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Matching in the Pi-Calculus

Kirstin Peters Tsvetelina Yonova-Karbe Uwe Nestmann
TU Berlin, Germany

We study whether, in ther-calculus, the match prefix—a conditional operator testimg names
for (syntactic) equality—is expressible via the other gpers. Previously, Carbone and Maffeis
proved that matching isot expressible this way under rather strong requirementsépvation and
reflection of observables). Later on, Gorla developed a by wigely-tested set of criteria for en-
codings that allows much more freedom (e.g. instead of tifranslations of observables it allows
comparison of calculi with respect to reachability of sigsfal states). In this paper, we offer a con-
siderably stronger separation result on the non-expriégsdf matching using only Gorla’s relaxed
requirements.

1 Introduction

In process calculi matching is a simple mechanism to triggprocess if two names are syntactically
equal. The match prefija = b] P in the rr-calculus works as a conditional guard. If the naraesdb
are identical the process behave$fa®therwise, the term cannot reduce further.

Motivation. The principle of matching two names in order to reduce a taralgo present in another
form in any calculus with channel-based synchronisatidte CCS or ther-calculus. The rule for
communication demands identical (i.e. matching) inpupotichannel names to be used by parallel
processes. For example, the teifra.P may communicate oa, but the terna| b.P cannot communicate
at all. Thus, ther-calculus already contains a “distributed” form of the nham:efix@ However, it is
also an “unprotected” and therefore non-deterministienfof matching, ag@ | a.P | a.Q allows for two
different communications. This raises the natural quastibether the match prefix can be encoded using
the other operations of the calculus, or whether it is a bamistruct. Here we show that communication
is indeed ther-calculus construct that is closest to the match prefix. Adiogly an encoding of the
match prefix would need to translate the prefix into a (set@fmunication step(s) on links that result
from the translation of the match variables. These linkehawe free—to allow for a guarding input to
receive a value for a match variable—but they also have tobedi—to avoid unintended interactions
between parallel match encodings. This kind of binding catre simulated by ar-calculus operator
different from the match prefix. Thus the match prefix is abasnstruct of ther-calculus and cannot
be encoded. Note that, as shown by the use of the match prefixre]9] for a sound axiomatisation
of late congruence, in [18] for a complete axiomatisatioropén equivalence, or—more recently—in
[4] for a session pi-calculus, the match prefix is regardedsadul, i.e. it allows for applications that
without the match prefix are not possible or more complicébegichieve. Thus a better understanding
of the nature of the match prefix contributes to current retea

10f course, this observation extends to Linda-like tuplegshcommunication, and even to Actor-like message routing
according to the matching object identity.
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Quiality criteria.  Of course, we are not interested in trivial or meaninglessodimgs. Instead we
consider only those encodings that ensure that the ori¢ggnad and its encoding show to some extent
the same abstract behaviour. To analyse the quality of @mg®@nd to rule out trivial or meaningless
encodings, they are evaluated w.r.t. a set of quality caitédote that stricter criteria that rule out more
encoding attempts strengthen emcodability resulti.e. the proof of the existence of an encoding be-
tween two languages that respects the criteria. A strongerdability result reveals a closer connection
between the considered languages. In contrast weakerasteengthen aeparation resulti.e. the
proof of the non-existence of an encoding between two lagesiav.r.t. the criteria. A stronger separa-
tion result illuminates a conceptional difference between languages, i.e. some kind of behaviour of
the source language that cannot be simulated by the targptdge. Unfortunately there is no consensus
about what properties make an encoding “good” or “good ehbtmcompare two languages (compare
e.g. [12]). Instead we find separation results as well asdatility results with respect to very different
conditions, which naturally leads to incomparable res#it®iong these conditions, a widely used crite-
rion isfull abstraction i.e. the preservation and reflection of equivalences &stsalcto the two compared
languages. There are lots of different equivalences inghge ofr-calculus variants. Since full abstrac-
tion depends, by definition, strongly on the chosen equials, a variation in the respective choice may
change an encodability result into a separation resultjaar versal[7]. Unfortunately, there is neither
a common agreement about what kinds of equivalence are widbtsfor language comparison—again,
the results are often incomparable. To overcome thesegmshland to form a more robust and uniform
approach for language comparison, Garla [6] identifies fiiterta as being well suited for separation as
well as encodability results. By now these criteria are lyidested (see e.d.|[5]). Here, we rely on these
criteria to measure the quality of encodings between veriahthe rr-calculus. Compositionality and
name invariance stipulate structural conditions on a \&licbding. Operational correspondence requires
that a valid encoding preserves and reflects the executicmsaurce term. Divergence reflection states
that a valid encoding shall not exhibit divergent behaviauness it was already present in the source
term. Finally, success sensitiveness requires that asaann and its encoding have exactly the same
potential to reach a successful state.

Previous Results. The question about the encodability of the match prefix issnnew one. In[[17]
Philips and Vigliotti proposed an encoding within the mekambient calculus(([3]). Tha-calculus as
target language was considered by Carbone and Maffeis. groggd in [2] that there exists no encoding
of the r-calculus into thercalculus (with only guarded choice and) without the mateip. However
the quality criteria used ir_[2] are more restrictive thae thiteria here. In particular they assume that
visible communication links, i.e. observables, are presand reflected by the encoding, i.e. a source
term and its encoding must have the same observables. Tieigarr is very limiting (i.e. strict) even
for an encoding between two variants of the same calculusis, Tty using weaker quality criteria, we
strengthen the separation result presentedlin [2]. Notevibause [[2] as a base and starting point for
our result. We discuss the differences to the proofslof [Heetio{ 5.1L. In the same paper Carbone and
Maffeis show that the match prefix can be encoded by polyadictsonisation. Another positive result
for a variant of ther-calculus is presented by Vivas in [20]. There, a modifiediosr of therr-calculus
with a new operator, called blocking, is used to encode thielmarefix. In [1] the input prefix of the
r-calculus is replaced by a selective input that allows fangwnication only if the transmitted value
is contained in a set of names specified in the selective miix. Accordingly selective input can be
used as conditional guard, which can replace the match préfixdiscuss these encoding approaches
and how they are related to our separation result in Sectién 5
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Overview. We start with an introduction of the considered variantshefr-calculus in§2. Then§3
introduces the framework dfl[6] to measure the quality of acoeling. Our separation result is presented
in 4. In g5 we discuss the relation of our result to related work. Wechate with§6. The missing
proofs and additional material can be found.in/[16].

2 The Pi-Calculus

Within this paper we compare two different variants of tirealculus —the fullr-calculus with (free
choice and) the match prefixi( and its variant without the match prefir’{)—as they are described e.g.
in [9,18].

Let.# denote a countably infinite set of names a#fidthe set of co-names, i.e¥ = {n|ne .4 }.
We use lower case lettessa’, ay,...,X,y, ... to range over names. Moreover lgtk denote the set of
vectors of names of length Let.4* be the set of finite vectors of names. And (&}, = x; whenever
X=Xp,...,% and 1<i < n. For simplicity we adapt some set notations to deal withamscof names,
e.g.|X| is the length of the vectox, a € X holds if the name occurs in the vectox, andXN § = 0 holds
if the vectorsxandy do not share a name.

Definition 1 (Syntax) The set of process terms of thdl r-calculus denoted by?, is given by

P:=0 | x(2.P | X(y).P | TP | [a=Db|P |
Pi+P | P1|P2 | (VZ)P | IP | v

wherea,b,x,y,z € .4". The processes of its subcalculos, denoted by&?™, are given by the same
grammar without the match prefja = b] P.

The termv” denotessuccesgor successful terminatignlt is introduced in order to compare the abstract
behaviour of terms in different process calculi as desdrimeSectioi B. The interpretation of the re-
maining operators is as usual. Sometimes we denota @nelb in [a = b] P asmatch variablesWe use
PP.P,...,QR,... to range over processes. lfa{P), bn(P), andn(P) denote the sets dfee names
in P, bound namedn P, and allnamesoccurring inP, respectively. Their definitions are completely
standard, i.e. names are bound by restriction and as paaofénput anch(P) = fn(P) Ubn(P) for all
P.

We used, o/, a1, ...to range over substitutions. A substitution is a finit@oming from names to
names defined by a sét{yi/x.},...,{¥/x.} } of renamings, where the,...,X, are pairwise distinct.
{ {M/x},...,{"/x} } (P) is defined as the result of simultaneously replacing all Gbeeurrences ox;
byy forie {1,...,n}, possibly applying alpha-conversion to avoid capture enealashes. For all
names/4 \ { xi,...,%, } the substitution behaves as the identity mapping, i.e. ggyesubstitution. We
naturally extend substitutions to co-names, V... .4 — .4 .Vne€ .4 . a(f) = a(n).

As suggested ir_[6] we useraduction semantict reason about the behaviour mfand 7. The
reduction semanticsf rrand ™ are jointly given by the transition rules

P P
TP—P  Xy)P+P|X(2.Q+Q+—P|{¥2}Q %
P— P P— P P=Q Q—Q Q=F

PIQ— P |Q (vn)P+— (vn)P’ Pr— P
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wherestructural congruencedenoted by=, is the least congruence given by the rules:

P=Q ifP=40Q [a=aP=P IP=P|!P
P+0=P P+Q=Q+P P+(Q+R=(P+Q)+R
PlO=P PIQ=Q|P PI(QIR=(P|Q)[R
(v2)0=0 (vz) (vw)P = (vw) (vz) P (v2)(P|Q)=P|(vz)Q if z¢ n(P)

Here P =, Q, where=, denotes alpha-conversion, holdsQfcan be obtained fron® by renaming
bound names iR, silently avoiding name clashes. Note that the structwagouence rulga=aP=P
can be applied only in the fuli-calculus. It is this structural congruence rule (in conaltion with
the last transition rule) that defines the semantics of theelmarefix. However we can similarly define
the semantics of the match prefix with the reduction fale- a] P —— P without any influences on our
results. A reduction step — P’ then denotes either a communication between an input apditoon
the same link or an internal step. LRt+— (andP /) denote the existence (and non-existence) of a
step fromP, i.e. there is (noP’ such thatP — P’. Moreover, let—> be the reflexive and transitive
closure of—. We write P —® if P can perform an infinite sequence of reduction steps. A seguen
of reduction steps starting in a terkhis called anexecutionof P. An execution is either finite, as
Py— P — ... — B, or infinite. A finite executionPy = P, is maximalif it cannot be further
extended, i.e. iF, -/, otherwise it igpartial.

Traditionally a process term is considered as successfuids an unguarded occurrence of success
(see e.g.[[6]). This is usually formalised @B’ . P = v" | P’. Because of free choice, we have to adapt
the usual definitions of the reachability of success to detl arbitrary nestings of choice and parallel
composition. To do so we recursively define the notion of anded subterms.

Definition 2 (Unguarded Subterms) et P € &2 or P € &2*. The set of unguarded subterms of, P
denoted byungSub(P), is recursively defined as:

{ P }UungSub(Q) ,ifP=[a=2aQ

{ P }uungSub(Q1) UungSub(Qz) ,ifP=Q1+Q2VP=0Q1| Q2
{ P}UungSubQ) JifP=(Vz2)QVP=1Q

{P} , otherwise

Note that the sets of unguarded subterms can differ fortstralccongruent terms. Consider for exam-
ple ungSub((v2)2(2).0) = { (v2)2(2).0,2(2).0 } butungSub((vZ)Z(Z).0) = { (vZ)Z(Z).0,Z(Z).0 }
orungSub(v') = { v } butungSub(v' +0) = { v" +0,v,0 }. Similarly, injective substitutions do not
distribute over unguarded subterms. For exardpje } (ungSub((vx)X(x).0)) = { (vX)X(x).0,y(y).0 }
but { ¥/x }(ungSub((vz)z(2).0)) = { (vz)2(2).0,2(2).0 }. Moreover note that iP’ is an unguarded sub-
term of P then also all unguarded subtermsRdfare unguarded subterms ef

Then a term is successful if it has an unguarded occurrensecoess.

Definition 3 (Reachability of Success) etP € &2 or P € &2*. ThenP is successfyldenoted by |,
if v/ € ungSub(P). P reaches succesdenoted by}, if there is some such thaP — Q andQJ.,,.
Moreover, we writeP |} /1, if P reaches success in every finite maximal execution.PLét abbreviate
-(P{,), Py, abbreviate- (Pl ,), andP |, abbreviate- (P | ,).

Of course, all proofs in this paper hold similarly for variguof T and 77 with only guarded choice and
the traditional definition of a successful term.

The first quality criterion to compare process calculi pnése in Sectiori 13 is compositionality.
It induces the definition of ar*-context parametrised on a set of names for each operatar ok
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mm-contextC([];,...,[],) : (Z)" — £* is simply ar*-term withn holes. Putting somer*-terms
P1,...,Py in this order into the hole§],,...,[:],, of the context, respectively, gives a term denoted by
C(Py,...,R,). Note that a context may bind some free nameByof.., R,. The arity of a context is the
number of its holes. We extend the definition of unguardedesuis by the equatiomngSub([-]) ={ [] }

to deal with contexts.

The standard notion of equivalence to compare terms ofttbalculus is bisimulation. An intro-
duction to bisimulations in the-calculus can be found e.g. in/[9] or [19]. For our separatesult we
require such a standard version of reduction bisimulati@moted by=, on the target language, i.e. on
T*-terms.

3 Quality of Encodings

Within this paper we analyse the existence of an encoding fdanto 7. To measure the quality of
such an encoding, Gorlal[6] suggested five criteria wellesufor language comparison. Accordingly,
we consider an encoding to be “valid”, if it satisfies Gorla® criteria.

We call the tuple? = (£2,—), whereZ is a set of language terms and- is a reduction seman-
tics, alanguage An encodingrom £1 = (#1,—1) into 25 = (P2, —2) isthen a tupl&[ - |, g7, =)
such that

o [-]: P1— P, isthe translating function,

o Py AN — AKis a renaming policy, wherg(u)N ¢y (v) =0 forallu#v,

e andx= is a behaviour equivalence drb.

We call.#] thesource language (calculusind.%% thetarget language (calculus)Accordingly we call
the elements of”; source termsand the elements of?, target terms We useS, S, S,,... (T,T/,Ty,...)
to range over source (target) terms.

The main ingredient of an encoding is of course the encodingtion| - ] that is a mapping from
processes to processes. However, sometimes it is usefBl® to reserve some names to play a special
role in an encoding. Since most process calculi have inkniteiny names in their alphabet, it suffices
to shift the set of name§xg, Xy, ... } of the target language to the gex,, X1, ... } to reserven names.

In order to incorporate such “shifts” and similar technigu@orla introduces a renaming poligyj, i.e.
mapping from names to names that specifies the translatieaadf name of the source language into a
name or vector of names of the target language. Additiovedlyassume the existence of a behavioural
equivalence= on the target language that is a reduction bisimulation.puligose is to describe the
abstract behaviour of a target process, where abstraatafigsineans with respect to the behaviour of
the source term. Therefore it should abstract from “junkt’ d&er by the encoding.

[6] requires¢p; to map all names to a vector of the same length since this waesare treated
uniformly, i.e. source names cannot be handled differdntlgn encoding just because the length of the
vector, to thatp;; maps to, is different. The condition tha; (u) N ¢py(v) = O for all u # v ensures that
the renaming policy does not relate unrelated source temesa

Definition 4 (Valid Encoding) An encoding from%; = (#1,—1) into 25 = (P2,—2) isvalid if it

satisfies:

Compositionality: For eachk-ary operatorop of .3 and all sets of nameN C .4 there is ak-ary
contextC’g‘p([']l,...,[']k) such that for allS,...,S € &1 with fn(S,...,&) = N it holds that

[op(St,....S) ] =Co(lS ], [SD)-
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Name Invariance:For eachSando it holds that

oS 1= o' ([S]) if oisinjective
[o®] =0’ ([S]) otherwise

whered’ is such thatpyj(o(a)) = o’(¢y(a)) for everyae 4.
Operational Correspondence:

Complete: ForalB— S, it holds that] S| == [S].

Sound: Forall S] =T, there isS such thaS— S andT —x=<[S].
Divergence ReflectionFor everySwith [ S| —, it holds thatS——®.
Success Sensitivenedsor everys it holdsS{ / iff [S]{ ..

Intuitively, an encoding is compositional if the transtettiof an operator is similar for all its parame-
ters. To mediate between the translations of the paranteeencoding defines a unique context for each
operator, whose arity is the arity of the operator. Morepther context can be parametrised on the free
names of the corresponding source term. Note that our rissuliependent of this parametrisation. In
name invariance the’ can be considered as the translatiowofThe conditiong;(a(a)) = o’ (¢yy(a))
ensures thapy; introduces no additional renamings between (parts ofstaéions of source term names.
Of coursed’ cannot affect reserved names, i.e. for all namiesthe domain ofo’ there is a source term
namea such thatx € ¢yj(a). Operational correspondence consists of a soundness amdeteness
condition. Completeneseequires that every execution of a source term can be siatulat its transla-
tion, i.e. the translation does not omit any execution ofgherce term.Soundnessequires that every
execution of a target term corresponds to some executidreafdrresponding source term, i.e. the trans-
lation does not introduce new executions. Note that the itiefinof operational correspondence relies
on the equivalence: to get rid of junk possibly left over within executions ofgat terms. An encoding
reflects divergence if it does not introduce divergent ettens. The last criterion states that an encoding
preserves the behaviour of the source term if it and its spmeding target term answer the tests for
success in exactly the same way.

Success sensitiveness only links the behaviours of soeroestand their literal translations but not
of their continuations. To do so, Gorla relates succesdta@mess and operational correspondence by
requiring that< never relates two processes that differ in the possibiityeaich success. More precisely
= respects succesf for every P andQ with P|, andQJ/., it holds thatP % Q. By [6] a “good”
equivalencex is often defined in the form of a barbed equivalence (as destre.g. in[[10]) or can be
derived directly from the reduction semantics and is ofteom@gruence, at least with respect to parallel
composition. For the separation results presented in @gep we require only thak is a success
respecting reduction bisimulation, i.e. for ev@iy T, € &, such thafl; < T, T1 |/ iff To |, and for all
T1 =, T] there exists &, such thafl; =, T, and T < T,.

4 The Match Prefix and the Pi-Calculus

Our separation result strongly rests on the criteria coitipoality and success sensitiveness. We also
make use of nhame invariance. But, as we claim, name invarianoot crucial for the proof. Name
invariance defines how a valid encoding has to deal with gubets. This is used to simplify the
argumentation in our proof as explained below. The lastgdh states that source and target terms are
related by their ability to reach success. If we compaend ™ we observe a difference with respect to
successful terms and substitutions sia substitution can change the state of a process from urssfate

to successful. Consider for example the tgam= b] v and a substitutioro such thato(a) = o(b).
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The only occurrence of success[an= b] v' is guarded by a match prefix and thila= b v) J/,.. But
o([a=b|v) =[o(a) =0o(b)]v and thuso([a=b]v') |, . In T, because there is no match prefix, a
substitution cannot turn an unsuccessful state into a ssfidestate.

Lemmab. LetTe &= ThenT|, iff Vo: A4 — A4 .0(T)|,.

In both calculi substitutions may allow us to reach succgssrabling a communication step. To
do so it has to unify two free names that are the links of an ardpd input and an unguarded output.
In the case of™ the enabling of such a new communication step is indeed thepmssibility for a
substitution to influence the reachability of success. Mweeisely, if in7T a substitutiono allows to
reach success, i.e. d(T){, butT |, then there is a derivative df in which o unifies the free link
names of an input and an output guard and thus enables a newwtaoation step.

Lemma6. LetT € #*ando: .4 — 4 such thato(T)l}, but T{,. Then:
AT T, To, T, Tue 2% .3ye 4 . Jabefn(T) .
Te==T Aab¢bn(T') A (To| T2) € ungSub(T’) A a(y).Ts € ungSub(Ty)
A b{y). T4 €ungSub(T) A o(a) = a(b) A a#b

In the following proofs we often use the tefen= b] v* or a variant of this term as counterexample. To
reason about the encoding of this term we analyse the coﬁﬁﬁﬁ b} ) that is introduced according
to compositionality to translat@ = b]. Note that this context is parameterlsedl\an {ab}, whichis
the set of free names of the encoded term. For example in deeafda = b| v the set of free names
contains onlya andb, i.e. N = 0. Moreovera, b and the continuation of the match prefix are parameters
of this context. First we show that this context cannot reaattess on its own, i.e. without a term in its
hole.

Lemma 7. Let([ - ], ¢y),=) be a valid encoding fronm into 7. Let NC 4" be a finite set of names,

a,b € .4 be names such that-ab, andC'[\'U{?b}([ ]) be the context that is introduced py] to encode

the match prefixa = b. ThenC'[;'i{b‘T1 b}([.]) cannot reach success on its own, ai{bj"b}([-])%.

Moreover the context introduced to encode the match prefixtbansure that its hole, i.e. the
respective encoding of the continuation of the match prefixitially guarded and cannot be unguarded
by the context on its own.

Lemma 8. Let ([ -], ¢y, <) be a valid encoding fromt into r7=. Let NC 4" be an arbitrary finite

set of names, & € ./ be arbitrary names such that= b, and C'[\'U{? b}([ -]) be the context that is

introduced by] - | to encode the match prefja = b]. Thencgi{b?b}([-]) cannot unguard its hole, i.e.
Clir ™ ([]) = C([]) implies ] ¢ ungSub(C'([))) for all C'([]) : 2% — 2=,

Next we combine our knowledge of the cont@?ji {a. b} ([-]) and the relationship between substitu-
tions and the reachability of successrin as stated in Lemrria 6. We show that a match prigfix b]
has to be translated into two communication partners, nén@ut and an output, on the translationsaof
andb. Intuitively such a communication is the only way to simal#te test for equality of names that is
performed byja = b|. Moreover we derive that the respective links of the commation partner have to
be free in the context[\'U{?b}([ -]). Intuitively they have to be free, because otherwise not&utien can
unify them. Consider for example the teka).0 | X(b).[a= b] v". In order to reach success the term first
communicates the nanaonx. This communication leads to a substitution of the nérbg the received
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valuea in the continuation of the input guarded subterm. Only thisssitution allows to unguard the
only occurrence of success. Hence, to simulate such a lmehlanf source terms, the encoding has to
translate match prefixes into communication partners—uikite the test for equality—and the links
of these communication partners have to be free—to allovgtdibsstitutions induced by communication
steps. Note that name invariance allows us to ignore a suliog communication—as the step on link
x in the exampl&(a).0 | x(b).[a = b] v’'—and to concentrate directly on the induced substitution.

To avoid the use of the criterion name invariance it sufficeshiow that the encodings &fa).0 |
x(b).[a=b] v andx(b).0 | x(b).[a= b] v differ only by a substitution of (parts of) the translatioois
a and i and that the contexts introduced to encode outputs andsirgautnot lead to success them-
selves, i.e. that the encoding %fa).0 | x(b).[a=b] v' reaches success iff the encoding[®@f b] v is
unguarded. This suffices to reconstruct the substituti@hthe conditions on this substitution that are
used in Lemma&]9 and to prove Lemfda 6 and Lerhmia 12 w.r.t. suchitsmions. The remaining proofs
remain the same.

Note that the appendix provides a more formal formulatiothefnext lemma.

Lemma 9. Let ([ - ], ¢y, <) be a valid encoding fromm into r7*. Let NC 4" be an arbitrary finite

set of names, & € .4/ be arbitrary names such that= b, and C'[\;i{b?b}([.]) be the context that is

introduced by[ - ] to encode the match preffa=b]. Then there is somed { 1,...,|¢y(a)| } such
thatcgi{b?’b}([-]) reaches a state with an unguarded and free output and inptl’uhnks(rpﬂ (a))i and

NU{ab
(op(b)).. MoreoverC[ai_J{b? )

A very important consequence of the lemma above is the existef the index for all contexts

C'[\{'j‘i{b?b}([-]) regardless o\ and of the terms that may be inserted in the hole. Note thatttieze
is some” does not necessarily imply that there is just onk su€the renaming policy splits up a source
term name into several target term names then differens péithis vector can be used to simulate the
test for equality. However, the above lemma states thag¢ tiseat least one suchi.e. at least one part of
the translation of source term names is used to implememethered communication partners.

To derive the separation result we need a counterexamgledh#ines two match prefixes in paral-
lel. Therefore we need some information on the corﬂ%ﬁ(l{-]l; [-],) that is introduced by - | according
to compositionality to translate the parallel operator.téNiat this context is parameterised on the set
N that consists of the free names of the two parallel companiat should be encoded. Moreover the
two holes serve as placeholders for the encoding of the iefttlae right hand side of the source term.
Similar to the context introduced to encode the match préfexcontext that is introduced to encode the
parallel operator cannot reach success on its ownCTf(a[.-]l; o) ¥

([-]) cannot unguard its hole until a substitution unifies these links.

Lemma 10. Let ([ - ], ¢7, <) be a valid encoding from into 77*. Let NC .4 be a finite set of names
andC"\‘([-]l; [],) be the context introduced Hy ] to encode the parallel operator. The(Efl\,‘([-]1 o) Y-

But in contrast to the context introduced in order to encbeenatch prefix the conteﬂ"\‘([']l; [-]5)
has always, i.e. regardless of a substitution, to unguairbiies on its own.

Lemma 11. Let([ - ], ¢7, <) be a valid encoding fromm into 77*. Let NC 4" be a finite set of names
and C'r'([-]l;[-]z) be the context introduced Hy ] to encode the parallel operator. Then there is some

T € 2*such thatC'l\‘([-]1 ;[],) =T and[-],[], € ungSub(T).

2Unfortunately, because of the formulation of compositlitpahat allows for the contexts to depend on the free nanies o
the term, this task is technically elaborate.
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Then we need to show that the cont@ﬁt -],) cannot bind the names that are used by the

contextC[\'U{Tb}([ -]) to simulate the test for equallty. As in the above exanxd®.0 | x(b).[a=b] v/,

a communication step can unify at runtime the variables oacmprefix. Such a communication step
naturally transmits the value for the match variables ovearallel operator, because communication is
always between two communication partners that are condpoggarallel. If this value is restricted on
either side of the parallel operator the communication @awlt lead to the required unification. The
match variables would still be considered as different drdrhatch prefix as not satisfied. Thus for
example neithefva) (x(a).0) | x(b).[a= b]v" norx(a).0 | (va) (x(b).[a= b] v') reach success although
in both cases the communication »is still possible. Of course the terfwa) (x(a).0 | x(b).[a=b]v")
reaches success. But for cases like this we can constrgetr laounterexamples dga) (X(a).0 | 0) |
X(b).[a=b]v" and to analyse the source term, in order to examine the péaeesich such a restriction
would be allowed, violates the idea of a compositional emgpdAgain name invariance allows us to
ignore the communication onand to directly concentrate on the induced substitution.

Lemmal12. Let([ -], ¢py,=<) be avalid encoding fronrinto rt=. Let NC .4 be afinite set of names and
C'l\‘([-]l; [],) be the context that is introduced By] to encode the parallel operator. Thét;(a)), €

fn (C"\‘([[ P]];[[Q]])) for all P,Q € & and all a€ fn(P | Q), where ic { 1,..
that exists according to Lemrha 9.

Finally we show that there is no valid encoding framinto 7%, by assuming the contrary and de-
riving a contradiction. As already mentioned, we use a aeextample that consists of two parallel
composed match prefixes. More precisely we [ase b]v' | [o=a] v/, i.e. swap the match variables
on the right side. Intuitively the contradiction is derivad follows: Since the conte>(t'[\'U{71 b}([ D
translates the match variables into free links of unguat®dmunication partners and because of the
swapping of the matching variables on the right side, thallgircomposition of the two variants of the

contextC'[\'U{"]" b} ([-])—that are necessary to encode the counterexample—enatig wommunication

(a)| } is the index

steps between a communication partner from thedgﬁ{ab} :]) and a communication partner from

the rlghtC[\éi{;;]"b}([ ]). We denote such a communication step as wrong, becausesioatbé the com-

munication cannot lead to the unguarding of the encodedrugtion [ v ] without violating success
sensitiveness. In order to reach success, the source taus maesubstitutiom that unifies the match
variables. Unfortunately, the same wrong communicationaasume one of the communication part-
nersinfo(ja=b]v | [b=a]v)] that is necessary to unguard the encoded continuation. téra¢i®n

of this communication partner leads by symmetry to divecgemhich violates the divergence reflection
criterion. But without the possibility of a restorationgtivrong communication leads to an unsuccessful
execution off o (Ja=Db]v' | [p=4a]v') ]. This execution violates the combination of success Jeesit
ness and operational soundness.

Theorem 1. There is no valid encoding fromsinto 7.

Proof Sketch.Assume the contrary, i.e. assume that there is a valid engofli [, ¢yp,=) from rrinto
. Consider the terr$= [a=b] v | [b=a] v and a substitutiow : .4~ — .4 such thato(a) = o(b).

By Lemmad11, there is somesuch thaf S| = T andC{aabg]([[ 1, C{St;}]([[ v ]) € ungSuhb(T).

Becausefn([a=b]P) = fn(lb=a]P) for all P, C[*%)(1]) = { o11)/sy; (), 11(@/ g7y 0 }(c[{g‘:baﬁ([-])).
By Lemmal®, then there aiec { 1,....|¢g(a)| }, T/, Ca([]), C2([]), C3([]), and C4([-]) such that
[ S] == T’ andT’ has an unguarded input as well as an unguarded output on btk ohannels

(¢911(a)); and (¢gy(b))..
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By name invariance,[ 0(S)] = ¢’ ([S]) = o’ (C}a’b} (C[{;”:bb}]([[\/]]);c[{s;ba}t‘]([[/]}))), where

¢rp(a(n)) =o' (¢gy(n)) for everyn e .#". Henceo’ ([ S]) == o’(T’), i.e. the inputs on the channels
(¢r1(@)), and (¢p;(b)), can communicate between the two instances of the coﬁfé:)%t‘(-) in o’(T').

By the argumentation above these communications, i.ee tremnput from the IefC[{;;bg] ([ v ]) interacts

with an output from the rigm[{gj ([ v ]) or vice versa, cannot lead to the unguarding of]. Note that

if either the IeftC[{;fg] ([v']) orthe rightC[{tf‘i;}]([[ v ]) restores a wrongly consumed input term or output

b b
term on(¢y)(a)), or (¢ (b)), then, because (") (1)) = { 9110)/oy; @, 911(@)/oy, o }(c[{ba; 6{]([-])), there
is an execution there the other side also restores the pomdgg counterpart. This leads back to the

state before the respective communication step betwedaft a?”:t’t)}]([[ v ]) and the rigth[{ba”:Z}]([[ v 1)

and thus to a divergent execution. The same holds if the xb@ 'b}([-]l; [-],) restores such an input
term or output term. But since(S) has no divergent execution and because of divergence refiect
a divergent execution dfo(S) | violates our assumption théf - |, ¢y, <) is a valid encoding. Thus
o’([ S]) cannot restore a wrongly consumed input term or output terfye;(a)). or (¢y;(b))..

By Lemmal9, only a communication between the terms on char{gg}(a)). and (¢7;(b)). can
unguard the continuatiofiv' . Hence there is a finite maximal execution o’ (S) | in which the
continuation[ v ] is never unguarded. Thus, by Lemfja 7 and Lerhma 10, no suscesached in this
execution, i.e[ a(9) ] 1. Buta(S) |, implies[ o(S) ] {}.,1. This is a contradiction. O

5 Discussion

As mentioned above, also Carbone and Maffeis showlin [2] tthatmatch prefix cannot be encoded
within the rr-calculus. Moreover there are different encodings of thechmarefix in modified variants
and extensions of tha-calculus. In this section we discuss the relation betwbesd results and our
separation result.

5.1 The Match Prefix is a Native Operator of the Pi-Calculus

If we compare the approach inl[2] with ours, we observe thatctinsidered variants of thecalculus

are different. We consider the fuli-calculus and its variant without the match prefix as sourw a
target language. In the literature there are differentavdsi called “full” r-calculus. We decide on the
most general of these variants. In particular we considesramt of therr-calculus with free choice
whereasl[2] allow only guarded choice in their target lagguaNote that the source language considered
in [2] is an asynchronous variant of thlrecalculus, i.e. is less expressive than the source language
considered heré [11, 14,]15]. However, the only (countargles we use here are of the fojan= b| X,

or [a=Db] X | [o=a] X whereX is a combination of/, 0, P, and parallel composition for an arbitrary
P with a fixed set of free names. Thus, our separation resulairesyvalid if we change the source
language to the asynchronous variant of tihealculus without choice that is used [n [2]. Our target
language is also more expressive, because we do not réstaoajuarded choice. More precisely, in
[2] the rr-calculus with guarded mixed choice is used. Accordindlg, ¢urrent result can be considered
stronger. However, concentrating only on guarded choicersmonly accepted and, more importantly,
it might be easy to adapt the proof i [2] to the more exprestwet language.
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Contribution 1. The main difference between the two approaches are thetyjadteria, i.e. in the
conditions that are assumed to hold for all valid encodi@imiilar to [11], Carbone and Maffeis require
that an encoding must be uniform and reasonable/ By [2] aodémg | - | is uniformif it translates the
parallel operator homomorphically, i.d.P| Q] =[P]|[Q], and if it respects permutations on free
names, i.e. for alb there is somé such thaf o(P) | = 6([ P]). A reasonablesemantics, by [2], is one
which distinguishes two processBsand Q whenever there exists a maximal executiorQoiin which
the observables are different from the observables in anyimah execution ofP. Furthermore they
require that an encoding should be able to distinguish dekslfrom livelocks, which is comparable to
divergence reflection.

In contrast to uniformity, name invariance relates the suwh®n on the source term names with its
translation on target term names. Already [6] points out tlane invariance is a more complex require-
ment than the above condition; but [6] also argues that étisar more detailed than more demanding.
Moreover we claim that name invariance is not crucial fordheve separation result. The first condition
of uniformity is a strictly stronger requirement than corsiionality for the parallel operator as it is
discussed for instance in [13]. However the proofin [2] doesuse the homomorphic translation of the
parallel operator.

The criterion on the reasonable semantics used in [2] is ;vae demanding than the first part of
uniformity. It states that a source term and its encodinghrexactly the same observables. It completely
ignores the possibility to translate a source term nameargequence of names or to simulate a source
term observable by a set of target term observables everlig tis a bijective mapping between an
observable and its translation. The proof [inh [2] makes giiomise of this criterion; exploiting the
fact that the match variables are free in the match prefix. l&dGsumggests success sensitiveness and
operational correspondence instead. Note that we usetmpedacorrespondence—or more precisely
soundness—only in the last step of the proof to argumentitfzasource term reaches success in all
finite maximal executions its encoding does alike. Hencette presented case, the combination of
operational soundness and success sensitiveness is darabyj weaker requirement than the variant
of reasonableness.

Overall we conclude that, because of the large differenbedsn success sensitiveness and the vari-
ant of reasonableness considered.in [2], our set of criiegansiderably weaker and thus the presented
result is strictly stronger.

Contribution 2.  The proof in [2] is, due to the stricter criteria, shorter aasier to follow than ours.
But it also reveals less information on the reason for thersgn result. In contrast, the presented
approach reflects the intuition that communication is clmséhe behaviour of the match prefix. We
show that among the native operators of irealculus input and output are the only operators close
enough to possibly encode the match operator, where thenéinkes result from the translation of the
match variables. But it also reveals the reason why commatioit is not strong enough. Translated
match variables have to be free in the encoding of the matefixprto allow for a guarding input to
receive a value for a match variable—but they also have thed—to avoid unintended interactions
between the translated match variables of parallel matchdings. The otherr-calculus operators
cannot simulate this kind of binding.

5.2 Encodings of the Match Prefix in Pi-Like Calculi

As mentioned in the introduction there are some modificatamd extensions of thecalculus that allow
for the encoding of the match prefix. We briefly discuss fotiiedént approaches and their relation to
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our separation result.

In [1] the input prefixx(z) of the r-calculus is replaced by a selective inp( € V). A term guarded
by x(z€ V) and a term guarded by a matching output prefig can communicate (if they are composed
in parallel and) only if the transmitted valyés contained in the s&t of names specified in the selective
input prefix. Accordingly selective input can be used as aitmmal guard. As pointed out ir [1],
selective input allows to encode a match prééix= b| P simply by (vx) (x(a) | x(y € {b}).[P]), where
[P] is the encoding oP. Here the test for equalitst = b is transferred into the teste {b}. Thus itis
not necessary to translate the match variables into conuation channels, which allows for this simple
encoding.

Mobile ambients([3] extend the asynchronauesalculus with ambients| ], i.e. sides or locations,
that (a) can contain processes and other ambients, (b) canrbposed in parallel to other ambients
and processes, and (c) whose name can be restricted to fordidction with its environment. More-
over there are three additional actions prefixes: ifh) allows an ambient to enter another ambient
namedn by the rulem[inn.P | Q] | n[R] — n[m[P | Q] | R], (2) outn allows an ambient to exit its own
parent nameah by the rulenmfoutn.P | Q] | R — m[P | Q] | n[R], and (3)openn dissolves an am-
bient with namen by the ruleopenn.P | N[Q] — P | Q. As a consequence, communication steps
become locale, i.e. can occur only if both communicatiortneas are located in parallel within the
same ambient. Hence channel names become superfluous,ceimoeunications on different chan-
nels can be simulated by communications within differenbiemts. So thetr-input x(z).P is replaced
by (z).P and the asynchronous outprdly) is replaced by(y). As pointed out in[[17], mobile am-
bients can encode the match prefix. They suggest to encodetch mifix [a=b|P by the term
M = (vxy) (x[opena.y[outX] | b[]] | openy.openx.[P]), where[P] is the encoding of. Since there
are no channel names, the match variables are translatethenhew capabilities of mobile ambients,
namely intoopen a and an ambient with namtz opena can only be reduced &= b, i.e. if eithera=Db
holds from the beginning or & andb are unified by a substitution induced by a surrounding ingst,
e.g. in(b).M | (a). Note that, to enable this substitution, the match varsaalandb have—as shown
in our proof above—to be translated into free names. Heramhmgientx and its restriction ensure that
there are no unintended interactions between the tradstaééch variables of parallel match encodings.
More precisely the ambientencapsulates the translation of the test for equalityb and the restriction
(vx) ensures that the environment cannot interfere, i.e. na eitteon on the names or b can reduce
theopena or can target the ambiehtinside ofx, because the restriction forbids other processes to enter
X. So in mobile ambients it is not necessary to translate thehmariables into bound names, which
allows for the encoding.

[20] extend the pi-calculus with an additional opera®oyz called blocking. Blocking forbids for
P to perform a visible action with the blocked namas subject or bound object. By [20] this allows
to encode a match prefja = b] P by the term(vw) ((a(y).0 | b(z).W(y).0) \ a\ b| w(z).[P]), where[P]
is the encoding oP andz ¢ fn(P). As suggested by our proof above, the match prefix is tratlat
into a communication and the match variables are transiatedthe channel names of the respective
communication partners. To communicate the channel naaestb be equal, i.e. again either= b
holds from the beginning oa and b have to be unified by a substitution induced by a surrounding
input. To enable such a substitution, the match variadlsdb have—as shown in our proof above—to
be translated into free names. Here the new blocking opeesisures that there are no unintended
interactions between the translated match variables aflpamatch encodings. More preciséf/\ a\ b
ensures thdtl cannot interact with another term oxaor b—thus blocking behaves as a binding operator
w.r.t. reduction steps—but blocking does not bind the naanasdb such that they can be affected by
substitution. Thus our proof explicitly reveals the featuthat due td [20] allow to encode the match
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prefix by means of blocking.

[2] extends thet-calculus by so-called polyadic synchronisation, i.etdad of single names as in
the r-calculus channel names can be constructed by combinimgadenames. Thus e.g. in the variant of
the r-calculus with polyadic synchronisation, where each ckaname consists of exactly two names,
the input prefix becomes - X»(z) and the (matching) output prefix becom@sxz(y). An input and an
output guarded term (that are composed in parallel) can conwate if the composed channel names
are equal. By [2] this extension allows to encode the matefiprThey suggest to translag= b| P by
(vx) (x-b(y) | x-a(z).[P]), where[P] is the encoding oP andx,z ¢ fn(P). Again, as suggested by our
proof above, the match prefix is translated into a commuioicand the match variables are translated
into (parts of) the channel names of the respective comrmatiaitpartners. But polyadic synchronisation
allows to combine the free match variables—used to allovafguarding input to receive a value—and
the bound name—used to avoid unintended interactions between the trauklamatch variables of
parallel match encodings—within a single communicatioarstel. Again our proof explicitly reveals
the features that due tol[2] allow to encode the match prefimegns of polyadic synchronisation.

6 Conclusions

We provide a novel separation result showing that there istd encoding from the fulfr-calculus into
its variant without the match prefix. In contrast to the forrapproach in[2] we strengthen the result in
two ways:

1. We considerably weaken the set of requirements, in pdatievith respect to the criterion that is
called reasonable semanticslin [2]. Instead, we use theefrank of criteria designed by Gorla
for language comparison.

2. The so obtained proof reflects our intuition on the mat@fipand reveals the problem that pre-
vents its encoding. A valid encoding of the match prefix wouded to translate the prefix into
a (set of) communication step(s) on links that result from tifanslation of the match variables.
These links have to be free—to allow for a guarding input weree a value for a match vari-
able—but they also have to be bound—to avoid unintendedaictiens between parallel match
encodings. This kind of binding cannot be simulated byealculus operator different from the
match prefix.

This further underpins that the match prefix cannot be ddiinehe r-calculus.

In Sectio 5.2 we discuss four modifications and extensidénieor-calculus that allow to encode
the match prefix. In the first encoding approach the matchxpiefieplaced by another (more general)
conditional guard. But the other approaches use extensiomedifications of ther-calculus to encode
the match prefix by using features that allow to circumvesthimding problem in the encoding of the
match prefix that is pointed out in our proof. Thus further kgocan use the here presented explicit
formulation of the reason, that forbids for encodings ofrtrech prefix in thercalculus, to encode the
match prefix in other calculi.
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