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Abstract

A band is a connected compact manifold X together with a decomposition
0X =0_XUo, X

where 04X are non-empty unions of boundary components. If X is equipped with a
Riemannian metric, the pair (X, g) is called a Riemannian band and the width of
(X, g) is defined to be the distance between 0_X and 0, X with respect to g.

Following Gromov’s seminal work on metric inequalities with scalar curvature,
the study of Riemannian bands with lower curvature bounds has been an active field
of research in recent years, which led to several breakthroughs on longstanding open
problems in positive scalar curvature geometry and to a better understanding of the
positive mass theorem in general relativity.

In the first part of this thesis we combine ideas of Gromov and Cecchini-Zeidler
and use the variational calculus surrounding so called p-bubbles to establish a scalar
and mean curvature comparison principle for Riemannian bands with the property
that no closed embedded hypersurface which separates the two ends of the band
admits a metric of positive scalar curvature. The model spaces we use for this
comparison are warped product over scalar flat manifolds with log-concave warping
functions.

We employ ideas from surgery and bordism theory to deduce that, if Y is a
closed orientable manifold which does not admit a metric of positive scalar curvature,
dim(Y') # 4 and X"=7 =Y x [—1, 1], the width of X with respect to any Riemannian
metric with scalar curvature > n(n — 1) is bounded from above by 22. This solves,
up to dimension 7, a conjecture due to Gromov in the orientable case.

Furthermore, we adapt and extend our methods to show that, if Y is as before
and M"<" =Y x R, then M does not admit a metric of positive scalar curvature.
This solves, up to dimension 7 a conjecture due to Rosenberg and Stolz in the
orientable case.

In the second part of this thesis we explore how these results transfer to the
setting where the lower scalar curvature bound is replaced by a lower bound on
the macroscopic scalar curvature of a Riemannian band. This curvature condition
amounts to an upper bound on the volumes of all unit balls in the universal cover of
the band.

We introduce a new class of orientable manifolds we call filling enlargeable and
prove: If Y is filling enlargeable, X™ =Y x [—1, 1] and g is a Riemannian metric on
X with the property that the volumes of all unit balls in the universal cover of (X, g)
are bounded from above by a small dimensional constant ¢, then width(X,g) < 1.

Finally, we establish that whether or not a closed orientable manifold is filling
enlargeable or not depends on the image of the fundamental class under the classifying
map of the universal cover.
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Notes on the text

This thesis grew in the writing and reflects my work on three different projects:

> Chapter 2 corresponds to my article [54], which is available as a preprint on
the arXiv and currently submitted for publication.

> Chapter 3 corresponds to parts of joint work [9] with Simone Cecchini and
Rudolf Zeidler, which is available as a preprint on the arXiv and currently
submitted for publication.

> Chapter 4 corresponds to my article [55], which was first published in the journal
Algebraic & Geometric Topology 22.1 (2022), pp. 405-432 by Mathematical
Science Publishers.






Contents

1 Introduction

1.1 A set of Conjectures . . . . . ... ... ...
1.2 Overview of the Main Results . . . . .. ... ... ... ... ...
1.3 Macroscopic Scalar Curvature . . . . . . . . ... ... .. .....
1.4 Organization of this thesis . . . . . ... .. ... .. ... .....

Scalar and Mean Curvature Comparison via p-Bubbles

2.1 Comparison Principle . . . . . . .. ...
2.1.1 Model Spaces and Applications . . . . . .. ... ... ...
2.1.2 Topological Results . . . . . . ... ... .. ... ... ..
2.1.3 Synthesis . . . . .. ..

2.2 Warped products . . . . . . ...
2.2.1 Comparison of two Warped Products . . . . ... ... ...
2.2.2  Structural Maps . . . . . ... oo
2.2.3 Model Spaces over Spheres . . . . . . . .. ... ... ..

23 p-Bubbles . . ..o
2.3.1 Constant Mean Curvature Surfaces . . . . . . ... ... ..
2.3.2 Warped p-Bubbles . . . . ... .00

2.4 Proof of the Comparison Principle . . . . . . . . .. ... ... ...

2.5 Proof of the Topological Results . . . . . . ... ... ... .....
2.5.1 Separating Hypersurfaces . . . . . . . . . .. ... ... ...
2.5.2  Aspherical 4-Manifolds . . . . . .. .. ... ... ... ...

Partitioned Scalar and Mean Curvature Comparison

3.1 Partitioned Comparison Principle . . . . . . .. .. ... ... ...
3.1.1 Applications . . . . . . ...
3.1.2 Topological Results . . . . . .. ... ... ... ... ...,

3.2 Combining Potentials . . . . . . ... ... ... 0.

3.3 Proof of the Partitioned Comparison Principle . . . . . . . . .. ..

3.4 Proof of the Topological Results . . . . .. ... ... ... .....

Macroscopic Band Width Inequalities

4.1 Mainresults . . . . . ..o

4.2 Largeness properties of manifolds . . . . . ... .. ... ... ...
4.2.1 Filling enlargeable manifolds . . . . . . ... ... ... ...
4.2.2  Width enlargeable manifolds . . . . . ... ... .. ... ..

4.3 Proof of the main results . . . . . . . ... ... ... ..

4.4 Homological invariance of filling enlargeability . . . . . ... .. ..

9

11
14
16
21
24

25
26
27
30
31
32
32
35
38
39
42
47
48
95
25
58

67
68
68
70
70
72
7



10 Contents

References 97



Introduction

Given a smooth manifold X, a fundamental question in modern differential geometry
is whether or not X admits a smooth Riemannian metric with positive scalar
curvature. Furthermore, if such a metric g exists, it is intriguing to ask how
positivity of scal(X, g) manifests itself in other geometric properties of (X, g).

Over the years, multiple ways to approach these problems have been developed.
The first one is through index theory for spinor Dirac operators on spin manifolds
and originates in the work of Lichnerowicz [48].

He observed that, by the so called Schrodinger-Lichnerowicz formula

scal

1
the spinor Dirac operator on a closed Riemannian spin manifold is invertible if the
scalar curvature is uniformly positive. In combination with the Atiyah-Singer index
theorem one obtains topological obstructions to positive scalar curvature.

Building on this approach, and subsequent refinements due to Hitchin [40],
Gromov and Lawson [29, 30] were able to prove that the torus 7" does not admit a
metric with positive scalar curvature.

In dimension n < 7 this result had previously been established by Schoen and
Yau [63, 64]. Their approach is built on the observation that if ¥ C (X", ¢) is a
closed embedded stable minimal hypersurface, the second variation formula for the
area functional yields

P’ = V'V +

1 1
LIVl + Sscal(S,g)v? > [ S(scal(X, ) + 42

for all ¢ € C*°(X), where A is the second fundamental form of 3. If the scalar
curvature of (X, g) is positive, the right hand side of the equation is positive for
all ¢». By the Gauss-Bonnet theorem for n = 3, or a conformal change argument,
inspired by Kazdan and Warner [44], for n > 3, it follows that ¥ itself admits a
metric with positive scalar curvature. If the homology of X is rich enough, this fact
can be used in an inductive way to provide obstructions to positive scalar curvature
and insight into the structure of metrics with non-negative scalar curvature on X.

Furthermore Gromov and Lawson [29] as well as Schoen and Yau [64] proved
that the existence of a metric with positive scalar curvature on a smooth manifold
X is preserved under surgery with codimension at least three. This result allows one
to study the question which manifolds of dimension at least five admit metrics with
positive scalar curvature via bordism theory. Consequently all simply connected
closed manifolds in dimension > 5 which admit a metric with positive scalar curvature
were completely classified in [29] and the work of Stolz [66].

11



12 Introduction

In dimension four there are additional obstructions and techniques coming from
Seiberg-Witten theory. They play a role in this work insofar as they often provide
counterexamples (see Remark 1.7) to conjectures regarding the structure of all
manifolds which do not admit metrics with positive scalar curvature (see Remark
1.7). For an overview on this topic we refer the reader to [58, Section 1.1.3].

If the manifold X™=? is not closed, it admits a Riemannian metric g with
uniformly positive scalar curvature by Gromov’s h-principle. In order to encounter
interesting phenomena one has to adapt the fundamental questions accordingly. In
this case the metric is required to be complete and, if 0X # 0, to fulfill certain
boundary conditions which are usually phrased in terms of mean curvature.!

This aspect of positive scalar curvature geometry is exemplified by a series of
results, mostly due to Gromov and Lawson [28, 30]. For now we refrain from stating
any result in their general form but focus instead on the special case of the torus.

Theorem 1.1 ([30, Corollary 6.13]). Let X =T" ' xR and n > 2. Then X does
not admit a complete metric with positive scalar curvature.

Theorem 1.1 is indicative of the general principle that obstructions to positive
scalar curvature on non-closed manifolds can be derived from obstructions on closed
submanifolds which are embedded in a suitable manner. This phenomenon persists
in codimension two. Although R? admits a complete metric with positive scalar
curvature and hence 7" x R? does as well (the scalar curvature of a product metric
is equal to the sum of the scalar curvatures of its factors), the following holds true:

Theorem 1.2 ([30, 38, 75, Theorem 1.10]). Let X = T" 2 x R? and n > 3. Then
X does not admit a complete metric with uniformly positive scalar curvature.

Regarding boundary conditions, Gromov and Lawson observed that if a compact
manifold X admits a metric g with scal(X,g) > 0 and H(0X,g) > 0, then the
double of X admits a metric with positive scalar curvature [28, Theorem 5.7]. This
result was later generalized by Almeida [1, Theorem 1.1] to allow for nonnegative
mean curvature (see also the recent work of Bar and Hanke [6]). Put together with
the fact that 7™ does not admit positive scalar curvature this implies:

Theorem 1.3 ([1, 28]). Let X =T" ! x [-1,1] and n > 2. If g is a Riemannian
metric on X with scal(X, g) > 0, then

;cle%fx H(0X,g)(x) <0.

We adapt the viewpoint that Theorem 1.3 quantifies the fact that any metric
with positive scalar curvature on the open manifold 7"~! x (—1,1) is necessarily
incomplete by Theorem 1.1. Recently, in an exciting development, a new way to
study boundary conditions for positive scalar curvature and to quantify the failure
of completeness on open manifolds has emerged. The following, so called, band width
estimate was proven by Gromov [31, Section 2| in dimension n < 7 using the minimal
hypersurface approach of Schoen and Yau [64] and in all dimensions by Zeidler [75,
Theorem 1.4] and Cecchini [12, Theorem D] using Dirac operator methods:

Throughout this thesis, H(9X, g) is defined to be the trace of the second fundamental form
of X with respect to the inner unit normal vector field. With this convention the unit sphere
S"~1 C R™ has mean curvature (n — 1).
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Theorem 1.4 ([12, 31, 75]). Let X = T" ' x[~1,1] andn > 2. If g is a Riemannian
metric on X with scal(X, g) > n(n — 1), then

2
width(X, g) = dist, (7" x {~1}, 77" x {1}) < % (1.0.1)

In the context of classical Riemannian geometry, Theorem 1.4 can be compared
with the Bonnet-Myers theorem, according to which a minimal geodesic in a complete
Riemannian manifold with Ricci curvature bounded from below by (n — 1)o > 0 has
length at most “=. Cecchini [12, Theorem D] and Zeidler [76, Corollary 1.5] proved

that equality can not be attained in (1.0.1). The estimate, however, is sharp:

Example 1.5. For n > 2 let X = T""! x [~1,1] and g7 be the standard flat metric
2
on T 1. Let ¢(t) = cos (%t) " fort € (—Z,T). For any € > 0 the warped product

(T”_1 X {—W el el o) gr + dt2>
n n

has scal = n(n — 1) and width = 2% — 2¢.

Theorem 1.4 should be contextualized among Theorem 1.1, 1.2 and 1.3. It is
important to point out that there is no direct formal implication between Theorem
1.1 and Theorem 1.4 as the latter only implies that 77! x R does not admit a
complete metric with uniformly positive scalar curvature. Nevertheless Zeidler [76,
Corollary 1.5] realized that the Dirac operator approach towards the band width
estimate could be adapted to prove Theorem 1.1 and Theorem 1.4 in unison.

For a complete Riemannian metric ¢ on X = 7" 2 x R? with positive scalar
curvature Gromov [31, Section 2] established that the infimum of scal(X,g) in a
concentric ball of radius R in X decays at least quadratically with the radius R.
The key ingredient in his proof is Theorem 1.4. Hence it implies Theorem 1.2.

The relationship between Theorem 1.3 and Theorem 1.4 is more complex. On
the one hand the band width estimate in dimension n implies that 7™ does not
admit a metric with positive scalar curvature; otherwise there is a covering space
of the form (T"~! x R,g) with uniformly positive scalar curvature. Together with
the aforementioned doubling result [1, Theorem 1.1, 6, 28, Theorem 5.7] for metrics
with scal > 0 and H > 0, one recovers Theorem 1.3.

On the other hand one can analyze Example 1.5 to see that for ¢ — 0 the mean
curvature of the corresponding metrics on 77! x [—% +e, 7 — 5] diverges to —oo as
their boundaries collapse to points. This behavior suggests that the width estimate
can be strengthened under the assumption of an additional lower bound for the
mean curvature. In this vein Cecchini and Zeidler [14] proved:

Theorem 1.6 ([14, Theorem 7.6]). Forn > 2 odd let X =T"' x [—1,1] and g be
a Riemannian metric on X. If

> scal(X, g) > n(n—1),
> H(0+X,g) > F(n—1)tan (%) for some = < {_ <y <I?

then width(X,g) < ¢, —(_.

2In the following we denote 9_X = T""! x {~1} and 0, X = T" ! x {1}
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The restriction to odd dimensions originates from technical difficulties in Dirac
operator approach to positive scalar curvature on manifolds with boundary as is
explained in [14, Section 1.4]. Whenever it applies Theorem 1.6 interpolates between
Theorem 1.3 and Theorem 1.4, which can be seen as its extremal cases.

Indeed, if g is a Riemannian metric on X = 7! x [~1, 1] with scal(X, g) >
n(n — 1), then H(0+X) > ¢ for some constant ¢ € R. As (n — 1) tan (%t) — oo for
t — T there are —% < (_ < {, < T such that H(0+X,g) > ¢ > F(n — 1) tan ("l%)
By Theorem 1.6, one concludes that width(X,g) < ¢ — (- < 2.

Regarding Theorem 1.3 we could assume for a contradiction that the mean
curvature of (X, g) is non-negative. But then width(X,g) < /¢, —¢_ for {_ =0 and
¢, > 0 arbitrary by Theorem 1.6, contradicting the fact that width(X,g) > 0.

From a conceptual standpoint, Theorem 1.6 can be viewed as a scalar and mean
curvature comparison principle between arbitrary metrics on 7"7! x [—1, 1] and the
warped product

(M, gp) == (Tn_l X [0_, 03], o(t)*gr +dt2>
from Example 1.5. Standard results for warped products (see 2.2) imply:
> scal(M, g,) =n(n — 1),

> H(0+M,g,) = F(n—1)tan ("t%),

> width(M, g,) = £, — (_.

Thus Theorem 1.6 takes the following form: If scal(X,g) > scal(M,g,) and
H(0:X,g9) > H(0+M, g,), then width(X, g) < width(M, g,,).

1.1 A set of Conjectures

It is only natural to ask, whether the results we have introduced for the torus hold
true for a larger class of, or perhaps all, manifolds which do not admit metrics with
positive scalar curvature. As we mentioned in the beginning, conjectures of this
kind tend to fail in dimension four, where the special obstructions coming from
Seiberg-Witten theory can be used to provide counterexamples. The following is an
instance of this phenomenon:

Remark 1.7. There exists a closed simply connected 4-manifold Y which does not
admit a metric of positive scalar curvature while Y x.S* does (see [60, Counterexample
4.16]). But then Y x R, and consequently Y x R? admit complete metrics with
uniformly positive scalar curvature.

In dimension # 4, the results for 7! are expected to hold in full generality:

Conjecture 1.8 ([59, Section 7]). Let Y"~! be a closed manifold of dimension # 4
which does not admit a metric with positive scalar curvature. Then Y x R does not
admit a complete metric with positive scalar curvature.
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Conjecture 1.9 ([59, Section 7]). Let Y2 be a closed manifold of dimension # 4
which does not admit a metric with positive scalar curvature. Then ¥ x R? does
not admit a complete metric with uniformly positive scalar curvature.

Conjecture 1.10. Let Y ! be a closed manifold of dimension # 4 which does
not admit a metric with positive scalar curvature and X =Y x [—1,1]. If g is a
Riemannian metric on X with scal(X,g) > n(n — 1), then

inf H(0X,g)(z) <O.

re0X

Conjecture 1.11 ([31, 11.12 Conjecture C]). Let Y" ! be a closed manifold of
dimension # 4 which does not admit a metric with positive scalar curvature and
X =Y x[—1,1]. If g is a Riemannian metric on X with scal(X,g) > n(n — 1), then

2T
o

width(X, g) :=dist,(Y x {—1},Y x {1}) <

Conjecture 1.12. Let Y™ ! be a closed manifold of dimension # 4 which does
not admit a metric with positive scalar curvature and X =Y x [-1,1]. If g is a
Riemannian metric on X with

> scal(X, g) > n(n — 1),
> H(0:X,g) > F(n—1)tan (%) for some —7 < /_ < /(, <7,
then width(X,g) </, —(_.

The following chart illustrates the connections and implications between these
conjectures, as they were discussed in the example Y = 77!

‘/\ Conjecture 1.12

Conjecture 1.10 k=== Conjecture 1.11 —=—={ Conjecture 1.9

‘k Conjecture 1.8

The dashed arrow represents the fact that, while Conjecture 1.11 does not imply
Conjecture 1.8, the techniques used to prove the former can likely be adapted to
prove the latter as is exemplified by [76, Corollary 1.5].

The main goal of the first part of this thesis (Chapters 2 and 3) is to prove all
of the conjectures above for orientable manifolds Y~ ! in dimension n < 7. We
develop a general scalar and mean curvature comparison principle in Chapter 2,
which implies Conjecture 1.12 for orientable manifolds Y™~ ! in dimension n < 7.
Once this is established, Conjectures 1.10, 1.11 and 1.9 will follow suit, as is indicated
by the chart above.
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Furthermore, we modify our techniques in Chapter 3 to prove, what we call, a
partitioned scalar and mean curvature comparison principle, which implies Conjecture
1.8 for orientable manifolds Y ! in dimension n < 7.

Throughout this endeavor, we follow ideas of Gromov [32, Sections 3.6 & 5] and
use a variation of the Schoen-Yau [64] approach to positive scalar curvature, where
minimal hypersurfaces are replaced by hypersurfaces of prescribed mean curvature,
which appear as the boundaries of so called p-bubbles (see Section 2.3).

1.2 Overview of the Main Results

In this section we introduce the main results Theorem I and Theorem II of Chapters
2 and 3 respectively. We provide an overview over the context in which they were
developed and their various applications towards the conjectures listed in Section
1.1. We do not present any proofs at this stage.

All results and conjectures we have mentioned so far are concerned with manifolds
of the form X =Y x [—1,1]. To study the underlying phenomena in a general
framework, Gromov introduced the concept of a band in [31, Section 2]. While he
originally provides a broader definition, the following is enough for our purposes:

Definition 1.13. A band is a connected compact manifold X together with a
decomposition

aX - a_X U@_,_X,

where 0. X are (non-empty) unions of boundary components. If X is equipped with
a Riemannian metric g, we call (X, g) a Riemannian band and denote by width(X, g)
the distance (with respect to g) between 0_X and 0, X.

Definition 1.14. A continuous map f : X — X' between two bands is called a
band map if it maps d_X to 0_X’ and 9, X to 0, X".

Remark 1.15. The standard example of a band is X =Y x [—1,1], where YV is a
closed manifold. Such bands are called trivial throughout this thesis.

In [31, Section 2] Gromov observed that the band width estimate Theorem 1.4
holds true, not only for the trivial band 7"~ x [—1, 1], but for any oriented band
X which admits a band map of non-zero degree to T"~! x [—1,1]. Bands with this
property are usually called over-torical.

Following his lead, Cecchini [12] and Zeidler [75] proved the band width estimate
not only for Y x [—1, 1], where Y is spin and has non-vanishing Rosenberg index,
but for a general class of possibly non-trivial spin bands (see [75, Theorem 3.1]).

In [14, Theorem 7.6] they established the comparison result Theorem 1.6 for spin
bands with infinite vertical A-area, which only occur in odd-dimensions.

What all of these bands have in common is the following:

Property A. No closed embedded hypersurface ¥ C X which separates d_X and
0, X admits a metric with positive scalar curvature.

Definition 1.16. Let X be a band and ¥ C X be a closed embedded hypersurface.
We say that 3 separates 0_ X and 0, X if no connected component of X'\X contains
a path v : [0,1] — X with v(0) € 0-X and (1) € 0, X. Furthermore 3 properly

separates 0_X and 0, X if every connected component of ¥ can be connected to
both 9, X and 0_X inside X \ X.
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The condition of being properly separating simply means that there are no
superfluous components. We observe that any separating hypersurface contains a
union of connected components which is properly separating (see Lemma 2.56).

Gromov [32, Section 3.6 & Section 5] pointed out that one can use a variation
of the Schoen-Yau [64] approach to prove the band width estimate for all oriented
bands with Property A in dimension < 7.

Theorem 1.17 ([32, Section 3.6]). Let n < 7 and X™ be an oriented band with
Property A. If g is a Riemannian metric on X with scal(X,g) > n(n — 1), then

width(X, g) < 21
n

The idea of Gromov’s proof can be summarized as follows: Since scal(X, g) > 0
and X has Property A the band can not contain a stable minimal hypersurface
which separates 0_X and 0, X by the work of Schoen and Yau.

However, the only way to guarantee the existence of such an object is to assume
that H(0X, g) > 0, which implies that 0_ X and 0, X act as barriers for the variation
of area. Notice, that one could prove Theorem 1.3 for X in this way.

Gromov realized that, if the band is wide enough, one can compensate for the
negativity of H(0X, g) by augmenting the usual area functional with a contribution
from a potential function A : X — R. If one assumes for a contradiction that
width(X, g) > %” a clever choice of h guarantees the existence of a minimizer (call
p-bubble) for such a variational problem.

In dimension < 7 classical regularity results ensure that the boundary > C X
of this minimizer is a closed smooth embedded hypersurface of prescribed mean
curvature, ie H(X) = h . which separates 0_X and 0, X.

The potential can be chosen in such a way that the contributions in terms of A in
the second variation formula balance out with the positivity of scal(X, g). It follows
that ¥ itself admits a metric with positive scalar curvature, which is a contradiction.

Remark 1.18. If X is a 2-dimensional band, the condition that no closed embedded
hypersurface which separates 0_X and d; X admits a metric with positive scalar
curvature is vacuous. Hence every 2-dimensional band has Property A.

The proof of Theorem 1.17, as it is sketched above, is simplified in this case.
As before one obtains a minimizer to a suitable variational problem if the band is
assumed to be too wide. Its boundary ¥ (a collection of circles) separates 0_X and
0, X and by stability and the second variational formula one concludes —Ay > 0.
This is the desired contradiction.

Of course, in dimension 2, scalar curvature is equal to twice the sectional curvature
and hence any statement we will derive about 2-dimensional bands with lower scalar
curvature bounds can also be obtained via the classical means of triangle comparison
and analysis of Jacobi fields.

Nevertheless it is conceptually pleasing to see that p-bubbles can be used very
effectively in the study of 2-dimensional manifolds with positive curvature.

In Chapter 2 we use the u-bubble approach to establish a general scalar and
mean curvature comparison principle, inspired by [14, Theorem 7.6], for oriented
bands with Property A in dimension < 7. As model spaces for this comparison, we
use a class of warped products with constant scalar curvature (see Example 1.5).
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Definition 1.19. A smooth function ¢ : [a,b] — R, is called log-concave if
d* ZAGAY
dt2 Og(@( ) <(,0(t) —

for all ¢ € [a, b]. If the inequality is strict we say that ¢ is strictly log-concave. In
case of equality we say that ¢ is log-affine.

Definition 1.20. Let (N, gn) be a closed Riemannian manifold with constant scalar
curvature. A warped product

(M. 9.) = (N x [0, 8], " (g + dif*)

with warping function ¢ : [a,b] — R, is called a model space if scal(M,g,) is
constant and ¢ is strictly log-concave or log-affine.

Theorem 1. Let n < 7 and X™ be an oriented band with Property A. Let g be a
Riemannian metric on X and (M™", g,) be a model space over a scalar flat base with
warping function ¢ : [a,b] — Ry. If

> scal(X, g) > scal(M, g,),
> H(0+X,g) > H(0:M, g,),
we distinguish two cases:
1. If ¢ is strictly log-concave, then width(X, g) < width(MM, g,,).

2. If p is log-affine, then (X, g) is isometric to a warped product
(N x [c,d), ¢* g5 + dt2> ,

where (N,gN) is a closed Ricci flat Riemannian manifold.

Via the choice of model space Theorem I applies to a variety of geometric
situations and provides results for bands with negative lower scalar curvature bounds
as well. In particular, we can estimate the width of (X, g) if scal(X, g) > —n(n — 1)
and H(0:X,g) > (n—1) (see Corollary 2.9). An in depth discussion of Theorem I
and its various applications is included in Section 2.1.

2
For now, we point out that the warping function (t) = cos (%t) " from Example

1.5 is strictly log-concave. Hence Theorem I implies the following generalization of
Theorem 1.6 for bands with Property A in dimension n < 7.

Theorem 1.21. Let n < 7 and X be an oriented band with Property A. Let g be a
Riemannian metric on X. If

> scal(X, g) > n(n —1)
> H(0+X,g9) > F(n—1)tan ("l%) Jor some =7 < {l_ </l <7,

then width(X,g) <y —/(_.
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In the discussion after Theorem 1.6 we explained that it implies Theorem 1.4
with strict inequality. Using the same idea, one can show that Theorem 1.21 yields
the following improved version of Theorem 1.17:

Corollary 1.22. Let n < 7 and X™ be an oriented band with Property A. If g is a
Riemannian metric on X with scal(X, g) > n(n — 1), then

2
width(X, g) < %

Theorem 1.21 is related to Conjecture 1.12. To bridge the gap between them we
investigate under which conditions on Y, the trivial band Y x [—1, 1] has Property
A in Sections 2.1.2 and 2.5.1. Our main result in this vein is:

Theorem 1.23. Let (n—1) # 4 and Y™ be a closed orientable manifold which does
not admit a metric with positive scalar curvature. Then Y x [—1,1] has Property A.

We combine Corollary 1.22 and Theorem 1.23 to establish:

Corollary 1.24. Let (n—1) # 4 andn < 7. Let Y™ ! be a closed orientable manifold
which does not admit a metric with positive scalar curvature and X =Y x [—1,1].
If g is a Riemannian metric on X with scal(X,g) > n(n — 1), then

p
width(X, g) < ——.
n

Furthermore, we can use the doubling argument of Gromov and Lawson [28] and
Almeida [1] to conclude the following:

Corollary 1.25. Let (n—1) # 4 andn < 7. Let Y™ ! be a closed orientable manifold
which does not admit a metric with positive scalar curvature and X =Y x [—1,1].
If g is a Riemannian metric on X with scal(X,g) > n(n — 1), then

xle%fX H(0X,g)(x) <0.

Finaly, we notice that for R > 0 small enough and X" = Y2 x R? the manifold
X\Ug(Y x {0}) is diffeomorphic to Y x St x [0, 00). We employ Corollary 1.22 to
establish the following result with regards to Conjecture 1.9:

Corollary 1.26. Let (n—2) # 4 andn < 7. Let Y™ 2 be a closed orientable manifold
which does not admit a metric with positive scalar curvature and X =Y x R%. Then
X does not admit a complete metric with uniformly positive scalar curvature.

In Chapter 3 we combine the techniques we developed in Chapter 2 with ideas
of Cecchini and Zeidler from [10, 75] to prove Theorem II, a partitioned scalar and
mean curvature comparison principle for bands with Property A. Theorem II will
then be used to establish Conjecture 1.8 for orientable manifolds in dimension n < 7.
The results of Chapter 3 were obtained in joint work with Cecchini and Zeidler and
correspond to parts of the preprint [9)].

Gromov and Lawson [30, Section 6] first proved Conjecture 1.8 for enlargeable
spin manifolds. Cecchini [11] and Zeidler [76] showed that these results can be
generalized for spin manifolds with non-vanishing Rosenberg index. Recently, new
results in this vein appeared in [15], in connection with the positive mass theorem.
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In particular [15, Theorem 1.1] implies Conjecture 1.8 for closed aspherical manifolds
of dimension < 5, which do not admit positive scalar curvature by [16, 33].

We motivate the main idea behind Theorem II and our approach to Conjecture
1.8. Let X” =Y X R be as in Conjecture 1.8 with Y orientable and n < 7. Assume
for a contradiction that g is a complete Riemannian metric on X with positive scalar
curvature. The band width estimate Conjecture 1.11 does not imply Conjecture
1.8 since scal(X,g) may not be uniformly positive. However, if we consider a
compact segment of (X g), for example Y x [—1,1] C X, the scalar curvature is
uniformly positive on this segment and non-negative on the segments Y x [—C, —1]
and Y x [1,C] for any C' > 1. On the other hand, our partitioned comparison result
Theorem IT will imply that the width of the segments Y x [—C, —1] and Y x [1, C]
is bounded from above by a constant, which depends on the uniform lower bound on
scal(X, ¢) in Y x [—1, 1] and the width of Y x [—1,1]. Since the metric g is assumed
to be complete, we can choose C' > 1 large enough to produce a contradiction.

As before, we work in the general setting where (X, g) has Property A. Further-
more, we assume that (X, g) is partitioned into multiple segments with possibly
different lower scalar curvature bounds.

Definition 1.27. Let X be a band and X;, for ¢ € {1,...,k}, be closed embedded
hypersurfaces such that 3; properly separates 0_X and 0, X and ; properly
separates ;1 and 0. X for i € {2,...,k}. We call (X,%;, k) a partitioned band
and denote by V;, for j € {1,...,k + 1}, the segments of X bounded by X,_; and
the 3;, where ¥y = 0_X and ¥4 = 0; X.

Theorem II. Letn < 7 and (X™,%;, k) be an oriented partitioned band with Property
A. Let g be a Riemannian metric on X and (Mj, g,,) for j € {1,...,k+1} be strictly
log-concave model spaces over a scalar flat base. If

> scal(Vj, g) > scal(Mj, g,,) for all j € {1,...,k+ 1},
> H(0-X,g) > H(0-My, gy,) and H(0; X, g) > H(04 My+11, 9y, )
> H(0;Mj,g,,) = —H(0-Mj41,9,,.,) forall j € {1,... k},

then width(V;, g) < width(Mj, g,,) for at least one j € {1,...,k+ 1}.

Via a suitable choice of model spaces, Theorem II implies the following result
concerning a Riemannian band with Property A and a positively curved segment.

Theorem 1.28. Let n < 7 and (X", %;,2) be an orientable partitioned band with
Property A. Let g be a Riemannian metric on X and k > 0 be a positive constant. If

> scal(Va, g) > kn(n — 1),
> scal(X, g) >0,

and we denote d := width(Vs, g) < %, then

min{width(V7, g), width(V3,¢9)} < ¢ = cot <M> .

2
VEN 4
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In combination with Theorem 1.23, a deformation result of Kazdan [45] and the
Cheeger-Gromoll splitting theorem, Theorem 1.28 yields:

Theorem 1.29. Let (n—1) # 4 andn < 7. Let Y™ be a closed orientable manifold
which does not admit a metric with positive scalar curvature and X =Y xX R. Then
X does not admit a complete metric with positive scalar curvature. Moreover, if
g is a metric on X with non-negative scalar curvature, then (X, g) is isometric to
(Y x R, gy + dt?), where gy is a Ricci flat metric on'Y.

Thus we established Conjectures 1.8-1.12 for orientable manifolds in dimension
n < 7. The dimensional restriction only enters the argument through the regularity
theory for pu-bubbles. If this issue could be circumvented, our methods could be
used to prove Conjectures 1.8-1.12 for orientable manifolds in all dimensions.

1.3 Macroscopic Scalar Curvature

In the second part of this thesis (Chapter 4) we explore a different aspect of positive
scalar curvature and the band width estimate Theorem 1.4. Instead of asking
whether the torus can be replaced by other manifolds which do not admit positive
scalar curvature, we ask whether the curvature condition itself can be replaced by a
lower bound on the macroscopic scalar curvature of (T™~ x [—1,1], g). This notion
of curvature was introduced by Larry Guth in [34]. We summarize:

The value scal(X, g)(x) of the scalar curvature at a point z in a Riemannian
manifold (X", g) appears as a coefficient in the Taylor expansion of the volume of a
geodesic ball of radius R around z:

~ scal(X, g)(x)

vol(Bg(z)) = w,R" (1 6(n +2)

R* + O(R4)> : (1.3.1)

where w,, is the volume of the unit ball in euclidean space R™. It follows that, if the
scalar curvature of (X, g) at a point x is positive, there is a A(X, g, ) > 0 such that
all R-balls in (X, g) centered at X with R < A\(X, g, x) have vol(Bg(z)) < w,R".
Hence, for R small enough, the scalar curvature of (X, g) at X can be quantified
by comparing the volumes of R-balls around x with their counterparts in 5™, R"
and H", the standard simply connected manifolds with constant scalar curvature. If
we carry out this volume comparison (see [34, Section 7]) for all radii R > 0 we get:

Definition 1.30. Let (X", ¢) be a Riemannian manifold and z € X. The macro-
scopic scalar curvature at scale R at x, denoted by scalg(z), is defined to be the
number S such that the volume of the ball of radius R around any lift of x in the
universal cover of X equals the volume of the ball of radius R in a simply connected
space with constant curvature and with scalar curvature S.

The universal cover is used to ensure that the macroscopic scalar curvature of a
flat torus is zero at any scale. If X is closed and one does not consider balls in the
universal cover, but in (X, g) itself, then the macroscopic scalar curvature would be
positive at a large enough scale. By (1.3.1), we have

zlziino scalgr(X, g)(x) = scal(X, g)(x). (1.3.2)
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The study of macroscopic scalar curvature originates from [24]. In this work,
Gromov’s main conceit is the following: in a complete Riemannian manifold which
is large, in a suitable sense, compared to R", one can always find a ball of at least
euclidean volume for any radius R > 0. To make this precise he introduced several
notions of largeness for complete Riemannian manifolds and conjectured that each
of them is sufficient for the existence of such large balls.

Phrased in terms of the macroscopic scalar curvature of a closed Riemannian
manifold, this yields the following intriguing conjecture:

Conjecture 1.31 ([24]). Let (X", g) be a closed Riemannian manifold. If the
universal cover (X, g) is large, then

;g)f( scalgp(X, g)(z) <0

at all scales R > 0. In particular, there is a point zo € X with scal(X, g)(xo) <0

Remark 1.32. The conclusion that the scalar curvature of (X, g) has to vanish at
some point is based on two observations:

> For a closed Riemannian manifold (X, g) with positive scalar curvature, we can
find a uniform constant A\(X, g) such that all R-balls in (X, g) with R < A\(X, g)
have vol(Bg(z)) < w, R" (compare the paragraph after (1.3.1)).

> For R small enough the R-balls in (X, g) agree with the R-balls in (Y . 3).

Furthermore, many notions of largeness introduced in [24] are preserved under
bi-Lipschitz diffeomeorphisms. Since any two Riemannian metrics on a closed smooth
manifold X are in bi-Lipschitz correspondence (the identity is a Lipschitz map), it
follows that whether or not (X, g) is large, often does not depend on the particular
choice of g. The following can be viewed as special case of Conjecture 1.31:

Conjecture 1.33 ([24]). Let X™ be a closed aspherical manifold. If g is any
Riemannian metric on X, then

ég)f( scalp(X, g)(z) <0

at all scales R > 0. In particular, there is a point zo € X with scal(X, g)(xo) <0

The conclusion that a closed aspherical manifold X™ does not admit a metric
with positive scalar curvature has been established in certain cases. By work of
Rosenberg [57, Theorem 3.5] it holds true whenever m;(X) satisfies the strong
Novikov conjecture. Furthermore, by recent work of Chodosh and Li [16] and
Gromov [33], it holds true if n <'5.

Conjecture 1.33 on the other hand has not been established for any closed
aspherical manifold and is widely considered to be out of reach with the present
methods.

One possible way to approach Conjecture 1.33 is to study quantitative versions
of it ie instead of searching for a ball of radius R in (X, g) with volume > w, R",
one replaces w, with a smaller constant ¢,,. Remarkable breakthroughs in this vein
have been made by Guth [35-37]. In [36, Corollary 3] he proved the following:



Macroscopic Scalar Curvature 23

Theorem 1.34 ([36]). For every n > 1 there is a constant €, > 0 such that the
following holds. Let X™ be a closed aspherical manifold and g any Riemannian
metric on X. Then for every R > 0 there is a point x in the universal cover (j(v, 9)
such that

vol(Bg(z)) > ,R".

Remark 1.35. We point out that, by rescaling the metric, it suffices to prove
Theorem 1.34 for any fixed radius R > 0. For simplicity, we work with R =1 from
Nnow on.

One can rephrase Theorem 1.34 to end up with:

Theorem 1.36 ([36]). For every n > 1 there are constants €, > 0 and S, > 0 such
that the following holds. No closed aspherical manifold X™ admits a Riemannian
metric g with the property that scaly (X, g) > S, or equivalently that all unit balls in
the universal cover (X,g) have volume less than &,.

This result does not suffice to prove the non-existence of metrics with positive
scalar curvature on closed aspherical manifolds. If one rescales it to understand
scalr(X, g), one obtains inf,cx scalg(X, ¢)(z) < S,R™? which, in the limit R — 0,
yields nothing (compare (1.3.2)).

It does, however, imply the systolic inequality for a closed aspherical manifold
X" according to which there is a dimensional constant C,, such that, for any metric
g on X the length of the shortest non-trivial loop in (X, g) is bounded from above
by C,vol(X, g)%. This result was first established by Gromov in [23].

Based on this observation, Guth [34, Section 7] proposed that the notion of
macroscopic scalar curvature can be used as a metaphor to connect systolic geometry
and the study of Riemannian manifolds with positive scalar curvature. Following this
idea, one tries to identify results or conjectures concerning Riemannian manifolds
with positive scalar curvature which, at least quantitatively, have their analogs in
the macroscopic setting. In this sense Theorem 1.36 is the macroscopic analog of the
conjecture that no closed aspherical manifold admits a metric with positive scalar
curvature.

In Chapter 4 we investigate a macroscopic analog of the band width estimate
Theorem 1.4 and Conjecture 1.11. The main conceit is that, if a closed manifold
Y"1 does not admit a Riemannian metric with scal; > S,_; and ¢ is a Riemannian
metric on X =Y x [—1, 1] with scal;(X, g) > S,, then the width of (X, g) should
be bounded from above by a uniform constant, which is independent of Y or g.

We proceed in two steps. First, we observe that Theorem 1.36 holds not only for
aspherical manifolds but also for enlargeable manifolds in the sense of [8, 13, 30]. We
define a class of closed orientable manifolds we call filling enlargeable by combining
the notion of the filling radius of a complete Riemannian manifold [23] with the
definition of enlargeability. We prove that this class has the following properties:

> If a closed orientable manifold Y is enlargeable or aspherical, then it is filling
enlargeable as well,

> If a closed orientable manifold is filling enlargeable, then Y x S! is filling
enlargeable as well.

> Theorem 1.36 holds true for filling enlargeable manifolds,
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We then use a doubling trick, inspired by [1, Theorem 1.1, 28, Theorem 5.7] and
their application to Theorem 1.3, to prove the following main result of Chapter 4:

Theorem III. For all n > 1 there is a constant ¢, > 0 such that the following
holds. Let Y™ ! be a closed filling enlargeable manifold and X =Y x [-1,1]. If g
is a Riemannian metric on X with the property that all unit balls in the universal
cover (X, g) have volume less than %5n, then width(X, g) < 1.

Furthermore, to put this result into perspective, we investigate how the class of
filling enlargeable manifolds fits into the pantheon of large manifolds. We adapt
ideas of Brunnbauer and Hanke [8] to prove that whether or not a closed oriented
manifold is filling enlargeable, only depends on the image of its fundamental class
under the classifying map of the universal cover. In particular we construct a vector
subspace H:"(BI';Q) C H,(BTI'; Q) of 'small classes’ in the rational group homology
of a finitely generated group I' such that:

Theorem 1.37. Let Y™ be a closed oriented manifold. Then'Y is filling enlargeable
if and only if ¢.|Y] € H,(Bmi(Y); Q) is not contained in H™(Bm(Y); Q).

As a consequence, we obtain the following metric characterization of rationally
essential manifolds with residually finite fundamental groups:

Corollary 1.38. A closed oriented manifold Y™ with residually finite fundamental
group s rationally essential if and only if it is filling enlargeable.

1.4 Organization of this thesis

In Chapter 2 we develop the scalar and mean curvature comparison principle and
prove Theorem I in Section 2.4. We discuss its applications in Section 2.1.1 and list
the topological ingredients for Theorem 1.23 in Section 2.1.2. In Section 2.2 we recall
basic properties of warped products and motivate our choice of model spaces for the
comparison principle. In Section 2.3 we discuss p-bubbles, the variational theory
surrounding them and some of the main tools we use to understand the geometry of
bands with lower scalar curvature bounds. In Section 2.5.1 we prove Theorem 1.23.
Furthermore, we investigate non-trivial bands with Property A and prove that the
trivial band over a closed aspherical 4-manifold has Property A.

In Chapter 3 we use the techniques and results developed in Chapter 2 in
combination with ideas from [10, 76] to prove the partitioned comparison principle
Theorem II and Theorem 1.29.

The main result of Chapter 4 is Theorem III, which will be proved in Section
4.3 after a discussion of largeness properties of manifolds in Section 4.2, where the
notion of filling enlargeability is introduced.



Scalar and Mean Curvature
Comparison via p-Bubbles

The main goal of this chapter, which corresponds to the preprint [54] available on the
arXiv, is to prove Theorem I, our scalar and mean curvature comparison principle.
Furthermore we show that Theorem I implies Conjecture 1.12 for orientable manifolds
Y in dimension n < 7. As we indicated in Section 1.1, Conjectures 1.9, 1.10 and
1.11 will follow suit for these manifolds.

So far, Conjecture 1.12 has been established for spin bands X" with infinite
vertical A-area by Cecchini and Zeidler [14, Theorem 7.6]. This class of, possibly
non-trivial, odd-dimensional spin bands includes in particular X =Y x [—1,1],
where Y is a closed enlargeable spin manifold. Hence Conjecture 1.12 holds true for
any even dimensional torus.

The methods in [14] are based around a variation of the index theoretic approach
to positive scalar curvature, where the classical spinor Dirac operator is modified
in terms of potential functions. Cecchini and Zeidler had previously used these
techniques [12, 75] to prove Conjecture 1.11 for closed spin manifolds with non-
vanishing Rosenberg index.

We will approach Conjecture 1.12 in two steps, as was outlined in Section 1.2.
First, we establish Theorem I as a general principle regarding scalar and mean curva-
ture comparison between Riemannian bands with Property A and warped products
over closed scalar flat Riemannian manifolds. It provides a general framework, in the
context of which the connections between previous results, regarding Riemannian
bands with lower scalar curvature bounds, become apparent.

Via a choice of model space Theorem I implies Conjecture 1.12 for oriented bands
X" with Property A in dimension n < 7. The second step will be to investigate which
topological conditions on a band X ensure that it has Property A. In particular, we
prove Theorem 1.23 ie if Y"1 is closed orientable, n — 1 # 4 and Y does not admit
a metric with positive scalar curvature, then X" = Y"1 x [—1,1] has Property A.

In dimension 4, where Seiberg-Witten theory provides counterexamples to Con-
jecture 1.12 (see Remark 1.7), we prove that X = Y* x [—1,1] has Property A if V'
is a closed aspherical manifold.

The formulation of Theorem I and our choice of model spaces is inspired by [14].
However, instead of relying on the Dirac operator, we follow ideas of Gromov, which
already appear in [26, Section 5%] and are developed further in [31, Section 9] and
[32, Section 5], and use a version of the minimal surface approach involving so called
p-bubbles (see Section 2.3). Here the usual area functional is modified in terms of a
potential function.

25
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It is important to point out that the potential functions we use in this augmenta-
tion of the minimal surface approach also appear in the work of Cecchini and Zeidler,
where they are used to modify the Dirac operator. This parallelism indicates further
connections between these new methods.

We conclude these introductory remarks by reminding the reader of our mean
curvature convention:

Remark 2.1. Let (X, g) be a Riemannian manifold with boundary X # (. In
this article H(0X, g) denotes the trace of the second fundamental form of X with
respect to the inner unit normal vector field. With this convention the unit sphere
S~ C R™ has mean curvature (n — 1).

2.1 Comparison Principle

The following section contains an in depth discussion of Theorem I, the main result
of this chapter. We review its statement and survey its applications by providing
various examples of model spaces and bands with Property A. Throughout this
section we restate definitions and results from the Introduction for the convenience
of the reader.

Definition 1.19. A smooth function ¢ : [a,b] — R, is called log-concave if
d* ZAGAY

for all t € [a,b]. If the inequality is strict we say that ¢ is strictly log-concave. In
case of equality we say that ¢ is log-affine.

Definition 1.20. Let (N, gn) be a closed Riemannian manifold with constant scalar
curvature. A warped product

(M, g,) = (N x [a,b], 9*()gw + dt?)

with warping function ¢ : [a,b] — R, is called a model space if scal(M,g,) is
constant and ¢ is strictly log-concave or log-affine.

Theorem 1. Let n < 7 and X" be an oriented band with Property A. Let g be a
Riemannian metric on X and (M™, g,) be a model space over a scalar flat base with
warping function ¢ : [a,b] — Ry. If

> scal(X, g) > scal(M, g,),
> H(a:tXa g) > H(a:l:Ma ggo);
we distinguish two cases:
1. If ¢ is strictly log-concave, then width(X, g) < width(M, g,,).

2. If ¢ is log-affine, then (X, g) is isometric to a warped product
(N x [c,d), * g5 + dt2> :

where (N,gN) is a closed Ricci flat Riemannian manifold.
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Remark 2.2. It is expected that part (1) of the Theorem I is rigid as well ie for
¢ strictly log-concave we have width(X, g) = width(M, g,,) if and only if (X, g) is
isometric to a warped product

(N X [a,b],goQgN + dtQ) ,

where (N, gy) is a closed Ricci flat Riemannian manifold. For spin bands with
A(8_X) # 0 this holds true by work of Cecchini and Zeidler [14, Theorem 8.3,
Theorem 9.1]. In our case there are some obstacles yet to be overcome (see Remark
2.31). On the other hand the log-affine case ie part (2) of Theorem I is not treated

in [14].

Remark 2.3. Even if rigidity in (1) can be established, both parts of Theorem
I have to be treated separately, as the width of the band plays a role only in the
strictly log-concave case. We point out that we have no control over the width of
the band in part (2) ie the log-affine case and X can be isometric to a model space
of arbitrary finite width.

Remark 2.4. It turns out that Theorem I holds true for any oriented band X in
dimension n = 2, where the condition that no closed embedded hypersurface admits
a positive scalar curvature metric is vacuous. This will become apparent in Section
2.4 (see Remark 2.54).

2.1.1 Model Spaces and Applications

To understand the different types of results we can deduce from Theorem I, we
consider five exemplary model spaces. Throughout this subsection (N"71 gy) is
fixed to be a closed scalar flat Riemannian manifold.

2
For = < /_ < {; < T and the ¢(t) = cos (%t)" (strictly log-concave), the
warped product
(N x [0, 04],¢°(t)gn + dt?)

is a model space with scalar curvature n(n — 1). Plugging this into part (1) yields
the following result which was already mentioned in the introduction:

Theorem 1.21. Let n < 7 and X be an oriented band with Property A. Let g be a
Riemannian metric on X. If

> scal(X,g) > n(n—1)
> H(0+X,g) > F(n—1)tan (%) for some =T <{_ </l <7,
then width(X,g) < ¢, —(_.

In dimension n < 7, Theorem 1.21 generalizes Theorem 1.6, as T"~! x [—1, 1] has
Property A (see 2.1.2). In the discussion after Theorem 1.6 we saw that Theorem
1.6 implies Theorem 1.4 since (n — 1) tan (%t) —ooast— .

The same observation yields that Theorem 1.21 implies the following version of
Gromov’s band width inequality, which upgrades Theorem 1.17 to strict inequality.
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Corollary 1.22. Let n <7 and X™ be an oriented band with Property A. If g is a
Riemannian metric on X with scal(X,g) > n(n — 1), then

2
width(X, ) < 2~

Furthermore Theorem 1.21 implies a generalization of Theorem 1.3 for n < 7:

Corollary 2.5. Let n <7 and X™ be an oriented band with Property A. If g is a
Riemannian metric on X with scal(X, g) > n(n — 1), then

inf H(0;X,z) + mf H(@ X,z) <0.

x€dy X €I
For 0 < /_ </, < o0 and ¢(t) = tr (strictly log-concave) the warped product
(N x [0, 0], @*(t)gn + dt?)
is a scalar flat model space. Plugging this into part (1) yields:

Theorem 2.6. Let n < 7 and X" be an oriented band with Property A. Let g be a
Riemannian metric on X. If

> scal(X,g) >0
> H(0+X,g) > :EZ(ST;U for some 0 < {_ < {, < 00,

then width(X,g) <y —/(_.

Since 2(” 201 4 5o as t — 0 and 2(” D s 0ast — 00, Theorem 2.6 allows one

to estimate the width of a Rlemannlan band (X, g) with Property A if its scalar
curvature is nonnegative and 04X (or 0_X) is strictly mean convex.

Corollary 2.7. Let n <7 and X™ be an oriented band with Property A. If g is a
Riemannian metric on X with scal(X, g) > 0 and H(0+X) > 0, then

2(n—1)
n (inf:c68+X H(0. X, x)) '

width(X, g) <

For 0 < /_ </, < oo and ¢(t) = sinh(%t)% (strictly log-concave) the warped
product
(N x [f—a€+]7 @2(1:)9]\/ + dt2)

is a model space with scalar curvature —n(n — 1). Plugging this into part (1) yields:

Theorem 2.8. Letn <7 and X" be an oriented band with Property A. Let g be a
Riemannian metric on X. If

> scal(X,g) >0
> H(@iX)>j:(n—1)coth( )forsome()<€ </l < o0,

then width(X,g) <y —/(_.
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Since (n — 1) coth (%) —ooast— 0and (n— 1)COth(%t> —n—1ast— oo,
Theorem 2.8 allows one to estimate the width of a Riemannian band (X, g) with
Property A if its scalar curvature is bounded from below by —n(n — 1) and 0, X
(or O_X) has mean curvature > n — 1. For 7" ! x [—1,1] this had already been
observed by Gromov [27, Section 4]:

Corollary 2.9. Let n <7 and X™ be an oriented band with Property A. If g is a
Riemannian metric on X with scal(X,g) > —n(n —1) and H(0.X) >n — 1, then

2
width(X, g) < —arcoth < inf H(0;X,x)
n

n — 1 anJrX ) )
For —oco < /- <l < oo and ¢(t) =1 (log-affine) the warped product

(N x [0, 0], gn + dt?)

is a scalar flat model space. Plugging this into part (2) yields the following rigidity
result, which is probably well known to experts although we were not able to find a
reference for it in the literature.

Theorem 2.10. Let n < 7 and X" be an oriented band with Property A. Let g be a
Riemannian metric on X. If

> scal(X, g) > 0,
> H(a:l:X7g) > 0;

then (X, g) is isometric to a product (N x [c,d], g5 + dt?), where (N, gg) is a closed
Ricci flat Riemannian manifold.

For —oo < (_ < {, < oo and ¢(t) = exp(t) (log-affine) the warped product
(N X [0, 4], 9*(t)gn + dt?)
is a model space with scalar curvature —n(n — 1). Plugging this into part (2) yields:

Theorem 2.11. Let n <7 and X™ be an oriented band with Property A. Let g be a
Riemannian metric on X. If

> scal(X, g) > —n(n — 1),
> H(0:X,9) 2 £(n— 1),

then (X, g) is isometric to a warped product (N x [c,d], exp(2t)gg + dt*), where
(N,gN) is a closed Ricci flat Riemannian manifold.

Remark 2.12. Special cases of Theorem 2.11 appear in [26, Section 5%, p. 57-58]
and in [31, Section 9], where its relation to the hyperbolic positive mass theorem is
explained. Furthermore there are cubical versions of Theorem 2.10 and Theorem
2.11, which involve the dihedral angle between adjacent faces. Li provided general
results in this direction in [47] and [46, Theorem 1.3].
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2.1.2 Topological Results

The results of Section 2.1.1 apply to oriented bands X with Property A. Gromov
provides a list of examples for such bands in [32, Section 3.6], which we expand
significantly. In particular we establish the following optimal result for trivial bands
in dimension n > 6 (see Section 2.5.1).

Proposition 2.13. Let n > 6 and Y™ ! be a closed connected oriented manifold
which does not admit a metric with positive scalar curvature. Then'Y x [—1,1] has
Property A.

In the spin setting we recall an observation by Zeidler [75, 76].

Proposition 2.14 ([75, 76]). Let n > 2 and Y™ ! be a closed connected oriented
spin manifold with Rosenberg index a(Y') # 0 € KO,_1(C*mY). Then Y x [—1,1]
has Property A.

Since any closed orientable manifold of dimension < 3 which does not admit
a metric with positive scalar curvature is necessarily spin and has non-vanishing
Rosenberg index, these two results suffice to establish the following general result
which already appeared in the introduction:

Theorem 1.23. Let (n—1) # 4 and Y™ be a closed orientable manifold which does
not admit a metric with positive scalar curvature. Then Y X [—1,1] has Property A.

Furthermore we consider a class of bands which are not necessarily trivial.

Definition 2.15. A closed connected oriented manifold Y"7! is called NPSC™ if
it can not be dominated by a manifold which admits a metric with positive scalar
curvature. In other words: if Z" ! is a closed oriented manifold and there exists a
continuous map f: Z — Y with deg(f) # 0, then Z does not admit a metric with
positive scalar curvature.

Definition 2.16. A connected oriented band X" is called over-NPSCT if there is a
NPSC*-manifold Y" ! and a band map f: X — Y x [—1,1] with deg(f) # 0.

Proposition 2.17. A connected oriented over-NPSC™ band has Property A.

Remark 2.18. The two classical examples of NPSC*-manifolds one should have in
mind are enlargeable manifolds (compare [30, Theorem 5.8], [13, Theorem A] and [30,
Proposition 5.7]) as well as Schoen- Yau-Schick manifolds (compare [64, Theorem 1],
[61] and [16, Definition 23]).

Chodosh and Li [16, Theorem 2] and Gromov [33, Section 7] used u-bubbles
to prove that closed aspherical manifolds of dimension < 5 do not admit metrics
with positive scalar curvature. We implement Gromov’s approach from [32] in the
language of [16] and present a proof of the following in Section 2.5.2

Theorem 2.19. All closed connected oriented aspherical 4-manifolds are NPSCT.

Remark 2.20. In the first arXiv version of [54] there was a mistake in the proof of
Theorem 2.19, which was pointed out to us by Otis Chodosh and Chao Li (the missing
piece was Proposition 2.68). In subsequent joint work with Yevgeny Liokumovich
they classified sufficiently connected manifolds in dimension 4 and 5 which admits a
positive scalar curvature metric. Their result implies Theorem 2.19 as well (see [17,
Theorem 3]).
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2.1.3 Synthesis

In Section 2.1.1 we explored the applications of Theorem I to several model spaces.
In Section 2.1.2 we provided examples of bands with Property A. Here we combine
both aspects and highlight some interesting applications of the general theory we
have displayed.

A combination of Corollary 1.22 and Theorem 1.23 yields the following result
towards Conjecture 1.11.

Corollary 1.24. Let (n—1) # 4 andn < 7. Let Y™ ! be a closed orientable manifold
which does not admit a metric with positive scalar curvature and X =Y x [—1,1].
If g is a Riemannian metric on X with scal(X,g) > n(n — 1), then

2
width(X, g) < -,
n

Remark 2.21. We point out that Corollary 1.24 implies the S!-stability conjecture
of Rosenberg [58, Conjecture 1.24] for closed connected orientable manifolds of
dimension (n —1) € {1,2,3,5,6}.

In dimension 4 a combination of Corollary 1.22, Proposition 2.17 and Theorem
2.19 yields a band width estimate for trivial bands over closed aspherical manifolds:

Corollary 2.22. Let Y4 be a closed connected aspherical manifold. If X =Y x[—1,1]
and g is a Riemannian metric on X with scal(X, g) > n(n — 1), then

2
width(X, g) < -,
n

Remark 2.23. In Corollary 2.22 Y may be nonorientable since we can pass to the
orientable double cover, which is a closed connected aspherical manifold as well.

Finally we deduce our main result towards Conjecture 1.9:

Corollary 1.26. Let (n—2) # 4 andn < 7. Let Y"2 be a closed orientable manifold
which does not admit a metric with positive scalar curvature and X =Y x R%. Then
X does not admit a complete metric with uniformly positive scalar curvature.

To see this we point out that if Dr C R? denotes the closed R-ball around the
origin in the euclidean metric, then ¥ x (Dg\D;) =Y x S* x [—1,1]. Since Y is
orientable, does not admit a metric with positive scalar curvature and dim(Y") # 4
we deduce from Corollary 1.24 that Y x S* does not admit a metric with positive
scalar curvature either.

Hence, if (X, g) is complete and has uniformly positive scalar curvature, the
width of the band (Y x (Dg\Dy), g) is bounded from above independent of R (if
dim(Y) # 3, then we can apply Corollary 1.24 to (Y x (Dg\Dy), g); if dim(Y) = 3,
then both Y and Y x S! are spin and have non-vanishing Rosenberg index and we
can apply Corollary 1.22 and Proposition 2.14). For R — oo this is a contradiction.
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2.2 Warped products

In this section we recall some facts about warped products and develop the general
framework for scalar and mean curvature comparison of Riemannian bands.
The following definitions and formulas are standard knowledge.

Definition 2.24. Let (N, gy) be a closed Riemannian manifold and ¢ : (a,b) — R
be a smooth positive function. The warped product over (N, gy) with warping
function ¢ is

(M, g,) == (N x (a,b),9*gx + dt?) .

The scalar curvature of (M, g,,) is determined by the scalar curvature of (N, gn)
and the warping function (. The following formula

seal(M.g,)(p.£) = 5 scal(N, ) (2) = 2(n = 1)

oo (2

is obtained by a straightforward calculation (see also [32, Section 2.4]).

If we denote N; := N x {t} for t € (a,b) and consider V; as the boundary of
N x (a,t], then its second fundamental form with respect to the inner unit normal
vector field is a diagonal matrix whose entries are all equal to

st = 20

It follows that N; is an umbilic hypersurface and its mean curvature is given by

HN) = (=12 o). (2.2.2)

Finally, we rearrange (2.2.1) in terms of h,, to obtain:

scal(M, g,)(p,t) + %h@(tf + 2K () = scal(N, gn) (). (2.2.3)

1
w*(t)
This formula, which combines information on scalar and mean curvature of a warped
product, is the basis on which we build a comparison principle.

2.2.1 Comparison of two Warped Products

As a first step towards a scalar and mean curvature comparison principle for Rie-
mannian bands, we compare two warped products (M, gy, ) and (Ma, g,,) over the
same base manifold (IV, gy). The results in this subsection are purely motivational
and do not factor into the proof of Theorem I.

We start off with the simplest situation, where the warping functions ¢, and ¢,
have the same domain [a,b] and the base manifold (N, gy) is scalar flat.

Here we observe the following prototypical result, which can be regarded as a
first proof of concept for Theorem I and all the comparison results it implies:
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Proposition 2.25. Let (N, gn) be a closed scalar flat Riemannian manifold. Let
©1 : [a,b] = Ry and @3 : [a,b] — Ry be two smooth positive functions. If

> scal(M, g,,) > scal(M, g,,),
> H<aﬂ:M7 9901) > H(azl:Ma gtPQ)z
then hy, = hy, ie equality holds in both conditions.

Even though the statement of Proposition 2.25 is geometric in nature, its proof
is purely analytical and based on:

Lemma 2.26. Let ¢ : [a,b] — Ry and ¢ : [a,b] — Ry be two smooth positive
functions. Then h,, = hy, if and only if
> Agh? 20 < ehY o+ 2h0,,

> h‘Pl (&) S h<,02 (a) and h<,01 (b) 2 hsﬁ2(b)

Proof. The idea is to reduce the statement to a comparison result for the Riccati

equation which can be found in [5, Lemma 4.1]. Consider @;(t) = (2 ”T’lt) ? as
functions [a,b] — R, where a := 23/@ and b := % We denote
C o [Th e (22 [ n—1
hi(t) == 25= = (n—1) = hy, | 2 t].
©i(t) n—1 0; (2 nT—lt) n—1 n
Then
A~ ~ - 1 n — 1
hi(t) + hi(t) = W2 (2=t +2n |2 t].
Furthermore, if we denote ; := —h2(t) — h(t), we see that ky < k1 and

@ (t) + ripi(t) = 0.
At this point we are in the situation where we can apply [5, Lemma 4.1] to conclude.
For the convenience of the reader, we repeat the proof here. Hence

t
0= [ 1(8h+ ko) = (B + k1 21)
= (1% — ¢1¢)| + / (K2 — k1)1
and therefore
t
Q1(t)@y(t) — @L(t)P2(t) = P1(a)@y(a) — P(a)pe(a) +/é (k1 — Ko)P1P2.  (2.2.4)

(a) and the second term on the

Now ¢1(a)@h(a) — (@)$a(a) > 0 since (@) < hy
nd 199 > 0. It follows that
Pyt

right hand side is nonnegative since ko < K1 an
/

() _ 00
1(8) o)
for all t € [a,b]. By (2.2.4) hy(a) = ho(a) if equality holds at t. We can replace a by
any to € [a,t] in the argument above since hy(to) < ho(to). Hence hy = hy on [a, t] if
equality holds at ¢. Since hl(b) > hy(b) by assumption and hy(b) < ho(b) by (2.2.5),
equality holds at b. Hence hy = hy on [, b] and therefore hy, = hy, on [a,b]. O

\_/

>

PLt)Py(t) — 1 (H)@a(t) > 0 < & hy(t) < ho(t) (2.2.5)

~—

>
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Proof of Proposition 2.25. Since (N, gy) is scalar flat (2.2.3) implies

hi, (1) + 20, (t) = —scal(M, g, ) (p. 1)

n
< = scal(M,g,,) (p, 1) = I, (1) + 2H, ().
Furthermore we have
hsm (CL) = —H(an, gcpl) S _H<8*M7 gcpz) = h<p2 ((I)

and
h@l(b) = H(8+M7 9@1) > H<8+M7 gcpz) = hm(a)

by (2.2.2). Thus hy,, = hy, by Lemma 2.26. O

Next, we allow the warping functions to have different domains. Let (N, gn) be
a closed scalar flat Riemannian manifold and ¢ : [a,b] — R, and ¢ : [c,d] — Ry
two positive functions.

To compare the scalar curvature of the warped products (M, g,,) and (Ma, g,,)
pointwise, we need to choose a band map ® : M; — M. In this setting the canonical
choice is ® = idy x ¢, where ¢ : [a,b] — [c,d] is given by t — EZ:S; (t—a)+ec

To prove a comparison result like Proposition 2.25 we want to apply Lemma 2.26
to the functions h,, and 7%,2 = hy, 0 ¢ = h, where

@2t [a,b] = Ry t— @a(op(t))de.

Hence we need to ensure that scal(My, g,, )(p,t) > scal(Ma, g,,)(p, ¢(t)) implies

n ~ ~
(t) < mhf@ (t) + 2h.,,(t).
for all ¢ € [a,b]. By (2.2.3) this works if

W, (6(1)) < 1, (1) = h, (6(1)9 (1),

which in turn holds true if A}, (¢(t)) = 0 or h, ($(t)) < 0and ¢'(t) < lieb—a > d—c.
For this reason we consider strictly log-concave or log-affine warping functions
in our comparison results.

Proposition 2.27. Let (N, gn) be a closed scalar flat Riemannian manifold. Let
01 [a,b] = Ry and ¢y : [e,d] — Ry be two positive functions. Consider the
warped products (M, g,,) and (Ma, g,,) and the map ¢ : [a,b] — [c,d] given by

t oo (t—a) +c. If gy is log-affine,

> scal(M, g, ) (p, t) > scal(Ma, g,,) (p, ¢(t)),

> H<8Mlvg<p1) 2 H(aM27g<p2);

then hy, = hy, o ¢ ie equality holds in both conditions.
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Proof of Proposition 2.27. Denote hy,, = hy, 0 ¢ : [a,b] — R. By (2.2.3)

seal(Mi, g, ) (p. 1) = ————=h2 (t) = 20, (1)
as well as
seal(My, g,,)(p: (1)) = ———=h2, (8(1)) = 2H,(6(t) = ———=h% (¢),

since ¢, is assumed to be log-affine ie h{,, = 0. Hence

n -~ n -~

< —— 2,(t) = — 1hf@(t) + 20, (1).

Furthermore hy, (a) < hy,(a) and hy, (b) > hy,(b) (this follows from (2.2.2) and the
assumption on mean curvature). Now Lemma 2.26 implies h,, = he,. [l

Proposition 2.28. Let (N, gn) be a scalar flat Riemannian manifold. Let ¢y :
la,b] — Ry and ¢y : [c,d] — Ry be two positive functions. Consider the warped
products (M, g,,) and (Ms,gy,) and the map ¢ : [a,b] — [c,d] given by t —

Eg:g; (t —a) + c. If @y is strictly log-concave,

> Scal(M17gs@1)(p7 t) Z Scal(MQagi.m)(pa ¢(t))7
> H<8Mlagsa1) 2 H(8M2>gtp2)7

> width(My, g,,) > width(Ms, g,,),
then b —a =d —c and hy, = h,, o ¢ ie equality holds in all three conditions.

Proof of Proposition 2.28. Denote EPQ = hy, 0 ¢ : a,b] = R. As before:

T )4 2 (1) S AL (00) + 2K (010)
~1 . (2.2.6)
< hG, () + 200, (),

where we used that ¢, is log-concave and ¢ is 1-Lipschitz for the last inequality.
Furthermore hy, (a) < hy,(a) and hy, (b) > hy,(b). If b—a > d —c ie ¢ is strictly
1-Lipschitz, the last inequality in (2.2.6) would be strict since h/,, < 0. This is

impossible because Lemma 2.26 implies h,, = h,. O]

In the following we want to generalize Proposition 2.27 and Proposition 2.28, the
prototypes for the two parts of Theorem I, to allow for the comparison of Riemannian
bands with warped products over closed Riemannian manifolds with constant scalar
curvature.

2.2.2 Structural Maps

To compare the scalar and mean curvature of two Riemannian bands (X, ¢) and
(V,7) pointwise, one has to choose a band map ® : X — V. If scal(V, 7) is constant
and H(JV, ) is constant on d_V resp. 0,V the outcome does not depend on the
choice of .
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If (V,7) is a warped product (M, g,) over a closed Riemannian manifold (N, gn)
with warping function ¢ : [a,b] — R, the second condition is always satisfied as
the mean curvature of M = 0_M U ;M with respect to g, is constant equal to
+hy(a) on 04 (M) (see (2.2.2)).

Furthermore, if scal(NV, gn) is constant, then scal(M, g,,)(p,t) only depends on
the t-coordinate (see (2.2.3)) and therefore the scalar curvature comparison between
(X, g) and (M, g,,) only depends on ¢ := pr|, ;0@ : X — [a,b].

This is the situation we focus on for the rest of this chapter ie (X", g) will be a
Riemannian band, (N"~! gy) will be a closed Riemannian manifold with constant
scalar curvature and (M", g,) will be a warped product over (N, gn) with warping
function ¢ : [a,b] — R;.

To compare (X,g) and (M, g,) we fix a point py € N, choose a band map
¢: X — [a,b] and define ® : X — M by z — (po, ¢(z)).

While every choice of ¢ enables us to compare the scalar and mean curvature of
(X, g) and (M, g,,) pointwise, we will need ¢ to preserve some geometric structure
to prove comparison results like Proposition 2.27 or Proposition 2.28. We denote
h=h,o¢: X — R and consider a "pullback’ version of equation (2.2.3) on (X, g).

Definition 2.29. A band map ¢ : X — [a, b], which is used to compare (X, g) and
(M, g,), is called structural if it is smooth and for any closed embedded hypersurface
Y} with outward unit normal field v which separates 9_X and 0, X the inequality

scal(X, g)(z) + %hz(x) +29(Vh(z),v(z)) > Sc(N,gn)  (2.2.7)

¢?(¢(z))
holds at all points x € X.

In Section 2.3 we will use pu-bubbles to prove the following Proposition:

Proposition 2.30. Let n < 7 and (X, g) be an oriented Riemannian band. Let
(N, gn) be a closed oriented Riemannian manifold with constant scalar curvature
and (M, g,,) the warped product over (N, gn) with warping function ¢ : [a,b] — R..
If there is a structural band map ¢ : X — [a,b] and

H(ﬁiX7 g) > H(a:tMJ g@)?

there is a hypersurface ¥ C X, which separates _X and 04X such that:

1 1
— - > )
Ayx + 5 scal(X, g) > 272(0) Sc(N, gn)

Remark 2.31. From a conceptual perspective one should be able to relax the as-
sumption H(0+ X, g) > H(0+M, g,,) in Proposition 2.30 to H(0+ X, g) > H(0+M, g,)
if ¢ is log-concave. However, we are only able to do so whenever ¢ is log-affine (see
Section 2.3.1). If ¢ is strictly log-concave we can work around certain aspects of the
problem but fall short of the desired result. The reason for this indiscrepancy is the
lack of a strong maximum principle for pu-bubbles.

In light of Proposition 2.30 we try to identify situations where there are structural
maps to compare (X, g) and (M, g,). As in Proposition 2.27 and Proposition 2.28
we assume ¢ to be strictly log-concave or log-affine.
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Lemma 2.32. Let (X, g) be a Riemannian band, (N, gn) be a closed Riemannian
manifold with constant scalar curvature and (M, g,) be a warped product over (N, gn)
with warping function ¢ : [a,b] — Ry. If ¢ is log-affine, then any smooth band map
¢ : X = [a,b] such that scal(X, g)(x) > scal(M, g,)(po, ¢(x)) is structural.

Proof. Let ¥ be a hypersurface which separates 0_X and 9, X in X. If ¢ : X — [a, b]
is smooth, and scal(X, g)(z) > scal(M, g,,)(po, #(x)), then

scal(X, g)(z) + %fﬂ(m) +29(Vh(z), v(z)) = scal(X, g)(z) + %lﬁ(m)

since Vh = 0 (yp is log-affine) and

n

seal(X, g)(x) + ——=h*(x) > scal(M, g,) (po, §()) + ——<h%(6(x))
1
= ——S¢(N
2o(a) Vo)
which implies that ¢ is structural. ]

Lemma 2.33. Let (X, g) be a Riemannian band, (N, gn) be a closed Riemannian
manifold with constant scalar curvature and (M, g,) be a warped product over (N, gn)
with warping function ¢ : [a,b] — R,. If

> ¢: X — [a,b] is a smooth 1-Lipschitz band map,
> ¢ is log-concave and
> scal(X, g)(z) = scal(M, g,)(po, §(x)),

then ¢ is structural.

Proof. Let 3 be a hypersurface which separates 0_X and 0, X in X. Since ¢ is
log-concave ie h:o < 0 and ¢ is 1-Lipschitz we have

n n

12 (@) + 29(Vh(z), v(x)) = —<h%(6(x)) + 2, (6(x))| Vo
> I (6(x)) + 2H(8(a)).

Together with scal(X, g)(x) > scal(M, g,,)(po, ¢(x)) and (2.2.3) it follows that ¢ is
structural. O

The following can also be found in [79, Lemma 4.1] and [14, Lemma 7.2].

Lemma 2.34. Let (X, g) be a Riemannian band. If width(X,g) > a — b, there is a
smooth band map ¢ : (X, g) — [a,b] with Lip(¢) < 1.

A combination of Lemma 2.33 and Lemma 2.34 yields:

Lemma 2.35. Let (X, g) be a Riemannian band, (N, gn) be a closed Riemannian
manifold with constant scalar curvature and (M, g,) be a warped product over (N, gn)
with warping function ¢ : [a,b] — R.. If ¢ is log-concave, scal(M, g,,) is constant,
and the following holds true
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> scal(X, g) > scal(M, g,),
> width(X, g) > width(M, g,,),
there exists a structural band map ¢ : X — [a,b]. [

Remark 2.36. If Lip(¢) < 1 in Lemma 2.33 and ¢ is strictly log-concave, we get
strict inequality in (2.2.7). This observation is important as it allows us to obtain
strict inequality for the operator in Proposition 2.30 later (see Remark 2.42). In
particular this applies to the band map ¢ we get from Lemma 2.35.

2.2.3 Model Spaces over Spheres

The notion of a model space (compare Definition 1.20) for scalar and mean curvature
comparison of Riemannian bands is motivated by our observations so far. In addition
to those we introduced in Section 2.1.1 one considers annuli in simply connected
space forms.

Let (S™, g1)\{p1,p2} be the round unit n-sphere with two antipodal points
removed. This has constant scalar curvature equal to n(n — 1) and can be written
as a warped product

(S”l X (—g, g),cosz(t)gl + dt2> ,

where (S"7!, g;) is the unit sphere in one dimension less. Since cos(t) is strictly
log-concave we see that for —5 < /_ <, < § the warped product

(S"‘l x [0_,0,],cos?(t) g1 + dt2)

is a model space.
Let (R™, gsta)\{0} be euclidean space with the origin removed. This is scalar flat
and can be written as a warped product

(87! x (0,00), g1 + dt*)
Since t is stricly log-concave we see that for 0 < /_ < ¢, < oo the warped product
(S771 x [0, 6., gy + dt?)

is a model space.
Let (H™, g_1)\{p} be hyperbolic space with a point removed. This has constant
scalar curvature equal to —n(n — 1) and can be written as a warped product

(S”’l x (0, 00),sinh?(t)g; + dtQ) :

Since sinh(t) is strictly log-concave we see that for 0 < /_ < ¢, < oo the warped
product
(8771 x [0, ¢4], sinh® () gy + dt?)

is a model space.
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Remark 2.37. Let (X", ¢) be a Riemannian spin band and (M, g,,) one of the
above model spaces. Let ® : X — M be a smooth 1-Lipschitz band map with
degree non zero. In [14, Corollary 10.4] Cecchini and Zeidler prove the following: If
scal(X, g) > scal(M, g) and H(01X,g) > H(0+M, g), then ® is an isometry.

As is explained in [32, Section 5.5] one can recreate similar results using p-bubbles
and a stabilized version of Llarull’s theorem [50] in dimension 3 < n < 7 (one does
not need to assume that n is odd).

However, as rigidity for strictly log-concave warping functions remains problem-
atic in our setting (see Remark 2.2) the best result we could obtain at this moment
is: If scal(X, g) > scal(M, g) and H(0+X,g) > H(0+M, g), there is no smooth band
map ¢ : X — M with degree non-zero and Lip(®) < 1.

2.3 p-Bubbles

We briefly introduce the most important definitions and results (cf. [16, Section 3],
[32, Section 5.1] and [79, Section 2]) concerning p-bubbles. As a good reference for
the theory of Caccioppoli sets, which will be used freely throughout the rest of this
section, we recommend [22, Chapter 1].

Let (X, g) be an oriented Riemannian band and h be a smooth function on
X. Denote by C(X) the set of all Caccioppoli sets in X which contain an open
neighborhood of d_X and are disjoint from 0, X.

For () € C(X) consider the functional

Ap(Q) = H YOO N X) — /Q hdH",

where 9*() is the reduced boundary [22, Chapter 3, 4] of Q.
We denote o
= inf{4,(Q)|2 € C(X)}

and call a Caccioppoli set Q € C(X) a p-bubble if A,(2) = Z ie 2 minimizes the
Ap-functional among all Caccioppoli sets in X, which contain a neighborhood of
0-X and are disjoint from 0, X.

Remark 2.38. To preempt any confusion we remind reader of our mean curvature
convention in Remark 2.1, according to which H(0_X) is the trace of the second
fundamental form with respect to the inner unit normal field.

However, if Q) is a smooth Caccioppoli set which contains an open neighborhood
of 9_X and 3 is a connected component of dQ N X, then the mean curvature H (f])
is the trace of the second fundamental form with respect to the unit normal field
pointing into (. Hence, if 3 approaches d_X then H () approaches —H(d_X) and
if 32 approaches 9, X, then H(Y) approaches H (9, X).

Lemma 2.39 (see [32, Section 5.1]). If n <7 and H(0+X) > £h on 0+ X, there is
a smooth p-bubble Q ie a smooth Caccioppoli set Q € C(X), with A,(Q) =T.

Proof. We adapt the proofs of [79, Proposition 2.1] and [16, Proposition 12]. For
t > 0 denote by QF the t-neighborhoods of 9+ X. Since 9+ X is smooth Qf has a
foliation by smooth equidistant hypersurfaces L5=° for ¢ small enough.
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Denote by v} the unit normal vector field to ¥4 pointing in the direction of 04X
and by H(X%) the trace of the second fundamental form of X% with respect to —v3.
By possibly making ¢ even smaller we can guarantee

div(v®) = H(Z%) < h(z) on QL and div(v]) = H(X5) > h(z) on Q.

Let Q be any Caccioppoli set with 9_X C Q and 9+ XN Q=0. A
We want to see the following: if we add QF to 2 or substract Qf, from Q we do
not increase the value of Ay,

An(QUOQENQL) — AR (Q) = HHIQL\Q) — H L "N QL) + H (09, N Q)

—HOONQ) - / ChdMr+ [ hdH"
QP A\Q QL NQ

The divergence theorem and our assumption on A implies

/ hdH" > / div et dH”
Qt\Q Q

LA\Q
= (vE v)dH
" (QL\Q)
> HHOQN\Q) — HH QN QL)

and

/ hdHh < [ divesdH®
Qimﬂ

Q4NQ
— s d n—1
a*(ﬂgmﬁ)<l/+’ v)dH
< —HTHOQL N Q)+ HTH (O QN Q).

We conclude that

An(QUQEN\QL) — An(Q) <0, (2.3.1)
which implies that it is enough to search for a minimizer among all Caccioppoli sets
in X with QY CQaninﬁQ:@.

If C is a constant such that |h| < C on X, then for any such Caccioppoli
set we have A,(Q) > —CH"(X) > —oo. We choose a minimizing sequence €.
By compactness for Caccioppoli sets (compare [22, Theorems 1.19 & 1.20]) o
subconverges to a minimizing Caccioppoli set €2 which contains an open neighborhood

of 0_X and is disjoint from 0, X. Smoothness of 2 follows from the regularity
theorem [78, Theorem 2.2]. O

If O € C(X) is smooth and ¥ is a connected component of QN X, we denote by
v the outwards pointing unit normal vector field, by A the second fundamental form
with respect to —r and by H the trace of A. We present the first and second variation
formula for the Aj-functional (cf. [79, Proof of Theorem 1.4] or [78, Equation 1.2]).

Lemma 2.40 (First variation formula). For any smooth function ¢ on S let Vi be

a vector field on X, which vanishes outside a small neighborhood of S and agrees
with Yv on X. If we denote by ®, the flow generated by Vy, then
d

T t:oAh(q)t(Q)) = /2(H — h)pdH" . (2.3.2)
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Lemma 2.41 (Second variation formula). For any smooth function v on S let Vi

be a vector field on X, which vanishes outside a small neighborhood off] and agrees
with Yv on X. If we denote by ®, the flow generated by Vy, then

d2

dt? |i—

A(@(Q) = [ [V + (H = Ric(v,v) ~ |AP — Hh — (Vxh. 1)),
which is equal to
1 .
L1950 S (seal(X, g)—scal(, ) H+] AP0~ (Hh+9(Vx () )0 (233

Proof. We differentiate the first variation formula employing the following Leibniz
rule: If f is a smooth function on X, then

d

oo Jo, P = [HE + TR,

t=0 /5

Furthermore we use the formula
[ o(VxHs, w)wrar = = [[[Vf? = (Ric(v,v) + |AP)u?dn ™",
and the standard trick to rewrite
Ric(v,v) = ;(scal(X, g) —scal(X,9) + H* — |A]?)

from [64, p. 165]. O

If ©2 is the p-bubble we get from Lemma 2.39, then the mean curvature H of X
is equal to h by Lemma 2.40 and by stability and Lemma 2.41, we see that

0< /2 IVsy|? — ;(SC&I(X, g) —scal(¥,9) — H* + |A)Y* — (Hh + g(Vxh,v))?
= /Z Vs]? — ;(scal(X, g) —scal(%, g) + H? + |[A])¢? — g(Vxh,v)¢®

1
< [ IVsul? = S(scal(X, g) = scal (T, g) + ——=h* + 29(Vxh, v)¥?,
E —_—
where we used |A]* > nH—_Ql for the last inequality. By rearranging terms, we conclude

1 1
/ Ve P'+3 scal(E, g)p*dH" " > / §(sca1(X7g>+%h2+2g<vxh,v)>w2dH”—1.
by p) -
(2.3.4)

We are now ready to prove Proposition 2.30:

Proof of Proposition 2.30. By assumption there is a structural band map ¢ : X —
la,b]. Thus h = hy,0 ¢ is a smooth function on X and by assumption H (04 X) > %h.
Since n < 7 Lemma 2.39 yields a smooth minimizer §2 for the Aj-functional, which
contains a neighborhood of 0_X and is disjoint from 0, X. Hence ¥ = 0f2 separates
0-X and 0, X in X. Furthermore by (2.3.4)

1 1 n
2, - 2 n—1 > - g2 2 n—1
/2|V21/1\ +280al(2,g)z/1 dH" > /2 2(scal()§,g)+n_ 1h +29(Vxh,v))*dH
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for any ¢ € C'°(X). Since ¢ is structural this implies

2 1 2 n—1 1 2
/E Vsl + 5 seal (S, g)utdm " > /Z 5529 SN )Y

and hence

1 1
— - > )
Ay, + 5 scal(X, g) > 272(9) Sc(N, gn)

]

Remark 2.42. Let (X, g) be an oriented Riemannian band, (M, g,) a warped
product over (N,gy) and ¢ : X — [a,b] a smooth band map. If ¢ is strictly
log-concave, scal(X, g)(z) > scal(M, g,(po, #(x)) and ¢ has Lip(¢) < 1, then ¢ is
structural by Lemma 2.33. As was observed in Remark 2.36 we even get strict
inequality in (2.2.7) in this case as g(Vxh,v) > h/,. Hence the argument above
yields

1
—Ay + 5 scal(X, g) > Sc(N, gn).

1
2¢0%(¢)

2.3.1 Constant Mean Curvature Surfaces

If Q2 is a smooth minimizer for the A;, functional, then > = 9N X is often called a
prescribed mean curvature (or short PMC) surface in the literature (see for example
[78]). This terminology is based on the observation that H(X) = h‘z by the first
variation formula.

In the following we assume h to be a constant function. In this case X is
called a constant mean curvature (or short CMC) surface and our main goal is to
understand what happens if we relax the strict boundary condition H(0+X) > £h
to H(0+X) > +h in Lemma 2.39. In the proof of Lemma 2.39 the assumption
H(d:+X) > +h was used to show that there is a minimizing sequence €, in C(X)
which converges to a Caccioppoli set 2 € C(X).

This fails if we relax to H(0+X) > +h, since it might happen that the limit
of any minimizing sequence €, in C(X) contains points of 8, X or does not contain
a neighborhood of 0_X any more. However, for h constant, we can use a strong
maximum principle to address this issue.

To make this precise we slightly change our set up. Let (X, g) be an oriented
Riemannian band and h be constant function on X. Without loss of generality we
can assume h to be nonnegative (otherwise we just change the roles of 0_X and
0. X). For some 0 > 0 we glue on collars 0_X x (—0,0] and 0, X x [0,0) on both
sides of X and extend the metric g smoothly to produce a Riemannian manifold
(X5, 95). This can be done in such a way that vol(Xy, gs) < vol(X, g) + 4.

Let C(X5) be the set of all Caccioppoli sets in X, which contain 0_X x (=6, 0]
and are disjoint from 9, X x (0,8). We replace H"1(8*Q N X) by H"1(9*Q) in
the Aj-functional and define Zs := inf{Ah(Q)’Q € C(Xs)}

Proposition 2.43. Let h > 0 be constant and n < 7. If H(0+X) > +h and
Q € C(X5) is a minimizer ie Ay (S2) = Zs, then any connected component of 9K is
either contained in X or agrees with a connected component of 0_X resp. 0, X.
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Proof. The main issue we face is that, a priori, 92 might not be smooth at the
points where it touches 0. X. This is due to the fact that we minimize the A,
functional with respect to the obstacles 9_X and 0, X.

The best a priori regularity result we can apply is [41, Theorem 1.3] (based on
[68]) according to which 99 is a C2-submanifold of X and hence has a C2 outer
unit normal vector field v. If h = 0, then 9 is even O, For a related discussion
see also [73, Paragraph after Theorem 1].

This, however, is not quite good enough (we would need C?) to use the following
observation which would imply Proposition 2.43 if 92 were smooth and had constant
mean curvature equal to h.

Claim. Let ©; and 5 be two smooth Caccioppoli sets in C(X;) such that €; C Qs
and their boundaries ¥; resp. Y, touch at a point p (ie p is contained in both 3
and Y, and the interior normal vector fields to X resp. 3, at p agree). Assume
furthermore that H(X,) is constant. Then, if H(X;) < H(X.), the connected
components of ¥; and Y5 which contain p coincide.

Proof of Claim. We adapt the proof of [77, Lemma 2.7]. Since the tangent planes
to X1 and Y, agree at p, there is a small ball U around p where both hypersurfaces
may be written as smooth graphs wu, us in the v direction over the common tangent
plane T,3; = T,%.

There is a positive definite second order elliptic operator L with smooth coeffi-
cients such that the difference u = uy — uy satisfies Lu > 0. Since X lies above X,
(with respect to v) we have v < 0 and uw = 0 at p. Hence we can apply the Hopf
maximum principle [21, Theorem 3.5] (it would suffice if the u; were only C?) to
see that u is constant equal to zero in U and thus ; coincides with Y5 in an open
neighborhood of p. It follows that the set where >; and Y5 agree is non-empty, open
and closed in YJ;. Hence the connected components of >; and > which contain p
coincide. O

To overcome this problem, we turn to [65] and [73], where strong maximum
principles, which do not require 9€) to be smooth, are established. For further
generalizations see also [74, Theorem 7.3] and [47, Section 3.1] for a free boundary
result in polyhedral domains.

We realize that, if h = 0, Proposition 2.43 follows directly from [73, Theorem 4]
or the main result of [65] (for the unfamiliar reader we point out, as it is done in
[73], that one may substitute 'varifold’ by ’C'-submanifold’ in these results).

Moreover, if A > 0, one can apply [73, Theorem 7] to show that a connected
component of J€2 can only touch a connected component of 9, X if they coincide.

To see this we refer to [78, Equation (1.2)] for the general first variation formula
of the A,-functional (compare with Lemma 2.40), according to which for any vector
field in X with g(X,rvy) > 0 at the boundary 0. X, we have

/ divao VAH"™ — / hg(V, v)dH"™ = 0,
o0 Elo)
since () minimizes the Aj;-functional in X. Hence
/ divon VAH™ = / hg(V, v)dH"™ L > — / BV |dH !,
o0 o0 o0

and the assumptions of [73, Theorem 7] are satisfied.
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Thus it remains for us to prove that a connected component of 92 can not touch
a connected component of J_ X, unless they coincide.

The proofs of [73, Theorems 4 & 7] as well as those of [74, Theorem 7.3] and [47,
Theorem 3.1] follow the same two step procedure, which was first developed in [65].

The first step is to show that the minimizing object can not touch the boundary
at a point where the mean curvature barrier condition is strict. This is sometimes
called a weak maximum principle. It is usually proved by contradiction; if the
minimizer were to touch the boundary, one could explicitly construct a test vector
field such that the first variation of the minimizer in the direction of this vector field
would be negative, which is impossible (cf. [73, Theorems 1 & 5], [74, Theorem 7.1]
and [47, Proposition 3.3]).

The second step aims to reduce the strong maximum principle to the weak
maximum principle. Again, this is done by contradiction; if the minimizer were to
touch the boundary at a point p but does not coincide with the boundary in any
open neighborhood of p, one could use the implicit function theorem for differentiable
maps between Banach spaces to find, in a small enough neighborhood of p, a smooth
hypersurface with the strict mean curvature barrier condition, which touches the
minimizer as well. This, of course, is impossible by the weak maximum principle.

The main source for this part of the argument is [65, Step 1, p. 687]. In fact,
it seems to be accepted in the literature that once the weak maximum principle is
established (cf. [73, Theorems 1 & 5|, [74, Theorem 7.1]) the corresponding strong
maximum principles (cf. [73, Theorems 4 & 7], [74, Theorem 7.3]) can be obtained
by just repeating the argument in [65, Step 1, p. 687] involving the implicit function
theorem with slight modifications. For the convenience of the reader, we will give
more details.

To prove that a connected component of 92 can not touch a connected component
of 0_X, unless they coincide, we follow this two step procedure.

For the weak maximum principle we assume that there is a point p € 0_X with
H(0-X,g)(p) >n > —h. By [73, Theorem 2] there is a compactly supported vector
field V' on X such that V(p) is a nonzero normal to 0_X and

/ divon VAH" ! + / n|V|dH"" < 0.
oN oN

If we choose the support of V' small enough and assume that 02 touches 9_X at p
ie p € 002 and the normal vectors coincide, then

0= / divoo VAH™ ! — / hg(V, ) dH"!
oN oN

</ divao VdH"! +/ [VIdH" <0,
o0 o0*Q

which is a contradiction. Hence p ¢ 02 and the weak maximum principle is
established.

For the strong maximum principle we now follow the ideas from [65, Step 1, p.
687, Additional Remarks pp. 690-691]. Furthermore, we draw some inspiration from
[47, Lemma 3.4].
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We will assume that 02 is connected. Otherwise we could treat each connected
component seperately. Let p € 0_X be arbitrary and assume that 02 touches 0_X
at p but does not coincide with 0_X in any neighborhood of p.

For R > 0 let B%(0) be the R-ball around the origin in 7, Xs. Our convention is
that 7,0_X C T,X corresponds to the plane z,, = 0 and the upper half space are
the directions which point into X. For R small enough the exponential map at p
restricted to B}(0) is a diffeomorphism onto its image in X;. We pull back the metric
via this diffeomorphism and denote the resulting Riemannian manifold by (B%(0), g).
For R small enough and some even smaller 0 < r << R the intersection of some
neighborhood of p in 0_ X with the image of B%(0) in X;, corresponds via exponential
map to the graph of a function f : R"~! — R restricted to B 1(0) = B*(0)NT,0-X
with f(0) = 0 and such that the derivative of f vanishes at the origin.

For some fixed R > 0 and varying 0 < r << R, we consider the rescaled manifold
(B%(0),772g) and within it the 10-ball

(DYos gr) := {x € (Bj(0),77%g) s.t. dist(z,0) < 10}

with the restricted metric. Of course this is just extra notation and (D7, ¢,) is
nothing but (B}, (0),772g). Within (D}, g,) we consider

(D7, g,) = { € (By(0),r %) sit. @, = O dist(x,0) < 1)

and for r small enough we know that a neighborhood of p in 0_X corresponds to a
graph of a function f,(z) := f(rz) over D}~! within D,
We proceed as in [71, Appendix] or [47, Lemma 3.4] and define a map:

¢:R xR x C*(Dy™h) x Cg*(Dy~) — ¢ (Dy ™)

by q(r,t,w,u) = H (graph(f, + u+ w +t), g,) +r(h—s), where s € (—¢, &) for some
small £ > 0, which we will choose later. It is verified in [72, Theorem in Section 1.3,
Appendix] that ¢ is indeed a C'-map.

Furthermore, since (D7, g,) converges to a euclidean 10-ball and f, to the zero
function as r — 0, we have the following linearized operator:

Dq(O,t,O,O) (07 Ov Oa U) = —AU,

which has trivial kernel in C2*(D7™!) and restricts to an isomorphism of Banach
spaces C*%(Dy) — C%(Dy) (the Poisson-problem for the unit ball in R™™! is
uniquely solvable).
By the implicit function theorem we find, for any choice of » and w small enough
(ie r € (—¢f,e}) and ||w||2,a < €5 for €7, €5 small enough, depending on s) and each
t € [-1, 1] a function u,.,, € Co*(Dy™") such that
H(graph(f, + tspriw +w+1),9,)) +1(h—s) =0.

For fixed s, r and w and varying ¢, the graphs of f, + us, ., + w + ¢t foliate a
neighborhood of p. We still have the freedom to choose € > 0 such that s € (—¢,¢).
As it is pointed out in [71, Note, p. 254], we can rid ourselves of the dependency of
e? on s by choosing € small enough ie we find uniform bounds ¢, and €5 for the sizes
of r resp. w which work for all s € (—¢,¢).



46 Scalar and Mean Curvature Comparison via pu-Bubbles

With these foliations at hand we can now tackle the strong maximum principle.
We assumed for a contradiction that 0€2 touches 0_X at p but does not coincide with
p in any open neighborhood of p. We choose € > 0 small enough and s € (—¢,¢).
For some r < &1, 3_X corresponds to the graph f : R"™! — R restricted to B*~1(0)
and the set {z € 9B"1(0) : (z,u(x)) ¢ OQ} is non empty.

We rescale the metric and look at the situation over (D77, g,) (here §_X is
the graph of f. over D7!). We find a non-zero function w > 0 € C>*(D}!) with
|w||2,0 < €2 such that on D! it is supported in {x € OD}™' : (x,u(x)) ¢ 00}
and such that the graph of f. +w lies below 9Q (ie if (z,y) € 9Q with x € 9D},
then f,(z) +w(x) < y).

For t € [—%, %] we find functions vg, ¢ = fr + Usyprw +w + 1 With us, ., €
Co* (D31 whose graphs foliate a neighborhood of the origin with

H(graph(vsrtw), gr) = H(graph(f, + usyrw +w +1),9,)) = —r(h — s).

From now on we keep r and w fixed and just vary s and t. Hence we denote
Vst = Us,rtw-

We rescale back and work over (B"~1(0), g). The vy, correspond to functions on
B~1(0). We will denote them by v,, as well. For a fixed s € (—¢,¢) and ¢t € [-%, §]
the vy, foliate a neighborhood of the origin and H(graph(vs,),g) = —h + s.

We claim that vy o(0) > f(0) = 0. Indeed, on B*~1(0), we have vog = f+w > f
and the inequality is strict at some points. Furthermore H (graph(vs;),g) = —h <
H(graph(f), g). As in the proof of the first claim L(f — vop) > 0 for some positive
definite second order elliptic operator L with smooth coefficients. On the other hand
f — o0 is <0 on OB !(0) and the inequality is strict at some points. By the Hopf
maximum principle [21, Theorem 3.5] we see that f —wg can not attain a maximum
at the origin. Hence f(0) — vg(0) < 0ie 0 = f(0) < vp(0). Therefore we can find
some so > 0 small enough such that vs,(0) > 0.

Now let ¢y be the smallest value of ¢ such that the graph of vy, 4, intersects 0f2.
Since OS2 contains the origin and v, ¢(0) > 0 it follows that ¢, is negative. It follows
that the graph of vy, 4, touches 9Q, but since vy, 4, = f + w + to on IB(0) we see
that 9Q touches the graph of vy, 4, in the interior of B"~'(0). On the other hand
H(graph(vs,4,),9) = —h + so. This contradicts the weak maximum principle and
therefore concludes the proof of Proposition 2.43. O

Lemma 2.44. If h is constant, n < 7 and H(0+X) > +h on 0.X, there is a
smooth Caccioppoli set Q@ € C(Xy), with Ap(Q) = L.

Proof. Since vol(Xs, gs) < vol(X, g) + 0 the A,-functional is bounded from below
on C(Xj). By compactness for Caccioppoli sets there is a minimizer €2 € C(X;). By
Proposition 2.43 any connected component of 0 is either contained in X and hence
smooth by the regularity theorem [78, Theorem 2.2| or agrees with a connected
component of 9_X resp. 0, X. O]

Let Q be the minimizer from Lemma 2.44 and ¥ = 0€). It is important to note
that €2 is only stationary and stable for variations which preserve X which is the
case if and only if the variation vector field has nonnegative scalar product with the
interior normal vector fields to 0+ .X.
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Let ¥y C ¥ be a connected component. If g C X all variation vector fields Vi
are admissible and we conclude H(3g) = h‘z by the first variation formula. By the
0

second variation formula and stability (2.3.4) holds for all {p € C*(Z).

If 3y agrees with a component of 0_X (the case ¥y C 9, X follows in analogous
fashion), we only consider variation vector fields V;, with ¢» > 0. By the first variation
formula

/2 (H — hypdH™ > 0

for all nonnegative ¢» € C*(X).

Since (H — h) is nonpositive on 0_X by assumption (remember Remark 2.38
ie H(Xy) = —H(0-X)) this implies H (%)) = h‘zo. By stability and the second
variation formula (2.3.4) holds for all ¢ € C*°(¥y) with ¢ > 0. Since the first
eigenfunction of the operator

1 1
~As, + 5 scal(To, g) — 5 (seal(X, g) + —=h* + 29(Vxh,v))

does not change sign (follows from elliptic regularity and the Hopf maximum
principle), this implies that the operator is nonnegative.

Remark 2.45. With Lemma 2.44 and the argument above we can prove Proposition
2.30 for constant h, with the weakened boundary condition H(04+X) > +h.

2.3.2 Warped pu-Bubbles

The following version of u-bubbles was introduced in [16, Section 3|. The results of
this subsection will be used exclusively in Section 2.5.2.

Let (X, g) be an oriented Riemannian band. Let v > 0 be a smooth function on
X and h be a smooth function on X respectively X. We fix a Caccioppoli set €
with smooth boundary, which contains an open neighborhood of 9_X and is disjoint
from 0, X. Hence all components of 02y, which are not part of 9_X are contained
in X. We consider

AL(Q) = /8 L udH = /X (X — Xao JhudH"

for all Caccioppoli sets Q) with QAQO contained in the interior of X (this implies
in particular, that ) contains an open neighborhood of 0_X and is disjoint from
0+ X).

A Caccioppoli set, which is minimizing A} in this class, is called a warped p-
bubble. The following existence and regularity result is [79, Proposition 2.1] and [16,
Proposition 12].

Lemma 2.46. If n < 7 and h(x) — £o00 as x — 0+ X, there exists a smooth
minimaizer Q0 for A}, such that QAQq is contained in the interior of X.

The first and second variation formulas for the Aj-functional are given in [16,
Lemmas 13 & 14]. One can obtain the second variation formula from the first
variation formula in the same way we obtained Lemma 2.41 from 2.40. In doing so
we reorder the terms in a slightly different way than it is stated in [16, Lemma 14].
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Lemma 2.47 (Warped first variation formula). For any smooth function ¢ on )
let Vi be a vector field on X, which vanishes outside a small neighborhood of ¥ and
agrees with Yv on 3. If we denote by @, the flow generated by Vy,, then

d A

Z| (@) = /2 (Hu + ¢(Vxu, v) — hu)pdH". (2.3.5)
t=0

Lemma 2.48 (Warped second variation formula). For any smooth function i on 3

let Vi be a vector field on X, which vanishes outside a small neighborhood of ¥ and

agrees with v on X. If we denote by ®, the flow generated by Vy, then

d2
dat?

AX(Dy())) = /Z Vtb[2u + (H? — Ric(v,v) — |APP)g2ut
t=0
2

d
+ (2Hg(Vxu,v) + — — Hhu — g(Vx (hu), )¢

which is equal to

/2 |Vg¢|2u — ;(scal(X, g) — Scal(i,g) — H? + |AP)Y*u
+ (2Hg(Vxu,v) + du Hhu — g(Vx(hu),v))y?. (2.3.6)

dv?

2.4 Proof of the Comparison Principle

In this section we prove parts (1) and (2) of Theorem I using the techniques from
Section 2.2 and 2.3. Regarding part (1) of Theorem I, we establish:

Theorem 2.49. Let n <7 and (X", g) be an oriented Riemannian band with the
property that no closed embedded hypersurface ¥ which separates 0_X and 0, X has
—Ay + £ scal(3,g) > 0. Let (M, g,) be a model space over a scalar flat base with
warping function ¢ : [a,b] — Ry. If ¢ is strictly log-concave,

> scal(X, g) > scal(M, g,),
> H(aiX, g) > H(aiMJ ng);
then width(X, g) < width(M, g,,).

Proof. If we assume for a contradiction that width(X,g) > width(M, g,) = b — a,
there is a small € > 0, such that width(X, g) > b—a+2e. Let (M., g;) be the model
space

(N X [a—¢,b+e], gy + dtQ) :

We compare (X, g) and (M., g;). According to Lemma 2.35 there is a structural
map ¢ : (X,g9) — [a —e,b+ €] with Lip(¢) < 1. Since ¢ is strictly log-concave
and H(0+X,g) > H(0+M, g,) we have H(0+X,g) > H(M., g;). Proposition 2.30,
together with Remark 2.36 and Remark 2.42, implies the existence of a hypersurface
3, which separates 0_X and 0, X and has —Ay + %scal(E,g) > 0. This is a
contradiction. O
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Theorem 2.49 implies part (1) of Theorem I with the help of the following classical
result of Kazdan-Warner [44] and Schoen-Yau [64]:

Lemma 2.50. Let (X"22,g) be a closed connected oriented manifold. If —Ayx +
%scal(E, g) is positive, then ¥ admits a metric with positive scalar curvature.

Proof. The proof is standard so we only recall the main ideas. Since the operator is
positive

/E A+ ;scal(Z, G2 > 0

for all ¢ € C%(X). If n = 2 we choose 1) = 1 and use Gauss-Bonnet to see that

1
0< / 3 scal(X, g) = 2mx(X).
>

It follows that > is a 2-sphere and hence admits a metric with positive scalar
curvature.

If n > 3, we consider the conformal Laplacian L, = —Ay + 4&7121) scal(X, g). Tt
is easy to see that this operator is positive as well. Hence the first eigenvalue A\;(L,)
is positive. It follows from elliptic regularity and the strong maximum principle that
the first eigenfunction u € C*°(X) can be chosen positive.

We then use this function for a conformal change of metric ie § = = g. We
conclude

. _ne24(n—1)
scal(3,§) = u n2 ﬁLgu >0
using the standard formula for scalar curvature under a conformal change of metric.

[
Regarding part (2) of Theorem I we establish:

Theorem 2.51. Let n < 7 and (X", g) be an oriented Riemannian band with
Property A. Let (M, g,) be a model space over a scalar flat base with warping
function ¢ : [a,b] — Ry. If ¢ is log-affine,

> scal(X, g) > scal(M, g,),
> H(aiX, g) > H(@iM, gso)}

then (X, g) is isometric to a warped product
(N x [e,d], 0*gx + dt2) ,

where (N, gx) 1s a closed scalar flat Riemannian manifold.

Proof. The following proof is an adaptation of the rigidity arguments presented in
[2, Section 2| and [79, Section 3|. Let ¢ : X — [a,b] be a band map. According to
Lemma 2.32 ¢ is structural. Following the proof Proposition 2.30, together with
Remark 2.45, we see that there is a hypersurface ¥, which separates _X and 0, X
and has

1 1
—Ayx + 5 scal(X, g) > 3 (Scal(X, g)+h2+ |A|2> >0,

where h = h, o . We start off by proving an infinitesimal splitting result.
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Claim 1. [cf. [2, Proposition 2.2]] For any connected component ¥y C ¥ which does
not admit a metric with positive scalar curvature, the following holds true:

> Yo is umbilic; all principal curvatures of ¥y are equal to %,
> scal(Xo, g) = 0 and scal(X, g) = scal(M, g,,) along Xy.

Proof of Claim. Let ¥y C ¥ be a connected component which does not admit a
metric with positive scalar curvature. Considering Lemma 2.50, we conclude that
the first eigenvalue of —Ay, + £ scal(Zg, g) is equal to zero.

If w; is the corresponding positive first eigenfunction, then

1
/2 5 (scal(X, g)+h*+ \A|2) w? = 0.
0

Consequently scal(X, g)+h?+|A|?> = 0 which is equivalent to —h?—|A|? = scal(X, g).
On the other hand scal(X,g) > scal(M,g,) = —-";h2, = —-5h* by (2.2.3).
Since [A2 > £ = 2 we conclude that scal(X, g) = scal(M, g,) along ¥, and

n—1 n—1
|A‘2 H2 _ 2

n—1"

At every pomt p € Xy the last equality forces A to be a diagonal matrix with all
entries equal to ﬁ with respect to any orthonormal basis at p ie ¥y is umbilic with
all principal curvatures equal to %

Regarding scal(Xy, g) we distinguish three cases: If n = 2, the term scal(X, g)
does not appear. If n = 3, we choose ¥ =1 in

1
/ Vs, ¥]* + fscal(Zg g)@b2 > 0.

By Gauss-Bonnet ¥ is a torus and scal(Xg, g) = 0.
If n > 3 we proceed as in [64, p. 166] and consider the first positive eigenfunction
wy € C®(Xy) corresponding to the first eigenvalue Ay of the conformal Laplacian

(n—3)
L,=-A ———scal(X .
g EO+4(7’L—2) ( 079)
If \yp were positive, one could use wy for a conformal change of metric which would
result in a metric with positive scalar curvature on ¥y (compare the proof of Lemma
2.50). Since this is impossible we conclude that A\g < 0. Hence

2(n — 2) 1 2)\0 n—

il Ny L 2:—/7 1S, g)w? + / </v
T | Vsl = = [ 5 seal(So. g)ud + wi < [ Vsl

Since 2(; 2 > 1 we see that A\g = 0 and w, is a constant function. Consequently

scal(Xo, ) is constant as well. Since the first eigenvalue of —Ay, + 3 scal(3, g) is
equal to zero we conclude scal(X, g) = 0.
Furthermore, we observe that the Jacobi operator associated to X is

1
—Ay, — (Ric(v,v) +|A]*) = — Ay, —§(scal(X, g)—scal(Xo, g) + H*+|A]*) = —Ay,.

]

Before we continue we point out the following topological fact:
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Claim 2. There is a component ¥y C ¥ such that ¥y x [—1,1] has Property A.

Proof of Claim. If this were not the case, we could replace each component of >
inside its tubular neighborhood by a closed embedded hypersurface which admits
a metric with positive scalar curvature. The union of all these components would
then be a closed embedded hypersurface which separates 9_ X and 0, X and admits
a metric with positive scalar curvature. This is impossible, since X is assumed to
have Property A. ]

Next, we use the infinitesimal splitting to establish that the desired warped
product splitting of (X, g) can be found locally around suitable components of 3.

Claim 3. [cf. [2, Theorem 2.3]] There is a connected component ¥, C ¥ and a
tubular neighborhood U of ¥4 which is isometric to the warped product

h
(ZO X (—e,¢e),exp(2s 1)90 + d32>

n J—
for some small € > 0, where gy denotes the metric on ¥, induced by g.

Proof of Claim. Since X has Property A, there is a connected component ¥y C X
which does not admit a metric with positive scalar curvature and such that o x[—1, 1]
has Property A (see Claim 2). The conclusions of Claim 1 hold for .

We follow the proof of [2, Theorem 2.3] respectively [79, Lemma 3.4] and use the
implicit function theorem to show that there is a foliation {3} _s<s<s around ¥
such that

> each X, is a graph over ¥, with graph function u, along the outward unit
normal field v with

d
Tslsols = 1 and . ugdH" ™ = s; (2.4.1)

> Hy = H(X;) — h is a constant function on ;.

For s € [0,0) let Q4 be the union of Q and the region bounded by ¥, and ¥,. By
choosing ¢ small enough, we can guarantee that the region bounded by Y, and X,
does not intersect 3\ Xo.

Since €2 minimizes the A, functional, there is a 0 < ¢’ < § such that H, — h >0
for all s € [0,0"). There are two possibilities: either H; — h > 0 for some s € [0,4)
or H, —h =0 for all s € [0,¢").

In the first case we choose a constant 0 < h < h < H, and consider the A;-
functional on the Riemannian band X bounded by £y and ¥, which is diffeomorphic
to ¥p x [—1,1] and hence has Property A. By Lemma 2.39 there is a smooth
hypersurface 33 which separates Yy and Xg with H (f]) = h and by stability and the
second variation formula we see

1 A 1 n o s
—A¢ + = > 2 .
AE+2scal(Z,g) 2 5 (scal(X,g)—l—n_lh ) >0

By Lemma 2.50, 3 admits a metric with positive scalar curvature. Since X has
Property A, this is a contradiction.
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It follows that Hy — h = 0 for all s € [0,0"). We show that {2 is a minimizer for
the Aj-functional as well:

An(Q0) = An(Q) = H* L () —H™ /hd?-[” //ft (H,—h)dH"'dt = 0,

where f; = (C‘ftut, ;) is the lapse function of ¥; moving along the foliation.
As Qg is a minimizer we can apply Claim 1 to 0€),. Since 3, is diffeomorphic to

> and does not admit a metric with positive scalar curvature, we conclude that
scal(X, g) = scal(M, g,,) along X, and

ap= e 0
® n—1 n—1

ie X¢ is umbilic and all principal curvatures of >, are equal to % Furthermore
scal(3s, g) = 0 and the Jacobi operator of ¥, is —Ay,.

By an analogous argument for negative values of s, we see that there is some
0 < ¢§” < § such that the above holds true for all ¥, with s € (—¢”,0]. We choose
some small 0 < ¢ < min{d’,0"}.

With the foliation we can write the metric as g = g, + f2ds?, where g, = g‘
As the lapse function f; satisfies the Jacobi equation [41, Equation (1.2)], which
reduces to Ay, fs = 0, we see that f; is constant. By rescaling the s-coordinate, if
necessary, we can assume fs = 1 and hence ¥ is s-equidistant to y. Since X is
umbilic for all s € (—¢,¢) we conclude that the map

S (Eo X (—8,5),exp(23n ﬁ 1)90 + d52> — (X, 9)

which is defined by
(p, 8) = exp,(sv)

is an isometry onto its image, which we denote by U. [

Let 3y be the component we get from Claim 3. We want to show that there is a
maximal interval [c, d] containing (—e, ¢) such that

S (Zo X [e, d], exp(2s il)go—kdf) — (X,9)

is an isometry. Note that if the map S is defined on ¥y x (¢, d’) it is also defined on
Yo X [¢,d'] since the normal geodesic can always be extended to times ¢’ resp. d'.

Claim 4. Assume that for some real number 0 < d’ the map

S (EO x [0,d"), exp(2s ﬁl)go%—dsQ) — (X, 9)

which is defined by
(p, ) = exp,(s1p)

is an isometry onto its image. Assume further that S (3o x [0,d’)) does not intersect
¥\Xo. Then the following holds true:
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> S(Xg x {d'}) does not intersect X\ X,

> if S(3 x {d'}) intersects J; X, it coincides with a component of 9, X,
> S (ZO x [0,d'], exp(2s-"7)go + dSQ) — (X, g) is an isometry onto its image,

Proof of Claim. Consider an increasing sequence s, — d' in [0,d’) and the corre-
sponding sequence X;, = S(Xo x {si}) of embeddings of 3. We denote by €, the
union of 2 and the region bounded by ¥, and X;,. As we have seen before (),
minimizes the Aj,-functional for any k£ € N.

Furthermore | Ay, |* = nh—jl = const for all k and H"1(X,,) < ZT+hvol(X, g) < oo.
By [7, Theorem 1.1] (and the comments thereafter) and the compactness theorem

[77, Theorem 2.11] for stable CMC-hypersurface, the limit S(3y x {d'}) of these
embeddings is an immersion. In fact S(Xg x {d'}) is an almost embedded [77,
Definition 2.3] stable CMC-surface with mean curvature equal to h.

To show that S(Xg x {d'}), which we will denote by ¥4, does not intersect X\ %,
we distinguish two cases. If Xy is embedded and coincides with a component Y of
¥\Xy (with the opposite orientation), then A = 0 (the normal vector fields to ¥
and X4 are inverse to each other and both have constant mean curvature equal to
h). If we consider the minimizing sequence ), for the Aj-functional, we see that
it converges to an open set ' with boundary ¥\ (2o UY') (X" and 34 cancel each
other out). Hence A, () < A,(£2) which contradicts the minimality of €.

If ¥4 intersects a component of ¥\, but they do not coincide, then the
minimizing sequence ()5, converges to an open set which is minimizing the Aj-
functional but has non-smooth boundary. This contradicts the regularity result [78,
Theorem 2.2]. Hence ¥, does not intersect 3\ X.

We denote by 2y, the region in X which is bounded by ¥; together with
Y\Xo and 9_X. Of course 0y is a minimizer for the A,-functional, as the limit
of the minimizing sequence €1, . If ¥4 touches 0, X it coincides with a connected
component of 9, X by the strong maximum principle Proposition 2.43. If ¥, does
not touch 0, X it is embedded as a boundary component of the minimizer €24 by the
regularity result [78, Theorem 2.2]. In both cases X4 is embedded and the smooth
limit of the embeddings ¥, .

It is important to point out that, since the image S (3 x (0, d']) does not intersect
¥\, it is contained in X\Q. Hence ¥4 is disjoint from Yy (the normal geodesics
to Xy do not close up).

We conclude that S : (ZO x [0,d'], exp(2s-L7)go + d52> — (X, g) is an isometry
(and not just a local isometry) onto its image. O

Let spax = 0 be maximal with the property that

h
5 (S0 x 0. smadhxp(2s, o ) = (X,)

is an isometry onto its image and that this image does not intersect ¥\Yg. We know
that Syax > 0. We show that sy.y is finite and that S(Xg X {Smax}) touches 9, X.
If $pmax = 00, then a connected component of X \X is isometric to

h
<ZO x [0, 00), exp(2s 1)90 + d32>
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which is impossible since X is compact.
Hence sy is finite. By Claim 4 the map

S (EO X [0, Smax], €xp(2s )90 + d32> — (X, 9)

n—1
sma -= 9(Z0 X {Smax}). As before, let
be the union of Q and S(X X [0, Syax]). Since Q. minimizes the Ay,-functional,
smax DY Claim 1.

is an isometry onto its image. We denote X
Qsmax
the metric splits infinitesimally around X

Assume for a contradiction that X, does not touch 0, X. Then X is
contained in X (remember that 3 can not touch 0_X since the normal geodesics
never cross %\Y) and therefore a tubular neighborhood of ¥ __  is contained in X.

Since ¥y x [—1, 1] has Property A we can repeat the proof of Claim 3 to show
that the metric splits locally around X, . Thus, there is some ¢ > 0 such that
S : (ZU X [0, Smax + q), exp(2s-<) go + ng) — (X, g) is an isometry onto its image
and such that the image does not intersect ¥\Xy. This contradicts the assumed
maximality of spay.

We conclude that S(X x {d}) touches 0, X. In this case we have already seen in
Claim 4 that S(X x {d}) coincides with a component of 0, X by the strong maximum
principle Proposition 2.43. We define d := Spax.

Using a version of Claim 4 for negative values of s, and by an analogous argument
involving a minimal value s,,;,, we see that for ¢ := s,,;, the map

Smax

S <EO X [e, d],exp(an 7

)90 + ds?) — (X, 9)

is an isometry onto its image and that S(Xg x {c}) resp. S(Xo x {d}) are components
of 0_X resp. 0, X. Hence the image is open and closed in X. Since X is connected,
we conclude that (X g) is isometric to

(zo < fevd]. exp(2s—"— g0 + dﬁ) ,

where ¢q is a scalar flat metric on X.
Since (n — 1)(log v(s)) = h, we see that

o(s) = exp (sn f -+ c) — exp (sn f 1) exp(C)

for some constant C' € R. We define (N, g5) to be (3o, exp(—2C)go). O

Theroem 2.51 implies part (2) of Theorem I. The last ingredient we need is the
following observation that appears in [28, Theorem 2.3] and is attributed to J. P.
Bourguignon:

Proposition 2.52. Let ¥ be closed connected Riemannian manifold. If ¥ does not
admit a metric with positive scalar curvature and g is a Riemannian metric on X
with scal(X, g) > 0, then (2, g) is Ricci flat.

Remark 2.53. The rigidity analysis in the Proof of Theorem 2.51 could be adapted
to prove rigidity of part (1) of Theorem I in case width(X,g) = width(}M, g,,) if
there was a way to guarantee the existence of a p-bubble in this situation. This is
connected to Remark 2.2 and Remark 2.31.
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Remark 2.54. As we already alluded to in Remarks 1.18 and 2.4, Theorem 2.49 as
well as Theorem 2.51 apply to any oriented band X in dimension n = 2, as for any
closed hypersurface 3 (a collection of circles), which separates 01X, the operator
—Ay + %scal(E, g) = —Agy has first eigenvalue equal to zero.

2.5 Proof of the Topological Results

2.5.1 Separating Hypersurfaces

Lemma 2.55. Let Y™ be a closed connected oriented manifold and X =Y x[—1,1].
If ¥ is a closed embedded hypersurface in X, which separates 0_X and 0. X, there
is one connected component ¥y of X2 that separates 0_X and 0. X.

Proof. Without loss of generality > can be assumed to be oriented, since nonori-
entable components are non-separating. Furthermore we can assume that > C X
(otherwise we isotope ¥ by flowing along the interior unit normal vector field to 0X
for a short time).

The relative homology group H;(X,0X) is generated by paths v : [0,1] — X
with v(0) € 9_X and (1) € 9, X. Since the hypersurface > separates 9_X and
0, X it has nonzero algebraic intersection with every such path ~. It follows by
Lefschetz duality that [¥] #0 € H, 1(X) = H,_1(Y) = Z.

Of course [X] is nothing but [Xo] + ... + [X,,], where 3; are the connected
components of ¥. Since [X] # 0 it follows that [¥;] # 0 for some i € {0,...,m}
(w.l.o.g. we can assume [Yg] # 0). Going back, by Lefschetz duality, ¥y has nonzero
algebraic intersection with any path v which connects 0_X and 0, X and therefore
it separates 9_X and 0, X. O

Lemma 2.56. Let X C X be a separating hypersurface in a band X. Then there
exists a union of components of ¥ which is a properly separating hypersurface in X .

Proof. Suppose that ¥ is a separating hypersurface that contains a component not
connected to both d_X and 9, X inside X \ ¥. Then the hypersurface ¥’ obtained
from X by deleting this component is still a separating hypersurface. This shows
that there is a minimal collection of components of > such that its union is still
separating yields the desired properly separating hypersurface. O

Lemma 2.57. Let X" be a connected oriented band and X' = Y"1 x [—1,1], where
Y is a closed connected oriented manifold. Let f : X — X' be a band map with
deg(f) =d # 0 and X" ! be a closed embedded hypersurface in X, which separates
0_X and 04 X. Then there is one connected component ¥y of ¥ such that the map
(pry o f) : ¥o — Y has nonzero degree.

Proof. Without loss of generality ¥ can be assumed to be oriented, since nonori-
entable components are non-separating. Furthermore we can assume that > C X
(otherwise we isotope X by flowing along the interior unit normal vector field to 0X
for a short time).

By Lemma 2.56 there is a union of components of 3 which is a properly separating
hypersurface. We denote this union of components by ¥'. By construction every
path 7 : [0,1] — X with 4(0) € 0_X and (1) € 0; X has algebraic intersection
number equal to one with X'
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Since f is a band map f o connects 9_X" and 0, X’. It follows that [¥'] is
Lefschetz dual to f*a, where « is the generator of H'(X',0X') & Z.
Consider the diagram:

N[X,0X]

HY(X,0X;7Z) = H, 1(X;Z)
f*[ lf*
H (X, 0x7) "0 g (xhz) P H, (Y3 7).

We conclude that (pro f).[>'] = d[Y]. Hence there is one connected component ¥,
of ¥’ with (pro f).[X'] # 0. By construction ¥y is also a component of . O

Proposition 2.58. Let Y be a closed connected oriented manifold of dimension
n—1>5and X =Y x [—1,1]. Let ¥g be a closed connected oriented hypersurface
separating 0_X and 04X in X. If Xy admits a metric with positive scalar curvature,
then so does Y .

Proof. The proof uses standard results and ideas from high dimensional topology.
We can assume that Yo € X (otherwise we isotope ¥y by flowing along the interior
normal vector field to 0X for a short time).

We want to see that Y can be obtained from ¥, by a finite sequence of surgeries
in codimension > 3 and hence, by the well known argument of Gromov and Lawson
[29, Theorem A], a positive scalar curvature metric on 3, can be transported to Y.
See [18] for full details of the proof of [29, Theorem A].

We denote by W the connected component of X\, which contains 9_X. Then
W is a cobordism W : Y ~~ ¥,. We restrict the projection X — Y to W and obtain
a retract map r : W — Y.

Claim. The cobordism W : Y ~» 3, and the retract map r : W — Y can be improved
via surgery in the interior of W to a cobordism Ws : Y ~» ¥4 with a retract map
ro : Wy — Y, which is 3-connected. The inclusion ¢ : Y — W, will be 2-connected
since ¢t o ry = tdyy.

Proof of Claim. If v(Y') denotes the stable normal bundle of Y, there is a stable
trivialization of r*v(Y) @ TW. Since r is a retract map the induced map () :
m (W) — m(Y) is already surjective and its kernel is finitely generated as a normal
subgroup of 71 (W), since w1 (W) is finitely generated and m(Y") is finitely presented
(see [62, Lemma 3.2]). Let a be a generator of ker(m (r)). Since 1 < n/2 we can
represent o by an embedding S! — W. Since W is oriented the normal bundle
of this embedding is trivial and hence we can kill a by surgery in the interior of
W. We obtain a cobordism W, : Y ~ ¥, and a retract map r, : W, — Y. After
repeating this step finitely many times we end up with Wy : Y ~» ¥4 and a retract
map r : W7 — Y, which is 2-connected.

Next we need to kill the kernel of mo(r1) : ma(W3) — mo(Y). In order to do so
one has to argue that this is possible with finitely many surgeries along elements of
ker(my(r1)). We proceed similarily as in the proof of [62, Proposition 3.1], which in
turn is based on [67, Lemma 5.6] and [69, Lemma 1.1]. Since Y and W, are compact
manifolds, if one starts with a handle decomposition of W, relative to Y one can use
handle cancellation [70] and the fact that Y < W; induces an isomorphism on 7



Proof of the Topological Results 57

and 7 to get rid of 0-handles and 1-handles. All the (finitely many) 2-handles in this
new handlebody are attached to Y via contractible maps (otherwise they would kill
elements in 7). Hence the 2-skeleton (W;,Y)® arising from this new handlebody is
homotopy equivalent to YV (Ve S?). The 2-spheres in this wedge product finitely
generate ker(my(r1)) as a Z[m(Y)]-module over the common fundamental group
7T1(Y) == 7T1(W1).

Since 2 < n/2 we can represent each of those generators by an embedding
f:5%— Wi. Since r o f(S5?) is contractible, there is a map g : D®> — Y such that
the following diagram commutes:

e i D3

ook

WlLY

The stable trivialization of r{v(Y)@®T W, induces a stable trivialization of f*rjv(Y)®
[ TWy =i*g*v(Y) @ f*TW;. But i*g*v(Y) is trivial since D? is contractible and
hence f*TW; = v(S%, W) @ T'S? is stably trivial. Since T'S? is stably trivial it
follows that v(S?, W) is stably trivial and since 2 < (n — 1)/2 we conclude that
v(S% W) is trivial.

Hence we can kill ker(m(r1)) in finitely many surgery steps. We end up with
a cobordism W5 : Y ~» 3 and a retract map ro : Wy — Y which is 3-connected.
Consequently the inclusion ¢ : Y < W5 is 2-connected. O

If we start with a handle decomposition of W5 with respect to Y we can use
handle cancellation [70] to get rid of all the 0-, 1- or 2-handles since the inclusion
t:Y — Wy is 2-connected. Turning this upside down this handle decomposition
can be interpreted as a handle decomposition of Wy with respect to 3. In this
interpretation the dimension of each handle becomes its codimension.

Consequently Wy can be obtained from ¥, x [—1, 1] by attaching handles of
codimension > 3 and Y can be obtained from ¥, by a finite sequence of surgeries in
codimension > 3. Thus, by [29, Theorem A], Y admits a metric of positive scalar
curvature if >y does. O

We have all the ingredients to prove the main results of Section 2.1.2. Proposition
2.13 follows directly from Lemma 2.55 and Proposition 2.58. Further Proposition
2.17 follows directly from Lemma 2.55 and Definition 2.15. For the convenience of
the reader we also include a proof of Proposition 2.14, which heavily draws on the
work of Zeidler [75, 76].

Proof of Proposition 2.14. By Lemma 2.55 there is one connected component >
of ¥, which separates 0_X and 0, X. We can assume that >, C X (otherwise we
isotope ¥y by flowing along the interior normal vector field to 9X for a short time).

We consider the real Mis¢enko bundle £y — Y, which is the flat bundle of
finitely generated projective Hilbert-C*m; Y -modules associated to the representation
of mY on C*mY by left multiplication. Recall (see for example [76, Section 2])
that the Rosenberg index a(Y') € KO,,_1(C*mY) is then the (K-theoretic) index of
the Dirac operator on the spinor bundle of Y twisted with £y. We pull back Ly
to X via the projection X — Y and restrict this pullback bundle to the connected
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component W of X which is bounded by 0_X and ¥,. We denote the resulting
bundle by & — W.

Since Y is spin, so are W and X,. If we restrict £ to X, the index of the
Dirac operator on the spinor bundle of ¥ twisted with the restriction of £ is an
element in KO,,_;(C*mY) which we denote by ag(%g). By bordism invariance of
the index ag(3g) = a(Y) # 0 and hence ¥y does not admit a metric with positive
scalar curvature as £ is a flat bundle and by the usual argument involving the
Lichnerowicz-Weitzenbock formula. O]

2.5.2 Aspherical 4-Manifolds

In this section we present a detailed proof of Theorem 2.19. To do so we implement
the ideas of [33, Section 7, Main Theorem| using the techniques developed in [16].

Remark 2.59. To unburden the notation in this section we will denote the scalar
curvature of a Riemannian manifold (M, g) by Ry,. If B C M is an embedded

submanifold we will denote the scalar curvature of the induced metric g‘B by Rp.

Definition 2.60. Let M™ be a band. Let a # 0 € H,,_2(M;Z) be a non torsion
homology class. We say that « is a band class if there are a™ € H,, (04 M;Z) and
a” € H,_»(0_M;7Z) with a = 1,(a*), where ¢ : 9M — M denotes the inclusion of
the boundary.

The main analytical tool we need to develop is the following proposition, which
is reminiscent of what Gromov, in [33, Section 3|, calls Richard’s Lemma in reference
to [56]. The proof, however, follows in the line of [16, Sections 6.1 & 6.2].

Proposition 2.61. Let (M*, g) be an oriented Riemannian band and o € Hy(M;Z)

be a band class. If Ry > o > 0 and width(M, g) > %, there is a closed oriented
embedded submanifold 3 which represents o and each connected component g of X

is homeomorphic to a 2-sphere with

. / 2
dlam(Eo,gho) S m m

Proof. Denote £ = T Let 5 € H3(M,0M;Z) be a relative class with 98 = at —a~.
Let B? be a smooth embedded stable minimal hypersurface in the class f3.

One can obtain B? by directly minimizing area in (3, as it is done in [30, Proof
of Theorem 12.1, pp. 398-399] and later [31, Induction Step, p.652]. However as it
is noted there, while the minimizer is smooth in M , it might not be smooth at the
points where it intersects the boundary M. This can be overcome by shaving off an
arbitrarily small collar neighborhood of M. The strict inequality width(M, g) > 2—\/%
can be preserved in this process.

Alternatively one can double M along its boundary (we denote the result by
M ). By a simple Mayer-Vietoris argument, there is an absolute homology class
ﬁ € H3(1\7[ ,Z) which maps to a™ — a~ under the Mayer-Vietoris boundary map.

Hence if we subdivide a representative of B in such a way that it can be written

as the sum of two chains contained in the two copies of M with common boundary
along OM, then each of these chains represents a suitable class 5 € H3(M,0M;Z).
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If we were to smooth the metric on M in an arbitrarily small neighborhood
of the common boundary we could minimize area in 3 and restrict the resulting
closed smooth embedded minimal surface to a copy of (M,g), with the small
neighborhood we used for smoothing cut off, to obtain B3. Again, the strict
inequality width(M, g) > % can be preserved in this process.

By stability of B and the classical second variation formula for the area functional
we see that

1
[ 1V = (B = Re 4 |AP)dH? > 0

for all ¢ € Cj(B). The first eigenfunction of the associated operator

1
—Ap — §(RM — Rp + |A]?)

will be smooth and can be chosen in such a way that it is positive on B ie there is a
function u € C3°(B) with « > 0 on B and

1

Furthermore (B, g|g) is a Riemannian band with width(B, g|g) > 2¢. We can
shrink B a little bit from both sides such that width > 2¢ remains true but B C M
(this guarantees u > 0 on B). Let ¢ : B — [/, (] be the map produced by Lemma
2.34 and set h(z) = —7 tan(g;¢(x)).

We define Qg = ¢~ [—/¢, 0] and consider the functional

AQ) = /

4~ [ (xq — xau)hudH’
546, Uu B(XQ XQO) u
for all Caccioppoli sets Q) with QAQO contained in the interior of B.

By Lemma 2.46 we find a p-bubble 2 C B with smooth boundary ¥ = (90Q\0_B),
which represents the class « € Hy(M;7Z). Stability of © and Lemma 2.48 imply that
for each connected component Yy of ¥ we have:

1
/20 Vot *u — D) (RB — Ry, — H* + ’A|2) P
2

+ <2H<VBU, v) + du Hhu — <VB(hu),l/)> Y? >0,

dv?

for all ¥ € C(X).
Claim. Apu = As,u+ H(Vpgu,v) + Pu

dv? -

Proof of Claim. We check this in local coordinates. Let eq,...,e,_1 be a local
orthonormal frame of T%,. We extend v to a unit vector field in a small tubular
neighborhood of ¥, via the normal exponential map. The extension will be the
velocity vector field of normal geodesics to Y. In the following Vgu = Vu + Viu



60 Scalar and Mean Curvature Comparison via pu-Bubbles

denotes the decomposition of Vzu into its normal and tangential part.

A= (Vi) = ST (Vi) + V(T ). )
= ST Th0, e+ ST + (Fu(Tm.
~ Byt 5 (T (Vo). + (9T, 1)
= Ag,u+ (Vpu,v) g(veiy, ei) +(V,(Vpu),v)
— Asyu+ H{(Vyu, v} + (Vo (V1) 1)

d?u

= Agou + H(VBU,7 V> + W - <VBU, VVV>
d*u
= AEOU + H<vBu7 V> + W:
where we used that v is the velocity vector field of normal geodesics to . O

Consequently we combine with (2.5.1) to get:

d? 1
dTZ + H(Vpu,v) = Apu— Agyu < = (B — Rp + |A]*)u — Agyu.

By the first variation formula Lemma 2.47, we have hu = Hu + (Vpu,v) and
therefore

Hhu = H*u+ H(Vu,v),
as well as

Lo o 1 -1 22
§H¢U—§(h—u (VBu,V>)¢u

= ;u1<VBu, v)2p? — WV gu, v)p* + ;hQQ/JQU.
Plugging all of this, step by step, into the stability inequality yields:
0< /E Vs, 0020 — ;(RM — Ry, — H? + 2| AP)y?u
— (Asyu — H{Vpu,v) + Hhu + h(V (u),v) + u(Vgh,v))?
< /EO Vot ?u — ;(RM — Ry, + H* + 2|AP)Yu
— (Agou+ h{(Vp(u),v) +u(Vgh,v))y?
< [ Vs 5 (R = R, + 204P)0%u = (Ag,u)e?
— ;(hQ + 2(Vh, V)¢
< [ Vs = 3 (Rar — 0 = By )uu = (As,u)e?

1
- 5(0 + h% + 2(Vgh, v))u
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for all ¢ € C*°(%).
Using ¢ = %, we can estimate

o+ h*+2(Vph,v) > o+ h* — 2|Vgh| > 0.

We conclude
1
0< /E Vo tu = 5 (B = 0 = Ry )*u — (Asyu)d)™. (2.5.2)

1
If we choose ¢ = v~ 2, we can use
div(u'Vg,u) = —u 3| Vy,ul® + u ' Ag,u

to integrate by parts and see

or equivalently
1 1
| Bu—0o< */ Ry, = 2mx(Zo),
2 Js,

2 /s,

which implies that Xy is a sphere with area(¥,) < — ;J’CFU.

To finish the proof we return to (2.5.2). Let w € C°(%) be the first positive
eigenfunction to the associated operator. Thus

1
divy, (uVg,w) < —§(RM — 0 — Ry, )wu — (Ag,u)w.
If we set A = uw, then
AEO/\ = diVZo (UVZOIU> + dngO (ngOu)

1
< _i(RM — 0 — RZO))\ — (Agou)w —+ diVE()(wVEOU)

1
= _i(RM — 0 — Rz;O))\ — (Azou)w + wdivzo (Vzou) + <VZOU, V20w>

1
< —5(Bar — 0 = Ry, )A+ (Vs,u, Vy,w)

1 1
S (RM — 0 — RZO))\ + <VZOU, VZOU}> + §U_1w|V§;OU|2 + §UJ—1U|VEOU}|2

1
2
1 Lo 2

< _i(RM — 0 — Rzo))\—l- 5)\ |Vgo)\| .

Now diam(X, g|s,) < 74/ m follows directly from the next lemma. O

Lemma 2.62 ([16, Lemma 16]). Let (N?,g) be a closed 2-dimensional Riemannian
manifold. If there is a smooth function A > 0 on Xq with

1 1
AN < —5(0 — Ry)A + 5A—1|VNA|2

for some C > 0, then diam(N, g) < \/%7?.
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Proof. Let ¢ = \/%W. Assume for a contradiction, that there are p,qg € N with
dist,(p,q) > ¢. For € > 0 small enough M = N\(B.(p) U B-(q)) is a band with
width(M, g) > £. Let ¢ : M — [—£, %] be the map we get from Lemma 2.34 and
define h(z) = —3F tan(Z¢(z)).

Let Qo = gb_l[—g 0] (W.l.o.g 0 is a regular value of ¢) and consider the functional

/ A— / ~ Yoy ) hAdH?
Q)

for all Caccioppoli sets  with QAQ, contained in the interior of M. We repeat
most of the steps from the proof of the previous Lemma, with u replaced by .

By Lemma 2.46 there is a minimizer 2 with smooth boundary (0Q\0-M) and
by Lemma 2.47 every connected component ¥ satisfies

H=-\X"YVy\v)+h

Note that in this case H is the geodesic curvature.
By stability and Lemma 2.48 we see
2

1 d°\
0< /2 |VE¢|2)\—§(RM—H2+|A|2W2)\+(2H<VM>\7 V>+F—Hh)\ (Vs (hA),v))?
for all ¢ € C*(X). We use as before:
2\ 1 1, )

as a consequence of Lemma 2.47
HhX = H*\ + H{(V A\ v),
as well as
1

1 1
§H2¢2)\ = 5/\‘1<VM/\, V)20% — h(V A, v)p? + §h2¢2A.

If we plug all of the above in the stability inequality, it follows that
1 1 1
0< /Z |Vg¢|2)\+§>\‘1|VM/\|2¢2—§>\‘1<VM>\, u>2¢2—(AEA)¢2—§(C+h2+2(VMh, V) \

for all ¢ € C*°(X) and since C' + h? + 2(Vrh,v) > 0 (remember that Lip(¢) < 1)
by construction of h, we see

1 1
0< /E Vw2 + SA VarARS? = SAHVard, 1202 = (AxA)y?

If we choose ¢ = A"Z, we can use
diV()\_1V§)O)\) = —>\_2’VEO)\‘2 -+ )\_1A20>\

to integrate by parts as before and see
3 1 1
0< / PNV 4+ A VAR — AV, )2
s 4 2 2
- [ IR TR + 222 ([TAR £ (Tarh, )?) — SA2(Varh, )2
» 4 2 ’ 2 ’
1
— —*A_2 )\ 2
~/Z 4 |VZ | )

which is a contradiction. O
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Definition 2.63. Let (X", g) be a complete oriented Riemannian manifold and ¢ a
locally finite singular k-cycle. Then the the filling radius of ¢ in (X, g) is defined to
be

FillRadz(c, X) = inf{r > 0|[c] = 0 € HY(U,(¢); Z)},

where U,(c) denotes the open r-neighborhood of ¢ in (X, g). If one replaces Z by Q
the same definition yields the rational filling radius.

Remark 2.64. In [23, Section 1] Gromov generalizes the above and defines the
filling radius FillRadz(X,¢g) of a complete oriented Riemannian manifold (X, g),
with respect to the Kuratowski embedding of (X, d,). Furthermore he proves two
results we will need in the following:

> FillRadz(R, gsta) = oo (see [23, Section 4.4.C))

> if X is isometrically embedded in a Metric space (S5,d) and one defines
FillRadz(X, S) appropriately as inf{r > 0|[X] = 0 € H//(U,(X);Z)}, then
FillRadz(X, S) > FillRadz(X, g) (see [23, Section 1]).

Both points remain true with rational coefficients.

Lemma 2.65 ([42, Theorem IX.4.7]). Let X" be an oriented manifold. Let C' C X
be a closed subset such that 9C = C\C' is a smooth submanifold. Then HY (C;7) =
H (X, X\C;Z).

Lemma 2.66 (Codim 2 Linking Lemma [32, Lemma 4.G]). Let Y™ be a closed
aspherical manifold and g a Riemannian metric on'Y. For every o > 0 there is a
compact band M in the universal cover (Y, q) such that: width(M,g) > %, there

is a band class o« € H,_o(M;Z) and for every cycle c C M representing a nonzero
multiple of o we have FillRadz(c,Y) > %

Proof. Let o > 0 be arbitrary. By [16, Lemma 6] there is a geodesic line
v:R— (Y,9).
Since 7 is an isometric embedding of the real line,
FillRadz(v,Y) > FillRadz (R, gsiu) = 00

(see Remark 2.64), hence for all 7 > 0 the line v represents a non-zero class in
HY (U, (v),Z), where U,(v) denotes the open r-neighborhood of ~ in (Y, §). Since

FillRadg(y,Y) > FillRadg(R, gsu) = 0o

we see by the same argument, that [4] is non torsion in HiY (U, (v), Z).

For some € > 0 let p be a smooth approximation of dist(+y, ) which is e-close.
There is a sequence (7y)ren of regular values of p with r, — oo and the property
that for all £ € N we have r;, > 2¢ and 71 — 7 > 2e.

Denote Uy = p~1[0, ). By construction [y] # 0 € HY (U, Z) for all k and the
class is non torsion. Thus by Lemma 2.65, the fact that Y is contractible we see:

04 [y € HI (U, Z) = H" Y, Y\ Uy Z) = H" 2(Y\ Uy; 7).
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Furthermore, since [y] is non-torsion its image in H" 2 (}7\ Uy; Z) corresponds
by the UCT to an element oy, # 0 € H,_o(Y\ Uy; Z). If we represent oy, by a
closed smooth submanifold N C Y\ Uy, then Ny is linked with 4 and dist (v, Ny) >
T — € > rg_1 + . That Ny is linked with v means that [Ny] #0 € H,,_ 2(Y\fy, Z) ie
every fill-in of N, in Y, which exists because Y is contractible, intersects 7.

Let Vi be a smoothed version (as before) of the closed (ry_;/2)-neighborhood
of Ni. Then 0 # «y € H,_1(Vi;Z), since Ny is linked with v and V} C (}7\7)
Furthermore any cycle ¢ C Vj, which represents a nonzero multiple of «y, is linked
with  (since ay, is non torsion) and hence FillRadz(c,Y) > dist(7y, ¢) > (15_1/2).
We want to see that there is a class of € H,,_1(0Vi;Z) with t(af) = ag, where
t : OV, — V. denotes the inclusion of the boundary.

Consider the e-neighborhood U.(7) of 7. If we choose € small enough, there is a
closed smooth submanifold Ny C U.(v) with [No] = [Ni] € H,_o(Y\7;Z) (this Ny
will be the image under the exponential map of small sphere around the origin in
the fiber over v(0) in the normal bundle of 7). Hence we can find a smooth oriented
submanifold B"! with 9B = Ny U N, and by possibly deforming B a little bit
we can ensure that B intersects 0V} transversely in a closed (n — 2)-dimensional
submanifold N;~. Then [N;] is homologous to [Ny in H,_5(V};Z) and we can set
ap = [N{] € Hy (Vi Z).

Finally, for § > 0 small enough, Us(Ny) is isometric via the exponential map
to the normal §-disc bundle Ds(Ny). It follows that OUs(Ny) = Ny x S' and we
set ap = [Ny x {0}] € H,_o(Ny x S1;Z). We conclude that M, = V,\Us(Ny) is a
compact band with boundary 9, M}, = 0V, and 0_M,, = OUs(N,,) = N x S*, which
has width(Mj, §) > “5*+ — e — §. Furthermore the triple (ag, aif , ) represents a

band class in Mj,. For k big enough width(Mj,g) > “5* — e —6 > % O

Lemma 2.67. Let M’ and M be two smooth connected oriented n-dimensional bands
and f: M — M be a map of degree d # 0 with f(0xM') = 0+ M. Ifa € H,,_2(M;7Z)
is a band class, there is a band class o € H,_o(M';7Z) with f.(a') = da.

Proof. Consider the following diagram:

Hy_o(M";2) M0 2 g ang, z)
| ]
Hy_o(M;7) SO o o, 7).

The diagram commutes since f,[M’',OM'] = d[M,0M]. By Lefschetz duality there
is a unique cohomology class n € H?(M,0M;Z) with n N d[M,0M] = da # 0 since
« is non torsion. Then o := f*n N [M', OM'] is such that f.o/ = da.

The (co)homology of OM and OM’ splits as the direct sum of the (co)homology
of the components 0L M and 0.M' i. e. H.(OM) = H.(0_-M) & H.(0+M) and
H*(OM) = H*(0_-M) ® H*(04M). The induced maps f, and f* split into compo-

nents as well. By comparing the components of
12102 M) = £.(10-M') = OF.[M', 0M'] = dd[M, OM) = d[o, M] — d[9_M),

we conclude that f.([0.M']) = d[0,M] and f.([0-M']) = d[0-M], so the restricted

maps between the boundary components have degree d as well.
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For both boundary components we separately write down a diagram as above

Ho_o(0: M Z) L2 o, z)
Jf* fﬁ
Hy s(0:M:; 7) <M o, M, 7)

and we find unique cohomology classes n* € H'(0.M;Z) with n*Nd[0LM] = +da*.
We then consider

HYO-M;Z)® H'(O,M:;Z) "M 1. o(0_M;Z) & H, (0, M;7Z)

| J

H?(M,OM; Z) il H,_»(M;Z)

By comparing components we see that n~ and 7™ map to 7 under the connecting
homomorphism H'(OM;Z) — H*(M,0M;Z).
Thus we define classes o'* := f*n* N[0 M']. Finally

oM.z — . mom;z) "M g, oM7)

J J I

m(M,oM;z) — I mrowr oMy "M gL (0t z)

implies that ¢,(a/*) = o O
The following Proposition is well known. A proof can be found in [17, Section 4].

Proposition 2.68. Let Y" and Z"be closed connected oriented manifolds and
f:Z =Y asmooth map with deg(f) # 0. The pullback pr : Z — Z of the universal
covering Y — Y has the following properties:

e 7 is non compact,

o the mapfopr:Z—>Y can be liftedtoamapf Z -

e f is proper and deg(f) = deg(f).
Finally we have assembled all the tools we need to prove Theorem 2.19.

Proof of Theorem 2.19. Let Y* be a closed oriented aspherical manifold. Let Z4 be
a closed oriented manifold and f : Z — Y a continuous map with deg(f) # 0.

We remind the reader that for any metric on Y the universal cover, equipped
with the pullback metric, is uniformly contractible (see for example [23, Section
4.5.D]) i. e. for every radius R > 0 there is a radius C(R) > 0 such that for every
point y € Y the ball Bg(y) is contractible within Beowr ().

Assume for a contradiction that Z admits a Riemannian metric g; with S¢(Z, g) =
Rz > 0 > 0. By possibly replacing it with a homotopic map, we can assume that f :
Z —'Y is smooth. Let g2 be a Riemannian metric on Y. Then f: (Z;g1) — (Y, g2)
is a Lipschitz map and by possibly rescaling g, we can assume that it is distance
decreasing.
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By Proposition 2.68 there is a covering space Z of Z and a lift f : Z =Y such
that f is proper and deg(f) = deg(f). By Lemma 2.66 we can find a compact
band M in (}7,55) with width(M, g5) > % and a band class a € H, »(M;Z),
such that for every cycle ¢ C M representing a nonzero multiple of a we have
FillRadz(c,Y) > % By transversality we can deform the map f by an arbitrarily
small amount to make it transverse to My as well as OM;, = 0, M U 0_M, while
remaining distance decreasing.

Then M’ = f~'(M) is a compact band in Z with smooth boundary

OM' = f=Y(OM) = f~ 1O, M)U f~H(O_M) = 0. M' Ud_M'

and since f is distance decreasing width(M’, §1) > % Furthermore f restricts

to a map M’ — M of degree non-zero. By Lemma 2.67, there is a band class
o/ € H,_o(M';Z) with f.of = deg(f)a # 0.

By Proposition 2.61 there is a smooth oriented submanifold ¥ which represents
o/ and each connected component ¥4 of ¥ is a 2-sphere with

| ) 2
diam (X, gls,) < \/EW‘

Then f(X) is a cycle ¢ in M, which represents deg(f)o and FillRadz(co,Y) <

C ( — R2Z_U7r), since f is distance decreasing and (f/, g) is uniformly contractible.

For ¢ > 0 small enough this yields

) ~ 27 / 2 . ~
FlllRadz(Co,Y) > % > C ( mfRZ—O‘ﬂ-> Z FIHRadZ(CO,Y), (253)

which is a contradiction. O




Partitioned Scalar and Mean
Curvature Comparison

The main goal of this chapter, which corresponds to parts of joint work [9] with
Simone Cecchini and Rudolf Zeidler is to prove the partitioned scalar and mean
curvature comparison principle Theorem IT and to see that it implies Conjecture 1.8
of Rosenberg and Stolz for orientable manifolds in dimension < 7. We recall:

Conjecture 1.8 ([59, Section 7]). Let Y™ be a closed manifold of dimension # 4
which does not admit a metric with positive scalar curvature. Then Y x R does not
admit a complete metric with positive scalar curvature.

The conjecture builds on the work [29, Section 6] of Gromov and Lawson, who
established this behavior for enlargeable spin manifolds Y in all dimensions. Cecchini
generalized this result in [11], where he proved Conjecture 1.8 for all spin manifolds
Y with non-vanishing Rosenberg index.

Following up on [11, 12, 75], Zeidler [76, Theorem 1.4] realized that there is a
general geometric statement underlying the band width conjecture and the non-
existence of complete metrics with positive scalar curvature on any connected spin
manifold X without boundary which contains a closed incompressible hypersurface
Y C X with trivial normal bundle and non-vanishing Rosenberg index.

Definition 3.1. Let X be a connected manifold and ¥ C X be an embedded
hypersurface. The X is called incompressible if the map ¢, : m(X) — m1(X), induced
by the inclusion ¢ : Y — X is injective.

Recently Chen, Liu, Shi and Zhu [15, Theorem 1.1} used p-bubbles to establish
the non-existence of complete metrics with uniformly positive scalar curvature on
any connected orientable manifold X =" without boundary which contains a closed
incompressible hypersurface Y € X which is aspherical and NPSC*. We remind
the reader that any closed aspherical manifold of dimension < 5 is NPSC™ by our
Theorem 2.19 and [17].

In the following we will combine the methods we developed in Chapter 2 with
ideas from [76] to prove a scalar and mean curvature comparison principle for bands
with Property A which are partitioned into multiple segments.

Definition 1.27. Let X be a band and ¥;, for ¢ € {1,...,k}, be closed embedded
hypersurfaces such that >, properly separates 0_X and 9, X and X; properly
separates 3; 1 and 0, X for i € {2,...,k}. We call (X,%;, k) a partitioned band
and denote by V;, for j € {1,...,k + 1}, the segments of X bounded by ¥,_; and
the ¥;, where ¥y = 0_X and X4 = 04 X.

67
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The main conceit is, that positivity of the scalar curvature in a single segment
can have global effects on the geometry of a partitioned Riemannian band.

3.1 Partitioned Comparison Principle

The following section contains an in depth discussion of Theorem II, the main
result of this chapter. We review its statement, its applications and provide the
necessary context. Throughout this section we restate definitions and results from
the introduction for the convenience of the reader.

Definition 1.19. A smooth function ¢ : [a,b] — Ry is called log-concave if

o)) = (£9) <o

for all ¢ € [a,b]. If the inequality is strict we say that ¢ is strictly log-concave. In
case of equality we say that ¢ is log-affine.

Definition 1.20. Let (N, gn) be a closed Riemannian manifold with constant scalar
curvature. A warped product

(M, g,) = (N x [a,b], 9*(t)gw + dt*)

with warping function ¢ : [a,b] — R, is called a model space if scal(M, g,) is
constant and ¢ is strictly log-concave or log-affine.

Theorem II. Letn < 7 and (X™,%;, k) be an oriented partitioned band with Property
A. Let g be a Riemannian metric on X and (Mj, g,,) forj € {1,...,k+1} be strictly
log-concave model spaces over a scalar flat base. If

> scal(Vj, g) > scal(Mj, g,,) for all j € {1,...,k+ 1},
> H(0-X,g9) = H(0-My,g,,) and H(0+X,g) = H(0+Mii1, 9oy 1),
> H(0:Mj,g,,) = —H(0-Mj41,9,,.,) forall j € {1,... k},

then width(V}, g) < width(Mj, g,,) for at least one j € {1,...,k+ 1}.

3.1.1 Applications
The following result is more or less a direct application of Theorem II:

Theorem 1.28. Letn < 7 and (X", %;,2) be an orientable partitioned band with
Property A. Let g be a Riemannian metric on X and k > 0 be a positive constant. If

> scal(Va, g) > kn(n — 1),
> scal(X, g) >0,

and we denote d := width(Vs, g) < %, then

min{width(V7, g), width(V3,¢9)} < ¢ = cot <M> .

2
VEN 4
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If, instead of scal(X,g) > 0, one assumes that the scalar curvature of the
partitioned band is bounded from below by a negative constant, Theorem II provides
the following estimate, which is very much in the same spirit as Theorem 1.28 and
should be compared with Zeidler’s result [76, Theorem 1.4] in the spin setting.

Theorem 3.2. Let n <7 and (X,%;,2) be an orientable partitioned n-dimensional
band with Property A. Let g be a metric on X and k > 0 be a positive constant. If

> scal(Va, g) > kn(n — 1),

> scal(X, g) > —o > —kn(n — 1) tan( 'Z”d>2, where d := width(V5, g) <

then min{width(Vy, g), width(V3, )} < £, where ¢ is such that

Vi(n — 1) tan (@"d) - U("n_l) coth (ﬂ) .

We want to use Theorem 1.28 or Theorem 3.2 to attack Conjecture 1.8. If
X =Y xR and g is a complete metric on X, we consider the compact segment
Y x [=C,C] for any C' > 0, which is partitioned in to the bands Y x [-C, —1],
Y x[—1,1] and Y x [1, C]. If the scalar curvature of (X, g) is assumed to be positive
and Y x [—C, C] has Property A, the minimum of the widths of (Y x [-C, —1], g)
and (Y x [1,C], g) is bounded from above in terms of the width of (Y x [—1,1], g)
and the infimum of scal(Y x [—1,1],¢). For C' > 0 large enough, this produces a
contradiction.

We try to formulate the most general result that one can prove in this manner.
To do so, we make use of the Freudenthal end compactification [20] of a connected
manifold M, denoted by FM = M U EM, where EM is the space of ends. We
introduce the following class of non-compact manifolds without boundary:

2
VEn?

Definition 3.3. An open band is a connected non-compact manifold M without
boundary, together with a decomposition

EM - S_M L 8+M,
where £ M are non-empty closed! subsets E.M C EM ie M has at least two ends.

The standard example of an open band is M = X where X is a band. In the
spirit of Conjecture 1.8 and Theorem II we are interested in open bands with:

Property B. No closed embedded hypersurface > C M which separates £ M and
&4 M admits a metric with positive scalar curvature.

We point out that, if X is a band with Property A, then M = X is an open band
with Property B. Conversely if M is an open band with Property B and > are two
closed embedded hypersurfaces such that ¥_ properly separates £ M and £, M and
Y., properly separates >_ and £, M, then the band X C M which is bounded by
Y+ has Property A.

In this way Theorem 1.28 or Theorem 3.2 yield obstructions to the existence of
a complete metric with positive scalar curvature on an open band with Property B.
Since any open band M has at least two ends by definition, we can go even further.
We include a proof of the following standard result in Section 3.3.

'While the space of end is totally disconnected, it is in general not necessarily discrete. In this
case it is important to assume €4 M to be closed (and thus clopen) subsets of EM.
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Proposition 3.4. Let M be an open band. If g is a complete Riemannian metric
on M, there is a geodesic line which connects E_M and E M.

With a deformation result due to Kazdan [45] and the classical Cheeger-Gromoll
splitting theorem (see e.g. [53, Theorem 7.3.5]) we arrive at the following conclusion:

Theorem 3.5. Let n < 7 and M™ be an open band with Property B. If g is a
complete metric on M with nonnegative scalar curvature, then (M, g) is isometric to

(Y X Ra gy + dtZ)a

where (Y, gy) is a closed Ricci flat manifold.

3.1.2 Topological Results
Building on Section 2.1.2 we provide a list of open bands with Property B.

Proposition 3.6. Let M™ be a connected orientable manifold without boundary. If

> M =Y xR, where Y is a closed orientable manifold which does not admit a
metric with positive scalar curvature and n > 6, then M is an open band with
Property B.

> there is a proper continuous map f: M — Y x R with nonzero degree, where
Y is closed oriented and NPSC™, then M is an open band with Property B.

> M is spin and Y C M is a closed embedded incompressible hypersurface with
trivial normal bundle and oY) # 0 € KO, 1(C*m1(Y')), there is a covering
space M which is an open band with Property B.

> n<6andY C X is a closed embedded incompressible hypersurface with trivial
normal bundle which dominates an aspherical manifold, there is a covering
space M which is an open band with Property B.

Together with Theorem 3.5 we conclude:

Theorem 1.29. Let (n—1) # 4 andn < 7. Let Y™ be a closed orientable manifold
which does not admit a metric with positive scalar curvature and X =Y x R. Then
X does not admit a complete metric with positive scalar curvature. Moreover, if
g is a metric on X with non-negative scalar curvature, then (X, g) is isometric to
(Y x R, gy + dt?), where gy is a Ricci flat metric on'Y.

3.2 Combining Potentials

As we did for part (1) of Theorem I, we will prove Theorem II by contradiction.
Under the assumption that width(V}, g) > width(Mj, g,,;) for all j € {1,...,k+ 1},
we will produce a closed embedded hypersurface ¥ C X which separates J_X and
0, X and admits a metric with positive scalar curvature.

As before, ¥ will appear as the boundary of a u-bubble. The key ingredient
for the corresponding functional is the potential function h : X — R. We can use
the construction from Chapter 2 for each band (V}, g) and model space (M;, g,,)
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separately to produce h; : V; — R as the concatenation of a strictly 1-Lipschitz
band map (Vj, g) — (M}, g,,;) and the function Ay, : M; — R. Subsequently we use
a gluing construction to paste all of the h; together to obtain a smooth function
h : X — R which is suitable for our purposes.

The idea to combine potential functions in this way, was already used in [10, 76].
The gluing construction is based on the following result:

Lemma 3.7. Let h : [a,b] — R be a smooth strictly monotonously decreasing

function such that
.

n—1

for some constant o € R. For every € > 0 there is a function h: [a—eb+e] >R
such that:

> h(t) = h(t) fort € [a+e,b—¢],

> h(t) = h(a) in a neighborhood of a — ¢ and h(t) = h(b) in a neighborhood of

> —-"h? =20 <o and —h3(t) — 2K/ (t) < o if K'(t) = 0.
Proof. Let p: R — [a,b] be a smooth function with:

> p(t) =afort € (—oo,a—5], p(t) =tfort € fa+5,b— 5] and p(t) = b for
teb+5,00).
>0<p(t)y<lforte(a—5,a+5)andte(b—5,b+5).
Then the function h : l[a —€,b+ ¢] — R defined by h = ho p has all of the desired
properties. The first two are immediate from the definition. The third one holds
since h'(t) = R/ (p(t))p'(t) and b’ < 0 while p’ > 0. To check the last property we
point out that

A

BA(E) — 2 (1) = ——— Thp(1)) = 20 (p(1))p'(t) = o + 21 (p(1)) (1 = p'(1))-

n—1 n —

Since W' (p(t)) < 0 and 0 < p’ <1 the above is always < o and it is < o if p/(t) < 1
which holds true in particular where A/(t) = 0 ie p/(t) = 0. O

For the convenience of the reader we recall Lemma 2.34. Furthermore we
summarize those results concerning p-bubbles (see Section 2.3) which are needed to
prove the partitioned comparison principle in Proposition 3.8.

Lemma 2.34. Let (X, g) be a Riemannian band. If width(X,g) > a — b, there is a
smooth band map ¢ : (X, g) — |a,b] with Lip(¢) < 1.

Proposition 3.8. Let n < 7 and (X", g) be an oriented Riemannian band. Let
h: X — R be a smooth function with the property that

scal(X, g) + Lth — 2|Vh| > 0.
p—
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If the mean curvature satisfies

H<aiX7 g) > ih’aix’
there is a closed embedded hypersurface ¥ which separates 0_X and 0+ X such that
1
—Ay + 5 scal(X, g) > 0.

Proof. Denote by C(X) the set of all Caccioppoli sets in X which contain an open
neighborhood of 0_X and are disjoint from 0, X. For Q € C(X) consider the
functional

An(Q) = H ("N X) — /Q hdH",

where 91 is the reduced boundary 22, Chapters 3, 4] of Q.
By Lemma 2.39 there is a smooth so called p-bubble 2 € C(X) ie a smooth
Caccioppoli set with

A

An(Q) =T := inf{4,(Q)|Q € C(X)}.

Denote QN X = ¥ and let v be the outward pointing unit normal vector field to
Y. By the first variation formula for A4, (see Lemma 2.40) the mean curvature of ¥
(computed with respect to —v) is equal to h)z. By stability and the second variation
formula (see Lemma 2.41) we conclude that

1 1 n
2 2 2 2
/2 |ng| + 5 scal(E,g)w /2 2(scal(X, g) + . 1h + ZQ(V xh, V))l/)

>0

(3.2.1)

for all ¢» # 0 € C(%). O

3.3 Proof of the Partitioned Comparison Principle

We have gathered all the ingredients we need to prove Theorem II.

Proof of Theorem II. Assume for a contradiction that width(V}, g) > width(Mj, g,,)
for all j € {1,...,k + 1}. By Lemma 2.34 there are smooth maps

Bj Vi —la; —ebj+e

such that §;(0_V;) = a; — ¢, B;(0+V;) = b; + ¢ and Lip(8;) < 1. Consider the
functions )
p;(t

oy (£) = (n— 1)
’ ;(t)

Since the ¢; are strictly log-concave the h; are strictly monotonously decreasing
and the scalar curvature of (M;, g, ) is given by:

: [CLJ', bj] — R,

" nE 2, (3.3.1)

o; = scal(Mj, g,,) = e,
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For j € {2,...,k} we apply Lemma 3.7 to h,, and obtain smooth functions
iLng : [CLj —€,bj+€] — R

with the aforementioned properties.

For j = 1 we extend the domain of hy; to [a; —€,b;] and apply the interpolation
procedure of Lemma 3.7 only on the right hand side of the interval to produce
ho, = la1 — &by +¢] — R. For j = k + 1 we extend the domain of hyy,, to
lag11,br+1 + €] and apply the interpolation procedure of Lemma 3.7 only on the left
hand side of the interval to produce ﬂ@kﬂ Cagyr — & bpr +e] = R

Finally, we define h: X — R by h(x) = ﬁ% o p;(z) if x € Vj. The function h is
continuous since

ho, (b + ) = H(0:M;, gg,) = —H(0-Mji1, g, 1) = hgy (a1 — )

for all j € {1,...,k}. Tt is smooth since the lAz%. o B; are constant in a neighborhood
of the separating hypersurfaces >;, which partition the band.
Furthermore

n
1(X — h?—2|Vh
scal(X, g) + —h? — 2|V
no s 5
Zscal(Mj,g%-) + m(hw © Bj)Q + 2|vﬁj|((h:0j) Oﬁj)

n
> —

2 —
n_lhsﬂj_Qh:Dj_O-j_O

by (3.3.1), the chain rule, the third and fourth property of the fzj from Lemma 3.7
and since Lip(p5;) < 11ie |[V3;| < 1.
For the mean curvature of the boundary, the following holds true:

H(a—X7 g) > H(a—Mlag%) = _;L%(al) > _]tbw(al - 5) = _h‘a,X

and

H(a-‘er g) > H(8+Mk+17g<ﬂk+1> = }ALS%H (bk-i-l) > iLSOk-H (bk’-i-l + 5) = h‘8+X'

By Proposition 3.8 there is a closed embedded hypersurface X"~ ! such that
1
—Ag + 2 scal(X,g) > 0

and X separates 0_X and 0, X.
If n = 2, this yields an immediate contradiction (choose 1 = 1). If n > 3, then

Y admits a metric of positive scalar curvature by Lemma 2.50 which contradicts the
fact that X has Property A. m

Theorem 1.28 and Theorem 3.2 are more or less direct applications of Theorem
IT for a suitable choice of partition and model spaces (Mj, g,,,). The main examples
of strictly log-concave model spaces we use, were introduced in Section 2.1.2.
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Proof of Theorem 1.28. Consider the function

w2 VEn' \kn

which is strictly log-concave and has

2

\/Emf) "

) — Ry t'—>cos<

ho (£) = —v/R(n — 1) tan (@"t> |

Consider the function ,
©1 3R+—)R+ t—in,

which is strictly log-concave and has

2(n—1)
nt

h<P1 (t) =

Since hy, (t) = 0o as t — 0 there is a value ¢_ > 0 such that H(0_X, g) > —h,, (t_).
By continuity there are 4, d2 > 0 small enough such that

—d+9
hcpg ( 2 1) :hsﬁl(g_l_éz)?

while d; < ¢t_ and hence ¢ + 3 —t_ < £. Let (IN,gn) be a closed scalar flat
Riemannian manifold. We fix the model space:

(M, gp) = (N x [t £+ 0], pF(B)gw + df’)

with scalar curvature equal to zero and width < £.

Let ¢3 : R — Ry be defined by ¢3(t) = ¢1(—t). This function is strictly
log-concave and hg, (t) = —hy, (—t). Since hy,(t) — —o0 as t — 0 there is a value
t+ < 0 such that H(Jx,g) > hy,(t+). Similarly as before we find 63,04 > 0 such

that g s
h<P2 <_23> - h%(—ﬁ - (54)7

while 04 < —t; and hence ¢ + 0, +t; < £. We fix the model space:
(Ms, gg) = (N X [t—, £+ 8], @5 (g + dt*)

with scalar curvature equal to zero and width < /.
Finally we fix the model space

A48, d—§
5 L 5 3]790%(75)9N+dt2)

(M5 = (|

with scalar curvature equal to kn(n — 1) and width < d.
It follows from Theorem II that width(V}, g) < width(M;, g,,) for at least one
i €{1,2,3}. Since d = width(V5, g) > width(M,, g,,,) we conclude that

min{width(V3, ¢g), width(V3, g)} < ¢,

which is what we wanted to prove. O
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Proof of Theorem 3.2. Consider the function

w2 VEn' \/kn

which is strictly log-concave and has

hoo(£) = —v/R(n — 1) tan (ﬁ”t) |

\/Ent> "

) — Ry t|—>cos< 5

2

Consider the function

2
. Vont \"
Ry - R, ¢+ sinh | ———
oL e Bl (wm ’
which is strictly log-concave and has

-1 t
o =1 oen (YY)

n 2v/n —1

Since hy, (t) = 0o as t — 0, there is a value t_ > 0 such that the mean curvature
H(0-X, g) is greater or equal to —h,, (t_). By continuity there are dy,ds > 0 small

2
enough such that —o > —kn(n — 1) tan (w) and

—d+ 6
h<P2< 9 1) :hw(ﬁ—l—(&),

while d, < t_ and hence ¢ + §y —t_ < (. Let (INV,gn) be a closed scalar flat
Riemannian manifold. We fix the model space:

(My, g,) = (N x [t-, £+ 6], 01 (t)gn + dt?)

with scalar curvature equal to —o and width < /.

Let ¢3 : R — R, be defined by ¢3(t) = ¢1(—t). This function is strictly
log-concave and hg, (t) = —hy, (—t). Since hy,(t) — —o0 as t — 0 there is a value
t4 < 0 such that H(Jx,g) > hy,(t+). Similarly as before we find d3,04 > 0 such

2
that —o > —kn(n — 1) tan (M) and

h‘ﬂl (t) =

4

d — 03
h902 <2> = htps(_g - 54)7
while d, < —t4 and hence ¢ + 6, + ¢4 < £. We fix the model space

(M3, ggs) = (N x [ = 04, t1], 05(t) g + dt?)

with scalar curvature equal to —o and width < /.
Finally we fix the model space

(M5, = (x|

—d+4d6; d—6
0I5 o+ a

with scalar curvature equal to kn(n — 1) and width < d.
It follows from Theorem II that width(V}, g) < width(M;, g,,,) for at least one
i € {1,2,3}. Since d = width(Va, g) > width(M, g,,) we conclude that

min{width(Vy, g), width(V3,9)} < ¢,

which is what we wanted to prove. O
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With Theorem II and its applications established, we now focus on open bands
for the rest of this chapter. First of all we prove that in an open band we can always
find a closed embedded hypersurface which properly separates the two ends £_ M
and £, M and we can find them arbitrarily far out.

Lemma 3.9. Let M be an open band and K C M be an arbitrary compact subset.
Then there exists a properly separating hypersurface ¥ C M which also separates K
from E,M (or E_M, respectively).

Proof. Note that the end compactification FM is a compact Hausdorff space which
in our case of a connected manifold is also second countable (see [19, Proposition 2.5]).
Thus, since £ M are two disjoint closed subsets of F M, Urysohn’s lemma implies
the existence of a continuous function f: FM — [—1,1] such that £ M = f~(£1).
Since K C M is compact, there exists 0 < r < 1 such that K C f~Y([-r,7]).
Choose s € (r,1). Then f~'(s) C M is a compact subset which separates & M
from £, M. Now choose a connected compact n-dimensional submanifold V' C M
with boundary, where n = dim(M), such that f~(s) CV C f~Y([s —e,s +¢]) for
some € > 0 with » < s —e. Then 0V is a separating hypersurface and it contains a
properly separating hypersurface ¥ C 9V by Lemma 2.56. Since by construction
flz) <r<s—e< f(y) <s+e<1foreach x € K and y € ¥, it follows that
3} must separate K from £, M. A completely analogous argument also provides a
properly separating hypersurface that separates K from £&_ M. O

Next, we prove Proposition 3.4 ie the assertion that for any complete Riemannian
metric on an open band M there is a geodesic line which connects €. M and £, M.

Proof of Proposition 3.4. Consider an exhaustion K* of M by compact sets. By
Lemma 3.9 we can assume without loss of generality that each K; has smooth
boundary K and that M\K® = U_UU,, where U, are open sets with £ M C U..
We decompose
OK'=0_K'U 0. K"

accordingly as . K* := OU.. Let 7; be a length minimizing geodesic which connects
O_K"and 0, K"

On each compact set K’ the sequence 7/=" of geodesics connecting 0_K* and
0, K* subconverges to a length minimizing geodesic by Arzela-Ascoli. Now a diagonal
sequence (over i) converges to a geodesic line in (M, g). O

Finally, we have all the necessary ingredients to prove Theorem 3.5.

Proof of Theorem 3.5. 1f (M, g) is not Ricci flat, then M admits a complete metric §
with positive scalar curvature by [45, Theorem B|. Let X C M be a closed embedded
proper separating hypersurface which separates £ M and £, M in M. It exists by
Lemma 3.9. There is a x > 0 such that scal(M, §) > xn(n — 1) in a neighborhood
of width d < %, which is bounded by two closed embedded hypersurfaces ¥; and
Y. For every C' > 0 we can find closed embedded hypersurfaces 3¢ such that ¢
properly separates ¥ and £ M and

dist; (29, %) = C = dist;(Xq, 29).

Let X¢ be the compact band bounded by X¢. For C large enough Theorem 1.28 or
3.2 applied to X yields a contradiction. Hence (X, g) is Ricci flat.
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By Proposition 3.4 and the Cheeger-Gromoll splitting theorem (M, g) is isometric
to (Y x R, gy + dt?), where (Y, gy) is a Ricci flat manifold. Furthermore M has at
least two ends by definition of an open band and hence Y is compact. O

3.4 Proof of the Topological Results

We conclude this chapter with a proof of Proposition 3.6. Hereby, we mostly adapt
ideas from Section 2.5.1 to the non-compact setting:

Proof of Proposition 3.6. Since Y x R is diffeomorphic to Y x (—1,1) the first point
follows directly from Proposition 2.13.

To prove the second point we denote X’ =Y x R. Since [ is proper it maps
ends to ends and we define £ M = f~1(ELX’). Since f has non-zero degree £ M
are both non empty closed collections of ends. From here we proceed as in Lemma
2.57 (replace H'(X',0X';Z) by H}(X';Z) and use the fact that f is proper) to
see that any closed embedded separating > which separates £ M and £, M has a
connected component Yy such that (f o 7).[3] = deg(f)[Y] where 7: Y xR = Y
is the projection. Then ¥y does not admit a metric with positive scalar curvature,
since Y is NPSC™.

For the third point let M be the covering space with (M) = ¢, (71 (Y)) where

1Y — M is the inclusion. Since Y is incompressible ¢, (m1(Y)) is isomorphic to
7r1(Y). We denote by V a copy of Y in M. We point out that Y separates M
into two components U_ and U,. If this were not the case we could find a loop
v C M which has algebraic intersection number 1 with ¥. Since m (Y) — my (M)
is surjective there is a loop 7 in Y, which is homotopic to 7. Since V has trivial
normal bundle + can be pushed out of V. Since the intersection number is invariant
under homotopy this is a contradiction. The two components U, are unbounded
since otherwise a(Y’) would be zero by bordism invariance of the index. We define
the ends of U_ to be & M and the ends of U, to be 5+M. If ¥ is a closed embedded
hypersurface which separates £_ M and S+M there is a union Y’ of components of X
which is a properly separating hypersurface by Lemma 3.9. Let K C M be a band
which contains ¥’ UY and such that 0_K separates & M and ¥’ UY (to find K
one can use Lemma 3.9). Let W C M be the cobordism between d_K and ¥ and
W’ C M be the cobordism between d_K and ¥'.

Let £ =Ly — M be the Mis¢enko bundle, which is the flat bundle of finitely
generated projective Hilbert-C*m M-modules associated to the representation of
T M on Cr 7 M by left multiplication. Since (Y) = m(Y) = my (M) the Rosenberg
index a(Y) € KO,_1(C*my(Y)) is equal to the (K-theoretic) index ag(Y) of the
Dirac operator on the spinor bundle of V twisted with the restriction of F to Y.
In the same way we can compute the indices ag(0_K) € KO,_1(C*m(Y)) and
ap(Y) € KO,_i(C*m(Y)). By bordism invariance of the index

04 aY)=agY) =ag(0_K) = ag(2).

Consequently there is a connected component of ¥’ which does not admit a metric
with positive scalar curvature.

The last point is explained in [15, Section 2]. Let M be the covering space with
m (M) = 1, (my(Y)), where v : Y < M is the inclusion, and let ¥ and £+ M be defined
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as before. By assumption there is an aspherical manifold Z and a map f : Y > Z
of non-zero degree. Consider the induced homorphism f, : m(Y) = m (M) = m(2).
Since Z is aspherical we can define an extension f M — Z of f with f = f,.
Then any closed embedded hypersurface £ which separates £_ M and 5+M has a
connected component X such that f,([So]) # 0 € H,_1(Z;Z). Since Z is NPSC*
we conclude that ¥y, and therefore ¥, does not admit a metric with positive scalar
curvature. [

Proof of Theorem 1.29. We use the fact that any closed connected oriented manifold
Y in dimension < 3 which does not admit a metric with positive scalar curvature
is enlargeable and hence NPSC*. By Proposition 3.6, M is an open band with
Property B. Therefore we can use Theorem 3.5 to conclude the proof. O



Macroscopic Band Width
Inequalities

In this chapter, which corresponds to the article [55] which was first published in
the journal Algebraic & Geometric Topology 22-1 (2022) by Mathematical Science
Publishers, we investigate an analog of the band width inequalities we have seen so
far in the setting of macroscopic scalar curvature.

For a detailed introduction of this concept, the ideas connected to it and a
detailed overview of the results we establish in the following, we refer to Section 1.3
in the introduction.

Remark 4.1. We point out that the notation in this chapter varies slightly from
the rest of this thesis. In particular, it differs from the one we used in Section 1.3.
In the following, bands will usually be denoted by V' and closed manifolds by M or
N, while X resp. Y are reserved for Riemannian polyhedra.

4.1 Main results

We introduce a class of orientable manifolds we call filling enlargeable (see Definiton
4.22) in Section 4.2. This notion combines Gromov and Lawson’s [28] classical
definition of enlargeability with the filling radius of a complete oriented Riemannian
manifold, a metric invariant that was introduced by Gromov in [23, Section 1].

Some important features of filling enlargeable manifolds we establish in this
paper are:

> If a closed orientable manifold is enlargeable or aspherical, then it is filling
enlargeable (see Propositions 4.24 and 4.28).

> Closed filling enlargeable manifolds are essential. In fact we prove an even
stronger statement in Theorem 4.4 (see also Remark 4.39 and Remark 4.54).

> For all n > 1 there is a constant &, > 0 such that the following holds. Let
M™ be a closed filling enlargeable manifold and g a Riemannian metric on
M. For any radius R > 0 there is a point p in the universal cover (M, g) with
vol(Bgr(p)) > e, R" (see Proposition 4.34).

In light of the third point and in the context of macroscopic scalar curvature we
prove, in Section 4.3, the following macroscopic analog of the band width inequalities
with scalar curvature for trivial bands over filling enlargeable manifolds:

79
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Theorem 4.2 (cf. Theorem III). For all n > 1 there is a constant €, > 0 such
that the following holds. Let M™ ' be a closed filling enlargeable manifold and
V=M x [0,1]. If g is a Riemannian metric on V with the property that all unit
balls in the universal cover (V,§) have volume less than sen, then width(V, g) < 1.

It is a natural question to ask whether Theorem 4.2 holds true for all essential
manifolds. However, as it turns out, there are some immediate counterexamples (see
Example 4.42). In order to obtain similar results one has to add further assumptions
regarding the systole (the length of the shortest noncontractible loop) of (V) g):

Theorem 4.3. For all n > 1 there is a constant €, > 0 such that the following
holds. Let M™ 1 be a closed essential manifold and V := M x [0,1]. Let g be a
Riemannian metric on V and 0 < R < $sys(V, g). If every ball of radius R in (V.9)
has volume less than 3e,R", then width(V, g) < R.

In Section 4.4 we follow ideas of Brunnbauer and Hanke [8] and study some
functorial properties of filling enlargeable manifolds. In particular we construct a
vector subspace H"(BT'; Q) C H,(BT';Q) of 'small classes’ in the rational group
homology of a finitely generated group I' and prove:

Theorem 4.4 (cf. Theorem 1.37). Let M™ be a closed oriented manifold. Then
M is filling enlargeable if and only if ¢.[M] € H,(Bmi(M);Q) is not contained in
H;"(Bmi(M); Q).

As a consequence, we obtain the following metric characterization of rationally
essential manifolds with residually finite fundamental groups:

Corollary 4.5 (cf. Corollary 1.38). A closed oriented manifold M™ with residually
finite fundamental group is rationally essential if and only if it is filling enlargeable.

4.2 Largeness properties of manifolds

Even though our results are stated for smooth manifolds, almost all of our actual
work takes place in the setting of simplicial complexes with piecewise smooth metrics
(see Babenko [4, Section 2]).

Definition 4.6. By a Riemannian metric on a k-simplex A we understand the
pullback of an arbitrary Riemannian metric on R* via an affine linear embedding
A¥ < RF. A Riemannian metric on a simplicial complex X is given by a Riemannian
metric g, on every simplex, such that g, = g¢,|~ for 7/ C 7. We call (X,g) a
Riemannian polyhedron.

A Riemannian metric g enables us to measure the lengths of piecewise smooth
curves in a simplicial complex X". As for Riemannian manifolds one obtains a
path metric d, on X™ if X™ is connected. Moreover there is an obvious notion of
n-dimensional Riemannian volume, coinciding with the n-dimensional Hausdorff
measure. In the following we introduce some classical metric invariants used to
describe the size of (X, g).

We remind the reader that a metric space is called proper if every closed and
bounded subset is compact. Furthermore a continuous map between metric spaces is
called proper if the preimage of every bounded set is bounded. It is a classical result,
that a path metric space is proper if and only if it is locally compact and complete.



Largeness properties of manifolds 81

Remark 4.7. In most of the literature a continuous map between topological spaces
is called proper, if the preimage of every compact set is compact. Our definition
coincides with the classical one for continuous maps between proper metric spaces.

While Theorem 4.2 and Theorem 4.3 are concerned with compact metric spaces,
the relevance of proper metric spaces is that we will be talking about possibly
infinite-sheeted covering spaces of these compact spaces.

Definition 4.8. The k-dimensional Alexandrov width UR (X, g) of a proper Rie-
mannian polyhedron (X ¢) is the infimum over all values R > 0, such that: there is
a continuous map f : X — Y”* to a locally finite k-dimensional simplicial complex
Y, with the property that the preimage f~!(7) of every simplex 7 C Y is contained
in a metric ball of radius R in X.

While originally appearing in the context of topological dimension theory, this
notion was popularized in Riemannian Geometry by works of Gromov (see [23,
Appendix 1] or [25]).

Over the course of this paper we will often use an equivalent definition of the
k-dimensional Alexandrov width in terms of open covers, namely: URy (X, g) is the
infimum over all R such that X admits a locally finite cover by open sets of radii
< R (ie contained in a metric ball of radius R) and multiplicity < k + 1.

The following Lemma, which (only in the compact case) appears in [25, Section
(H)], modulates between this definition and Definition 4.8. For the convenience
of the reader, and since we need to be a little bit more careful, when considering
non-compact polyhedra, we include a proof of this result.

Lemma 4.9. A proper Riemannian polyhedron (X, g) has k-dimensional Alezandrov
width URk(X, g) < R if and only if there is a locally finite open cover of X with
multiplicity < k + 1 and radius < R

Proof. Suppose that X has a locally finite open cover O; with multiplicity < k + 1
and radius < R. If we denote by N the nerve of this cover, the nerve map ¢
associated to a partition of unity, subordinate to O;, is a continuous map X — N
and for each simplex 7 C Y the preimage ¢'(7) is contained in one of the sets O;.

For the other direction suppose that (X, g) has UR,(X, g) < R ie there is a locally
finite simplicial complex Y* and a continuous map f : X — Y such that for each
simplex 7 C Y the preimage f~1(7) is contained in a ball of radius URx(X, g)+d < R
for some small § > 0.

We equip Y with the canonical path metric ie we equip every simplex with the
standard euclidean metric and consider the induced path metric on Y. First we
want to show that the map f is in fact proper. A bounded subset K C Y intersects
only finitely many simplices of Y. In particular it is contained in a finite subcomplex
K' C Y. Since (X, g) is proper and the preimage of every simplex is closed and
bounded we conclude that f~1(K’) is bounded. But then f~!(K) is a closed subset
of a bounded set and thus it is bounded as well.

Since Y is k-dimensional, we prove the following: there is an open cover O; of Y
with multiplicity < k + 1 such that f~(O;) is contained in a ball of radius < R for
all 7. We start by claiming that for every simplex 7 C Y there is a constant (1) > 0
such that f~' (U (7)) is contained in a ball of radius < R in (X, g). By assumption
f7Y(7) is contained in a ball of radius UR.(X,g) + d < R around a point p € X.
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Now we assume for a contradiction, that for every ¢ € N there is a point
Yo € Uyyo(1) with f~'(ye) ¢ Br-1¢(p) and choose a preimage x; ¢ Br_1,¢(p). Up to
a subsequence (yg)een converges to a point y € 7. Since (24)sen is contained in the
compact set f~1(U;(7)) there is a subsequence converging to a point x € X\ Bg(p),
which contradicts the continuity of f.

To construct O; we consider the skeleta of Y one at a time, starting with the
vertices. If v € Y is a vertex then f~'(B.,)(v)) is contained in a ball of radius < R
in (X, g) and we can assume that for two vertices v; and v, the balls B.(,,)(v1) and
B.(s)(v2) are disjoint. Now let v C Y be an edge connecting vertices vy and v,.
Denote 7' = Y\ (Bew;)(v1) U Beuy)(v2)). Then f~1(U.)(7')) is contained in a ball
of radius < R in (X, g) and by possibly making () smaller we can arrange that
Ue(+) (') does not intersect U.(,)(n’) for any other edge n C Y.

We continue this process for all higher skeleta of Y and make sure that for
each skeleton all newly introduced open sets are disjoint, which provides the upper
bound on the multiplicativity of this cover. Finally f~!(O;) is the required cover of
(X, 9)- O

For us the most important result concerning the Alexandrov width of a proper
Riemannian polyhedron (X", g) is the following theorem (which is a version of [52,
Theorem 3.1]), providing an upper bound on UR,_1(X, g) under the assumption
that for a fixed radius R > 0 all R-balls in (X, g) have very small volume.

Theorem 4.10. For all n > 1 there is a constant €, > 0 such that the following
holds: If (X™, g) is a proper Riemannian polyhedron and R > 0 is a radius such that
for every x € X the volume of the ball Bg(x) is bounded from above by ,R"™, then
UR,-1(X,9) < R. [

Remark 4.11. In the case of complete smooth Riemannian manifolds this was
first proved by Guth in [37]. His theorem was generalized by Liokumovich, Lishak,
Nabutovsky and Rotman [49] to metric spaces and Hausdorff content instead of
volume. Building on ideas from [35] the proof of this result was significantly simplified
by Papasoglu [52, Theorem 3.1]. Finally Nabutovsky [51, Theorem 2.6] was able to
improve the constant ¢, from an exponential bound to a linear one in the case of
compact Riemmanian polyhedra.

Remark 4.12. Any smooth Riemannian manifold (M, g) becomes a Riemannian
polyhedron by choosing a smooth triangulation of M. For the rest of this paper, a
Riemannian metric on M, if not explixitly required to be smooth, is a polyhedral
metric with respect to some smooth triangulation of M. Furthermore all manifolds
are assumed to be connected.

Next, we revisit the filling radius of a complete oriented Riemannian manifold
(M™, g) (we mostly follow [8, Section 2]). The orientation corresponds to a funda-
mental class [M] € HY(M;Z) in locally finite homology (ie we consider infinite
chains with the property that each bounded subset intersects only finitely many
singular simplices).

Denote by L>°(M) the vector space of all functions M — R with the uniform
‘norm’ || — ||o. We consider the affine subspace L> (M), of LM, that is parallel to
the Banach space of all bounded functions on M and contains the distance function
dy(x,—) for some x € M. Notice that || — || defines an actual metric on L>(M ).
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The Kuratowski embedding
Ly (M,dy) = L*®(M), x> dy(x,—)
is isometric by the triangle inequality.
Definition 4.13. The filling radius of (M, g) is defined as
FillRad(M, g) := inf {r > 0]¢,.[M] =0 € HY (U,(1,M); Q)},

where U, (¢,M) denotes the open r-neighborhood of ¢, M in L>(M),. If the set on
the right hand side is empty we say that (M, g) has infinite filling radius.

If M is closed, then L>*°(M), is the vector space of all bounded functions and
the above definition coincides with the classical one from [23, Section 1]. We remind
the reader that for an arbitrary metric space S, the space L>(S) of all functions
has the following universal property.

Lemma 4.14. If Y C X is a subspace of a metric space and if f:Y — L®(S) is
an L-Lipschitz map, then there exists an extension F : X — L®(S) which is also
L-Lipschitz. O]

This is due to Gromov [23, Page 8]. There it is only stated for closed Riemannian
manifolds, but the proof works in the general setting. The extension F' is given by

Fo(v) i= inf (f,(v) + L - d(z,)).

yey
For our purposes we also need the following property of F':

Lemma 4.15. If [ is proper and d(-,Y) is uniformly bounded in X, then F is
proper as well.

Proof. Let K C L*(S) be a bounded subset. Let C' > 0 be a uniform upper bound
of d(-,Y) in X. Since F is L-Lipschitz we have F, € Urc(im(f)) for all x € X. It
follows that if K does not intersect Urc(im(f)), then F~1(K) = 0.

Hence assume that K C Urc(im(f)). Consider the bounded set

A= Upe(K) N im(f).

Since f is proper, f7!(A) C Y is bounded as well. We claim that F~'(K) C
Uc(f~(A)).

Let x ¢ Uc(f~*(A)) be arbitrary. Since d(-,Y") is uniformly bounded in X, there
isayeY with d(z,y) < C. Consequently y ¢ f~!(A). But then

d(FwJ Fy) = d(FI7fy) S L- d(.ﬁL’,y) < LC
and thus F, ¢ K because otherwise f, € A. ]

Let (N™, h) be another complete oriented Riemannian manifold with fundamental
class [N] € HY(N;Z). The mapping degree of a continuous map f : M — N is well
defined if f is proper or N is closed and f is almost proper (ie constant outside a
compact set).

A fundamental property of the filling radius, which follows from Lemma 4.14
and Lemma 4.15 and will be used throughout this paper, is that it behaves well
under Lipschitz maps of non-zero degree.



84 Macroscopic Band Width Inequalities

Lemma 4.16. If f : (M,g) — (N, h) be a 1-Lipschitz proper (or almost proper)
map with deg(f) # 0, then FillRad(M, g) > FillRad(N, h).

Proof. Assume that for some R > 0 the fundamental class ¢, [M] bounds a locally
finite chain in Ug(t,M) C L*>®(M),. By Lemma 4.14 the 1-Lipschitz map ¢y o f :
M — L*(N), extends to a 1-Lipschitz map F' : L>°(M), — L*(N),, which maps
Ur(tyM) to Ug(epN). Since iy 0 f is proper, F, when restricted to Ug(t,M), is proper
as well (see Lemma 4.15) ie preimages of bounded sets are bounded. By construction,
F maps 1, [M] € HY(Ur(t,M); Q) to deg(f)ins[N] € HY (Ur(thN); Q). Hence
th|[N] vanishes in Ug(t,N) C L>®(N) O

Remark 4.17. Here it is important that we chose rational coefficients for our
definition of the filling radius. For integral coefficients we would need to restrict to
the case deg(f) = 1 in the Lemma above.

The next lemma regarding the relationship between the filling radius and the
Alexandrov width is taken from [23, Appendix 1, Example in (B) and (D)].

Lemma 4.18. For a complete Riemannian manifold (M", g) we have the following
relation: FillRad(M, g) < UR,,_1(M,g). O

Finally Theorem 4.3 is related to systolic geometry, the study of the following
metric invariant:

Definition 4.19. The systole sys(X, g) of a Riemannian polyhedron (X, g) is defined
to be the infimum of all lengths of noncontractible closed piecewise smooth curves
in X.

Definition 4.20. A connected finite n-dimensional simplicial complex X is called
essential if the classifying map f: X — K(m1(X), 1) induces a homomorphism

fo: Ho(X;G) — Hy(K(m(X),1);G)

with non-trivial image for coefficients G = Z or Zy. A closed manifold M is called
essential if any smooth triangulation of M produces an essential simplicial complex.

It is a central result in systolic geometry [23, Appendix 2, (B1’)] that for any
compact essential Riemannian polyhedron (X™, g) the following, so called, isosystolic
inequality holds true:

sys(X,g) < C(n)vol(X, g)%, (4.2.1)

where C(n) is a constant that only depends on the dimension n. For the special
case of closed essential manifolds see [23, Theorem 0.1.A].

4.2.1 Filling enlargeable manifolds

With all invariants in play we now want to explain the notion of a filling enlargeable
manifold featured in Theorem 4.2. It is based on the concept of an enlargeable
manifold, introduced by Gromov and Lawson [28].

Definition 4.21. A closed orientable manifold M" is called enlargeable, if for every
Riemannian metric g on M and every r > 0 there is a Riemannian covering M, of
(M, g) and a distance decreasing almost proper (ie constant outside of a compact
set) map f, : M, — S"(r) to the round sphere of radius r with deg(f,) # 0.
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We consider the following notion, which combines the ideas of Definition 4.21
and the filling radius of a complete oriented Riemannian manifold:

Definition 4.22. A closed orientable manifold M™ is called filling enlargeable, if for
every Riemannian metric g on M and every r > 0 there is a Riemannian covering
M, of M with FillRad(M,,g) > r, where g denotes the lifted metric.

Remark 4.23. To check whether or not a closed orientable manifold is (filling)
enlargeable it suffices to consider one fixed metric g, since all Riemannian metrics
on a closed manifold are in bi-Lipschitz correspondence. Furthermore we want to
stress the fact that the covering spaces M, might very well be infinite-sheeted ie
non-compact (see Remark 4.7).

We begin our discussion of this new class of large manifolds by proving that it
contains all closed enlargeable and all orientable closed aspherical manifolds.

Proposition 4.24. If (M, g) is a closed enlargeable manifold, then (M, g) is filling
enlargeable.

Proof. Katz [43] proved that the filling radius of the unit sphere S™(1) is sarccos(——+).

nt+l
Let r > 0 be arbitrary and denote r’ = Ik Since M is enlargeable there

= FillRadT(S" 1
is a Riemannian covering M,, of M and a distance decreasing almost proper
map f, : M, — S™(r') of nonzero degree. By Lemma 4.16 it follows that
FillRad(M,/,g) > FillRad(S"(r")) = r. O

To prove the same for orientable closed aspherical manifolds we need some more
preparation.

Definition 4.25. A proper Riemannian polyhedron (X, g) is said to be uniformly
contractible if there exists a function C' : [0, 00) — R such that every ball of radius
R in X is contractible within the ball with the same center and radius C(R).

Lemma 4.26. Let (X,g) be a contractible proper Riemannian polyhedron and
assume there exists a subgroup G of the isometry group that acts cocompactly on X.
Then (X, g) is uniformly contractible.

Proof. Let m: X — X/G be the quotient projection and for any = € X we consider
the open ball By(x). The projection is an open map: If U C X is open, then

T rU)={z e X 7m(x) en(U)} = |J gU
geG
is the union of open sets. Hence the image 7(B;(z)) is an open neighborhood of
7(z) € X/G. Since X/G is compact there are finitely many points z1, ...,z in X
such that X/G c U, (B (z;)). We define K := U, By(;). Then for any » € X
there is a o € G such that ax € K. Furthermore K is compact.

Let R > 0 be arbitrary. Since X is contractible there is a homotopy H : X x
[0,1] — X connecting idx to the constant map X +— p where p € X is a basepoint.
Without loss of generality we assume p € K. Now H(Bpgidiam(r)(p) % [0,1]) is a
compact subset of X containing p. As compact sets are bounded H (B g diam(x)(P) X
[0,1]) is contained in a ball of radius C'(R) — diam(K') around p for some R <
C(R) < 0.

Now let z € X be arbitrary and o € G such that ax € K. Then a(Bg(z)) C
BRitdiam(k) (p) and thus Bg(z) is contractible within Beg)—diam(x)(0'p) C Ber) ().

O]
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Lemma 4.27 ([24]). Let (X", g) be a complete oriented Riemannian manifold. If
X is uniformly contractible then FillRad(X, g) = oc. ]

Proposition 4.28. If (M, g) is an orientable closed aspherical manifold, then (M, g)
is filling enlargeable.

Proof. The universal cover of a closed orientable aspherical manifold is uniformly
contractible by Lemma 4.26 and, if we fix an orientation, has infinite filling radius by
Lemma 4.27. Hence closed oriented aspherical manifolds are filling enlargeable. [

We remind the reader that the product of two enlargeable manifolds is enlargeable
[28, Introduction]. As, later on, our proof of Theorem 4.2 will rely on a doubling
procedure, where we glue two bands M x [0, 1] and obtain a copy of M x S, we
investigate whether or not the same holds true for filling enlargeable manifolds.

Lemma 4.29. Let (M™, g) be a complete oriented Riemannian manifold and (S*, g,.)
the standard round circle of radius r. If FillRad(S", g,) > FillRad(M, g), then

FillRad(M x S',g & g,) > FillRad(M, g).

Proof. We assume for a contradiction that FillRad(M x St, g @ g,) < FillRad(M, g).
Let € > 0 be such that FillRad(M x S, g ® g,) < € < FillRad(M, g).
Using Lemma 4.14 we extend the projections

pr: M xS*— M and p,: M x St — St
to some nonexpanding maps
Py L®(M x Sty — L®(M)y and Py : L®(M x S*), — L™(Sh).

By our choice of ¢ the class t,,.[S?] does not vanish in the e-neighborhood of ¢4, (S*)
in L>°(S'). Since we are working with field coefficients the universal coefficient
theorem tells us that there is a cohomology class [a] € H'(U.(t,,(S5')); Q) dual to
Lg+[S1] that extends the fundamental cohomology class of S*.

We pull back [a] via P, to get a cohomology class

P3[o] € H'(Us(tga, (M x 5)); Q).

Denote by o the locally finite fundamental cycle tyq,,.[M X S*']. By choice of € we
know that ¢ bounds a chain in its e-neighbourhood. Consequently the cap product

ocNPyae Cizf(UE(LgEBgr(M X Sl))?@)

is a boundary as well. By construction o N Py« represents the same locally fi-
nite homology class as tyag [M % {*}]. We conclude that 0 = tyay..[M x {x}] €

H}I (Ue(1gaq, (M x S1));: Q).
Finally P; maps U.(tyag, (M x S1)) to U.(ty,(M)) and is proper when restricted
accordingly. Thus

0= Pruligeg M x {x}]) = 14.[M] € B (U.(1,(M)): Q).

This contradicts our assumption that ¢ < FillRad(M, g). O
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Proposition 4.30. Let M be a closed filling enlargeable manifold. Then M x S* is
filling enlargeable as well.

Proof. By Remark 4.23 it is enough to consider the case that M x S is equipped
with a product metric g & g1, where g is a Riemannian metric on M and g; is the
standard metric on S! with radius 1. Let r > 0 be arbitrary.

On the one hand, since M is filling enlargeable, there is a Riemannian covering
(M,,q) with FillRad(M,,g) > r. On the other hand there is a radius ¢ such that
(S', g¢) is a Riemannian covering of (S, g;) and FillRad(S?, g,) > FillRad(M,, 7).
Using Lemma 4.29 we conclude that FillRad(M, x S, g® g,) > r.

Since (M, x S',g® g,) is a Riemannian covering of (M x S, g ® g;) this proves
the proposition. O

Remark 4.31. Lemma 4.29 remains true if we replace (S, g,.) with any other closed
oriented Riemannian manifold (N, k) such that FillRad(N, k) > FillRad(M, g).
This is, however, not enough to answer the general question whether the product
of two filling enlargeable manifolds is filling enlargeable, as in the definition of filling
enlargeability the Riemannian coverings are not required to be compact.

4.2.2 Width enlargeable manifolds

In the proof of our main Theorem 4.2, it will be convenient to consider an even more
general class of manifolds, which we obtain by replacing the filling radius with the
Alexandrov width in the definiton of filling enlargeability:

Definition 4.32. A closed manifold M" is called width enlargeable, if for every
Riemannian metric g on M and every r > 0 there is a covering manifold M, of M
with UR,,_;(M,,g) > r, where g denotes the lifted metric.

Remark 4.33. In contrast to Definition 4.22 we don’t have to restrict ourselves to
orientable manifolds in this case, since the definition of the Alexandrov width does
not involve a fundamental class.

Any filling enlargeable manifold is also width enlargeable by Lemma 4.18. Fur-
thermore all closed aspherical manifolds, including the non-orientable ones, are width
enlargeable (the universal cover has UR,,_; = oo by Lemma 4.27 and Lemma 4.18).

It is not clear to us whether a product result like Proposition 4.30 also holds for
width enlargeable manifolds. If so, our band width inequality Theorem 4.2 would be
true for this even more general class of manifolds.

The main property of width enlargeable manifolds we are interested in is:

Proposition 4.34. For all n > 1 there is a constant €, > 0 such that the following
holds. Let M™ be a width enlargeable manifold and g any Riemannian metric on
M. Then for every R > 0 there is a point p in the universal cover (M,g) such that
vol(Bg(p)) > e, R™.

Proof. Let €, be the constant from Theorem 4.10. Assume for a contradiction, that
there is a radius R > 0 such that the volume of all balls of radius R in (M, g) is

bounded from above by ¢, R". Since M is width-enlargeable there is a covering M g

with UR,,_1(M,,g) > R.
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On the other hand the volume of a ball of radius R centered at a point p in (M., q)
is bounded from above by the volume of the R-ball around any lift p of p in the
universal cover (M, g), which is smaller than &, R" by assumption. Since (M,,q) is a
complete locally compact path metric space it is proper by the Hopf-Rinow Theorem

and hence UR,,_1(M,,g) < R by Theorem 4.10, which is a contradiction. O

We spend the rest of this section proving that for closed width enlargeable
manifolds the isosystolic inequality 4.2.1 holds true. Using [3, Corollary 8.3] we
conclude that orientable closed width enlargeable manifolds are essential.

This result is not necessary to prove Theorem 4.2, but it is interesting to see how
our newly introduced classes fit into the hierarchy of large manifolds.

For closed orientable manifolds we get:

Aspherical, Enlargeable C Filling enlargeable C Width enlargeable C Essential

Lemma 4.35. Let (M, g) be a Riemannian manifold and (M,q) be a Riemannian
cover. Let Br(p) be a ball with the property that the inclusion homomorphism
m1(Br(p)) — w1 (M) is trivial. Then Br(p) lifts to a collection of disjoint open sets

in M, each of which is the ball of radius R around some lift p' of p.

Proof. Choose a preimage p’ of p under the covering projection Since 71 (Bgr(p)) —
71 (M) is trivial, there is a unique lift f’ : Bg(p) — (M,g) with f'(p) = p’. Let
x € Bg(p) be arbitrary. There is a path v : [0,1] — M with y(0) = p, v(1) =z
and length(y) < R. Now # lifts to a path f’' o connecting p’ and f'(z) and
length(f’ o) = length(y) < R. Thus f'(Bg(p)) is contained in Bg(p').

Let 2/ € Bg(p') be arbitrary. There is a path o : [0,1] — M with ¢(0) = p’ and
o(1) = 2’ and length(c) < R. But then 7 o o is a path in M connecting p and 7(z')
with the property length(m o o) = length(o) < R. Thus 7(Bg(p’)) C Br(p).

Furthermore 7 is injective on Br(p'). If it were not then Bg(p) would contain a
loop that is not contractible in M. Together with the fact that 7o f’ is the identity on
Br(p) this implies that both inclusions f'(Bgr(p)) C Bgr(p') and 7(Br(p')) C Br(p)
are in fact equalities.

If p” is a different preimage of p and f” : Br(p) — (M,q) the respective lift of
Bg(p) with f”(p) = p” then f(Bgr(p)) N f"(Bgr(p)) = 0. If not then p’ and p” could
be joined by a path within 7—!(Br(p)) which would project to a noncontractible
loop in Bg(p). O

Proposition 4.36. Let (M, g) be a Riemannian manifold and assume that URg(M, g)
ssys(M, g). If (M,g) is any Riemannian cover of (M,g), then

Proof. Denote URg(M, g) = r and let (U;);ez be an open cover of radius < r + ¢
and multiplicity < k + 1, where § < 3 (sys(M, g) — 2r). For a fixed i € Z there is a
point p; € M such that U; C B,s(p;). We claim that the inclusion homomorphism
m1(Bris(pi)) — m (M) is trivial.

Let v be a loop in B,ys(p;). There is a subdivision 0 = t5 < ... < t, = 1 of
the unit interval such that d,(v(¢;), v(tiy1)) < 6. We can connect each y(;) to p
by a minimizing geodesic o; of length < R + ¢ and thus « is homotopic to the
concatenation of ¢ ’thin’ triangles o;(1 —t) -y ] - 0;. Each of these triangles is a

[tistiv1



Proof of the main results 89

loop based at p of length less than sys(X, ¢) and thus contractible, which implies
that ~ is contractible as well.

Lemma 4.35 the ball B, s(p;) lifts to a collection of disjoint (r + §)-balls around
the preimages of p;. Thus U; also lifts to a collection of disjoint open sets in M,
each of which is contained in a ball of radius r + . If we do this for each ¢ € 7 we
produce an open cover of (M,g) with radius < r + 6. The multiplicity of this cover
isstill <k + 1.

To see this assume for a contradiction, that a point « € M is contained in
k + 2 open sets Uy, ..., Uxyo of the cover. Then 7(x) is contained in the sets
m(Uy), ..., m(Ugs2). But each of these sets m(U;) corresponds to an open set in the
cover of M. Since only k + 1 of these sets can contain z we can assume without
loss of generality that w(U;) = w(Us) = U. Let p; € Uy and py € Uy be such that

7(p1) = 7(pe). Since Uy N U, # 0, it follows that Uy = Us. O
Corollary 4.37. If a closed manifold M™ is width enlargeable, then %sys(M, g) <
UR,—1(M, g) for any metric g on M. ]

Proposition 4.38. Let M" be a closed width enlargeable manifold and g be a
Riemannian metric on M. Then:

sys(M, g) < C(n)vol(M, g)''",
where C'(n) is a constant that only depends on the dimension n.

Proof. 1f M is width enlargeable and g is a metric on M then sys(M, g) < 2UR,,_1(M, g)

by Corollary 4.37. If we take the radius R to be &, " Vol(M g)n in Theorem 4.10,
then the assumption automatically holds true and we conclude that UR,,_ 1(M g) <

e nvol(M g)'/™. Thus the isosystolic inequality 4.2.1 holds with C(n) = 2g,". [

Remark 4.39. It follows directly from [3, Corollary 8.3] that an orientable closed
width enlargeable manifold is essential.

4.3 Proof of the main results

Let M™ ! be a manifold and g a Riemannian metric on V := M x [0, 1]. The key
idea in our proof of Theorem 4.2 is to construct a Riemannian polyhedron (D, g,)
from a Riemannian band (V,g) by taking its metric double, which is constructed
like this:

We fix a smooth triangulation of V. Let (V;,¢1) be the Riemannian polyhedron
obtained from (V, g) via this triangulation. Let V, := M x [—1,0] and gy be the
pullback metric under the diffeomorphism s: V5 — V; (x,y) — (x, —y). Since s is a
diffeomorphism we can also pull back the smooth triangulation from V; to V5 via s,
giving (V43, g2) the structure of a Riemannian polyhedron.

In order to get (D, gq) we take the disjoint union of (V3,¢1) and (V4, g2), and
glue them together along their (isometric) boundaries ie M x {—1} ~; M x {1} and
M x {0} ~;q M x {0}. The result is a simplicial complex D. Every simplex of D
is a proper subset of the subcomplexes V; or V5, (here we identify V; and V5 with
their images under the quotient map from their disjoint union to D). Thus we can
define a Riemannian metric gq on D by setting g4, = ¢i|» for any simplex 7 in D
depending on whether 7 is a subset of V; or V5.

To get acquainted with the notion of the double we establish the following;:
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Proposition 4.40. Let v be a closed noncontractible piecewise smooth curve in
(D, gq). Then either length(~y) > 2width(V, g) or there is a closed noncontractible
piecewise smooth curve 5 in (V, g) with length(y) = length(~).

Proof. As above, consider V; and V5 as subsets of D. Their intersection is the
disjoint union of two copies of M, call them M, and M,,. Without loss of generality
we assume (0) = y(1) € V4.

There is a partition 0 < ¢; < -+ < tg, < 1 of [0,1] (k might of course be
0), such that the following holds: v(t;) € My U My and ~y([tai_1,t2]) C Vo while
v([t2i, t2iv1]) € Vi. Furthermore v([0,¢1]) € Vi and ~([to, 1]) C V4.

Of course if t; € My and t;41 € My, (or the other way round) for some index
i=1,...,2k — 1 then v([t;, t;11]) as well as y([ti11,1]) - v([0,%;]) are curves that
connect My and M. It follows that length(v) > 2 - width(V, g).

Thus we assume that for all i we have v(t;) € My. Denote by r : D — Vj the map
which is the identity on V; and on V, = M x [—1,0] has the form (z,y) — (z, —y)
(where we consider D as M x [—1,1]/.). This is a continuous retraction, preserving
the length of curves. Let i = 1,... &k and take the curve ¢ := y([ta;i_1,t2]) C Vo. We
claim that ¢ is homotopic to r(c) € V; with fixed end points.

Let ¢ = (¢1,¢2). By assumption co(to;—1) = 0 = ca(te;). Furthermore cy(t) €
[—1,0] as ¢ C V5. Now

Hy : [taioa, ta)] x [0,1] = D (¢, 5) = (e1(t), (1 — 5)ea(?))
is a homotopy between ¢ and the curve (¢;(t),0) C My. In the same way
Hy @ [tai—1,t2] X [0,1] = D (t,8) = (c1(t), (s — 1)ea(t))

is a homotopy between (c;, —co) = r(c) and (¢;(t),0) C My. As the endpoints are
fixed in both H; and Hs, we can concatenate them to get a homotopy between ¢
and r(c).

Finally, 5 = (1) = ([0, £} (v ({12, 1)) ([£2,£5]) -+ 7 (a1, i) (s, 1)
is a closed curve in V; homotopic to 7 and therefore noncontractible. As r preserves
the length of curves, we get length(%) = length(+y) and since we can view (V4, gq|v,) C
(D, gq) as a copy of (V, g), this proves the lemma. ]

Now we have all the necessary tools to prove our main Theorem 4.2:

Proof of Theorem 4.2. Let €, be the constant from Theorem 4.10. Denote by (f/, 9)
the universal cover of (V, g) and let (D, g4) be the metric double of (V, ). We claim
that the volume of every unit ball in (D, g4) is bounded from above by ¢,:

To see thls let p; € V1 be arbltrary and py be the mirror image of p; in V2
(here V; and Vg are the two copies of V used in the doubling procedure). If we
denote by ¢ : Vi [[Va — D the quotient projection, it turns out that Br(g(p1)) C
q(Br(p1) U Br(p2)). In fact let € Br(q(p1)) ie there is a path o of length less than
R connecting ¢(p) and x in D. Now if = € ¢(V}), then, using the same techniques as
in the proof of Proposition 4.40, o can be modified to a path of the same length
that connects ¢(p1) and x in ¢(Vi). Hence = € ¢(Bgr(p1)). If, on the other hand,
x € q(%), the o can be modified to a path of the same length that connects q(p)
and z in ¢(V3).

Assume that 3 sys(D, gq) = width(V, g) > 1. Let p be an arbitrary point in the

universal cover (5, ga). If w: D — D denotes the covering projection, then 7 is
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injective on Bj(p) as two points p; and p, in D with p; # ps and w(p1) = 7(p2)
have dist(py, p2) > sys(D, g4) > 2 and any two points in B;(p) are of distance less
than 2 from each other. It follows that B;(p) is isometric to By(m(p)) and thus
vol(Bi(p)) < en-

Now (D, gq) is also the universal cover of the metric double of (V, g), which, as a
manifold, is just M x S* and hence it is width enlargeable by Proposition 4.30 and
Lemma 4.18. Furthermore (D, gy) is a complete, locally compact path metric space
and thus proper by the Hopf-Rinow-Theorem. Since the volume of all unit balls in

(D, gq) is bounded from above by &, this contradicts Proposition 4.34. O

Remark 4.41. The same proof also works for bands over closed width-enlargeable
manifolds except for the fact that we do not know whether a product result like
Proposition 4.30 also holds for width enlargeable manifolds ie whether M x S* is
width enlargeable if M is width enlargeable (see Remark 4.33).

However, since the product of an aspherical manifold with S! is aspherical as well,
Theorem 4.2 holds true for all closed aspherical manifolds, not only the orientable
ones.

As we stated in the introduction Theorem 4.2 does not hold true for all essential
manifolds. This is due to the fact that some essential manifolds, for example RP" !,
actually do admit metrics with uniformly positive (macroscopic) scalar curvature at
all scales. This leads to the following:

Example 4.42. Let g be the standard metric on RP"! induced by the round
metric on the unit sphere S"~!. Consider the direct product with an interval of
arbitrary length [0, ¢]. We can produce a metric with any given lower bound on
Sei(p) for all p € RP™! x [0, /] by just rescaling the metric on RP"! to be very
small, since the volume of a unit ball in the universal cover of the product is bounded
from above by the volume of a unit ball in S"~!, which becomes very small when
rescaling the metric with a small constant.

We spend the rest of this section proving Theorem 4.3. It will be crucial to relate
the systoles of (V,g) and (D, g4).

Lemma 4.43. Let M be a closed manifold and V := M x[0,1]. If g is a Riemannian
metric on V, then

sys(D, gq) > min{sys(V, g),2width(V, g)} (4.3.1)
where (D, gq) denotes the metric double of (V,g).

Proof. As the systole is defined to be the infimum over the lengths of all closed
noncontractible piecewise smooth curves, this follows immediately from Proposition
4.40. O

Lemma 4.43 implies that to estimate the systole or the width of a Riemannian
band (V, g) from above in terms of some R > 0, it is enough to estimate the systole
of the metric double (D, g4) from above in terms of R.

In order to achieve this we use Theorem 4.10 and the next two lemmata, the
second of which appears in [51] and is attributed to Roman Karasev.



92 Macroscopic Band Width Inequalities

Lemma 4.44. Let M"! be a closed essential manifold and V = M x [0,1] a band
over M. Then the double D is essential as well.

Proof. Since M™ ! is closed and essential the classifying map f: M — K(m (M), 1)
induces a homomorphism f, : H,_1(M;G) — H,_1(K(m (M), 1); G) with non-trivial
image for coefficients G = Z or Z,. Since D is homeomorphic to M x S* we have
m(D) =m (M) x Z.

Hence a K (m(D), 1)-space is given by K (w1 (M), 1) x S'. The classifying map
g: D — K(m(M),1) x S' is the direct product of f and idgi. The general Kiinneth
formula tells us that the cross product maps

H, +(M;G) ® Hi(S";G) = Hy(M x 5% G)

and
H, (K (m(M),1);G) ® Hi(SY;G) — H,(K(m(M),1) x S%; Q)

are injective and commute with the maps induced by f,ids1 and g. Let a €
H,(M; Q) be a class with f,a # 0 and denote by e the generator of H(S*; G). Then
g«(a x e) = f.a x e # 0, proving the lemma. O

Lemma 4.45. If (X", g) is an essential Riemannian polyhedron, then sys(X, g) <
2 URn_l (X, g) .

Proof. Assume that sys(X,g) > 2UR,,_1(X, g) := 2R. Choose a covering of X with
multiplicity < n by connected open sets U, of radii < R+0 with § < (sys(X, g)—2R).
Let v be a loop contained in one of the U, and p be the center of a ball of radius
R + 6 that contains U,.

There is a subdivision 0 = t; < ... < t, = 1 of the unit interval such that
dg((ti),v(tix1)) < 6. We can connect each y(¢;) to p by a minimizing geodesic o; of
length < R + ¢ and thus « is homotopic to the concatenation of k 'thin’ triangles
0i(1 =) - V|ftti00) - 0i- Each of these triangles is a loop based at p of length less
than sys(X, ¢g) and thus contractible, which implies that 7 is contractible as well.

It follows that the inclusion homomorphisms m;(U,) — 71(X) are trivial and
hence each U, lifts to a collection of disjoint open sets (U,), (with g € m (X)),
homeomorphic to U,, in the universal cover (X,§) (for more details see Lemma
4.35).

If we consider the nerves IV of the covering {U,} of X and N’ of the covering
{(U,)4} of X, we see that N’ is a covering of N and the following diagram commutes:

|

X —— N.

RN !

Here the vertical arrows are the covering projections while the horizontal arrows
are the nerve maps. Let p € X be a point and + a noncontractible loop in X based
at p. Then ~ lifts to a path 4 connecting two different points p; and p, in the fiber
over p. By construction p; and p; are not contained in a common set (ﬁa)

Hence 7 is mapped to a path connecting different points in the nerve N’. When
projected to N this yields a noncontractible loop, which agrees with the image of ~
under the nerve map X — N. It follows that the induced map 71 (X) — 7 (N) is
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injective. Since this map is always surjective it is an isomorphism. Therefore the
classifying map X — K(m1(X), 1) factors through the (n — 1)-dimensional nerve N,
so X is not essential. O

With these ingredients we can prove Theorem 4.3:

Proof of Theorem /.3. Consider the double (D, g4) of (V, g) as before. Every R-ball
in V' has volume smaller than %snR”, and hence every R-ball in D has volume
smaller than ¢, R" (see the proof of Theorem 4.2).

Now Theorem 4.10 implies that UR,,_1(D,g4) < R. As M is essential, D is
essential as well by Lemma 4.44, and hence Lemma 4.45 implies

SYS(D, gd) < 2 URnfl(D7 gd) < 2R.

Finally it follows from Lemma 4.43, that min{sys(V, g), 2 width(V, ¢)} < 2R, which
proves the theorem as we assumed sys(V, g) > 2R. O

Remark 4.46. There are two ways to look at this result: on the one hand, if we
assume that 2R < sys(V, g) (like we did in Theorem 4.3) the above proof produces
a band width estimate.

On the other hand, if we replace the assumption that 2R < sys(V,g) by
width(V, g) > R, the above proof produces an estimate for the systole. One could
consider this to be an extension of the classical isosystolic inequality 4.2.1 to bands
over essential manifolds which are wide enough.

4.4 Homological invariance of filling enlargeability

In this section we closely follow the arguments of Brunnbauer and Hanke [8; Section
3] to prove Theorem 4.4. In order to do this, we need to extend our notion of
filling enlargeability from closed oriented manifolds to rational homology classes of
simplicial complexes.

In the following if p : X — X is a (not necessarily connected) cover of a
simplicial complex X and ¢ € H,(X;Q) is a (simplicial) homology class, the transfer
p'(c) € HY(X;Q) is represented by the formal sum of all possible lifts of simplices
in a chain representative of ¢, where every lift of a simplex ¢ : A" — X is added
with the same coefficient as ¢. For more information on the transfer homomorphism
(in the case of finite coverings) see for example Hatcher [39, 3.G].

Definition 4.47. A connected subcomplex S of a simplicial complex X is called
w1 -surjective if the inclusion induces a surjection on fundamental groups and we say
that S carries a homology class ¢ € H,(X;Q) if ¢ lies in in the image of the map in
homology induced by the inclusion.

Definition 4.48. (Compare [8, Definition 3.1]) Let X be a simplicial complex
with finitely generated fundamental group and let ¢ € H, (X;Q) be a (simplicial)
homology class. Choose a finite connected 7-surjective subcomplex S C X carrying
c¢. (This subcomplex exists because m1(X) is finitely generated).

The class ¢ € H,(X;Q) is called filling enlargeable, if the following holds: For any
r > 0, there is a connected cover p : X — X such that the class p'(c) € HY(S; Q)
does not vanish in the r-neighborhood of the Kuratowski embedding ¢(S). Here
S = p7'(S) (which is connected since S is m-surjective) is equipped with the
canonical path metric.
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Remark 4.49. A closed oriented manifold M™ is filling enlargeable (as in Definition
4.22) if and only if its fundamental class [M] is filling enlargeable (choose S = M in
Definition 4.48).

As in [8] we need to show that this definition does not depend on the choice of S.
Let S C S be a smaller 7;-surjective subcomplex carrying ¢ and r > 0 be arbitrary.
Let S be a covering of S such that p'(c) does not vanish in the r-neighborhood of
t(S). The lifted inclusion S” < S is 1-Lipschitz and extends to a nonexpanding map
L>®(S") — L>(S). By naturality of p' the class p'(c) € HY(S’; Q) can not vanish in
the r-neighborhood of ¢(.5").

Now for two different 7-surjective subcomplexes carrying c there is always a
third one containing both. By the above it now remains to show that if 7' > S
is a larger m-surjective subcomplex carrying ¢ then we can pass from S to T in
Definition 4.48. This will be shown by induction on the skeleta T®*) of T'. At the
start of the induction we treat the cases £ = 0,1 simultaneously.

For the inductive step we will need the following Lemma, which works as a
substitute for [8, Lemma 3.2].

Lemma 4.50. Let X be a connected simplicial complex and ¢ € H,(X;Q) be a
(simplicial) homology class. Let Y C X be a subcomplex carrying ¢ such that X\Y is
the disjoint union of possibly infinitely many copies of the interior of a k-dimensional
simplex with k > 2. There is a constant &y, such that the following holds true: If the
class ¢ does not vanish in the r-neighborhood of (Y'), then ¢ does not vanish in the
(0xr — 1)-neighborhood of 1(X).

Proof. Let A be the standard simplex endowed with the canonical path metric
dar. Consider its boundary A and the canonical map (OAF, dar) — A* with
Lipschitz constant i for some 0 < 9 < 1.

If we rescale the canonical path metric on Y by d; then the map (Y,dx) —
(Y, 0dy ) is non expanding. To see this let v and v" be two points in Y. By definition
there is a path v in X connecting v and v with length(y) = dx (v, v’). By replacing
all segments of v lying the interior of a copy of A* with shortest paths connecting
the endpoints in OAF we construct a path ' C Y of length < i length(). Hence
dy (v,v") < (%kdx(v, v'), which proves the claim.

If ¢ does not vanish in the r-neighborhood of «(Y) then it does not vanish in
the 0r-neighborhood of «(Y, dxdy). Using Lemma 4.16, we conclude that ¢ does not
vanish in the dyr-neighborhood of (Y, dx). As the (dyr — 1)-neighborhood of ¢+(X)
is contained in the Jxr-neighborhood of «(Y, dy), this proves the Lemma. ]

Now we can start the induction process from [8]: First assume that 7°\\S contains
only one vertex v. Let V C T be the set of lifts of v. For each v € V let F(v) C S
be the set of vertices having a common edge with . Note that F(v) is nonempty
and finite since T is connected and locally finite.

Let F(7) C S be the subset defined in an analogous fashion as F(7) but with S
replaced by the universal cover S — S (and v by a point ¥ over v) and set

d = diam(F(?))

measured with respect to canonical the path metric in S. Then d is independent of
the choice of v and r and furthermore

diamF'(v) < d.
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Now the Lipschitz constant of the canonical map (S, ds) — S is smaller or equal %.

As in the proof of Lemma 4.50 we rescale the canonical path metric on S by
2 If p'(c) does not vanish in the r-neighborhood of +(S), then the same holds
true for the 2-neighborhood of ¢(S, 2dg). Hence p'(c) does not vanish in the 2 -
neighborhood of ¢(S, dz) and since the (% — 1)-neighborhood of ¢(T') is contained in
the %”-neighborhood of 1(S, dz) we found a lower bound for the filling radius of p'(c)
in T which only depends on S and T.

If T\'S contains more than one vertex, we apply this procedure inductively, where
in each induction step we pick a vertex which has a common edge with some vertex
in the subcomplex of T that has already been treated. As T and S are both finite
this produces (if r is sufficiently large) a constant &, such that p'(c) does not vanish
in the djr-neighborhood of S UT!. For the inductive step we assume that this holds
true for the &, r-neighborhood of SUT*. By Lemma 4.50 we conclude that p'(c)
does not vanish in the (054 10;7)-neighborhood of S U Tk+1,

In the end we get a constant § only depending on S and 7' (and not on ), such
that ¢ does not vanish in the dr-neighborhood of +(T'). Hence the notion of filling
enlargeability is well defined.

Next we study functorial properties of filling enlargeable homology classes (com-

pare [8, Proposition 3.4]).

Proposition 4.51. Let X and Y be connected simplicial complexes with finitely
generated fundamental groups and let ¢ : X — Y be a continuous map. Then
following implications hold:

o If ¢ induces a surjection of fundamental groups and ¢.(c) is filling enlargeable,
then c is filling enlargeable.

o If ¢ induces an isomorphism of fundamental groups and c is filling enlargeable,
then also ¢.(c) is filling enlargeable.

Proof. First assume that ¢, (c) is filling enlargeable and ¢ is surjective on ;. Let
S C X be a finite connected m;-surjective subcomplex carrying c.

Then ¢(S) is contained in a finite m-surjective subcomplex 7" C Y carrying
¢«(c). As S and T are both compact the map ¢ : S — T is Lipschitz with Lipschitz
constant % Hence, if we rescale the canonical path metric on T by A, this map is
nonexpanding.

Let > 0 and choose a connected cover py : Y — Y such that p'(¢.(c)) does
not vanish in the %r—neighborhood of «(T). Then the same holds true for the r-
neighborhood of «(T', Add%). Let px : X — X be the pullback of the covering to X.
This will be connected since ¢ is surjective on 7m; and we get a map of covering
spaces

g ¢
l"
S
which restricts to a bijection on each fibre. In particular it is nonexpanding, if
we rescale the canonical path metric on T' by A, and by naturality it maps p'(c)
to p'(¢«(c)). Hence by Lemma 4.16, we see that p'(c) does not vanish in the

r-neighborhood of +(5) and c¢ is filling enlargeable.

N~

Py

N —

—
X

¢
—
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If ¢ induces an isomorphism of fundamental groups, then, by the first part, we
can replace Y by a homotopy equivalent complex and hence we may assume that ¢
is an inclusion. Let S C X be a finite m;-surjective subcomplex carrying ¢. Then S
is also a subcomplex of Y and it carries ¢.(c). Because ¢ induces an isomorphism
on fundamental groups each connected cover of X can be written as the restriction
of a connected cover of Y. This shows that ¢.(c) is filling enlargeable. O]

As a corollary we get homological invariance of filling enlargeability. Notice that,
by the above, the filling enlargeable classes form a well defined subset in the group
homology H.(T"; Q) = H.(BT; Q) of a finitely generated group I, since a homotopy
equivalence between two different simplicial models of BT identifies the subsets of
filling enlargeable classes.

Corollary 4.52. Let M be a closed oriented manifold of dimension n. Then M is
filling enlargeable if and only if ¢p.[M] € H,(Bm(M);Q) is filling enlargeable. [

Our Theorem 4.4 follows directly from Corollary 4.52 and the next proposition
(compare [8, Theorem 3.6]).

Proposition 4.53. Let X be a connected simplicial complex with finitely generated
fundamental group. Then the non filling enlargeable classes in H,(X;Q) form a
rational vector subspace.

Proof. The class 0 € H,(X;Q) is not filling enlargeable. This follows directly from
Definition 4.48 (every finite m;-surjective subcomplex S carries 0 but of course the
0O-class vanishes in any neighbourhood of +(S) for all S — ). Furthermore if a
class is not filling enlargeable then clearly no rational multiple of it can be filling
enlargeable.

Finally we need to show that the subset of non filling enlargeable classes is closed
under addition. Let ¢,d € H,(X;Q) be non filling enlargeable and assume that ¢+ d
is filling enlargeable. Then by definition there is a finite m-surjective subcomplex
S carrying ¢ + d such that for every r > 0 there is a connected cover X — X such
that p'(c+ d) = p'(c) + p'(d) does not vanish in the r-neighborhood of +(.S).

But this implies that either p'(c) or p'(d) does not vanish in the 7 neighborhood
of S. If we consider all natural numbers k > 1 for values of r then for infinitely
many k either p'(c) or p'(d) does not vanish in the k-neighborhood of S. Since S
carries both ¢ and d we conclude that either ¢ or d is filling enlargeable. O]

Remark 4.54. While we have already seen in Remark 4.39 that an orientable closed
width-enlargeable manifold M™ is essential ie ¢, [M] # 0 € H,(Bm(M);Z), it follows
from Corollary 4.52 and Proposition 4.53 that if M™ is also filling enlargeable, then
it is even rationally essential ie ¢.[M] # 0 € H,(Bm(M);Q). This conclusion is
strictly stronger since there are essential manifolds which are not rationally essential,
for example RP3.

Conversely if M™ is a closed rationally essential manifold and 7 (M) is residually
finite, then for any metric g on M and any r > 0 there is a compact covering (M, q)
with sys(M,,q) > r. Since M is rationally essential M, is rationally essential as

well and by [23, Lemma 1.2.B] we conclude that 6 FillRad(M,,g) > sys(M,,q) > r.
Hence M is filling enlargeable. Together with Remark 4.54 this proves Corollary 4.5.
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