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Disorder-free localization has been proposed as a mechanism for ergodicity breaking in lattice gauge theories
(LGTs) which can even occur in two spatial dimensions (2D). It has been shown that the U(1) quantum link
model (QLM) can localize due to an emergent classical percolation transition fragmenting the system into
disconnected real-space clusters. While the nature of the quantum localization transition (QLT) is still debated
for conventional many-body localization, here we provide a comprehensive characterization of the QLT for the
QLM in 2D for a disorder-free case. In this Letter we find compelling evidence that the QLT in the 2D QLM is
continuous and we determine its universality class. We base our considerations on a spectral analysis of finite-size
clusters in the percolation problem which exhibits two regimes—one in which large clusters effectively behave
nonergodically, a result naturally accounted for as an interference phenomenon in configuration space, and the
other in which all large clusters behave ergodically. Our analysis can also be applied to other 2D U(1) LGTs

potentially including also matter degrees of freedom.

DOI: 10.1103/PhysRevB.106.L060308

The quantum localization transition (QLT) has been of
great interest since Anderson and co-workers’ discovery that
an electron hopping on a one- or two-dimensional lattice can
localize in the presence of disorder [1,2]. Pioneering work
has found such a transition even in the presence of weak
interactions, implying the presence of an extended nonergodic
so-called many-body localized (MBL) phase [3]. While the
MBL phase is believed to be stable in one dimension (1D) [4],
the opposite has been argued in two dimensions (2D) [5,6].
However, the nature of the QLT in 1D is still debated and it is
unclear if it is continuous such as the noninteracting Anderson
transition [5-11].

Recent works show that localization also occurs in models
of lattice gauge theories (LGTs) without quenched disorder, a
phenomenon dubbed disorder-free localization (DFL) [12,13].
Localization in these LGTs is due to the emergence of so-
called gauge superselection sectors, which induce an effective
internal quenched disorder for the dynamics. Most models for
DFL are in 1D, where quantum interference induces local-
ization similar to conventional Anderson localization [12—18].
Recently, certain 2D LGTs have also shown to exhibit local-
ization due to the presence of a nonpercolating phase in an
emerging classical percolation problem describing the gauge
charges [19,20]. However, the characterization of the resulting
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disorder-free QLT has remained elusive. Settling the nature of
the transition is particularly demanding in interacting many-
body systems, such as these LGTs, where a treatment beyond
perturbative arguments is necessary.

One central result of this Letter is the precise charac-
terization of the QLT in the 2D U(1) quantum link model
(QLM) on a square lattice, involving an accurate estimate
of the quantum critical point and its associated universality
class including critical exponents. Besides the above central
result, we also make the following advances: (i) Despite the
lattice being fragmented into disconnected clusters in the un-
derlying classical percolation problem, we find evidence that
quantum interference can, in addition, play a crucial role in
the dynamics. We show via level-spacing statistics that the
larger clusters emerging in the vicinity of the classical perco-
lation transition, and on the nonpercolating side, experience
a crossover from ergodic to nonergodic on tuning the ratio of
the potential and kinetic couplings. This result implies that
the long-time dynamics on the ergodic side of the QLT will
eventually thermalize only for very large systems and very
long times. Similar claims of nonergodicity in experimentally
relevant sample sizes with a slow drift towards ergodicity have
been made in a recent work about the MBL regime [10]. (ii)
Another important result of our work is a concrete prediction
on the dynamical properties of observables close to the QLT.
We show that for a space- and time-dependent spin correlator
the asymptotic long-time value reflects critical exponents of
classical percolation.

2D U(l1) QLM. The QLM is a discrete version of a
Wilsonian LGT where instead of continuous U(1) parallel
transporters, the degrees of freedom on links are dis-
crete spins [21,22]. Due to its discrete nature the QLM is
amenable to numerics and experiment [21]. We consider the

Published by the American Physical Society
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FIG. 1. (a) Sample initial configuration for the Monte Carlo
flip process: 1 and — represent spin |1) whereas | and < rep-
resent spin || ). The ticked plaquettes are flippable due to their
clockwise/anticlockwise orientation. Background charges are in-
dicated by the circles on the sites. The crossed plaquettes are
completely frozen due to charge 2 sites. The box indicates the flip
process where the Uy operator flips all the spins (colored blue) on
plaquette P. (b) Disconnected clusters of flipped plaquettes (in black)
in the nonpercolating phase for the state [ (e = 0)) on a 40 x 40
lattice. Frozen plaquettes are shown in white.

following spin-1/2 Hamiltonian with a plaquette flip term
(kinetic energy) with coupling constant J and a Rokhsar-
Kivelson potential [23] with coupling constant A, which
counts the number of flippable plaquettes,

A=1) (Oo+0h) =13 (0o +08),
O |

where U = 8§ ,8%, ,S; ﬂ.JS’; ; flips all the spins on a pla-
quette if they are oriented clockwise or anticlockwise. If this
condition is met, we say that the plaquette is flippable; for
an illustration, see Fig. 1(a). Here, S'f l/f denotes the spin
raising/lowering operators for the spin joining site r and r +
ft, where i = 1/] is the lattice vector. H in Eq. (1) satisfies lo-
cal constraints due to the U(1) gauge symmetry, the generators
of which have the form G, = 3", (8¢, —8_, ;) and can be
interpreted as the net electric field flowing into the site. These
generators commute with H and with each other on different
sites, hence eigenvalues of Gy, ¢, € {—2,—1,0, 1,2}, can
label eigenstates of H. The set q = {4qr, gr,...} for all lattice
sites r; defines a superselection sector in Hilbert space with
states satisfying Gy [V (q)) = ¢r |¥(q)). These states are kine-
matically disconnected from states with different q. Due to the
net electric field interpretation of Gy, g, can be interpreted as a
static background charge satisfying Gauss’ law. Such discrete
link models have been widely studied in condensed matter
theory, with examples ranging from the toric code [24] and
quantum spin ice [25,26] to quantum dimer models [23,27].
Experimental proposals to realize such models in cold atom
settings have also been made [28,29] with a recent proposal
implemented for finite sizes in a 2D Rydberg atom setup
[30], however, their nonequilibrium dynamics [31] are still
widely unknown due to the numerical challenges associated
with treating 2D interacting quantum matter.

Bounding the QLT through a classical percolation problem.
DFL in LGTs arises due to an effective disorder average due to
background charges in typical superselection sectors [13]. To
characterize the QLT we choose the following parametriza-
tion for the initial state which allows us to access different

superselection sectors [19],

[Yo(@)) = ®ilsin(a + 7 /4) [FF;) + cos(a + 7 /4) [FE;)],

@)
where « € [0, m/4] controls the density of background
charges. |FF;) and |FF;) denote the orientation of the ith spin
in two possible fully flippable states (all plaquettes flippable—
checkerboard configurations of clockwise and anticlockwise
plaquettes). For o« = 0 we get the product state where each
spin can be |1) or ||) with equal probability; such a state
is distributed over all superselection sectors. For o = w /4
we get the product state from the fully flippable, i.e., zero
background charge sector. LGTs such as in Eq. (1) with
finite local Hilbert spaces can be analyzed via a classical
correlated percolation problem [19], which we summarize
for completeness. For every o in Eq. (2) we get an initial
state distributed over certain superselection sectors. One can
choose a random basis state (sector) from this distribution,
perform an infinite-temperature Monte Carlo (MC) search for
a plaquette, and then flip it if flippable. We then define a site
percolation problem on a square lattice, where every plaquette
is considered occupied if flippable. Clusters in the problem
are defined as a set of connected plaquettes, each of which
has been flipped more than 100 times (this defines the exit
criteria for the MC search; if this criteria is not met we exit
after 108 searches, and we have checked for convergence on
a varying number of searches). Static background charges
gr are unchanged throughout the plaquette flip process. We
study the percolation transition in system sizes of up to linear
dimension L = 80. To determine the percolation threshold we
go beyond Ref. [19] and calculate the percolation probability
using wrapping probabilities [32], in which percolation occurs
if there exists a cluster which wraps onto itself. This can occur
in topologically distinct ways and in Fig. 2(a) we calculate the
probability that a cluster wraps around either in the x or in the
y direction. This approach is better compared to percolation
probabilities calculated for open boundary conditions as in
Ref. [19] since the former has O(1/L?) finite-size corrections
as compared to O(1/L) of the latter. Reference [32] also
showed that o, estimated from finite-size wrapping proba-
bilities converges to the critical value for the infinite system
as |a.(L) — .| ~ L~'"/4, From Fig. 2(a) we infer that for a
finite parameter regime in @ we get a nonpercolating phase
comprising disconnected clusters [Fig. 1(b)], in agreement
with Ref. [19]. Using our improved percolation model we go
beyond the analysis in Ref. [19] and determine the nature of
the transition via a scaling collapse of the order parameter
Sp, [inset of Fig. 2(a)] defined as the fraction of plaquettes
occupied by the largest cluster, using the value for o, = 0.261.
We choose critical exponents v =4/3 and 8 = 5/36, which
gives a good collapse as in Fig. 2(b). Hence, our percolation
problem is in the universality class of the standard 2D site per-
colation problem with short-range or no spatial correlations.
In the nonpercolating phase it is clear that real-space frag-
mentation due to background charges induces localization.
Such a classical threshold sets a bound for the QLT, but the
percolation algorithm, however, is insufficient to determine
the properties of the quantum transition and the exact quantum
transition point which depend on the quantum dynamics of
finite-size clusters. There could be further localization within
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FIG. 2. Results for the percolation problem on square lattices
of linear dimension L = 20, 30, 40, and 80. We average over 1000
sectors for each «. (a) Probability that a cluster wraps around either
the x or the y axes vs «. The dotted line represents the percolation
threshold «,. Inset: Fraction of plaquettes occupied by the largest
cluster vs «. (b) Scaling collapse for the order parameter with the
critical exponents . = 0.261, v =4/3, and 8 = 5/36. Here, o, =
(0[ - ac)/ Q.

larger clusters, which would make the quantum and classical
transitions differ.

Quantum-classical coincidence and nonergodicity in finite
clusters due to quantum interference. In the percolation prob-
lem localization arises classically from removing bonds due to
static background charges which render certain plaquettes un-
flippable. However, plaquettes in each cluster are kinetically
connected through subsequent plaquette flips. For every o we
get a certain cluster distribution in our classical percolation
problem with a nonpercolating phase for o < o, and at a
fixed o, A/J controls the quantum dynamics of finite clusters
[Fig. 3(a)]. We find that finite-size clusters for every o < o,
experience a crossover from ergodic to nonergodic behavior
upon tuning A/J in Eq. (1). We demonstrate this by calculating
adjacent gap ratios, a common diagnostic for distinguishing
between ergodic and nonergodic behavior [7]. The adja-
cent gap ratio is defined as r,, = min{$,,, 8,+1}/max{s,, 8,+1},
where §, = E, — E,_1, E, is the energy of the nth eigenstate,
and the eigenstates are arranged in ascending order of their
energies. We average r, over the entire spectrum of eigen-
states of the cluster and over all clusters of the same size
in 1500 superselection sectors (disorder realizations) of the
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FIG. 3. (a) The gap ratio averaged over the spectrum and over all
clusters with 16, 18, and 20 plaquettes in N = 1500 superselection
sectors of the 80 x 80 lattice vs A/J for state | (¢ = 0)). Here,
“rnd” implies results for the randomized energy model with same
configuration space connectivity. Error bars indicate variation due to
different cluster shapes. Inset: Same data for |V (¢ = «,.)) with N =
2500. (b) Corresponding probability distribution for a 20-plaquette
cluster.

80 x 80 lattice to get [(r)]. For small A/J, (r) approaches
the mean of the Gaussian orthogonal ensemble (GOE) dis-
tribution ((r)gog ~ 0.53) and the probability distribution is
GOE-like, as expected in a thermal phase. However, in the
opposite limit, (r) approaches the mean of Poisson distri-
bution ({r)por & 0.39) as we go to larger clusters and the
distribution is Poissonian, as seen in Figs. 3(a) and 3(b). There
is a drift in the gap ratio on increasing cluster size implying
that the infinite percolating cluster might not show Poissonian
statistics and this nonergodicity is a finite-size effect. There is
also a slight variation depending on cluster shape as shown
by the error bars in Fig. 3(a). Since there is no real-space
fragmentation within a cluster, i.e., all plaquettes are kinemat-
ically connected, we interpret the nonergodicity as a quantum
interference effect. We confirm that ergodicity for small A/J
in finite-size clusters also persists at the critical point ¢, of
the percolation problem [inset of Fig. 3(a)]. Ergodicity in all
large clusters for small A/J at «, implies that in the small
potential limit, information is spread out in all large clusters
and due to the absence of any localization within large finite
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clusters the classical and quantum phase transitions coincide.
Our finding of ergodic behavior for individual clusters allows
us to precisely characterize the disorder-free QLT in 2D,
which is our central result. We conclude that, for small A/J,
the disorder-free QLT is a continuous transition with critical
exponents v = 4/3 and 8 = 5/36 and hence it belongs to the
same universality class as conventional percolation.

Scaling of correlation functions near the QLT. Our findings
on the QLT also allow for direct predictions on dynamical
universal behavior of the U(1) QLM. An essential property of
localized systems is the absence of transport of energy or spin.
To quantify transport we consider the following connected
correlation function A, () and its long-time average A2°:

Ar(t) = (S5O)8:)) — (S5ONS: 1), ©)
.17
AP = Tlinéo = /O dtA(1). 4)

Since «, coincides with the QLT point for small A/J, in
this limit we can estimate scaling of the dominant contribution
to AP° near the transition using critical exponents obtained
in Fig. 2. Close to the QLT, on the ergodic side (¢ > «,),
a real-space lattice fragments into an infinite cluster, some
dynamic finite-size clusters (with characteristic sizes up to
correlation length & ~ |@ — a|™" of the standard 2D per-
colation universality class [33]), and some inert plaquettes
(which are not flipped even once). Ag° can be affected only by
clusters of diameter >r. For r > &, finite cluster contributions
are exponentially suppressed, hence if we first take the limit
r — oo and then ¢ — o, only the infinite cluster contributes
to AZ. From conventional percolation theory we know that
the probability that a given spin belongs to the infinite cluster
P ~ (o — )P, hence

AR oo ~ P2~ (@ — a0, ©)

r—00

fora > a. and is zero for @ < .. Note that the order of limits
is important here: First, we took 7" — oo, then we take r —
00, only after which we can take the « — «, limit.

Configuration space mapping. As a next step, we show that
the nonergodicity in finite clusters observed in Fig. 3 can be
interpreted as a quantum interference effect in configuration
space as done in MBL [3,34,35]. We map the Hamiltonian of
a cluster as defined in Eq. (1) [now we take the sum in Eq. (1)
to be over all plaquettes in the cluster] to a tight-binding model
in configuration space with

Hes =) E;|fu) (ful =7 ) 1) (1, (6)
i (i)

where |fi;) is a string of —1’s, 1’s, and 0’s indicat-
ing the configuration of constituent plaquettes (+/ — 1 for
clockwise/anticlockwise orientation and O otherwise), E; =
mA, where m is the sum of absolute values of all string
elements, and J is the nearest-neighbor hopping amplitude
connecting configurations differing by a plaquette flip. Near-
est neighbors i and j satisfy |E; — E;| =dA, where d €
{0, 1, 2, 3, 4}, depending on cluster geometry. Hence, we get a
single-particle problem in a heterogeneous graph with discrete
correlated disorder. If we treat a pair of nearest neighbors
as a two-level system, eigenstates will be localized when
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FIG. 4. Configuration space graph for a 16-plaquette cluster. (a),
(b) Graph with correlated and randomized on-site energies, respec-
tively. The edge color goes from red to blue as the separation between
connecting shells increases. (c), (d) Histogram for normalized dif-
ference of the on-site energies d = |E; — E;|/A between nearest
neighbors i, j in (a) and (b), respectively.

|E; — E;| > J and in resonance when |E; — E;| <« J. Since
|E; — E;| < 4A, when A/J < 1 every pair is resonant and the
system is delocalized and ergodic. However, when A/J > 1,
resonances drastically reduce since only pairs with the same
on-site energy are resonant and most pairs satisfy |E; — E;| >
J favoring nonergodicity.

In Fig. 4(a) we show the configuration space graph of a
typical cluster with 16 plaquettes from the state | (« = 0)).
The nodes are arranged in equienergy shells and E; increases
outwards. To highlight the importance of on-site energy cor-
relations we randomly shuffle the energies while keeping
the same connectivity. On doing so, we lose signatures of
nonergodicity as shown in Fig. 3, and the gap ratio and
distribution no longer resemble Poissonian behavior. We spec-
ulate that this can be understood by comparing configuration
space graphs in Figs. 4(a) and 4(b). For correlated disorder
most edges connect nodes with the same classical energy or
with energies differing by A, which is not the case for the
randomized energy model as illustrated by the histograms
in Figs. 4(c) and 4(d). Hence, correlations in configuration
space, which are wiped out by random reshuffling, are cen-
tral for nonergodicity at A/J >> 1. Therefore, localization in
this graph is caused by quantum interference due to these
correlations.

Summary and discussion. Exact critical exponents of a
quantum transition in interacting 2D systems are notoriously
hard to find. In MBL, the nature of the transition is still
unclear and exact critical exponents are unknown [9,11]. We
have provided a detailed characterization of the QLT including
its critical exponents in the 2D U(1) QLM. We have also
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shown the presence of an experimentally relevant finite-size
nonergodic regime in disorder-free 2D systems. A further key
question is the influence of matter fields, which introduce
a dynamic charge in these 2D LGTs, thereby inducing a
coupling between the previously disconnected superselection
sectors of the pure gauge theory. 3D generalizations of this
work lead to questions of localization of emergent photons in
quantum spin ice, of interest as a strongly coupled LGT [36].

The data for the figures is openly available on Zenodo [37].
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