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Adding Priority to Event Structures *

Youssef Arbach Kirstin Peters Uwe Nestmann

Technische Universitat Berlin, Germany

Event Structures (ESs) are mainly concerned with the reptaion of causal relationships between
events, usually accompanied by other event relations dagtaonflicts and disabling. Among the
most prominent variants of ESs @eéme ESs,BundleESs,StableESs, andual ESs, which differ
in their causality models and event relations. Yet, somdiegtppn domains require further kinds of
relations between events. Here, we add the possibilitypoess priority relationships among events.
We exemplify our approach on Prime, Bundle, Extended Buraafid Dual ESs. Technically, we
enhance these variants in the same way. For each varianhemestudy the interference between
priority and the other event relations. From this, we exttthe redundant priority pairs—notably
differing for the types of ESs—that enable us to provide aganson between the extensions. We
also exhibit that priority considerably complicates thérdton of partial orders in ESs.

1 Introduction

Concurrency Model. Event Structures (ESs) are concerned with usually sthticaffined relation-
ships that govern the possible occurrences of events ajypiepresented asausality(for precedence)
andconflict (for choice). An event is a single occurrence or an instafiea @ction, and thus cannot be
repeated. ESs were first used to give semantics to Petrim§l§], then to give semantics to process
calculi in [4,/9], and concurrent systems in general in [T4e dynamics of an ES are usually provided
either by the sets of traces compatible with the constraortby means of configurations based sets of
events, possibly in their labeled partially-ordered varigposets.

Event Structures armon-interleavingmodels. In interleaving models, events take place linearly
one after the other. There, concurrency is expressed instefrfree choice or non-determinism, i.e.
concurrent events can appear in any order. Event Structhim®g concurrency not as a linear order with
free choice, but as independence between events, i.esesentoncurrent when they are related neither
by conflict nor causally. This intuition manifests clearty system runs, represented by the so-called
configurations, or in terms of partial orders, where corenirevents are unordered.

Application Domain. We investigate the phenomenon of Dynamic Coalitions (D@g rm denotes

a temporary collaboration between entities in order to e@hia common goal. Afterwards, such a
coalition resolves itself, or is resolved. One example ofGiBthe treatment of a stroke patient, taken
from the medical sector, which inspires our wokpatient gets a stroke which calls for the ambulance.
In the meanwhile, the emergency room prepares to receivpdhent. Then, the ambulance arrives
and the patient is transferred to the emergency room. Whaepiatient is in the emergency room, the
latter communicates with the stroke unit to prepare for sf@nring the patient, and then the patient is
sent to the stroke unit. Before the patient is dischargenhfiloe stroke unit, some therapists are invited
by the stroke unit to join the patient treatmeuch coalitions are called dynamic, as they evolve over
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18 Adding Periority to Event Structures

time, where new members can join, and others can leave thatijoal is achieved. We call this specific
phenomenon theormationof a DC. Others call it thenembership dimensiasf a DC [5].

Examining the application scenario, we observe that it @andiurally modeled by means of Event
Structures. Firstly, it mentions events, e.g. a patiers gestroke, the ambulance joins, and the stroke
unit invites some therapists. Moreover, we are dealing waksible conflicts between the members,
e.g. between the therapists. In addition, there is caysdtit example the event, where the patient
gets a stroke, causes the ambulance to join and the emergamoyto prepare. Finally, there can be
concurrency, i.e. multiple members of the coalition cankaancurrently, e.g. the stroke unit prepares
to receive the patient while the emergency room is still waglon the patient.

Further Requirements. Applications may impose to limit the amount of concurrengythe specifi-
cations of some systems or, in interleaving models, to lthrét non-determinism or free choice. For
example, in our above-mentioned healthcare scenario,imdlat while the therapists are working on
the patient outside the hospital, the patient gets anothekes and then the ambulance again needs to
involve and interrupt the work of the therapists. So, thegnca all work together at the same time.
Besides, in this particular situation, the ambulance ghbalve a highepriority to perform its events,
such that only afterwards the therapists might continui therk. This is some kind of order, so there
is a determinism here on who needs to go first, carried by theeq of priority. The precedence caused
by priority is called “pre-emption” (cf [12]). So, the eviemith higher priority pre-empts the event with
lower priority: the higher-priority one must happen befargy concurrently enabled event with lower
priority, so a priority relation is (only) applied in a staté competition. For example, some processes
compete to run on a processor. In the same way many membersoafiion compete for the patient.
Some of them can work concurrently, due to the specificatidtise system, and some cannot.

Overview. This paper is organized as follows. 48, we start with the simplest form of ESs, the Prime
ESs, add priority to it, discuss the overlapping betweearjyi and the other relations of Prime ESs,
and show how to reduce this overlapping.§By we introduce Bundle ESs, their traces, configurations,
and Iposets. Then we add priority to them and investigatedlagion between priority and other event
relations of BESs like enabling and precedencejdiandys we then study the two extensions Extended
Bundle ESs and Dual ESs of Bundle ESs and how their diffel@ndality models modify the relationship
of priority and the other event relations of the ESs. Jf) we summarize the work and conclude by
comparing the results.

Related Work. Priorities are used as a mechanism to provide interruptystesis concerned with
processes. For example, in Process Algebra, Baeten et . thes first to add priority in[[1]. They
defined it as a partial order relatiocn. Moreover, Camilleri, and Winskel integrated priority it
the Summation operator in CCS [6]. Also, Littgen(inl[12] aleaveland et al. in_|7] considered the
semantics of Process Algebra with priority.

In Petri Nets, which are a non-interleaving model like Ev@mtictures, Bause inl[2, 3] added priority
to Petri Nets in two different ways: static and dynamic. Dyi@means the priority relation evolves
during the system run, while the static one means it is fixadesthe beginning and will never change
till the end. In that sense, static priority is what we defieech

In this paper, we add priority to different kinds of Eventugtures. Then we analyze the overlapping
between the priority relation and the other relations ofrdspective Event Structure in order to identify
and remove redundant priority pairs. We observe that theilpiéiy to identify and remove redundant
priority pairs is strongly related to the causality modaeidttts provided by the considered model of ESs.
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Figure 1: A Prime ES without priority in (a), with priority ifb), and after dropping redundant priority
pairs in (c).

2 Priority in Prime Event Structures

Prime Event Structures (PESSs), invented by Winskel [15, the simplest and first version of ESs.
Causality is expressed in terms of an enabling relationaigartial order between events. For an event
to become enabled in PESs, all of its predecessors withaetpthe enabling relation must take place;
an enabled event may happen, but does not have to do so. Fhalsia conflict relation between
events to provide choices, given as a binary symmetricioaladnd a labeling function mapping events
to actions.

Definition 2.1. A Prime Event Structure (PE®) a quadruple® = (E,#, <,l) where:

e E, aset ofevents

e # C E x E, an irreflexive symmetric relation (thamnflictrelation)

e <CE xE, apartial order (thenablingrelation)

e |: E — Act, alabelingfunction
that additionally satisfies the following constraints:

1. Conflict Heredity: Ve e, cE. et N€ <€ — elte’

2. Finite Causes: VeeE. {€ e E| € <e}isfinite
Figure[1 (a) shows an example of a Prime ES, where a singlealirow represents enabling, directed
from predecessors i to successors. The dashed line represents a conflict. Natt¢hil structure
fulfills the two constraints of a PES.

A configurationis a representation of system state by means of the set ofsevert have occurred
up to a certain point. In Prime ESs, a configuration is a cdrflée set of event€ C E that is left-closed
under the enabling relation, i.e. no two event€aire in conflict and for all predecess@with respect to
< of an even¥ € Citholdse e C. Thus, given a Prime E& = (E,#, <,I), a configuratiorC represents
asystem rurof ¢ (or thestateof o after this run), where events not relateddyccur concurrently.

A traceis a sequential version of a system run. It can be defined agueisee of events which are
conflict-free and where all the predecessors of an evert precede that event in the trace. We will
define it formally in another equivalent way, which we willy®n when we define priority later:

Let o be a sequence of everds - - e, such that{ey,...,e, } CEinaPESO = (E,#,<,l). We refer
to{ey,...,en } by 0, and we call eg(o) the set of events that are enableddyywhere

ens(0) £ {ec (E\0)| (V€ cE.d<e= dco)A(}dco.ette)}. 1)

We useg; to denote the prefig, - - - g, for somei < n. Then, the sequenee=e; --- &, is called arace
of J iff
Vi<n.g €ens(oi_1) 2
Accordingly, a trace is a linearization of a configuratiospecting<. Usually many traces can
be derived from one configuration. The differences betweeh sraces of the same configuration result
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from concurrent events that are independent, i.e. areecetaither by enabling nor conflict. For example,
in Figure[1 (a), the eventsanda are independent and thus concurrent in a configuration{lée, c }.
From{e a,c} the trace®ac eca andceacan be derived for the structure in Figlfe 1 (a).

If we add priority to PESS, it should be a binary relation betw events such that, whenever two
concurrent events ordered in priority are enabled togetherone with the higher priority must pre-
empt the othdl. Thus we add a new acyclic relatien C E x E, thepriority relation, to Prime ESs and
denote the paifd, <) asprioritized Prime ES (PPES).ater on, we add priority in a similar way to other
kinds of Event Structures. Sometimes, we expand a priedtES(d, <), whered = (E,rq,rp,1), to
(E,ry,ra,1,<).

Figurel1 (b) illustrates a prioritized variant of Figlide }, ahere the priority relation is represented
by a double-lined arrow from the higher-priority event te fbwer-priority one, showing the direction
of precedence (pre-emption). Sometimes representingadmoftvent Structure and its associated priority
relation in the same diagram becomes too confusing. In e we visualize the priority relation in a
separate diagram next to the structure.

Let us define the interpretation ef in a formal way: letc = e; - -- &, be a sequence of events in a
PPESY = (d,<). We callo atrace ofd' iff itis 1.) a trace ofd, and 2.) satisfies the following constraint:

Vi<n.Vej,ezc0.ej#en/ej,encens(c)Aen<ey = j<h (3)
For example, the sequenebadis a trace of Figurgl1 (a) but not of Figure 1 (b) due to prioritgt

us denote the set of traces of a structure @) TBy definition, the traces of a PPEBS = (9, <) are a
subset of the traces of the Prime BS
Proposition 2.2. T(d,<) C T(9).

If we analyze Figuréll (a) and (b) we observe that, becausbeo€anflict relation, no trace can
contain bothc andd. And even without the priority relation the enabling redatiensures that always
has to precedd. Since neithec andd nor e andd can be enabled together, i.e. do never compete,
applying the priority relation between them is uselessivialt Indeed we can always reduce the priority
relation by dropping all pairs between events that are ugder # without affecting the set of traces.

Theorem 2.3. Let (E,#,<,I, <) be an PPES, and let’ = <\ {(e€)|e#eve <eve<¢€}. Then:
T(E# <, |I,<)= T(E,#,§,|,<’)
Proof. Straightforward from the Definitions of traces] (3), and (1) O

Figure[1 (c) shows the result of dropping the priority palirattare redundant in Figukré 1 (b). Note that
after dropping all redundant pairs, there is no overlappiither between the priority and the enabling
relation, nor between the priority and the conflict relatidhe following theorem insures minimality of
reduction.

Theorem 2.4.Let(E,#,<,l,<) bean PPES, let’ £ <\{(g€)|e#eVve <eve< €}, and<" C <.
ThenT(E,# <,l,<) #T(E,# <,I,<").

Proof. Straightforward from the Definitions of traces] (3), and (1) O

This result is good for a modeler, since it implies unamhigabout whether a priority relation affects
the behavior or not. In other words, after dropping all thdurelant priority pairs, the remaining priority
pairs always lead to pre-emption, limit concurrency andovaidown the possible traces. This is not the
case for the following ESs, since they offer other causatibdels.

1in fact we could define it as a partial order. However aftepging redundant priority pairs as explained later the fisior
relation is usually no longer transitive, i.e. no longer diphorder.
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Figure 2: A Bundle ES without priority in (a), with priorityi(b), and after dropping redundant priority
pairs in (c).

3 Priority in Bundle Event Structures

Prime ESs are simple but also limited. Conflict heredity dmel énabling relation of Prime ESs do
not allow to describe some kind of optional or conditionablgling of events. Bundle ESs—among
others—were designed to overcome these limitatibhs [9fetda event can have different causes, i.e.
they allow for disjunctive causality.

In Bundle ESs the conflict relation is as in Prime ESs an ixefteand symmetric relation, but the
enabling relation offers some optionality, based on bundke bundle (X,e), also denoted by — e,
consists of a bundle set and the eveng it enables. Abundle seis a set of events that are pairwise in
conflict. There can be several bundle§,e), ..., (X,,e) for the same evere. So—instead of a set of
events as in Prime ESs—an everih Bundle ESs is enabled by a geXy, ..., X, } of bundle sets.

When one event of a s&t takes place, then the bundfg— eis said to be satisfied; and ferto be
enabled all its bundles must be satisfied. In Bundle ESs (Bodextended Bundle ESs) no more than
one event out of each skt can take place; this leads to causal unambiguity [10]. Butesa bundle set
can be satisfied by any of its members, this yields disjuaatausality and gives flexibility in enabling.

Definition 3.1. A Bundle Event Structure (BE®)a quadruplg8 = (E,#,—,l) where:

e E, a set ofevents

e #C E x E, an irreflexive symmetric relation (treonflict relation)

e — C P(E) x E, theenablingrelation

e |: E — Act, alabelingfunction
that additionally satisfies the following constraint:

Stability: VXCE.VecE.X—e = (Ve X. e # & — e#e) (SC)

Figure[2 (a) shows an example of a BES. The solid arrows dexaatsality, i.e. reflect the enabling
relation, where the bar between the arrows shows that theydpéo the same bundle and the dashed
line denotes again a mutual conflict. Thus there are two legnidl this example, namely the singleton
{a} —band{b,c} — d. As required by[(SIC) we haugtc andc#b.

As in Prime ES, let = e, - - - &, be a sequence of events anid= { ey,...,e,} such thaio C E. We
use ep (o) to refer to the set of events enableddy

eng(0) £ {ec(E\0)|(VXCE.X—~e= XNo#0)A(} co.ee)} (4)
Then the sequenae = ¢, - - - g, is called atrace of g3 iff
Vi<n.egecen(d-1) (5)

We denote the set of all valid tracesfinas T(3). A set of event€ C E is called aconfigurationof an
BES iff 30 € T(B) .C = 0. Let C(B) denote the set of configurations @f
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Definition (4) ensures that for an evesto be enabled, one event out of each pointing bundl&set
with X — eis necessary. In a trace, if there is one event of a bundléheetwe denote the corresponding
bundle assatisfied Remember that, because of the stability condition, no rtttaie one event out of
each bundle set can take place. In Fidgure 2, the sequmhisenot a trace sincéa} — b has never been
satisfied. On the other hanabcdis not a trace either, sindeconflicts withc. While a, ¢, ab, ac, ca, cd,
abd, acd, cad, andcdaare all traces.

The following lemma proves that whenever an eveit in a bundle seX pointing to€, i.e. such
thatX — €, thene and€ cannot be enabled together.

Lemma 3.2. Let B = (E,#,—,|) be an BES, and let € € E such thaBX CE.e€ X AX — €. Then:
Vo=e---eeT(B).fi<n.eécerng(a)

Proof. Leto =e;---&, € T(B) andX C E such thaee X AX — €. Assumee € erg(o;) for somei < n.
Then: )
eceng(g)heec XAX—€ &) ecemg(g)hec XAX— €A (Ve e (X\{e}).ette)

B X dn(ve eX. ¢ ¢a) 2 & ¢eng(a)

Hencefi < n. e € € erg(0;). O

3.1 Labeled Partially Ordered Sets

Labeled partially ordered sets, abbreviated as Iposetsjsd as a semantical model for different kinds
of ESs and other concurrency models (see e.d. [13]). In asinto configurations, Iposets do not only
record the set of events that happened so far, but also réfiegirecedence relations between these
events. Here, we use them to describe the semantics of BE8&(leas of EBESs and DESs in the next
sections). An Iposet consists of a set, a partial order dwsiset, and a labeling function.

Definition 3.3. A labeled partially ordered set (Iposef a triple (A, <,f) where:
e A afinite set okvents
e <, apartial order overA
e f: A— Act, alabelingfunction

We usen to denote the empty Iposéd, 0,0). A non-empty IposetA, <,f) is visualized by a box
containing all the events @& and where two evenis ande, are related by an arrow ity < ey, where
reflexive and transitive arrows are usually omitted. Fig@idepicts several Iposets, where e.g. the top
right box visualizes the Iposéf a,b,d } ,{ (a,b), (b,d) },f) for some (not visualized) labeling function f.

An Iposet describes the semantics of a BES for a specific satarits. To describe the semantics of
the entire BES, families of Iposets are used. These fanmibiesist of several Iposets that are related by
a prefix relation on Iposets|[8]:

(A, <,f) is aprefixof (A, <'.f') <= ACAAN<=(<'NAXA)Af=TF]a

Now a family &2 of Iposets is defined as a non-empty set of Iposets that isdavehclosed under the
Iposet-prefix relation. It is shown inl[8] that a family of lgets along with the prefix relation is itself
a partially ordered set. As investigated by Rensinklin [I&8Milies of Iposets (even posets) form a
convenient underlying model for models of concurrency BiEeSs (or EBESS).

In order to define the Iposets of a BBSwe build a partially ordered set (poset) over a configumatio
C € C(B). We define the partial order as a precedence relatio C x C between events as follows:

e<c€ < IXCE.ec XAX—¢ (6)
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Figure 3: The family of Iposets of the BES in Figlile 2 (a).

and definexc as the reflexive and transitive closure-f. It is proved in [9] that=¢ is a partial order
overC. Finally, by adding the labeling functidnc, the triple (C, <c,I [c) is an Iposet. We call (3)
the set of all Iposets defined or(€). Figure[3 shows the largest family of Iposets for the example
Figure[2 (a), where the arrows between Iposets denote tfig prration.

As proved in[[9], each linearization (obeying the definectpdence relations) of a given Iposet built
from an BES (or EBES) yields an event trace of that structure.

3.2 Adding Priority to BESs

Again we add priority< C E x E to EBESs as a binary acyclic relation between events suthvthan-
ever two events are enabled together, the one with the higiity pre-empts the other. We denote
B’ = (B,<) = (E,#—,l,<) asprioritized Bundle ES (PBESigurel2 (b) illustrates a prioritized ver-
sion of the BES in Figurgl 2 (a).

Also the semantics of is defined similarly to Prime ESs. A sequence of events e;---e, is a
trace of(B, <) iff 1.) o € T(B) and 2.)o satisfies the following constraint:

Vi<n.Vej,en€5.ej;éenAej,eheenB(ai)Aeh<ej = j<h (7)

Again the traces of a PBE@, <) are a subset of the traces of the corresponding BES
Proposition 3.4. T(B8, <) C T(B).

For example the sequencadis a trace of the BES in Figufe 2 (a), but it is not a trace of tBES
in Figure[2 (b). Of course a larger priority relation filterera traces out than a smaller one.
Lemma 3.5. Let (8, <) and (B, <’) be two PBES withe’ C <. ThenT(B,<) C T(B,<').

Proof. Straightforward from the Definition of traceg] (7), aadC <. O

We adapt the notion of configuration to prioritized BESs sthdto € C(f3, <) for a PBES(f3, <)
iff 3o € T(B,<).C = 0. In Section 31l we define the semantics of BESs by familiepaddts. Un-

fortunately doing the same for PBESs is not that simple. @enshe Ipose of the BESQ

in Figure[2 (a). According to Figuifd 2 (b)), has a higher priority thag, i.e.a<d. Hencel@ C—d]

does not describe the semantics of the PBES<) with respect to the Configuratiofa, c,d }, because
cade T(B) butcad ¢ T(B,<). In fact we cannot describe the semantics of PBESs by a farhiposets
as depicted in Figuiig 3. Instead, to describe the semarit{® &) with respect tdf a,c,d } we need the

two different Iposetsd = ¢ —d|ang[c —d— a]

The enabling relation defines precedence between eventsedsfer <¢ in (), whereas priority
rather defines some kind of conditional precedence. Pyriaffects the semantics only if the related
events are enabled together. Thus the same problem witrefimétion of Iposets appears for all kinds
of Event Structures that are extended by priority. We le&reeproblem on how to fix the definition of
Iposets as future work.
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3.3 Priority versus Enabling and Conflict

Again, as in Sectioh]2, we can reduce the priority relatiomrdapoving redundant pairs, i.e. pairs that
due to the enabling or conflict relation do not affect the ssima of the PBES. First we can—as already
done in PPES—remove a priority pa@k: € or € < e between an everg and its cause’, because an
event and its cause are never enabled together. Therefphie paird < c in Figure[2 (b) is redundant
because of b,c} — d. Also a priority paire< € between two events that are in conflict is redundant,
because these conflicting events never occur in the sanee tansider for example the evelitandc

in Figure[2 (b). Because dc the pairc < b is redundant.

Theorem 3.6. Let (B, <) = (E,~, |, <) be a PBES and
<=<\{(e€),(¢d,e) |etted vV (IXCE.ec XAX—¢€)}.
ThenT(B,<) =T(B,<).

Proof. T(B,<) C T(B,<') follows from Lemma3.b.

To show TB,<’) C T(B,<), assume a traceg =e;---e, € T(B,<’). We have to show that €
T(B,<), i.e. thato € T(B) and thato satisfies Conditior (7)o € T(B) follows from o € T(B, <) by
the Definition of traceso satisfies Conditior{7) whevi < n.Vej,en € 0. € ZenAgj,en € ens(ai) A
en<ej = j <h. Letus fixi <nandej,en € 0. Assumeej # &,, €j,&, € eng(0i), ande, < ej. It
remains to prove that < h. Because of the Definition cf’, there are three cases far< e;:

Casee, <'ej: Thene,<'ejAej,encoNO€T(B,<) 2, j<h.

Caseej#en V enttej: This case is not possible, because it is in contradictioB)o{d), andej, e, € 0.

CasedX CE. (ene XAX —€)) V(e € XAX—en): This case is not possible, because it is in con-
tradiction toe;j, &, € eng(o;) and Lemma3]2. O

Note that priority is redundant for all pairs of events theg directly related by the bundle enabling
relation or the conflict relation regardless of the dirattid the priority pair. We say that this reduction
is done at the structure level, since it is done w.r.t. thati@hs which are part of the Event Structure.

In PPESs enabling is a transitive relation and we can dropriliity pairs between events that are
related by enabling. In the case of PBESs neither conflictemabling are transitive relations. For

example in the event structurg——-—eé——-—eo3 (which can be both; a PES as well as a BES) we have
e #te, and ex#te; but notej#e;. Accordingly we cannot drop a priority pa# < e3 because else the
sequence; es becomes a trace.

However in PPESs enabling is transitive, so whenevet e; ande, < ez there ise; < e3 and we can
also drop priority pairs relating; andes (compare e.g. witle, a, andd in Figure1). In PBES the situation
is different. For the PBES in Figulé 2 we have} — band{ b,c} — d butd does not necessarily depend
onaand thus we cannot drop the pai: d sincecad ¢ T(f3, <). Unfortunately this means that we do not
necessarily drop the whole redundancy in priority if we lthe priority relation as described in The-
orem[3.6. For example; < e; is redundant in{e;,e,e3},0,{{e1} —» e, {e}—e},l.{e<es}),
because in this special casgeis indeed a necessary cause dgr Thus for PBESs<’ is not necessarily
minimal, i.e. we cannot prové<” C <'. T((E,~,—,l,<)) # T((E,~,—,l,<")) as we have done in
Theoreni 2.1 for PPESs.

For the PBES in Figurgl 2 the reduction described in Thedrédnir®leed suffices to remove all
redundant priority pairs. The result is presented in Figlife).
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3.4 Priority versus Precedence

In order to identify some more redundant priority pairs wesider configurations and Iposets. If we
analyze for example the configuratiofa,b,c} and{a,c,d} of the PBES in Figurgl2, we observe that,
because of a} — band{b,c} — d, the priority paira<d is redundant in the first configuration while
it is not in the second one. Thus, in some cases, i.e. witleotsp some configurations (or Iposets), we
can also ignore priority pairs of events that are indireothated by enabling. Since such a redundancy
is relative to specific configurations and their traces, amckesdropping priority pairs affects the whole
set of traces obtained from a ES, we use the term “ignoraret&er than “dropping” for distinction,
and we say that this ignorance is done at the configuraticel. |&riority ignorance is necessary while
linearizing configurations and trying to obtain traces.

The cases in which priority pairs are redundant with resfgesbme configuratio€ are already well
described by the precedence relatigg, i.e. we can identify redundant priority pairs easily frohet
Iposets forC. Note that in BESs (and also EBESS) each configuration leadgactly one Iposet. The

priority paira<d is obviously redundant in the case but not in the case .

To formalize this let TB,<) [c £ {0 | 0 € T(B,<) A 0 =C} be the set of traces over the configu-
rationC C E for some BES3 = (E,~»,—,1). Thus T3, <) [c consists of all the traces of(JB, <) that
are permutations of the eventsGn Then for all configuration€ all priority pairse< € such tha€ <c e
or e <c € can be ignored.

Theorem 3.7.Let(B, <) be aPBES(C, =c,l) eL(B),and<’ & <\{(e €)| € Zceve=c€}. Then:

T(B> <) lc= T(B7 </) lc

Proof. Note that by induction o and Lemma 3]2¢; <c &, as well ase, =<c ej imply thate; andey,
cannot be enabled together in a trace @8 c. With this argument the proof is straightforward from
the definitions of traces;’, traces over a configuration, Lemmnal3.5, did (7). O

Consider once more the PBEB, <) of Figure[2 with respect to the configuratigm,b,d }. We have
{a} — b, {b,c} — d, anda<d. As explained before we cannot drop the priority @it d, because of
the sequencead ¢ T(g, < ). However with Theorern 317 we can ignae d for the semantics off3, <)
if we limit our attention to{ a,b,d }, because B, <) [{apndy= {abd} = T(B) [{apd}-

For PBESs ignorance ensures tkatis minimal with respect a configuratidh
Theorem 3.8. Let (B,<) be a PBES/{C,=c,!) € L(B) for some configuration & C(3,<), <’ £
<\{(e€)|€ <ceve=c€} and<" C <. ThenT(B,<)[c # T(B,<")c.

Proof. Because ok” C </, there are some € € E such thae< € bute<'€, € Ac e ande Ac €. Note
that each linearization of a given Iposet that respects itbegglence relation is a trace [9]. Theisc e
ande Ac € imply that T(3, <”) |c contains a trace such thaande are enabled together argrecedes
€. Because oé< € such a trace cannot be contained {{8T<) [c. SOT(B,<) [c ZT(B,<") Jc. O

In the following two sections we consider two extensions oh8le ESs.

4 Priority in Extended Bundle Event Structures

The first extension of Bundle ESs we consider Bxéended Bundle Event Structures (EBE®s)ndle
ESs were developed to give semantics to LOTOS in [9], butesthe conflict relation was symmet-
ric, they could not give semantics to the disable operatd&r@fOS. Thus Extended Bundle ESs were
introduced in the same reference.
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(b) (©)
Figure 4: A PEBES¢, <) with € in (a) and< in (b) as a Hasse diagram with transitivity exposed.
(c) shows< after dropping redundant priority pairs.

Extended Bundle ESs are similar to Bundle ESs except thatdh#lict relation is replaced by the
so-calledasymmetric conflictelation ordisabling relation. If an event; disables another evees,
denoted bye, ~ €1, then oncee; takes places cannot take place anymore, i.can never precede
&. Accordingly, disabling can be considered as an exclustation. Note that the asymmetric conflict
or disabling relation is an irreflexive relatior C E x E but is not necessarily asymmetric as the name
suggests, i.ee; ~» &2 = & v e1 does not necessarily hold for all evertsande,. Therefore Extended
Bundle ESs are a generalization of Bundle ESs, and thus am erpressive [9].

Formally an Extended Bundle ES is a quadruple (E,~-,—,I), where the stability condition is
adapted as follows:

Stability: VXCE.VecE.X—e = (Ve,eX.e1#& — € ~ &) (SC)

Note that stability again ensures that two distinct evehtslmindle set are in mutual conflict. We adapt
the Definitions of ep(0o), traces, T¢), configurations, and &) accordingly.

Figurel4 (a) shows an example of an EBES. The solid arrowstdeaasality, i.e. reflect the enabling
relation, where the bar between the arrows shows that tHepdpéo the same bundle and the dashed line
denotes again a mutual conflict as required by the stabitindition [SC!). The dashed arrow denotes
disabling, e.gb ~~ aandbac T(&) butab ¢ T(¢) in this example.

In order to define Iposets of EBESS, we have to adapt the peacedelation<c C C x C such that
it also covers disabling:

e<c€ < (IXCE.X—€&nreeX)Vewe (8)

Again <c denotes the reflexive and transitive closure<gf The Definitions of Iposets and k) are then
adapted accordingly. [9] proves thét is a partial order ove€ and that each linearization (obeying the
defined precedence relations) of a given Iposet built frorBRES yields an event trace of that structure.
Furthermore, it is proved in [9, 8] that given two EBE&Sg’ their Iposets are equal iff their traces are
equal, i.e. le) =L(¢') < T(e) =T(¢).

(g,<) = (E,~,—,l,<) is aprioritized Extended Bundle ES (PEBE®heree = (E,~~,—,l) isan
EBES and< C (E x E) is the acyclic priority relation. Figufd 4 illustrates araexple of a PEBES with
the EBES in Figur€l4 (a) and the priority relation in Figureéo}t (A sequence of events=e;---e,is a
trace of(e, <) iff 1.) o € T(¢) and 2.)o satisfies the following constraint:

Vi<n.Vej,enc0.ej#enNej,encen(o)Aen<eg = j<h 9)
CeC(e,«)iff JoeT(g,<).0=C. Again T(g,<) C T(g) and<’' C < implies T(g, <) C T(g, <’).
Lemma 4.1. Let (g, <) and (€, <) be two PEBES withe’ C <. ThenT(e, <) C T(e,<').

Proof. Straightforward from the Definition of trace§] (9), agdC <. O
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Similar to PBESs, we can remove a priority pait € or € < e between an evergand its cause,
because an event and its cause are never enabled togetleeeforé e.g. the pag< b in Figure[4 is
redundant because ¢b} — e. Also a priority paire< € between an ever and its disableg, i.e. for
€ ~ g, does not affect the semantics, simo@ust followe anyway. Consider for example the eveats
andd in Figure[4. Because @~ d, a always pre-emptd and thusd < ais redundant.

Theorem 4.2. Let (¢, <) be a PEBES and
< 2 <\{(e€)|d~ev(IXCE. (eeXAX—€)V (€ eXAXe€))}.
ThenT(g,<) =T(e, <).

Proof. Similar to the proof of Theorefn 3.6, where the second casspiaced by:
Caseej ~~ en: Because of the Definition of traces,= e;---e, € T(¢) andej, e, € 0 imply thatej €
en(oj_1). Thenej ~ enAgj € eng(gj_1) ANen€e 0 = j <h. [

Note that priority for events that are directly related by Hundle enabling relation is always redundant,
regardless whether the cause has the higher priority orftbet eoes. On the other hand we can reduce
pairs of events that are related by disabling only if the eves a higher priority than its disabler.
Consider for example the PEBES$e € },{e~ € },0,I,{e<€}). The only traces of this PEBES are
e andé€, but if we remove the priority paie< € we have the additional traes. Similarly we cannot
remove thee ~ € here, because this yields to the additional treee

The result of dropping redundant priority pairs for the PEBIE Figure 4 as described by Theo-
rem[4.2 is presented in Figuré 4 (c). Note that after droppeayindant pairs the priority relation is not
a partial order anymore.

Again limiting our attention to a specific configuration a&®us to ignore some more priority pairs.
In contrast to PBESs we can sometimes also ignore prioritg fplaat overlap with disabling. Consider
for exampleb ~~ a anda ~~ d of the PEBES in Figurél4. The priority pait< b is redundant with
respect to the configuratiorg, b,d } but not with respect to the configurati¢,d }. Note that again the
direction of the priority pair is important in the case of iratt disabling but not in the case of indirect
enabling. If we for instance replack< b in Figure[4 byb<d, then{a,b,d} is not a configuration
anymore and < d is not redundant in all remaining configurations contairiirandd.

The cases in which priority pairs are redundant with respesbme configuratio@ are again well
described by the precedence relatigp, i.e. we can identify redundant priority pairs easily frohet

Iposet ofC. The priority pairh < b is obviously redundant in the case but not in the case
of andd < b is obviously redundant in the case but not in the case db_d].

Let T(e,<)[c = {0| 0 € T(e,<) A0 =C} be the set of traces ov&: Then for all configuration€
we can ignore all priority paire< € such tha€ <ce.

Theorem 4.3. Let(e,<) be aPEBES(C, =c,l) € L(¢),and<’ £ <\{(e, ) cCxC|€ =<ce}. Then:
T(e, <) lc=T(e,<') Ic

Proof. Note that Te, <) [c C T(g,<) and Te, <') [c C T(g, <').

By Lemmd4.1, Te,<) C T(e,<’) and thus also e, <) [c C T(g, <) |c.

To show Te,<’) [c € T(g,<) |c, assume atraceg = e;---&, € T(g,<’) [c. We have to show that
oe€T(e,<)|c,i.e. thatvee 0.ecC, g € T(¢), and thato satisfies Conditior {9)vee o. e C and
o € T(¢) follows from o € T(e,<’) |c by the Definition of traces of PEBESa. satisfies Conditior{9)
if Vi<n.Vej,enc 0. #enNgj,encen(c)Nen<ej = j<h. Letusfixi <nandej, e € 0.
Assumee;j # e, €j, &, € eng(0;), ande, < ;. It remains to prove that < h.
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Because of the Definition 6f’, assumptiore, < e; implies thate, <ej or ej <c en. In the first case
j < hfollows, because of the Definition of traces ahtl (9), frarr<’ e}, ej,en € 0, ando € T(g, <) [c.
The other case, i.e. thaf <c e, ande; # e, implies j < h, was already proved in [9]. O

Consider once more the PEBES <) of Figure[4 with respect to the configuratigtv,e h}. We have
{b}— e {ef}— h andh<b. As explained before we cannot drop the priority pai: b, be-
cause of the tracéhb ¢ T(e,<). However with Theoremh 413 we can igndne< b—and alsoh < e
ande < b—for the semantics ofe, <) if we limit our attention to{b,e,h}, because T¢, <) [{pen}=
T(e,(<\{h<bh<ee<b}))l(pen;-

Similarly we can ignorec < a if we limit our attention to the configuratio@ = {a,c,d}, since
T(e,<) lc=T(g,(<\{c<a}))[c. Note that here the precedence mairc c that allows us to ignore
c< aresults from the correlation between a disabling pai» d and an enabling paifd} — c. Thus
with Theorenl 4.8 we can ignore even priority pairs that adeimelant in specific situations because of
combining enabling and disabling.

This combination prohibits us on the other hand from igrepnmiority of the opposite direction,
the direction which is compatible with the precedence diivec That is possible only with precedence
resulted from enabling purely as it is the case in Thedrenf@. PBESs. For instance, suppose that
b < h for the structure in Figurel 4 then we can ignore this priopdyr in a configuratioq b,e h}. That
is not formulated in the Theorelm 4.3 above, singeabstracts from the relation between events. While
in contrast to EBESSs, the conflict relation is symmetric imBle ESs, and precedence results only from
enabling. Thus, in contrast to PBESs, we do not have miniynafipriority ignorance in PEBESSs.

5 Priority in Dual Event Structures

Dual ESs are the second extension of BES examined here. diitgtconstraint in BESs and EBESs
prohibits two events from the same bundle to take place irséimee system run. Thus e{,e, f,h}
is not a configuration of the EBES in Figurk 4. It provides sddine of stability to the causality in the
structure. More precisely due to stability in every tracéoset for every event the necessary causes can
be determined. Without the conflict betweeand f in the example the tradee fhis possible. But then
it is impossible to determine whethbris caused irbefhby e or f. The stability constraint prohibits
such ambiguity. On the other hand such a constraint limge#pressiveness of the structure, and forces
an XOR condition between the elements of a bundle set. In system specifications a more relaxed
definition may be useful. Dual ESs provide such a relaxed itiefin

The definition of Dual ESs varies betweéen [8] and [10], bublsstow the causal ambiguity explained
above. In[[8] Dual ESs are based on Extended Bundle ESs, inHil®)] they are based on Bundle ESs.
Since we have studied the relation between disabling amdifyriand want to focus here on the effect
of causal ambiguity on priority, we analyze the version[dJ][1A Dual Event Structure (DES} a
quadrupleA = (E,#, 1) similar to Definition 3.1 but without the stability conditio

The Definitions of ep(o), traces, and ) are similar to Sectiohl3 for BESs. Of course the dele-
tion of the stability condition leads to additional tracesy. for structure in Figurel 2 (a) we obtain the
additional traceabcd abdcacbd acdh cabd cadh andcdah Figurel® shows a DES taken from [10].

Causal ambiguity affects the way Iposets are built, sineeddwusal order is not cléar In [10]
Langerak et al. tried to solve this problem. They illustdateat there are different causality interpre-

2Since there is no disable relation here, causality is theg smlirce of order in Iposets.
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d d
(@)
Figure 5: A Dual ES without priority in (a) and with priorityi(b).

tations possible for causal ambiguity. They defined fiveeddht intensional posets: liberal, bundle-
satisfaction, minimal, early and late posets. Intensianabns posets are defined depending on the
causality relations in the structure, while observatiamathe other hand means posets are obtained out
of event traces (where no structure of the system is availdhlt only behavior). We examine these
different kinds and their relations informally for brevity

Langerak et al. illustrated that in order to detect the cafsan event liked in the traceabcd of
FigurelB, one should consider the prefixdofi.e. abc) and then can have the following interpretations:

e Liberal Causality: means that any cause out of the prefixgée@ed as long as bundles are satis-

fied: abc ab,b,ac, bc, etc. are all accepted as a causedoThen all events in a cause precetia

~

the built poset, e.g. the posets for the last causerBarP , @3 d @_) d , @/) d @j d
etc. , respectively. We use the same mechanism of buildisgtpdor the next types of causalltles

e Bundle-Satisfaction Causality: bundles are satisfied lacty one eventb,ab,ac are accepted
causes but nabc

e Minimal Causality: bundles are satisfied so that no subset cduse is accepted. Boac are
accepted but natb or bc.

e Early Causality: the earliest bundle-satisfaction cassacteptedb is accepted, but naic asc
happened later thaod

e Late Causality: (cf.[[10], it will be skipped here).

[10] shows that equivalence in one kind of posets betweerstmatures implies equivalence in some
other specific kinds of posets, but equivalence in any of théskimplies equivalence in traces.

We add priority to DESs in the same way as before prioritized Dual ES (PDES])s the tuple
(A, <), whereA is a DES andk is the acyclic priority relation. Also the definitions of ¢tes, TA, <),
configurations, and @, <) are adapted similar as in the section before.

Since the conflict relation provided here is the same as idBUESS, we can remove redundant
priority pairs that overlap with the conflict relation as deised in Theorem 316, i.e. whenever there is
efte or €#ethene< € is redundant and can be removed. The situation for enaldidgferent because
of the missing stability condition. The priority pair< d in the PDES in Figurél5 is not redundant,
because it removes some traces. The reason istisatot anymore a necessary causedpsinced
can be enabled bly even ifc occurs in the same trace. So at the structure level of PDESsmmt in
general remove priority pairs because of overlappings thighenabling relation.

In the case of PBESs and PEBESs partial orders help to igieatfindant priority pairs at the config-
uration level. Unfortunately, we cannot do the same heréuke&onsider the configuratioja,b,c,d },

a
and consider liberal causality. Indeed applyihgl(3.7) anpgbse p=dec and the priorityc < d
yields the sequenabcdwhich is not a trace. On the other hand, considering buratisfaction causal-

3In [11] a procedure is defined to detect how early is a causertipg on binary numbers.
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ag:;d

ity, the pose with the same priority yields the same sequeabed again. The same will be

for minimal causality and a poset lik& g=db
In fact none of the mentioned kinds of posets can be used aliheut the priority, and thus igno-
rance is not possible with causal ambiguity w.r.t. a singiegb for a configuration. Even when<d

seems to yield pre-emption in the po, one can have the linearizati@cbd which is a
trace, and priority turns out to be redundant in this vergearébut not in the whole poset). The reason is
partial orders here do not necessarily represent causes.

6 Conclusions

We have added priority to different Event Structures: PriE8s as a simple model with conjunctive
causality, Bundle ESs with disjunctive causality, Extah@indle ESs with asymmetric conflict, and
Dual ESs with causal ambiguity. In all cases, priority letwigace filtering and limits concurrency and
non-determinism. We then analyze the relationship betwsemnew priority relation and the other rela-
tions of the ESs. Since priority has an effect only if the teddlaevents are enabled together, overlappings
between the priority relation and the other relations oEBs sometimes lead to redundant priority pairs.

In PPESs, PBESs, and PEBESs priority is redundant betwemmtsethat are related directly by
causality. Moreover in all considered ESs priority is redamt between events that are related directly
by the conflict relation. But in the case of PEBESs the contilzttion implements asymmetric conflicts.
Hence in contrast to the other ESs we have to take the diregtithe disabling relation into account.

The main difference between redundancy of priority in PP&®kthe other three models is due to
events that are indirectly related by causality. In PPESsaldy is a transitive relation, i.e. all pairs
which are indirectly related by causality are directly tethby causality as well. The enabling relation
of the other models is not transitive. Thus priority pairsween events that are only indirectly related
by enabling are not necessarily redundant. Unfortunatedyyumlike PPESSs, this means that we cannot
ensure after removing the redundant priority pairs thatrémeaining priority pairs necessarily lead to
pre-emption. So the other models hold more ambiguity to aaieod

Instead we show that if we limit our attention to a specificfmurationC a priority paire< € is
redundant if¢ <c eV e =<¢ € for PBESs or if¢ <c e for PEBESs. This allows us to ignore, for the
semantics with respect to specific configurations, additlgmpriority pairs between events indirectly
related by enabling for PBESs and by enabling, by disablimgven by combinations of enabling and
disabling for PEBESSs. In the case of PBESs we obtain a miityraisult this way.

Unfortunately in PDESs even priority pairs between evems are directly related by causality are
not necessarily redundant. So from a modelers perspeptiggity in DESs hold the biggest ambiguity
among all the studied ESs. In other words, one cannot figurtheuole priority plays at design time or
structure level, and whether this priority yields pre-eimptor not. Even at the configuration level, that
is not possible in general due to causal ambiguity.

Thus our main contributions are: 1.) We add priority as alyirscyclic relation on events to ESs.
2.) We show that the relation between priority and other exgations of an ES can lead to redundant
priority pairs, i.e. to priority pairs that do never (or aa$t for some configurations not) affect the behavior
of the ES. 3.) Then we show how to completely remove such paiPPESs and that this is in general
not possible in ESs with a more complex causality model liB&EBs, PEBESs, or PDESs. 4.) Instead
we show how to identify all priority pairs that are redunduasith respect to configurations in PBESs and
that the situation in PEBESs and DESs is different. 5.) Wevdtmw to identify (some of the) redundant
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priority pairs at the level of configurations in PEBESs andl@at again this is in general not possible in
the same way for PDESs.

After dropping or ignoring redundant priority pairs as désed above, the minimum potential for
overlapping between priority and causality can be foundREBs, while the maximum is in PDESs. In
PPESs all remaining priority pairs indeed affect the seifoante. exclude traces. In PBESs the same
holds with respect to specific configurations. In PEBESg ditepping the redundant priority pairs the
disabling relation has no overlapping with only priorityetted in the opposite direction.

In Sectiori 3.2 we show that adding priority complicates thignition of families of Iposets to capture
the semantics of prioritized ESs. We observe that becaugearity a single configuration may require
several Iposets to describe its semantics. The same alaggalies for DESs because of the causal
ambiguity. However note that priority does not lead to chasabiguity. Thus, we can define the
semantics of prioritized ESs by families of Iposets if we ad imsist on the requirement that there is
exactly one Iposet for each configuration. We leave the defmof such families of Iposets for future
work. Such families of Iposets for prioritized ESs may als{pho identify and ignore redundant priority
pairs in the case of PEBESs and PDESs. Another interestig fiar further research is to analyze how
priority influences the expressive power of ESs.
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