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We investigate the influence of the Coulomb interaction 
on the energy spectrum of a finite number of electrons 
in a geometrically confined quantum mechanical system. 
The spectrum is calculated numerically using the Slater 
determinants of the one-electron states as basis set. It 
is found to be dominated by the Coulomb repulsion 
when the system is large. Coulomb and exchange matrix 
elements for a given combination of four one-electron 
states are of the same order of magnitude. As a conse- 
quence, the energy difference between the ground states 
of the (N+ 1)- and the N-electron system is an order 
of magnitude smaller than each of the matrix elements, 
although being much larger than the separation of the 
one-electron energy levels. We discuss the importance 
of the interaction effects for the explanation of the recent- 
ly observed resonant behavior of the electronic transport 
through quantum dots. 

1. Introduction 

The transfer of charge carriers through small systems, 
like narrow electronic channels in semiconductors, at 
low temperatures, reveal a rich variety of new and sur- 
prising quantum phenomena, due to the quantization 
of the energy levels and the coherence of the correspond- 
ing one-particle quantum states. Quantization of the 
conductance, quantum interference oscillations, and uni- 
versal conductance fluctuations are frequently discussed 
examples [11. Small quantum island formed by two nar- 
row constrictions in series, exhibit another most striking 
phenomenon, namely pronounced regular, periodic os- 
cillations of the conductance when the voltage applied 
to a suitably shaped metallic gate is changed [2]. The 
behavior of these resonances with varying gate voltage, 
and an applied magnetic field, suggested that besides 
one-electron quantization Coulomb interaction between 
the electrons is one of the dominant effects that have 
to be taken into account for a proper understanding 
of the experiment [3]. 

That Coulomb interaction can lead to striking effects 
in the transport properties of small structures was al- 
ready anticipated by theoretical considerations concern- 
ing the Coulomb blockade of the tunneling of single 
electrons through small tunnel junctions [4]. The corre- 
sponding non-linearity of the current-voltage character- 
istics was recently experimentally detected. The realiza~ 
tion of the so-called turnstile device, a single-electron 
counter that can be used to construct an electrical cur- 
rent standard, is based on this effect [5]. 

The theoretical understanding of transport processes 
in quantum mechanically coherent systems was pion- 
eered in the seventies by Landauer [6]. The basic idea 
of this approach was that quantum DC-transport is 
closely related to quantum mechanical, coherent tunnel- 
ing of the charge carriers from one reservoir of carriers 
to another. Starting from quantum mechanical linear re- 
sponse theory for independent particles the relation be- 
tween the DC-conductance and the quantum transmis- 
sion probability was formally established E7, 8]. Dissipa- 
tive processes, a consequence of the couplings of the 
charge carriers between themselves, and to external de- 
grees of freedom, were assumed to be absent from the 
regions were the tunneling processes actually take place. 
Dissipation and equilibration were supposed to occur 
only in the reservoirs [9]. A definition of the conduc- 
tance solely in terms of properties of the "sample", and 
independent of the spatial behavior of the applied electric 
field turned out to be only possible in the DC-limit [10], 
since the conductivity in the coherent regime is intrinsi- 
cally non-local [111. 

The non-interacting electron picture, within linear re- 
sponse theory, is able to explain many of the observed 
transport phenomena in mesoscopic structures. How- 
ever, there were theoretical predictions [12], and also 
experimental indications [131 that non-linear effects are 
important even if the electron-electron interaction does 
not dominate. When Coulomb interaction becomes im- 
portant, non-linear effects like the Coulomb blockade 
dominate the transfer of charges through small systems. 
The theoretical understanding of the phenomena in this 



436 

I ? g l -  , : 

Fig. 1. Schematic view of the gate configuration (G) on top of a 
A1GaAs/GaAs heterostructure that can be used to realize an almost 
isolated island of electrons (E) between two potential barriers (B) 
that are electro-statically defined by a voltage applied between the 
gate and the A1GaAs/GaAs substrate underneath. Although the 
geometry of the gate determines the spatial size of the electron 
island, the true shape of the latter is not directly given by the 
geometrical shape of the former. The confining potential must be 
determined from a self-consistent calculation taking into account 
the changes in the distribution of the electrons in the inversion 
layer when the gate voltage is applied. The electron island is cou- 
pled quantum mechanically to semi-infinite quasi-one dimensional 
electron systems (S) via tunneling through the barriers 

regime has matured considerably during the past years 
[14]. Whether, and to what extend, Coulomb interaction 
is also important  for linear transport  was not clear until 
the above mentioned experimental discovery of the oscil- 
latory behavior of the (linear) conductance of two quan- 
tum mechanical point contacts in series (Fig. 1). The ob- 
servation that the conductance peaks do not split when 
a magnetic field is applied indicate the absence of spin 
degeneracy. Since other mechanisms can be exluded in 
these semiconductor systems, this must be taken as a 
strong indication for the influence of electron correlation. 
Consequently, the linear theory for the transport  proper- 
ties, which in its simplest version neglects interactions, 
must be reformulated in order to be capable of treating 
the transport  in the mesoscopic regime adequately. A 
first at tempt in this direction that was based on a simple 
Hubbard  like Hamiltonian for a single impurity con- 
nected to ideal meatallic leads was made only recently 
[15]. 

The formulation of the transport  theory including in- 
teractions requires some knowledge of the properties of 
the multi-electron states. Since the number of the physi- 
cally relevant degrees of freedom in a mesoscopic system 
is limited, it is possible to obtain accurate results on 
the multi-electron states that are of direct experimental 
relevance. There were successful attempts to diagonalize 
numerically N electron systems (N ~ 10) in the presence 
of Coulomb interaction, and a strong magnetic field in 
connection with the fractional quantum Hall effect [16]. 
Two coulombically interacting electrons in a parabolic 
confining potential in the presence of a magnetic field 
were considered by various authors [17, 18]. The Hub- 
bard model was treated numerically already in 1979 
[19]. 

The present paper is a report on similar calculations 
for a finite quasi-one dimensional system. In addition, 

an attempt will be made to understand the recent experi- 
mental data [3, 20] using the results. 

The structure of the paper is as follows. The results 
of extensive numerical calculations of the linear conduc- 
tance of the geometry shown in Fig. 1, including the ef- 
fects of moderate disorder, and a weak magnetic field, 
are described in the subsequent section. The resonant 
character of the tunneling through the two constrictions, 
due to the quasi-discreteness of the states within the 
island, is demonstrated. Section 3 describes our calcula- 
tions for the interacting confined system. The results are 
presented in Sect. 4. Their consequences for the under- 
standing of the experimental data are discussed in the 
Sect. 5. 

2. Resonant electron transport 

In this section, we discuss the results for the linear con- 
ductance within the non-interacting electron picture. 

2.1. Model and method 
The calculation of the DC-conductance was done by 
using the numerical recursive method that was derived 
earlier for the computat ion of the zero-temperature elec- 
tronic properties of random systems with arbitrary ge- 
ometry [10, 21]. 

The model consists of the discrete tight-binding Ha- 
miltonian with diagonal matrix elements ej and constant 
nearest neighbor hopping matrix elements V, 

H = ~  ~jlJ> (Jl + V~, I J> (J'l. (1) 
j j,j' 

{j} denote the sites of a square lattice (lattice constant 
a = l ) ,  and {[j>} the corresponding basis states. The 
boundary of a system can be simulated by assuming 
V= 0 between neighboring sites at the boundary. Alter- 
natively, one can set e j =  o9 at the respective sites, in 
order to model an infinitely high potential wall. Disorder 
is modelled by taking ej as independent random variables 
constantly distributed in the interval [ -  F/2, F/2] inside 
the region between the constrictions (E in Fig. 1). The 
influence of a magnetic field was investigated by using 
the Peierls substitution for the off-diagonal matrix ele- 
ments [22] 

Vlm,l,m,(B)=V{e+2=icLtal,l,C~m+l,m,q"(Sl+l,l,C~m,m,}, (2) 

where the parameter ~ -  eB/h is the number of the mag- 
netic flux quanta within one unit cell. 

In the calculations the width of the quasi-one dimen- 
sional system, W, was fixed to 11 a. The separation of 
the openings of the constrictions was WB=7a, their 
length varying between LB = 5a and L s = 2 0 a .  The bar- 
riers were modelled by taking e j =  10 V at the respective 
lattice positions (regions B in Fig. 1). The distances be- 
tween the contacts were L = 5 0 a ,  100a, and 200a. The 
total length of the system including the leads S attached 
to both sides was assumed to be infinite. Inside the sys- 
tem, ej = 0 without disorder. 



2.2. Results for the conductance 

The result for the conductance as a function of the Fermi 
energy for L = 200 is shown in Fig. 2 together with the 
conductance of a single constriction. The tight-binding 
band edge of the.infinite system is at - 4  V. Due to the 
confinement in the W-direction the first quasi-one di- 
mensional subband starts at a somewhat  higher energy 
E o ~ ( -  4 + (rc/W)Z)V~ - 3.92 V for the width considered 
here. At this energy the conductance is dominated by 
tunneling, and grows exponentially for the single con- 
striction. In the case of the two constrictions in series 
there are pronounced resonances at the energies of the 
quasi-bound states corresponding to the region between 
the two contacts. The conductance saturates at the onset 
of the lowest subband of the infinite quasi-one dimen- 
sional system with W8 = 7 a, the width of the constrictions 
(E~ = - 3 . 8 0 V ) .  For  perfect confinement the energetic 
distance between the (in this case b-function like) reso- 
nances is given by AE~27~(~Z-Eo) /L .  The quantum 
mechanical coupling between the interior of the island 
between the barriers to the semi-infinite quantum wires 
on both sides via tunneling leads to the finite width of 
the resonances. This is shown in the inset of the Fig. 2 
where we have plotted the peak widths as a function 
of the conductance of the single barrier, ~1. The linear 
dependence of the energetic peak width on ra demon- 
strates the resonant tunneling character of the conduc- 
tance, and the equivalence of linear response and Lan- 
dauer formulations of the DC-conductance.  

For  comparison with the experiment we show in 
Fig. 3 results for L=5Oa, 100a, 200a as a function of 
the charge density in the system. The latter is given by 
the integrated density of states of the total system, in- 
cluding the regions outside of the island. Near  the band 
edge of the lowest subband the density of states has an 
E -  U2-van Hove  singularity. The charge density is there- 
fore proport ional  to the square root of E, and the peaks 
become exactly equidistant as a function of the charge 
density, their separation being ocL-~ (Fig. 3 inset). 
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Fig. 2. Conductance of a quantum wire with two constrictions at 
T= 0 as a function of the Fermi energy (dashed curve). The distance 
of the constrictions is L=200a. The full curve shows the conduc- 
tance of a single constriction. The inset shows the width of the 
peaks, fie as a function of the conductance of the single constriction, 
 9 1, at the position of the peaks 
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Fig. 3. Resonant tunneling conductance as a function of the elec- 
tron concentration normalized to the area of W unit cells for 
L=200a (lower curve), L= 100a (middle curve), and L= 50a (upper 
curve). The inset shows the dependence of the distance between 
the peaks as a function of L- 1 

1.2 

10 

I 0.8 
dJ 
u 0.6 
i%] 

0.4 
c 
o 

0.2 

0 . 0  L - ~  

0.0 0.1 0.2 0.3 

concentration 

Fig. 4. The conductance as a function of the charge density for 
c~=0 (lower curve), and ~=0.05 (upper curve). The system was 
L=200a, W= lla, and LB= 10a 

Taking into account a magnetic field (c~ =0.05) does 
not change the conductance except for a slight shift of 
the positions of the resonances to higher densities result- 
ing in somewhat  smaller distances between the peaks 
(Fig. 4). These effects can be treated quantitatively by 
using perturbat ion theory. Including the electron spin 
would lead in addition to a constant Zeeman splitting 
of each of the peaks which is not included in the figure. 

2.3. Comparison with experiment 

Comparing the results shown so far with the experimen- 
tal data for the conductance as a function of the gate 
voltage [3] an explanation in terms of a resonant tunnel- 
ing model looks appealing. If we assume that the gate 
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voltage is proportional to the charge density, it explains 
qualitatively (i) the equidistance of the resonances, (ii) 
the dependence of the distance between the conductance 
peaks on the separation between the two barriers, and 
(iii) the fact that the width of the experimentally observed 
peaks is independent of the peak position (Fig. 3). Since 
the resonant tunneling picture predicts a finite peak 
width at T=0 (Fig. 2) it would also explain why the 
observed temperature dependence of the widths of the 
peaks saturates at low temperatures, although this effect 
may at least partially be attributed to electron heating 
caused by the absence of sufficient coupling to phonons. 

There are, however, several features in the experiment 
that cannot be understood. First of all, there is the ab- 
sence of Zeeman splitting when a moderate magnetic 
field is applied to the system. This indicates that the 
resonant states that are assumed to be responsible for 
the occurrence of the sharp conductance resonances can- 
not be occupied by two electrons with opposite spin 
as one would expect from the simple picture of noninter- 
acting particles. Secondly, an analysis of the relation be- 
tween the gate voltage and the charge added to the island 
leads to the conclusion that exactly one electron has 
to be added in order to generate a new conductance 
peak [3]. This is again a strong indication that the reso- 
nant states can only be singly occupied. Thirdly, the 
energetic distance between the conductance peaks de- 
duced from the experiment was about 0.5 meV. This ap- 
pears to be roughly an order of magnitude larger than 
the energetic distance between the one-electron reso- 
nances determined by using the effective mass for GaAs 
(m= 0.067 mo), and the distance between the two con- 
strictions from the experiment (L~0.5 gm). It is also 
claimed that there must be about 10 2 electrons on the 
island between the constrictions before the resonances 
in the conductance can be observed. 

These observations indicate that the resonant one- 
electron picture alone is not sufficient for the understand- 
ing of the experiment, and that interaction effects are 
of importance. Since spin-orbit interaction is negligibly 
small near the conduction band edge in GaAs, it seems 
unavoidable to consider Coulomb interaction as one of 
the dominant physical mechanisms that are tested in 
this experiment. 

3. Confined electron states in the presence 
of Coulomb interaction 

In this section we investigate numerically in some detail 
the properties of the energy spectrum of N interacting 
electrons (N=<6) confined within a one dimensional 
square well potential of a finite height. However, in the 
presently considered context the height can be regarded 
as infinite. Main emphasis will be on the behavior of 
the ground state when the number of the electrons is 
changed. 

3.1. The model 
The Hamiltonian of the system is written in "atomic 
units" as 

H=EHa~ ~ (  +Hb). (3) L \ H~ + HI 

En=o~ZmcZ=(27.2m/mo)eV is the Hartree energy, ao 
= hZ/me z = (0.529 too~m) ~ the Bohr radius of an electron 
with the effective mass m, ~= 1/137 the Sommerfeld fine 
structure constant, and c the velocity of light. 

/40 = cL (4) 

denotes the kinetic energy, and 

/4, Z v.4~ . . . .  c. 4 1 * = c.3  2c . . . .  % , ,  (5) 
n l . . , n 4 ,  G I ,  o" 2 

the Coulomb interaction, c,tr c,, are creation and anni- 
hilation operators for the occupation of the n-th one- 
electron state (n=> 1) of the square well of length L with 
an electron of spin a, e, are the respective one-electron 
eigenvalues (corresponding approximately to the wave 
numbers k, = n ~z/2 when the well is very high). 

U b= - N  2 V,,al,, ct,,, c,,~ (6) 

is the contribution of the positively charged background. 
This contribution to the total energy was taken into ac- 
count in some of the calculations, in order to get an 
insight into the possible influence of charge re-distribu- 
tion on the energy spectra. For the matrix elements of 
the background potential we used for simplicity a spatial 
dependence of the charge density that corresponds to 
a positively charged non-interacting electron ground 
state wave function. The interaction with the back- 
ground charge guarantees the extensivity of the ground 
state energy for different particle numbers N. For low 
electron densities this property does not depend on the 
details of the background charge distribution. 

The form of the Hamiltonian displays explicitly the 
fact that the length of the system determines the relative 
importance of kinetic and Coulomb energy, when the 
background is neglected. It is only if ao/L> 1 that the 
Coulomb energy can be expected to be negligible when 
compared with the one-electron level distances. Includ- 
ing the background, the critical parameter is N ao/L [-23]. 

For the interaction energy we assume the L6wdin 
form [243 

1 v(x, x')< + ;?" (7) 

? = 2/L is a measure for the relative width of the electron- 
ic wave functions in the transversal direction. For 
y < 0.05 the ground state energy is independent of ? al- 
though the individual matrix elements V, . . . . . . .  are in- 
creasing when 7 decreases, as we will see later. In most 
of our calculations we used ,/= 2- 10 4. 

Due to the symmetry of the potential, and the one- 
electron wave functions, the Coulomb matrix elements 

V,4n~,2,, are only non-vanishing if ~ n~ is even. Further- 
i = 1  



more, they obey symmetry relations of the type 

V~4n3 . . . .  = V~ . . . . . . .  = Vnl.3 . . . .  = Vn3,4,i,2. (8) 
For 7 ~ 1 the Coulomb matrix elements can be written 
as 

V. . . . . . . .  = - 8 r e  ~dq(ln(Tq)+C)f~4(q)f23(-q). (9) 
O 

j~j is the Fourier transform of the product q%* (x) q2.j (x) 
of the one-electron eigenfunctions qo. of H o, and C 
= 0.577 the Euler constant. 

3.2. Two electrons in two one-electron states 

As a simple example, which nevertheless demonstrates 
essential physical properties of the interacting system, 
we consider two electrons that occupy two one-particle 
states. 

The complete basis set consists of six ortho-normal- 
ized two particle Slater determinants. Four of them con- 
tain anti-parallel electron spins, IS1) = fl ~ 1 +), IS2) 
=12~2+), IS3)=11$25), 1&)=12]'15), two contain 
parallel spins, ]Tt) = l1 1"21"), and IT2) = ]1 ,L 2 ~,). 

The matrix elements of the kinetic energy, Eq. (4), are 

(va#r  I H o [v'a'p'z') =6~,, 6u,, 6~, 6~,(G +eu) (10) 

where v, v', p, p' = 1, 2 a n d  a,  a', z,  r' = T, ~,. There are three 
different Coulomb-type matrix elements 

(Si] Ht  ]Sz) = Vuu-- Uu (i = 1, 2), (11) 
(Sj] H,  IS2) = V1221 ~ U12 (j= 3, 4), (12) 

and an exchange matrix element A = V1212 SO that 

(TiiIHrIT~)=G2-A (i=1,2). (13) 

The only non-vanishing off-diagonal elements are 

(Sll H~ISz> = %s31 H,]S4) =A.  (14) 

U~j and A are the Coulomb and exchange integrals of 
V(x, x') with the one-electron wave functions. The contri- 
bution of a constant background charge density would 
be proportional to the unit matrix. It can be discarded. 

The eigenvalues are easily calculated. One obtains 

E1,2 = gl § g 2 

G~ + Gz +A~/1 + (~-~1 + ( G ~ -  G 1)/2) ~ q 
2 - V A2 

E 3 , 4  = g 1 ~-e 2 q- U12 -}-A 

Es,6 = g l  +82 § U t 2 - A  

(15) 

(16) 
(17) 

The triply degenerate state at E o = E4, 5,6 is the ground 
state. It corresponds to a total spin of S = 1. The energy 
required to add the second electron to the system, given 
by the distance between the ground state energy of the 
two electrons, and the lowest one-electron state, is ~2 
+ Ua2-A, the difference between the Coulomb and the 
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exchange matrix elements if e2 is small. The compensa- 
tion between Coulomb and exchange terms constitutes 
one of the most important features of the more general 
case of the system of N interacting electrons, as will 
be discussed below. 

3.3. Some computational details 

In this section we provide some of the technical details 
of the computation. 

Since we are interested only in the lowest energy ei- 
genvalues we construct the complete ortho-normal basis 
system by distributing N electrons within the M energeti- 
cally lowest one-electron states. The rank r(H) of the 
Hamiltonian matrix in the basis set of the N electron 
Slater determinants is given by the binomial coefficient 

Most of the results presented in the following section 
are obtained by restricing M < 7 for practical reasons, 
and since it was found that the lowest eigenvalue was 
sufficiently insensitive to M for small particle numbers 
(N G 3). 

The matrix contains only a small fraction of non- 
vanishing off-diagonal elements (1... 10%, depending on 
the values of M, and N). Nevertheless, as r(H) is of the 
order of a few thousands a considerable amount of com- 
puting time is used for setting up the Hamiltonian ma- 
trix. An economic procedure to generate the non-vanish- 
ing matrix elements was found by starting from the com- 
plete basis corresponding to ( N - 2 )  electrons. Applying 
two creation operators generates an N electron state 
(with the proper sign). It corresponds to a certain row 
of the Hamiltonian matrix. Creating two particles in two 
different (or same) one-electron states generates another 
N electron state identifying a certain column. Indepen- 
dent summation over all pairs of possible creations, and 
repeating the procedure for all ( N - 2 )  particle states 
leads eventually to the complete occupation of the Ha- 
miltonian matrix. The method is equivalent to a separate 
treatment of (i) the diagonal elements, (ii) matrix ele- 
ments between states differing only in one excitation, 
(iii) in two excitations, and (iv) the vanishing matrix ele- 
ments. The advantage of our method is that by construc- 
tion only non-zero matrix elements are treated. 

We have diagonalized matrices with r(H) up to 3000. 
The accessible dimension of the matrix could be in- 
creased further by using recursive Lanczos procedures. 

As one of the most stringent tests of the program 
the property of particle-hole symmetry was verified. 

Defining the hole operators 

b,~=c,_~ (18) 

which fulfill the anti-commutation relations 

lb, ~, b,*, ~,] + = 6,,, 6o ~,, (19) 
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one can show that  

~11, n 2 , n 3 ,  ~14, f f l ,  i f2 

= 2 Vn4n3 nan, btn4a, b13.~ b.~ ~ b.~., (20) 
n l  ~ n 2 ,  ~ 3 ,  n 4 ,  ~ 1  ~ 0"2 

- U + D  

with the operators  

U - 2  ~ [~ (2V.  . . . .  , -V . . . . , . ) ]  b,~.* b.,~ (21) 
? l l , n 4 , q  n 

D - 2 [ Z (2 V..,.,. - V~.,..,)] 1. (22) 
n , n "  

The Hamil tonian matrix for N particles in M states must 
be identical to the one for 2 M - N  particles in M states 
when simultaneously a potential contribution - U  and 
a diagonal energy D are added. 

4. The results 

Including the electron-electron interaction the energy 
spectrum becomes extremely complicated as compared  
to the non-interacting case. First we consider the behav- 
ior of the ground state energy. 

4.1. Ground state-energy 

Figure 5 shows the ground state energy for N = 2  for 
L =  1890a o as a function of y. It  is obvious that the 
limit of 7 ~ 0 is well-defined since the energy becomes 
independent of 7 even on the scale of the one particle 
energy level differences, al though each of the Hamil ton-  
ian matrix elements increases strongly with decreasing 
7. 

Figure 6 shows the ground state energy per particle 
multiplied by the length of the system versus L for differ- 
ent electron numbers,  N, without taking into account 
the background potential. The curve for N = 1 reflects 
the behavior  of the contribution of the kinetic energy. 
Significant deviations from the Coulombic 1/L behavior  
of the ground state energy when L is decreased occur 
at L ~ 300 ao. This is much larger than one would expect 
from the naive argument  comparing kinetic and poten- 
tial energy. We observed that  there is an additional re- 
pulsive contribution to the energy which is due to the 

k I I i 5 I [ 

N = 5  

EoL/EHN ao - ~ . . ~  N = 4 

~ I ~ _ _ _  N = 3  
1 k N = I  

OI "~'--- I i i 
-0 200 400 600 800 10;0 ' l , 1200 1400 1600 18100 

L/ao 
Fig. 6. Ground state energy Eo/N per particle multiplied by the 
system length L in atomic units for the electron numbers indicated. 
The background potential is not included. The constancy of the 
curves for L>__ 500ao indicates the expected Coulombic 1/L depen- 
dence 
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Fig. 7. Ground state energy of E o of N electrons in atomic units 
as a function of the electron number for L= 1890ao. The back- 
ground potential is not included 
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Fig. 8. Ground state energy E0 in atomic units versus electron 
number N including the influence of the background potential for 
L= 1890ao 
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Fig. 5. G r o u n d  s ta te  energies  for  N = 2 e lec t rons  in the  M energet i -  
cally lowes t  single par t ic le  s ta tes  for  a sy s t em leng th  L =  1 8 9 0 %  
as a func t ion  of  the  p a r a m e t e r  7 wh ich  descr ibes  the la tera l  ex tend  
of  the  single par t ic le  w a v e  func t ions  

fact that the electrons are in a state that extends over 
the whole system length. 

Figure 7 shows the ground state energy as a function 
of the particle number. The more  than linear increase 
of the energy per particle is possibly due to the restriction 
M_<7. 

Without  background the energy of the system is in- 
creasing with the number  of the electrons due to Cou- 
lombic repulsion. Including the background potential is 
equivalent to introducing attractive forces that lead to 



44t 

a decrease of the ground state energy when N is in- 
creased. This is shown in Fig. 8. 

Since the ground state energy is dominated by the 
Coulomb interaction (L >> a0) the dependence on the elec- 
tron number will be qualitatively the same if the width 
of the system becomes comparable to its length. It will 
also not depend on the exact shape of the confining po- 
tential. Of course, the absolute magnitudes of the ground 
state energies do depend on these features. 

4.2. The energy spectrum of several electrons 

The energy spectra for electron numbers N =< 5 are shown 
in Fig. 9. Compared to the one-electron case, not only 
the total number of levels but also their density within 
certain energy regions are considerably increased. 

For the low lying states three main properties are 
found. (i) There is a 2 N fold ground state multiplet with 
a considerably smaller energetic width than the gap im- 
mediately above. (it) The number of the energetically dif- 
ferent levels within the multiplet is equal to the number 
of irreducible representations of the rotation group of 
N coupled 1/2-spins. Each of the levels corresponds to 
a well defined total spin S, O<S<N/2. (iii) The total 
ground state is spin polarized with a degeneracy N + 1. 

Assuming that the ground state corresponds to a spa- 
tially oscillating density we can intuitively attribute the 
comparably large energy gap above the multiplet to the 
excitation of a vibrational mode with a finite frequency 
related to the Coulomb force between neighboring maxi- 
ma of this "charge density wave". Correspondingly, the 
small energy splitting within the multiplet may be as- 
signed to tunneling energies between the maxima. How- 
ever, we are not sure whether or not these features would 
survive in the thermodynamic limit as there the vibra- 
tional gap should vanish due to the Goldstone theorem. 
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Fig. 9. Energy spectra for different electron numbers (in atomic 
units). The parameters are 7 =2 .10  e, M = 7, L =  18.9ao. The back- 
ground is not included. The energy of the ground state increases 
more than proportional to N 2, due to quantum mechanical effects 

5. Comparison with experiment 

In this section the importance of the above results for 
the interpretation of the experimentally observed con- 
ductance oscillations in A1GaAs/GaAs samples [31 is 
discussed. Although we do not have a full theoretical 
formulation for the correlated tunneling process some 
qualitative understanding of the experiment has been 
achieved. Furthermore, an estimate of the energetic dis- 
tance between the conductance peaks can be made. 

We assume that the voltage applied to the gate (G 
in Fig. 1) is such that there are on the average N electrons 
within the region E between the two contacts (denoted 
by B in Fig. 1). We further assume that potential barriers 
represented by the constrictions isolate the interior of 
the island sufficiently well from the semi-infinite quasi- 
one dimensional systems attached to both sides in order 
to make tunneling improbable. This seems to be justified 
for the actual experimental situation since the tempera- 
ture induced width of the conductance peaks is well de- 
scribed by the derivative of the Fermi function, and the 
contribution of tunneling to their zero-temperature 
width seems to be small. If the Fermi energy coincides 
with the ground state energy E(N) of the N electrons 
when restricted to the island, the island will be quantum 
mechanically almost completely transparent. The con- 
ductance is at maximum. 

We ask now how the conductance behaves when the 
gate voltage, i.e. the Fermi energy is changed. Varying 
the gate voltage only slightly, is equivalent to adding 
only a little amount of charge, say ~ q, to the island. 
There is no resonant island state available at the corre- 
sponding Fermi energy. The island is quantum mechani- 
cally opaque leaving the conductance exponentially 
small at T= 0. Only if the variation of the gate voltage 
is large enough, such that the Fermi energy is close to 
the ground state of an integer number of electrons within 
the island the transmission probability through the en- 
tire "system" consisting of the (semi-infinite) "leads", 
the contacts, and the island the conductance can be high 
due to the formation of a resonant (multi-particle) state. 
Given a conductance peak at E(N) the next resonance 
appears at the higher energy E(N+ 1), the ground state 
of the N + 1 electron state. The "activation energy" for 
the peaks is thus the energy required to add an addition- 
al electron to the correlated system of the N electrons 
already present between the barriers, at the least A 
=Eo(2)-Eo(1). 

With the effective mass of GaAs, m/mo = 0.067, and 
for a system length of L = 0.7 pro, which compares rough- 
ly to the experimental value [20], we obtain A ~ 0.8 meV. 
In view of the rather crude model, this can be considered 
as consistent with the previous estimates of 0.5 meV 
based on the evaluation of the relation between the gate 
voltage and the chemical potential, and the observed 
temperature dependence of the shape of the conductance 
peaks [3]. 

Without taking into account the exchange terms pro- 
perly, the magnitude of the activation energy would be 
an order of magnitude larger. This indicates the impor- 
tance of the above mentioned compensation effect be- 



442 

tween Coulomb and exchange terms for the understand- 
ing of the experimental situation. 

Many  of the features seen in the experiment, as, for 
instance, the periodicity of the conductance resonances 
and their lineshapes, can also be understood by using 
the Coulomb blockade model, modified to take into ac- 
count the discretness of the one-electron energy levels 
[25]. However,  as the exchange interaction term is not 
included in this model, no statement about  the behavior  
of the spins of the electrons can be made. Our present 
microscopic t reatment  can clarify the range of validity 
of the Coulomb blockade model. 

In the arguments used above we have assumed that 
the change in the background contribution to the energy 
is absorbed by the change in the gate voltage. We did 
also not consider the fact that the difference between 
the ground state energies increases with increasing elec- 
tron number.  It is likely that it is necessary to take into 
account the self-consistent adjustment of the charge dis- 
tr ibution in the channel more  realistically for a proper  
description of the experimental situation. The latter is 
also indicated by the observat ion that  in the experiment 
the presence of about  100 electrons in the island is neces- 
sary before the conductance resonances can be observed. 

6. Conclusion 

We have presented the results of microscopic calcula- 
tions concerning the electronic structure and the (linear) 
t ransport  properties of quasi-one dimensional metallic 
systems interrupted by two constrictions that generate 
an almost  isolated electronic island in between. 

Neglecting electron-electron interaction it is possible 
to treat the resonant tunneling character of the conduc- 
tance explicitely. However,  their are serious quantitative, 
and qualitative discrepancies between the theoretical and 
the experimental results. Whereas the non-interacting 
theory predicts that two electrons should be necessary 
to generate a conductance resonance the experimental 
findings indicate that  one electron is sufficient. In addi- 
tion, the activation energy is an order of magnitude too 
small in the one-electron approximation,  for the experi- 
mental  sample geometry. 

The exact calculation of the energy spectra of 
N ( N < 6 )  interacting confined electrons yielded as the 
main results the dominance of the Coulomb interaction 
for the geometrical dimensions of the samples used in 
the experiments, and a partial compensat ion of the Cou- 
lombic repulsion energy via exchange. A quantitative 

estimate of the activation energy of the conductance 
peaks based on the microscopic calculation was found 
to be consistent with the experimental data. 

The formulation of the t ransport  theory for the inter- 
acting system taking into account the exact N-electron 
states is still to be done. 
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