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The two-scale-transformation method
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University of Augsburg, 86135 Augsburg, Germany

Abstract

We prove the two-scale-transformation method which allows rigorous homogeni-
sation of problems defined on locally periodic domains by transformation on
periodic domains. The idea to consider periodic substitute problems was origi-
nally proposed for the homogenisation on evolving microstructure and is applied
in several works. However, only the homogenisation of the periodic substitute
problems was proven, whereas the method itself was just postulated (i.e. the
equivalence to the homogenisation of the actual problem had to be assumed).
In this work, we develop this idea further and formulate a rigorous two-scale
convergence concept for microscopic transformation to prove this method. More-
over, we show a new two-scale transformation rule for gradients which allows to
derive new limit problems that are now transformationally independent.

Keywords: Periodic homogenisation, two-scale convergence,
two-scale-transformation method, locally periodic microstructure, evolving
microstructure

2020 MSC: 35B27

1. Introduction

Periodic homogenisation allows to derive effective macroscopic models for
processes described on a fine heterogeneous microscopic structure as for ex-
ample given in composite materials or porous media. Thus, effective physical,
biological or geological models, like the Darcy law, can be derived rigorously.
The main assumption for periodic homogenisation is the microscopic periodic
structure, which can be scaled by a parameter € > 0 and arbitrarily refined
in a limit process. However, this is too restrictive in many applications be-
cause it cannot capture local microscopic varieties or temporal changes of the
microstructure, which can have a considerable impact. For processes in which
the periodic structure is only given by coefficients, as for example in composite
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materials, this assumption can be weakened. There, the convergence theory can
handle coefficients A.(t,x) = A (t, T, %), which can capture spatial or temporal
changes in the microstructure. However, if the microstructure is also given by
the domain €. C Q C RY itself, as for example in porous media problems, the
procedure can not be transferred directly. Instead, special compactness results
are required. These, and often also the derivation of the solutions’ uniform
estimates, depend largely on the strict periodic structure (cf. [1], [2], [3]).

In order to overcome this strongly restricting microscopic periodicity, M. A. Pe-
ter proposed the following method in [4]. Instead of homogenising the actual
problem, he transformed it into a substitute problem on a periodic domain.
There, the domain’s local periodicity becomes a local periodicity of the coef-
ficients, which can be handled by the two-scale convergence. Then, the ho-
mogenised equation can be transformed back to an associated evolving domain.
However, the homogenisation of the substitute problem is a priori not equiva-
lent to the homogenisation of the actual problem, which would mean that (1)
commutes. Therefore, the method itself was only proposed and has not been
proven until now. Nevertheless, this method found wide application — in the
sense that the back-transformations is done formally and only the homogeni-
sation of the substitute problems is proven — since it allows to consider many
interesting problems, particularly on domains evolving in time (see [5], [6], [7],
(8], [9])-

In this work, we develop the idea of [4] further, introduce a two-scale con-
cept for locally periodic domains and formulate a rigorous two-scale convergence
concept for this transformation method. Thus, we can show that these trans-
formations actually commute with the two-scale convergence. Hence, we call it
two-scale-transformation method. This proves the method and also allows us to
show that (1) commutes. Furthermore, we prove a new two-scale-transformation
rule for gradients. Thus, we can improve the result for the limit problem in the
case of a slow process (flux scaling by €°) significantly. Previously, the formal
back-transformation could only tackle the homogenised problem and not the
two-scale limit problem. As a consequence, the back-transformed limit result
still depended on the chosen transformation. With the help of the new gradi-
ent transformation rule, we can directly transform the two-scale limit equations
back and derive a new (equivalent) homogenised problem which is independent
of the transformation.

Moreover, the results developed in this work allow us to translate two-scale
compactness results from periodic domains to locally periodic domains. Conse-
quently a direct homogenisation of the actual problem becomes possible if it is
defined on locally periodic domains.

. homogenisation on locally periodic domains
microproblem macroproblem

Jtransformation Wbaok—transformation

. homogenisation on periodic domains
transformed microproblem transformed macroproblem

(1)
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This paper is arranged as follows: In Section 2, we recap the two-scale
convergence (cf. [1]) as well as the unfolding operator (cf. [10]) and state results
about them, which we employ to prove the two-scale-transformation method.
In Section 3, we introduce the two-scale-transformation method and formulate
the assumptions on the locally periodic domain. Then, we show that the two-
scale convergence and the two-scale transformation commute, which allows to
perform (1) rigorously. Moreover, we derive the new two-scale-transformation
rule for gradients, which improves the results of the back-transformation. In
Section 4, we demonstrate the method by homogenising the following diffusion
process on locally periodic domains Q. C €2, which are defined in Section 3.
There, we consider the case of a fast flux (I = 0) as well as the case of a
slow flux (I = 2). Let A. € L>=(Q.)V*Y be bounded and uniformly coercive,
Le. there exist C, o > 0 such that ||A.[| (g ) < C and ETA(2)E > al¢]| for
every ¢ > 0, a.e. z € (. and every £ € RY and let f. € L?(€.). Then, find
us € H(£.) such that

/ € A (£) Ve (2) - Vip() + e (1) () der = / f@e@ds  (2)
Qe

Qe

for all p € H(Q.). First, we transform (2) on the periodic reference domain and
show how to derive uniform estimates for the substitute problem. Afterwards,
we pass to the limit € — 0 in the periodic substitute problem. By using the
two-scale-transformation method and particularly the new transformation rule
for the gradients, we transform the limit problems back. The results are the
homogenised problem (26) (in the case of [ = 0) and the two-scale problem (29)
(in the case of | = 2).

In the following, we use C' > 0 as generic constant, which is independent
of e. Let (g,)nen be a fixed sequence of positive real numbers converging to
0 (when it is clear from the context, we omit the subscript n). Moreover, we
write ¢’ for a subsequence (g5, )ren of . We denote the Jacobian matrix for a
(weakly) differentiable function u by Du and its transposed by Vu = Du'.

2. Two-scale convergence and the unfolding operator

For the homogenisation of (2) and the assumption on the domain €., we
use the two-scale convergence (cf. [1], [11]). Let 2 C RY be a bounded open set
and let Y := (0,1)" denote the reference cell. Nevertheless, all the arguments
can be transferred to arbitrary reference parallelotopes Y ¢ RV,

Definition 2.1. We say that a sequence u. in L'(Q) two-scale converges dis-
tributionally to uge L' (2 x Y) if

lim [ uc(z)e (9:, g) dx = // uo(z,y)p(z,y)dydx (3)
QY

e—0
Q

for every ¢ € D(Q;CZ(Y)). We write ue 2 .
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Definition 2.2. Let p,q € (1,00) with % + % = 1. We say that a sequence u.
in LP(£2) two-scale converges weakly to ug € LP(Q x Y) if

tiy [l (2,2 ) do = [ [ unla,p)ote v)dyda (4)
Q QY

for every ¢ € LI(Q; Cx(Y)). We write u. 2 ug.

The main compactness result for the two-scale convergence is Theorem 2.3 (see
[11, Theorem 7).

Theorem 2.3. Let p € (1,00) and let us be a bounded sequence in LP(€).
Then, there exists a subsequence & and ug € LP(Q x Y') such that ues N Ug.

This compactness result can be improved for sequences of weakly differen-
tiable functions by the following two standard two-scale compactness results.

Theorem 2.4. Let p € (1,00) and let u. be a bounded sequence in WLP(Q).
Then, there exist a subsequence €', ug € WHP(Q) and u; € LP(Q; WHP(Y)/R)
such that uer 2 ug and Vue 2 Vaug + Vyui.

Theorem 2.5. Let p € (1,00) and let u. be a sequence in WHP(Q) such that
[uell o)y tel[Vuellpoy < €. Then, there exist a subsequence €' and ug €

LP (8 W;p(Y)) such that uer 2> ug and Vue 2V uq.

Testing (4) with functions ¢ € L?(€2) shows the following relation between
the weak two-scale convergence and the weak convergence in LP((2).

Proposition 2.6. Let p € (1,00). Let u. be a sequence in LP(2) and ug €
LP(Q x Y) such that ue 2 ug. Then, u. converges weakly in LP(Q) to u(-,) =
[ wo(-2,y)dy and the sequence u. is bounded in LP($).

Y

On the other hand, if the sequence is bounded, the set of test functions can
be reduced to smooth and, in a certain way, dense test functions, similar to the
weak LP-convergence (cf. [11, Proposition 1])

Proposition 2.7. Let p € (1,00). Let u. be a bounded sequence in LP(2) and
ug € LP(Q x YY) such that u. 2 ug, then ue 2 ug.

One desirable property of the two-scale convergence is that the product
and the limit process commute. The well known fact that in uniformly convex
Banach spaces the weak convergence plus the convergence of the norms are

equivalent to the strong convergence motivates the following definition of the
strong two-scale convergence.

Definition 2.8. Let p € (1,00). We say that a sequence u. in LP(Q) two-
scale converges strongly to ug € LP(Q x Y) if u. 2 uy and lin% |\u5||Lp(Q) =
e—

l[uoll1r (). We write ue Ly .
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Proposition 2.9. Let 1 < p,q,r < oo with %—l—% = % Let u; be a sequence

in LP(Y) which two-scale converges strongly to ug € LP(Q2 x Y) and let v,
be a sequence in LI(§2) which two-scale converges weakly (resp. strongly) to
vo € LI(QAXY). Then, u-v. is a sequence of functions in L™ (Q) which two-scale
converges weakly (resp. strongly) to ugvg € L™(Q2 X Y').

Using the unfolding operator 7:, which was introduced in [12], two-scale con-
vergence can be translated into convergence in LP(Q x Y)). Thus, we can give a
brief proof of Proposition 2.9 later.

In order to simplify the proofs of the two-scale convergence method, we
introduce the following notations.

Notation 2.10. Let p € (1,00]. If u. is a sequence in L4(Q2) and ug € LI(QxY)
for every q € (1,p) such that u. - ug for every ¢ € (1,p), we write u. X .
If additionally u. — ug for every ¢ € (1,p), we write u. X Uug.

N
Notation 2.11. Let @ € RY and » = Y xe; € RY, where e; denotes the

i=1
euclidean unit vectors, then let

[z]y = i[xdei , Ay =a—laly, [y =¢ E}Y , {zyey = {g}y
Li={keeZN k+ey cQ}, Q. ::int( U k+5Y) . A =0\ Q..

kel.

Definition 2.12. Let 1 < p < oco. We define the unfolding operator 7. :
LP(Q) - LP(Q xY) by

o([z]ey +ey) for ae. (z,y) € Q. xY,

o(x) for a.e. (z,y) € Ac xY. (5)

T(p) (@, y) = {

Note that we have defined T-(¢)(x,y) = ¢(x) on the cells that are not completely
included in © and not Tz(¢)(x,y) = 0 as in [10]. By this slight modification,
Te becomes isometric (c¢f. Theorem 2.13). Thus, we can not only translate
between the two-scale convergence of u. and the weak convergence of 7 (ue)
in LP(Q2 x Y'), as shown in [10], but we can also translate between the strong
two-scale convergence and the strong convergence in LP(Q2 x Y).

Theorem 2.13. Let ¢ € LP(Q) for 1 <p < oco. Then

[ )@y = [ el (6)
QY Q

||7?(<P)||Lp(nxy) = ||<P||LP(Q)- (7)
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Proof. We split the integral on . x Y and A. x Y so that
//Ts( x,y)dydxr = Z / / x)e,y + ey)dydx + / p(z)dydz.
QY kelep Sy v AXY

Since [z]c,y = k on each cell k + £Y, we obtain

// Ey-l-aydydx—// /<:+€y)dydx—|gY|/ (k + ey)dy

k+eY Y k+eY Y
= / p(z)dz.
k+eY

Combining these two equations yields

//72 a:ydydx—Z/ da:+/ ()dl‘z/tp(x)da:.
Q

k€lep Loy Ae

Since |Te(@)|P = T=(J¢|P), (7) follows for p < oo by applying (6) to |pP. For
p = 00, (7) follows directly from the definition of 7. O

Proposition 2.14. Let u. be a sequence in LP(Q2) and ug € LP(Q2 x Y') with
1 < p < oo. Then, the following statements hold:

Loue 2w if and only if T-(uz)e — ugyp in LY(Q x Y) for every ¢ €
D(Q; C5(Y)),

2. ue B g if and only if Te(ue) = up in LP(Q x Y),

3. us B ug if and only if Te(ue) = ug in LP(Q X Y).

Proof. In order to prove the first equivalence, it is enough to show that

Eli_r% ue(x)p <:,E = x—il_rg%//T ue)(z,y)Te ( ( ))(:v y)dydx

Q

e—0

= lim / / T (u2) (@, 9) (@, y)dyda (8)

for every smooth test function ¢ € D(Q;C3P(Y)). The first equality in (8)
follows directly from the definition of 7 and (6). For the second equality, it
is enough to show that 7z(¢ (-2, =)) converges strongly to ¢ in L4(Q x Y) for
% + % = 1. We note that for every = € Q there exists g9 > 0 small enough such

that z € Q. for every 0 < € < g9. Thus, we obtain the pointwise convergence

T (so (m f)) (,y) = ([xla,y +ey, W) = @(leley +ey.y) = elx,y)
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for every (z,y) € @ x Y. Since |To(¢ (s, =))(z,y)| is also pointwise bounded
for a.e. (z,y) € @ xY by H<P||Loc(gxy)7 we can apply Lebesgue’s convergence
theorem and obtain the strong convergence of 72(¢(-z, %)) to ¢ in LI(2 x Y)
for % + % = 1, which implies Proposition 2.14(1).

In order to prove Proposition 2.14(2), we note that both types of weak
convergences are equivalent to the boundedness of the sequence plus the corre-
sponding convergence of Proposition 2.14(1). Using the isometry of 7T, we can
translate the boundedness of the sequences. Then, the equivalence of the weak
convergences follows directly from Proposition 2.14(1).

For the equivalence of the strong convergences, we note that the strong
convergence of T.(u:) is equivalent to the weak convergence of T.(u.) plus
Elig(1)||7;(u€)||Lp(QXy) = |[uol| 1p(axy) since LP(€2 x Y) is a uniformly convex

Banach space. Thus, Proposition 2.14(3) follows from Proposition 2.14(2) and
the isometry of 7. O

Having these results about the unfolding operator, we can prove Proposition
2.9 as follows.

Proof of Proposition 2.9. We translate the strong two-scale convergence of u.
and the weak (resp. strong) two-scale convergence of v. with the unfolding
operator 7. and Proposition 2.14 into the strong convergence of 7z (u.) in LP (2 x
Y') and the weak (resp. strong) convergence of 7. (v.) in L4(Q2 x Y'). Employing
Holder estimates, we obtain the weak (resp. strong) convergence of the product
Te(ueve) = Te(ue)Te(ve) to ugvg in L™(2 X Y). Proposition 2.14 transfers this
convergence back into the weak (resp. strong) two-scale convergences of u v, to
UpVo € LT(Q X Y) O

3. The two-scale-transformation method

In the following, let Y be divided into an open set Y* C Y, which constitutes
the material part of Y, and a hole Y \ Y*. Note, that the material part can also
be the whole set, i.e. Y* =Y. We assume that the Y-periodic extension of Y*,
denoted by Y = int ( U k& +W), has a Lipschitz boundary. Moreover, from

kezZN
now on we assume that the macroscopic domain €2 C R” is not only open and
bounded, but also has a Lipschitz boundary. Let Q. := QNeY be the e-scaled
periodic reference domains. Then, we define the locally periodic domains €2, by
transforming the periodic reference domains.

Definition 3.1. We say that a sequence of open domains Q. C RY is locally

periodic with two-scale limit domain Q = |J {z} <Y, C QxY, where Y C Y is
€N

open for a.e. x € Q, if there exists a sequence of locally periodic transformations

e (see Definition 3.2) with a limit transformation o such that Q. = 1. (€2)

and Y¥ = ¢o(x,Y™) for a.e. z € Q.
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In order to give the definition of locally periodic transformations, we have to
consider the two-scale convergence for sequences u. defined on Q.. Therefore,
we extend them by 0 to Q which we denote by ~. Moreover, for functions defined
on ) X Y*, we analogously denote their extension by 0 to 2 X Y by ™.

Definition 3.2. We say a sequence of C'-diffeomorphisms 1, : Q. — Q., for
Q. = 1. (2.) C R, is a sequence of locally periodic transformations if:

1. there exists ¢; > 0 such that J. > ¢y with J; := det(V¥,) and ¥, = D,
2. tvhere exists C' > 0 such that ¢! ||1[)5HC(QE) + ||V1/V15||C(Q5) < C, where
Ve (x) == - (x) — x are the corresponding displacement mappings,
3. there exists vy € L>(£2; C1(Y*))N, which we call the limit transformation,
such that
(a) Yo(z,+y) : Y — Y are C'-diffeomorphisms for a.e. z € Q with inverses
Vo (2, ), where ¢yt € L(Q; CH(Y;)N,
(b) the corresponding displacement mapping, defined for a.e. z € Q by
Yo(x,y) == 1o(x,y) — y, can be extended Y-periodically such that
o € L=(Q;CL(Y)N,
(c) e Yeh. X g and Vi, =% V0.
For a.e. z € 2, we denote the Jacobians of vy (z,-y) by Yo(z,-y) = Dyto(z,-y)
and Jo(z,-y) = det(¥o(z,-,)). Moreover, we denote the displacement map-
pings of the back-transformations by = (x) = = (z) — z and ¢y (z,y) =
vy (2,y) —y.

We obtain the following uniform estimates and additional strong two-scale con-
vergences as a direct consequence of the definition of the locally periodic trans-
formations ..

Lemma 3.3. Let v, be locally periodic transformations with limit transforma-
tion ¥g. Then, there exist constants cyj,C > 0 such that

1elle@n) + 19 o, + 1ello@,) < G

-1
10| e (ucv-y) T %0 ] Lo o)) + 10l e (ucvey) < 6
Jo(z,y) > ¢y for a.e. x € Q and every y € Y™.

Furthermore,

~ oo T <o T T <x T 21 < 71
U, =% ,, TSRt J. =B o, S N

Proof. The uniform estimate of V. directly gives one for ¥, = D v, + 1.
Since J. and the entries of ¥-! are polynomials in J- ! and the entries of W,
the uniform estimates for these follow with the additional uniform bound of

J: > ¢y from below. § § 3
We rewrite U, = D, = D). +Dx = Dip. +1 and ¥y = Dytpg = Dytpy+ 1.

Then, D, <35 Dy together with xg¢_ =3 Xy+ imply \I/'VE % @6. Note
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that xg_ 3% yy- holds because we can write Xq. (2) = Xy;(g) for xv; €

L;(Y;C’(ﬁ)) for every ¢ € (1,00) (cf. [11, Theorem 3]).

Since jg and 38 are polynomials with respect to the entries of @; and \TIB,
respectively, Proposition 2.9 implies J. =% J,. _

The uniform boundedness of J. > ¢; from below gives Tc(Je)(z,y) > ¢

for a.e. (z,y) € Q x Y*. Then, the strong convergence of Tz(J.) to Jo in
LP(Q x Y) transfers the uniform boundedness from below to Jo(z,y) > ¢y for
a.e. (z,y) € Q x Y*. By Definition 3.2, Jy € L>®(Q;C(Y™)), which implies
Jo(z,y) > ¢y for a.e. z € Q and every y € Y*.

We rewrite T2 (Jo 1) = (’Ts(js)b;ﬁ*l and obtain

)|

: = H(Jo - Te(je))/(JOTE(

Lr(QxXY Lr(QxY™)

1 —~
) -2 HJO — Te(Je)
7

)

T - gy |
2 -7

Lr(QxY* Lr(Q2xY)

which implies Jz =% J(;l.

Since the entries of Wz are polynomials in Jo ! and the entries of \/I;;, the
strong two-scale convergence can be directly transferred to the strong two-scale

convergence of ¥Z! to \Ilal.
Moreover, we obtain that ||\Ij;1’|L°°(Q-C(Y*)) < Cand |[Jo]| oo c(yy) < C
from the fact that [[Vo|[;w .0y < C and Jo(z,y) = ¢y for ae. z € @ and

every y € Y* by using the same argumentation as for J. and ¥_!. O

For example, a family of diffeomorphisms 1. which are locally periodic trans-
formations in the sense of Definition 3.2 can be obtained as follows.

Example 3.4. Let O : Q — [Omin, Omax] C R be a continuous function, which
describes, for example, the local porosity. Let ¥ : [Omin, Omax] X Y — Y be
a smooth mapping such that, for every © € [Omin, Omax], ¥(©,Y™*) gives a
cell with porosity © and ¥(0,-) : Y — Y is a C'-diffeomorphism. Moreover,
we assume that there exist C,c; > 0 such that ||Dy¢||c([@ 7 < C,
det(Dy1) > ¢y and that the corresponding displacement mapping &(@,y) =
¥(0,y) — y has compact support in the interior of Y. Then, ¢.(z) = x +
e (O([2]e.y), {z}ey) are locally periodic transformations with limit transfor-
mation g (z,y) == ¥ (O(x),y) in the sense of Definition 3.2.

min,max} X

Before we continue with the transformation of the two-scale convergence,
we recap the main two-scale compactness results for periodic domains. Since
the extension by 0 does not preserve the W1 P-regularity, these compactness
results cannot be derived directly from the previous W!'P-compactness results
(cf. Theorem 2.4 and Theorem 2.5). Instead, their derivation extensively utilises
the domains’ periodic structures.



225

230

235

240

245

250

255

Proposition 3.5. Let u. be a bounded sequence in LP(Q.) for p € (1,00).

Then, there exists a subsequence ' and ug € LP(Q2 x Y™*) such that uz A %.
Moreover, if u. is a sequence in WP(€.) such that

||Ua||LF(QE) +el/? HquHLT’(QE) =C

forl € {0,2}. Then, the following statements hold:
1. If Il =0 and Y. is connected, then there exist a subsequence e, ug €
LP(Q) and uy € LP(; W;p(Y*)/R) such that iz 2 yy-ug and Vug B

Xy = Vauo + Vyuy.
2. If1 =2, then there exist a subsequence €' and ug € LP (€ W#p(Y*)) such

— p —— p = —
that ugr — ug and 'Vu = Vyug.

Proof. Let u. be bounded, then u; is bounded as well and Theorem 2.3 gives a
subsequence which two-scale converges weakly to a limit function ug € LP(Q x
Y). Employing two-scale test functions ¢ which are 0 in Q x Y™ yields ug = 0
in Y\ Y*. Thus, we can rewrite the limit as ug for ugloxy~ € LP(2 x Y*).

A proof of Proposition 3.5(1) is given in [2, Theorem 4.6] for the case p = 2.
It can be generalised to arbitrary p € (1,00) in the same way as the standard
H'-two-scale compactness result.

Proposition 3.5(2) can be proven analogously to Theorem 2.5 by using the
LP(Q.) compactness result of Proposition 3.5 instead of Theorem 2.3. O

Before we can analyse the two-scale convergence under the two-scale trans-
formation, we have to consider what two-scale convergence of sequences on
Q). means. We note that the definition of the locally periodic transforma-
tions v, does not ensure that . = wE(QE) is contained in Q. However, it
ensures that ||, }C(QE) < eC, which implies that |Q. \ Q| < eC as well as

Q. C {x € RY | dist(x,Q) < eC}. Therefore, we expect a limit defined on the
macroscopic domain 2, which could suggest to formulate the two-scale conver-
gence for functions defined on €. by restricting them on 2 N €. and then ex-
tending them by 0 to Q2. However, it turns out that this ansatz would not yield a
natural translation between the two-scale convergence in the untransformed and
the transformed setting. Instead, we consider Q%) = {z € RV | dist(z, Q) < &}
for fixed 0 < § << 1 as the macroscopic domain and note that Q. c Q) for ¢
small enough. We extend functions defined on Q. by 0 to Q%) which we denote
by =. Then, we can use the normal two-scale convergence, but for the macro-
scopic domain Q%) instead of Q. However, we will show that the corresponding
two-scale limits have support on Q C Q x Y.

Therefore, we introduce the following Banach spaces spaces. Let p € [1, 00]
and ¢ € [1,00), then we define

LR LAUY)) = {f (s g Cary)) | f € LP(Q LI(YF)},
LP(WHI(Y)) = {f (s g Cary)) | f € LP(WHI(YH)Y,
LP(Q W (V) = {f Car g (ary)) | F € LP(QWLU(Y™)},

10



260

265

270

275

with the corresponding norms

1
( L@ acr dr)’ ifp < oo,

ull oo yLa(vey) =

ess sup |[u(z)|| pa(y) if p= o0,
e
Nl o uwracyry) = Nl posavy) + ||Dyu||LP(Q;LQ(Y;))7
HUHLP(Q;W;‘Z(YI*)) = HUHLP(Q;L‘I(Y;)) + ||Dyu||LIJ(Q;Lq(Y;)) :

Note that, the integrability of H“(JU)”iq(w) over §) is ensured by the transfor-
mation ||u(x)||1£q(y*) = [ Jo(z,y)u(z,vo(x,y))dy. Moreover, these function
2 .

spaces and the corresponding norms does nether depend on the chosen refer-
ence domain Y* nor on the diffeomorphism ¢y. Furthermore, the assumptions
on v ensure that Q) is measurable with respect to the 2/N-dimensional Lebesgue
measure and LP(€); LY(Y)) can be identified with the subset of L?(Q; L4(Y))
which contains functions that are zero on (x,Y \ Y)) for a.e. x € Q.

In order to use these function spaces for the two-scale convergence, we extend
the corresponding functions by 0 to Q%) x Y, which we denote by ~. If Q. C Q,
we do not have to enlarge Q and all the following results hold for Q%) = Q.

Note that the assumptions on 1y and the uniform estimates given in Lemma
3.3 ensure that the transformations by vy and 1, U induce an continuous iso-
morphism between LP(€; L4(Y,")) and LP(Q; L4(Y™*)) in the sense that

||f('$a¢0('$7 'y)”LP(Q;Lq(Y*)) < C ||f||Lp(Q;Lq(y;)) P

<c||f
for every f € LP(Q; LI(Y;¥)) and f € LP(Q; LI(Y;")). Moreover, o and 15! give
also an continuous isomorphism between LP(£2; Wh4(Y*)) and LP(; Wh4(Y.F))
as well as between LP(€; W;’Q(Y*)) and LP(; W;&’q(Y;)).

In order to shorten out notation, we define

ws(z)

g

Lr(Q;L4(Yr)) Lr(Q;L(Y™))

@E,ws('x) = (wE(I)v ) s 901110('9:7 y) = 90('1:71/}0('17 y))7

9011,0*1 ('1‘7 y) = ‘P('ﬂm wo_l('zv y))
for functions which depend on = and y. For functions, which have already an

index themselves, we write ug g, (-2, y) = %0 (-z, Yo(-z,y)) and ﬂo’%fl(@, ) =
ﬁ()('zv 1/161('17 y))

First, we consider the two-scale convergence of continuous functions under
the locally periodic transformation ..

Lemma 3.6. Let ¢ € C(Q9);C4(Y)). Then, pop. =35 o

Proof. Because of Proposition 2.14, it is enough to show that 7. (e . ) converges
strongly to ¢y, in LP(2 x Y) for every p € (1,00). It can be reduced to the
strong convergence in LP (2 x Y*) since supp(7z(@e.. )),Supp(@g,) C  x Y.

11
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Using ¢.(z) = = + &E(x) and the Y-periodicity of ¢, we can rewrite, for

a.e. (x,y) € Q2 x Y* and £ > 0 small enough such that = € Q.

—_~—

@) = To (o (020 ZE2) ) 00) = o (Vellalr +e0)

€

we([x]s,Y + 5y) >

[x]s,Y +ey+ &s([x}s,Y + 5y))

= ¢ (Il + 2+ dellely + o) .

= ([l‘]a,y + ey + 7;(1’5;)({1’,‘7y)7y 4 W) )

The strong two-scale convergence of %ILE to ¢ implies the strong convergence
of %’7;(1[)5) to 1 in LP(Q x Y'). Then, there exists a subsequence &’ such that

LT () (,y) — Yolx,y) for ae. (z,y) € Q x Y. Moreover, [z].y converges
to z and ey to 0. Since ¢ € C(Q®);Cy(Y)), we can carry over these pointwise
convergences to the pointwise convergence

2 ([:c}s/,y +ely+ To ()@, y)y + WW)

e

- 90(‘%7 Y+ 1;0(1.’ y)) = 90(‘%'7 ¢0($7 y))
for every (z,y) € Q x Y*. Furthermore, ‘@(7-5/ (@)(x,y),y + M)’ <
el oo (@ xyy < C for ace. (x,y) € @ x V™. Thus, we can apply Lebesgue’s
dominated convergence theorem and get the strong convergence of 7/ (go/s_r\w_:,)
to @y, in LP(Q x Y*). Indeed, this argumentation holds for every arbitrary

subsequence, too, which implies the strong convergence for the whole sequence.
O

The next lemma shows that the transformations by 1. and ¢! are uniformly
continuous. Together with Lemma 3.6, this allows to translate between the weak
two-scale convergence of sequences defined on €2, and )., respectively.

Lemma 3.7. Letp € A(l, 00). Let u. and G- = u.0t. be sequences of measurable
functions on Q. and ., respectively. Then, the following statements hold:

1. The sequence u. is bounded in LP(Q) if and only if the sequence G, is

bounded in LP(£).).
2. Let 1 € {0,2}. Then the sequence €'/?>Vu,. is ‘bounded in LP(S.) if and
only if the sequence '/?Vi, is bounded in LP(€).).

Proof. Transforming the following integrals by 1. and using the uniform esti-

12
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mates on J. and J- ! imply Lemma 3.7(1)

el = / jus (o) Pz = / T@lie ()P dr < O / ie(o) P = O e},

Q. Q.

(AT / T W @@ < e [ @)l = e il

e Q.

From the chain rule, we get (Vu.)(¢e(z)) = o " (2)Vie(z). Using the
uniform estimates for the Jacobians and their inverses (cf. Definition 3.2 and
Lemma 3.3), we can estimate as follows

19l = / Vo) P = / T @) Vi (@) P

Qe
<c/||\1/ |V (x )|de<c/H\1/ )Hiwmsﬂvm(m)\pdx
Qs
< c/ Vi (@)Pde = C|[ Vi, o

IVl g, / Vi (o)Pdr = / Y @) W] (07 () Ve (o) P

< / T @I 1Vac@Pdr < e [ [0 q,, IVeeo)rde
< C/|Vu5 Pde = ClIVucl )

which yields Lemma 3.7(2). O

Now, we give a rigorous translation between the weak two-scale convergence
of sequences defined on ). and the corresponding sequences defined on Q..
First, we prove the following back-transformation, which was proposed in [4].
Theorem 3.8. Let p € (1,00). Let u. be a sequence in LP(Qs) and G =
ue 0 . Then, Uz = g for ug € LP(Q; LP(Y))) if and only if . P g for
Gy € LP(A x Y*). Moreover, Gy = ug g, holds and equivalently ug = uO,%’ .

Proof. First, we assume that %L: two-scale converges to ;lvo in LP(Q) for 1 <p <
0. Proposition 2.6 implies that 4. is bounded and by Lemma 3.7(1), uc is
bounded as well. Moreover, 12/0_7\/%_1 € LP(Q¥) x Y). Therefore, it is enough to
show the distributional two-scale convergence, i.e.

Eli_r>r(1) Ue(x) x - da?— //uow oz, y)dydx 9)

Q) Q@) Y

13
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for every smooth function ¢ € D(Q); CF(Y)). We transform the integrand of
the left-hand side by .

[ @@ (2.2) do = [w@o(5.2) do= [ S@)ic(@)pen. (@)do
Q.

Q) Qe
- / T (@)ie (@) o () e
Q

We note that ¢ € C(Q;Cx(Y)) and Lemma 3.6 imply @. 4. ~% py,. Using
the strong two-scale convergence J. =% Jo, we can pass to the limit € — 0 and
get

lim [ Jo(2) (2)fe (2)ds = / / Toly) o, )P (2, ) dyd.

e—0
Q

Then, we transform the Y-integral back with o(z, -y)

/ Jo(@,y)iio(x, y) Py (x, y)dydz = // Jo(z,y)to(z, y)p(z, Yoz, y))dydz

QYy*

//uo x z/JO x,y))p(z,y)dydr = //“01/; Yo(x,y)dydx.

QYr Q@)Y

Combining these equations shows (9).
Now, we assume that u; - ug. By using Proposition 2.6 and Lemma 3.7(1),
we obtain the boundedness of .. Then, Proposition 3.5 gives the existence of

a subsequence ¢ and a function @y € LP(Q x Y*) such that 15; 2 4. The
previous argumentation applied to this subsequence yields @9 = ug,,. Since

this argumentation also holds for every subsequence, the whole sequence .
two-scale converges weakly to i for @g = g,y - O

In the next step, we consider the weak two-scale convergence for weakly
differentiable functions. We start with the case of large gradients, i.e. eVu, < C,
and show that the same transformation rule as for the functions themselves hold.

Theorem 3.9. Let p € (1,09). Let u. be a sequence in WP(Q.) and 1. =
ue o b, a sequence in WYP(Q.) such that u. is bounded in LP(Q.). Then,
EAVZTIEN Vyug for ug € LP(L; W#p(Yw*)) if and only if eVie 2 V. tg for g €
LP(Q; WLP(Y*)) Moreover, iig = uo,y, holds and equivalently uo =ty -1

Proof. First, we assume that 66\55 EiN Vyiig. Proposition 2.6 implies that

eVii. is bounded and by Lemma 3.7(2), 5% is bounded as well. Moreover,

14
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Vyly -1 € LP(Q®) x Y). Therefore, it is enough to show the distributional
two-scale convergence, i.e.

lim | eVue(z)- ¢ (x, g) dx = / /V/E¢Jl($7y) ~p(z,y)dydzr  (10)

e—0
Q) Qe Y
for test functions ¢ € D(Q®); C’;f(Y))N, where Vi, -1 denotes the gradient

of y + tig(z,1 * (z,y)). We transform the integral on the left-hand side by 1.
and use the chain rule, which gives Vu. (¢ (z)) = U- T () Vie(x). Thus, we
get

/ eVuc(z) - ¢ (m, g) dr = /js(x)\ll;T(w)s%(x) - ey (z)d.
Q%) Q
In order to pass to the limit € — 0, we proceed as in the proof of Theorem 3.8

and additionally use the strong two-scale convergence of W T In the limit, we
transform the Y-integral back with 1 1 and obtain

o

lim eVue(z) - ¢ (x, g) dzx = Eh_r>r(1) je(:r)\I/;T(x)s?ﬁE(x) ey (z)dx

e—0
Q) Q

= //%(x,y)‘l’aT(x,y)Vyﬁo(x,y)-@To(w,y)dydx
QY

AR
Q) Y

Now, we assume that €§Vua LN Vyug. Using Proposition 2.6 and Lemma
3.7(2), we obtain the boundedness of eéVii.. Moreover, Proposition 3.7(1) trans-

fers the boundedness of u. in LP(Q.) to the boundedness of . in LP(£2.). Then,
Proposition 3.5 implies the existence of iy € L?(£); H;& (Y*)) and a subsequence

¢’ such that &’ 61:; RN Vyip. The previous argumentation applied to this subse-
quence yields @iy = ug,y,. Since this argumentation holds for every subsequence,
it holds for the whole sequence. O

The last part of the two-scale transformation is the case of small gradients,
ie. |\Vu€||L,,(QE) < C. Following the approach of the case of large gradients

yields Wg " (z,y)Vaio(x) + ¥g ' (2,y) Vi (z,y), which has to be transformed
back. However, the Jacobian ¥ T only vanishes by the back-transformation
of the y-gradient and remains in front of the z-gradient. This remaining Ja-
cobian is basically the reason why the back-transformation did not yield a
transformationally independent limit problem in the hitherto existing works.
In order to overcome this problem, we separate the purely macroscopic part of
Uy T(x)vgﬂlo(aj) and put the remaining part into the transformation rule for
the y-gradient. Thus, we can prove the following new transformation rule.

15
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Theorem 3.10. Let p € (1,00) and assume that Y. is connected. Let u. be
a sequence in W“’(QE) and Uy = Ug © wa a sequence in Wlp(fle) such that
ue s bounded in LP(Q.). Then, VuE LN XQ?U_/O —&—ﬁ for Uy € € Whr(Q)
and uy € LP(§; Wl’p(Y*)/R) if and only if Vug LN XY*V Uy + V gl for iy €
WhP(Q) and 4; € LP(Q,WI”)(Y*)/R). Moreover, tog = ug holds and also
= 111’%71 + 150_1 - Vgti, which is equivalent to iy = Uy g, + 1/30 -Vug.

Proof First, we assume that Vug RN XY*UQ + V1. Proposition 2.6 implies
that Vue is bounded and by Lemma 3.7(2), Vua is bounded as well. Moreover,
Vyul € LP(QVY) xY) for uy = uL%A + byt - Vyiig. Therefore, it is enough to
show the distributional two-scale convergence, i.e.

: x
ch_r)r(l) Vue(z) - ¢ (az7 E) dx
Q®

= [ [ (xole.)¥ota(e) + Vyui) - el dydz (11
Q6 Y

for uy = Uy gyt + Yyt - Vaiip and for test functions ¢ € D(Q); C;f(Y))N. We
transform the integral on the left-hand side and pass to the limit ¢ — 0 like
in the proof of Theorem 3.9. After transforming the Y-integral back, we use

‘I'g;gl(x,y) =0y (2,9 ' (z,y)) = Vyty ' (2,y) = 1+ Vyiby (2, y)

—_—

. ¥ T < —
glg(l) Vue(x ) dzr = gli% Je ()02 () Ve () - Pep, (z)dx
Q) Q
// To(w, )Wy (@,y) (v (@) Vasito @) + Vyits (2.9)) - F ,y)dyda

= / / \I/al,l(x,y)XQ(x,y)Vzﬁo(x) + Vyﬁl’wo_l(x,y)) - o(x,y)dydx

Q@) Y

— [ [ (xalen)¥oiate) + V.05 o,0)Vtala) + Ty g0 (2,0)) - ol )dyda,

Q@) Y

where V4, vl denotes the gradient of y ~ 4 (2, *(x,y)). Thus, Vi, B

Xva'UJO + Vyul with Uy = ,&0 and up = ﬂlﬂbo_l + ’(Lal . vzﬁo

Now, we assume that % EiN XQVauo + Vyui. Then, we obtain d: LN
Xy =Vl + Vi with g = up and 41 = uy g, — 1&0711/)0 - Vzug by the same
argumentation as in the proof of Theorem 3.9. Rewriting 1/}0_ (z,%o(,y)) =

Vo (@, vo(2,9)) — Yolx,y) = y — vo(z,y) = —o(2,y) gives @1 = u1,y, + Vo -
quo. O
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With the transformation results Theorem 3.8, Theorem 3.9 and Theorem
3.10, we can translate the two-scale compactness results for periodic domains
Theorem 2.3, Theorem 2.4 and Theorem 2.5 directly into the following com-
pactness results for locally periodic domains.

Theorem 3.11. Letp € (1,00). Letu. be a bounded sequence in LP(S).). Then,
there exist ug € LP(S%; LP(Y;)) and a subsequence ' such that uz 2 tg.

Theorem 3.12. Let p € (1,00). Let u. be a sequence in WHP(€,) such that
[uellpo(q.) < C ande||Vue|| ) < C. Then, there ezistup € LP(&; W#p(Yx*))

and a subsequence €' such that uz 2 Uy and 5’%; N Vyuo.
Theorem 3.13. Let p € (1,00) and assume that Y is connected. Let u. be

a sequence in WHP(Q.) such that uellpoo.y + [[VUell ooy < C. Then, there
exist ug € WHP(Q), uy € LP(Q;W#’)(Y;)/R) and a subsequence €' such that

uz s xoto and Vua B xoVaug + Vyu,.

Now, we consider the transformational behaviour of the strong two-scale
convergence. This allows us to translate the strong two-scale convergence of the
coefficients into the strong two-scale convergence of the transformed coefficients.

Theorem 3.14. Let p € (1,00). Let ue be a sequence in L”(QE) and G =
u. 0 .. Then, Uz 2 ug for ug € LP(Q; LP(Y)) if and only if 4. Ly g for
g € LP (2 x Y*). Moreover, g = ug,y, holds and equivalently ug = 4, vt

Proof. Assume that u. = ug. Because of Theorem 3.8 it is sufficient to show

that lim = ||ug . We transform via 1. and obtain
e—0 Lr(Q) Lr(QxY)
/|u8 )|Pdx = / Jot 1/15 (x)\ﬂ;(:cﬂpdx
Q®
= [ [rust et @laende = [ [ 700w @) T ) e
Q® Y Q® Y

(12)

In order to pass to the limit it ¢ = 0, we note that J. ! =% J(;l. Then,
Theorem 3.8 implies that J ! oz/)g 1) J 1 - and thus (JE oY ) con-

—_—

verges weakly in LP(Q®) x Y), for every p € (1,00), to gy i}‘l Because
0
To(Jo o) is uniformly bounded by c} T.(Joto 1/15 1) converges
Loo Q)

weakly-* in L(Q x Y). Moreover, u; <% ug implies that 7Z(uz) converges
strongly in LP(2 x Y') to ug, which gives the strong convergence of |7 (ug)|P to

17
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|ug|?. Thus, we can pass to the limit in (12) and obtain

—~—

= lim Te(Jet ot ()| T (e (2)) [Pda

p
Lr(Q) e—0
Q) xy

= [ gl = [ e yPd= [ )P
QO xY QxY QxY

lim ‘u’
e—0

The proof of the other implication follows in the same way. O

Note that Theorem 3.8 transfers Xa. =% Xy~ into xq, =% Xq- This implies
that @ is uniquely defined up to a set N C 2 x Y of measure zero. Moreover,
since Definition 3.1 postulates that Y,* is open for a.e. x € §, Y is uniquely
defined for a.e. x € Q). Therefore, the two-scale limit domain should not be seen
as subset of {2 x Y but rather as the sets Y’ for a.e. x € Q.

Furthermore, Theorem 3.14 implies also the strong two-scale convergence of
the displacement fields of the back-transformations. After rewriting QL; Loy, =

- 1< - ¥ o
—e, we get %1/)5 =5 _Xypwa”/)o,%*l =XQ¥o -

4. Homogenisation on locally periodic domains

In order to pass to the limit ¢ — 0 in (2), we have to assume that there exists
Ag € L=(Q)N*N | which is coercive, such that A. =33 A, and that there exists

fo € L2(Q; L2(Y;")) such that f. 2 fo. Note that it is not necessary to assume
that these two-scale limits are 0 outside of Q). It is sufficient to assume only the
existence of the two-scale limits Ay and fy. Then, the two-scale compactness
results for locally periodic domains ensures that Ay = xgAo and fo = xgfo. In
the following, we assume that Y is connected if [ = 0.

4.1. The periodic substitute problem
We transform the coefficients A. and the source functions f; intofi8 =
A, 0. and fa = fe 01, respectively. Lemma 3.8 implies that fE EN fo with

fo = fo,4o and Lemma 3.14 implies that fla P flo with AO = Ag,y,- Moreover,
note that these transformations carry the uniform boundedness and coercivity
from A. over to A, as well as from Ay over to Ay. Then, the transformation of
(2) with . gives the following weak form (cf. Proposition 4.2):

Find 4. € H'(€.) such that

/ e (1)U (2) A (@) 0T (2) Ve (2) - V(@) + Je(@)ite (2) p(x)da
Qe
_ / J(0)f-()p(x)de  (13)

Qa

18
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for every ¢ € H' ().
Using the uniform estimates of the transformations, we show the existence
and uniqueness of solutions of (13) as well as their uniform boundedness.

Proposition 4.1. For every € > 0, there exists a unique solution . € HI(QE)
of the weak form (13) such that

el 2. + el/? IViie|| 20,y < C. (14)

Proof. Using the uniform bounds of the Jacobians of 1., we can estimate

1Vul[2 g < Hf\ﬂ Tw] WHC(Q)HWW \

<0H\f\p Tvu i

L( sz)

for every u € H! (Qﬁ) This implies the e-independent coercivity of the left-hand
side of (13) in H'(Q.)

/EZJE(:C)\I/E_l(x)AE(:v)\IIE_T(x)Vu(x) -Vu(z) + Je(z)u(z)u(x)dz
Q.
> C (& 1Vullja,) + It ) - (15)

Furthermore, the left-hand side of (13) can be estimated for every u,v € H'({.)
with the Cauchy inequality and the uniform estimates of the transformations

/leg(x)\I!E_l(x)AE(x)\I/;T(x)Vv(a:) -Vu(z) + Jo(x)v(z)u(z)de
Q.
< EZCH\/I\I/E_TVUH

<e'ClIVollpaa,) IVUll g,y + C vl oo, lull 2o,

-T
iy | VIR0 o4 Ol el

This implies the continuity of the left-hand side.
The right-hand side of (13) can be estimated with the uniform estimates
from Lemma 3.3

/ J.(2) f.(2)p(x)

QE

L2(6) ||¢||L2(QE)

ooy 1@llzz @y < Clllzagay- (16)

Note that ‘ is bounded since fa two-scale converges in L?().

e

L2(.

These estimates a)llow us to apply the Theorem of Lax—Milgram, which gives
the existence and uniqueness of a solution 4. € H 1((25). Combining (13) with
(15) and (16) for ¢ = 4. and employing the Young inequality yield the uniform
estimate (14). O

19
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Proposition 4.2. Let u. € H () be the solution of (2) and let 4. € H'().)
be the solution of (13). Then, Gic = u. 0 1)..

Proof. The Theorem of Lax—Milgram ensures the existence of a unique solution
of (2).
Testing (2) with ¢ o1, gives

/ElAg(ac)Vue(x) V@ o x) +uc(x)p o (a)dr = /fe(x)gb o (x)dx.
" (17)

Transforming the integrals with 1. and using the product rule yield

/ e (2) U (1) A (1)U T (2) Vs © () - V@ (2) + e 0 e (2)@(x)dr

Qs
- [ L@ @3
Qa
Tt follows by the uniqueness of the solution of (13) that . = u. o .. O

4.2. Homogenisation of the periodic substitute problem

In the following, we pass to the homogenisation limit ¢ — 0 in (13) by using
the compactness result for periodic domains (cf. Proposition 3.5).

Proposition 4.3. Let Il =0 and let Y, be connected. Let . be the solutions of

(13) given by Proposition 4.1. Then, ’/LAL: 2 Xy *Ug and ﬁ EN Xy = Valig+Vyty,
where (tio, @1) € H'(Q) x L*(Q, Hy(Y*)/R) is the unique solution of

/ / Jo(, ) U5 (2,9) Ao (2, 9) 5 T (5, 9)(Taiio () + Vit (3, )

QY=
(Vapo(x) + Vygbl(;v,y))dydm

+//Jo(%y)ﬁo(x)@o(:c)dydx:// Jo(z,y) fo(z, y)@o(x)dyde  (18)

QYy* QYy*

ws  for every (po, p1) € H'(Q) x L*(Q, Hy(Y*)/R).

Proof. Testing (13) with ¢o+ep1 (-2, =) for ¢o € C*°(Q) and p, € C=(;CF(Y))
gives

/ TV @) A @)W T (0)Vic(0) - (Vaola) +eVag (0. 5) + 9,01 (1. 2))

T @)ic(z) (pola) + ¢ (2. 2) ) do = [ T@)ota) (ola) + 20 (2. D))

Q
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The uniform estimate of u., given by Proposition 4.1, and the compactness
result for periodic domains (cf. Proposition 3.5) yield the existence of (dg, 1) €
H' () x L*(Q; H(Y*)/R) and a subsequence ¢’ and such that . N
and %_; EN Xv+ Vg + Vyi,. Then, we pass to the limit ¢ — 0 and obtain
(18) for smooth test functions. By a density argument, (18) follows for test
functions in H'(Q) x L*(Q; Hj(Y™*)/R).

The existence and uniqueness of the solution (to, @1) € H'(Q)xL*(Q, HL(Y*)/R)
follow from the Theorem of Lax—Milgram. The necessary uniform coercivity and
continuity estimates of the left-hand side can be proven in a standard way, while
the uniform coercivity of JO\I/alflo\IJaT can be proven like in Proposition 4.1.

Since this argumentation holds for every subsequence, the uniqueness of the
solution of (18) implies that the convergences hold for the whole sequence. [

We rewrite the two-scale limit problem (18) into the following homogenised
problem, which is defined on the cylindrical two-scale domain Q2 x Y* and con-
tains the transformation coefficients Jy and Wy.

Proposition 4.4. Let g € HY(Q) be the solution of (18). Then, it solves
[ Ba@¥ia(a) - Viota) + 0@yin()s@)dz = [ [ (e hia(e )y G
Q

QY+
(19)

for every ¢ € H*(Q), where ©(z) = [ Jo(x,y)dy and By € L®(Q)N*N s given
Y*

by

(Bo)ij(z) = /Jo(zyy)‘l’o_l(fl%y)/io(xvZ/)‘I’ET(% y)(ej + Vyw;(z,y)) - e;dy

(20)
and 1; is defined as the unique solution in L*(Q; Hy,(Y*)/R) such that
// Jo(,y) ¥ (2, y) Ao (2, 9)¥5 T (2,y)(Vyhj (2, ) + €5) - Vyibr (2, y)dydz = 0
Qv+

(21)
for every ¢1 € L2(€); H;#(Y*)/]R)
Proof. Choosing ¢o = 0 in (18) yields

/ / Jola, 1) %5 @, y) Ao (2, 1) WG T (,9) (Vo) + Vyin (,)) - Vb (2, y)dyda = 0,
QY™ 22)
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N
which implies @1 = Oy, Uow;, where 1; is the unique solution of the cell
=1

j
N

problem (21). Inserting @; = ) Op;tow; in (18) and choosing ¢; = 0 yield
j=1

(19) for By given by (20). O

Proposition 4.5. Let I = 2 and let 4. be the solution of (13) given by Propo-

sition 4.1. Then, ’,LAL: EN ;1\8 and 56\/&5 EN Vg, where g is the unique solution
in L*(2, HJ,(Y™)) such that

//awwwwwMuvmmw+%@wM@wmwm@m
QY*

://%QWMWWW@M@W (23)

Qv+
for every ¢ € L*(Q; Hy(Y™)), where Do = JoWgtAguy T,

Proof. The uniform estimate of ., given by Proposition 4.1, and the compact-
ness result for periodic domains (cf. Proposition 3.5) imply the existence of a

subsequence ¢’ and g € LQ(Q;H#(Y*)) such that 4 2 7o and E’% EN

Vytig. We test (13) with ¢ (-5, =) for ¢ € C*°(; CZ(Y)). After passing to the
limit ¢/ — 0, we obtain (23) for smooth test functions. Since C*°(£); Cr(Y))is
dense in L*(Q; Hy(Y™)), (23) holds for any ¢ € L*(; Hj(Y™)).

The existence and uniqueness of the solution 4y € LZ(Q,H#(Y*)) follow
from the Theorem of Lax—Milgram. The necessary uniform coercivity and con-
tinuity estimates can be proven in a standard way, while the uniform coercivity
of JO\I/alfAlo\IJaT can be proven like in Proposition 4.1.

Since this argumentation holds for every subsequence, the uniqueness of the
solution of (23) implies that the convergences hold for the whole sequence. O

4.8. Back-transformation

Using Theorem 3.8, Theorem 3.10 and Theorem 3.9, we can transform the
two-scale limit problems back. Thus, we can derive the two-scale limit problems
of (2) for I =0 and I = 2. Moreover, these limit problems do not depend on the
chosen transformations ¥, and ).

Theorem 4.6. Letl =0 and let Y, be connected. Let uc be the solution of (2).

Then, u. 2 XQUo and % 2 XoVauo + Vyur, where (ug,u1) is the unique
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solution in H'(2) x L2(Q;H;¢(Yz*)/R) 0,

/ / Ao(@,9)(Vatio() + Vyus (2,9)) - (Vao(@) + Vyer (1)) + uo(@)po(z)dyda

Q Yy
_ / / fol@, y)dy @o(@)dx

Qvr
(24)

for every (¢o, 1) € H'(Q) x L*(Q; Hy (Y;)/R).

Proof. Proposition 4.2 shows that 4. = u. o ¥., where . is the unique solution
of (19). By Theorem 3.8, we obtain u, EN XqUuo and, by Theorem 3.10, Vu, EN

XqQVzuo + Vyuy for ug = dg and uy = 1, wit T 77!3071 - Vyug, where g and 4
determine the two-scale limits of 4. and V..

Then, we test (18) by (vo,¥1,u, + o - Vo) for (po,01) € HY(Q) x
L*(Q; H}(Y;")) and transform the Y *-integral by 1, ' so that

[ [ Aot (067 @05 ) Do) + Vi, 0))

QYrx

( (2,95 M (2,9)) Vapo () + Vy (01(2,y) + Po(a w&l(ﬂi»y))-vwo(w)))dydﬂc

//Uo z)po(w dydx—//fo z,y)po()dydz, (25)

QYr QYr

where Vb (x, ¥y (z,7)) denotes the gradient of y Yo(z, 5 (2,y)). Using
that Wy (x,wo_l(:c,y)) =1+ Vywo_l(x, y), we can rewrite

o (@, g (@, y)) Vaio () + Vi (2,95 (2,1))
= Vaiio(x) + Vy (i (2, 05" (2,9) + 4 '+ Vaeuo(2)) = Vaue(z) + Vyus (2,y).
Employing that ’IZJ()(SL‘, wgl(;my)) =y— wal(x, y) = —&al(x, y), we get

Uy T (2,4 (2,9)) Vo (@) + V(o1 (2, y) + do(a, vy ' (2,9)) - Vapo(x))

= Vo (@) + Vy (@1 (2, y) + oz, ¢ ' (2,9)) - Vawo(@) + 05 (2, y) - Vo (@)
= Vapo (@) + Vypr(z,y).

Thus, (25) can be simplified to (24). O

From (24), we can derive the following homogenised limit problem, which is
defined on €2 with cell problems defined on Y;*. However, in contrast to previous
works, it does not contain Jacobians of the chosen deformation ).
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Theorem 4.7. Let ug € H'(Q) be the solution of (18). Then, it solves

/Bo Vuola) - Via) + Ohuo(ale(w)d = [ [ fow)dy e(arts (26

QY
for every o € H*(Q), where O(x f ldy = |Y| and By € L=®(Q)N*N s
given by
(Bo)ij(z /5lj + Oy, wj(z, y)dy (27)

and w; is defined as the unique solution w; € L*(%; H(Y;)/R) such that

//(Vywj(x,y) +ej) - Vyp(z,y)dyde =0 (28)
Q YT*

for every ¢ € L*(Q; Hy (Y;)/R).

Proof. The proof of Theorem 4.7 runs as the proof of Proposition 4.4. O

Note that © in (26) is the same as in (19) and gives the local porosity of the
domain. With Lemma 3.3, we see that © is bounded from below by ¢; and ©
is obviously bounded from above by 1.

The back-transformation of the two-scale limit problem (23) (the case | = 2)
in its actual two-scale domain is straightforward and yields the following limit
problem.

Theorem 4.8. Let I = 2 and let u. be the solutions of (2). Then, uc EN XQUo

and 5% EN %, where ug is the unique solution of the following weak form.
Find ug € L*(Q; Hy(Y;)) such that

/ / Ao(e,9)Vyu(z, ) - Vyp(e,y) + ulz,y)o(e, y)dyds = / / F(y)o(a, y)dyde
Qvyp QvypP
(20)

Jor every ¢ € L*(Q; Hy(Y;)).
Theorem 4.8 follows by testing (23) with (-5, ¥o(-5, -y)) and back-transformation
with ¢!
5. Direct homogenisation on the locally periodic domains and further
comments
The compactness results for locally periodic domains which we have devel-

oped in this work (cf. Theorem 3.8, Theorem 3.10 and Theorem 3.9) allow us to
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pass directly to the limit ¢ — 0 in (2). The argumentation is the same as in the
periodic case. However, the problem which we have considered is an easy linear
problem and uniform a-priori estimates can also be derived on the locally peri-
odic domain. If the homogenisation of a more difficult problem is considered,
for instance the Stokes problem or non-linear problems, the derivation of further
two-scale compactness results as well as the derivation of uniform estimates can
be easier in the strict periodic setting. Indeed, the results of this work allow to
transform those back from the periodic into the locally periodic domain. There-
fore, the passage to the limit ¢ — 0 can be done in the locally periodic setting
as well. Moreover, it can be reasonable to transform the limit problem from the
actual non-cylindrical two-scale domain to the cylindrical coordinates 2 x Y™
in order to derive uniform estimates on the homogenised tensor and the cell
problems.

The original motivation for this two-scale-transformation method originates
from problems on evolving microstructures. There, problems are considered on
a time interval S and a time dependent domain Q.(t) (cf. [4], [5], [6], [7], [8], [9])-
The two-scale-transformation method is basically the same for these problems
since time is only a parameter in the concept of the two-scale convergence.
Thus, our results can be carried over to these problems, where the domain
Q:(t) = (¢, QE) is defined with a family of locally periodic transformations
Ve S x Q. — Q which are dependent on time.

Acknowledgements. [ would like to thank Malte A. Peter for interesting dis-
cussions of this subject.
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