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Identification of microstructural information from
macroscopic boundary measurements in steady-state linear
elasticity
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2Centre for Advanced Analytics and homogenization. Based on measurements of the deformation of the (macro-
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on the geometry of the microstructure. For a parametrized microstructure,
Correspondence we are able to prove that there exists at least one solution of the associated
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Germany. tion and the resulting deformation for a given parameter. To facilitate the

minimization problem based on the L2-difference of the measured deforma-
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Lagrangian method of Céa, and we present numerical experiments showcasing
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1 | INTRODUCTION

For a given periodic microstructure, upscaling of the steady-state linear elasticity problem in three dimensions is a classical
result in the context of periodic homogenization. The resulting upscaled system is of the same type, where the homog-
enized (effective) elasticity tensor depends on the macroscopic variable, and it is computed from solutions of auxiliary
problems stated in the periodicity cell.

Here, we consider the associated inverse problem and deduce from measurements on the boundary the interior
geometry of the periodicity cell. To achieve this, we combine the methods of periodic homogenization and parameter
identification. Therefore, if measured data of the deformation of the exterior boundary of a two-scale composite of two
solids under given forcing are available, our results allow to compute parameters characterizing the microscopic structure.
Such results are of particular practical relevance if, for example, the microstructure is associated with damage (micro-
scopic holes/domains of weak material of a certain size) and our results allow to compute the extent of the damage (size
of the holes/weak domains) from macroscopic boundary measurements.

More concretely, we derive the results on the inverse problem under the assumption that the periodicity cell consists
of two perfectly bonded solids, where the one part is completely contained in the cell and its geometry is described by a
finite vector of real parameters z. The aim of this paper is then to investigate the minimization problem

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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arg minJ(r) := arg min % [lu[z]

2
— Um ” 2 39
T€l, €l (L]

where the parameter © € I, I, a compact subset, describes the geometry of the microstructure, u[z] : Q — R3 is the
displacement field for a given = and u,, is the measured displacement.

There are several authors studying related parameter identification problems in the context of shape optimization and
homogenization. Orlik et al.! optimize textile materials via homogenization and beam approximation with a similar
approach as in Section 3.1 of this paper, but the result is stated for constant homogenized tensor and under different
assumptions on the elasticity tensor. Another paper closely connected to our results is by Allaire et al.> where homog-
enization in connection with shape optimization for linearized elasticity in only two dimensions is studied, where the
microstructure consists of a cell with a central rectangular hole (i.e., no material/void space). The aim is to find the opti-
mal shape, that is, the length, width, and rotation of the rectangle. Michailidis® considers the linear elasticity equation
together with some thermal stress tensor. It is also in the setting of inverse homogenization, but the method of Céa in
connection with a smoothed-interface is used instead of a sharp interface as we consider here. It is also worth mention-
ing Allaire et al.,* who investigate the damage evolution in linear elasticity via shape optimization, whereby they need to
compute the shape derivative. They handle the difficulty that the interface moves instead of the outer boundary, and the
full strain and stress tensors are not continuous across the interface, but this work is not set in a multiscale context.

Related research fields in parameter identification in elasticity aim to identify the (microscopic) material parameters
and not the shape from measurements on the boundary.> Electrical impedance tomography,® for example, where the aim
is to find the electrical conductivity and permittivity under special structural assumptions, is another application, where
related parameter identification problems arise. Some more general results in shape optimization by homogenization
method can be found in the books of, for example, Allaire® and Delfour and Zolesio'® and in the theory of inverse problems
of, for example, Isakov!! and Kirsch.!?

The paper consists of two parts: the study of the direct problem (Section 2) and the study of the inverse problem
(Section 3). In Section 2.1, we introduce the homogenized problem and briefly summarize existence and uniqueness of the
solutions. While these results are mostly standard, we proof some more detailed properties of the homogenized elasticity
tensor required in what follows in Section 2.2. In Section 3.1, we formulate the inverse problem and show the existence
of at least one solution of the inverse problem. After computation of the Gateaux derivative of the homogenized tensor
in Section 3.2, we derive the Gateaux derivative of the functional of the inverse problem in Section 3.3. Focussing on a
microstructure consisting of ellipsoids, some numerical experiments showcase the functioning of the method in Section 4.
Conclusions are drawn in Section 5.

2 | STATEMENT OF THE DIRECT PROBLEM

2.1 | Periodic and homogenized problem

Let Q be an open bounded Lipschitz domain in R3, I'p C dQ closed with |T'p| > 0,y = 0Q\I'p, and Y = (0,1,) X (0, ) X
(0,13) c R3. We consider a bounded sequence {A¢} of tensors of fourth order in M(a, §, ), which is defined as follows:

Definition 1. Let o, § € R with 0 < a < # and let @ be an open set in R3. We denote by M (a, §, ©) the set of all
tensors B = (bjjkn)1<ijkh<3 Such that

(i) bijkn € L*(O) forall i,j,k,h € {1,2,3}

(11) bijkh = bjikh = bkhij for all i,j,k,]’l € {1,2,3}
(iii) a|m|?> < Bmm for all symmetric matrices m
(iv) |B(x)m| < p|m]| for all matrices m

a.e. in 9, where
. 3
Bm = ((Bm)ij)1si,jss = (Zk,h:lBijkhmkh)ij o
3 1<i,j<3
Bmin = Z bijknimi; i
LjJh=1 ijkh!Ttijikh,

N 1
|m| ::(E,, m?)z,
ij=1 U

for quadratic matrices m = (m; j)l <3 and i = (M j)l <ij<s

9SULIIT suowwWo)) aA1eaI) dqearjdde ayy £q paurdAoS ai1e sa[ore Y $asn Jo sa[ni 10j A1e1qi] dulfuQ A3[IA\ UO (SUOIIPUOI-PUE-SWLIA) W00 A3[1M " AIRIqI[aUI[UO//:sd)Y) SUONIpUO) pue SWId L, 3y} 228 "[720z/C1/S1] uo A1eiqry aurjuQ A[ip “Sinqs3ny [qigsiarlIsIaAIuN Aq [§S8 BWW /700 ] (1 /10p/w0od Ka[im K1eiqijaurjuo//:sdny woiy papeofumo( ‘1 ‘€20T ‘9L16601



LOCHNER AND PETER W l L EY 1297

The deformation of the domain Q under given body load f and boundary force g can be described by the displacement
field u¢ : Q — R3, which is the solution of the steady-state linear elasticity problem

ut¢ =0 on I'p, €}

—div(Afe(u®)) = f in Q,
Afe(u®)n=g on Iy,

where A¢ describes the properties of the material of the solid and 7 is the outer unit normal. A classical example for {A*}
is a sequence of tensors of the form A®(x) = A (l—‘) with A Y-periodic, that is, the material properties only depend on the

microstructure. The linearized strain tensor e(u®) is given by the symmetric gradient of the displacement field, that is,
e(ue) 1= %(Vuf + (Vu)h).

Due to the assumptions on A¢, there exists a unique solution u® for every e.

Theorem 1. Let A* € M(a, $,Q), f € [L>(Q)]® and g € [L*>(n)]3. Then, there exists a unique weak solution u¢ €
H}D(Q) ={uelH 1(&2)]3 :u=0 on I'n} of problem (1). Moreover, u¢ is bounded in H}D(Q),

c
Il @p < o (IS lizepe + lgliaye) »

where C is a constant only depending on Q.

Proof. The proof can be found in Theorem 10.6.,'> whereby we use additionally Korn's inequality for the
estimate. O

We introduce the periodic unfolding operator from chapter 1.1.14

Definition 2. For a Lebesegue measurable function ¢ on Q¢ := interior J ce Age(i_/ + &), where A® = (£ € R® :
e(Y + &) c Q}, the periodic unfolding operator 7, : LP(Q) — LP(Q X Y), p € [1, 0], is defined as follows:

¢ (e[’g—c]y + ey) fora.e. (x,y) € Q¢ XY,

Te(P)(x, ) =
fora.e. (x,y) €IIF XY,

where I = Q\Q° and [f] is the unique linear combination of the unit vectors e; € R* with integer coordinates
Y
. X 3 X
&, € Z, that is, [;]Y = Xz &je), such thatx — e[;]y €Y.

Under an additional assumption on A%, we can pass to the limit € — 0 to find the homogenized solution. We denote
by HéerO(Y) the space of all functions u € H'(Y), which are Y-periodic and have mean value zero, that is, My(u) =

1
mfyudy =0.

Theorem 2. Let f € [L*(Q))? and g € [L*>(I'y)]3. Furthermore, let u¢ be the weak solution of (1) for A € M(a, §, Q).
Suppose that

Bt :=T.,(A°) > Bae in QXY. 2)
Then, B € M(a, §,Q X Y) and there exists u € H;D (Q)and 0 € [LA(Q, H; ero(Y)® such that
u® — u stronglyin [L*(Q)]°, 3)
T.(u) = u weakly in [L*(Q, Hper(Y))I, 4)
T(Vu) = Vu+ V,i weaklyin [L*(Q X Y)]** (5)

and (u, it) is the unique solution of

ﬁ / B(x, y)(e)(x) + ey (@)(x, »))(e(W)(x) + ey(D)(x, y))dxdy = / S0 - v0o)dx + / 8(x) - v(x)dS(x) (6)

Qxy Q Ty

forallv e H;D (Q) and b € [LX(L, Hll)er,O(Y))]B"
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Proof. The assumption (2) implies that B € M(a, #, 2XxY). Due to Theorem 1, the solutions u* are uniformly bounded
in H'(Q) and so we can apply standard periodic unfolding results (see chapter 1.4!%) to get convergences (3)-(5).
Choosing appropriate test functions in in the weak formulation of (1) and passing to the limit, we receive (6). We can

_ . 1/2
endow the space H}D (Q)X[L*(L, H; ero(Y))® with the norm (|| Vv||[2L2 @pa Tt Vyvll[ZL2 P ) . Note that due to the

Y-periodicity and Korn's inequality for functions with zero trace on part of the boundary and for periodic functions
with zero mean value, there holds for every (v,9) € H. (Q) X [L*(, H;er NeQ)lk

SN2 2 N2
”e(v) + ey(v)”[LZ(Qxy)]SxS Z C <|Y| ”Vv“[LZ(Q)]SxS + ”Vy(v)“[LZ(Qxy)]sxs ) .

Using this inequality and the fact that B € M(a, f,Q X Y), we can apply the Lax-Milgram theorem to problem (6) to
show that there exists a unique solution. O

We can split the homogenized problem into a macroscopic problem and a cell problem.

Theorem 3. The homogenized problem (6) is of the form

u=0 on I'p, (7)
APme(yyn =g on Ty,

{ —div(Arme(u)) = f in Q,

where Abom — (Aiﬁ?“)lst, k<3 With

1
AP (x) = ¥ / B(x, y)eij(exs — e,(W)(x, y))dy (8)
Y
fora.e.x € Qand wkl k1 e {1,2,3), is the unique solution in [L*(Q, H‘;er’O(Y))]3 of the cell problem

/ B(x, y) (e,(W")(x, y) — eu) e,()(»)dy = 0 )

Y

forallv e [H;er,O(Y)P. If B is Y-periodic, we can write the cell problem in the strong form

—div, (B, )(e,w)(x, ) — ex)) = 0 iny,
wkl(x, -) Y-periodic with My (x,-)) = 0.

forae x e Q.

Proof. This result follows by standard arguments. It can be shown as in the proof of Proposition 3.7'# for the diffusion
problem. O

The variational formulation of the homogenized problem (7) is given by

/Ahome(u)e(v)dx=/f~vdx+/g~vdS(x) (10)
Q

Q I'n

forallv e H. (Q).
D

2.2 | Properties of the homogenized tensor and homogenized problem

We want to show that the homogenized tensor A"°™ (see Equation (8)) is in the set M(&, f, Q) for some constants &, § > 0
under an additional assumption, whereby we refer to the book of Jikov, Kozlov and Oleinik! in the general setting of
G-convergence. For the proof, we need the boundedness of the cell solutions.
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Lemma 1. The solution w*" of the cell problem (9) is bounded as follows:

plY |/
lle, (W) |10 @ r2orye < o

Proof. Since B(x, y) € M(a, f,Q X Y), there holds for a.e. x € Q

alley WG DIIE e < / B(x, y)e,(w")e,(w™)dy = / B(x, y)eie,w")dy < [Y[?Blle, WX, Iz
Y Y

We additionally need some auxiliary lemmas.

Lemma 2. Letv € [H;ew(Y)P. Then, v can be extended Y-periodically to an element of [H, (R*)].

Proof. Letv € [H;er,O(Y)P be extended Y-periodically, denoted by 7. We only have to prove that ¥ € [H (R*)]’.
Therefore, let K be a compact subset of R3. We define Z c Z3 and

k:=Jr+9

tezZ

such that
KcK and Kn(Y+¢ #@forall é€ Z.

Then, using the transformation formula,

9 = [ BOPOy < [0pds= 3 [ iord= 3, [ Bo+ore
K % Ve Y

sez ¢ez
1 K|
_ 24, 2 L _ B2
=% [ bRy = B [ = T bl
$€Z -y ez Y
and analogously,
IVo|I? = [ IVi)IPdy < [ [Vi)Pdy = @IIV II?
v [L2(K)]3>3 vy V= vy y = |Y| v [L2(Y)]3x3"
K K

Since K was arbitrary, we get the desired result. O

Lemma 3. Letv € [L*(Y)]*3 with [,v : Vody = 0 forall ¢ € [H,,,(Y)]. Then, v can be extended Y-periodically to an
element of [L; (R*)1?, denoted again by v, such that —div v = 0 in [D'(R*)]°.

Proof. Letv € [L*(Y)]*3 satisfy [,v : Vody = 0for all ¢ € [H},(Y)]*. Then, in the sense of distributions
—/divvady:/v : V(pdy:O:/O-(pdy
Y Y Y

forall ¢ € [CX(Y)]3. Thus, there holds for the distributional derivative —div v = 0 € [L?(Y)]. Sovis an element of the
space H(Y,div) := {w € [L(Y)]*® : div w € [L?(Y)]*}. Using Proposition 3.47(ii),!? there holds for all ¢ € [H'(Y)]?

- / le V- ¢dy = /V . V¢dy + (Wl, ¢>[H’1/2(0Y)]3,H1/2(0Y)]3'

Y Y
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With the results from above, we get for all ¢ € [Hp,,(Y)]?

0 = (v, @) -1y H120Y) s

where n is the normal of dY, which proves that v is Y-periodic. As in Lemma 2, we get that v can be extended
Y-periodically to an element of [LIZOC(IR3)]3, again denoted by v. It remains to prove that —div v = 0 in [D’(R?)]3. Let
@ € [CP(R3)]3. Then, there exists a bounded set K C R3 such that K= Ugez (Y + &) for some finite set Z C 73 and
@ € [CP(K)]P. So we get

—/divv-qodx:/v:V(de:Z/v:V(pdx=Z/v(y) :Vo(y+&)dy
K Y+ Y

R: éeZ éezZ
= Z —div v(y) - @(y + &) dy + (v()n, @(: + &) a-11200v)p H 207
éeZ Y

= Z vOn, @( + E))a-1120v) P H2@7 )] -
éeZ

The sum disappears since v is periodic and either ¢ is continuous on dY + £ or already zero. So —div v = 0 in
[D'(R*)P. [

Let A € M(a, f,©) and m € R3*3 be a symmetric matrix. We introduce the Voigt notation to rewrite the tensor of fourth
order as a 6 X 6 matrix and the symmetric matrix as a vector of R®:

A Az Anss Az Az An My
Ann Axnx Axnzz Az Az Ani M)
A A3z Axszs Azszz Asz Azziz Az mY = | M3
Ar123 Axoz Azzz Aoz Axziz Anie | 2my;3
A1113 A1z Azzz Az Az A 2my3
An2 Aniz Aszz Az Az Ao 2my;

Lemma4. Let A € M(a, f, O). Then, the inverse of AV exists and is symmetric. Furthermore, there holds

Alww > L w)?
ﬁ2

for all symmetric matrices w € R¥3, where A~ w is defined by

(@AY W) (@) wY)s 2@ wY)e
2@ W) (@)WY, (@A) | €8))
S(A) WY (A TWY), (A wY)s

Proof. LetA € M(a, §,0). Let AV € RS. Then, the associated symmetric matrix is
V 13V Ly
A 345 54
| 1yv v 1gv
Ai=| 34 Ay SA
LV 1V v
Ay SA, A

276 2774

Since A is elliptic for symmetric matrices, we get
AVAY, 1Y) = AdA > al A2 > gmﬁ,

where (-, -) denotes the standard scalar product. This shows that AV is positive definite and, due to assumption, sym-
metric. Thus, the inverse of AV exists and is symmetric. To prove the inequality, we follow the proof of Propostion

oQ ‘T *€20T ‘9LF16601
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8.3,!3 where the same result is shown for tensors of second order. Let w € R33 be a symmetric matrix. Then, there
holds for m = A~'w defined as in (11) the equation Am = w and

A7'ww = Amm > a|lm|? = a|A7w|% (12)

Since A is a linear operator, we can estimate the operator norm

Aul _ plul _

llAll = < =
Rosuzo Ul |ul

p.

Thus,
lw| = |Am| < [m]||A]l < BIA™ w].

Together with estimate (12), we get
— — (04
Alww > alA7w|? > ﬁlwlz. B

So now we can prove the following result.

Theorem 4. If B is additionally Y-periodic in the second argument, there holds AP™ € M (a, %2, Q>

Proof. We prove the theorem for a.e. X € Q. Since B € M(a, #,Q2 X Y) and Lemma 1 holds, we get that Ag‘l’;ln € L*(Q).

Using w! as a test function in (9) for the cell solution w” (and the other way round) and the symmetry of B, we can
easily compute that A"™ is symmetric. To prove the coercivity of A"™ with the coercivity constant a, we extend B

Y-periodically in the second argument. So the tensor B*(x) := B <fc, f) is well-defined for x € Q and € > 0 small

enough. Thus, B € M(a, f, Q) for every . Let m = (M) 1<k <3 € R¥ be a symmetric matrix and
3

3
V) = Ym0 = Y mi (Gudins - ew (2.7 ) )

Kh=1 Kh=1 €

with wk*(%, ) Y-periodically extended as in Lemma 2. Then, v* € [H'(Q)]® and

3 3
VE(x) = Z (M Xn0ik)1<i<s = Z(mihxh)lsis3
k,h=1 h=1

strongly in [L%(Q)]* and since D,w*" <5c, )E—C) - My(D,w* (&, y)) = 0in [L2(Q)?,

3 3
kh (o X
0,V (x) = Z(mihajxh)lsiss - Z MOy W <X, —) = (Mmy)1<i<3

h=1 Ih=1 €

weakly in [L2(Q)]? for j = 1,2, 3. Furthermore,

3 3
(Be(v));;(x) =kﬁZ=IBijkh ()AC, f) <mkh - p,qzzlmpqeih(wpq) <)?3, )6£>>
3

3
N ﬁ / Z Bijkn(X, y) <mkh - Z mpge,, WX, y)) dy = (APm@)m);
y kh=1

p.q=1

weakly in L2(Q) for all i, j = 1, 2, 3. In the next step, we want to prove for all ¢ € Cor(€)

/ Bfe(v®)e(v)p(x)dx — / AP (RYymme(x) dx.
Q Q
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We notice that
1 1
eij(eV°) = pe;; (V) + Eai(l’vj + zaj(pvif
and for ¥ := Y,_, (muXp)1<i<3

3

1
e (%) = EZ (9 pmnxn + 0, mupxn) + @my;.
h=1

Using the symmetry of B(%, -), we can apply Lemma 3 tov := B, -) (e, W*)(%,-) — i) to get

—div,(BR, )(eWP)(R, -) — epg) = 0 in [D'(R?)]?

and thus,

/Bse(v‘)e((pvg)dx = i Mg /B (55 x> <epq —e,(wh )( >> e(pv)dx| =0,

Q p.q=1 ()

since we can approximate v* by C*(€2) functions. Using this result and the strong and weak convergences from above,

3
/Bge(vg)e(vg)(pdx =/B5e(v5)e((pv£)dx - / Z(B‘e(vé))ij% (0,-(pvj +0;vF ) dx
A i=1

- / Z(Ahom(x)m)u Z( 0ipM X, + 0; My, ) dx = /Ah"m(fc)mm(pdx.

i,j=1 Q

The last equation holds since

Q

The coercivity of B* together with the weak lower semicontinuity of the L*>-norm yields for e — 0 and forallp € C*(Q)
with ¢ > 0

/Ah"m(fc)mmq)dx=1ir%/B£e(v‘)e(v‘5)(pdxZlim %nf a/le(v‘)lz(pdxz /a|m|2(pdx.
£ £ Q

Q Q Q

So
/ (ArmERmm — ajm|?) pdx > 0,
Q

which proves that AP°™(&)mm > a|m|2. It remains to prove |A"™(X)m| < %2|m| for all matrices m. Let m € R>3, We
define

Vi(x) 1= 23: mgwt (%, x) 1= Z Mg ((xh5lk)1<l<3 — ew” <x Z)) :

kh=1 kh=1
If we apply Lemma 4 to w = Bfe(v¢), whereby (B¢)~'w is defined as in (11), we get for all € CP () with ¢ > 0

/BEe(ve)e(vf)qodx /W(BS) lwedx > ﬁ—/lw| @pdx = —/lBEe(ve)lz(pdx.

ﬁZ
Q Q

Passing to the limit yields
/ AP @mme dx [;i / |APm @)ym > dx

Q
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LOCHNER AND PETER W l L EY 1303

because the same convergence holds as in the proof of the coercivity due to the symmetry of B¢ and A"™(%). We
needed the symmetry of the matrix only to get the weak convergence of e(v*) to m. Since ¢ > 0 was arbitrary and we
can apply the Cauchy-Schwarz inequality, we get

ﬁ2

a

2
jabom ey 2 < 2 ghom gy < %|Ah°m<>%>m||m|.

Thus,
2

At @m) < 2 ) o
o
Theorem 5. Forall f € [L>(Q)]3, g € [L*(I'n))? there exists a unique solution u € H}D (Q) of problem (10). Furthermore,

lulln@yp < C (I iz + Ngllzeaor) (13)

for a constant C independent of the structure of the cell Y.

Proof. Although we have already proven in Theorem 2 the existence and uniqueness, we can use the last result to show
this directly by applying the Lax-Milgram theorem. Using the properties of A"™ € M <a, %2 Q), Korn's inequality
and the trace operator, we receive the inequality (13). O

3 | INVERSE PROBLEM

For the inverse problem, we consider a reference cell Y = (0, ;) X (0, ;) X (0, I3) consisting of two parts, one of which is a
Lipschitz domain Y, completely contained in Y, whose geometry can be described by a (finite) vector of real parameters
7. A concrete example for such a geometry is an ellipsoid of material embedded in a matrix of other material.

The following results generally hold for parametrized microstructures, but we will consider an ellipsoidal microstruc-
ture as illustrated in Figures 1 and 2 for explicit examples and computations: Let Yy[r] be an open ellipsoid with
T = (11,72,72) € [K,l1 — k] X [K,l, — k] X [K,l3 — k] =: I, for some small x, where 73, 7,, and 73 are the lengths of
the axis. Furthermore, Yy[7] is centered in the middle of the cuboid Y with axis in direction of the standard unit vectors,
Yi[z] := Y\Yo[r] and Zy[z] := 0Y,[r]. Thus, Y = Y, U Y; U Zy.

Since the structure in the cube Y depends on 7, we sometimes write Y[z] instead of Y to emphasize this property. As
mentioned in Section 1, we consider a perfectly bonded composite of two materials. Therefore, we define the elasticity
tensor A¢[7] as follows:

x x
Af[7](x) = A°(0) xyy 1) (Z) +A'(X) yy, 171 (Z>
with yy, (-] (resp. yy,(-)) the characteristic function of the Y-periodically extended domain Yp[z] (resp. Y1[7]) and some
fourth-order tensors A%, A! € M(a, §, Q) such that

T(A[T])(x, ¥) = A0 v, (e (9) + A0 py, 12(») =: Blrl(x, y)

T2

Yl [T]

FIGURE1 Example of a periodicity cell Y in 2D
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FIGURE 2 Ellipsoid Yj in the periodicity cell Y in 3D

fora.e. (x,y) € Q X Y. In this case,

Al E](x) = ﬁ / A%(x)eyj (e — e,(W)(x, y))dy+ﬁ / Al(x)eyj (e — e,(W(x, y)dy

Yolz] Y, (7]

and since BJ[r] is Y-periodic, Abom[z] e M <a, %2 Q) Since B[7](x, -) is piecewise smooth in Y, we even get that wh(x, )

belongs to [C*(Yo[7])]® and [C®(Y;[7])]® due to Theorem 6.2 in Chapter I.16

In the previous section, we were in the setting that we know the microstructure, that is, the value of r. So if f,g are
given, we can easily compute the solution u[z]. From now on, we only know f, g and some measured data u,,. With this
information, we want to find the structure of the reference cell. We define the input-output operator:

Definition 3 (Input-output operator). Let
L. [LPQP x [LXTNF - [L20Q)F, (f.8) + ulrlloq.

where u[7] is the solution of the homogenized problem (10) for given z.

The operator £, is linear and continuous due to (13) and the properties of the trace operator. We consider the following
inverse problem.

Definition 4 (Inverse problem). Let 0 < x < min{l;,,l5}. Find v € I, such that for given measured data u,, €
[L2(0Q)]3, when forces ( £, g) are applied, 7 is the solution of the minimization problem

. .1
arg minJ(z) := arg m1n§||£,( .8 - “m||[2L2(ag)]3' (14)

T€l, T€l,

Of course, other functionals than .7 could be used.

3.1 | Existence result

In this section, we want to show that there exists at least one solution of the inverse problem (14). To prove the continuity of
the mapping Z : I, — [L?(0Q)1*, 7 — L.( f,g) forgiven ( f,g), we rewrite the operator as a composition of the continuous
trace operator 7 : [H'(Q)]® — [L?(0Q)]* and the operator H;g : I, — H} (Q), 7 — u[z],i.e. Z(r) = ToH4(1).

D

Theorem 6. The operator H g is continuous.

Proof. Let 7,7 € I, with 7, —» 7 for n - oo and u[zy], u[#] the corresponding weak solutions of the homogenized
problem (10). Then, for all ¢ € H%D (Q)

a(ulzn], @: ) = F(@), a(ult], 9:7) = F(e),

oQ ‘T *€20T ‘9LF16601
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LOCHNER AND PETER WI LEY 1305
where a : H[ (Q) X H] (Q) — R is the bilinear form of the left-hand side of (10) and F : H]. (Q) — R is the
T- 1ndependent functlonal of the right-hand side of (10), that is,

aulz],p;7) = /Ah"m[f]e(u[f])e(w)dx F(p) = /f pdx + /g pdS(x).

Q I'n

The third argument of a only emphasizes that the bilinear form is considered for some given . Taking the difference
of both equations yields

/ APOm [z, Je(uz,] — ul£])e(p)dx = / (Arom[z] — ARO™ [z, De(ul])e(p) dx.
Q Q

Choosing the test function ¢ = u[r,] — u[#] and using the coercivity of AP™, we estimate
alle(ulza] = ulEDIIT . g < AT [E] = AP (5 De(ul 2Dl 2@y lle@lza] = ulE D@y
Due to Korn's inequality for functions with zero value on part of the boundary, there holds
cllH g(t) = Hyg@llpnyp < AP 8] = A" [z De(l 2Dl 2@ (15)

for some constants ¢ > 0 independent of z. Using B[r] € M(«, f,Q X Y) and Lemma 1,

AT 7160 < mnB[r](x Yeij iz llew — e [z10e Nllizmype < AClewH 710 Nllizmype < C

for a.e. x € Q and for some constant C > 0 independent of = and x. Thus, ||Af“}’€rl“[r]|| = < Cforall r € I and
i,j,k,1€e{1,2,3} and
(AP [2](x) — AP [z, ](x)e([2)])|* < Cle(u[#]1(x0))]* € LN(Q)

for a.e. x € Q and C > 0 independent of x. By Theorem 7,

(ARG 710 — AL 1IN — 0

pointwise for a.e. x € Q. So by the dominated convergence theorem, the right-hand side of (15) converges to 0 as
n — co, which proves that }, , is continuous. ]

Theorem 7. Fora.e.x € Q, Af“;;ln T, ](x) converges to Ag‘?cfln[f](x) fort, » tinl.andeveryi, j, k,l € {1,2,3}.

Proof. Letx € Q and 7, € I, with 7, — 7. Clearly, ¢ € I, and

AT 7,](0) — AR [#]00)] < m | (Blnltx. ) = BL21cx ) e (e — v [£D) | dy
+ﬁ / Blzal(x. yeyj (e [7a]) — ewH[2])) dy| =1 T3 (x) + L.
Y

We consider the terms 7} and 72 separately. We estimate

I,(x) < ﬁ” (Blznl(x,-) = BIZ1(x, ) eijll 2oy |l e — eWH[£](x, Dlizzrys

L < )ZnBl,hr[rn](x) By (#1652

- 1/2
|Y|/ h,r=1
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where we have applied Lemma 1. Since Bjjir[7,] € L®(Q X Y) and Y is bounded, we obtain that By [7,](x, -) € L*(Y)
for a.e. x € Q and

[Bijrr[72](X, ) = Bijne [£105, Ml r2cry < |A%hr(x)|||){Y0[rn] = xyallleen + |A,-1jh,(x)| lxy,te,) — xvire1llzay — 0,

where we have used that A%, A! € L*(Q). The second term, Z2(x), converges to zero if we show that
enr W[z D)x, ) = enWHED(x, ) weakly in L*(Y)
for n —» oo, because we already know the strong convergence
Bijnrltnl(x,-) = Bijnr[T1(x, )

in L*(Y) from above. Due to Lemma 1, the solutions w¥[z,] of the cell problem are uniformly bounded in
[L=(Q, H;er’O(Y))P. Thus, there exists a subsequence (again denoted by 7,,) and a function w € [le)er,O(Y)]3 such that

wHz,]0x, ) = W(-) weakly in [Hp, o(Y)P.

We equate the cell problems (9) for the weak solution w¥[z,,] and w*[#] and pass to the limit

/ Blz](x, y)ew — e(D))e(p)dy = lim / Blel(x, y)(ew — ew[z,])e(p)dy = 0 = / BIZ](x, y)(ew — ew!'[£])e()dy
Y Y Y

forallp € [Cg‘gr(Y)]S. Taking ¢(y) = wX[£](x, y) —W(y), the coercivity of B and Korn's inequality for periodic functions
leads to

W 2] = Wl < @lleM[2] = )| z2rype < / BI£1(x, y) (e [£]) — e(i))(ew*[2]) — e(W))dy = 0,
Y

which shows that W coincides with w*[#](x, -). Since the subsequence was arbitrary and the limit function is unique,
we get the convergence of the whole sequence

wfz,]0x, ) = Wi 2](x, ) weakly in [H] (V)]

fora.e.x € Q. O
With this theorem, we can easily show that there exists at least one solution of the inverse problem (14).

Theorem 8. There exists at least one solution of the minimization problem (14).

Proof. Theoperator Z(z) = T oH () is continuous, since the trace operator 7 and H ¢ are continuous (see Theorem
6). The set I, is compact, so we can apply the extreme value theorem to guarantee that there exists at least one 7 € I,
which minimizes (14). O

We even get the compactness of the solution space.

Lemma 5. The solution space of the homogenized problem (10)
Lyg:= {u € Hll_D(Q) : u solution of (10) for some © € IK}

for fixed ( f,g) is compact.
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LOCHNER AND PETER W l L EY 1307

Proof. Consider a sequence of solutions (u,), C LLs,. Then, there exists 7, € I, such that u, = u[z,]. Since I, is a
compact set, there exists a subsequence of (z,),, (again denoted by n) such that 7, converges to some 7 € I.. Since H 4
is continuous (see Theorem 6), we receive the convergence of u, to u[#] in H;D Q). O

In the rest of the section, we want to derive the Gateaux derivative of J to facilitate the use of gradient-based opti-
mization algorithms. As we will see later, we need the Gateaux derivative of Ahom £or this, which we will compute in the
following section.

3.2 | Gateaux derivative of AMo™

To compute the Gateaux derivative of A", we apply the concept of shape derivatives. More precisely, we use the
Lagrangian method of Céa following the idea of Allaire et al.* For this, we define for all x € Q a Lagrangian function Sfjkl
which coincides with

SiuYo) 1= /B[YO](x, yeij(en — e(wi)(x, y))dy
Y
in some special points, where B[Y](x,y) := A°(X)xy,(») + A'0)(A — xy,(») with A°, A' € M(a,p,Q) and wy €
[L*(Q, Hp,,(Y))]? is the weak solution of

{ ~div,(B[Yo)(x, (e, (Wia) — ex)) = 0 in Y, 16)
My W) = 0.
The main advantage is that the computation of the shape derivative of £  is much easier than of S’i;kl since we can apply
standard shape derivative results. We cannot apply these directly to 3;;]{[ because the solutions of the cell problems also
depend on Yj. For readability, we omit the index y in the divergence div,(-) and in the symmetric gradient e, (-) because all
the computations in this section are for some fixed x € . Since some spatial derivatives of wy; may be discontinuous at
the interface Ty, we write the cell problem as a transmission problem: For a.e. x € Q find (w’;’ll, w’;’lo) eV .={uhu’) e
[H'(YD]® x [H'(Yo)]® : u'is Y-periodic, My(u' yy, + u°yy,) = 0} such that

~div(A}(e(w;") — ex) = 0 in Y1,

< wi =w’ on Iy, (17)
Al(ew) — e)nt + AYew”) — e)n® = 0 on Ty
and
~div(AY(e(w};’) — ) = 0 in Yo,
J ka‘lo = w;;l on Xy, (18)
ALew]) — e)n' + A% ew) — ew)n® =0 on Ty,
where Al 1= Al(x), A? := A%x) and n = n® = —n! is the outward unit normal vector of the interface Xy with direction

from Yj to Y;. It can be easily shown that the transmission problem is equivalent to (16). Clearly, the restriction of the
solution wy(x, -) of (16) to Yy resp. Y; solves the transmission problem, that is, wy(x, ) = kaf in Y7 and wy(x, ) = wzio in
Yo. Now, we define the general Lagrangian, where ¢', q° play the role of Lagrange multipliers,

0’0, ¢°% g1 Yo) 1=~ / Ae(@®) + eip)(e°) — ew)dy — / Ax(e(gh) + eip)(ev") — e)dy

Y, Y,
-1 / (L) — e) + A%e0) — e - (@' — g)dS(y)
Zy
- % / (ALe(q") + e;j) + A%e(@®) + e;))n - ' —v°)dS(y)
Zy

forvo, v, q0% ¢! € [Héer o(Y)I. In the next two lemmas, we compute some conditions for optimal points.
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Lemma 6. The solution (u', u®) of the transmission problem satisfies the optimality condition

o o

0= ”"’(u u', p°, p', Yo)(@h) = ”“(u u', p°, p', Yo) (@) 19)

forall p € [Hll) er,O(Y)]3' Therefore, the solution wy, 1= wi(x, - of (16) fulfills the condition

f]kl 1 021] 1
( kl° klsp sp 9Y0)(¢) ( kl® kl’p ,P ’YO)(¢)

forall g € [H;er,O(Y)P in particular.

Proof. Let¢ € [H;er’o(Y)P. We compute the directional derivatives by using integration by parts

0*
ijkl . 1
=0 ¢° ¢, Yo)@) = / div(AT(e(r") - e)ddy + 2 / (Ax(e() = ) — AYe(°) — ew))n - pdS(y)
Ya z“Y
-3 / Ale(gn - (' =) dS(y)
z“Y
for @ = 0, 1. So (19) and the second statement of the lemma follow directly. O

We define the adjoint transmission problem:
Find (p',p% € V := {(u',u®) € [H'(YD]* x [H'(Yp)]® : u'is Y-periodic, My(u' yy, + u®yy,) = 0} such that

—div(A%(e(p®) + €;,)) =0 in Y,
pt=p° on Iy, (20)
Al(e(p!) + e)nt + Ade(p®) + e;))n° =0 on Zy

for a = 0,1, which is equivalent to

—div(B[Yo](x, -)(e(p) + e;))=0 inY, 1)
My(p)=0

The equivalence can be proven as before.

Lemma 7. The solution (p°, p!) of the adjoint transmission problem satisfies the optimality condition

SX X
ijkl ijkl

0= —220,ul, . p1, Yol ) = — 2w, ., Yo) )
forall ¢ € [H;er,O(Y)P. In particular, the function —w;; 1= —wj;(x, -), where wy; is the solution of (16) fork = i,l = j, isa
solution of (21), and thus fulfills the condition

anJ . aﬁi‘} .

0=—1 — W, ut, —wi, —w, Yo) (@) = ——- @, ut, —wi, —wi, Yo) (@)

forall¢ € [H perO(Y)]3.
Proof. The proof is similar to the proof of the last lemma. O

In order to proceed, we introduce the shape derivative. The following definitions and propositions and further details
can be found in Michailidis.?
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Definition 5. Let Qg be a reference domain, Q = {x + 0(x) : x € Qy} =: Id + 0)(Qp) for some vector field
6 : R3 —» R3. A functional 7 : Q — R is said to be shape differentiable at Q if the application 8 — F((Id + 8)(Qo))
is Fréchet differentiable at 0 in the Banach space [W*(R3)]3. Then, the following asymptotic expansion holds in the
vicinity of 0:
lo®)] _

o o]l '

F(Ud +0)(Q) = F(Q) + F'(€)(0) +0(0) with lim
where F/(Q) is a continuous linear form on [WH*(R3)].

As in the standard differentiation of functions, we can define directional derivatives.

Definition 6. The directional derivative of a functional F : Q@ — R at Q in the direction 8 € [WL-®(R?)]? (if it exists)

is defined by
P((Id +60)Q) — F(Q)

6
The following two propositions give the shape derivative for functionals, where the integrand does not depend on the
domain.

F(Q)(0) =

Proposition 1. Let Qy C R? a smooth bounded open set. If f € WHY(R3) and F : C(Qop) — R is defined by F(Q) =
Jof o) dx, where C(Qo) := {Q = (Id + 6)(Q) with 6 € [W"*(R*)]*}, then F is differentiable at Qo and

F'(Q0)(0) = / div (0(0)f (x))dx = / 6(x) - n(x) f (x)dS(x)

Q) 0Q,
forall 8 € [Wh(R3)]3.
The proposition still holds if Q is regular enough to apply the transformation formula and Gauf§'s theorem.

Proposition 2. Let Qy C R3 be a smooth bounded open set. If f € W*L(R3) and F : C(Qo) — R is defined by
F(Q) = [, f(x)dS(x), where C(Q) 1= {Q = (Id + 0)(Q) with 0 € [W'°(R*)]*}, then F is differentiable at Qo and
forall§ € [WL=(R3)]?

P’(Qo)(e):/Vf-49+f(div9—V¢9n-n)cis(x)=/(‘;—ir +Hf>0~ndS(x),

09, 09,
where H = div n is the mean curvature of 0€2.

The weak solution Wkl of the cell problem (16) is not shape differentiable. However, the next lemma shows that the
restricted functions w % and wx are shape differentiable.

Lemma 8. The solutions ka’l of (17) and wj‘c’lo of (18) are shape differentiable for a.e. x € Qand 0 € [W&""’(Y)]"‘.

Proof. The lemma can be shown as in the proof of Theorem 5.3.2.17 The main idea is to consider the cell problem (16)
on the transformed domain Yy := (Id + 6)(Y) for some 0 € [Wg""’(Y)P. By the change of variable theorem, the weak
formulation can be rewritten as an integral over the reference cell Y. Since the integrand thus obtained is of class C!
with respect to § and v € [H. ; er,O(Y)]3’ we can apply the implicit function theorem to get the desired result. O

In the next lemma, we prove that the Lagrangian S’i;kl is equal to the functional S)lfjkl(Yo) in the optimal point

(wzlo,wzll, —wfj 0 —wx 1 Yy), whereby we write w;il ,h = 0,1, instead of wy, to emphasize which problem wy, solves and

that only the Values in Yj, are relevant for calculation of S;Cjkl' With this result, we can compute the shape derivative of

Slfjkl instead of S’i;kl(Yo), which is much easier.

Lemma 9. The shape derivative of the objective function Sfjkl(Yo) exists and is given by

02?},(1

(i) V0)O) = =y Lot —wel, —wE Yo)(0),

kL2 Tkl

forall6 € (W2 (V).
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s | WILEY LOCHNER aND PETER
Proof. The following identity holds
LW Wi ¢, g Yo) =57, (Yo) - / A ew?) — ewe(q”)dy — / Ax(ewsh) — exe(qh)dy
Y, Y,

+ / (Axew) —en’ - ¢' + AYewy)) — ew)n’ - ¢ dS() = Ty (Yo),

using the solution properties of w@l and W"k’lo. Differentiating this identity with respect to the shape yields

x

b 0
ikl kl
. v 0wl g% g, Yo><0)+2 . i wi's gt Yo)—

(9).

(F) (Yo)(0) =

In the special case where ¢° = —Mfi‘jfo and q' = —Mficjfl the last two terms disappear, which proves the lemma. O

Since v, v!, ¢°, ¢° do not depend on the structure of Yy, we can apply the standard results of Propositions 1 and 2 to
compute the shape derivative of the Lagrangian ﬂfjkl:

o

S i s Y0 6)
= / Agey (e = e(w’)0 - ndS(y) + / Azeij(e = e(wy )0 - n' dSG)
Ty Zy
/ A%ew) — ee(~ Mf‘jjo)g.nodS(y)— / A}C(e(ka;l)—ekz)e(—wzfl)H-nldS(y)
Ty Ty
1 1 0
_5/( )[(A (eW) = ei) + Ae(wyy) — e)n - (—w +w; >]9-n dS(y)
Zy
_%/<% )[(Al(e( —wii) + e)) + AY(e(-wi) + e)n - (WXI—WXO)]@ n’ds(y),
Zy

where H is the mean curvature. The terms involving H vanish on Xy, since wzf = mff{}o and wfjl = wfjfo on Xy. The same
argument and the fact that A}C(e(ka’ll) —en = Ag(e(ka’lo) — ew)n on Ty leads to

62’1‘1 ”

a ( kl s kl s W)'CO _WXI YO)(e)

/ Aew’) = ew)ew])”) — e;)8 - ndS(y) - / Axle(w) = e)(ew;) — e;)0 - ndS(y)
Iy Zy

(22)

a(wicjl _ Wicj,o) a(w)lzll ka,lo)
+ /Ax(e(W}‘d) —eg)n - —————0-ndS(y) + /Ax(e(w?“) —en- —————0-ndS(y),
on Y on
Iy Zy

where we denote by Ax(e(wy) — e)n and Ax(e(wfj) — e;;)n the continuous quantities through the interface.
This general formula can be simplified under additional assumptions on the materials. In what follows, we consider
isotropic materials, that is, the material tensors are of the form

Ay =2u L+ XL Q I,

where a = 0,1, A* € L®(Q) and p* € L*(Q2) are the Lamé parameters depending on the macrovariable and I, and 1, are
the identity tensors of second and fourth orders. At each point of £y, we define the unit normal vector n and both unit
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LOCHNER AND PETER Wl L EY 1311

tangential vectors as a collection ¢ such that (¢, n) is a local orthonormal basis. A 3 X 3 matrix in local basis can be written
as follows:

my m .
m= t7"m ) with my € R¥?, my, € R%, my, € R
Myt Mpp

Lemma 10. The components Ax(e(w;‘d) —e)n and e(w]’;l)n are continuous across the interface Xy. All other components
have jumps on the interface given by

) 1w — el = [ 52| (Auet) = e = [ 2
(iD) 1) = ewinl = | 3 | (Aulew}) = e
(i) [(Axe(wy) — el = [2ulewl) — ewe + (| 22

| erteqwy) - e

2+/1

| trtew) = e+ | 525 | (Avtewy) = eun ) 1

2+ Ay 2+/1

where the square brackets denote the jump on the interface, that is, [f] = f' — f°.

Proof. The statements follow by direct calculation using

Iy = Gudjih<ijrics and I, @ I = (6ij0)i<ijki<3
and the similarity invariance of the trace. O
With this lemma, we can compute

Axew;) — e)ew) — e;)
= (AxeW;) — e)u(eW;) = e + 2(AxeW;) — e)m(eW;") = e)m + (AxeW) — ex)nn(eW') = €

2ul Al
= 24} (eW)) — (W) — ey + L’ilt (W) = eutr(ew") — e
1AW — )AL = e + et (ALEOWE) = ) (ALWE") = € Dan.
Hy 24y + Iy !

Thus,

Axlew)) = e (e — ey) = Aewy) — e ew,”) — ey)

M Ay

= [2ux](e(wy) — ekl)tt(e(ij) —ej)u + [m

] tr(e(wy) — ex)utr(e(w;) — e;)u

+ [H (AxeW) — ea))m(Ax(e(W)) = €i)))in + [ ] (Ax(e(W) = ea))nn(Ax(e(W) = €)un.

2px + Ay

which is an expression of only continuous functions at the interface.

Lemma 11. For two displacements wy, and g, there holds: if g = 0 on Zy, then
Ax(e(wy) —e)n - g—z = 2(Ax(e(wy)) — ex)n) - (e(q)n) — (Ax(e(w))) — ex))nne(@nn
onXy.
Proof. Since g = 0 on Xy, there holds Vqt = 0 for all tangential vectors t. Thus, if (#1, t2, n) is an orthonormal basis,
(Ax(eW)) — e))nne(@nn = 17 (Ax(eW) — e))(nn” + it + L)V 1 = (Aew)) — ew))n - (V) n,

where we have used the fact that nn” +1; tlT + tztzT = (t1, b, n)(t1, t, n)T = I5. The rest of the proof follows by rewritting
the right-hand side of the equation. O
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We apply this lemma to our problem

a(uflcj,l _ W)lcj,O)
Ax(e(wy) — e - ————
= 2Ax(e(w) — ex)n - (eW;) — e — (Ax(eW)) = e)nn(eW;) — eW)" )
Ax
= [ﬁ] (Ax((W) — ea)nn(Ax((W) = €i;))un [m] (Ax(e(W) — ea)nntr(e(W) — ei)u

+ [ML] (Ax(e(VVfd) - ekl))tn(Ax(e(M};;) — &)

Summing up all the results, we obtain the shape derivative of E’i; -

Theorem 9. The shape derivative of the Lagrangian 8’1.; (Yo) is of the form

X

021 ikl
! (on wel —w*0, —w’” ,Y0)(0)

kl > "kl ij

2
_ / (—[2ux](e(wf,§l) — eu(e(w)) = e [MMT

Zy

] trle(wy) — ex)utr(e(w;,) — eij)u

1
2y + Ax

Ax
2y + Ay

+ [ﬂl] (Ax(e(wil) - ekl))tn(AX(e(M);‘j) _ eij))tn +

] (Ax(e(Wy) — ex))nn(Ax(e(W;) — €i))nn

] (Ax(e(W) — ex))nntr(e(w;) — eij)u — [ ] (Ax(e(w) — eij))nntr(e(wy) — ekl)tt> 6 - ndS(y).

[2ux+/l

forall € [W, 2 (V).
The idea now is to define functions ©,, which satisfy
Y()[Tl + 57,'1, T + 51’2, T3 + 51’3] = (Id + 51’1@1 + 51’2@2 + 513@3)(Y()[T])

and

Yi[r1 + 671,10 + 012,73 + 073] = (Id + 67101 + 61,0, + (31'3@3)(Y1[T])

with small increment (671, 672, 673). Then, using Lemma 9, we receive

W[ 160 = — (G V(©,) = aﬂ@"‘(@) (23)
o, ] S @) = 537 753~ O,

where the last term can be easily computed in the isotropic case by Theorem 9. Moreover, in the case of ellipsoids, we can
give explicit expressions for ©, € [W(}’°°(Y)]3, a=1,23

2 2
1,.0,.15) 2 e 1 I 1 l 1
aETlii)(h,%)Sln([—”J’l)ﬁ  if 7()’2—52) +—2(J/3—3) <3
0.1(y) =3 11 ” . ! 1T2 L\2 113 N2 (24)
_h gn(2= el _bh 1 _h 1
Py sin ( L yl) (451 ,lfrg ()’2 2) + 2 (ys 2) > "
and
(y,h.1) 27 e 1 L 2 1 5\?2 1
A rpor, )(J’1’Y3) sin Th)e Jf 5 (= 5) t=z\»—5) <3
0,(y) =3 Zl : , : 171 1 \2 173 N2 (25)
— 2 qi =i if= — 4 - _3 2
Py sin ( L yz) [5) ’lfrf (Y1 > ) + 2 ()’3 5 ) > n
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and
2 2
aii;l;l,l’zr)z)(yls y2)sin (21—”}@) es if % (J’1 - lg) + % (}’2 - lg) < i
O;(y) = L (o ’ o N2 g N2 g (26)
—;;s1n<zy3>e3 ,lf¥<y1—§> +g<yz—;2> Z 3
where
\/; S (- ) - (-t
4 12 2 2 2
a2 (92, 95) = - : : :
1-%2-%3 ) . R . 2 1 R ! 2
sn (i3 2(0 1)
3.3 | Gateaux derivative of J
In this section, we want to compute the Gateaux derivative of (14), namely, of
1
J() = 5 / 1L:(f,8) — um|*dS(x).
oQ
We know that u[z] is the weak solution of
/Ahom[r]e(u[r])e(v)dx = / f-vdx + /g -vdS(x)
Q Q Ty

and u[r + 7] of

/Ah"m[r + etle(u[r + et])e(v)dx = /f -vdx + /g -vdS(x)

Q Q Ty
forallv e H%D (Q). Taking the difference of both equations, multiplying by i and passing to the limit yields

0= / A" [ Te(Su(r, 7)e(v)dx + / SAM™ (7, He(u[r])e(v)dx. (27)

Q Q

From the last section, we know that

3, QA
BN, B0 = Y ——[e]0)%e.

a=1

hom
Since d?ﬂ[r] € L*®(Q), problem (27) is well-defined. Additionally, u[z] € HllD () is known, so there exists due to the

TII

theorem of Lax—Milgram a unique solution éu(z, 7) € H}D(Q) of (27). Using the representation of the Gateaux derivative

of Aho™ e can rewrite the problem: Find for @ = 1, 2, 3 the functions ;T” IS H;D () such that

hom
/ AhOm[ 7], <§—”> e(v)dx = — / a’; [r]e(ulz])e(v) dx.
Q Q

Ta Ta

Then, due to the uniqueness of the solutions,

Vu[r] - 7 := Z—%a = du(z, 7).
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‘We derive the first variation of 7,

8J(z,%) = lin(l) 21_5 / lult + €%] — up|? — |ulz] — um|?*dSx) = / ulz] = up) - 6u(r, ¥)dS().
0Q 0Q

Using the fact that u is Gateaux differentiable, we can determine the Gateaux derivative of the objective function

8J (7,%) = / ulr] = un) - Vulr]dSG) % =: VI (1) - 7. (28)
0Q

4 | SIMULATION RESULTS

We present a typical result of numerical experiments showcasing the functioning of the method. The aim is to derive the
length of the axes of the ellipsoids making up the microstructure from measurements of the deformation on the boundary
of a beam of 60 mm X 30 mm X 30 mm volume. We assume that the beam is made up of concrete and ellipsoidal polyvinyl
chloride (PVC) aggregates arranged periodically on a microscopic scale. Due to the different scales, we nondimensionalize
the cell problem, that is, we consider the (nondimensional) reference cell of side lengths 2 x 1 x 1 with the PVC ellipsoid
centered in the middle of the cuboid with axis lengths (71, 75, 73) € [0.12,1.88] X [0.12,0.88]% and the rest of the cell filled
up with concrete. In our model, we assume fixed constraints on one of the small lateral faces of the beam, no volume
forces, and some boundary load on part of the surface. Although we know that the PVC is of ellipsoidal structure, we want
to find the exact dimension, that is, the (vector-valued) parameter 7. Therefore, we formulate the parameter identification
problem

. : 1 2
arg minJ(z) := arg min ——— / lulz] — uy|*ds, (29)
geIK %elk, 2|OQ|2 "
oQ
where I, = [0.12, 1.88]x[0.12, 0.88]2, u, is the deformation of the beam computed for the target value r'3%8t = (1.5,0.6,0.4)
and u[r] is the deformation for given z. The scaling with the constant @ has no impact on the derived analytical results

from the last sections apart from a scaling factor.

Our implementation is based on MATLAB® (version R2020a) and COMSOL LiveLink™ for MATLAB®. The main com-
putation is done with the finite element simulation software COMSOL Multiphysics®,'® that is, we solve numerically the
cell problem (9) and the homogenized problem (10), whereby quadratic serendipity finite elements are used. We take
these results to compute the homogenized tensor (8), the target functional (29), and its Gateaux derivative (28). All these
values are needed to apply the gradient method fmincon in MATLAB', which solves the minimization problem (29).

1.8¢ P

’ Y3
1.6 ¢ . _ target
1.4 1% ryroet
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12f:Y
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""‘El[lll[]l!Ill[ll][[l

0.4 kot

0.2
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FIGURE 3 Values of 7 in each iteration step [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 4 Target functional on a logarithmic scale in each iteration step [Colour figure can be viewed at wileyonlinelibrary.com]|

We start the iteration with the initial guess = (0.12,0.12,0.12), which is a boundary value of I,.. In Figure 3, the values
of 71, 75, and 7; in every iteration step are plotted, whereby the constant function shows the value of 7,"*%, 7;"**, and
;argm. The algorithm terminates after 84 steps when the relative changes in all elements of 7 is less than the step tolerance
of 107°. We obtain = = (1.492,0.602, 0.400). The corresponding functional values J in every iteration step can be seen in
Figure 4.
Summing up, the simulation results show that the method works. A proper stability and sensitivity analysis, which is

beyond the scope of this work, would be required to quantify this properly.

5 | CONCLUSION AND OUTLOOK

We considered the homogenized problem of linear elasticity, in which the microstructure is accounted for by the effective
elasticity tensor, the elements of which are based on solutions of elliptic cell problems in the representative cell. We proved
that there exists at least one solution of the corresponding inverse problem identifying the parametrised microstructure
from macroscopic boundary measurements. With formula (28) for the Gateaux derivative of .J, wherefore we have to
compute the shape derivative of the homogenized tensor and solve several weak partial differential equation problems, we
were able to apply generally known numerical gradient-based algorithms to get a solution of the minimization problem
when measured data are given. Numerical experiments for an ellipsoidal microstructure illustrated that the length of
the axes of the ellipsoids could be recovered from boundary measurements. Although we have only considered isotropic
materials with ellipsoidal microstructure at the end, the results can also be applied to the anisotropic materials (using (22)
instead of Theorem 9) or to more general microscopic geometries as long as there holds an equation of the form (23) for
appropriate 6. In this context, it may as well be of interest to consider more advanced microscopic models, for example,
linear elasticity with slip-displacement conditions.!®

Since we only considered the case in which the microstructure is independent of the macroscopic variable, that is, the
effective elasticity tensor is constant, the microstructure needs to be the same everywhere in the domain. For future work,
it may be of interest to consider 7 as a function of x, that is, the microscopic ellipsoids are of different sizes depend-
ing on the macroscopic variable x. While this is a classic generalization of the forward problem, the inverse problem
then requires finding a vector-valued function rather than a (constant) vector, which make the optimization problem
infinite-dimensional.
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