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Abstract. Let q > 1 be a prime power, m > 1 an integer, GF(qm) an$ GF(q) the Galois fields of oder  qm 
and q, respectively. We show that the different moduie structures of (GF( P), +) ansing from the intermediate 
fiel& of the field extension GF(qm) wer GF(q) can be studied simultaneously with the help of some basic prop- 
erties of cyclotornic polynomials. The ~ s u l t s  can be generalized to finite qclic Galois extensions wer arbiimy fields. 

In 1986, D. Blessenohl and K. Johnsen prwed that there exist elements in GF(qm) which generate normal 
bases in GF(qm) wer any intermediate field G F ( ~ ~ )  of GF(qm) over GF(q). Such elements are called wmpletely 
free in GF(q9 over GF(q). Using our ideas, we give a detailed and constructive proof of the rnost difficult part 
of that theorem, i.e., the existence of cornpletely free elements in GF(qm) wer GF(q) provided b a t  m is a prime 
power. The general existence proMem of completely free elements is easily reduced to this special case. 

Furthermore, we develop a recursive forrnula for the number of completely free elernents in GF(qm) wer GF(q) 
in the case where m is a prime power. 

1. Introduction. Cyclic Module Stmctures in Finite Fields 

In order to fix the notation, we summarize some basic results about finite fields first. More 
details and proofs may be found in Lid1 and Niederreiter [6, Chap. 1, 21. For the general 
algebraic background we refer to Jacobson [4]. 

Let q > 1 be a prime power and m > 1 an integer; let GF(qm) and GF(q) be the Galois 
fields of order qm and q, respectively. Let U :  GF(qm) + GF(qm), V + vq be the Frobenius 
automorphisrn of GF(qm) over GF(q). The Galois group of GF(qm) over GF(q) is cyclic 
of order m and is generated by U. 

The intermediate fields of GF(qm) over GF(q) are exactly the fields G F ( ~ ~ ) ,  where 
d 1 1 is a divisor of m. The Galois group of GF(qm) over G F ( ~ ~ )  is cyclic of order 2 
and is generated by od. Since od in particular is a  linear linear automorphism on G F ( ~ ~ $ ,  
considered as an ;-dimensional vector space over G F ( ~ ~ ,  we know from Linear Algebra 
that (GF(qm), +), the additive group of GF(qm), becomes a ~ ~ ( ~ ~ ) [ x ] - m o d u l e  with scalar 
multiplication 

(f is a polynomial in GF(~~)[X], the polynomial ring in the indeterminate x over the field 
GF(qd), and V is an element of GF(qm). As usual, deg(f) denotes the degree of f.) 




































