¢, then f; will define an r-isometry
caterpillar along y; and y». However, it will not define an r-isometry caterpillar along
y, since y is to long and the balls B, (y (—0.0027)), B, (y(0.0027r)) overlap but the
maps f; do not agree.

Lemma 3.13 (Concatenation of caterpillars). Let (M, go) be a CY-Riemannian man-
ifold, y1 : la,b] — M,y» : [b,c] — M paths parametrized by arc-length with
y1(b) = y»(b) and ftl, fz2 fat r-isometry caterpillars along y1 and y» respectively
satisfying f, = f; on B-(y1(b)) = Br(y2(b)).

Then the family of isometries f; : B-(y(t)) — B,(f(y(t))) fort € [a, c] is a fat
isometry caterpillar along the concatenation y of vy and y».

Proof We need to check for b —r/10 < t; < b < tp < b+ r/10 the condition

Ju|B. i @)NB, (12(12) = 12| B, (1 11)NB, (2 (12)) -
Consider a point z € B, (y1(t1)) N By (y2(f2)) and the extensions
F} : Bior(vi () — Buor(f} (i (t:))) fori = 1,2

and
Fy : Bio-(y1(b)) — Bior(f,} (1(b)))

) Birkhauser
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provided by the fatness condition of the caterpillar. By construction Fé and F, b] agree
in a small neighborhood of y (#2); therefore, they have also to satisfy Fé (z) = F, bl (2)
by Lemma 3.6, otherwise we would obtain two different extensions fixing an open
neighborhood of y (#;). A similar argument gives Fl% () = Fb1 (z). Since these maps
are just extensions of f;,, f,, we have f; (z) = f1,(z). Hence the result. O

Lemma 3.14 (Existence of caterpillar isometries). Let (M, go) be a locally homoge-
neous C°-Riemannian manifold. Suppose that for x,y € M and R > 0 the balls
Br(x) and Br(y) are compact. Then for any 0 < r < R, every pointed isometry
f : Br(x) = B-(y), every z € Bg(x) and any rectifiable path y : |a, b] — Br(x)
JSfrom x to z there exist p € (0, r) and a fat p-isometry caterpillar extending f|p,,(x)-

Proof First we apply Proposition 3.2 for K = Br(x) U Bg(y) and find R(K). Now
Proposition 3.2 provides r’ < min{r, R(K)} and & > 0 such that for all v, w €
Br(x) UBg (y) every pointed isometry g : B,»(v) — B, (w) can be extended to an
isometry G : B4 (v) = By (w). We can assume 1’ < r.

Consider the isometry f : B,(x) — B,(y) and a rectifiable path y : [a, b] —
Bg(x) from x to z parameterized by arc-length coming from the assumption of Lemma
3.14. Subdivide y into paths 1, ..., yn of length less than &’/10. Inductively we can
construct an isometry caterpillar along y .

For the induction start set ff|3r//1o(7/(f)) = F|Br//1o(7/(f)) fort € [a,a + &'/10],
where F denotes the extension F : By (x) = By (y) of f: By(x) = By(y)
(this is possible since B,/10(y (¢t)) C B,j10+4¢ (x)). By definition the compatibility
condition for f; is satisfied and thus it is a fat isometry caterpillar for 0 < p < &’/10.
Now by Lemma 3.13 we can extend this construction to the concatenation of y; and
y>. This way we obtain the result. O

Lemma 3.15 (Close path endpoint compatibility). Let (M, go) be a C°-Riemannian
manifold and y1, y» : la, b] — M two paths parametrized proportional to arc-length
satisfying 0.9 < L(y1)/L(y2) < 1.1. Moreover, assume there is an r > 0 such that

d(y1(t), () <r/2forallt € [a, b]

and y1, y» admit fat r-isometry caterpillars ftl and f,2 with the property

1 2
Ja|B.(r1@)nB, (4n(@) = 14 1B, (11 (@)nB, (1(a))-

Then we have
1 2
I 1B )B4 b)) = 15 1B, (i 0)NB, (2 (b)) -

Proof After reparametrization we can assume that y; is parametrized by arc-length and

y2 is parametrized by constant speed C € [1, 1.1]. Findasubdivisiona = t, ...,y =
b of [a, b] such that the length of the curves yilp; 111, V2lin.0501 18 < 797g for
i=1,..., N — 1. We will show the stronger claim

1 2
T 1B.nnnB, (a0 = 17 1B, i )nB, (a0 forall t € [a, b].

W Birkhauser
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For t € [t1, 1] consider the extensions Fal, F,l, th. All these isometries agree in a
neighborhood of y (a): F, al and F,1 by the caterpillar condition and F, al , th by assump-
tion together with the caterpillar condition. By the triangle inequality and the fatness
condition, all these extensions are defined on B, (y1(t))N B, (y2(t)) # ¥ and they agree
by Lemma 3.6. In particular, the restrictions agree as well. Thus, the claim is shown
for ¥1l1.61> ¥2l111,1]- Using the same argument, one gets by induction the statement
for all of y1, y». O

Lemma 3.16 (Existence of global extensions). Let (M, go) be a locally homogeneous
CY-Riemannian manifold, x,y € M and R > 0 be such that Bar(x), Bag (y) are
compact and every loop in Br(x) is contractible in Bog(x). Then for all v < R any
isometry [ : Br(x) — B,(y) satisfying f(x) = y can be extended to a local isometry
F: Br(x) = Br(y).

Proof Construction of F':

Denote by R the bound coming from Lemma 3.14. Fix the pointed isometry f :
B, (x) — B,(y), apoint z € Br(x) and a rectifiable path y : [a, b] — Br(x) from
x to z (for example one randomly chosen shortest path from x to z). Then by Lemma
3.14 and Lemma 3.12 there exists a unique fat isometry caterpillar f;, which coincides
with f in a neighborhood of the point x. Define F(z) := f5(y (b)).

It remains to show that F is well-defined, i.e., the definition does not depend on
the path y. Let ¢’ be another rectifiable path from x to z. Since the argument is local,
by Lemma 2.3. we know that there is a homotopy y; between y and y’ keeping the
endpoints fixed such that L(y;) depend continuously on the parameter ¢. We can find
0=11,...,ty = lsuchthat y; and y;,_, satisfy the assumption of Lemma 3.15. This
proves that F'(z) does not depend on the path y.

It remains to show that F is a local isometry. Indeed consider a point z € Br(x) and
a fat isometry caterpillar f; along some rectifiable path y : [a, b] — Br(x) from x to
z. Then F coincides with the isometry fp, : B,/ (y (b)) — B, (fp(y(b))) on B, (y (b)).
To see this, consider a point v € B,/(z), we have shown above that the point F (v)
does not depend on the path. Therefore consider the path y followed by a shortest path
from z to v, then f; defines a fat isometry caterpillar along that path. It follows that

fr(v) = F(v). o

Proof of Proposition 3.1.1In order to prove Proposition 3.1 (for the particular case when
K isaball) it remains to show that the restriction of the extension F| g , (x) constructed
in Lemma3.16 is an isometry, provided the additional assumption that every loop in
Bpg/2(y) is contractible in Bg(y). In view of Lemma 3.10 this is sufficient to prove
Proposition 3.1 for an arbitrary compact K.

Observe that since F is a local isometry any homotopy between paths with initial
point y inside B (y) can be lifted; this implies that F is injective. Indeed, consider two
points p,q € Bg ,2(x) satisfying F(p) = F(q), then consider the shortest paths y;
from x to p and y» from x to g. The paths F (1) and F (y») are homotopic inside Bg (y),
lifting this homotopy gives p = ¢. Now using injectivity obtained above, we show
that F |§R/2 ) is distance-preserving. Consider two distinct points v, w € F(Bg 2(x))

and y an arbitrary shortest path between them. Its lift y has the same length as y,
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since F is a local isometry. Observe that the map F is 1-Lipschitz, hence y must be a
shortest path. Therefore F is distance preserving.

It remains to show that F |§R/2 @) is surjective. Assume this is not the case, then

thereisaz € ER/Q(y) not in the image of F|z Set p := dg,(y, z) and consider

R/2(X)"
the isometry f,, : B,(y) — B,(x) existing by Lemma 3.3. Then F|§R/2(x) o fyx:

Ep (y) = Ep (y) is a distance preserving map, mapping a compact subset to a proper
subset of itself. This is a contradiction. Therefore F|z, . is a bijective distance-
preserving map and thus an isometry. O

4 Local Lie Group Structure

The goal of this section is to show that an open subset of (M, dy,) is isometric to a
smooth locally homogeneous space.

In Section 4.1 we define, using the local isometries and Proposition 3.1, a local
group G acting transitively on an open subset of O C M and prove that G is locally
isomorphic to a Lie group. This makes it possible to write O as a local quotient of this
Lie group by a local isotropy group.

In Section 4.2, we find a left invariant Riemannian metric on this quotient which
turns the canonical homeomorphism into an isometry.

4.1 Extracting the smooth structure

We start by defining the local group.

Let us collect the data for the local group in the sense of Definition 2.4. Starting
with our locally homogeneous C°-Riemannnian manifold M regard some compact
ball §r0 (x0) and let R > 0 be a constant coming from Proposition 3.1. We can assume
ro < R.

In the following, we will consider distance preserving maps, which are not necces-
sary bijective. To simplify notation we will also call them isometries.

Denote by F'; and F the extensions of isometries f1, f2 : By 10(x0) — M, which
exist due to Proposition 3.1.

(1) Endow the collection of maps
G = {f By (x0) — M : [ isometric, f(Bu (x0)) N B (x0) # (2)}.

with the compact open topology.

(2) On Q := {(f2, f1) € G x G : F> 0 f1 € G} define the partial multiplication by
m(f2, f1) := F20 fi.

(3) The neutral element e of G is the identity map.

(4) Forevery f € G define the inversion operation: Given f € G there exists a point
y € f(B% (x0)) N B% (x0) and r > 0 such that

B (y) C f(B%(XO)) N B%(XO)
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Consider the restriction of f to B,(f~'(y)). Since f is an isometry, its inverse

map f’l : Br(y) — Br(f*1 (v)) is also an isometry and thus has an extension

F~': Br(y) = Br(f~!(»)). Now define i (f) to be the restriction F |, (xy)-
0

To unburden the notation, we will write G and mean G together with the partial group
structure as specified above. With a slight abuse of notation, we will call G the local
isometries of M.

Now it is straightforward to verify that G as defined above is indeed a local topo-
logical group, which is locally compact.

Proposition 4.1 (Local isometries form a local group). Let M be a locally homo-
geneous CO-Riemannian manifold and denote by G the local isometries, as defined
above. Then G is a locally compact local topological group and the canonical action
G x B%(xo) — M; (g, p) — g(p) is continuous.

Proof The axioms (1)-(4) in Definition 2.4 follow immediately from our construction.
Local compactness follows from an Arzela-Ascoli type argument. O

We want to show that the local group G of local isometries is locally isomorphic to a
Lie group. In order to do this, we want to apply van den Dries-Goldbring globalization
[32] together with the Gleason-Yamabe theorem. An important observation is that
small subgroups that could appear in G are actually Lie groups. This fact is encoded
in the next Lemma.

Lemma4.2 Let G be the local group defined in Proposition 4.1. Then there exists a
neighborhood U of the identity, such that every locally compact subgroup H satisfying
H C U isa Lie group.

Proof Denote by U C G the local isometries satisfying dg, (xo, f(x0)) < ro/100.
Then for any locally compact subgroup H C U one has

"o
d , —
ngelg o0 (X0, f(x0)) < 100"

This implies H (B o (x0)) C BQ? (x0), meaning that for every f € H the restriction
of ftoUpengh(Bry o (x0)) is defined.
Observe that Uhe Hh (B . (xp)) is an open set, which is invariant under all elements

of H since H is a group. Moreover, H is a group acting effectively via Lipschitz
homeomorphisms on an open set of R”. So by the Hilbert-Smith theorem (Theorem
3.4)itis a Lie group. O

Proposition 4.3 The local group defined in Proposition 4.1 is locally isomorphic to a
Lie group.

Proof By Proposition 4.1 the local group G is locally compact; thus, applying van
den Dries-Goldbring globallzatlon theorem [32] produces a restriction G|y of G and
a topological group G such that G|y is arestriction of G (compare Definition 2.5).
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Applying the Gleason-Yamabe theorem [31][Theorem 1.1.17] to an open neigh-
borhood U as in Lemma 4.2 yields an open subgroup G’ of Ganda compact normal
subgroup K of G’ such that G’/K is isomorphic to a Lie group. By Lemma 4.2 K is
a Lie group and therefore G’ is a Lie group as well by [11][Theorem 1]. The claim
now follows. O

By the above proposition we can assume that a local Lie group, which we denote by
Ug, is acting on a subset of M by local isometries. Consider the isotropy group H of
G, by the above some restriction Up of it is a local Lie group. One can define a local
quotient Ug /Ug, such that Ug /Ug is a smooth manifold, Ug operates transitively on
Ug/Up and it is homeomorphic to an open subset of M. Local factor spaces of this
type have appeared in [20, 30] and a rigorous definition has been written by Pediconi
[26][Proposition 6.1].

4.2 Capitalizing the Smooth Structure

In this subsection we will use the smooth structure on Ug /Uy obtained in the previous
Section 4.1. Let us denote the canonical homeomorphismby 4 : O — Ug /Uy where
O C M and Ug acts transitively on O.

First we find some left invariant Riemannian metric on the local quotient M’ =
Ug/Ug. In a second step we show: If we consider M’ together with this left invariant
metric, then the canonical homeomorphism 2 : O — M’ is a Lipshitz map (this
statement is a modification of [1][Lemma 1]). Then applying the Rademacher theorem
we find a point p such that dh, : T,0 — Tj,» M’ is an isomorphism of tangent
spaces. Using this isomorphism we can push forward the continuous Riemannian
metric of M at a point and extend it to a left-invariant (and thus smooth) Riemannian
metric on M’. Finally it will be shown that this metric space is isometric to (O, dgy),
which proves the main theorem.

Our first intermediate goal is to construct a Ug-invariant Riemannian metric on
Ug/Up. If G is a global Lie group and H is a closed subgroup using an averaging
procedure such a metric is known to exist if G acts effectively on G/ H and the closure
of Ady is compact [6][Proposition 3.16].

Returning to our setting there exists a global, connected, simply connected Lie group
G, which is locally isomorphic to Ug. Denote by g, h the Lie algebras of Ug, Uy
respectively and set H = (exp(h)). In order to reproduce the averaging procedure
mentioned above, it is sufficient to show the compactness of Ad i this is carried out
in the next Lemma.

Lemma4.4 Let G, H be as described above and denote by g, b their Lie algebras.
Then Ady, is compact.

Proof Observe that the stabilizer H of xq is a compact global group and moreover by
Theorem 3.4 is a Lie group. This means that the identity component Hy is a compact,
connected Lie group. Hence for any & € Hy there exist iy, ..., h, € Ug andn € N
such that h = hy - - - hy,. Similarly, ifi : Ug — G denotes the local isomorphism and
[AjH = i(Uﬁ), then for every h € H there are le, o, fz,, € 0H and n € N such that
h=hy--h,.
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Analogously to the proof of Lemma 4.2 one can define a neighborhood Uy of the
identity in Ug satisfying hUph~! C Uy such that all products between elements in Uy
are defined. Using the invariance property of Uy one can prove inductively for g € Up,
n € Nand hy, ..., h, € Uy the identity

i(hy - hy-g-hy e R = i) i Chy) - i(g) - iChy) ™ i)

Observe that this property does not follow from the homomorphism property, since
n-fold multiplication might not be defined. We have achieved the following: One can
write conjugation with arbitrary elements in Hy, H in terms of elements of Uy and
U f . This makes it possible to relate Adp,, which is known to be compact, to Ad i
For h € Hy write h = hy - - - h;, and define the map

Fi:G— Gigri(h)---ihy)-i(g)-ithy)™ i)~
By the formula above F}, is well-defined. Consider the map
f:Hy —> AdI:I’ h+— d,(Fp).

It remains to show that f is continuous and surjective. Surjectivity follows from the
formula above. For continuity of f observe that it is sufficient to prove continuity in e.
Then we have f = Ad o i, which is a composition of continuous maps. This finishes
the proof. O

With Lemma 4.4 and the remark preceding it we obtain:
Corollary 4.5 There is a Ug-invariant Riemannian metric ¢ on Ug /Ug.

It follows from the next lemma that the canonical homeomorphism & : (M, dg)) —
(UG /Un, d;) is a Lipschitz map.

Lemma4.6 (f is Lipschitz). Let d* be an intrinsic metric on Ug /Uy, which is Ug-
invariant and let g be a smooth Ug-invariant Riemannian metric on Ug /Upy. Then
for some constant C > 0 we have d, < cd*.

Proof 1t is possible to apply almost the same arguments as in [1][Lemma 1]. Consider
the Lie algebras h C g of Ug and Uy and the Adpy-invariant subspace (where H
denotes the stabilizer of xq as in the proof of Lemma 4.4) 91 C g complementary to
b. Further we consider a map ¢(m) = exp(m)Up defined around the origin ¢ : 9 —
Uc/Ug, its differential at O is a linear isomorphism. Then we lift the scalar product
ger to MM and consider the corresponding metric. Consider a small ball B,,(0) C 9T
such that ¢ maps B»,(0) diffeomorphically onto its image.

Set C = inf e, (0) d*(eH, exp(y)Upy) > 0. For any k € N by triangle inequality
we have

d*(eH,exp(y/k)Ug) > %d*(eH, exp(y)Un) = C/k > dy(eH, exp(y/k)Un).

Then the inequality claimed in the assertion follows since both metrics are intrinsic
and invariant under the group action of Ug. O
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Denote by g1 : Q1 CR" — O, ¢ : Q2 C R" — Ug/Ug charts around xg, e H
respectively. In view of Lemma 2.3, Lemma 4.6 we have that the coordinate expression
F:=q, o f oy is a Lipschitz map between open subsets of R”. By the Rademacher
theorem F is differentiable almost everywhere and we have the area formula [9][3.3.2]

/ det(dFy)dx = / HO(Ql N F_l(z)) dz = / 1dz > 0,
o Rn F(Qp)

where H" denotes the counting measure. The second equality comes from the fact
that F is a homeomorphism. This implies that there is a point such that d F is an
isomorphism, without loss of generality at ¢ '(x0), then df is an isomorphism at xg.
Define a scalar product g* at e H by the formula

gen (v, w) = go((df) v, ([df)gw) (o).
Observe that one can define a smooth Riemannian metric g* by
g;‘H(v’, w') =gy (dLg v, dLg1w).

The expression above is well-defined, since g;“ 1 18 Adg-invariant. This comes from
the fact that it is defined in terms of a linear isomorphism, whose original map is
adapted to the group action.

Lemma 4.7 (Equality condition for homogeneous Riemannian metrics). Let (€2, g)
(2, g') be locally homogeneous C°-Riemannian manifolds and h : Q@ — ' be a
homeomorphism satisfying the following conditions:

(1) The map h respects the local isometries of 2 in the following sense: For any
X,y € K there exist open neighborhoods x € U,,y € Uy and an isometry
Sfxy 1 Uy — Uy suchthatho fyy o Uy — h(Uy) is an isometry as well.

(2) There exists a point p € Q2 such that the map h is differentiable at p and dph is
an isometry.

Thenthemap h : (2, dg) — (2, dgr) is an isometry, where dg, dg' denote the metrics
induced by g, g’ respectively.

Proof 1Ttis sufficient to show that the length of rectifiable curves is the same with regard
to both Riemannian metrics. That means Lq, (y) = Ldg, (h o y) for every rectifiable
curve y in M.

Using the C%-Riemannian manifold structure we can construct for every ¢ > 0
an (1 4 &)-bilipschitz chart around p and h(p) respectively. From this together with
condition (2) we can establish for all x in a neighborhood of p the following estimate

ldg(p, x) — dg'(h(p), h(x))| < & -dg(p, x). ey

More precisely: If & is a map between two open subsets of R”, which is differentiable
at a fixed point p, then the above estimate is obvious. Since our (1 + ¢)-bilipschitz
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charts almost not distort distances the estimate holds in the general situation as well.
Denote by y : [0, 1] — Q arectifiable curve andby 0 =z <z1 <---<zy=1a
partition of [0, 1]. We will show

N-1

La,(y) = ) dg(hoy(z), hoy(zitn),
i=0

which implies Lg, (y) = Ldg/ (h o y). Indeed from assumption (1) of Lemma 4.7
and inequality (1) we have for any ¢ > 0 and any 0 < i < N — 1 the inequality
dg(hoy(zi),hoyziy1)) < (1 +¢)-de(y(zi), ¥(zi+1)). Since & was arbitrary
summation implies the claim. We have established that & o y is rectifiable, therefore
by a similar argument as above we obtain Lg,(y) > Ldg/ (h o y), which yields the
result. O

We are now ready to prove the main theorem.

Proof of Main Theorem First we want to show that our construction implies that the
map h : (O, dy) — (Ug/Upy, dg4) is an isometry. This follows Lemma 4.7. We have
now proven a local version of the main theorem. For the general statement we construct
a smooth chart for some neighborhood of an arbitrary point using the local homogenity
condition and the local statement above. Then we observe that transition functions are
smooth since by the Meyers-Steenrod theorem isometries between smooth manifolds
are actually smooth maps. O
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