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In this paper we continue the study of p-groups G of square order p* and
investigate the existence of partial congruence partitions (sets of mutually disjoint
subgroups of order p”) in G. Partial congruence partitions are used to construct
translation nets and partial difference sets, two objects studied extensively in finite
geometries and combinatorics. We prove that the maximal number of mutually
disjoint subgroups of order p” in a group G of order p>" cannot be more than
(p"~'—1)(p—1)~! provided that n >4 and that G is not elementary abelian. This
improves an earlier result (ID. Hachenberger, J. 4lgebra 152, 1992, 207-229) and as
we do not distinguish the cases p =2 and p odd in the present paper, we also have
a generalization of D. Frohardt’s theorem on 2-groups (J. Algebra 107, 1987,
153-159). Furthermore we study groups of order p®. We can show that for each odd
prime number, there exist exactly four nonisomorphic groups which contain at least
p+2 mutually disjoint subgroups or order p’. Again, as we do not distinguish
between the even and the odd case in advance, we in particular obtain the
classification of groups of order 64 which contain at least 4 mutually disjoint
subgroups of order 8§ found by D. Gluck (J. Combin. Theory Ser. A 51, 1989,
138-141) and A. P. Sprague (Mitt. Math. Sem. Giessen 157, 1982, 46-68). © 1993

Academic Press, Inc.

1. INTRODUCTION

Let G be a finite group and H={H, .., H,} a nonempty set of r
nontrivial subgroups of G. We say that H satisfies the maximality condi-
tion, if

HH =G forall i#j. (1)

The elements of H are called components.
If in addition the order of G is s% the number r of components is at least
3 and

|H,|=s forall i=1, .., r, (2)

* Current address: Fachbereich Mathematik der Universitit Kaiserslautern, Erwin
Schrodinger Strasse, 6750 Kaiserslautern, Germany.
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80 DIRK HACHENBERGER
then M 1s called a partial congruence partition of order s and degree r in G
(for short an (s, r)-PCP 1n G).

A direct consequence of the definition of an (s, #)-PCP H is

H,nH =1 forall i#j inH. (3)

Partial congruence partitions have been studied extensively by many
authors (see, e.g., [1,3-8, 10, 11, 13]) because of their close relation to
translation nets. The reader who is interested in the geometric background
1s referred to [2, 6-8, 10-13]. Further applications of partial congruence
partitions in mathematics, e.g., the construction of certain partial difference

cete are dicenceed in I
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references.

As in [6,7,12] we define
7(G) := max{r <s+ l: there exists an (s, r)-PCP in G }. (4)

n of order s in G cannot
contain more than s+ 1 components and it is well known that equality
holds if and only if G is elementary abelian, thus in particular the order s
1s a power of a prime. As 7(G) < T(P) for any Sylow subgroup P of G (see
[4, 6,11, 12]), we are mainly interested in studying PCPs in p-groups.
The elementary abelian case is well known: If G is elementary abelian of

order p*", then

It is easy to see that a partial congruence partiti

Q

abelian and deal with the following problem: How large can the degree r
of a partial congruence partition in a group G
that G is not elementary abelian?

The following theorem shows that r will be considerably smaller than in

the elementary abelian case.

(1.1) THEOREM. Let n>4 and let G be a group of order p*". Assume that
G is not elementary abelian. Then

n—1 1
1oy <t——.

p—1

EXAMPLE. Let G be elementary abelian of order 3%, then 1(G)=82 by
{5). Let K be any group of order 3® which is not elementary abelian, then
TI(K)y<13.
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Theorem (1.1) is an improvement of a result on p-groups of odd order
in [6]. If p=2, we obtain a known result on 2-groups which was proved
by D. Frohardt in [4]. Similar to [4] our proof of (1.1) proceeds by
investigating carefully the interplay between the components of a PCP in
G and 2,(Z(G)), the largest elementary abelian subgroup of the center of
G. However, our proof is not just a generalization of that in [4]: In his
proof, D. Frohardt uses in several steps the fact that a finite 2-group G
contains at least 4 ~'- |G| elements of order at least 4 provided that G is
not elementary abelian (see {4, Lemma 1| |). As the analogue is not true in
p-groups of odd order and as we do not distinguish between the cases p =2
and p odd, we have to use other methods and therefore give implicitly a
new proof of the special case where p = 2.

We will see that p-groups of exponent p are more difficult to handle than
other p-groups (this becomes clear in (1.8) below) On the other hand,

oran ~f avnnanant » are alen 2 caiires for mant taracting avammnl Tn
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[ 7] some series of so-called large translation nets are constructed with partial
congruence partitions in such groups. Furthermore, we will see that all
groups G of order p® with odd p and T(G) = p + 2 have exponent p. We prove

(1.2) THEOREM. Let G be a group of order p® and let Q :=Q,(Z(G)) =
(xe Z(G)|x?=1).

IfT(GY=p+2=(p "= 1)p—1)""+1, then |2| = p> and one has one
of the following cases:

(1.2a) G is elementary abelian and T(G)=p> + 1.

(1.2b) p is odd, G is isomorphic to E(p )xEA p?), and T(G) = p+2
(Here E(p’) and EA(p®) denote the extraspecial group of order p° and
exponent p and the clementary abelian group of order p°, respectively.)

(1.2c) p is odd, G is isomorphic to the unique special group of
exponent p with center of order p*, and T(G)=p* + 1.

(1.2d) G is isomorphic to
{a, b, ¢, u, v, x|all generators have order p; [a, b =u

LD, c] =v, all other commutators in generators are equal to one )
and T(G)=p+ 2.

Again most of the results are new in the odd case while partial
congruence partitions in groups of order 64 were studied by D. Gluck
and A. P. Sprague in [5, 137, respectively. Their result is covered by our
investigations.

The particular interst in 2-groups arises from the fact that certain
Hadamard Difference sets can be constructed by using (27, 2" ')-PCPs
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(see J. Dillon [3], where the problem of classifying all groups G of
order 2" with T(G)>=2""! was posed). We therefore summarize the
consequences of (1.1) and (1.2) for the particular case p =2:

THEOREM (D. Frohardt, D. Gluck, A. P. Sprague) Let G be a group of
order 2%" with >3 and assume that there exists a (27,2" ')-PCP in G.
Then G is elementary abelian or G is isomorphic to the group in (1.2d)

(with p =2).

However, as mentioned in the abstract and above, partial congruence
partitions in general are of certain interest in mathematics.

We remark that all groups of order p* with at least three mutually
disjoint subgroups of order p” are classified in [6, Sect. 4].

In the remainder of this introductory section we summarize the basic
tools we need to prove (1.1) and (1.2). They are more or less implicit in [6,
Sects. 2 and 3] so that we do not need to prove everything. Beside these
results we use only basic facts from the theory of p-groups, which can be
found in {9, Chap. HI].

We start with some upper bounds for the cardinality of sets of subgroups
satisfying the maximality condition (1}):

ROPOSITION.  Let G be a p-group and H a set of v subgroups of G.
Assume that H satisfies (1). Let n(G) be an epimorphic image of G

and assume that n(H) = {n(H)|HeH} is a set of nontrivial subgroups of
(G

AT .

Then n(H) satisfies as well the maximality condition and

I(G)/ (G| =Zr(p—1)+ 1.
(As usual, (X)) denotes the Frattini subgroup of a group X.)

Proof. The first assertion is clear as n(lH{) by assumption is a set of
nontrivial subgroups of G and as n(H)n(K)=n(HK)=n(G) for any two
different components H and K in H. By (1) different components of #(H)
lie in different maximal subgroups of #(G), hence, by assumption, #(G)
contains at least r different maximal subgroups. The Frattini subgroup
@(n(G)) of n(G) 1s by definition the intersection of all maximal subgroups
in 7(G), whence the maximal subgroups of the factor group V:=
G )/@(n{G)) are in one-to-one correspondence to the maximal subgroups
of n(G). As V is elementary abelian, the number of maximal subgroups of
n(G) is by duality equal to the number of one-dimensional subspaces of V/
(regarded as a vector space over the Galois field GF(p) of order p). The
above inequality follows now immediately from the fact that V' contains
(1V1—1)(p—1)~"' different one-dimensional subspaces. |
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(1.4) CoroLLARY. Let H and G be as in (1.3) and let X be a proper

normal subgroup of G. Assume that HX/X is a nontrivial subgroup of G/X
for all H in H. Then

IGI I (G)ﬁXI

(Gl

>rip—1)+ L.

Proof. By [9, Chap. 111, 3.14] we have &(G/X)=D(G)X/X, which is
isomorphic to @(G)/®(G)n X. Hence |B(G/X)| =|D(G)|-|D(G)n X| 1.

11011 s

Now apply (1.3) with the natural epimorphism #: G— G/X. |}

Sets of subgroups of p-groups satisfying the maximality condition were
first studied by D. Jungnickel in [10, 11]. There such sets are called
generalized partial congruence partitions with parameter ¢ provided that
there exists a component of order p’ and that this is the maximal order a

component can have. The situations where Theorem 4.9 of [10], a result

on the maximal size of generalized partial congruence partitions, is used in
[6] can indeed be handled with variations of (1.4). In the present paper we
will use (1.4) instead of the deeper result in [10].

We continue with a factorization lemma of [6]. Its applications (1.6),
(1.7), and (1.8) below are indispensable in studying PCPs. They were, for
example, Very useful in dctcuuuuu& all groups G of order 1% wuh i \G) =3

(see [ 6, Sect. 4]). Proofs, further applications, and generalizations of (1.5)
can be found in [6, Sect. 37.

(1.5) FACTORIZATION LEMMA. Let G be a group of order s*>, X a
nontrivial normal subgroup of G and H an (s, r)-PCP in G (with r =3 by
definition). Assume the validity of

X=(HNX}KnX) for each pair of subgroups H, K(H# K)inH. (6)

Then the order of X is a square, say |X|=n> and the order of the factor
group G/X is (s/n)*. Furthermore {HnX:HeH} and {HX/X : HeH} are
(n, r)- and (s/n, r)-PCPs in X and G/X, respectively.

In par{LCu[ul r< mln{ T{z‘(), T{G/X)}

(1.6) Application. Let G be a p-group of order p?" and H a (p”, r)-PCP
(r=3) in G consisting only of abelian components. Then (6) holds with
X=Z(G) and X = Q,(Z(G)).

Furthermore, if one of these groups is nontrivial then

.._1|1
i T 1.

I

¥

(Here [x] :=max{keNu {0} : k< x} for any rational number x.)
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(1.7) Remarks. Let G be a p-group of order p*” and H an (p”, r)-PCP
in G.

(1) If Z(G) or Q,(Z(G)) is not of square order, then H contains at
most two abelian components by the previous lemma.

(i1) Let Xe{Z(G), 2,(Z(G))}. If H contains exactly two abelian
components, say H and K, then H and K still factorize X, that means
X=(HnX)Kn X) remains valid. But H "X and Kn X do not need to
have equal order and likewise X does not need to have square order.

(1.8) Application. Let p be an odd prime number and let G be a group
of order p?". Assume that the class of G is 2 and that the derived subgroup
G' of G is elementary abelian. Let H be any (p", r)-PCP in G. Then (6)
holds with X'=Q,(G), the subgroup of G generated by the elements of
order p.

Moreover, if > p!”*1 + 1, then G has exponent p.

We close the introduction with a very useful argument (see [4,
Lemma 2]). For any nonempty subset X of a group G we denote by
X9:={x*|xeX, geG} the union of the conjugacy classes of elements
in X.

(1.9) LEMMA. Let G be a group of order s* and let H be an (s, r)-PCP
in G. Then {H° nKY| =1 for any two different components H and K in H.
2. THE PrROOFs oF THEOREMS (1.1) AND (1.2)

The proofs of (1.1) and (1.2) proceed in several steps. We use the
notation Q = Q,(Z(G)). Note that Q # 1 for all nontrivial p-groups.

General Assumptions. Let G be a group of order p*” which is not
muutaxy abelian. Assume that n= 3 and that G contains a (p”, :‘”)—PCP

ala

Cic

H with r>(p" ' —1)(p—1)"".
In particular, we have r > 4.

(2.1) [@(G) <p”

Proof. 1f we use (1.4) with X =1, then, by our general assumption on
the number r of components, we obtain immediately that

|D(G)| <IG!-(r(p—1)+ 1)) " <p*h.
Since |P(G)] 1s a power of p, we have the desired result. |

(2.2) G is nonabelian.
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Proof. Assume that G is abelian, then each component of H is abelian.

As (G 18 not p]pmpn‘mry abelian hv qecnmnhnn Qis a proper cnharnnp of

GQuUuwiiliz 1y =& 13

G. We may therefore apply (1.6) w1th X. Q which is equal to Q,(G) in
this case and obtain T(G)<pl"?1+ 1. But this is a contradiction to
TGYzr>(p" '~ I)p—1)ytand n=3. |}

(2.3) If |Z(G)l>p" then n=3, p is odd, G is isomorphic to
E(p*)x EA(p®), and T(G)=p + 2 (this is case (1.2b)).
Proof.  We assume first that H(Z(G)) := { HZ(G)/Z(G)|He H | 1s a set

of nontrivial subgroups of G/Z(G). An app11cat1on of (1.4) with X :=Z(G)
shows

1Z(G) <p™ - [P(G) N Z(G)] - 1 @(G)| ' - (r(p—D)+ 1)~ ", (7)

As trivially |®(G)n Z(G)|-1D(G)"'<t and r>(p" '—1)(p—1)""
assumption, we obtain |Z(G) <p"*' from (7), thus |Z(G)|<p”, a
contradiction.

Therefore there exists a component N in H satisfying NZ(G)= G. Thus
‘N is a normal subgroup of G. The factor group G/N is isomorphic to a
factor group of Z(G) and therefore abelian. Thus the derived subgroup G’
of G 1s contained in N. As Y'< G’ for every subgroup Y of G, we obtain
by (3) in particular that H is abelian for all H in H — {N}.

Furthermore, it 1s clear that HZ(G) is a proper subgroup of G for any
other component H in H — { N}. Otherwise we would have G' < Nn H=1,
thus G is abelian. But this is a contradiction to (2.2).

An application of (1.6) with X :=Z(G) and the partial congruence
partition H — { N} of order p” and degree r — 1 yields

(P =D(p=1) P<r—1<pl 41, (8)

(Observe that r—1>=3 and that 1# Z(G) by (2.2) is a proper subgroup
of G.)
Now (R\ imn]ir—\c n=23, hence G 1 15 of order n®. Since the 1Pf band

v

a group of order p°. Since
and the rlght hand side are e n (8), we see that r=p + 2. As
of Z(G) by (1.6) 1s a square, G is nonabelian and |Z(G)| >
assumption, we obtain that |Z(G)| = p*.

Now H—{N} is a (p’, p+1)-PCP consisting only of abelian
components. Applying once more (1.6) we see that Q2 is of square order,
hence |Q2| e {p? p*}. Moreover, N Q is nontrivial as N is normal in G.
Thus all components have nontrivial intersection with £, so that we
obtain || > (p+2)(p—1)+1=p*+p—1>p? hence Q is of order p* and
Q=7Z(G).

p—*by
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In particular, we see that G is isomorphic to N x EA(p?). As G is non-
abelian by (2.2), the component N has to be nonabelian. Moreover, as G/N
is elementary abehan, the Frattint subgroup @(G) of G is contamed n N.
Now for any subgroup X of G we have @(X)< @(G) by [9, Chap. II,
3.147]. Hence, again by (3), @(H)=1 and therefore H is elementary abelian
forall Hin H— {N}.

Now H(Q):={HQ|HeH - {N}} is exactly the set of maximal sub-
groups in G containing Q (note that |H Q| =p” for all HeH - {N} by
(1.5) and (1.6)). As X n Y =Q for different members X and Y in H(£2), an

easy counting argument shows

U HQ\ —(p+ 1)(p =pH+p'=p°=1G]. 9)

£ ,\.. fae oll I nn o fan n\
1 Oracr p 101 4l ii 111 U IEARE L,q (7)

Since H$2 is elementar Iy abelian o
implies that G is of exponent p. In particular N is a nonabelian group of
3

order p° and exponent p. Thus p is odd and N is isomorphic to E(p?), the

extraspecial group of order p* and exponent p.
It remains to show that G=E(p*)x EA(p3) indeed contains p+ 2
mutually disjoint subgroups of order p°.

In generators and relations G can be written as

As p is odd and G has class 2, we can use that the commutator mapping
[,-]:GxG+— G is bilinear and skew- qvmmetrlc with respect to the

Ga101s field GF(p) of order p, that is,

[g.h]=[h,g]' and [g~.hl=[gh]
forall g, hin G and all 4 in GF(p). (10)

(gh)' =g"h*[g, h] -(3) forall g, Ain G and all A1n GF(p)

(here (;):2—12(1_1)). (11)

It is easy to show that any element in G can uniquely be written in the
form a*pPutv’x*y" with o, B, u, v, &, ne GF(p). We refer to this as the
standard presentation.



Define
H,:=<{ab’, xy',uv'y  foriin GF(p),
H_ =<{bx,v,uy) (12)
N :=<av, b, y>.

We claim that H := {N, OC}u{H |ie GF(p)} is an (p3 p-|—2)—PCP ingG.

usmg the pres en‘atwu of G, it is easy to see that N is isomorpme to
E(p?) and that all other subgroups are eclementary abelian of order p°. We
usc now (10) and 1) to write elements of H, (ie GF(p)), H,, and N in

standard r\rpepnfgt 10
UNWAAViA LA AL

Jriianadiing
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2
5
—
2.
3

a
(<3

H,= {(ab")* (xp")! (uv") |2, B, 7€ GF(p)}
= {a“bi“zzyvi”xﬁyi‘?_i{g) |, B, ye GF(p)},
H. = {b*u"v’x"y"|o, B,y € GF(p)},
N={a*b*v*y"|a, B, 7€ GF(p)}.
Now is not difficult to verify that H satisfies (3), which proves (2.3). We

easy ]
bl\lp U c DY balbUldUUllb [

From now on we assume that [Z(G)| <p". In (2.4), (2.5), and (2.6)
we therefore deal with the cases |Q|=p" |Q|=p" ', and [Q|<p" 3
respectively.

(2.4) If |Q|=p", then n=73 and, depending on whether |®(G)| =p> or
|@(G)| = p?, we have one of the following cases:

(1) p is odd, G is a special group of exponent p with center of order
3

p°, and therefore isomorphic to
Y ol J i
{a, b, ¢, x, v, z| all generators have order p; [a, bl=x, [a,c]=y, [b,c] =2z,
all other commutators in generators are equal to one .
Furthermore T(G)=p*+ 1. (This is case (1.2c).)
(i) p is any prime number, G is isomorphic to
{a, b, ¢, u, v, x| all generators have order p; [a, c}=u, [b,c]=v,
all other commutators in generators are equal to one ).

Furthermore T(G)=p+ 2. (This is case (1.2d).)



o
o

DIRK HACHENBERGER

Proof. Assume that |Q] = p” (note that then 2 = Z(G)). As 1n the proof
of (2.3) any subgroup X of G satisfying X2 =G is normal in G and has
therefore nontrivial intersection with Q. As |Q|=p" and |G|=p", X
cannot have order p”. In particular each component H in H intersects 2
nontrivially. Hence { HQ/Q|He | is a set of nontrivial subgroups of G/Q.
An application of (1.4) with X := Q shows

1< |P(G) - 1D(G)n Q| '=|D(G):P(G)N Q|
<p QT -((p—-1+ ) T <p.

Therefore @(G)n Q2 =@(G), hence D(G)< 2. As furthermore G is non-
abelian by (2.2), this shows that G is nilpotent of class 2.

Before going on, we give a short outline of the further proof of (2.4).

By counting nonabelian components of H we can deduce a lower bound
for the order of the derived subgroup G’ of G. As G' < @(G), we therefore
obtain likewise a lower bound for |@(G)|; more precisely we prove that
G|, |®(G)e{p’ ", p*} (see (2.4a)). After having handled the case
|G'| =p” ' in (24b), we can assume that G is a special group, that is,
D(G)=G = Z(G) (see (2.4c}) and may apply some ideas of [ 6, Sect. 57].

(24a) |G|, |@(G) e {p"~ " p").
If n is odd, then |2] is not a square and Remark (1.7)(1) shows that H

cannot contain more than 2 abelian components. Therefore H' 1s nontrivial

wliiiadaNnT L L Quva AN WANIN LN & il

for at least r —2 components. We obtain
IG'l=(r=2)p—1)+1=p" ' —p+1 (13)

and therefore |G'| = p” ' as |G’ is a power of p and as n > 3.

If n is even, for instance n = 2k, then the number of abelian components
in H is at most p“+1 by (1.6). Therefore the number of nonabelian
components in H is at least » — p* — 1, we have

Y| k+1 k 197/

G2 (r=1=p")p— D)+ 12p" ' =p* 4" (13)

\Y%

If k>2, then n—1=2k—1>k+1 and we have |G'| =p" ! as before.
Finallv assume that k=2 and n=4. If H would contain p° 24+ 1 abelian

12141 Qo3Rsard S ¥ Lo Ry Qaiilas f YW LA AU RALG A Qoviiia

components, then {HnQ|HeH, H =1} would be a (complete)
congruence partition of Q, that is,

Q= ) (HnQ)

HeH,
H abelian
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By (3) any other component would intersect Q trivially, thus, as Hn 2> 1
for all A in H, there do not exist any nonabelian components in H
and therefore r=p*+ 1. But this is a contradiction to > p”*+p+ 1. The
PCP H can therefore contain at most p* abelian comoponents and after
counting again, we see

G = (r=p*)p—1)+1>p’ (13")

and therefore |G'| =p°, if n=4.
Altogether we have |G'|=p" ! for all n=3. As G’ is a subgroup of
@(G), we obtain now |G'|, |®(G)| e {p" ', p"} by (2.1), hence (2.4a).

(24b) If |G'|=p" !, then n=3, ®(G)=G", and G is isomorphic to the
group in (2.4)(11) above. Furthermore T(G)y=p+ 2.

Assume }“at |G| —p”“. As r(p—1)+1>p" !, there exists a compo-
nent N in H which intersects G’ trivially. As a consequence, N is abelian

and NQ 1s an abelian maximal subgroup of G (observe that G’ is a
maximal subgroup of 2 and that N n Q is nontrivial, whence |Nn Q| =p).

Let H be any other component of H — {~N} and H, := H n NQ. By using
(1) and the fact that NQ is abelian and maximal in G, we obtain that H
is an abelian maximal subgroup of H. Hence H is normal in H and in NQ
and as HNQ = G, we see that H, is a normal subgroup of G. Thus we may
apply (1.4) with X := H, and obtain that {KH /Hy|KeH} is a set of

nontrivial subgroups of G/H,, and
[D(G):P(G)NHN <p™ - [Hyl| ™ - (r(p—1)+ 1) '<p” (14)

P(G)n Hyle

If QB(G) < Hy < H, then any component different from H intersects @(G)
trivially and is therefore elementary abelian. Using (1.6) and the fact that
the abelian component N intersects €2 in a subgroup of order p, we obtain
that |©2| = p?, hence n =2, a contradiction.

We conclude that H, n @(G) is a maximal subgroup of &(G). Since H
has been chosen arbitrarily in H — { N} this holds for all components
different from N. Thus, again with (3), we have |®(G)| < p?. By using (2.4a)
and n >3, we see that |®(G)| = p" ' = p°. Thus equality holds everywhere
and we obtain |®(G)| =p-, ®(G)=G’, and n=3.

Furthermore, as N intersects @(G)= G’ trivially, we see that ®(N)=1,
thus N is elementary abelian. Also N2, which is equal to N®(G), is
elementary abelian.

All components different from N intersect @(G) nontrivially. (This is
clear, if H is nonabelian. If H is abelian, then |H n Q| =p? by (1.7)(ii) and
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the facts that |Q]=p? and [N Q| =p. Hence Hn Q and ®(G) both are
maximal subgroups of Q2 and have therefore nontrivial intersection.) Thus
r<T(@(G))+1=p+2. By our general assumption we have equality.
Since |Q|=p’ is not a square, H can contain at most 2 abelian
components by (1.7)(1). Hence there exists a nonabelian component in
H — {N}. Furthermore H N is elementary abelian of order p” for all
H in H-— {N}. Therefore, if p=2, any nonabelian component in
H—{N} contains at least 3 elements of order 2. Thus the nonabelian

components are dihedral goups of order 8. Since each ot them contains

exactly 5 elements of order 2, we find an element ¢ of order 2 in H which
does not lie in NQ. If p is odd, we can apply (1.8) and obtain that G is of
exponent p.

Altogether, we can choose an element ¢ of order p in G — NQ and there-
fore (¢, NQ>=G. Let (a, b, x) be a basis of N where (x>=Nn£ and
(u, v) a basis of @(G) (regarded as vector spaces over GF(p)). The element
¢ induces by conjugation a linear mapping on N@(G). If we N then
wé=wl[w, clewG =wd(G). As Nnd(G)=1, we see that w'e N if and
only if ¢ centralizes w, hence if and only if we N 2= (x). Without loss
of generality we can assume that a¢“=au and b =hv (note that
a 'a‘=[a c] and b 'b°=[b, c] have to be linearly independent in &(G)
since G' = P(G)).

Thus G 1s isomorphic to
{a, b, c, u, v, x|all generators have orderp (a,¢]=u, b, cl=u,

enerators are equal to one

\/

jas}
—
—_—
':1"
9]
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In order to conclude the proof of (2.4b) it remains to show that 7T(G) =
p+2
First iet p=2. Then the subgroups N:={a, b, x>, H,:=<{av,c, u),
H, = {bu,cx,v), and H,:= {(abe, ux) form an (8,4)-PCP in G (this
example is due to A. P. Sprague [13]). We remark that H and H
d i

A;!‘\D/‘t‘f\l vy 111rmo I\F nr ar
Giallids gI0ups Ut U0l 6, 1v b ©

to Z, X Z,.
If p is odd, we may again use (10) and (11) as G has class 2. Again any
element in G can uniquely be written as a*hPeiutvix® with a, B, v, i, v, & in

GF(p). Let H be the followmg set of subgroups of G:
H,:={ab', cx'v, 'y = {a*b™cPuv* P~ 7"x"P o, B, ve GF(p)},
ie GF(p);
H. = (be, ux, vy = (breubv = Cxb o, By e GF(p))

and
N :={a, b, x> = {a*b’x"|a, B,7e GF(p)}.



v a1
b { 71

Using the standard presentation of G, it is not difficult to show that H is
a (p', p+2)-PCP in G (we skip again the details). This proves (2.4b).

We remark that N and H__ are elementary abelian and all H, are
extraspecial of exponent p.

(2.4c) If G is special with center of order p", then n=23, p is odd, and G
is isomorphic to the group in (2.4)(i). Furthermore T(G)=p>+ 1.

In order to pnrove that n =3 it is sufficient to show that H cannot
2ii JR LS O pEUVY wiide 7 -~y (A AL vv 9 v 1121U7%

S S S N T

contain two components H and K with |[Hn Q| =
that n >4, because then we obtain

Q
>

=R =D =D+ p=(p" "=1)(p+1)+p
zpn +pn— P 13
which gives the desired contradiction.

We proceed now as in [ 6, Sect. S]. For the sake of completeness and as
only the odd case is dealt with in [6], we include the proof.

‘Let H be a component in H satisfying |Hn Q| =p, say Hn Q= <{h). We
choose %y, ..., h, _; in H such that {h,, .., h, _,, h) = H (this is possible by
Burnside’s basis theorem (see, e.g., [9, Chap. IIl, 3.15])). Let xe G— HQ.
As HQ i1s a maximal subgroup of G, we have G = {(x, HQ ).

If H would be abelian, then we would have G'=Z(G)={[x, h,], ...,
[x,h, ;1> and therefore |G'| <p" '. This is a contradiction. (Observe
that a special group has elementary abelian center and class 2 so that we
again may use the bilinearity of the commutator mapping.)

Thus H 1is nonabelian and we obtain 1 #@(H)=H =HnNQ2=<{h).
By Burnside’s basis theorem the set {/,.. 4, ,} above is a minimal
system of generators of . Without loss of generality let [4,, h,]=h.

Assume that K is a further component in H — {H} satisfying |Kn Q| =p.
ny (1) thera avicte an eleamant b 1 ~ 7 __ HO\ Ao Q]'\n\rp f‘-——» ‘h HON

1Ly Lll\al\/ VAIOLY il \.rl\/l,ll\.rllL 1 %4 111 l\l’ VAN T aise ¥ Nty Ldne /

and therefore G' = {[h, h,], .., [b, h, ], [, h,]). Furthermore, as G’ is
elemenary abelian of order p”, the n-tupel ([b, 2,1, ..., [b, h,, 1], [hy, B>5])
is a basis of G'.

Now it is not difficult to see that C.(b), the centralizer of b in G, is
(b, 2 and therefore abelian of order p”*!. If we denote by k a generator
of ®(K)=Kn Z(G), we obtain C,(h)n K= <{b, k). This group has order
p’. By using once more Burnside’s basis theorem, we can choose a minimal
set of generators of K containing b, e.g., let K be generated by b5,
ks, ...k, | where [b, k,]=k.

If n >4, then the generator k, exists. Furthermore kye€ K— (b, k,) and
therefore k5 does not centralize b. Since K’ = (k> we may also assume that
[h, k31 =k and obtain [b, k,k;'1=1[b, k,][b, k3] ' =1. (Here we have
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again used that [-,-]: Gx G+ G’ is bilinear.) Thus k,k;'e C(h)n K=
(b, k> and we obtain ky;e (b, k,, k>=<{b, k,), a contrad1ct10n to the fact
that k; together with b and k, belongs to a mmlmai set of generators of K.
This gives the desired contradiction. Hence we indeed have n=3.

If p is odd, then we can use (1.8) to show that G h:

MNANd, LRidwid

is then clear that G is 1 omorphlc to
{a, b, ¢, x, y, z]all generators have order p; [a, b]=x, [a, c]=y, [b, c]=z;
all other commutators in generators are equal to one ). (15)

This group is investigated extensively in [6, Sect. 6 ]. It is proved there that
T(G)=p*+1 for all odd prime numbers p.

It remains therefore to investigate the case p =2. By assumption we have
that 2 =Z(G)=G'= ®(G) is elementary abelian of order 8 and that H 1s

an (R A POD 4 7 wnith \/1 Wo nigae an argumant nf A P CQnragne in

an {8, 7}-PCP in G with r=4. We use an argument of A. P. Sprague in
[13] which leads to a contradiction and include a proof as this particular
case is neither pointed out explicitly in [13] nor in [5].

The factor group G/Q is elementary abelian of order 8, thus we can think
of the lattice of subgroups of G/ as the Fano plane over GF(2). Using the
same notation as in (15), let G/Q :=<{af2, b, cQ2>, [a, b]=x, [a,c] =},
and [ b, ¢] =z, where {x, y, z) =Q. As at most one component meets £ in
a 2-dimensional subspace, we have at least 3 components which meet Q in
a one-dimensional subspace and see that H(Q2) := { HQ/Q| He H} contains
at least 3 lines of G/€2. As r>4, we even have that H(£) contains three
lines which form a triangle of G/Q. (If H(£2) contains no triangle, then we
have only three lines in H(£) and they meet in one point of G/ and any
other component corresponds to a point in G/€2. But as all points are
covered by these lines and as r > 4, we obtain KQ < HQ for some different
components K and H in H, which i1s a contradiction to (1).)

Thus without loss of generality we can choose a coordination of G/£2 and
H eniech that HQ—/n() hO N\ ” — 10 ()\ and H

H. in _
H,, H,, H, in H such that a2, bQ >, Hy=<a, cQ>, and H; =
(b2, cQ>. Now have a look at H, Q2 n H,Q = (a, Q). Asa’e H nH,=1,
we see that ¢ has order 2. The same argument shows that likewise » and
¢ have order 2. We can therefore present G as in (15) (with p=2).

Let H, be a fourth component of H. If H, as well would correspond to
a line in G/Q, then H,Q would meet at least one face of our triangie, e.g.,
without loss of generality H,Q n H,Q = {ab, Q). But as (abw)*=[b, a] =
[a, b] = x for any w in Q, the components H, and H, would have {x) in
common, a contradiction to (3).

Thus H(£2) contains no further lines of G/€2, hence any component H,
in H different from H,, H,, and H, leads to a point in G/Q. As the point
H, £ is not incident with the triangle by (1) and as H,Q, H,Q, and H,Q
cover all but the point {abc, Q>, we see that r =4 and H,Q = {abc, Q2.
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The definition of the commutators shows now that H, n Q= {(x),
-\ pnrfhprmnra I ~ O hac nrrlpr 4 and

H o~ — (1 nd H ~ () —
i1, 32 = £ y/, ana 113( Vol = \../. UL UNCTIINOIC 14

because of (3) is a subset of {1,xy, xz, yz, xyz}. Thus HnQ =
{1, xy, xz, yz}. But this is a contradlctlon to (H, Q) =<{xyz><H,nQ
(note that abew e H, for some w in Q and that (abcew)? = xyz by using the

presentation of ).

Altogether, we have proved that 7(G)< 3 provided that G is a special
2-group of order 64 with center of order &.

The proof of (2.4c) and (2.4) is now complete. [

(2.5) [Q[#p" "

Proof. Assume that |Q|=p" ' As r(p—1)+1>p" ! there exists a
component N in H which intersects Q trivially. Thus N is a maximal sub-
group of G and therefore normal in G. As NQ is isomorphic to N x & we
see that @(NQ)= D(N). As @(N) is a characteristic subgroup of NQ we see
furthermore that @(N) is a normal subgroup of G. As nontrivial normal

P . . . .
crthaorniime af 7 hava nantrivial intarcestinn  wit () we onhtain that
DUURIVUPDS Ul U lave uuliulividl Ul stLuiivil wilnl 2a YYyo Udulldrir  wuidal

®(N)=1, thus N is elementary abelian.

We proceed now similar to the beginning of the proof of (2.4b).

NQ is an elementary abelian maximal subgroup of G. Let H be any com-
ponent of H — {N}, then H,:=Hn NQ is a normal subgroup of G of
order p” . The set {KH ,/H,|KeH} consists of nontrivial subgroups of
G/H, and as in (14), (1.4) yields |®(G): D(G)n Hy| <p™-|Hy| -
(r(p—1)+1)"'<p’. An application of (1.5) and (1.6) together with
Remark (1.7)(11) shows that any component H which is different from N is
nonabelian. (Let HeH — { N} and assume that H is abelian. Then Q< H
by (1.7)(ii) and the facts that N is abelian and N n 2 = 1. Hence, by (3),
we have KN Q=1 for all Kin H— {H}. The argument of the beginning
of the proof shows then that K is elementary abelian. Hence H consists
only of abelian components whence |X N 2] is constant for all X in H by
(1.5) and (1.6), this is a contradiction.) Therefore 1+ ®(H) for all H in

—{N} and Hyn®(G) is a maximal subgroup of @(G). We obtain that

lrh((:\l:,nz And r«—]<T((f)(f’\\l<n_L] Thnc 1(n_l_7 and fhprpfnr.ﬂ
IY\ )‘ I; L IiNA ‘\r\\.’) [/ lllllllllllll

. By our general assumption we have r=p + 2. In particular @(G) is
elementary abelian.

The component N intersects &(G) trivially as @(G)=U,, (v, HN
@(G). Hence NQ2 = NP(G).

Now fix a component H in H— {N}. Let he Hn (G — N®(G)), then
(hy NO(G)>=G. Let x be an element of N. If x"e N, then x 'x"=
[x,h]e Nn G =1, hence h centralizes x and as NQ is abelian this shows
that xe Nn Q= 1. Thus no nonidentity element of N is centralized by A.
As N&®(G) is elementary abelian of order p° the conjugation of N®(G) by

S
wc
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h is a linear mapping with respect to GF(p). Let n,, n,, n; and v,, v, be
bases of N and @(G), respectively, and combine them to a basis of NQ2. As
a matrix with respect to this basis, the conjugation by # on N®(G) has
the form (0 £), where * is a (3 x 2)-matrix over GF(p) and E; and E, are

tha zda v mntricaag Af ranl 2 amd ) eagmantivy
the igentity matrices of rank 3 ana 2, 1cochle€1y As the rank of * is at

most 2 it is not difficult to see that there exists an x % 1 in N which is fixed

by h. But this leads by the argument above to a contradiction, which
nroves {2.5) !

] et A== 7

In order to complete the proofs of (1.1) and (1.2), we finally show

{7 A
\&.U

Proof. Assume that || <p" 2 Similarly to [4] we study the sets

LS

n—2

) ~ n
J -~ ¥

.'u.

— | =<

={HeH|HnQ=1} and A" :={HeA|H #1}.

Since at most (|| —1)(p — 1)~ ! components of H intersect Q nontrivially,
we obtain

=|Alzr—(Q]-1)(p—1)"" (16)

By Remark (1.7)(i1) and the definition, A can contain at most one abelian
component (see also [4, step 4, and the subsequent remark ]), whence

=|A|Zza—1=2r—1—(|Q|—1}p—1)"" (17)

We are now going to determine the orders of G’ and @(G).

Let X be any subgroup of G. Since G’ 1s a normal subgroup of G, we
have that X'“= {x#|xe X', ge G}, the union of the conjugacy classes of
elements in X’ is a subset of XN G’

Now let He A'. Then H' is a nontrivial noncentral subgroup of G,
hence |h®|=p for all 1#h in Hm G’ If HNG' is of order p, say
HNG =<h), then |[H'®—{1}|> p (observe that h%e <{h) if and
only if h®=h). The same lower bound for |H'®— {1}] holds trivially, if
H N G’ has order at least p>. Using (17), (1.9),and r>(p" ' —1)(p—1)~"'
we therefore obtain

IG'|=(p—)pad +1QnG|=p"—p" ' +]|Qn G|
As G’ is a subgroup of &(G) and |@(G)| <p” by (2.1), we thus have

(2.6a) G '=P(G) is of order p".

Next we show

(2.6b) Q< ®(G).
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The set {HQ/Q|HeH} consists of nontrivial subgroups of G/Q and
satisfies the maximality condition (1). Hence (1.4) yields with X :=Q the
inequality

1) « B{LIN ~ O]~ 2N
|84 T @U r\a|§/ .

5
9

and (2.6b) follows immediately.

We are now going to count the cardinality of S(H):= HY N ®(G)—
{1}=H°nG"— {1} for Hin A a bit more carefully.

As |@(G)| =p", every component H intersects q3( ) nontrivially
(otherwise we would have H@®(G)=G and therefore H=G). We are
therefore able to use the same argument as above to show that
IS(H)| =p(p—1) for all H in A (here we use S(H) instead of H'® — {1}

as we now know that S(H) 1s nonempty even if H would be abelian). We

follow [4] and define
B:={HeA|[|H ~"®D(G)— {1}|=p>—p} and b:=|B|. (18)

As mentioned above, B consists exactly of the component H of A, where
JS(H)! is minimal. In order to obtain some information about the

a e e I I P

cardinality & of B, we are going to deduce lower bounds for |S{H
HeA —B:

Let He A —B and let X :=H~ &(G). If X is of order p, say X = (h),
then lQ(H\|>n2(n—T\ since Ih(’ j(h’)(’! for i—=1 n—1 and l-m the

;;;;;; (R i SiiivN LEELLT I °4 Qaxaa

definition of [EB. If X has order at least p” and ge G does not normahze X
(such an element exists as X< H and H intersects Q trivially by the
definition of A), then [{X | ye (g }| = p and therefore

Fhl

jioaf

(| XI—p "X p+p "X Zp(p—-1)+p,

U x>

yelg>

whence trivially [S(H)| = p*(p —1).
We have therefore |S(H)| =p*(p 1) for all H in A — B.
Using (1.9), (2.6b), and {17) we now obtain

=18(G) > ¥ IS(H) +2|
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and therefore a lower bound for b:

plp—1)bzp"+p*—(p+1)[Q|. (19)

£ IT nsmAd B ava ti1rm Aiffans Py OMmp LMD el /LN I¥ ALY o1
I 41 alilld N alcC l.WU UlllClClll con p nents Ol b Wil \fl) =If1Mn W[U) dand

k>=Kn®(G), then hand k a elements of order p and lie in Z(H) and

(K), respectively (note that H' = Hn ®(G)= <{h), if H is nonabelian,
whence H’(?(H\ as H’ IQ normal 1n H and ﬂ'\nc intersects Z{H) non-

-..;v;;vv X Loy 44 AN/ 1i1 ALIVWL SVLS Lo £ 4

trivially). Now hQ # kQ. (Otherwise &~ 'k e Q and therefore # and (h~'k)
centralize H, whence k= h(h~'k) also centralizes H. Since ke Z(K) this
yields that ke Q by (1), a contradiction to the choice of K.) We therefore
have that @®(G)/Q contains at least b different subgroups of order p.
Therefore [@(G)|-1€22] "' > b(p— 1)+ 1 and this gives an upper bound for 4:

N/\"*

pp—1)b<p Q| —p. (20)
Comparing (19) and (20) we obtain
0> —p" Q" " +p+p"+p>—(p+1)€Q]
With || :=p™ and i :=n—m, after some simplifications, we see
0= (p"—=p)p'—p—1).

By assumption i>2, hence p'—p—1>0. It follows therefore that
p"—p<0, hence m=1.
We have proved

Furthermore, by (19) and (20), we obtain
b=(p" '~ (p—1) " (21)
Moreover, we can show

2.6d) r=b+1=(p"'—)(p—1)""+1.

By (21) and the-definition of B we have |{J,, o (H N ®(G)— {1})| =
=7 = amd thiie with () &-)
[} P dllu Liiuy, Wl 1 <. Uh},
P(G)= | (H° nd(G))u Q. (22)
HeB

Hence there exists at most one component N in H — B, in which case the
intersection of N with @(G) is Q. Our assumption r> (p" ' —1)(p—1) !

IR Y

. B X 1o 1) WD Y & W
and (22) now 1mply (2.6d}.
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To conclude the proof of (2.6), we finally have to show that this situation
cannot occur. We are therefore going to continue the study of the structure
of G.

(2.6¢) D(G) is elementary abelian.

Let H be a component in B and let 1# x be an element of H N &(G).
Then x has order p and C,(x), the centralizer of x in G is a maximal sub-
group of G and therefore contains @(G). Hence xe Q,(Z(®P(G))). As
{H N ®(G)— {1}|HeB}u {Q} by (22) is a partition of &(G), we obtain
that @(G) is elementary abelian, 1.e. (2.6e).

(2.6f) [G,G]=Q.

Let <h) :=Hn®(G) and ge G— C,(h) for some component H in B.
Then <k, h*) is elementary abelian of order p?, normal in G, and therefore
contains Q. Hence {h, h*>Z(G)/Z(G) is normal in G/Z(G) and of order p
whence {h, h*) < Z,(G) (where Z,(G)/Z(G) = Z(G/Z(G))). With (22) we
see that @(G) < Z,(G), hence G/Z,(G) is elementary abelian. As G’ 1s not
contained in 2, we can now deduce that G is nilpotent of class 3. Thus
1#[G,G}1<P(G)n Z(G)=Q and the assertion (2.6f) follows now from

the fact that Q has order p {(see {(2.6¢c))

Lliv l1avi L11 L v }J \J\/\/ \L{ \J\./}”

We are now going to study the action 7 of G on @(G) by conjugation.
As @(G) is an n-dimensional vector space over GF(p), the action n of G
on @(G) 1s a linear representation of G. The kernel C of n 1s the centralizer
of #(G) in G. Let B :=(v,, v,, ..., v,) be a basis of @(G) and v, > = 2. By
(2.6f) we have Ug—b[b glev2 for all v in @(G) and all g in G (observe

that AN v {0 &Yy T, o ronracentatin with +ragman
tildal ¥iu ) —\u Uy \<.vajj. lllub, 111 l.llC lllal.llA leleCllLaLlUll Wllll lcleC\.«L

to B, n(G) consists of (nxn)-matrices of the form (%' %), where
ue GF(p)"~' and E, | is the ((n—1)x(n—1))-identity matrix over
GF(p).

In particular we obtain
n(G) <p"~' and  [Cl=p"tl (23)

Now HC#G holds for every H in B, otherwise {(h)=HnND(G) is
centralized by H and C and therefore (4> <€, a contradiction. Thus we
have that {HC/C|H e B} satisfies the maximality condition (1), and (1.4)
together with (21) yields

ICl<p> | B(GYn C| | D(G)| (b(p—1)+1) =

(Observe that @(G)< C as @(G) is abelian.)
Using (23) we obtain

n+1
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Furthermore, by the definition of C and the fact that @(() is an abelian
maximal subgroup of C, we see that C also is abelian. As |H N ®(G)|=p
and HC # G for all H in B we have that H ~ C has order p* for every H
in B. Thus {HC|HeB} is exactly the set of maximal subgroups of G
containing C.

It 1s easy to see that C is elementary abelian, otherwise @(G)=Q,(C)
and HnC is cychc for all H in B and therefore all # in B contain

PR, ~ PR T R —~

<+ . ~ P, ~h o1l o Y
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Together with the following observation we will be able to conclude the
proof of (2.6).

For each Kin B let Xx:= Kn C. As C 1s normal in G, the subgroup X
1s normal in K. Since C is abelian, we obtain that both K and C are sub-
groups of N;(X), the normalizer of X in G. As X 1s not normal in G
and as KC is a maximal subgroup in G, we indeed have equality:

Ng(Kn C)=KC forall Kin B. (25)

Hence S(Xx):={X%{lgeG}, the set of subgroups in G which are
conjugate to X, has cardinality p. It is clear that S(X) consists of
subgroups of C.

Assume that all members of S(X) are mutually disjoint for a/l K in B.
By using (1.9), we then obtain

pril—1=|Cl—1> Z Z (1X| = 1)=bp(p*—1)

S(Xk)

n—1 n+l+nn___n2_n

—1Ynp(p+1Y=0n
VAN oAV S 7 Vi L af r V4

=(p
which is a contradiction to n > 3.

Therefore there exists a component H in B such that S(X,,) is a set of
subgroups of C which are not mutually disjoint. Moreover, all members of
S(X;;) have a one-dimensional subspace in common.

We choose such a component H in B and a basis (vq, vy, v5, .., v,) of C
such that {vy,v,>)=HnC, {v,>)=2 and <{v, v, ...v,y=®D(G) (in
particular (v,>=H N ®(G)). Let ge G— HC. The one-dimensional sub-
space of X ;= H C which is fixed by the conjugation with g is of course
not {v,) (note that HC = H®(G) is exactly the centralizer of (v, ) in G).
Without loss of generality we may therefore assume that v, commutes
with g. Furthermore, by (2.6f) and the fact that Q = (v, >, we may assume
that v{=0v,v,.

Next we show that v, lies in the center of H.

Let 7 denote the action of G on C by conjugation. As C is abelian, C lies
in the kernel of 1. Since @(G) < C, we have that kernel(t) <kernel(n) = C,

-~ = <22V e et === ==EER it gl Y

~
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hence kernel(z) = C. The image ©(G) is therefore isomorphic to G/C, hence
elementary abelian of order p” '. Now for any 4 in H we have

ve” =vh=1o[ve, h] € 1e(HNG')=vo{v, ).

If vi=vyv, for some 4 in H, then, with g as above, vi" & =yplE=
(vov,)¢ =v,v,v,. But 1(G) is abelian, whence also v & =p[& " =
§}’—vo—uovl This is a contradiction and therefore v, is indeed an

nent Ul UlC center Ul I'I

L]

le
This finally leads to a contradiction which proves (2.6):
As, besides H, also g and C centralize v,, we see that G= (g, HC) <

C. {n \ and therefore 7((G). But this is not nossible bv the choice

1
Liaive  Laiwx L\Il\/ !/O SRy ) LA\.II' rYe i v LVAEW WRINIww

ofH. i

Theorems (1.1) and (1.2) are now completely proved.

O

3. CONCLUDING REMARKS

We conclude this paper with some remarks.

A partial congruence partition is called maximal, if it cannot be enlarged
by adding a further component. Most of the known examples of maximal
D MDD P Ry s ) PR ~ 2 PRI Y {cmn Fzs 7710 ) 5 PRV |
rerb L«Ullldlll dl ICadlL OIIC 110UI111al LUlllpU[lClll {dCC |V, 7]). Idadiudi
congruence partitions with at least one normal component are very
interesting objects which are studied from a geometric and a group

theoretic nnlnt of view rR 71, rPQﬁP(‘fI\/PIV (’th reader i1s referred to [81,

AN vAN iias L A viiv A wQGNava iwaNia

where the connection of such PCPs to translatlon nets with transitive
directions is discussed). This situation occurs also in our examples which
prove (1.2b) and (1.2¢c).

The proof of (2.3) shows that each PCP in E(p’) x EA(p?) (the group in
(1.2b)) of maximal possible degree p+ 2 contains a normal component
which is isomorphic to E(p?) (see, e.g., the concrete example in (12)). The
partial congruence partitions in the special group of order p°, exponent p,
and center of order p® (see (1.2c)) constructed in [6, Sect.6] likewise
contain one normal component.

The group G 1n (1.2d) is the only example known to the author where
the PCPs of largest possible degree do not contain any normal component.
(This can easily be shown by using (1.7) and the fact that there exists an

Aarmantary ahoalicn Aatmsanion ,‘...‘,\,,y lam v ¢..:- XX o A ot oxxrn

Clblll\.«lltal)’ aodiian LUIIlPUllCllL llllCle 1111 B (G LI V }ly YYy< uo llUl. Wdlll
to go into further detail here.)

The group G=E(p*)x EA(p’) in (1.2b) is also quite interesting because
of the following reason: As far as the author knows it is the first example
of a maximal PCP containing a normal component which has degree not
of the form p*+ 1 (for a suitable positive integer k). All maximal PCPs
constructed 1in [7] have a degree of this form.
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We ﬁnally want to mention that we do not know any example of a group
G of order p** with n = 4 satisfying T(G) = (p” ' —1)(p—1) ' (equality in
the statement of Theorem (1.1)). Starting with r=(p"~'—1)(p—1) ', the
proof of (1.1) shows that a lot of further cases would have to be

muvocticgated Tt copmige thorafeea ha Quigoective

‘uxvcaugawu 1t seems tnereiore to be aug,g,cauvc to look for cxamp
groups of order p® (the case n=4) first.

The constructions in [7] show that for small there exist examples
ps G of odd order where T(G) comes quite close to the bound

— For any odd prime number p there exists a nonabelian group X of
order p® satisfying T(X) = p*+ 1. (Note that T(X)<p>+p+1 by (1.1).)

— For any odd prime number p there exists a nonabelian group Y of
order p'? satisfying T(Y)>=p*+ 1. (Note that T(Y)<p*+p 4+ p*+p+1
by (1.1).)

If p=2, then again by a construction in [7], there exists a nonabelian
group Z of order 2'? satisfying 7(Z)>9. (By (1.1) we have T(Z) < 31.)

The results in this paper will form part of the author’s doctoral dissertation. He thanks his
supervisor Professor Dr. Dieter Jungnicke! for many helpful discussions.
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