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ENERGY-ADAPTIVE RIEMANNIAN OPTIMIZATION ON THE STIEFEL
MANIFOLD

ROBERT ALTMANNY* DANIEL PETERSEIM? AND TATJANA STYKEL?

Abstract. This paper addresses the numerical solution of nonlinear eigenvector problems such as
the Gross—Pitaevskii and Kohn—Sham equation arising in computational physics and chemistry. These
problems characterize critical points of energy minimization problems on the infinite-dimensional Stiefel
manifold. To efficiently compute minimizers, we propose a novel Riemannian gradient descent method
induced by an energy-adaptive metric. Quantified convergence of the methods is established under suit-
able assumptions on the underlying problem. A non-monotone line search and the inexact evaluation of
Riemannian gradients substantially improve the overall efficiency of the method. Numerical experiments
illustrate the performance of the method and demonstrates its competitiveness with well-established
schemes.
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1. INTRODUCTION

This paper is devoted to the numerical solution of energy minimization problems stated on the infinite-
dimensional Stiefel manifold of index N containing N-tuples of L2-orthonormal functions. The Kohn-Sham
model [19,23,25] is a prototypical example. In this popular model from density functional theory in compu-
tational chemistry, the state of the system is described by N > 1 functions (orbitals), which need to satisfy
L2-orthogonality conditions. The ground state of the system minimizes the Kohn-Sham energy under these
orthogonality constraints, i.e., on the Stiefel manifold of index N, cf. [36]. For N = 1, the Stiefel manifold
boils down to the unit sphere in L2. In this special case, the Gross-Pitaevskii model for BoseEinstein conden-
sates of ultracold bosonic gases [26,29] is a relevant example. Its ground state is the global minimizer of the
corresponding Gross—Pitaevskii energy functional on the Stiefel manifold which simply represents a unit mass
constraint.

More generally, the ground states of energy functionals on the Stiefel manifold as well as further critical
points are characterized by coupled systems of eigenvalue problems of partial differential equations (PDEs)
with eigenvector nonlinearities, so-called nonlinear eigenvector problems. Existing approximation methods for
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these problems are either linked to linear eigenvalue solvers or to Riemannian optimization. A well-known
iteration scheme for the nonlinear eigenvector problem is the self-consistent field iteration (SCF). Each SFC
iteration step involves the solution of a linear eigenvalue problem, see, e.g., [9,10,13] and [21] for its connection
to Newton’s method. On the Riemmanian side, the direct constrained minimization algorithm (DCM) is very
popular. DCM results from a standard minimization approach [3,31,35] and is based on the Riemannian gradient
descent method in L2. However, this method requires suitable preconditioning to work. In the special case of the
Gross—Pitaevskii eigenvalue problem, the DCM is known as the discrete normalized gradient flow [7]. Although
empirically successful, the preconditioning or stable time discretization comes with the drawback of deviating
from the gradient descent structure. In this case, the energy decay cannot be guaranteed anymore. In [18],
an alternative Riemannian gradient descent scheme was proposed for the special case of the Gross—Pitaevskii
problem, which is based on a gradient flow defined in an energy-adaptive metric. The resulting method is
convergent and energy diminishing for sufficiently small step sizes. The energy diminishing property even gives
rise to global convergence to the ground state [18] and turns out to be valuable in the context of reliable
a posteriori error control [17].

In this paper, we generalize this promising yet simple energy-adaptive Riemannian descent method to non-
linear eigenvector problems formulated on the Stiefel manifold. The general functional analytical setting of the
considered problems is presented in Section 2. Details on the infinite-dimensional Stiefel manifold, its tangent
and normal spaces, and the orthogonal projection onto the tangent space are then discussed in Section 3. Therein,
we show that the mentioned projection can be characterized by a saddle point problem, which facilitates the
proposed algorithm significantly. Finally, several retractions are introduced, which are needed to transform tan-
gent vectors back to the manifold. Section 4 presents the novel energy-adaptive Riemannian gradient descent
method. Its convergence analysis generalizes the approach of [38] for N = 1. It is independent of the space
dimension and, hence, also independent of possible spatial discretization by finite elements, spectral methods or
related schemes. The convergence is further accelerated by the non-monotone line search algorithm of [34,39].
Moreover, we identify a connection to a preconditioned version of DCM, which motivates the substantial reduc-
tion of the computational complexity of the new method related on inexact gradient computations. In Section 5,
we show that the Gross—Pitaevskii and Kohn—-Sham models fit into the given framework. Numerical experiments
for the Kohn—Sham model illustrate the performance of the presented method. Using the step size control and

suitable inexact gradient computations prove the new approach competitive with established methods such as
SCF and DCM.

2. ENERGY MINIMIZATION PROBLEM ON THE STIEFEL MANIFOLD

This section introduces an abstract constrained PDE energy minimization problem and its connection to
a coupled system of nonlinear eigenvector problems formulated on the infinite-dimensional Stiefel manifold of
index N. Particular examples such as the Gross—Pitaevskii eigenvalue problem and the Kohn—Sham model will
be discussed in detail in Section 5.

2.1. Spaces and bilinear forms

We consider a space V C H'(Q) for a given domain Q C R% and define
(7N 2 N
V=7V, H:=[1%(0)]

with N > 1. The suitable choice of the Hilbert space V depends on the particular application, cf. the
examples in Section 5. Let V* denote the dual space of V. We assume that V. C H C V* form a Gelfand
triple ([37], Chap. 23.4). Throughout this paper, we use the row-vector notation for N-frames, i.e., we write
v = (v1,...,vn) € V. This allows us to adapt the notion of typical matrix-vector multiplication, i.e., we may
multiply v by an N x N matrix from the right, leading again to an element of V. Furthermore, for v,w € H, we
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N

define the dot product v-w = 37,7,
if there is no non-zero vector = € RY such that vz = 0.

On the pivot space H, we introduce an outer product [-,-],: H x H — RY*N and an inner product

(-, )m: H x H— R. More precisely, for v,w € H, we define

vjw;. We say that the components of v € V'\ {0} are linearly independent,

(v, w1)2(Q) -+ (V1,WN)L2()
[v,w], = : : € RVXN (2.1)
(UN,wl)LZ(Q) o (on, wN)LZ(Q)
and
N
(v,w)g =Y _(vj,w;) 20 = tr[v, W], (2.2)
j=1

where tr denotes the trace of a matrix. The inner product (2.2) induces the norm ||v|| g = v/(v,v)y on H. Some
properties of the outer product (2.1) are collected in the following lemma, which follows from straight-forward
calculations.

Lemma 2.1. Consider v,w € H and an arbitrary matriz S € RN*N . Then it holds that
[v.wS]y = [v,w]S,  [Swly=S"Tv.wly  [v.wly=[woly

For the definition of the energy in the next subsection, we further introduce a (problem-dependent) bilinear
form ag: V x V — R for a fixed ¢ € V. With the density function p(¢) = ¢ - ¢, we consider

N
ap(v,w) = ag(v,w) + /Q’y(p((ﬁ)) v-wdr = de,(vj,wj) (2.3)

Jj=1

for v,w € V. Here, ag : V xV — R is a bilinear form, which is independent of ¢, and v : R — R is a continuous
nonlinear function with v(0) = 0. Later, ag and the term with v will correspond, respectively, to the quadratic
part and the nonlinear part of the energy. Note that (2.3) encodes a special structure, i.e., ag can be written as
a sum with a bilinear form ag: V x V — R. Within the abstract setting, we consider the following assumption.

Assumption 2.2 (Bilinear form ag). For a fited ¢ €V, ag from (2.3) is a symmetric, bounded, and coercive
bilinear form on V.

By equation (2.3), the bilinear from ag inherits the inner product structure from g, meaning that ag is
symmetric, bounded, and coercive on V. Thus, it defines an inner product on V which induces the norm

||v||a¢ - ad’(vvv), velV.

The assumed Gelfand structure implies the existence of a constant Cy > 0 such that ||v||g < Ch [|v]]q,-
Moreover, for a bounded ¢ € V N [L>(2)]V, there exists a constant ¢z > 0 such that

CE ||v||% < |wllay < ||v\|a¢ forallveV.
The corresponding operator formulation of the bilinear form ag reads
(Agpv, w) 1= ag(v,w) for all v, w €V, (2.4)

with a linear operator Ag: V' — V*. Assumption 2.2 implies that A4 is symmetric, bounded, and coercive.
Hence, it is invertible (for fixed ¢). Its inverse satisfies

ag (A;lv, w) = (v,w)y for all v,w € V. (2.5)

Next, we show some useful properties of the matrix [['v, A;lv]] o
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Proposition 2.3. Let ¢p,v € V and let Ay be defined as in (2.4). Then, under Assumption 2.2, the matriz
[[v, A;l'u]l € RVXN s symmetric positive semidefinite. If, additionally, v # 0 and its components are linearly
independent, then [['U,A;l'u]] 1s positive definite.

H

Proof. Due to the additive structure of (2.3), there exists a symmetric and coercive operator fl(;,: V-V
corresponding to the bilinear form a4 such that

(Apv, w) = Z <A¢vj7wj> for all v,w € V.

j=1

Thus, we conclude that A;lv = (A;lvl, e ,fl;lvN) € V. Moreover, since ./~l¢, is symmetric, so is its inverse,

which implies

= G (A;l(vz),,i;(m)) > 0.

This shows that Hv,A;lvH is positive semidefinite. Finally, if v # 0 has linearly independent components,
H

then for all x € RM \ {0}, we have vz # 0 and, hence, [[v, A;lv]] . is positive definite. O

2.2. Variational form and nonlinear eigenvector problem

Given an index N € N and the space V, let

St(N,V):={p eV : [¢, ]y =In}

denote the infinite-dimensional Stiefel manifold of index N. Here, Iy is the identity matrix in RV*N. We will
see in Section 3 that St(N,V) admits a structure of an embedded submanifold of the Hilbert space V. Such
a manifold was previously considered in [16, 33].

This paper is devoted to the abstract constrained energy minimization problem

poiiin £(9) (2.6)
with the energy functional
1 1 L
£@) = (@) +5 [ Te@)a Te)= [0 (27)

Throughout the paper, we make the (physically meaningful) assumption that £ is orthogonally invariant in the
sense that £(¢ Q) = E£(¢) for any orthogonal matrix @ € R¥*N. This means that the energy depends only on
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the space spanned by the components of ¢ and not on a particular choice of ¢. This condition is fulfilled in the
applications we are interested in, see Section 5.

We are seeking critical points of the energy £ which represent low-energy states. The state of minimal energy,
which is called the ground state, is of particular interest. Critical points of the energy subject to the constraint
are characterized by a coupled system of nonlinear eigenvector problems associated with the bilinear form ag
introduced in (2.3). The connection follows from the observation that the directional derivative DE(¢)[v] of €
at ¢ along v is given by

DE(¢p)[v] = ag(¢,v) forallv e V. (2.8)

The variational formulation of the nonlinear eigenvector problem then reads: seek ¢ € St(N,V) and N eigen-
values A1,..., Ay € R such that

(~l¢(¢j71)j) = )\j (¢j, Uj)LZ(Q) for all (1)1, ce ,UN) eV (29)

We emphasize that all these problems are coupled, since the bilinear form a¢ contains the information on the
entire N-frame ¢.

3. GEOMETRY OF THE INFINITE-DIMENSIONAL STIEFEL MANIFOLD

In this section, we investigate the geometric structure of the Stiefel manifold St(N, V). First, we state that
St(NV,V) is an embedded submanifold of the Hilbert space V. This result can be proved analogously to the
finite-dimensional case of the Stiefel matrix manifold; see Section 3.3.2 of [2].

Proposition 3.1. The Stiefel manifold St(N,V) is a closed embedded submanifold of the Hilbert space V. It
has co-dimension N(N + 1)/2.

The tangent space of St(N,V) at ¢ € St(N, V) is given by
TSN, V) :={n eV : [n,ély+ & nly =0n}
Hence, Ty St(N, V') contains all functions 17 € V' for which the matrix [n, @] is skew-symmetric.

3.1. Hilbert metric and normal space

The simplest Riemannian metric on the Stiefel manifold St(N, V') is the Hilbert metric gy inherited from the
ambient space V C H. It is given by

gu(n,¢) =, O)u =tr[n,¢]y for all n, ¢ € Ty St(N, V).

This metric turns St(N, V) into a Riemannian submanifold of V. The normal space at ¢ € St(N, V') with respect
to gy is then defined as

(TSN, V)3 ={z€V : gu(zm) =0 forall g € Ty St(N,V)}.

The following proposition gives an explicit characterization of this space. Its proof is similar to the finite-
dimensional setting, which can be found in Section 2.2.1 of [14].

Proposition 3.2. The normal space (T St(N,V))% at ¢ € St(N,V) is given by
(Tp StN, V) ={#S €V 1 S€ESym(V)}, (3.1)

where Ssym(N) denotes the set of all real symmetric N x N matrices.
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We now introduce an H-orthonormal basis of (T St(N,V))3. Let S¥ € Sqym(IN) denote the (normalized)
symmetric matrix which has a non-zero entry at positions (¢, 7) and (j,4) and a zero otherwise. More precisely,
we have

St = el 1<i<N, .
S = Lo(e;el +e;el), 1<i<j<N, (3.2)

where e; denotes the jth column of In. Note that these matrices form a basis of Sgym (V). For 1 <i < j < N,
we define the functions ¢% := ¢ S € (Ty St(N,V))%. This means that
¢ii:(0""70a¢ia07"'a0)7 ISZSN7

¢ = L (0,....0,0,,0,...,0,61,...,0), 1<i<j<N, (3.3)

where ¢, (the jth component of ¢) is placed at the ith position and ¢; at the jth position. Properties of these
functions are summarized in the following proposition.

Proposition 3.3. Let ¢ € St(N,V). Then the functions ¢, 1 < i < j < N, introduced in (3.3) form an
H-orthonormal basis of (T St(N, V)%

Proof. First, we show the H-orthonormality of the functions ¢*. Since ¢ € St(N, V'), we obtain

=

N
(6", 0“) = D (S 00) paay = D GimOem (dis b0) 12y = Gie.
m=1

m=1
For k < ¢, we have
(d)iia ¢M)H = (¢17 ¢56)L2(Q) zk(d)u ¢Z)L2 (Q) + zé(¢z7 ¢k)L2(Q ﬁdiklsié =0.
Finally, for ¢ < j and k < ¢, which implies 6;¢d,; = 0, we derive
N

(d)ija ¢kl>H = ( %a gbfrf)Lz(Q) =

m=1

1
3 (0ikdje + 0500i) = ibje.

Obviously, the functions ¢, 1 < i < j < N, span (T St(N,V))3 and, hence, they form an H-orthonormal
basis of (T St(N,V))%. O

3.2. The ag-metric, normal space, and ag-orthogonal projection

An alternative Riemannian metric on the Stiefel manifold St(V, V') can be defined by using the inner product
ag(-,-) introduced in (2.3) as

9a(n,€) = ag(n, ) for all n, ¢ € Ty St(N, V).
Then the normal space at ¢ € St(N, V') with respect to g, is defined as
(TpSt(N, V) ={2€V : gu(z,m) =0 for all n € Ty St(N,V)}.

Our goal is now to construct a basis of (T St(IN,V))E. To this end, we introduce the functions ¥* € V
for 1 <k < /¢ < N as solutions to

ag (Q,IJM7 n) =0 for all 7 € Ty St(N, V), (3.4a)
(", ¢7),, = birdje for 1<i<j<N, (3.4b)

where ¢% are defined in (3.3). The following proposition establishes the well-posedness of these problems.
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Proposition 3.4. There exist unique functions Y** € V, 1 <k < < N, satisfying (3.4).

Proof. Let the indices 1 < k < £ < N be arbitrary but fixed. We can write (3.4) as a saddle point problem.
Hence, we seek for ¢*¢ € V and Lagrange multipliers %/ € R, 1 < i < j < N, such that

ag(PF,v) + > (¢, v) g =0 for all v € V,

i<
(", 0" ) = 0650 for1<i<j<N.

By Assumption 2.2, the bilinear form a4 is coercive. Moreover, the number of constraints equals N(N + 1)/2
and is, hence, finite. In this case, the corresponding inf-sup stability follows from the linear independence of the
functions ¢*. As a result, Chapter I11.4 of [8] implies the existence of a unique solution 1*¢ € V. Note that 1p**
satisfies (3.4a), since by Proposition 3.3, we have (¢",n)g = 0 for all n € Ty St(N, V). O

Next, we characterize the normal space (T St(N, V)L by providing a basis of it.

Proposition 3.5. Let ¢ € St(N, V). Then the functions ¥** € V, 1 < k < ¢ < N, satisfying (3.4) form a basis
of the normal space (T St(N,V))L.

Proof. Tt follows from (3.4a) that 1*¢ € (T}, St(N, V))+. Further, equation (3.4b) implies that these functions
are linearly independent. Taking into account that (T St(N, V)~ has dimension N (N + 1)/2, we obtain the
result. O

Any element v € V can be uniquely decomposed as v = P, (v) + qu(v)7 where P, and P(; denote the
agp-orthogonal projections onto Ty St(N,V) and (Ty St(N,V))L, respectively. The projection operator Py
satisfies the conditions Py o Py = Py and

[Po(v), @l + [@, Pp(v)]y = On, (3.5a)
agp(v — Py(v),m) =0 for all § € Ty St(N, V). (3.5b)

Note that (3.5) implies that range Pp = Ty St(IV, V) and ker Py, = (T St(N, V))~. For the construction of such
an operator, we use the basis functions 1*¢. It turns out that for any v € V, Py(v) can be written as

Py(v) =v—> (v,¢"), ¥+ (3.6)

k<t
N
=v— Y (vk, dk)r2() P - L > [(vk, be)r2(0) + (ve, st)L?(Q)} Pht
k=1 \/§ k<t

The following result shows that this operator indeed satisfies the requested conditions and, hence, equals the
ag-orthogonal projection onto Ty St(N, V).

Proposition 3.6. For ¢ € St(N,V), the operator Py from (3.6) is the ag-orthogonal projection onto
Ty St(N, V).

Proof. First, we emphasize that Py in (3.6) is a projection, since by Proposition 3.3 all summands (v, ¢**) g
vanish if v is already an element of Ty St(N, V).

Next, we verify condition (3.5a), which means that Py maps V into Ty St(V, V). Note that for k < ¢, we
obtain from (3.4b) that

(%Ma ¢i)L2(Q) - ('Ww’ ¢”)H = 0ikdie = 0, p=1.. N
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This implies ([Py(v), @], + [[¢7P¢(v)]]H)” = 2([Pp(v),¢ly),, = 0 for all v € V. Further, for i # j, we
observe that

([Po(®). 8y + [, Ps (o)1), ; = ((Pol©);s5) 1oy + ((Pal®));6:)
= (i, 95) 12 () + (05, 9i) 12

1
- ﬁ Z{(Ukagb@)LQ(Q) + (U€7¢k)L2(Q):| |:(1/}1];€Z7¢j)L2(Q) + ( ?Z7¢i)L2(Q):|

k<t

= (Ui7 ¢j)L2(Q) + (Uj7 ¢i)L2(Q) - Z[(Ukv ¢2)L2(Q) + (Wv ¢1€)L2(Q)} 5ik5jf =0.
k<t

L2(©)

Finally, we show the ag-orthogonality property (3.5b). Indeed, for any n € Ty St(N, V'), equations (3.6) and
(3.4a) yield

ag(v — Py(v).n) = Y (0, ¢") , ag (", n) = 0.

k<t

Thus, Py is the ag-orthogonal projection onto Ty St(N, V). O

For the Riemannian gradient descent method, which will be introduced in Section 4, we are especially inter-
ested in the projection operator Py applied to ¢ € St(N, V). In this case, we get

N
(0h Bk) 20y ¥ = b =D P

1 k=1

] =

Py(d) = ¢ —

=
Il

Hence, for the computation of Py(¢), one only needs the sum v := Z;gV:l Y** of the functions ¥** € V,
k=1,...,N. It follows from (3.4) that this sum is uniquely defined by the equations

ag(,m) =0 for all ;€ Ty St(N, V), (3.7a)
(¥, S g =06;;  for1<i<j<N. (3.7b)

The following proposition provides an explicit expression for the solution 1.

Proposition 3.7. Let ¢ € St(N, V). The unique solution of system (3.7) is given by

¥ =A% [[@A;lqb]] e (3.8)
Proof. System (3.7) is equivalent to the saddle point problem
ag(h,v) + Y _(¢S7,v) 17 =0 for all v € V, (3.9a)
i<j
(v, 057), = 0;j for1<i<j<N (3.9b)

for 1» € V and the Lagrange multipliers u* € R. Using the special structure of the matrices S in (3.2), the
constraint conditions (3.9b) can be written as sym([+, ¢] ) = In, where sym(A4) = (A + A”T) denotes the
symmetric part of a matrix A € RV*YN_ Further, we obtain

S (@57,0) i = | 6> ST v | = (9 5,v),
i<y 1<y H
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with the symmetric matrix § =37, S%%. As a result, system (3.9) takes the form

ag(P,v) + (¢ S,v)y =0 for all v € V, (3.10a)
sym([4, ] ;) =1Iy. (3.10b)

Using (2.5), we derive from (3.10a) that
0=ag(,v)+ae (A;lcﬁ S, v) =ag (1/1 + A;lqu, v) foralv eV

and, hence, ¥ = —A;lqﬁ S. Substituting this function into (3.10b) yields the Lyapunov equation
-1 -1 _
[0 4510 s+5[e.A50e] = —20n (3.11)

for S. By Proposition 2.3, the matrix [[(;’),A;ld)]] is symmetric positive definite. In this case, the Lyapunov
H

—1
equation (3.11) has a unique symmetric solution ([24], Thm. 12.3.2) given by S = — Hgb, A;l(ﬁﬂ - This finally
gives the expression (3.8). O

3.3. Retractions

Next, we introduce the concept of retractions on the Stiefel manifold St(N, V). Retractions provide a useful
tool in Riemannian optimization which allows us to keep the iteration points on the manifold.

Definition 3.8 (Retraction). Let T St(N,V) be the tangent bundle of St(NV,V). A smooth map
R:TSt(N,V)— St(N,V) is called a retraction on St(N,V) if for all ¢ € St(N,V), the restriction
Ry = R‘Td) se(N,v) O1 Ty St(N, V) has the following properties:

(a) Rep(0gp) = R(¢,04) = ¢, where 04 denotes the zero element of Ty St(N, V),
(b) %R¢(tn)|t:0 =n for all n € Ty St(N, V).

In Example 4.1.3 of [2] and [1,14,22,30], several retractions on the (generalized) Stiefel matrix manifold have
been introduced and compared with respect to computational cost and accuracy. Here, we extend some of the
decomposition-based retractions to the manifold St(N, V).

3.8.1. The projective retraction

First, we introduce a retraction based on the polar decomposition and show that it provides a projection
onto St(N, V).

Similarly to the matrix case, e.g., Section 9.4.3 of [15], we define the polar decomposition of v € V as v = uS,
where u € St(N,V) and S € RVXN is symmetric positive semidefinite. Such a decomposition always exists.
If the components of v are linearly independent, then the matrix [v,v], is positive definite. In this case,
S = [, 'U}];I/z is positive definite and the factor u = v [v, v]]l_{l/2 is unique.

For any (¢,n) € T'St(N,V), i.e., n € Ty St(N, V), the components of ¢ + 1 are linearly independent, since
the matrix

lo+n.o+nly=I[0,0ly+ o0y +noly+[nnly=1Iv+[nnly (3.12)

is positive definite. Then we can use the polar decomposition of ¢ + 1 to define a retraction on St(N, V).

Proposition 3.9. For (¢,n) € T St(N,V), the map

R($,n) = (¢ +n)(In + [n.n]y) " (3.13)

is a retraction on St(N, V).
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Proof. Let (¢p,m) € T St(N, V). First, we verify that R(¢, n) belongs to St(NV, V). Using Lemma 2.1 and (3.12),
we obtain

[R(#,n), R(¢: 0]y = [[(¢ Iy + [m,mly) 2, (6 +n)In + [, n]]H)—l/zﬂ .
= (In + [l ) "2 (In + Il ) Ay + [l )~ = I,
and, hence, R(¢,n) € St(N, V). Furthermore, we have R (04) = ¢ and

SRo(m)| = @+ m)(In + Elnnl,) |
= —t (@ +tm) [mnly (In +nnly) " + 0 (In + 2lnml,) £=0
=n.
This shows that R defined in (3.13) is the retraction on St(N, V). O

The evaluation of the retraction in (3.13) involves the computation of the outer product [n,n], and the
eigenvalue decomposition

Iy +[n.n]y = QDQT, (3.14)
where @ € RV*¥ is orthogonal and D = diag(dy,...,dy) with d; > 0 for j = 1,..., N. With this, we obtain
R(¢,n) = (¢ +n) QD/2QT.

Remark 3.10. For stability reasons, we recommend to use [¢ + 1, ¢ + 1] instead of Iy + [, n] in (3.14).
A similar suggestion for the generalized Stiefel matrix manifold can be found in [30]. Note that, due to (3.12),
both expressions are equivalent if ¢ € St(N, V) and n € Ty St(N, V).

The polar decomposition based retraction (3.13) can be viewed as a projective retraction, since it satisfies

R(p,m) = argmin [[€ — (¢ +n)||%- (3.15)
£ESE(N,V)

To prove this, we first observe that for all (¢,n) € T St(N,V), ¢ + n can be represented as
¢ +n=uD2Q7, (3.16)

where u € St(N,V) and D,Q are as in (3.14). This decomposition is an extension of the singular value
decomposition known for matrices, e.g., Section 2.4 of [15] to the elements of V. For any & € St(V, V), we
have

1€~ (d+mF =1€l3 —2E d+mu+l¢+nl} =N —2(&¢d+n)g+trD
with

o= i(fenr 0], - ()

N N
Z(fi,Ui)Lz(Q) Vid; < Z 1€ill 22 o lwill 2 () V/ds = tr DY2.
i=1 i=1

For £ = u QT € St(N, V), the equality
(€@ +mn =t [uQ"uD?Q"| =uD'

holds, i.e., &€ = u QT solves (3.15). Thus, R(¢,n) = (¢ +n)QD/2Q" = u QT is a projection onto St(N, V).
The following proposition shows that the retraction (3.13) is second-order bounded.
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Proposition 3.11. The retraction R in (3.13) satisfies

IR(&,tn) — (¢ + tn)l,, <t +tnl,, Inll

a¢ —
Proof. The proof is given in Appendix A.1. a
3.8.2. The qR-based retraction

An alternative retraction on St(N, V') can be defined by using the orthonormalization with respect to the
inner product (-, -) . First, we observe that for any v = (v1,...,vy) € V with linearly independent components,
there exist g € St(N,V) and an upper triangular matrix R € RV*Y with strictly positive diagonal elements
such that v = qR. The existence of such a decomposition, called gR decomposition, can be proved constructively
by using the Gram—Schmidt orthonormalization procedure

g1 =11 Q1= &
| firle (3.17)
- : .
qj = UJ-iJZ(vjaqi)Lz(Q) qi, q; ‘= #a j:2aaN
=1 ||Qj||L2(Q)
With this, we obtain g = (q1,...,qn) € St(N, V) and
(v, @)z (2, @)z 0 0 (U @1) )
0 (UZaQQ)LQ(Q) (UN7QZ)L2(Q)
R= 0 0 :
0 0 o 0 (o, aN) 2o

Note that the matrix R has positive diagonal elements (v;, q;)r2(q) = ||G;||2(q). This property of R guarantees
the uniqueness of the ¢R decomposition. Let gf(v) denote the factor g in v = gR. This allows us to define
a gR-based retraction on the Stiefel manifold St(N, V).

Proposition 3.12. For (¢,n) € TSt(N,V), the map

R(¢:m) :=af(¢+n) (3.18)
is a retraction on St(N, V).

Proof. Obviously, R in (3.18) is well defined on T'St(N, V). Further, by definition, we have R(¢,n) € St(NV,V)
for all (¢,m) € T'St(N,V) and Rg(04) = ¢.

In order to prove the second property in Definition 3.8, we follow the lines of Example 8.1.5 from [2]. For any
(¢p,m) € T'St(N, V), we consider a curve p(t) = ¢ + tn. Let ¢(t) = q(t)R(t) be the ¢R decomposition of ¢(t).
Then, using the product rule, we have

@(t) = q(t)R(t) +q(t) R(1), (3.19)

where () = L(t) and similar for g(t) and R(t). For the sake of brevity, we omit the argument ¢ in what
follows. Computing the outer product of g and ¢, we obtain

la. ¢y = la.dl R + [a.al s & = [, 4] s R + B. (3.20)

Multiplication of (3.20) by R~! from the right yields

lg. &l R~ =lq.dly + RR™,
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Algorithm 1. Modified Gram—Schmidt procedure.
1: Input: v = (v1,...,on) €V
2: fori=1,...,N do

3: i = |[vill L2 ()

4: qi = vi/Tii

5 for j=i+1,...,N do

6: rij = (V5, @) r2()

7 Vj = V; — Tijqi

8: Output: ¢ = (q1,...,qn) € St(N,V) and R = [r;;] € R¥*¥ such that v = qR

where [q,q], is skew-symmetric and RR~' is upper triangular. Since M = [q,¢] g R™! can uniquely be
represented as M = gskew (M) + 0up(M), where gskew (M) is skew-symmetric and g,p(M) is upper triangular,
we obtain

stew(ﬂq,¢ﬂHR_l) =lq, 4]y, Qup([[q,Gb]]HR_l) =RR™.

Further, multiplying (3.20) by g from the left and subtracting the resulting equation from (3.19), we find

$—q [[q7 SOHH =qR— qukew([[q, Qb]]HR_l)R,

which implies
d=(p—ala, e]) R + qosew([a, 1z R ).

Taking into account that ¢(0) = n, ¢(0) = ¢ = ¢(0), R(0) = Iy, and that [¢,n], is skew-symmetric, we
finally obtain

iRe(tm)| _ =ga®)|  =n—ol¢.nly+éle.nly =n,

which completes the proof. O

The gR-based retraction (3.18) can be computed by the modified Gram—Schmidt procedure as presented in
Algorithm 1 which is more numerically stable than the Gram—Schmidt process (3.17). An alternative approach
for evaluating (3.18) is based on computing the Cholesky factorization [¢ +n, ¢ + n]; = FTF with an upper
triangular matrix F € R¥*Y and determining

R(¢.m) = (p+n) F . (3.21)

It is an extension of the Cholesky-QR-based method on the generalized matrix Stiefel manifold presented
n [30]. Compared to the polar decomposition based retraction (3.13), the computation of (3.21) has lower
numerical complexity, especially for large IV, since it requires the Cholesky factorization instead of the eigenvalue
decomposition.

The following proposition establishes the second-order boundedness of the gR-based retraction (3.18).

Proposition 3.13. The retraction R in (3.18) satisfies

2

t 1/2
IR(@.t1) = (& + ), < 516+ 00l (L i)l

Proof. The proof is given in Appendix A.2. O
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4. ENERGY-ADAPTIVE RIEMANNIAN GRADIENT DESCENT METHOD

The simplest approach to minimize the energy functional £ over St(N,V) is the gradient descent method,
which requires the Riemannian gradient of £. For a smooth scalar field £ on the Riemannian manifold St(N, V),
the Riemannian gradient grad £(¢) of £ at ¢ € St(N, V) with respect to the metric g, is defined as the unique
element of the tangent space Ty St(N, V') satisfying

ga(grad £(¢), n) = ag(grad £(¢),n) = DE(¢)[n] for all n € Ty St(N, V).

Since St(N,V) is an embedded submanifold of V', we obtain the following expression for the Riemannian
gradient.

Proposition 4.1. The Riemannian gradient of the energy functional £:'V — R from (2.7) at ¢ € St(N,V)
with respect to the metric g, is given by

arad £(9) = Pyld) = & — 4,0 [9.45'9] (4.1)
Proof. Using (2.8), we obtain

%(grad E(¢),m) = DE(P)[n] = ap(¢,m)  for all n € Ty St(N, V).

Hence, ag(grad £(¢) — ¢, n) = 0 for all n € Ty, St(N, V). This implies that grad £(¢p) — ¢ belongs to the normal
space (Typ St(N,V))+ and hence,

grad £(¢) = ¢ + Py (grad E(d) — @) = ¢ — Py (¢) = Py(h).
The second expression for grad £(¢) in (4.1) immediately follows from Proposition 3.7. O

Using the Riemannian gradient and any retraction R on St(N,V) from Section 3.3, the Riemannian gra-
dient descent method for solving the minimization problem (2.6) can be formulated as follows: for given
¢ € St(N,V), compute

¢ =R (), mn™) (4.2)
with the search direction (™) = —grad £ (cb(”)) and an appropriately chosen step size 7,, > 0.

Remark 4.2 (Connection to Sobolev gradient flows). The presented minimization approach for solving the
nonlinear eigenvector problem (2.9) is closely related to the Sobolev gradient flow algorithm studied in [18]
for the Gross—Pitaevskii eigenvalue problem which, as will be shown in Section 5, fits in the given framework
with N = 1. For general problems with N > 1, let VE(¢) denote the Riesz representative of DE(¢) in the
Hilbert space V' with respect to the inner product ag(-,-). The operator VE: V' — V is called the ag-Sobolev
gradient of €. It follows from (2.8) that

ap(VE(P),v) = DE(P)[v] = agp(e,v) forallv eV

and, hence, VE(¢p) = ¢. Given an initial guess ¢(0) € St(N,V), the corresponding dynamical system, also
called the ag-Sobolev gradient flow, has the form

b(t) = —Py()(VE((1)) = — Py (¢(t)) = — grad £(¢(1)). (4.3)

It can be easily seen that the solution of this system satisfies ¢(t) € St(N,V) for all times. Moreover, any
stationary solution ¢* € St(IN,V) of (4.3) is the critical point of the energy &£ in (2.7), since it satisfies
grad £(¢p*) = 0.

In the following subsection, we show that the iteration (4.2) is convergent if the step size 7, is sufficiently
small.
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4.1. Convergence analysis

To show that the Riemannian gradient scheme (4.2) converges, we restrict ourselves to the case of a con-
stant step size 7, = 7. First, we collect some assumptions which guarantee the convergence as established in
Theorem 4.3 below.

(A1) (Polyak-Lojasiewicz gradient inequality) For the ground state ¢* € St(N,V), there exist C,,Cpr, > 0
such that for all ¢ € St(N, V) with [|¢ — ¢™[|, < C., it holds

|£() — £(¢")| < Cru |lgrad £(9)]2,.
(A2) (Descent inequality) We say that a given sequence {qb(")} C St(N, V) satisfies the descent inequality, if
there exist Cp > 0 and np € N such that for all n > np,

g(¢(n)) _ g(¢(n+1)) > Cp ’ P _ )

(4.4)

grad £ (qb(”))

@ p(n) ao

(A3) (Step size condition) For a given sequence {qb(”)} C St(N,V), we say that it satisfies the step size
condition, if there exist C's > 0 and ng € N such that for all n > ng,

H¢<n+1> — o™

ZCS‘
0

grad & (qb(”))

(4.5)

[ a¢(")

Under these assumptions, the convergence result and the convergence rate can be established by the following
theorem adapted from [38]. Its proof is a straight-forward modification of Theorem 2.1 from [38] and therefore
omitted here.

Theorem 4.3. Let {d)(”)} C St(N,V) be a sequence generated by the descent gradient method (4.2), which
satisfies the descent condition (A2). If there exists an accumulation point ¢* € St(N,V) of the sequence that
satisfies the Polyak-Lojasiewicz gradient condition (A1), then ¢* is the unique limit point of {(;5(”)} with respect
t0 || |lay- Further, if the sequence {@™} fulfills the step size condition (A3), then there exist constants ¢,C > 0
such that the convergence rate can be estimated as

[\ — ¢%[lag < Ce™ "
and it holds lim grad €(¢™) = 0.
It remains to discuss the validity of the three conditions (A1)—(A3) in the considered setting. Condition (A1)
is an assumption on the energy and depends on the particular application. The special case of the Gross—

Pitaevskii equation is discussed in detail in [38]. The other two conditions can be verified under moderate
constraints on the step size and suitable regularity assumptions on the energy.

Lemma 4.4 (Sufficient condition for (A2)). Consider a sufficiently small step size 0 < T < Tiax. Assume that
the second-order derivative of the energy is bounded in the sense that

D& (&), w] < Col[v]laglw]]aq (4.6)

for all € in a small neighborhood of the ground state and all v,w € V. If the iterates ¢'™ given by (4.2) with
the polar decomposition based retraction (3.13) are in this neighborhood, then there exists a constant Cp > 0
such that the estimate (4.4) is satisfied.
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Proof. For n™ = —gradé’(qb(")) = —¢™ + ™ with ™ ¢ (Td)(n)St(N,V))al, we obtain

2
Agp(m (¢(n)777(")) = —Qgm (77(”),77(”)) = —Hn(")

@y (n)

Further, it follows from Proposition 3.11 and

S _ pm) — R<¢><"), Tn(")) _ (cb(") + Tn(")) + ™ (4.7)
that
H¢(n+1) _om|| < Hd)(nﬂ) — o™
ao @ 4 (n)
<70 la ) + 7 ‘ ™ + ™ n™ 2 (4.8)

@ p(n)

1
and the coercivity and boundedness of the

) <Ci Hd)(n) ||a¢(n) :

Using the expression (") = —¢{") + A_,, ¢™ [[¢<”)7 A;3n>¢(”)]];1
bilinear form agm), we can show that there exists a constant C; > 0 such that ||77(")||a¢(n

Then taking into account that the iterates ¢(™ are in a small neighborhood of the ground state, we estimate

<0y, |9 4™

H‘b(n) < (1 + TmaxC1) Co (4.9)

S 027 Hn(n)

@ g (n) @y (n) @ p(n)

with a constant C > 0 independent of cl)(").
A Taylor expansion of €(¢"1) at ¢(™) yields

1
g<¢,<n+1>) - g(¢(n)) 1+ DE (¢<n)) [¢,<n+1> _ ¢<n>} +3 D2E(€) [¢<n+1> — oM pntD) _ ¢(n)}
for some £ in the neighborhood of the ground state. Estimating the derivative

DE (¢<n>) {¢<n+1> . ¢(n)} = a4 (¢(n)’ H ) ¢<n>)

< T Qgin) <¢>(")77I(n)> + H¢(n)

R<¢<n>7 r n(")) . (q[,(n) g n(n))

Qg (n) @4 (n)

2
+C% 72 Hqﬁ(")

Ol

< _r H,,(n) ™ 4 7™

n

Qg (n) Qg (n) @ g (n) Qg (n)

and using (4.6) together with (4.9), we conclude that

g(¢(n)) _ g<¢(n+1)) - _DE <¢<n>) [¢<n+1> _ ¢<n>} _ %ng(g) [¢<n+1) — oM Gn+D) _ ¢<n>}

> 7 Hn(m Pz H¢<n> o™ 4 7 ||
Q4 (n) Qg (n) a4 (n) g (n)
2 2 4
—2C, ‘n(") —2CyC% T4H¢(”) + ™ n™
@y (n) Ap(n) Gp(n)
2
>T Hn(”) (1 — Tmax C3 — Tglasz;)
@4 (n)

with C3 = 0%1022(1 + Tmaxcl> +2Cp and Cy = 2000%1012051(1 + Tmaxcl)Q.
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Finally, it follows from (4.8) and (4.9) that

ot — 0,
@y (n) - 1+ TmaxCs

{5

)

with C5 = C%C102(1 + TmaxC1). Thus, we obtain the estimate (4.4) for the sufficiently small step size
0 < 7 < Tmax and a constant Cp > 0 depending on 7Ty, and the other constants only. O

Lemma 4.5 (Sufficient condition for (A3)). Consider a sufficiently small step size 0 < Tinin < 7 < Tmax. If the
iterates o™ given by (4.2) with the polar decomposition based retraction (3.13) are in the neighborhood of the
ground state, then there exists a constant Cs > 0 such that the estimate (4.5) is satisfied.

Proof. Using (4.7) and (4.9), we estimate

OIE

. Hnm) < H¢<n+1) — ™ 472 H¢<n> 4™ n
g (n) a4 (n) a4 (n) H
< H¢(n+1> — ™ +Cyr? Hnw ,
Qg (n) Qg (n)
Therefore, a step size restriction 0 < Tyin < 7 < Tmax With sufficiently small 7.« yields
“¢(n+1) _ d)(n) > cp H¢(7L+1) _ ¢(n) >cp(1—7C5)T HT’(”)
ao A p(n) @b (n)
Z Cg (1 - TmaxCE}) Tmin T’(n) = CS ngad g(¢(n))
a4(n) a4 (n)

with Cs = Timince (1 — TmaxCs) > 0. O

Remark 4.6. Note that in Lemmas 4.4 and 4.5, the polar decomposition based retraction can be replaced by
the gR-based retraction defined in (3.18) or any other second-order bounded retraction.

4.2. Step size control with a non-monotone line search

In order to accelerate the convergence of the Riemannian gradient descent method (4.2), we determine the
step size by employing the non-monotone line search algorithm [39] combined with the alternating Barzilai-
Borwein step size strategy as proposed in [34]. The resulting Riemannian gradient descent method is presented
in Algorithm 2.

The following theorem establishes that a convergent sequence generated by this algorithm yields a stationary
point.

Theorem 4.7. Let {qb(")} be a sequence generated by Algorithm 2. Then every accumulation point ¢* of this
sequence is a critical point of £, i.e., we have grad £(¢*) = 0.

Proof. Since the retractions considered in Section 3.3 are globally defined, the result can be proved analogously
to Theorem 3.3 of [20]. O

4.3. Inexact gradient descent schemes

In this subsection, we propose an inexact gradient descent method which significantly reduces the computa-
tional complexity of the iteration (4.2).

First, we establish a connection of our minimization method to the DCM method considered in [31]. Let
¢* € St(N, V) be a critical point of &, i.e., grad £(¢*) = 0. Then (4.1) yields

Ag v =0 [or, A0 (4.10)
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Algorithm 2. Riemannian gradient descent method with non-monotone line search.

1: Input: energy &, retraction R, initial guess ¢ € St(N, V), co = S(qb(o)), g =1,
2 parameters a € [0,1], 8,6 € (0,1), 0 < Ymin < Ymax, Y0 >0

3: forn=0,1,2,... do

4: Compute a search direction (™ as an approximation of — gradé'(d)(”)).

5

6

if n > 0 then
Compute a trial step size

(s() ()
‘(s(n) y(n))H‘ for odd n,
Yo = co
=
(1) (1)
u for even n,
(W™ w™)

where 50 = ™ — ¢~ and y™ = =1 _ p

7 Set Tn = maX(’)’min: min(’Y'm ’Ymax))~
8: Find the smallest k € N such that 7, = 'ynék satisfies the non-monotone condition

E(R(6™,mun™)) < e = Brmagen (1, n™).

9 Set D =R(¢™, ran™).

1 1 (n+1)
qn+1)c" + (1n+15(¢ )

10: Compute gn+1 = agn + 1 and cpy1 = (1 —

11: Output: sequence of iterates {(ﬁ(”)}

This equation further implies

6", Ap 6T, = |67, 4500 (4.11)
and, hence, (4.10) can be rewritten as Ag-¢* = ¢* [¢*, Ag~@*] ;. In the DCM method considered in [31], the

search direction is taken as

—B; (Apd — & [, Asdl,). (4.12)

where By is a given preconditioner. Without Bg, this leads to the Riemannian gradient descent method in the
Hilbert metric gz, which usually shows slow convergence. Considering the preconditioner By = Ay yields the
search direction —¢ + A;lcb [¢, Ap®] ;- Due to (4.11), this search direction is asymptotically equivalent to

n=-gradé(9) = ~¢+ A;'0 6,45 0]

This observation shows that a suitably preconditioned DCM admits a near gradient descent structure in the
novel metric g,.

The computation of both search directions requires the solution of a system involving the operator Ag
in each step but different linear combinations of the outcome are used. For the DCM, it is known that an
approximation of Ag is sufficient for convergence in practice. In this spirit, we may also use the inexact
gradient. This consideration motivates to use

. .

—grad (¢) ~ ~ + B;'6 [ 6,859 (4.13)

H
as a search direction. Here, By ~ Ag is a suitable preconditioner that realizes, e.g., a few iterations of a
preconditioned iterative solver for A;lqb with starting value

b [b, Apdly' ~ Ayl d.
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The error of the proposed starting value is roughly as accurate as the current approximation of the wavefunction
in the iteration. Hence, after only a few steps of the preconditioned iterative solver the residual of the linear
system is substantially smaller than the current error. In a convergent iteration, sufficiently many (inner)
iterations will guarantee that the resulting direction is a descent direction, cf. the numerical experiments of
Section 5. The control of the number of iterations required to ensure a descent could be integrated into the
method.

5. EXAMPLES

In this final section, we present two examples which fit in the framework of Section 2. Moreover, the efficiency
of the proposed algorithm (and its preconditioned variants) are illustrated in a number of numerical experiments.

5.1. Gross—Pitaevskii eigenvalue problem

In the special case N = 1, we seek an eigenfunction u € V := H}(Q) satisfying the normalization constraint
|ullz2() = 1. Hence, the minimization takes place on the unit sphere S = {v € V : |uz2@) =1}. A well-
known example, which fits in this framework, is the Gross—Pitaevskii eigenvalue problem. In the classical form,
this reads

—Au A+ Ve u+ & [ufPu = Au

for some non-negative and space-dependent external potential Vo > 0 and a constant x > 0 regulating the
strength of the nonlinearity. Here, the bilinear form a,: V x V' — R is given by

ay (v, W) ::/Vv~Vw+VeXtvw+/1\u|2vwdz.
Q

The linear part ag, which contains the weak Laplacian and the potential, defines an inner product on V. For the
nonlinear part, we set y(p(u)) = v(|u|?) := & |u|?, i.e., a constant times the density of u. Hence, for any u € V, the
bilinear form a,, defines an inner product on V' and Assumption 2.2 is satisfied. Due to I'(p) = & fop tdt = Lkp?,
the corresponding energy has the form

E(u) = %ao(u, u) + % / T(p(u))dz = % / Vr]|? + Ve |ul? + g Ju|* dzz.
Q Q

The assumed property that £ does not change if the argument is multiplied by an orthogonal matrix translates

in the case N =1 to £(+u) = £(u), which is clearly satisfied. As before, we are interested in the ground state,

i.e., the state of minimal energy. For the Gross—Pitaevskii eigenvalue problem, the ground state coincides with

the eigenfunction that corresponds to the smallest eigenvalue.

Following the procedure presented in Section 2, we have [u,v],; = (w,v)g = (u,v)r2) and
T.S ={veV : (u,v)g = 0}. Hence, the normal space is one-dimensional, and (3.4) reduces to find ¢ € V
such that

ay(¢Y,v) =0 forallveT,s, (Y, u)g = 1.
Written as a saddle point problem, we seek (¢, 1) € V x R such that

ay (Y, v) = p (u,v) g forallv eV, (5.1a)
(Y,u)g = 1. (5.1b)

The resulting projection applied to u reads P,(u) = u—1. For N = 1, the polar decomposition based retraction
from Section 3.3.1 as well as the gR-based retraction from Section 3.3.2 simply equal a L?-normalization. This
then leads to the following iteration scheme: Given u(™ € S, compute ¥ = 3 (u(™) by solving (5.1) with

w=u™ and set

a(n—i—l)

a(n-‘rl) = (1 _ Tn)u(’l’b) + an(n)7 u(”l"t‘l) =

[atr 0] .
L2(Q)
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Note that this is exactly the damped GFa, method introduced in [18], which is labeled A-method in [5].
Moreover, in the special case 7, = 1, this iteration is the straight-forward generalization of the inverse power
method to the nonlinear setting. We refer to the aforementioned original papers as well as to [4,6] for numerical
experiments that demonstrate the competitiveness of the method with established schemes and its ability to
capture relevant physical phenomena such as the exponential localization of eigenstates. The guaranteed energy
decay of the method has also been exploited explicitly in [13].

5.2. Kohn—Sham model

A second example, which is covered by this paper, is the Kohn—-Sham model [23] and, in particular, the model
based on the density functional theory [19]. This theory allows a reduction of the degrees of freedom, leading to
a model which balances accuracy and computational cost, see also [11,12,36] for a more detailed introduction.

5.2.1. Validation of the model

As an energy functional, we consider (with 2 = R3)
1N
£@) =5 X [ IV, drt [ Vion(r) plotr)ar
j=1

1 p(o(r)) p(o(r')) )
+ i/Q/Q e drdr +/Q€xc(p(¢>(r)))p(¢(?‘))dr (5.2)

[l =]

with the ionic potential Viy,, the exchange-correlation €,., and the associated electronic charge density
p(od(r)) = o(r) - o(r) = Z;\Ll |¢;(r)|>. Based on semi-empirically knowledge of the model, the particular
exchange-correlation is described in [36]. For more details, on this and the corresponding local density approzi-
mation, we refer to [27,28]. Following the physical setup, the ionic potential typically reads

.
Viul(r) = > 2
) =2

j=1

with the number of nuclei Ny, the charge of the jth nuclei z;, and its position r;, which are assumed to be fixed.
The obvious problem of the included singularities can be circumvented by considering core electrons (which are
very close to a nucleus) as part of the corresponding core. For more details on this so-called pseudopotential
approzimation, we refer once more to [36] and the references therein. As a consequence, we may assume in the
following that Vi, in (5.2) is a bounded potential.

We are interested in the Kohn—Sham ground state, which means that we aim to minimize the energy &
over V.=V with V = H]..(Q), i.e., the Sobolev space H'(Q2) with periodic boundary conditions, subject to the
constraint [¢@, ¢],; = In. Hence, the minimization takes place on the Stiefel manifold St(N, V). Following (2.3),
the corresponding bilinear form reads

ad,(v,w):/ﬂtr((VU)TVw) dr—|—2/QVionv-wdr—l—/ﬁv(p(qb))twwd?“

with the (non-local) nonlinearity

plo(r) -, 5 d
WJ):?/ T dr + 2 —(pexc(p))-
P=2 f = R g eel?)
Lemma 5.1. Consider a fized ¢ € V and assume that Vien and v(p(@)) are bounded. Then the corresponding
bilinear form
ag(vj,w;) :/(ij)Tij dT+2/ Vion V; Wj dr+/ v(p(@)) vj w;dr

Q Q Q
satisfies a Gdrding inequality. Hence, there exists 0 € R such that ag + o (-,-)12(q) is a symmetric, bounded,
and coercive bilinear form.
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Proof. Let ¢y and ¢, denote the (possibly negative) lower bounds of 2Vion, and v(p(¢)), respectively. Then, the
definition of a¢ gives

agp(v,v) > /QIIWII2 dr+ (ev +¢y) (v,0) 2y = 0I5 = (1= ev = ¢3) [vll72(o)

for all v € V. The coercivity of ag+o0 (-, )2 (q) then follows for any ¢ > 1—cy —c,. Symmetry and boundedness
are directly given. O

Since we cannot ensure that ag is coercive, we need to adapt the original nonlinear eigenvector problem (2.9)
by a shift: seek ¢ € St(N, V) and Aq,..., Ay € R such that

d¢(¢j,’l)j) + o0 (¢j,1}j)L2(Q) = ()\] + 0') ((ijvj)L?(Q) for all (’Ul7 . ,UN) IS

with the shift o from Lemma 5.1. This gives a coupled system of nonlinear eigenvector problems, which satisfies
Assumption 2.2 and, therefore, the theory of this paper is applicable.

5.2.2. Numerical experiments

We now illustrate the convergence behaviour of the new energy-adaptive Riemannian gradient descent scheme
(RGD) and its variants and show that they are competitive with the established SCF iteration and the pre-
conditioned DCM method. The numerical experiments are performed on an Intel(R) Core(TM) i7-8565U
CPUQ1.80 GHz using MATLAB (version R2021b). The implementation is based on the MATLAB toolbox
KSSOLV, c¢f. [36]. The usage of this toolbox allows us to focus on the new eigenvalue iterations and their
comparison to already existing methods. Note that the toolbox works with an additional factor of two in the
electronic charge density. This, however, does not affect the convergence behaviour. We initially select an exem-
plary molecule system implemented in KSSOLV, namely COy (N = 8). In KSSOLV, a spatial discretization
using a planewave discretization of functions in V := [H'(R?)]" is considered. As in [36], we use a 32 x 32 x 32
sampling grid for the wavefunctions in the CO5 model.

We shall first illustrate the convergence behaviour of the RGD. For the COs; molecule, we compare the
following variants:

— RGD from (4.2) for several choices of a constant time step size 7,, = 7 with 7 € {0.05,0.1,0.15,0.2},

— RGD with the non-monotone line search as presented in Algorithm 2 with the descent direction
n™ = —grad£(¢p™) and parameters a = 0.95, 8 = 1074, yin = 1074, Yax = 1.0, 70 = 1072, and
0 =0.5.

For both variants, the polar decomposition based retraction (3.13) is used. As a stopping criterion, we consider
the H-norm of the residual to fall below the tolerance tol = 10~°. The linear systems are solved up to the higher
accuracy of 1078,

Figure 1 (left) shows the evolution of the residuals in the iteration. In accordance with the theoretical
predictions, we observe convergence for sufficiently small constant step sizes. A look into the corresponding
errors in the energy (with respect to a reference minimal energy computed to higher accuracy) depicted in
Figure 1 (right) shows that for 7 = 0.2, after an initial decay, the method approaches some other critical point
on a higher energy level. Furthermore, for smaller choices of 7, the linear convergence to the ground state is
observed. There is probably an optimal choice of the step size around 7 = 0.15 that minimizes the linear rate
of convergence. However, the non-monotone line search converges much faster and appears to be much more
efficient for this example and many others that we have tried.

While the line search optimizes the iteration count, the cost per iteration step is largely reduced by the
inexact solution of linear system for the gradient computation in each step. We will refer to the corresponding
scheme as:

— inexact RGD with the non-monotone line search as presented in Algorithm 2 with n(™) being the precon-
ditioned MINRES approximation given in (4.13). We use the MINRES implementation of MATLAB using
the KSSOLV built-in Teter preconditioner [32,36].
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FIGURE 1. Convergence history of the residual (left) and energy (right) for the CO5 model for
different (fixed) step sizes and the non-monotone line search from Algorithm 2.

TABLE 1. CPU time (in seconds) and number of needed iteration steps to achieve an approxi-
mation of the ground state of the CO5 molecule with tolerance 10~° in the residual.

SCF RGD inexact RGD prec. DCM

CPU time 12.3  36.7 11.6 16.6
# iterations 8 28 37 45

We also compare the performance of the exact and inexact RGD with the established schemes

— SCF: self-consistent field iteration as readily available in KSSOLV using LOPCG to solve the linear eigenvalue
problem in each step up to tolerance 1078,

— DCM: direct constrained minimization as defined in (4.12) with non-monotone line search. The precondi-
tioner is given by 3 steps of the preconditioned MINRES iteration as in the inexact RGD.

All schemes use the same initial guess to the wavefunction and the ¢R-based retraction defined in (3.18). For
the RDG variants and DCM, we use the non-monotone line search with the prescribed parameters given above.

Table 1 shows the CPU times and (outer) iteration counts of the four methods. While solving the linear
systems too accurately seems to be suboptimal in terms of computational complexity, the numbers clearly
indicate that the inexact RGD substantially accelerates the simulation and is very competitive with SCF.
The closely related preconditioned DCM variant performs equally well asymptotically but, according to our
experience, is a bit slower in the initial phase when the residuals are still large.

According to our experience, the competitiveness of inexact RGD is representative. An experiment for the
more challenging molecule petacene, also implemented in KSSOLV, supports this assessment; see Table 2. Due
to the large number of electrons in pentacene (N = 102), a sampling grid of size 64 x 32 x 48 is used for the
spatial planewave discretization.
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TABLE 2. CPU time (in seconds) and number of needed iteration steps to achieve an
approximation of the ground state of the pentacene molecule with tolerance 107 in the
residual.

SCF  inexact RGD prec. DCM

CPU time 3211 2204 2655
# iterations 14 43 51

6. CONCLUSION

In this paper, we have generalized the energy-adaptive gradient descent scheme from [18] to nonlinear eigen-
vector problems formulated on the infinite-dimensional Stiefel manifold. We have shown convergence of the
method and a guaranteed energy decay of the iterates if the step size is sufficiently small. Moreover, we have
introduced a non-monotone step size control and discussed the inexact variants, which accelerate the proposed
method significantly. In total, this gives a novel energy-adaptive descent scheme, which is competitive with

existing

schemes such as SCF and DCM.

APPENDIX A. PROOFS OF SECOND-ORDER BOUNDS FOR THE RETRACTIONS

A.1. Proof of Proposition 3.11

For
-1/2
w(t) = R(¢,tn) — (¢ -+ tn) = (¢ + i) (In + [n,nly) "~ 1)
we have 12
[, < 16+ tml,, || (In + 2Eml) " = I
where || - ||2 denotes the spectral matrix norm. Let u; > ... > uy > 0 be the eigenvalues of the symmetric,
positive semidefinite matrix [n, n] ;. Then,
—-1/2 1 1
Iy +t*[n, -1 H:max 1 —— | =1 —— .
H( N [[77 nHH) N 9 1<j<N /1+t2ﬂj /1+t2ﬂl

By the mean value theorem, there exists 8 € (0,t) such that

1 9tu1

V18 I Pm)

This implies

—1/2
| (I + 20nml) ™ = I | < 20 = 2 Il gl < 22

Thus, the assertion holds true.

A.2. Proof of Proposition 3.13

For a

curve ¢(t) = ¢ + tn, consider the ¢R decomposition ¢(t) = q(¢t)R(t). Then we have
IR(#,tn) = (& +tn)ll,, = la(t) —a@ORD)|,, < lla@)],,[EO) = R,

<16+ enl |2 01, [0 as

(A1)
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Differentiating the relation
Iy + [0y = [é+tn, &+ tnl,; = RT(R(t),

we obtain
2t [n,ml; = BT (t)R(t) + RT (t)R(t).

Multiplying this equation by R=7 () and R~1(t) from the left and right, respectively, yields
. T .
(ROR®) +ROR (1) = 2R (O)[n,n] R (0).

Since R(t)R™'(t) is upper triangular, we obtain

R(t) = 2tup(R~ " ()[n, ] y R~ () R(t),

where
Mija lf1§2<]§N7
(up(M)),;; = § 3Mij, if 1 <i=j <N,

0, otherwise

for any symmetric matrix M =
of [n,n] . Using 2 ||up(M)||% < ||M]|% and (A.2), we have

2l[up (R~ (&) nl xR (®) || < |R-T O nl R @),

= tr([n, nl g R ()R~ (), nl g R () R™T (1))

= | (2 + 2mm)

N 2
— Hi 2 9 A
- ;(Ht%) < g = ml gl < Inll

i=1

and, hence,
1R(®)|lr < 2tllup(R™T (&) [n, 0]z B )R RE)]l2 < V2 [0l|F | RE)]|2-

Furthermore, (A.2) implies that

1/2
B, = [Ty + |y < (1+2ml)
1/2

B @, = || @+ Emnl) ) <

Thus, the claimed estimate follows from (A.1), (A.3), (A.4), and (A.5).
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[M;;] € RNXN_ As before, let u; > ... > ux > 0 denote the eigenvalues

(A.3)
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