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DIRK HACHENBERGER AND DIETER JUNGNICKEL

BRUCK NETS WITH A TRANSITIVE DIRECTION™

To Helmur Salzmann on the oceasion of s 60 hivtiday

ABSTRACT. We start the systematic investigation of the geometric properties and the collineation
groups of Bruck nets N with a transitive direction (i.e. with a group  of central transiations
acting transitively on each line of a given parallel class P). After reviewing some basic properties
of such nets (in particular, their connection to difference matrices), we shall constder the problem
of what can be said if either N or G admits an interesting extension. Specifically, we shall handie
the following four situations: (1) there is a second transitive direction: {2) N is a translation net
{w.l.o.g. with translation group K containing G {3) the dual of N' P is a translation transversal
design {w.l.o.g. with translation group K containing G): (4) N admits a transversal {and can then
in fact be extended by adding a further parallel class). Our study of these problems will yield
interesting generalizations of known concepts (e.g. that of a fixed-point-free group automorph-
ism} and results {for affine and projective planes). We shall also see that a wide variety of
seemingly unrelated results and constructions scattered in the literature are in fact closeiy related
and should be viewed as part of a unified whole.

1. INTRODUCTION

In this note. we shall start the systematic investigation of the geometric
properties and the collineation groups of (finite) Bruck nets’ N with a
transitive direction (i.e. with a group G of central translations acting
transitively on each line of a given parallel class P). Such nets generalize the
notion of a projective plane with a (p, L)-transitivity for a tlag {p. L1 After
reviewing this result and some further basic properties of such nets (in
particular, their connection to difference matrices and orthomorphismsj. we
shall consider the problem of what can be said if either N or G admits an
interesting extension. Specifically, we shall study the following four
situations:

(1) There is a second transitive direction.

(2) N is simultaneously a translation net.

*The results of this paper will form part of the first author’s doctoral dissertation which is being
written under the supervision of the second author.

' All undefined terms will be explained in the following sections. As general background
references, we mention Hughes and Piper [10] and Pickert [24] for the theory of projective
planes and Beth et al. [3] for resuits from Design Theory and Finite Geometries. An extensive
survey on Latin squares, their geometries (i.e. nets and transversal designs) and their groups may
be found in [20] where an overview of this very active area of study 1s given.

Geometriae Dedicata 36: 287313, 1990.
C 1990 Kluwer Academic Publishers. Printed in the Netherlands.
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(3) The dual of N\P is a translation transversal design.
{4) N admits a transversal (and can then in fact be extended by adding a

further parallel class).

Our investigation of these problems will yield in ting generalizations o
known concepts (e.g. that of a ﬁxed-pomt—free group automorphism) and
results (for affine and projective planes). It will turn out that the concept of
central translations is much stronger than that of translations in general and
might be viewed as the natural generalization of translations of affine planes
to Bruck nets. We shall also see that a wide variety of seemingly little related
results and constructions scattered in the literature are in fact closely
connected and can be viewed as part of a unified whole by placing them in the
context of the investigation of collineation groups of Bruck nets which admit
sufficiently many central translations.

£
1

2. CENTRAL TRANSLATIONS AND DIFFERENCE MATRICES

In this section, we shall first review the basic material on Bruck nets with a
transitive direction and their representation by difference matrices and,

equivalently, by sets of pairwise orthogonal orthomorphisms which is
fundamental for the remainder of this paper. Our presentation basically
follows [ 18] (with some terrninological changes introduced in [20]) where
Theorem 2.3 below was first cxpuuuy stated. One may, nOwWeVver, arguc that
these results are already implicit in [15], though in a rather disguised form.
Following this, we shall give some new results on central translations.

We begin by recalling the definition of a Bruck net of order s and degree r
(or, for short, an (s,r)-net). This 1s an incidence structure with parallelism

N = (¥, L. |) satisfying the following axioms:

(N1) Any two points are joined by at most one line.
INIDY s amys mnnimt » Aand Avu lHma T o thows 3o ..u-n..n lisen T/ sas L
‘\l‘b’ UlUﬁ’[ ur l_y Uirst y unu «u _,V T Ly LIIGIC WU urn quc [22] 1w =] WlL'

(N3) Any two non-parallel lines intersect (in a unigue point, by (N l))
(N4) There are r = 3 parallel classes each consisting of s lines.

’

csTrrnr
€1 L.

In the language of Design Theory, an (s, r)-net is the same as an affine 1-design
S.(1,s,5%). The dual of an (s,r)-net is called a transversal design (denoted a
TD{r, s]); in this setting, the parallel classes of lines of a net become the point
classes of the TD. It is well known that an (s,r)-net is equxvalent tor—2

Gwen any collmeatlon y of a Bruck net N, we call y a translation if y has no
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tixed points but fixes each parallel class; the identity is also considered a
translation. We warn the reader that the product of two translations is not
necessarily a translation again; we shall discuss examples for this later. We

=

now recall the notion of a transitive direction for N:

2.1 DEFINITION. Let P be a parallel class of a Bruck net N. We say that N
1s P-transitive and call P a transitive direction for N, if N admits a group G of
translations with the following two properties:

(2.1) Each element of G fixes every line of P.
(2.2) Given aline Le P and two points p and g on L, there is a unique ye G
with p” =gq.

It should be noted that Definition 2.1 generalizes the notion of (p, L)-
transitivity in a projective plane II for a flag (p, L). To see this, consider the
affine plane N obtained from IT by using the line L as the line at infinity; then
I is (p. L)-transitive if and only if the parallel class P of N determined by pisa
transitive direction for N. Since p is the center of the corresponding elations
of I, translations satisfying condition (2.1) for a suitable parallel class P will
be called central translations with direction P.> Note that, in general, a
translation of a Bruck net need not be central. We shall discuss some
important general results concerning central translations at the end of this
section.

We next give the definition of two types of difference matrices:

2.2 DEFINITION. Let G be an additively written (but not necessarily
abelian) group of order s and let D =(d;;)i—y. ,;-1. s be a matrix with
entries from G. We call D a left (s, r)-difference matrix over G, if the following
condition is satisfied:
(2.3) {—dj+d;:j=1,...,5) =G for any two distinct indices
hie{l,...,r}.
In other words, the ‘left’ differences of corresponding entries of any two rows
in D contain each element of G exactly once. Similarly, we shali cail D a right
(s, r)-difference matrix if it satisfies the condition
(2.3) {dj—dy:j=1,...,5} =G for any two distinct indices
(1 )

L i~ M
niceyi,...,Fy.

Of course, it makes no essential difference which one of these conditions is
considered since replacing D by — D interchanges the two species of difference

2 In [18] and [23], the term ‘strict translations’ was used instead.
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matrices defined by (2.3) and (2.3'), respectively. In the abelian case, both
conditions are equivalent, anyway. Thus we may suppress the specification
‘left’ and ‘right’, respectively, if we are in the abelian case or if we only talk
about questions of existence. Usually, the term ‘difference matrix’ in the
literature means ‘right difference matrix’ as defined here. In what follows, we
shall indeed need both types of difference matrices.

The following fundamental result on the equivalence of difference matrices
and Bruck nets with a transitive direction was first explicitly stated in [18];
since it is crucial for all that follows, we shall include its proof.

2.3 THEOREM. The existence of an (s,r)-difference matrix D over G is
equivalent to that of an (s,r + 1)-net N admitting G as a transitive group of
central translations ( for a suitable direction P).

Proof. First,let D be a left (s, r)-difference matrix over G. We construct N as
follows: As point set, we choose V ={(j,x):j=1,...,s xeG}. We then
define parallel classes of lines Py = {L;:j=1,...,s} and P;={L, .: xe G} for
i=1...,r,where L;={(j,x): xe G} and L,X—{(],d +x):j=1,...,s}. Itis

then clear that the P {1 =0, ,r) are indeed namlle] classes nflmpq and that

LA Lleal tilal LI Voo Qi 222000 QIGL0E LAGSSTe UL 121283 4 ial

G acts on N as a group of central translations: The element g € G maps (j, x) to
(J, x + g), fixes each line in P, and maps L;, to L;,,,; hence N is Py-
transitive. It only remains to check that N is indeed a Bruck net, which
requires proving that any two non-paraliel lines intersect in a unique point.
This is clear if one of the lines belongs to P thus consider any two lines L; ,
and L, , where h # i and note that a point (j, z) is on both lines if and only if
we have z =d;; + x = d,; + y. This condition is equivalent to the equations
:=d;;+ x and —d,; + d;; = y — x; the second of these equations has a unique
solution for j by (2.3), and then z is determined from the first equation.
Conversely, if N is an (s,r + 1)-net with G as a transitive group of central
translations with direction P,, we can choose a ‘base point’ p; on each of the
lines L;in Py; the condition (2.2) allows us to identify each point p;. of L; with
the pair (j, x) where x is the unique element of G which maps p; to p;.. We then

choose a ‘base line’ L;, in each of the remaining parallel classes P;
(i=1,...,r) and define D by writing L, , ={(j.d;):j=1,..., s}, where (j. d;)) is
the point of intersection of L; , with L;. As G fixes each parallel class, we see at
once that we have P;={L; .: xe G}, where Li,={(,d;+x):j=1,...,s}. The
argument that D is a left difference matrix is now just the converse of the
computation in the first part of the proof. O
We remark that we have chosen D to be a left difference matrix in the proof of
Theorem 2.3 in order to make sure that we can have G act by right
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translation® (which is both customary and preferable in studving the
connections to translation nets later). If we had considered right difference
matrices instead, we would then have to let G act by left translation.
However, in the dual setting of transversal designs in Section 5, we shall need
right difference matrices for similar reasons.

We mentio
situation of Theorem 2. 3 (cf. Pickert [25]). The ﬁrst of these is in terms of
Latin squares: N belongs to a set of MOLS one of which is the group table of
G, while the remaining Latin squares arise from this group table by suitable
column permutations. The second condition is in terms of configurations: N
satisfies the Reidemeister condition with respect to P and any two other
parallel classes as well as the Desargues condition with respect to P. We shall
not make use of these results.

Difference matrices have first been explicitly used by Bose and Bush [5] for
the construction of sets of MOLS; the term ‘difference matrix’ was introduced
in [15]. They are equivalent to the ‘orthomorphism method’ for constructing
MOLS, which is due to Mann [21] (who rather uses the equivalent
terminology of ‘complete mappings’) and to Johnson er al. [12]. Since it will
be very convenient to use the language of orthomorphisms later, we shall
recall the required definitions; again, we shall need to distinguish two species

of orthomorphisms.

her conditions which are cqmva:cm to the

2.4 DEFINITION. A left orthomorphism of a group G is a permutation ¢ for
which the mapping g— —g+¢(g) is also a permutation of G. Two left
orthomorphisms 6 and ¢ are called orthogonal if the mapping
g— —o(g)+0(g) is also a permutation of G. Similarly, ¢ is called a right

orthomorphism of G if the mapping g —g— ¢(g) is a permutation; two right
orthomorphisms 6 and ¢ are called orthogonal if the mapping g — ¢(g) — 8(g)

is also a permutation of G.

2.5 LEMMA. Let G be a group of order s. Then the existence of a left (s, r)-
difference matrix over G is equivalent to that of r —2 pairwise orthogonal left
orthomorphisms of G.*

Proof. Let D be a left difference matrix which is w.l.o.g. normalized, ie. D
has first row and first column containing entries 0 only (which may be

3 In [3] and [18] we have, unfortunately, made a mistake by using right difference matrices
where we should have used left difference matrices.

* Evans [9] considers the orthomorphism graph Orth(G) of G, the vertices of which are the left
orthomorphisms with two orthomorphisms being adjacent if and only if they are orthogonal.
Thus a left (s, r)-difference matrix over G is equivalent to a clique of size r—2 in Orth(G).
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achieved by suitable left additions to the columns and right additions to the
rows). We then see that we may consider rows 2,...,r as permutations of G,

where row 2 is taken to be the identity permutation (i.e. we may index the

inn (D N far

£ N ke thhns N rou
0N &L 05101 TOW
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columns o

2 and i > 3 just means that the permutation belonging to row i is a left
orthomorphism which will be denoted by ¢,. Condition (2.3) for rows hand i
(with h, i > 3 and h # i) thus just means that the corresponding orthomor-

phisms ¢, and ¢; are orthogonal. The converse is similar. O

The fact that a left difference matrix D determines a net N(D) thus just
corresponds to the well-known result that the existence of ¢ pairwise
orthogonal orthomorphisms of G implies that of t + 1 MOLS of order |G|.
Orthomorphisms have been studied for a long time; some of our results below
will then generalize known theorems on affine planes described by complete
sets of pairwise orthogonal orthomorphisms (1.e. t = |G| — 2) or, equivalently,
Cartesian groups to Bruck nets.

We now give a slightly different description of Bruck nets with a transitive
direction using orthomorphisms:

2.6 REMARK. As in the proof of 2.5, we index the columns of the
normalized left difference matrix D by the elements of G (using the second
row). Then we may change our coordinatization of the associated Bruck net
correspondingly: We now identify the point set with G x G and label the lines
of Py as L, = {(g.2): z€ G} (g€ G); as D is normalized, the lines in P, are the
L,.=1{(g.2): geG}. Then the remaining lines may be written in the form
Li.={{x.0)eGxG: pi(x)+z=y}(withi=2,...,r and z € G}) which looks
quite as in the classical case of affine planes over a field (where, of course, the
corresponding orthomorphisms are induced by multiplication with suitable
elements). This is the notation used by Evans [9]. In Section 4, we shal

require a slight variation of this representation.

We close this section with a few simple but important geometric results which
seem to be new. They show that central translations may be considered to be
the natural generalization of the concept of translations from affine planes to
Bruck nets. Note that general translations of Bruck nets may behave rather
strangely; for instance, there may be more than one translation mapping a
point p to a given other point q. Examples for this situation are contained in
the work of Sprague [30]. However, central translations cannot behave like
this:
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2.7 PROPOSITION. Let p and p' be two points of a Bruck net N. Then there
exists at most one central translation 7 with p” = p'3

Proof. Note first that the existence of a central translation ; with p? =p’
implies that p and p’ lie on a common line L. Consider any point g not on L
which is joined to p by a line M, and denote by L' and M’ the parallels to L
and M through g and p’, respectively. Since 7 is a central translation, g7 is the
point of intersection of M’ and L'. Thus the images of points joined to p are
uniquely determined by p’. Now let x be any point distinct from p on L. Since
r = 3 by definition of a Bruck net, we may choose non-parallel lines M and N
distinct from L through p and x, respectively. Then M and N intersect in a
point g, and — as we have seen — p’ determines the image g’ of g; then, using the
same argument, ¢’ determines the image x’ of x. Thus 7 is also determined for
all points on L. It is now easily seen that y is uniquely determined for every
point. ]

2.8 LEMMA. Let N be a Bruck net, let y be a central translatton with
irection P and let 6 be a ‘d olli Xi?
classes of N). Then 696 is also a central translation with direction P
Proof. Itis clear that 6~ !0 fixes every line in P. If 6~ 'y has a fixed point
p. the proof of 2.7 above shows that § ~'y6 = id. (Note that we did not use the
fact that p' # p.) Thus 6 !9 is either fixed-point-free or the identity, i.e. a

(central) translation. O

It should be noted that dilatations can behave quite strangely, too; for
instance, a non-identity dilatation may have several fixed points. The reader
is invited to construct examples for this situation. Trivially, all dilatations of a
Bruck net N form a group D. Then we have the following consequence of the

2.9 COROLLARY. Let N be a Bruck net which is transitive in direction P,
and denote the corresponding group of central translations by G. Then G is a
normal subgroup of the group of dilatations of N.

Proof. As usual, denote the order of N by s; thus G consists of s central
translations with direction P. Now let  be any dilatation of N. By Lemma
2.8, 1G5 also consists of s central translations with direction P. But by
Proposition 2.7, there are at most s central translations with direction P.
Thus we have § 1G5 =G. O

> In the next few results, we view the groups considered as permutation groups; thus we shall
now write groups multiplicatively and denote images using exponential notation.
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3. BRUCK NETS WITH TWO TRANSITIVE DIRECTIONS

In this section we consider Bruck nets admitting at least two transitive
directions. Here we have the following fundamental result:

3.1 THEOREM. Let N be a Bruck net which has two transitive directions P
and Q, and denote the corresponding transitive groups of central transiations by
G and H, respectively. Then the collineation group K generated by G and H is
the direct product G x H. Moreover, K consists of translations of N and acts
regularly on the point set of N.

Proof. 1t 1s clear that one has |G N H| = 1. Thus the assertion is a simple
consequence of Corollary 2.9 which shows that both G and H are normal
subgroups of K which obviously acts regularly on the point set of N and
consists of translations of N. O

We emphasize that a net with two transitive directions does not necessarily
have all its parallel classes as transitive directions, even though the group
K = G x H acts as a transitive group of translations. This is due to the fact
that the remaining translations in K need not be central. To discuss this
problem in its proper setting, we have to recall the notion of a translation net
as introduced in [16] and [30].

3.2 DEFINITION. Let K be a collineation group of a Bruck net N which
acts regularly on the set of points and fixes each parallel class. Then N is
called a translation net with translation group K.

In [30]. Sprague gave examples for the fact that a Bruck net may be a
translation net with respect to different, even non-isomorphic, translation
groups. Thus a translation net should always be considered as a pair (N, K).
Translation nets can be described by the following generalization of André’s
[1] congruence partitions:

3.3 DEFINITION. Let K be a group of order s* and let U,,..., U, (with
r = 3) be pairwise disjoint subgroups of order s, i.e. subgroups satisfying
U;nU;={0} (or, equivalently, U;+U;=K) whenever i#j Then
U=1{U,,...,U,} is called a partial congruence partition of order s and degree
r (or, for short, an (s,r)-PCP) with components U,,...,U,.

3.4 PROPOSITION. Let U be an (s,r}-PCP in the group K. Then the
incidence structure

N=DU)=(K, {U;+x:i=1,....,r; xeK}, €)

is an (s, r)-translation net with translation group K. Moreover, every translation
net may be represented in this way.
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The simple proof (which may be found in {3], [16] or [30]) will be left to
the reader. We just sketch how one constructs the PCP from the net: One
identifies the point set of N with K and takes as the U, the stabilizers of the
lines through the point 0. In this terminology, Theorem 3.1 says that a Bruck
net with two transitive directions P and Q is a translation net with a
translation group K which is the direct product of the two transitive groups G
and H of central translations (which are, of course, among the Ul, since they

1.

rra tha cenlails +lan ag e
LT LIIICO 1

arc tne staoviiizers o
such a translation net is called a splitting translation net (cf. [2]). In this
connection, we note the following interesting (but simple) results of Sprague
{30] on the structure of translation nets; part (a) is in fact obvious and proofs

for parts (b) and (c) will be a by-product of work in Section 4.

L

i i D an mAagmant v Far alhviniig raagcnance
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3.5 PROPOSITION. Let N be a translation (s, r)-net with translation group
K, described by the PCP U. Then one has the following:

(@) U; is a normal subgroup of K if and only if U; consists of central
translations.

(by If U, is a normal subgroup, then the remaining components U,,..., U,
are all isomorphic.

(c) If both U, and U, are normal subgroups, then all components are
isomorphic and one has K = U, x U,.

(d} If three components of U are normal, then K is abelian and thus all

components are normal.

Sprague [30] gives examples showing that all the cases mentioned in 3.5 can
actually occur. As a consequence of 3.5, we have the following result:

3.6 COROLLARY. Let N be a Bruck net with two transitive directions, as in
Theorem 3.1. Then the groups G and H are isomorphic.

A8 ¥4

We have now seen Uld[ Bruck nets Wl[ﬂ two ernsmve mrcuwns are
equivalent to splitting translation nets. Recently, these have been studied
extensively by Bailey and Jungnickel [2]. Evans [9] has studied the same
problem in a different but equivalent formulation. We shall once more return
to splitting translation nets in the next section where we study a more general
situation.

4. TRANSLATION NETS WITH A TRANSITIVE DIRECTION

In this section we shall consider the connection between translation nets and

nets with a transitive direction. We first show that the COI'I'CSpOIlCllng Pers
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allow the construction of a collection of difference matrices: this result is
basically contained in [16].

4.1 PROPOSITION. Let G be a component of an (s.r)-PCP U in the group
K. Then there exists an (s, r — 1)-difference matrix over G.

Proof. Let U={U,,..., U,} and assume w.l.o.g. that G=U,. We shall give
an explicit construction for a left (s,r — 1)-difference matrix D over G. Put
H=U, and note that every element ke K has a unique representation
k=h+g with ge G and he H. In particular, every e U, (i=1,.... r—1)hasa

lmmue rcnresgnmfmn in the form 1/—- h+ 0, (h) with he H and Q; th\::{‘ Asg
each U, is a system of coset representatives for G. this defines r — | mappings
0:H->G(i=1,...,r—1). Wenow construct amatrix D = (dy)i— 1., 1.hen
over G by putting d;,:= ¢,(h) and claim that D is a left difference matrix. To

see this, consider two different rows i and j of D and assume that

(%) —@ix) + @i(x) = —;(y) + ¢;(y) forx, yeH:
we have to show that this implies x = y. By definition of the ¢,(h), there are
elements wu'elU; and v, v'elU; satisfying x+ @ x)=u, y+ oy R

Xx+o@ix)=v and y+¢;(y)=v. Thus (*) implies (—u+‘€)+(~‘(+t)
=(—u'+y)+ (—\+b)and thus ' —u=v'—velU,~U;= {0} which gives
u=u and v=1v. We now have x+¢)(x)=u=y + ¢@;(y) and thus
0()) —@ilx) = =y + xeGn H = {0} which finally proves that indeed
X =) a

We note that the mappings ¢; in the preceding proof have the following
properties:

(4.1) @,(h) =0 for all he H;

(4.2) @, is a bijection fixing O for i =2, ..., r — I;

(4.3) For any two distinct indices ije{l,...,r—1}, the mapping
h— —,(h)+ ¢;(h) is also a bijection.

Since this would for G= H be the properties of pairwise orthogonal left
orthomorphisms, we introduce the following terminology:

4.2 DEFINITION. Let G and H be two groups of order s. Any bijection
@: H— G will be called a (G, H)-orthomorphism; two (G, H)-orthomorphisms
¢ and 6 will be called orthogonal. if the mapping h— — @(h)+6(h) is also a
bijection.

43 REMARK. Let G and H be any two groups of order s. Then a
normalized left (s, r)-difference matrix D over G and a system of r — 1 pairwise

orthogonal (G, H)-orthomorphisms ® = {¢,, ..., ¢,} are equivalent objects.
(Given D. the required (G, H)-orthomorphisms can be obtained in the
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obvious way after arbitrarily indexing the columns of D with the elements of

H.) We may use this to give a final alternative description of the correspond-

ing (s, r+ 1)-net which generalizes that of Evans [9] discussed in Remark 2.6:

We now identify the point set with the set H x G and label the lines of P, as

L,=(h.g):geG} (heH), as D is normalized, the lines in P, are the

L,.={(h.z): he H} (zeG). The remaining lines may be written in the form
=ith.g)e HxG: pj(h)+==g} (i=2,...,r:z€G).

The following geometric result is an immediate consequence of 2.3, 3.4 and
4.1:

4.4 COROLLARY. The existence of a translation (s,r)-net implies that of an
(s, r)-net with a transitive direction.

4.5 PROPOSITION. Let G=U

group K and let N be the corresponding translation net. Put H=U, and
construct the left (s,r— 1)-difference matrix D over G as in the proof of

Proposition 4.1. Finally, denote the (s, r)-net corresponding to D (as described in
Remark 4.3) by M. Then N is isomorphic to M if and only if G is a normal
subgroup of K

Proof. We use the fact that every element ke K has a unique represen-
tation k=h+g with geG and heH to identifv K with the set

HxG= Sh - he and 0 Gl Tlcino the notation of the nroof of 4.1 and of
X AJ Wik ). T AT alll § © Uy Usiilg the notation of the Proci O <1 alu ol
4.3, we now have
— f - —
U, +z={h o;hy+z2:heH}=1L,.
£oon s 1 1 nomvAd e~ 07 Thitc thn ti3rn 1madbc N 2 d M haovatha w1 ;aarallal
Iori=1 SF — 1 alll c o U, 11HUd LHT LWUOU 1ICLWS 1 ailld 1Yl 11a vyl Liic 7 I pairaiivi

classes P,,...,P,_, in common. Returning to standard notation and
identifying the point set with K again, we see that M contains the further
parallel class Po={L,: he H} with L,={(h,g): g€ G} =h+ G, and N contains
the further parallei class P,= {G + h: he H}. Clearly, these two parallel classes
agree if and only if G is a normal subgroup of K. O

In view of Proposition 4.5, it will be natural to consider PCPs with a normal

comnonent. Fpnmptrlral]v these correspond to Bruc k nets N with a

RASEREY O FR A e Vi U 2 Ll e LS ilaz

transitive direction which are simultaneously translation nets. Denoting the
translation group by K and the transitive group of central translations by G,
we have G <a K in the situation of 4.5. However, this is not necessarily true in

a4 .._..A U D S oW

senera ‘-‘ P T ac all < a £~ | [
2C1 1€T not Cveir wWIIiCI 1N db alr it U. lCLUUllb lldllblLlVC lllC 1OHOWLIE
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example due to Sprague [30] illustrates this: The translation (6, 3)-net N with
translation group ZgxZ¢ and components {0} xZgs, Zgx{0} and
{(z,2): ze Z¢} with three transitive directions can also be represented as a
translation net with a non-abelian translation group K with only one
transitive direction. For details, the reader is referred to [30]. A further
example for this situation will be given in 6.7 below. Nevertheless, the
following result shows that we may w.l.o.g. assume that there arises the more

pleasant situation where G is contained in K.

4.6 PROPOSITION. Let N be a translation net with translation group K and
assume that N is also P-transitive for some direction P, with corresponding
group G of central translations. Then N is also a translation net for some
translation group K' containing G as a normal subgroup.

Proof. Let N be represented by the partial congruence partition U in K (as
in 3.4). If G i1s one of the components of U, there is nothing to prove. Thus
assume the contrary, and let U be the component of U corresponding to the
line L of P through the origin O. Choose any other component V
(corresponding to the line M through O) of U and consider the group K’
generated by G and V. Clearly K' has order at most s? (since both G and V
have order s) and consists of dilatations of N. By Corollary 2.9, G is a normal
subgroup of K'. Also, given any point p of N, there is an element of K’
mapping O to p: To see this, note first that the lines in the parallel class P are
the images of L under the elements of V, since the s translations in V clearly
act transitively on the s lines in P. Thus let L’ be the line through p in P and
choose § e V with L' = L%. Then O° lies on L', and since G is a transitive group
of central translations with direction P, there exists ye G with 0% = p. Thus
K’ contains at least s? translations. It follows that K’ has order s? and acts
regularly on the point set of N, which means that K’ is a translation group
for N. O

Thus we may assume from now on that G is a normal subgroup of K
whenever we study a Bruck net N with a transitive group G of central
translations which is simultaneously a translation net with translation group
K. In the previous section, we have already considered the special case where
N actually admits a second transitive group H of central translations; as we
have seen, we may then even assume K = G x H. We shall now study the case
where K does not necessarily split as a direct product. This will result in an
interesting generalization of the notion of fixed-point-free group automor-
phisms. We first introduce the following generalization of group homomor-
phisms:
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4.7 DEFINITION. Let G and H be two groups. and let n: H - Aut G be a
homomorphism. A mapping ¢: H— G is called a semi-homomorphism (with
companion homomorphism r) if it satisfies the following condition:

(4.4) ph + ) = . (@(h) + k),

where we write n, for the automorphism n(h) of G. A bijective semi-
homomorphism will be called a semi-isomorphism.

Note that (4.4) reduces to the definition of a homomorphism in the trivial case
where m, =1id; for all he H. In order to explain the meaning of semi-
homomorphisms, we recall that we may use = to form a semi-direct product
K of G by H as follows (see, e.g., Huppert [11]): K is defined on the set H x G
with addition

(45) (h’ 9) +n(hl’ gl) = (h + h’v nh’(g) + g’)’

for the trivial choice of r, this gives of course the direct sum G @ H. We shall
now show that semi-homomorphisms are equivalent to subgroups U of K of
the same order as H which intersect the subgroup G~ = {0} x G trivially:

48 LEMMA. Let G and H be two finite groups, let n: H—AutG be a
homomorphism, and denote the corresponding semi-direct product of G by H as
K. Finally, let ¢: H— G be a semi-homomorphism. Then U, ={(h, ¢(h)): he H}
is a subgroup of K of order |H| with \U NG| = 1; moreover, U, is isomorphic to
H. Conversely, any subgroup U of order |H| intersecting G trivially can be
represented in this way.

Proof. We first note that a semi-homomorphism satisfies ¢(0) = 0; this is
easily seen by putting h=0 in (4.4). Thus U, contains (0, 0). It now suffices to
show that U, is closed under addition. But in view of (4.5) this requirement
just reduces to the defining condition (4.4) for a semi-homomorphism.
Conversely, let U be a subgroup of K of order |H| with [UnG |=1. For
reasons of cardinality, U intersects each coset of G in exactly one element.
Since these cosets are the sets (h,0) + G, we may write U = {(h, o(h)): he H}
for a suitable mapping ¢: H - G. Using (4.5) and the fact that U is closed
under addition, we obtain the validity of (4.4). It remains to show that U, is
indeed isomorphic to H. Define «: H - U, by a(h):= (h, ¢(h)). Then « is an
isomorphism, since we have

ah + H)=(h+ K, oh + 1)) = (h + I, m,(o(h) + @(h))
= (h, o(h) + (1, p(h)) = a(h) + ah'). a

We can now prove the following result characterizing the PCPs with a
normal component:
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4.9 PROPOSITION. Let G and H be two groups of order s, let n: H— Aut G
be a homomorphism and denote the corresponding semi-direct product of G by H
as K. Finally, let ® ={¢@,,....¢,_} be a system of pairwise orthogonal semi-
isomorphisms from H onto G. Then the corresponding (s, r)-net N (cf. Remark
4.3) is a translation net with translation group K. Moreover, N belongs to
the PCP U={U,,...,U,}, where U;=Hx{0}, U,={0}xG and U;=
Hh,odh)y:heH} for i=2,...,r—1. Conversely, every translation net with a
transitive direction may be obtained in this way.

Proof. We see from Remark 4.3 that we have U,=L,,, U,=L, and
U;=L;y for i=2,...,r—1; this shows that U satisfies the condition
U;nU;=10} for any two distinct indices i and j. By Lemma 4.8, each U,
(i=2,....,r—1)1s a subgroup of K. Thus U is indeed a PCP. Constructing
from U the associated mappings H— G as in the proof of Proposition 4.1 just
gives the ¢; we started with. Since G is a normal subgroup of K, the
translation net belonging to U and the net N belonging to @ coincide (as we
have seen in the proof of Proposition 4.5). Conversely, let N be any
translation (s, r)}-net with translation group K and a transitive direction with

corresponding group G of central translations. By Proposition 4.6, we may
assume that G is a normal subgroup of K. Let U be the corresponding PCP
and proceed as in the proof of 4.1 to obtain a system ®={¢,,...,¢,_,} of
pairwise orthogonal (G, H)-orthomorphisms from H onto G. As G is a normal
subgroup of K with complement H, we may identify K with the semi-direct
product of G by H for the suitable homomorphism # from H into Aut G (in
fact, m, is the conjugation by h restricted to G). By the definition of the ¢;, we

then have U; = {(h, ¢;(h

I arrrmn A Q o Qao
LAILIIa .6, wi 500

isomorphisms. O

We mention that 4.9 also provides a proof of parts (b) and (c) of Theorem 3.5,
since U; (i=2,...,r—1) is isomorphic to H= U, by Lemma 4.9,

In view of the preceding arguments, we shall call a translation net with (at
least) one transitive direction a semi-splitting translation net. Then the
previous results may be combined to obtain the following characterization

th n g
LHCUICIIL

—

4.10 THEOREM. The following are equivalent concepts:

(a) semi-splitting translation nets;
(b) PCPs with a normal component;
(c) systems of pairwise orthogonal semi-isomorphisms.

We now specialize our results to the case of direct products. Then we have
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7, =1d,; for all he H. and thus our pairwise orthogonal semi-isomorphisms
H —G become pairwise orthogonal isomorphisms. But then we may as well
replace H by the isomorphic group G and the isomorphisms become pairwise
orthogonal tixed-point-free automorphisms of G. Together with the results of

Section 3. we obtain from 4.10 the following result:

411 THEOREM. The following are equivalent concepts:

(a) Bruck nets with two transitive directions;
(b) splitting translation nets;

(c) PCPs with two normal components;
(d) :

The equivalence of parts (b), (c) and (d) of Theorem 4.11 has already been
shown by Bailey and Jungnickel [2] using different arguments. This result

generalizes the well-known result that a system of s — 2 pairwise orthogonal

LAALLS ¢ 2 Calil Joveadl

orthomorphisms of a group G of order s describes an affine translation plane
if and only if these orthomorphisms are in fact fixed-point-free group
automorphisms. This result is due to Repphun [26] and has recently been
rediscovered by Evans [9]. The main results of Evans' paper concern the
derivation of upper bounds on the number of pairwise orthogonal fixed-
point-free group automorphisms. In view of Theorem 4.11, this question is
equivalent to bounds on the maximum number of components in a PCP
describing a splitting translation net. Thus most of his results in this direction
are special cases of corresponding bounds in [19] which hold for translation
nets in general. Moreover, in the special case of splitting translation nets one
can obtain much stronger results (see [2]); in particular, these authors
determine the exact maximum number of components of a splitting trans-
lation net, i.e. of pairwise orthogonal fixed-point-free group automorphisms

for every abelian group G.

AV V)

ol is section W s
We conclude this section with a few examples o

¢ con
are not isomorphisms:

4.12 EXAMPLE. Let G=Z,: be the cyclic group of residues mod p?, where
p is an odd prime. We define an automorphism n, of G by n,(x)=(p+ I)x.
Note that an easy induction shows

*) Ta(X) = (7, - (X)) = (p + 1)"x = (np + D)x

for all xeG. In view of (*), the mapping n: G >Aut G with n:n—m, is a
homomorphism and therefore defines a semi-direct product K of G by itself;
we leave it to the reader to show that K is the metacyclic group of order



302 DIRK HACHENBERGER AND DIETER JUNGNICKEL

+ (cf. Huppert [11,111.12.6]). We now define p—1 mappings ¢,:G—>G
(i=1,...,p—1) by putting

pixy — 1)
Ty

=

(**) ¢i(y):=1y

we claim that these mappings are semi-isomorphisms of G onto itself. We first
show that they are bijections. Thus assume ¢;(v)=¢;(z), ie. i(y—z2)=
pi(z> —z—y?+y)/2. Then p has to divide y —z and thus also y* -z it follows
that p divides z>—z—y*+y and therefore p? divides y—z (since i is not
divisible by p), which shows that y =z in G. It remains to show that ¢, satisfies

AAAAAAAA IA A ‘ IE Wy l:k
condition (4.4). But (*) and (**) give

piy + )y +y — 1)
2

—~

oy +Y)=iy+y)+

iy + 2y — 1 o iy —1
piyQy = )JH)‘_‘LP.(_7 )

“~

iy + piv(y — 1 v — 1
=(p) + 1)<—-———-—' P ',>(’ )) + iy + Pty = 1

= 1, (@{y)) + 0;()).

It is easily checked that the ¢, are pairwise orthogonal. Thus there exists a
(p?, p+1)-PCP with a normal component in K. We remark that such a PCP
has already been constructed explicitly in the metacyclic group of order p* in

[16].
4.13 EXAMPLE. We form a semi-direct product K of G=Z, by H=S;,

i adl=bi=1. bab=a*> tinlicat: r
where we write 3——<(4' b =0 =1, vaoc=a") 1uu1upucauvpx_y rOor

n:H—AutG we choose the homomorphism defined by n,=id; and
m,: =— 5z. Then the mapping ¢ defined by

=iy +

2
Y. Z

150, a-»2, a*—4, b->3, ba—5 ba*—-1

1s a semi-isomorphism. This may be checked by direct verification. This
example is adapted from a PCP given by Sprague [30]. We leave the readers
to convince themselves that it is also possible to form a semi-direct product of

G=5; by H=Zg and to find a semi-isomorphism in this case, too.

5. CLASS REGULAR AND TRANSLATION TRANSVERSAL DESIGNS

In this section, we consider the dual version of Bruck nets with a transitive
direction, i.e. ‘class regular’ transversal designs. and their connection to the
translation transversal designs studied by Schulz [27]-[29] and Biliotti and
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Micelli [4]. The correspondence between right difference matrices and class
regular TDs was the original way of giving a geometrical interpretation of
difference matrices (cf. [2]. [14]. [18]). We first recall the definition of class
regularity:

5.1 DEFINITION. Let G be a collineation group of a transversal design D.
Then D is called class regular with respect to G if G fixes the point classes of D
and acts regularly on each of the point classes.

It is easily seen that a class regular TD is resolvable (with the orbits of G on
the lines of D as parallel classes); thus D may be extended to a larger TD by

adding a further point class P. Note that G will fix every point in this new
point class. When dualizing the notion of an (s,r + 1)-net N with a transitive
direction P, we obtain a class regular TD[r, s] corresponding to the s parallel
classes #P of N; then the new point class P that may be added corresponds
to P. We refer the reader to [ 3] for details on class regular TDs. The following

result may be considered as the dual version of Theorem 2.3.

5.2 THEOREM. The existence of an (s, r)-difference matrix over G is equiva-
lent to that of a class reqular TD[r,s] (with respect to G).

Proof. Since the proof is similar to that of Theorem 2.3 and may be found
in [3] or [14], we shall only sketch the construction of the TD from the
difference matrix. (Note that one now needs to use right difference matrices if
G is supposed to act on the TD from the right.) Thus let D be a right (s,r)-
difference matrix over G and define an incidence structure D as follows. The
point set V consists of all pairs (i,g) with i=1, ..., rand g€ G. As blocks one
chooses the sets B; .:= {(i,d;;+y)i=1,....r} where j=1,...,sand yeG.

g

5.3 REMARK. As in Lemma 2.5, we may identify a normalized right (s, r)-
difference matrix D with a system of r—2 pairwise orthogonal right
orthomorphisms ¢s,..., ¢, of G. Let ¢, and ¢, be defined by ¢,(9)=0 and
©ly)=y. respectively, for all geG. Of course, this again corresponds to
indexing the columns of D with the elements in the second row. In analogy to
Remark 2.6. we may then give the following alternative description of the TD
D associated with D: Put ®={¢,,...,¢,} and V = ® x G. Then the blocks
are the sets

B, = (¢, 9)eV:g = p(x) + y}, where (x, »)€G x G.

The point classes are the sets P, = {(¢, g): g€ G} (with ¢ e ®) and ze G acts on
D as follows:

(0. g9) {0,y +2) and B, - B ...
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We shall now investigate under which conditions a class regular TD D is a
‘translation’ TD. Let us first recall the required definitions and basic results as
introduced by Schulz ([ 28], [29]).

5.4 DEFINITION. Let K be a collineation group of a resolvable transversal
design D which acts regularly on the set of points and fixes each parallel class.
Then D is called a translation transversal design (for short, a TTD) with
translation group K.

5.5 DEFINITION. Let K be a group of order rs. Then a set
U=.!G,U,,..., U} of pairwise disjoint subgroups of K is called an (s,r)-
partition of K if it satisfies the following conditions:

SN l1Gl=sand |U;f=rfori=1,...,s.
(5.2) Each ke K is contained in a component of U (which is, of course,
unique if k # 0).

We also call G the special component of U.

One now has the following analogue of Proposition 3.4

3.6 PROPOSITION. Ler U be an (s,r)-partition of the group K. Then the

i”(’i(]é’rl('(’ Structure
D=DU)=(K, [U;+g:i=1,....5:9geG}, €

is an translation TD[r,s] with translation group K; the point classes of D are
the right cosets of G. Moreover, every translation TD may be represented in this
way.

The proof of 5.6 will be left to the reader; it may be found in [4] and [29].
There 1s a well-developed theory of TTDs; they have been classified based on
the classification of finite groups with a partition. Many series of examples
have been constructed. We refer the reader to Biliotti and Micelli [4] and to
Schulz [27]-[29].

We next show the following analogue of Proposition 4.1:

5.7 PROPOSITION. Let G be the special component of an (s, r)-partition U
of the group K. Then there exists an (s, r)-difference matrix over G.

Proof. Let U={G.U,,...,U}: we shall give an explicit construction for a
right (s, r)-difference matrix D over G. Put H= U, and note that every element
k e K has a unique representation k=h+g¢g with ge G and he H. In particular,
everyue U, (i = 1,...,s) has a unique representation in the form u=h+ ¢,(i)
with he H and ¢, (i) e G. As each U, is a system of coset representatives for G,
this defines r mappings ¢,:{1..... s}—G (he H). We now construct a matrix
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D={dyjeyi-1 . over G by putting d;,;:= ¢,(i) and claim that D is a right
difference matrix. To see this. consider two distinct column indices i and j and
assume that

(*) Opli) — @) = @u(J) — @ilj) for h, ke H:

we have to show that this implies h=k. By definition of the ¢,(i), there are
elements wu'eU; and v,v'eU; satisfying h+e(l=u k+o ()=

h+oe,(jy=v and k+¢.(j)=tv. Thus (*) implies (—h+u}j—(—k+u)=
(—h+v)—(—k+v) and thus u—u' =v—1'e U;nU;= {0} which gives u=u’
and y=v. We now have h+o,li)=u=k+¢@i) and thus
Puli)— @)= —h+ke GnH={0} which finally proves that indeed h=k. ]

As in Section 4, one can show that the TDs belonging to U and D,
respectively, coincide if and only if G is a normal subgroup of K. We leave this

to the reader and now consider translation TDs which are also class regular.

Tha fallawing ragnlt 1 tmil.
1 10O WLILE | 38 1

5.8 PROPOSITION. Let D be a translation TD with translation group K and
assume that D is also class regular with respect to a group G'. Then D is also a
translation TD for some translation group K' containing G’ as a normal
subgroup.

Proof. Since the arguments required are similar to those used in Sections 2
and 4, we shall only sketch them. Let U={G,U,,...,U,} be the (s,r)-
partition of K describing D. Note that both G and G’ fix the point class G. In
the case G=G’, there is nothing to prove. Thus assume G#G’. One first
proves an analogue of Proposition 2.7, i.e. that any translation of D which
fixes each point class is uniquely determined by the image of a single point p.

Th 1 ~ and R ha It 1 to ~nf K A +1
inen ict x ana p OC aroitrary ¢icments 61 A ana &, xC”pﬁCLl'vuly, and check

that «~ 'Ba fixes each point class of D and is either fixed-point-free or the
identity. Using this, one proves that U, normalizes G’, and thus the group K’
generated by G" and U, is the semi-direct product of G’ by U ,. It is then easy
to see that K’ acts regularly on the points of D, which shows that D is also a
translation TD with respect to K. O

With the notation of the preceding theorem, the (s, r)-partition of the group
al com

mnonent. In view of

apiitais. 222

K’ describing D will of course have G’ ag its specia

LLoLiIVE SUISV QY JOAS IS SNl

Proposition 5.8, we therefore need only consider translation TDs represented
by an (s, r)-partition U in a group K for which the special component G is a

normal subgroup of K when we want to study TTDs which are simulta-
1 s “y‘-\ofknr thare
Wil

1 Alaga_ragnlar Wa ramarl that wa A4 avic
NCT UuiliT TALS

neousls 1y ciass-réguiar. vve rémarx wnat wé Go not KXnow
any (s,r)-partitions for which the special component is not a normal
subgroup. Note that K is a semi-direct product of G by H (where H is any
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other component of U) if the special component G is normal. Thus we have to
study (s, r)-partitions in suitable semi-direct products. The following result
characterizes such (s,r)-partitions: this is somewhat similar to Proposition
4.9.

5.9 PROPOSITION. Let G and H be two groups of orders s and r,
respectively. Also, let n: H—>AutG be a homomorphism and denote the
corresponding semi-direct product of G by H as K. Then the following two
assertions are equivalent:

(@) There exists an (s,r)-partition U of K with GA={0} x G as special
component and H = H x {0} as a further component.

(b) There exists a system ¥ = {y,:ge G} of semi-homomorphisms from H
into G (cf. Definition 4.7) satisfying the following condition:

(5.3) The mapping h— —r,(h)+ ((h) is injective for all f,ge G with
[#4
Proof. Firstlet U={G.U,...., U,} be an (s, r)-partition of K with H=U,

(where we abuse notation and identify G with G~ and H with H ). We
construct the mappings @, {1,....s} — G (he H) as in the proof of Proposi-
tion 5.7; as we have seen, these mappings define a normalized right
(s, r)-difference matrix. We may therefore change notation and index the
components of U by using the elements of G as index set (instead of the set
11,...,5}); then the ¢, become (pairwise orthogonal) mappings from G into
itself. We now define s mappings /,: H— G by putting Y (h):= ¢,(g). Using
this notation and the definition of the ¢,, we have

U ={h+ola: heH ={h+y (h): he H = {(h. & (h): he H}.
g 1 g/ i L Y gies 5 &Y \ 3

@t e Yg\itie

Now U, is closed under addition: in view of (4.5), this shows the validity of
(4.4) which means that the i, are semi-homomorphisms. It remains to check
the validity of (5.3). Thus we want to show

— Y M)+ ()=~ (k)+ ¢, (k)=h=k (with h, ke H and f, geG, f # g\
but this is equivalent to

— g+ o )= —0g)+ o (f)=h=k d

n\oJ /7 Tas T KNS 7 T

(with h, ke

1, an geaq, f # g).
kv J ’ v

hatnd J3 bl

Reordering terms, we want to show

ou9) — oulg) = ol ) =@ f)=h=k (with h, ke H and f g€G, [ #g)

which is true since the ¢, are pairwise orthogonal (as shown in the proof of
Proposition 5.7).
The converse is similar but simpler. Thus let W = {y/,: g€ G! be a system of
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semi-homomorphisms from H into G satisfying condition (5.3). Put
U,=(h.y,h): he H] (for all g€ G) and observe that the U, are subgroups of
K which intersect G trivially: this follows from Lemma 4.8, since the , are
semi-homomorphisms. Using (5.3), it is easily checked that one has
U,nU,={(0,0)} whenever f # ¢. Hence U={G,U,,..., U,! is the desired
(s.r)-partition of K. O

We note the following consequences of Proposition 5.9 which are analogous
to parts (b) and (¢) of Proposition 3.5:
5.10 COROLLARY. Let U={G,U,,...,U,} be an (s,r)-partition in K,
where the special component G is a normal subgroup. Then the remaining
('nmnnnpnts‘ [)f II are nmrwrse zsgmnrnhm
Proof. We put H=U; then K is a semi-direct product of G by H and we
may use the results of Proposition 5.9. Thus we have the system
¥={y,geG} of semi-homomorphisms from H into G; moreover, the

nnnnnnnnn ,\rnm...k ttan ac T — [(hL , (LYY L ~ T N |yInmmaAQ
\-UlllpUU\.lllD vl wvall Ub Wl lllbll ad>y o g _— 1\”, lyg\”}) < l )’ ix i.vililiia Tr.o
shows that U, = H. d0

5.11 COROLLARY. Let U={G,U,,...,U,} be an (s,r)-partition in K,
where both the special component G and a further component (say, H:= U,) are
normal subgroups. Then all U, are isomorphic to a subgroup H' of G, and
K = G x H. Moreover, the system ®={¢,: he H} of mappings constructed as
in the proof of Proposition 5.7 forms a group (isomorphic to H) with respect to

rmmrwr se addition.

Proof. In view of Corollary 5.10, the components U, are pairwise isomor-
phic. As in the proof of Proposition 5.9, we relabel the components as U, by
using the elements of G as indices. Since K is now the direct product of the
LOﬁipOﬁﬁﬁlb U dilu H lHC nomomorpmsm A xrom H 1n[0 AU[ U lS [erldl dn(]
all the semi-homomorphisms v, are in fact homomorphisms. Note that we
have Y 4(g9) = ¢,(0)=0 for all ge G (by construction of the ¢,). Then condition
(5.3) shows that all i, with g # 0 are injective; thus each U, is isomorphic to a
subgroup of G. It only remains to check the last assertion; thus let h, ke H and
g€ G. Then we have

Pn+ilg) = Yulh + k) = Y i(h) + (k) = 04(g) + 01(g) = (0r + @ N9)

which shows that the ¢, form a group isomorphic to H under pointwise
addition. 0

Corollary 5.11 admits the following converse:

5.12 PROPOSITION. Let G and H be groups of order s and r, respectively,
and let ®={¢,:he H} be a system of mappings from G into itself, where
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©olg) =0 for all ge G, ¢,(g)=g for all ge G (where 1 denotes xed element

#0 of H) and where the ¢, with h#0,1 ar

orthomorphisms of G. Assume that @ satisfies

f‘b

(5.4) On+ O = @Qyiy forall h, ke H,

i.e @ is a group isomorphic to H under pointwise addition. Then there exists an
(s, r)-partition U with special component G and a further component H in the
direct product K=G x H.
Proof. Put U, := {(h, 0,(9)): he H};
1 + + o

1% f L
SUDEIouUps Gi . uSiug neé iac

checks that the U, are pairwise disjoint. Hence U =
desired (s, r)-partition of K.

We shall call a TTD described by an (s, r)-partition as in Corollary 5.11 and
Proposition 5.12 a splitting TTD. Combining the previous results, we get the
following characterization:

35.13 THEOREM. The following are equivalent concepts:

{ay splitting translation TDs:
(b) svstems of group homomorphisms satisfying condition (5.3);
) difference matrices whose rows form a group under pointwise addition.

Theorem 5.13 generalizes the fact that dual translation planes and complete
systems of orthomorphisms forming together with the 0-mapping and the
identity a group under pointwise addition are equivalent; this result is due to
Repphun [26] and has been rediscovered by Evans [9]. We close this section
with a few cxamp'les of 5puuing I'TDs. ueany the mu;upucatu‘)i‘l table of
GF(p®). p a prime, is a difference matrix whose rows form a group H under
pointwise addition; this example belongs to the affine plane AG(2, p%) which
may be considered as a splitting TTD by removing any parallel class of lines.
Taking any proper subgroup of H yields further examples. We mention a

class of non-abelian examples:

5.14 EXAMPLE. Let G be any non-abelian p-group of order p® with
exponent p. let H=Z, and define K:= G x H. Then K is a non-abelian p-
group of order p**! with exponent p. Then the set of all subgroups {x),
where x runs over the elements of K\G, forms together with G a (p% p)-
partition of K with the normal components G and H.

6. EXTENSIONS

In this final section. we consider the problem of extending an (s, r)-net with a
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transitive direction to an (s.r + 1)-net. The following result is essentially due
to Ostrom [23] and has also been considered in [3] (where a slight mistake

difference matrices instead of left difference

has been made by using right
matrices).
6.1 THEOREM. Let D be a left (s,r — 1)-difference matrix over G and let N be

the associated (s.r)-net with transitive direction P, (as in Theorem 2.3). Then
the following conditions are equivalent:

(@) N has a ‘transversal’ (i.e. a set of s points meeting each line in a unique
point).

(b) N can be extended to an (s,r + 1)-net N’ with transitive direction P,.

(c) D can be extended to an (s,r)-difference matrix over G by adding a
suitable row.

i
. (J=1,...,5) be any s clements of G and put
= 1(],d,j).]—l,..., sj. Then T intersects each of the lines L; uniquely.
Since L;.=1{(j,d;;+x):j=1,....s}, the intersection points of T with L,
correspond to the soiutions of the equation

(*) —dy; +diy = —

Thus T is a transversal for N if and only if (*) has - for any given x and any
given i — a unique solution for j if and only if the row (d,,, ..., d,;) extends D to
an (s, r)-difference matrix. O

6.2 COROLLARY. Let N be a Bruck net with a transitive direction P. Then
every transversal is contained in a Bruck net N’ with the same transitive
direction P.

Note, however, that Corollary 6.2 does not claim that all extensions of N
have P as a transitive direction. It is still conceivable that a clever choice of
transversals results in a parallel class which is not fixed under the group G of
central translations of N with direction P. In fact, a construction due to Dow
[8] provides an infinite series of examples which we shall now sketch. We
refer the reader to Hughes and Piper [10] for the required results on affine

planes.

6.3 EXAMPLE. Let g be a prime power and consider the (g%, g* —g)-net N
which consists of the parallel or

AG(2,¢*) and its derived plane, the Hall plane H(g?). Then one may construct
a parallel class T of transversals of N which contains lines from the missing
parallel classes of both these planes. As the lines of H(g?) not in AG(2, ¢%) are

clagses in commaon to the Decar
v‘udd\tﬂ 111 Ww\J111111 A LU vilw A WVvOoRAL
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Baer subplanes of AG(2, ¢%), we may also say that we can form T by selecting
some of the missing lines of AG(2, ¢%) together with some Baer subplanes.
Since the translations of N are just those of AG(2, g?), it is then clear that the
extension N’ of N obtained by adjoining T cannot be invariant under the
translation group of N. Using results of Ostrom [22], one may show that N’
is then transversal-free. We refer the reader to Dow [8] for details.

However, if r is sufficiently large, then every extension of N will still have
transitive direction P. Recall that an (s, r)-net is said to have small deficiency if

the deficiency d:= s+ 1 —r satisfies the inequality s > (d—1)%,i.e.d < \/sif sis
a square. Note that the examples given in 6.3 have d=1+ \/5 Thus the
following result is best possible:

6.4 THEOREM. Let N be a Bruck net with transitive direction P. If N has
small deficiency, then every extension of N also has transitive direction P.
Proof. As N has small deficiency, we have the following result due to Bruck
[6]: Any two distinct transversals of N have at most one point in common. (A
proof of this may also be found in [3].) Now let T be a transversal of N and
denote the transitive group of central translations with direction P by G. By
Corollary 6.2, the orbit of T under G is a parallel class T of transversals of N.
Assume that T is also contained in another parallel class S of transversals of
N. Then any other transversal Se€S has to meet at least one of the s—1
transversals in T which are different from T in more than one point, a
contradiction. O

We note the following consequence of Theorem 6.4 which improves results of
Jungnickel [17].

6.5 THEOREM. Let N be a translation net of small deficiency with trans-
lation group K, and assume that N has order s # 4. Then any extension N’ of N
is also a translation net with translation group K. Moreover, the PCP
describing N' is obtained from that describing N by adding a further component.

Proof. Assume first that N has order s # 2 or 4. Then N has elementary
abelian translation group K by a result of [17] and thus all directions of N
are transitive by Proposition 3.5. Then the assertion is an easy consequence of
Theorem 6.4. For s=2, the condition r > 3 ensures that N is the affine plane
of order 2 and therefore not extendable. O

6.6 COROLLARY. Let N be a translation net of small deficiency with
translation group K, described by the PCP U. Then the following conditions are

equivalent:
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(a) N has no transversals:
(b) N is maximal;
(¢y U is maximal.

In [17] it was shown that certain PCPs constructed by Bruen [7] belong to
translation nets of order ¢* and deficiency q which cannot be embedded into
an affine plane. Recently, Johnson [13] has constructed PCPs of order g% and

deficiency g — 1 for prime powers ¢ = 2 (mod 3) which also lead to non-

UV LINACEIV Y 4 aUr paaadd pYYeLS g LU Jy Vit Q30 Al 1L A

imbeddable (translation) nets. It is an open problem whether or not these nets
are maximal if ¢ is not a prime (in which case they are indeed maximal by a
result of [17]). While we cannot solve this problem, Theorem 6.5 shows that
any extension would necessarily be a translation net (obtained by adding
further components to the PCP).

We close this section with an example showing that the assumption s # 4 in
Theorem 6.5 is indeed necessary.

6.7 EXAMPLE. Let K:= (a,b,c: a*=b*=c*=1, ¢ lac=b, ¢ ‘bc=a).
Thus K is a (multiplicatively written) non-abelian group of order 16, i.e. the
semi-direct product of the elementary abelian group of order 4 by the cyclic
group of order 4. Then the components

U,=<¢c), U,=<ab) and U, = {ac)

form a (4,3)-PCP U in K. Note that U is a maximal PCP; this follows from
[16] but is also easily checked directly. By Lemma 4.2 of [17], the
corresponding net N is either transversal-free or can be extended to the affine
plane A=AG(2,4). In fact, the latter possibility holds; the reader may easily
check that S={1,bc,bc?,abc®*} and T ={1,abc,ac? ac’} are two transversals
and that the orbits of S and T under U, are the two missing parallel classes
which complete N to A. Of course, A is also a translation net, but not with
respect to K. Note that N is a further example of a translation net with
translation group K and a transitive group G of central translations which is
not contained in K. We finally comment on the geometric significance of K: If
one considers N embedded into the projective plane PG(2,4), then the

elements of order 4 in K are ‘generalized elations’, as studied, e.g., by Vedder
r3il
[31]
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