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The existence of a translation net of order s and degree » with translation group
G is equivalent to the existence of r mutually disjoint subgroups of G of order s. In
this paper we consider p-groups G of odd square order p?” and improve the known

general upper bound on the number of mutually disjoint subgroups of order p

n

in G provided that G is not elementary abelian. This solves problem 8.2.14
in (D. Jungnickel, Latin squares, their geometries and their groups. A survey, in
“Coding Theory and Design Theory IT” (D. K. Ray-Chaudhuri, Ed.), pp. 166-225,
Springer, Berlin/New York, 1990.) We determine all groups of order p* which are
translation groups of translation nets with at least three parallel classes for all

nrime numbers p. Furthermore., we construct fn 2_1_ 1)-translation nets with non-
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abelian translation group of order p® for all odd prime numbers p.  © 1992 Academic

Press, Inc.

1. INTRODUCTION

A Bruck-net of order s and degree r (for short an (s, r)-net) is an

incidence structure with parallelism satisfying the following axioms:

(N1) Any two points are joined by at most one line.

(N2) Given any point-line-pair (v, /), there is a unique
line /* with /||/* and vel*.

(N3) Any two non-parallel lines intersect in a unique
point.

(N4) There exist r >3 parallel classes each consisting of
s lines.

By these axioms an (s, r)-net is the same as an affine 1-design S,(1, s, s?).
In this paper we examine a special class of (s, r)-nets, namely, the

translation nets:

* The results of this paper will form part of the author’s doctoral thesis. He thanks his

supervisor, Professor Dr. Dieter Jungnickel, for helpful discussions.

! Present address: Fachbereich Mathematik der Universitit Kaiserslautern,

Schridinger-Strasse, 6750 Kaiserslautern, Germany.
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208 DIRK HACHENBERGER

1.1. DEFINITION. A translation net of order s and degree r is a pair
(N, G), where N 1s an (s, r)-net and G < Aut(N) is an automorphism group
of N acting regularly on the set of points of N and fixing each parallel class
of N. G is called a translation group of N.

We remark that a translation net is considered as a pair (N, G) as it
is possible for a net to be a translation net with respect to even
non-isomorphic translation groups. We refer the reader to [11], where
examples of this situation are given.

Proposition (1.3) as well goes back to [11]. It reduces the problem of

finding translation nets to a combinatorial problem in group theory. We
nppr‘ a 'Fnrtl-}nr r:lerrnhnh 1rat

41X it1 AALLAIVEN/ AL 11 00L.

1.2. DEFINITION. Let G be a group of order s* and assume that there
exists a set # = {H,, .., H,} of r =3 subgroups of G satisfying

(1) |H,|=sforalli=1, .., rand
(1) H,H;=G for all i# .

(Because of (i), (i1) is equivalent to H,n H;=1 for all i # j). # is called a

partial congruence partition with parameters s and r (for short (s, r)-PCP).
The elements of # are called components.

1.3. PROPOSITION. Let # be an (s, r)-PCP in a group G of order s°, then
the incidence structure

N(H#)=(G, {H,g:i=1,..,.r,geG},€)

is an (s, r)-translation net with translation group G. Conversely, every
translation net can be represented in this way.

interested reader is referred to [8, 11].

In the following section we summarize some results on translation nets
and introduce some further notations. After proving some “factorization
theorems” in Section 3 we are able to determine all groups of order p* (p
a prime number) which admit a (p? r)-PCP satisfying r >3 in Section 4.
Because of (1.3) this characterizes the groups of order p* which are transla-
tion groups for translation nets of order p” and degree r > 3. In Section 5
we generalize a theorem of D. Frohardt [4]. We improve the known
general upper bound for the number r of parallel classes in a translation
net (N, G), where G is a p-group of odd order p*”. We conclude with a
construction of (p?, p?+1)-PCPs in a nonabelian group of order p° for
every odd prime number p in Section 6.
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2. EXISTENCE RESULTS FOR TRANSLATION NETS, A SURVEY

We assume that G is a group of order s> and # = {H,, .., H,} is an
(s, r)-PCP in G. By Definition (1.2) one obtains r(s — 1) <s*—1 and there-
fore the number r of parallel classes in a translation net does not exceed
s+ 1. We mention that this bound is sharp precisely for elementary abelian
groups (see ¢.g. [10]).

The following notation is the same as in [10}:

T(G) :=max{r <s+ 1: there exists an (s, r)-PCP in G}, (2.1)
T(s) :=max{7(G): G a group of order s”}. (2.2)

The following theorem shows that the structure of G is very restricted, if
some components in G are normal subgroups of G. As we need this result
several times we include a short proof.

2.3. THEOREM (A. P. Sprague [11]). (i) If H, is a normal subgroup of
G then Hy=H,= --- =H,.

(il) If H, and H, are normal subgroups of G then G = H x H, and all
components are isomorphic.

(iit) If A contains three normal components, then G is abelian.

Proof. Let H, be a component of s#. By definition of an (s, r)-PCP in

(G we can rpgqrd pcmh other component H- H asa (‘nmn]PTP set of rIth

L3 ¥ caey LXK 4

coset representatives of H, in G. For i, je {2, .., r} and i# j we consider
the mapping

I';:H,—~ H, h —»Ff_j(h),

where I', ;(h) is uniquely determined by H,h=H, I, ,(h). Now it is not
difficuit to show, that ali mappings /; ; are isomorphisms provided that A
is a normal subgroup of G. This proves part (i).

Part (i1) is a direct consequence of part (1).

Ac that woe 110 o the al nnantge LJ r nd IJ /4
ASSUMe that we nave nreg normail \.«Ulllt}ull\zllbo 111, £17), ana i3 m A,

then H, centralizes H, and H, and therefore H, centralizes G = H,Hj5.
This implies that H, is a subgroup of the center Z(G) of G. The same
argument shows that H, as well lies in Z(G) so that we obtain
G=H,H,<Z(G) and therefore G is abelian. |}

We remark that the corresponding translation nets of partial congruence
partitions containing one normal component are called semi-splitting
translation nets in [6, Section 4]. There these objects are studied under a
more geometric point of view and in relation to difference matrices. Struc-
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tures of type (2.3)(i1) are called splitting translation nets by R. A. Bailey
and D. Jungnickel in [2].

The following basic lemma is very useful in dealing with PCPs (see as
well [4,9,11]). As we make use of it several times we again include a
proof.

2.4. LeMMA. (i) Let G be a finite group and let H and K be subgroups
of G with HK=G. Then |HNK|=|H*nK"| for all x, y in G.
() If {H,,..,H} is an (s,r)-PCP in G, then the same is valid for
{H vy H®} where g, ..., g, are arbitrarily chosen in G. Furthermore, if
{hg heH, geG}, then 37 (|H?| — 1) <G| — 1.

Proof. (1) Tt suffices to consider the case where y = 1. By assumption
we find elements # and k& in H and K respectively satisfying x = hk. Then
we obtain |H*nK|=|H*nK|=|H*nK|=|(Hn K)"|=|H~K|.

(i1) 1is a direct consequence of (i). ||

Applying this lemma one can prove that an (s r}-PCP i a group
G of order 5° induces a (p r) PCP in each p- o_ylow bu[‘)gruup P of G
|P| = p?"). This was mentioned in [4] but follows also as a corollary of
9, Lemma 2.3]. We include again a proof as this is the main reason for

-orouns in this naper
groups In this paper.

2.5. THEOREM. Let G be a group of order s, p%' - --- - p% the canonical
prime power factorization of s and let P; be a p~Sylow subgroup of G for
i=1, ..,k Then

(i) T(G
UU

sm
- 1 1.1
X

)
£\
) ey Koy

min

"t:

in{ T(P, w k) and
{ ag + :
Wi

Proof. Let p be a prime divisor of s and P a p-Sylow subgroup of G.
Let |P| = p*", then by assumption the p-Sylow subgroup of each compo-
nent has order p”. Let # be an (s, r)-PCP in G and H be any component
of #. By Sylow’s theorem we can find an element g in G such that H*n P
is a p-Sylow subgroup of H%. As the PCP-properties in (1.2) remain valid
in going over to conjugate subgroups (see (2.4)), # induces a (p”, r)-PCP
in P. This proves (2.5)(1). (2.5)(11) holds since T(P)<p"+1 if P is a
p-group of order p>. |

We remark that equality can be realized in (2.5)(i) if G is a nilpotent
group (see for example [2], where T7(G) 1s determined for all finite abelian
groups), but there are also other examples (see [8, 9]). In general, equality
does not hold in (2.5)(i) (we refer the reader to [10], where examples of
this situation are given). One has equality in (2.5)(ii) if G is abelian and
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every p-Sylow subgroup of G is elementary abelian, but there are as well
other examples. Under the assumptions of (2.5) we have therefore

T(s)=min{p&+1:i=1, .., k}.

Theorem (2.5) is the motivation for us to study PCPs in p-groups. Next
we summarize what is known about 7(G), if G is a finite p-group of order
p" which is not elementary abelian (note that we have 7(G)= p”+ 1 in the
elementary abelian case).

2.6. THEOREM (D. Jungnickel [8]). T(G)<p" '+ --- + p+ 1.

2.7. THEOREM (D. Frohardt [4]). If p=2 and n=4, then T(G)<2" .
In Section 5 we prove

2.8. THEOREM. If pis odd and n =4, then T(G)< p" "

In [37] J. Dillon proved the following theorem:

Given a group G of order 4k* and a (2k, k)-PCP # in G, then
D=y, H— {1} is a (4k*, 2k* —k, k* — k)-Hadamard difference set.

He posed the problem of classifying all such groups G. This was
D. Frohardt’s reason for studying PCPs in 2-groups in [4]. We return to
this situation in Section 5 where we cite the main result of {4], deal with
the case where p is an odd prime number, and give a proof of (2.8).

We mention once more that we investigate groups of order p*, which

covers the case n=2. The existence of a maximal (8, 4)-PCP in a non-

abelian eroun of order 64 (fhp case p=2 and n:?\ was nroved hv AP
L4/ wralaina c \J“t_l A A MEOVE QLY VULV T e Qi e T gy VY RY prUYVGE As 4 .

Sprague in [11]. This result was later rediscovered by D. Gluck in [5]. In
Sections 5 and 6 we investigate the case where p is odd and » =3 and show
among other things the existence of a (p°, p>+ 1)-PCP in a particular
nonabelian group of order p® for all odd prime numbers p.

Suppose we have an (s, r)-PCP # in G and N is a normal subgroup of
G. If we look at #, := {HN/N: He #} then we obtain a set of subgroups
of the factor group G/N which satisfies KL = G/N for all different K, L in
Hy. Of course K and L may have nontrivial intersection so that #, is not
necessarily a PCP in G/N. D. Jungnickel proved his bound (2.6) by study-
ing this more general situation and actuaily obtained stronger resuits. We
cite without proof the following:

2.9. DEF}NITION ND PROPOSITION. Let p be a prime wmber and G be a
group of order p™ (m=2) and let # ={H,, .., H,} be a set of proper sub-
groups of G satisfying w>=2 and H H;=G whenever I #]. Th n A is called
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a generalized partial congruence partition with parameter a=max{i: there
exists an element H in # with |H| = p'} (for short GPCP(a)).
Then the following holds:

(1) w<p+ -~ +p+1and
(1) w<p’ '+ --- + p+1, if G is not elementary abelian.

We remark that (2.9) is proved only by using basic results about
C 1117 r2. ¢

am nr W a Anls anml
11¢t l_l ll. Ui LLL,

n-oroiime f{cea oo [7 V:ll) We only apply

pretups oL CE.
(2.9)(1).

In Section 3 we study situations where the PCP-property remains valid
if one proceeds to factor groups so that together with (2.9) we have two
nice induction arguments.

>

3. VARIATIONS OF A FACTORIZATION LEMMA

Lemma (3.1) is an essential tool for non-existence results on partial con-
gruence partitions. It says under which conditions a PCP in G induces a
PCP with the same number of components in a normal subgroup of G and
the corresponding factor group.

3.1. FACTORIZATION LEMMA. Let G be a group of order s*, N a normal
subgroup of G, and A an (s, r)-PCP in G with r 2 3. Assume the validity of

N=(HNN)YKn N) for each pair of subgroups H, K
(H#K) in H. (%)

Then the following holds:
(i) The order of N is a square, say |N|=n?; the order of the factor

group U/JV is \.)/u) .
(i) {HNN: He#} is an (n,r)-PCP in N.
(ili) {HN/N: He A} is an (s/n, r)-PCP in G/N.

Proof. Let H, K, L be pairwise different components of # and let A, k,
[ denote the intersection numbers |[HNN|, | KN N|, and |L N}, respec-

v n £{1 7)) - N woa hao ATl — L1 I-7
uvely DECAUSE O1 (1.2 \u) 4ana our assamplions we have |[N|=hk=~ki=Hh!

and therefore 2=k =1 This proves (i) and (ii). An elementary calculation
shows furthermore |HN/N n KN/N| =1, so that (iii) as well is satisfied. |

We now state some very useful applications of (3.1). Our notation is the
same as in the assumptions of (3.1).
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3.2. APPLICATION 1. Let N=Z(G) be the center of the group G and A
an (s, r)-PCP consisting only of abelian components. Then (x) holds. Further-
more, if G is a p-group of order p*" and the class of G equals ¢ then

r< plvel 41,
(Here [x] :=max{keN v {0}: k<x} for any rational number x.)

Proof. Let H and K be elements of # and z an clement of Z(G).

Danagiion ~F 11 I\, N PROSURGE Iy A
BLLausc Ul (1 L}(ll} Ww¢E llld_)/ WllLC Z as LU.C pIUUULl HK, Wll.ll H lll H dllu A

in K. Then k =h 'z centralizes H and K, as both components are assumed

to be abelian. We therefore have k € K~ Z(G). The same argument shows
that & lies in Hn Z(G). This proves Z(G)=(Hn Z(G})(Kn Z(G)), the
first assertion.

Now assume that G is a p-group of order p*”. Let Z,=1, Z, = Z(G) and
recursively Z; such that Z,/Z, ,=Z(G/Z,_ ) for i= 1. (Z,);, is the lower
central series of G. The class ¢ of G is defined as the number min{k e N:
Z,=G}.

Now define # :={HNZ,:He #}, #:={HZ,/Z,nZ,/Z,: He #}
and recursively %, , , ;= {HZ,/Z, "Z,_,/Z;: He #} for k<c—1. It is
not difficult to see that #,, are PCPs consisting of r components which are
all abelian (m—l . C). Let lHZk/Z,\mZH,/Zk[ = p“-1, then %H is a
(p™%, r)-PCP 1n G/Z,. Furthermore we obtain r < mmlp“! +1:j=1,..,¢}
and since n=3¢_, z; we have r< p' 14+ 1. |

3.3. APPLICATION 2. Let p be a prime divisor of |Z(G)], N=
Q(Z(G))=<xeZ(G): x"=1) the largest elementary abelian p-subgroup
of Z(G) and # an (s, r)-PCP consisting of abelian components only. Then
H satisfies (x)

Proof. N is an elementary abelian normal subgroup of G. For every z
in N we have by (3.2) 1 =z7=(hk)”=h"k” for some elements &, k in
HNZ(G) and Kn Z(G) respectively. Because of (1.2)(i1)) we conclude
h=k"=1as h "=k"is an element of HNn K=1. |

We remark that Q (Z(G))# 1 is always valid in a p-group G since
p-groups have nontrivial centers. We mention that (3.3) as well is used by

D. Frohardt in [4].
Now (3.3) implies the following bound (3.4) which is proved similarly as
(3.2) by induction.

3.4. APPLICATION 3. Let G be a group of order p™, # a (p", r)-PCP
with abelian components. We define the following series of groups:

G =Gy, C,:=0,(Z(G,)),
G,,,:=G,/C, and Ciir:=Q,(2(G))) for iz=1.
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Let e be (the finite number) min{xeN: G,.=C_}, then

Tniel , 1
Li/e ] i

4

/A

r

The next two applications of (3.1) are as well corollaries of a result on
splitting translation nets (see [2]).

3.5. APPLICATION 4. Let G be a group of order s* and A an (s, r)-PCP
in G with two normal components H and K. Let N= G’ be the derived group
of G, then (*) is satisfied.

Furthermore #':={HNG': He#H'} is a PCP with two normal
components in G' and leads therefore to a splitting translation net with
translation group G'.

For s=p" and d:=min{xeN: G =1}, where G denotes the xth
derived subgroup of G, we obtain

r< ptvdd 41,
Proof. By assumption we have G =~ H x K, so that K< C,(H)= {geG:
gh=hg for every h in H} as well as H< C;(K). By [a, b] we denote as
usual the commutator @ '6~'ab. For g,=h.k, (h,e H, k;e K, i=1,2) we

obtain [g,, g,1=1[h,, h,][k, k1€ H'K' which implies G' = H'K'. As
H nK'=1and H', K’ are normal subgroups of G’, we have G' x H' x K.
Observe that for any component L of # — {H, K} (2.3)(ii) yields L'~ H".
This implies that (*) again is satisfied. The rest follows by a similar induc-
tion argument as in (3.2). |

3.6. APPLICATION 5. If N=Z(G) and # is an (s,r)-PCP in G con-
taining two normal components, then {Z(H): He #} and {HZ(G)/Z(G):
He #'} are as well PCPs with two normal components in Z(G) and G/Z(G),
respectively. Furthermore, if G is a p-group of order p** and class ¢ and #
is a (p", r)-PCP in G which contains two normal components then

Proof. Let H and K be two normal components of #. As G~ H x K we
have Z(G)=Z(H)x Z(K) and as L is isomorphic to H for all L in #
by (2.3) we obtain Z(L)=Z(H) and, after some simple commutator
calculations, ().

As HZ(G)/Z(G) and KZ(G)/Z(G) are normal components in G/Z(G) we
may again use the induction method sketched in the proof of (3.2) an
obtain the desired result. |

o

Before we study a final application of (3.1) we cite some commutator
formulas and a basic result on p-groups of class at most 2 (see for example

[1, (8.6) and (23.11)]).
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3.7. LEMMA. Let G be a group, x, y elements of G and assume that
z:=1[x, y] centralizes x and y. Then

(1) [x™, y"]1=2z"" for all m,n in Z.
(1) (xp)'=x"y"z """ Y2 for all n in N U {0}.
If G is a group of class at most 2, then
(1) [ab, x)1=1a x]1[b, x] and [a, xy)="La, x1[a, y].

Assume that additionally p is an odd prime number and G is a p-group of
class at most 2. Then

(iv) Q2,(G)=<xeG: x"=1) has exponent p.

3.8. APPLICATION 6. Assume p is odd and let G be a p-group of order p™
and class 2 with elementary abelian derived subgroup G'. Let A be any
(p", r)-PCP in G. Then () holds with N :==Q ,(G).

Proof. Since the class of G is assumed to be 2 we have G'< Z(G), In
particular any commutator centralizes every element of G. For ge 2,(G)
we have g = hk (for suitable he H, ke K; H, Ke 2 ) and since Q,(G) has
exponent p by (3.7)(iv) one obtains 1= g?=h"k"[k, h]7"~ D72 =h"k".
We have h " "=k’e HnK=1 and therefore A ke Q,(G), which proves
(3.8). 1

4. TRANSLATION NETS OF ORDER p* AND DEGREE r 2= 3

In this section we apply the Factorization Lemma to groups of order p*
where p is as usual a prime number. We are able to characterize all such
groups which admit a (p?, 3)-PCP. Beside (2.3) and the results of Section 3
we only use elementary group theoretic results. In particular all basic facts
about p-groups can be found in [7, 12].

Observe that all groups of order p* are abelian so that all components
are either cyclic or elementary abelian.

If G is abelian then all components are normal in G and (2.3)(ii) asserts
that G is isomorphic to Z,:x Z,: or (Z,)*. If G is elementary abelian then
T(G) =f12 + 1, if G= le” X zL[p then 7{G)=p+ 1 (see [2, 8]).

We assume now that G is nonabelian, and thus T(G)< p+ 1 by (3.2) or
(2.6). Since the factor group G/Z(G) is not cyclic and Q,(Z(G)) is a

nontrivial subgron up of G the ncqnmnfmn r =3 together with {3 3) and (3.4)

ai o ys A% G332 S

leads to
Z(G)=2,(Z(G)=7,x L,=G/Z(G). (4.1)

We denote by @(G) the Frattini subgroup of G. Using [7, Chap. III, 3.14]
we have that G” ;= (x?: xe G) and G’ are subgroups of &(G). As G is a
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p-group and @(G) 1s the smallest normal subgroup N of G such that G/N
is elementary abelian we obtain together with (4.1):

G?, G <D(G)< Z(G), in particular G is of class 2. (4.2)

Ag tha tha~wg 1o P DY & Y
Ad LIV Uivuly lb daiiieren

with the odd case first:
Using (3.8), we look at the cases Q,(G)=Z(G) and Q,(G)

separately.
Ir o

cn
o
he)
o
e
.

4.3. THEOREM. Let G be a nonabelian group of odd order p*. Assume that
G contains at least three mutually disjoint subgroups of order p*.

(1) If Q,(G)=Z(G), then G is metacyclic and isomorphic to a semi-
direct product of Z, with Z .. Moreover, T(G)= p+ 1.

(33 1 74 7l /‘ s £ o S A PN L( 3y 7 viide s
iy 4y MPUJ;— tnen G IS ISomorpnic 1o L\p ;)\LI, wricre

E(py=<a,x,z|la"=x"=z"=1, [a,x]=2z [az]=[x.z]=1) is the
extraspecial group of order p® and exponent p. Moreover, T(G)= p + 1,

Proof. Part (1). Let M be a maximal subgroup of G. Every maximal
subgroup of a nilpotent group is normal in G and intersects Z(G)
nontrivially.

In our case M is abelian if and only if M contains Z(G):

If Z(G)< M, then |M/Z(M)| < p, therefore M/Z(M) is cyclic so that
Z(M )—M which means that M is abelian. On the other side, if M is

A o T b ancanto a8 araT AF ~vrda tha 1A Fiem A

aUClIall auu IV,l 11ILCLIdOCLd L{U} lll d ELUUP O1 Ooracr }/, Lllbll WwC wWOould 1iiida
a complement N of order p of M nZ(G) in Z(G) and obtain that G is
isomorphic to M x N, hence abelian, which contradicts our assumption

Since Q,(G)=Z(G), every element x in G — Z(G) has order p? There-
fore every max1ma1 subgroup M of G contains an element of order p? and
has therefore exponent p>. We have to consider the two cases where M is
abelian and nonabelian, respectively:

If M is nonabelian, then M is of type M(p’):=<(x, y|x" = y?=1,
[x, y]=x7). We remark that M(p?) is the extraspecial group of order p*
and exponent p” (a p-group is called extraspecial, if ®(G)= Z(G)= G’ and
@(G) has order p). Using (4.2) we see that Mn Z(G)=<x*> and G is
isomorphic to M x {z), where z lies in Z(G)— {x”). But then {x7, v, z
is an elementary abelian subgroup of G of order p°, which is a contradic-
tion to |2,(G)l = p°.

We have proved that every maximal subgroup of G is abelian and
contains Z(G). As @(G) is the intersection of all maximal subgroups of G
we obtain together with (4.2) that &(G)= Z(G). Furthermore every

maximal subgroup is of type Z,:x 7.
Using Burnside’s basis theorem on p-groups (see e.g., [7, Chap. III,
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3.15]) and observing that &(G)=Z(G)=2,(G) has order p? we obtain
that G is generated by two elements x and y of order p? Consider the
subgroups {(x) and {y). If G? has order p then any two cychc subgroups
of G of order p? would have nontrivial intersection. As we have only one
elementary abelian subgroup of order p? in G (namely Z(G)), G would not
contain three mutually disjoint subgroups of order p®. Therefore G” = ®@(G)
and we may assume that {(x”, y”>=G” and that (x> and {y) have
trivial intersection.

G'= {[x, y]> has order p and lies in Z(G). We regard Z(G) as a (multi-
plicatively written) vector space over the finite field GF(p) of order p which
is generated by x” and y”. Using the commutator calculations of (3.7) one
has {(x'y/)? =x"y”, so that every element in Z(G) is indeed the pth power
of an element in G. We may therefore assume without loss of generality
that x” generates G'. But then {x) is a normal subgroup of G and
G/{x»=<{y{x>) is cyclic of order p? as y” does not lic in {x>.

This proves that G is metacyclic and isomorphic to a semidirect product
of Z, with Z .. Using the presentation of G one can show that

{({xy7>:jeGF(p)ju {<{¥y>}
sa (p% p+1)-PCP in G so that we have the desired result.

Part (11). As G is of class 2 we have by (3.7)(iii) and our assumptions
that G is of exponent p. Let y and z be generators of Z(G) and a an
element of G — Z(G), then M := {a, y, z) is elementary abelian of order p*
and, as a maximal subgroup, normal in G.

Every x in G — M induces by conjugation a linear mapping on M, when
M is regarded as a vector space over the field GF(p). Without loss of

generality we choose the basis (a, y, z) so that the operation of x on M

ledds to the Jordan canonical form, that means a*=ay, y'=yand z" =z

= {a, x)y is a nonabelian subgroup of order p’ and of exponent p
and therefore isomorphic to E(p?), the extraspecial group of order p? and
exponent p (see [7, Chap. III, 12.6]).

As NnZ(G)= {y) we see that G is isomorphic to {a, x> x {z)>. We
have now a concrete presentation of G. It remains to construct p+ 1
mutually disjoint subgroups of order p? in G.

Define H, :={x,z) and H,, ;= {ax"™, vz for me GF(p), then

A o={H,  Hy ..H,_}
is a (p°, p+1)-PCP in G. This can be proved easily by calculating in G
using our presentation and the commutator formulas of (3.7). |

We remark that the two nonabelian groups in (4.3) meet D. Jungnickel’s
bound (2.6) as well as the bound in (3.2). The metacyclic example in the
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proof of (4.3)(i) was also given in [8]. It is remarkable that both groups
have a cyclic derived subgroup of order p which lies in exactly one of the
components of any given PCP with p + 1 components since G’ < Z(G) and
as we obtain an induced PCP in Z(G). The unique component containing
G’ is a normal subgroup in G so that these groups lead to semi-splitting
translation nets. As mentioned in Section 2 these types of nets are studied
in [6].

We are now going to discuss the case p=2.

4.4. THEOREM. Let G be a nonabelian group of order 16 which contains
at least three mutually disjoint subgroups of order 4. Then G is isomorphic
PP n . 7 sisds 5220 N Aosrntone $hhis Ao dusd i AE Audsn Q PR SN
LU LI N, WHEIC L/, «CHUIES ne Wincdrdr grodp of order o, Ur U i
isomorphic to {x, y: x*=y*=1, [x, y]1=x%7 (X)) =1, which is ua
semidirect product of 7, with Z,x Z,.

Proof. Let G be a nonabelian group of order 16 satisfying
Z(G)=Z,x7,>=G/Z(G) (see (4.1)). As ®(G)=G* (see [7, Chap.III,
3.147]) and @(G) # 1 we have that the exponent of G is 4 by (4.1) and (4.2).

As in the proof of (4.3), we have Z(G)=@(G) if and only if every
maximal subgroup of G is abelian.

We assume first that every maximal subgroup M of G is abelian. Then
by (4.1), G*= Z(() is clementary abelian of order 4. There exist elements
x and y of order 4 in G satisfying Z(G)= {(x? y*)>. Furthermore
<x>m {y>=1 holds so that {x, }) G.G'={[x,v]> has order 2 and

- (.2 L2 2Y Tlcing
.lb a buugluup Ul LUJ) SO LuaL w¢E uavc Lt, V1€ X5, 07, l V. USIIE LllC

commutator calculations of (3.7) (1) and (ii) one can show that in any case

x*y? is not the square of an element in G.

If there is no element in G — Z(G) of order 2 then we have that all three
components are cyclic of order 4 (since |H N Z(G)| =2 for every compo-
nent), but then x?y* would be the square of an element, a contradiction.

Let therefore @ be an element of order 2 in G—Z(G), then
M= {a,x* y*) is elementary abelian of order 8§ and xM = yM. Now
x !y e M and therefore xy e M. But this means that xy has order 2 and we
obtain (xv)>=x**[ v, x]=1 by (3.7). Therefore [x, y]= x%*y% Now {x),
{yd, {1, xy, x7y?, x*y’} is a (4, 3)-PCP in G and G is isomorphic to the
second group mentioned in the statement of the theorem (see also [6,
Example 6.7]).

£ it atima o mmmiialealio e s o Tean o 1 ¢ithogerna L Ve YN O .
ll U LUIltdlllb d llUlldUClldll lllaAlllldl auugluup 1V1, tn \U} lldb Ooracer
t

2 and &(G)= M n Z(G). Furthermore we have that G 1s 1somorphic to
D,x7, or QxZ, (here (I denotes the quaternion group of order 8)
depending on the type of M.

As Q x 7, contains 12 elements of order 4 and all elements of order 2 lie
in the center of this group we see that all components have to be cyclic of
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order 4, as each component intersects the center in lements by (3.2).

But anv two {"V(‘]](‘ suberoups of order 4 contain (15 ) which is of

s QAR IV S UBRIVUES V1 Vil 441 X

order 2. So () x 7, contains no (4, 3)-PCP.

With Dy xZ,=<{a, b, z|a*=b>=z*=1, [a,b]=a’, [a,z]=[h,z]=1
one sees that {{a), {ab, =), {(a’z, b)} is a (4, 3)-PCP. This completes the
proof of (4.4). |

\_. ’ n

We finally collect the results of this section.

4.5. THEOREM. Let G be a group of order p* containing at least three
mutually disjoint subgroups of order p>. Then one has one of the following
cases:

(i) T(G)=p*+1 and G is elementary abelian.

(11) T(G)—p+1 and G is isomorphic to Z,xZ,, {X, ylx# =
} =1, [x, yI1=x"> or E(p° yx Z, in the odd case and T(G)=3 and G is
isomorphic to ZyxZ4, {x, y|x*=y*=1, [x, y]=x%% (xH*)*P=1) or
DyxZ,, when p=2.

The results of Sections 3 and 5 imply that the groups in (4.5) (ii) are
exactly the case where (2.6) is sharp.

5. A GENERALIZATION OF A THEOREM OF D. FROHARDT

n [4] D. Frohardt proved the following theorem:

5.1. THEOREM. Let G be a finite group of order 4k* and assume k > 4 and

Py AR o .S a i I_ I\ DD
indai O COonidins U LR, K ). 1!1(’!’[ U H an ewmemam aoeuan L-gruup

By using D. Frohardt’s theorem (2.7) on 2-groups, A. P. Sprague’s and
D. Gluck’s results on groups of order 36 and 64 (see [117] and [5, 11],
respectively ) and our results of Section 4 we prove

5.2. THEOREM. Let G be a group of order p’k* where p is the smallest

I ILN\ MmN s

prime divisor of |G| and k = 3. Assume that G contains a (pk, k)-PCP ¥ .
Then one of the following cases is valid:
If p=2 then G is

(1) omne of the following four groups of order 36:
Lex Ly, 2yx 2y, Xix g,
ZZX <X, yaz‘xj:}’j__'zzzls [X, :] =X, [y,2]=—‘y, [xa y:]__"1>,

(i) an elementary abelian 2-group,
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(ii1) the group {a, b, c, x, y, z» of order 64 where all generators have
order 2 and all commutators are equal to 1 except [x, y]=a and [x,z]=0b.

If p is odd then G is a p-group of order p*". Furthermore,

(iv) if n=2, then G is one of the groups of order p* given in
Theorem (4.5),

(v) if n=4, then G is elementary abelian.

The only case which is not covered in the statement of (5.2) is when G
is a group of order p°® and p is odd. Under the assumptions of (5.2) we can
prove:

5.3. THEOREM. Let G be a group of order p®, where p is an odd prime
number. Assume that G is not elementary abelian.
If G is the special group of exponent p with center of order p*, then

T(G)< p* + 1.

In all other cases, one has T(G) < p°.

Let G be the special group of exponent p with center of order p°®. In
Section 6 we give a construction of a (p?, p? +1)-PCP in G. We therefore
obtain T(G)= p*+ 1 for all odd prime numbers p.

The proofs of (5.2) and (5.3) proceed in several steps. We first show that
the existence of a large number of mutually disjoint subgroups forces G to
be a p-group except in the case where |G| =36. From now on the assump-
tions are the same as in (5.2).

54. G is a p-group or |G| = 36.

Proof. Assume k = p'n, where p does not divide n. By (2.5), # induces
a (p'*', k)-PCP in any p-Sylow subgroup P of G. Hence we may assume
that Hn P is a p-Sylow subgroup of H for all components H in # and
obtain

Y HaP—{1}|=(p"' =) k<|P—{1}|=p** 1

He#

Therefore n < p+ p’. If 1 >0 then n=1 as p is the smallest prime divisor of
|G| and p does not divide n by assumption. If r=0 then n=p+1is a
prime number and therefore p=2, n=3 and |G| =36. |

A. P. Sprague determined every (6, 3) translation net in [ 11 ] by presenting
the corresponding PCPs. The translation group is one of the groups listed
in (5.2)(1).

From now on we assume that G is a p-group of order p?* and n >3, as
we dealt with the case n =2 extensively in Section 4.



TRANSLATION NETS 221

If G 1s abelian then it must be elementary abelian by (3.3) and (3.4).
The case where p=2 and n>4 is discussed in [4] (see (2.7) and (5.1));
then G is elementary abelian.

If n=3 and p=2 then G has order 64 and there exist exactly two groups
1]'\ admit an (Q 43 DFD the alemeantary ahalia grr‘)np r\{" nrdnr 6A or

vhich admit an (8, 4)-PCP, the elementary abelian
the group in (5.2)(111) which does not contain an (8, 5)-PCP (see [5, 11]).
From now on we assume that p is odd, n>3, and # is a (p”, p"~')-
PCP in G, where G is nonabehan. Similar as in [4], we study G depending
on the order w of the elementary abelian subgroup £ :=Q,(Z(G)) of G.

The Case v = p” . We regard 2 as a vector space over the field GFi ( )

e ANCE ST J O S PO R TS T PPy ~F O OT everyv COimpon
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H of # we have |Hn V| > p with equality if and only if G=HV.

Assume that there are at least two components X and Y of #
satisfying [ XN V|=|YnV]|=p with {(x>=XnV and (p>=YnV. As
(x>n {yy=1wecan extend {x, y} to a basis (x, y, v, ..,v,_,) of Vand
look at the n-dimensional subspace W= <{xy,v,,..,v,_,»> of V. By con-
struction X W= Y W=1 holds so that {W, X, Y} is a (p”, 3)-PCP in
G. As W 1s a subgroup of Z(G) the components W, X and Y are normal
in G. Using (2.3) (ii1) one obtains that G is abelian, a contradiction.

A contains therefore at least p”~ ' — 1 components H with |Hn V| > p?.
Since at most one component is a subgroup of V, # leads to a GPCP
{HV/V:He #,|HAV|>p*}in G/V with parameter a <n— 2 and at least
p" ! —2 components. Now (2.9)(i) implies p" ' =2<p" 2+ - + p+ 1,
a contradiction to p # 2.

Under the assumptions we have proved

F'P

w< ph. (5.5)

Next, we calculate an upper bound for the order of the Frattini subgroup
@(G) in G (see also [4, 8]).

PG < p™. (5.6)

Proof. Each component of 5# lies in at least one maximal subgroup of
G so that G/®(G) contains at least p”~ ' maximal subgroups. As G/®(G) is
elementary abelian, this leads (because of duality) to at least p” ' one-
dimensional subspaces in G/@(G). Therefore |G/®(G)|=(p—1) p" '+ 1.
As the order of |G/®(G)| is a power of p, we have the desired result.

The Case w<p" * Similar to [4] we study the set o/ ;= ({He #:

HnQ=1}. Let a:=|o/|. The number ¢ of components which intersect
©Q nontrivially is bounded by (w—1)/(p—1) so that we have

azp = (p" = Di(p—1).
Because of (3.3) and (3.1) there exist at least ¢« — 1 nonabelian com-
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ponents in .o/ so that we have at least « — 1 components H in .o/ satisfying
®(H)+# 1 and therefore Hn @(G)#1. Let H be a nonabelian element of
/. By definition of .o/, H contains no nontrivial normal subgroup of G as
otherwise H would intersect Z(G) and therefore £ nontrivially. We
calculate a lower bound for

=|(Hn®(G))°|=|{h* heH, g }

The Oi‘l:y difficu ituation is when H V@ (4 ) ndas or

{(x)=Hn D(G) be a subgroup of order p. Of course 1> p h olds since {x
is not normal in G. Assume first x'ex® for all i=1,.., p—1, then
7= |x% > p® Otherwise, x’ does not lie in the orbit of x for all
i=1,.,p—1landthust>=(p-1) p+ 1. (Observe that x does not lic in the
center of G!) In any case we can assume that t>p’— p+ 1. Since
H% N K°=1 for different components H and K in J# (see (2.4)), we have
that &(G) contains at least (¢—1)(t— 1)+ 1 elements. Using the lower
bounds of ¢ and t given above, after some calculations one obtains a
contradiction to (5.6).
We have proved

~ iy L

-~

»1
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‘ts
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w=pt (5.7)

We now show
w#p' (5.8)

Proof. Assume w=p" ' As p" !(p—1)+ 1> w there exists a compo-
nent H of # which intersects Q trivially. HQ is a maximal subgroup of G,
hence normal in G. Because HQ is isomorphic to Hx2 we have
D(HQ)=d(H). ®(H) 1s a characteristic subgroup of HQ and therefore a

- T g 1 - — 1 —
normal subgroup of . The assumption @ H=1 yields ¢(H)=1 and

therefore H is elementary abelian.

The number of components which intersect Q2 nontrivially does not
exceed (p" ' —1)/(p —1). Therefore the number r of (elementary) abelian
components in # satisfies r= p" ' —(p" ' —1)/(p—1). But (3.4) yields
r< p”"~ Y2 4+ 1. We have the desired contradiction. |

Thas £raco ry — Qisvn1l 1«; + e
ine Lgse o= p . odImuariy to Cp wWe 8CC tna

ence of a component H satisfying H N2 =1 would imply that G H_Q is
elementary abelian. Thus HnQ # 1 for all He # and G/2 contains at
least p”~' maximal subgroups, namely {HQ/Q: He #}. Now the same
argument as in the proof of (5.6) shows that G/Q2 is elementary abelian.
Therefore we obtain G’ < @(G) < 2 which yields that G is of class 2.

From now on, without explicitly stating it, we make use of the
commutator formulas in (3.7).

Next, we prove that the center of G is equal to € and is therefore
elementary abelian. Assume that |Z(G)| = p”*' and choose any subgroup

[T o e
L

D
!
>
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-
ju
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Z of Z(G) of order p”*'. Each component H of # satisfying HZ=G is a
subgr oup of G so that (2.3)(u1) implies that b= !Hc: w

(3 44N V&~ Y diaipriales fAs = I

normal

HZ = G}| <2. Therefore at least p”‘1 2 components K of # have at
least p* elements in common with Z. These components lead to a GPCP
{KZ/Z: Ke #, |[KNZ| > p’} with parameter a<n—2. As a consequence
of (2.9)(1) we have the contradiction p"~'—=2<p" *+ --- +p+ L.

An application of (3.7)(ii1) and (3.8) shows now that G is of exponent p.
Because of (3.3) # contains at least p” ' — p'?) —1 nonabelian com-
ponents. We denote this set by .#. By definition every element H of .#
satisfies H' # 1. As H' < G’ we may calculate now |G| = |.#|(p—1)+ 1>
p" ! and therefore |G'|=p". By (56) and G'<®(G) we have
G =D(G)=Z(G).

In particular: G is a special group of order p?* with exponent p and
|1Z(G)=p

Every subgroup U of & of order p” intersects &(G) nontrivially, as
otherwise U®P(G)= G and therefore G = U, a consequence of the definition
of the Frattini subgroup. We will now determine an upper bound for the
maximal number of components in # which intersect the center of G in a
one-dimensional subspace.

Let H be a component in # satisfying |H N Z(G)| = p, for example
Hn Z(G)= (h). We will see that the structure of G is very restricted:

Assume that H is abelian, then A is elementary abelian and we can
choose h,, .., h, , in H such that (A, .., h,_,, h) is a basis of H. HZ(G)
is elementary abelian of order p? ! For every x in G— HZ(G) one
obtains G'=Z(G)={[x, h], ..., [x, h,_,]> and therefore dim G'<n—1
which contradicts G' = Z(G).

This yields that H is nonabelian and 1 # @(H)=H < HNZ(G)= {(h>).
By Burnside’s basis theorem we can find a,,..,a, , in A such that
{ay,..,a,_,y=H and [a,,a,]=~h. Let Z, be a complement of (4} in
Z(G). HZ(G) 1s tsomorphic to H x Z, and since Z, is elementary abelian
of order p"~ ' one has ®(HZ(G))=DP(HZ,)=D(H). For every b in
G— HZ(G) we have furthermore G'=<{[b,a,]l,...[b.a, ;] [a,,a>]>
since (HZ(G))' =H' = {[a;, a,]).

C.(b), the centralizer of b in G, is equal to (b, Z(G)) and is an elemen-
tary abehan group of order p”+1 Let K be a further component of #
satisfying | K n Z(G)| = p and without loss of generality. Let b e K (observe
that there exists an element o in K which does not lie in HZ(G),
since otherwise H and K are subgroups of the proper subgroup HZ(G)
of G which contradicts HK=G). If we denote by z a generator
of ®(K)=Kn Z(G), we obtain C;(b)n K=<b, z>. By Burnside’s basis
theorem every minimal set of generators of K contains » — 1 elements. We
can furthermore assume that b is one of the generators. Let K be generated
by b, vy .., Yo, Where [b, y,]1=2z.
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If n>4, the generator y, exists and is an element of K— (b, y,).
Therefore y, does not centralize ». Since K’ = {z) we may assume that
[b, y:]1=z and obtain [b, y,y, ' 1=1[b, y,1[h, »,]1 ' =1 (see (3.7)).
Therefore y,y,'eCy(b)nK=<b,z> and one has y,e{b,z,y,>=
(b, y, >, a contradiction to the fact that y, together with 4 and y, belongs
to a minimal set of generators of K.

We conclude that for n >4 there is at most one component H satisfying
\HN Z(G)| = p and therefore at least p” '—1 components L satisfying
|L " Z(G)| = p>. We obtain that Z(G) contains at least p+ (p" ' —1)
(p? —1)> p" elements, a contradiction, which completes the proof of (5.2).

To finish the proof of (5.3) it remains to check that 7(G) < p? + 1, when
G is special of order p® with exponent p and has a center of order p°.

In determining | H°| for each subgroup H of G satisfying |H N Z(G)| = p
we prove that the maximum number of components in a PCP in G does
not exceed p* + 1.

Observe that G is isomorphic to

{a, b, ¢, x, v, z| all generators have order p; [a,b]=x,
[a, ¢l =y, b, ¢c]=2z; all further commutators are equal to 1.

As G is of class 2 one can use (3.7) and the presentation of G to show
that |g“| =|G: Cs(g)| = p? holds if and only if g does not lie in Z(G).
Furthermore x“ # y¢ if and only if HN Z(G) x # Hn Z(G) y for x, y in H.
This leads to

|H| = |HNZ(G)| +(|H/HNZ(G) — 1)-p*=p*— p* + p,

if |[HNZ(G)|=p. Now (24) yields |[{He #: | HNZ(G) = p}| < p.

As at most one component intersects Z(G) in a 2-dimensional subspace
we obtain |#| < p?+ 1.

This completes the proof of (5.3). |

In the next section we show that for all odd prime numbers p there exists
indeed a (p*, p?+ 1)-PCP in the special group of order p® with exponent
p and center of order p°.

We conclude this section summarizing our results in slightly different
terminology to show that the bound in [9, Theorem 3.5] can be improved.

5.9. COROLLARY. Let s be a positive integer with smallest prime divisor
p. Then T(s)=s/p if and only if s=06 or s is a prime power.

5.10. COROLLARY. Let G be a group of order s* and p be the smallest
prime dividing s. If T(G)=s/p+ 2 then G is elementary abelian.
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5.11. COROLLARY. Let p be a prime number and

T*(p"):=max{T(G): G a group of order p*", G not
elementary abelian}.

Then

(i) T*(p*)=p+1,

(i) T*pY<p*+1,if pisodd
(i) T*(64)=
(iv) T*(p")y<p" ' forn=4.

As a consequence of Theorem (6.4) below we see that T*(p*)= p>+ 1 for
all odd prime numbers p.

6. (p>, p*+ 1)-TRANSLATION NETS WITH
NONABELIAN TRANSLATION GROUPS

In this section we examine the group

all generators have order p; [a,b]
to

| a e
[a, ¢} =y, [b, ¢] =z all further commutators are equal

more carefully.
As in Section 5, p is an odd prime number. G is the special group of
order p® with exponent p and a center of order p°>. We have proved that
T(G)< p?+ 1. In this section, we show that this bound is indeed sharp for

dil O(JU prlmc IlUIHDCl"b P l‘J()lC Lﬂdl U lb 01 leSb L DCb]QC lIlC commutator
formulas in (3.7) we need the following lemma:

6.1. LEMMA. Every element g in G can uniquely be written as
g= azbﬂc‘;xéynzi’
where a, B, y, &, n,  are elements of the finite field GF(p) of order p.

Proof. Assume a®bPieiixtymzit = g@2pfrevixpnzt By (3.7) and the
presentation of G we obtain

a2 = bﬁzmﬁncm—nxéz— étynz—mZC2~C1 + Bily2— 1)

If o,#a, then a lies in (b, ¢, ®(G)> and therefore we obtain G=
(b, ¢, ®(G)) = <b, ¢), a contradiction. If §, # f, then be U := (¢, x, y, 2.
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But U is elementary abelian of order p* which contradicts [, c] =z # 1. As
¢ is not an element of Z(G) we obtain y, =7y, and as (x, y, z) is a basis of
Z(G)we obtain as well £, =¢&,, n,=#n,and {;=(,. |}

Let A, Ce GF(p)* and Be GF(p). For all i, j in GF(p) we define

[aC _..jZAi+ B;', bcinj] — Xyizj.

Furthermore H;(4, B, C) is isomorphic to the extraspecial group E( p’) of
order p® and exponent p. Similar to the proof of (6.1) one can show that
cach element g of H,(4, B, C) can uniquely be written as

g= (ac—jzAi+ Bj)z (bcin_j)[f (X)ﬂ'izj)?
with o, f, and ye GF(p).

If we write ge H;(A B, C) in “standard” presentation of G we obtain

g = b Ty (3= OB iy i) < a mix iy (1)

6.2. PROPOSITION. For every odd prime number p there exist
A, Ce GF(p)* and Be GF(p) such that {H;(A, B, C): i, je GF(p)} is a
(p*, p?)-PCP in G.

Proof. Let i, j, k, and [/ be elements of GF(p) and assume that
(i, j)# (k,1). Let g be an element of H, (A, B, C)n Hy(A, B, C). Then
there exist elements «, f, 7, 4, i, T in GF(p) such that

aab,ﬁ’ciﬁ — /'ax";’yj(;) + Cj[)‘+i;'z l(g) + Aix + Bjx + jy + jaf
— @’ hHckH --1;.x1y1(§)+cm+kzz« k(B + Aki+ B+ ke = ip (2)

By using (6.1) we obtain the following system of equations:

A=/ (3)

B=u (4)

iff — jo=ku—1Ix (5)

y=1 (6)
j(;)+Cj/5‘+iy=l(§)+€lu+kr (7)

_i<§)+Am+Bj&+ﬁ+ﬂﬁ= _k(g)+Ak)v+Blﬂv+lr+l/lu (8)
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By using (3), (4), and (6) we obtain

(k) f=(— D) ©)

: NN

=k ==y (5)+ s (10)
(i—k)[Aa—([;)]z(l—j) (v + Bo+af] (11)

from (5), (7), and (8).

Now define s:=i—k and t:=j— 1L

[f s=0, then t#0 because of the assumption (i, j) # (k, /) and therefore
we obtain a =0, =0, and y =0 by (9), (10), (11), and the choice of 4, B,
and C. Hence g = 1. Similarly, we obtain g=1, if 1=0.

We are now going to study the case where t#0 and s#0. Let r := g/1,

then the equalities (9), (10), and (11) imply S
a=rp (12)
—r=(})+cp (13)
—r[Aa—(ﬁ)Jz)}JrBa-i—aB. (14)

Now (12) in (13) yiclds
y=—r (") (15)

and (12) and (15) in (14) imply

mr[Arﬁ_(ég)}:wr_l(rf)——r_l(fﬂ%—Brﬂ-i—rﬁz. (16)

After some simplifications, using that r#0, we obtain that (16) is
equivalent to
1+2B 1 C
3 2
r+———r+—r——| =0 17
(P 3 Hara)s i
If

1+28 , 1~ C
W +—w—=
24 24 4

fapclw) =’ +
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is irreducible in GF{p)[w], we obtain f=0 from (17) and therefore
a=0 and y=0 from (12) and (13), respectively. This shows that
H;(A,B,C)nH,(A,B,C)=1 for (i,j), (k,]) in GF(p)* whenever
(i, J) # (k, ).

If the polynomial f, z . is not irreducible, then it has a root in GF(p)*.
One can find therefore a nontrivial triple («, f, ) with arbitrarily chosen 8
in GF(p)* which solves our equalities (3) to (8) where (i—k)/(j—1) is a
root of f, 5 ¢.

It remains to show that we can find 4, Ce GF{(p)* and Be GF(p) for a
given odd prime number p such that f, z  is irreducible in GF(p):

Since the mapping u: GF(p)— GF(p), @ » ®’ —w is not bijective, we
always find an element D(p) in GF(p)* such that g5, (®) =w’—w—D(p)
is irreducible in GF(p)[w]. If we choose (4, B, C)=(-2"" 271,
—27"'D(p)), we obtain that f, 5 ~ = g, is irreducible. This completes the
proof of (6.2). 1

6.3. PROPOSITION. Define H, :=<{c, y,z). Then H, " H (A4, B, C)=1
Sfor all (i, j) in GF(p) for all choices of A, B, and C as in (6.2).

Proof. Let (i, j)e GF(p)>, A, CeGF(p)*, BeGF(p), and ge H, N
H,(A4, B, C). Using (1) we find «, f, y, 4, u, T in GF(p) such that

2 faif—jr oy o2 + CiB+ iy — i{ BY + i+ Bix+ jy + jaf
a*b?c Xy \2) :

= c*yrz"
Using (6.1) one obtains o = f =7 =0 and therefore g=1. |
A direct consequence of (6.2), (6.3), and (5.3) is

6.4. THEOREM. Let p be an odd prime number, G the special group of
order p®, of exponent p and center of order p>. Then there exists a
(p?, p>+ 1)-PCP in G. Furthermore T(G)= p*>+ 1.
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